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QUASIANALYTICITY AND GEOMETRIC RIGIDITY IN THE ANISOTROPIC
CALDERON PROBLEM

LU CHEN, YAN JIANG, HONGYU LIU, AND LONGYUE TAO

ABSTRACT. The anisotropic Calderén problem of determining a smooth Riemannian metric from
boundary measurements, up to a boundary-fixing diffeomorphism, remains open in dimensions
n > 3 [56]. We establish unique identifiability results in two complementary regimes. In the
first, the identity principle for quasianalytic functions propagates boundary information and yields
unique identifiability on compact manifolds without a prescribed product structure, including a
partial-data consequence; under a prescribed normal geometry, quasianalyticity is needed only in
the distinguished direction. In the second, suitable symmetry or one-sided ordering assumptions
lead to unique identifiability at C'* regularity with full or restricted boundary access. Taken
together, the results exhibit a tradeoff among regularity, geometric structure, and boundary access:
quasianalyticity supplies continuation when no global product structure is prescribed, while symmetry
or one-sided order replaces that continuation at C*° regularity.

1. INTRODUCTION

Let M be a compact connected smooth n-manifold (n > 3) with boundary, and let g be a smooth
Riemannian metric on M. For f € C*(OM), let uf; be the solution of

Aguy =0 in M, ui;\@M = f. (1.1)
Here A, is the Laplace-Beltrami operator, given in local coordinates by
Agu =g 20.(191"*g"0pu),  (9") = (9a) ™", |9l = det(gap)-
Writing v, for the outward g-unit normal along M, define the Dirichlet-to-Neumann (DtN) map by
Agf = 0y, ullon. (1.2)

The classical Calderén problem concerns determining (M, g) from knowledge of Ay. The issue
of unique identifiability is of primary importance: given any two such metrics ¢g; and go, one
asks whether equality of the boundary measurements implies the existence of a diffeomorphism
F: M — M such that

Ag1 = A92 - F*gg =Ji, F|3M =1d. (1.3)

The diffeomorphism in this conclusion is unavoidable: if H : M — M satisfies H|sy; = Id, then
Ap-g = Ay [51]. The condition H|spys = Id fixes boundary points but does not force DH to be
the identity in the normal direction. Thus an a priori coordinate gauge is needed if one seeks
literal equality of the metrics. Calderén’s foundational formulation [8] initiated the modern inverse
conductivity problem, and the global uniqueness theorem of Sylvester and Uhlmann [52] established
the higher-dimensional isotropic result, where g = ae, with a a scalar function and e the Euclidean
metric. The anisotropic problem, in which g is a full Riemannian metric, is much subtler precisely
because of the diffeomorphism gauge; its general smooth form in dimensions n > 3 remains a
longstanding open problem [56]. In dimension two, the anisotropic Calderén problem has a separate
quasiconformal theory, including an application involving two sets of local boundary data [4].

In this paper, we establish unique identifiability of metrics in suitable quasianalytic Denjoy—
Carleman classes on compact manifolds without a prescribed product structure, from full boundary
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data or measurements on an arbitrary nonempty open boundary portion, with the corresponding
diffeomorphism gauge. For metrics in a prescribed global boundary normal form, we prove that
quasianalyticity in the normal variable alone suffices for unique identifiability. We also establish
unique identifiability at C°° regularity for metrics in a prescribed product form under tangential
homogeneity with full boundary data, and for anisotropic conductivities under layerwise Loewner
ordering with partial boundary data.

A classical route to global rigidity combines boundary determination with analytic continuation.
For smooth metrics in boundary normal coordinates, when boundary points are compared by the
identity map, the full symbol of the DtN map determines the full Taylor series of the metric at the
boundary. Lee and Uhlmann used real analyticity to propagate this boundary identification into
the interior and obtain uniqueness up to the natural gauge [44]. Lassas and Uhlmann subsequently
removed the earlier topological restrictions and allowed measurements on an arbitrary nonempty
open boundary portion in the real-analytic setting [43]. The boundary determination component
was developed first for conductivities and then for anisotropic conductivities and related geometric
operators [33,34,37,38,47,53]. Related reconstruction results were obtained for complete Riemannian
manifolds with boundary [42]. More recently, the Poisson embedding method supplied a geometric
global candidate for the boundary-fixing isometry and reorganized the continuation argument
through harmonic functions and Runge approximation [41]. Its formulation using boundary values
supported in an arbitrary open set I' is the starting point for the partial-data corollary below. These
works show that analytic regularity provides a powerful mechanism for passing from boundary
information to a global geometric identification. Nonuniqueness has been established in every
nonanalytic Gevrey class for related inverse problems with a fixed nonconstant potential or at a
fixed nonzero frequency [10]. These results concern different equations from the zero-frequency
problem considered here.

There is a complementary line in which special geometric structure supplies the rigidity needed
for global recovery. Einstein metrics can be recovered from boundary Cauchy data by exploiting the
elliptic structure of the Einstein equation [24]. On conformally transversally anisotropic manifolds,
complex geometrical optics and Gaussian beam constructions relate uniqueness, linearized injectivity,
and reconstruction to geodesic ray transforms on the transversal manifold [14-17]. Partial-data
results are also available on manifolds with suitable anisotropic geometry [35]. In a prescribed
transversally anisotropic product geometry, partial Neumann-to-Dirichlet data can also determine
both the transversal metric and a potential through reductions to nonlocal elliptic and wave inverse
problems [45]. Separation of variables and inverse spectral theory give further anisotropic results for
warped-product and conformally Stéckel geometries [11,12]. This raises the question of how much
regularity is needed for uniqueness in a prescribed global boundary normal form. We prove that
quasianalyticity in the normal variable suffices, while tangential homogeneity permits uniqueness at
C®° regularity in the product setting considered below.

Partial boundary measurements are especially delicate for anisotropic coefficients because the
restricted measurements retain a diffeomorphism gauge tied to the observed boundary portion.
Unless otherwise specified, partial data on I' means that Dirichlet inputs are supported in a nonempty
relatively open set I' C 9M and the corresponding Neumann outputs are observed on that same
set. The natural gauge therefore fixes I', not necessarily the inaccessible boundary. Foundational
partial-data results for Schrodinger potentials and isotropic conductivities include [7,28,32, 35, 36].
Relevant anisotropic precedents include the real-analytic Riemannian and two-dimensional elliptic
theories [29,43]. Other results concern local recovery, piecewise or layered matrix conductivities, and
uniqueness under definiteness assumptions [1-3,19]. Cross data allow different input and observation
sets, with disjoint sets as a special case [30]. We establish uniqueness under quasianalytic regularity
or layerwise Loewner ordering, with both inputs and observations confined to the same arbitrary
nonempty open boundary portion.

Monotonicity and localized potentials have been used for shape reconstruction in electrical
impedance tomography [25] and for local uniqueness of uniformly positive Schrodinger potentials
from partial boundary data under a local one-sided ordering [26]. Such results indicate that order
conditions can support identifiability without an analyticity assumption. For smooth anisotropic
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conductivities in fixed coordinates, we prove global uniqueness from partial boundary data under
layerwise one-sided Loewner ordering and the prescribed foliation hypotheses.

The quasianalytic Denjoy—Carleman classes considered here retain the identity principle that a
function is determined by its jet at one point, without requiring representation by a convergent
power series. The additional stability assumptions stated below provide the local calculus and elliptic
regularity needed for the geometric argument [18,39,40,48,55]. Quasianalyticity has also been
used to propagate partial DtN data to full DtN data [9]. That result propagates boundary spectral
information. Here, by contrast, quasianalyticity of the interior metric supplies the continuation
needed to pass from boundary determination to a global geometric identification.

1.1. Main results. We now state the four uniqueness results.

1.1.1. Quasianalyticity on general manifolds. We first specify the weight sequence and the corre-
sponding Denjoy—Carleman class of Roumieu type used in Theorem 1.1; for the standard terminology
and conventions for weight sequences, see [18,40].

Definition 1.1. Let W = (Wj)r>0 be a sequence of positive numbers. We say that W is an
admissible quasianalytic weight sequence if

1/k 2
Wo=W; =1, sup <(VVH1> < 00, (Wk> < (Wk_l W1 (k>1), (A1)

w1\ (k+ 1), k! k—1)! (k+1)!
' Wy, 1/k
i (m) = o, (42)
Wisk < CoRy™ WWie  (j,k 2 0) (A3)
for some Cjy, Ry > 0, together with the Denjoy—Carleman quasianalyticity condition
> %—1 = 0. (A4)
k=1 =k

Definition 1.2. Let W be an admissible quasianalytic weight sequence in the sense of Definition 1.1.
For each integer d > 1 and each open set U C R?, define the Denjoy—Carleman class of Roumieu
type EMWH(U) to consist of all functions a € C*°(U) with the following property: for every K € U,
there exist constants Ck, R > 0 such that

sup [0%(x)| < CKR|;;|VV|Q‘ for every multiindex a. (1.4)
zeK
We use EIW} in the chartwise sense and refer to it as the quasianalytic class associated with
W. A smooth manifold is of class £1W} if it admits an atlas whose transition maps belong to
EW} and maps and tensor fields are of this class when their coordinate representations are. For
manifolds with boundary, the transition maps in boundary charts and the coordinate coefficients
of tensor fields are required to admit E{W} extensions across the boundary hyperplane. An £{W}
diffeomorphism is a diffeomorphism whose map and inverse are both of this class.

Theorem 1.1. Let W be an admissible quasianalytic weight sequence as in Definition 1.1, and write
EWY for the associated quasianalytic class defined in Definition 1.2. Let n > 3, and let M be a
compact connected n-manifold of class ECW with nonempty boundary. Let g1 and g be Riemannian
metrics of class EW} on M. If their DN maps agree,

Ag, = Ay, (1.5)
then there exists an EXW} diffeomorphism F : M — M such that
F‘BM = Id, F*gg =Jd1- (16)

For the partial-data result, fix a nonempty relatively open subset I' C 9M, and set M° = M \ oM
and MT = M° UT. For a piecewise C! curve c: [0,1] — M, set L,(c) := fol |¢(t)|q dt. For x,y € M,
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define the Riemannian length distance by

dg(x,y) := irclng(c), (1.7)

where the infimum is taken over all such curves joining = to y. For f € C°(T), let fv denote its
extension by zero to OM. The partial DtN map Ag : CP(T) — C°(T") is defined by

AV = (Agf)Ir- (1.8)

Corollary 1.2. Let W and the associated quasianalytic class EEW} be as in Theorem 1.1. Let
n >3, and let M be a compact connected n-manifold of class EEW? with nonempty boundary. Let
g1 and g be Riemannian metrics of class EWW on M. Let T' C OM be nonempty and relatively
open. If the partial DtN maps defined in (1.8) agree,

AL = A, (1.9)

then there exists an EXW} diffeomorphism F : MY — MY such that
F|r =1d, F*go=g1 on M". (1.10)
Moreover, the isometry F|yro extends uniquely to an isometry between the metric completions of

(M°,dg,) and (M°,dg,). Under the canonical identifications of these completions with (M,dg,) and
(M,dg,), respectively, the extension defines an isometry F : (M, dg,) — (M,d,,). Moreover,

Flp=1d, F(OM\T)=0M\T.

The condition F'|p = Id is the natural gauge for the partial-data problem; the corollary does not
assert that F fixes the entire boundary pointwise. Indeed, if H : M — M is a smooth diffeomorphism
satisfying H|r = Id, then g and H*g have the same partial DtN map on I'. To use this invariance
within the quasianalytic class considered here, the pullback metric H*¢ must also belong to EW}.

Remark 1.1. Boundary determination is a smooth argument: it recovers the full boundary jet of the
metric in boundary normal coordinates. Quasianalyticity enters only when equality of these jets
is used to obtain a local isometry near the boundary and when that isometry is extended to the
interior using the Poisson embedding. Corollary 1.2 establishes uniqueness from partial boundary
data, including the unique extension of the resulting interior isometry to the metric completions.

Remark 1.2. Theorem 1.1 applies to metrics whose coefficients need not be real analytic in a fixed
real-analytic atlas. For admissible quasianalytic Denjoy—Carleman classes strictly larger than the
real-analytic class, see [18, Section 2].

1.1.2. Quasianalyticity in the normal variable. We next consider the anisotropic Calderén problem
(1.1)—(1.3) in a prescribed global boundary normal coordinate system, imposing quasianalyticity
only in the normal variable. Let n > 3 be the dimension of the manifold, let L > 0, let Y be a
closed connected smooth (n — 1)-manifold, and set

M=1[0,L]xY, To={0}xY, T,={L}xY. (1.11)

The coordinate t is the prescribed distance from I'g, while y labels the normal geodesic issuing
from (0,y). The boundary data are the full DtN map defined in (1.2), compared under the identity
identification of OM = I'g U I'r,. We first isolate the weaker assumptions on the weight sequence
needed for continuation along the normal curves.

Definition 1.3. Let W = (W;)i>0 be a sequence of positive numbers. We say that W is a
one-dimensional quasianalytic weight sequence if Wy = 1, it is logarithmically convex,

W2 < Wi 1 Wiyt (k>1),
and it satisfies the Denjoy—Carleman quasianalyticity condition

N Wiy C s
W '

(1.12)
k=1
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Every weight sequence admissible in Definition 1.1 satisfies Definition 1.3, whereas the latter
omits the additional assumptions (A1)—(A3) needed for multivariable quasianalytic calculus and
elliptic regularity. Here this weaker condition is imposed only on the normal dependence of the
metric coeflicients.

Definition 1.4. Let W be a one-dimensional quasianalytic weight sequence in the sense of
Definition 1.3. Relative to the fixed product structure M = [0, L] x Y, define Qw (M) to be the set
of smooth Riemannian metrics of the form

9= dt® + h(ta Y), (1.13)

where h(t,-) is a Riemannian metric on Y for every ¢ € [0, L], and the family h admits a smooth
extension h to (—e, L +¢) x Y for some € > 0 with the following property. For every coordinate
chart (U,y) on Y, every K € U, and every compact interval Iy € (—e, L + ¢), there exist constants
Clo,Ka RIO,K > 0 such that

sup lafﬁ,w(t,y)’ < C[O7KRII€O’KW;§ (k>0,1<puv<n-1). (1.14)
(tyy)elox K

We call Qw (M) the normal-variable quasianalytic metric class associated with W.

Theorem 1.3. Let W be a one-dimensional quasianalytic weight sequence as in Definition 1.3. Let
n >3, let L >0, letY be a closed connected smooth (n — 1)-manifold, and set M = [0,L] x Y,
with boundary components I'y and T'r, as in (1.11). Let g1,g2 € Qw (M), where Qw (M) is the
normal-variable quasianalytic metric class defined in Definition 1.4, and write g; = dt? + hj(t,y)
for 3 =1,2. If their DtN maps agree,
Mgy = Ay, (1.15)
then
g1 = g2 on M, (1.16)

or equivalently hi(t,y) = ha(t,y) on [0,L] x Y.
The assumption (1.15) may be replaced, for either I' € {I'0, '}, by
(Ag, /)Ir = (Mg, f)Ir for every f € C*°(OM).

Corollary 1.4. Let W be admissible as in Definition 1.1, and let M = My x My have dimension
n > 3, where M is a compact connected EXWY manifold with nonempty boundary and My is a closed
connected smooth manifold. Fix a nonempty relatively open set X C OMy and set A =X x Ms. In
the prescribed product coordinates, let

with no mized terms, where x € My, y € Ma, k is a fized known smooth metric on My, and hj(x,-)
is a smooth family of metrics on My. Assume the coefficients of h; satisfy (1.4) with derivatives
in all z variables, locally uniformly in y, also in smooth local extensions across OMy. If the DtN
observations agree on the whole set A, namely,

(Mg f)la= (Agof)la  for every f e C(IM),
then g1 = go on M.

Remark 1.3. Estimate (1.14) means that the metric coefficients are quasianalytic in the normal
variable ¢ but only C'°° in the tangential variables y. Indeed, the same constants C, x and Rp,
control all normal derivative orders k > 0, locally uniformly in y. No growth condition is imposed
on tangential derivatives, so the dependence on y is only required to be smooth.

Remark 1.4. Theorem 1.1 treats a general manifold, where the boundary data do not determine a
preferred correspondence between interior points; its proof uses a Poisson embedding to construct
such a correspondence and yields uniqueness up to a boundary-fixing diffeomorphism. In Theorem 1.3,
the prescribed global boundary normal coordinates already identify the same point (¢,y) for both
metrics, so no Poisson embedding or unknown interior diffeomorphism is needed. Once the boundary
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jets are recovered, the one-dimensional identity principle along t — (t,y) gives the literal equality
(1.16) in these coordinates. The price is the stronger geometric assumption that one prescribed
boundary normal product chart covers the whole manifold.

1.1.3. Tangential homogeneity. The next result establishes uniqueness at C*° regularity under
tangential homogeneity. We retain the global boundary normal form of Theorem 1.3, but impose
tangential translation invariance and allow arbitrary smooth dependence on the normal variable.
Let d > 2 and L > 0, and let T¢ = R%/(27Z)¢ denote the standard d-dimensional torus. Set
M =10,L] x T?, so that M has dimension d + 1. We fix the product coordinates (t,y) and compare
the full DtN maps defined in (1.2) under the identity identification of M. Let Sym, and Sym;r
denote the real symmetric and real symmetric positive definite d x d matrices, respectively.

Definition 1.5. Relative to the prescribed product coordinates on M = [0, L] x T<, define the
tangentially homogeneous metric class S(M) to consist of all Riemannian metrics of the form

d

g=dt* + Z haps(t) dy® dy”, (1.17)
a,B=1

where h = (hop) € C*°([0, L]; Sym})).

Theorem 1.5. Letd > 2, let L > 0, and set M = [0, L] x T, with the prescribed product coordinates
(t,y). Let g1,92 € S(M), where S(M) is the tangentially homogeneous metric class defined in
Definition 1.5. If their DtN maps agree,

Agy = Ay, (118)

then
g1 = g2 on M. (1.19)

Remark 1.5. The equality g1 = go in Theorem 1.5 is obtained within the prescribed global product
form (1.17).

1.1.4. Layerwise Loewner ordering. We next consider partial-data uniqueness for smooth anisotropic
conductivities under a layerwise ordering assumption. Let n > 2, let Q C R" be a bounded connected
smooth domain admitting an admissible layer function in the sense of Definition 1.6, and let I' C 052
be nonempty and relatively open. We work in fixed Euclidean coordinates and write v, = /det g g !
for the conductivity density induced by a Riemannian metric g. For a smooth uniformly positive
conductivity -, let AE denote the partial DtN map for —div(yV), with conormal flux as output
and the boundary restriction in (1.8).
The next two definitions specify the layer geometry and the ordering of conductivity pairs.

Definition 1.6. Let "> 0 and p € C*(Q;[0,T]). For 0 < s < T, set Ds = {x € Q : p(x) > s}.
We say that p is an admissible layer function if

p~1(0) = 99, dp#0 on{0<p<T}, (1.20)
D, € Q, 0\ Dy is connected (0<s<T),

into{p =T} = @. (1.21)

Definition 1.7. Fix an admissible layer function p in the sense of Definition 1.6. The layerwise
one-sided Loewner class L,(€2) consists of pairs (v1,72) of uniformly positive conductivities in
C®(Q; Sym,) satisfying the following comparability condition in the prescribed Euclidean coor-
dinates. More precisely, for every s € [0,T), there exist an upper level bs € (s,T] and a sign
os € {1,—1}, which may depend on s but is fixed throughout the entire layer s < p(z) < bs, such
that

os(m(z) —y2(z)) = 0 whenever s < p(z) < bs, (1.22)

where > 0 denotes positive semidefiniteness.
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Theorem 1.6. Let n > 2, and let  C R™ be a bounded connected smooth domain. Let I" C 0f)
be nonempty and relatively open. Let p be an admissible layer function as in Definition 1.6. Let
(71,72) € L,(Q), where L,(Q) is the layerwise one-sided Loewner class defined in Definition 1.7. If
their partial DtN maps agree,

r r
A71 = AA/2 (1.23)
then
Y1 =2 on . (1.24)

The conductivity result also yields uniqueness for Riemannian metrics.

Corollary 1.7. Let n > 3, and let Q, T, and p be as in Theorem 1.6. Let g1,g92 be smooth
Riemannian metrics on Q. Let F : Q — Q be a smooth diffeomorphism with F|r = 1d. Assume that,
for this F', the pair (vg,,VF+g,) Satisfies the comparability condition defining L,(2) in Definition 1.7.
If their partial conductivity DtN maps agree,

' _ ATl
AL, = A (1.25)
then
g1=Fg  onf. (1.26)

In particular, if (7g,,7g,) € Lp(82), then g1 = ga.

Remark 1.6. For n > 3, the metric and anisotropic conductivity formulations are equivalent under
the standard correspondence g — 7,4, whose inverse is given by (5.11). The conductivity DtN map is
obtained by multiplying the output of the geometric DtN map by the Riemannian boundary surface
density relative to the fixed reference boundary measure; this density is locally determined by the
principal symbol of the conductivity DtN map. Theorems 1.1, 1.3, and 1.5 and Corollary 1.2 therefore
have conductivity versions under the corresponding assumptions, which we do not restate. We use
the conductivity formulation in Theorem 1.6 because the layerwise ordering and the monotonicity
argument are naturally expressed in terms of the conductivity difference.

1.2. Summary and organization. These results show how regularity and geometric structure
provide distinct mechanisms for geometric rigidity: quasianalyticity supplies interior continuation,
while prescribed structure can reduce or replace its role. They concern different combinations
of assumptions, not a nested hierarchy of uniqueness results. Table 1 summarizes the regularity,
geometric structure, and boundary data in each setting.

Result Regularity Geometry / structure / data

Thm. 1.1 and Cor. 1.2 Quasianalytic in all variables | Compact manifold; no prescribed interior
point correspondence; full data, or inputs
and observations on any nonempty open

boundary portion

Thm. 1.3 Quasianalytic only in the Prescribed global boundary normal form;
normal variable; tangential full boundary data
dependence C'*
Thm. 1.5 Ok Prescribed product structure and tangential
translation invariance; full boundary data
Thm. 1.6 and Cor. 1.7 Cc*> Fixed Euclidean coordinates, a prescribed

foliation, and layerwise one-sided Loewner
ordering; partial boundary data
TABLE 1. Comparison by regularity, data, and geometric structure.

In Section 2, we combine boundary determination with quasianalytic continuation and Poisson
embeddings to treat both full and partial data on general manifolds. Section 3 develops the
continuation argument in the prescribed normal variable. For the smooth results, Section 4 uses
Fourier reduction and inverse spectral theory, while Section 5 combines monotonicity, localized
potentials, and continuous layer stripping. The latter section concludes with the metric interpretation.
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2. QUASIANALYTIC UNIQUENESS ON GENERAL MANIFOLDS

This section is devoted to the proofs of Theorem 1.1 and Corollary 1.2. Subsection 2.1 establishes
the quasianalytic regularity properties and boundary determination used in both proofs. Subsec-
tion 2.2 proves Theorem 1.1 by globalizing a collar isometry with Poisson embeddings and then
recovering the metric in harmonic coordinates. Subsection 2.3 proves Corollary 1.2 using boundary
values supported in I' and the metric completion of the interior.

2.1. Quasianalytic regularity and boundary determination. Fix an admissible quasianalytic
weight sequence W as in Definition 1.1, and let E{W} be the associated quasianalytic class defined
in Definition 1.2. Throughout this subsection, n > 3, M is a compact connected EW} manifold
with nonempty boundary, and g1, go are £{W} Riemannian metrics on M. For f € C®(dM), let
u; = ugj, 7 =1,2. Thus u; is the harmonic extension defined by (1.1) with g = g;. We write
D'(U) for the space of distributions on an open set U.

We first record the regularity properties of £1W} needed for harmonic extensions and boundary

normal coordinates.

Lemma 2.1. Let W be as in Definition 1.1, and let ECW?} be the associated quasianalytic class in
Definition 1.2. The following assertions hold.

(i) The class EWL s closed under differentiation, products, division by a nowhere zero function,
composition, and local inversion of a map with nonsingular differential. The local solution
of an ordinary differential equation with an EXW?} right-hand side is of class EXW?} in time,
iitial data, and parameters.

(i) Let U be an open coordinate domain, let P be an elliptic differential operator with coefficients
in EVHU), and let v e D'(U). Then

PreEWHU) = wveeWho). (2.1)
In particular, for every f € C*°(OM) and j = 1,2,
ul € £V (). (2.2)

(i) Let U be a connected coordinate domain and let a € EWVHU). If 8%a(xo) = 0 for every
multitndex o at some xg € U, then a =0 on U. Consequently, for a,b € E{W}(U),

a =0b on a nonempty open subset of U =— a=0bonU. (2.3)

i) Let g € OM and j € {1,2}, and let M; be a local EXW?Y extension of M across the boundary
J

near q on which g; has an EWY extension gj. There are a neighborhood V-C OM of q and
€ > 0 such that the boundary normal collar map

Q;:V x (—e,&) — Mj, ®;(y,t) = expy’ (—tygj (y)),
is an EWY diffeomorphism onto its image.

Proof. Conditions (A1)—(A2) say precisely that W is a regular weight sequence in the convention
normalized by Wy /k!, while (A3) is the moderate growth condition required for elliptic regularity.
Differentiation and reciprocal closure, composition and local inversion, and dependence of ODE
solutions on time, initial data, and parameters follow from the regular weight sequence results
n [18, Definition 2.4, Remark 2.5, and Theorems 2.6-2.7]. Closure under products follows by
composing with the real-analytic multiplication map, and division follows from products and
reciprocal closure. This proves (i).

The projection characterization of the Denjoy—Carleman wavefront set and microlocal elliptic
regularity give (2.1); see [18, Theorems 3.5 and 6.1]. After expansion in local coordinates, every
coefficient of Ay belongs to EW} . Indeed, differentiation and products preserve this class, the

1/2 and

adjugate formula gives g{l, and composition with the positive real-analytic functions s — s
s+ s71/2 gives |g;|T1/2. Since Agju;-c =01in M°, equation (2.1) yields (2.2), even when f does not

belong to the quasianalytic class. This proves (ii).



QUASIANALYTICITY AND GEOMETRIC RIGIDITY 9

Condition (A4) is the Denjoy—Carleman quasianalyticity criterion, which makes the Taylor map
at every point of a connected coordinate domain injective [55, Theorem 2]|. Applying this result to
a — b gives (2.3). This proves (iii).

After shrinking the chosen extension near g, the tensor g; remains positive definite. The algebraic
closure properties in (i) show that the outward unit normal field v,; is of class £ W} on V. The
Christoffel symbols of g; are also of this class, so the ODE conclusion in (i) shows that ®; is of class
EMWYin (y,t). At t = 0 its differential is

D<I>j|(y70) (v,8) =v— Vg, (y), v e T,0M,
and is an isomorphism from T,0M x R to TyﬂAjj. The local inversion conclusion in (i) therefore
shows that the inverse boundary normal coordinate map is of class E{W}. This proves (iv). U

The following lemma states the localized smooth boundary determination result needed below for
the scalar Laplace—Beltrami operator.

Lemma 2.2. Let n > 3, let g1,g92 be smooth Riemannian metrics on M, and let ¢ € OM. Let
X € CX(OM) equal one near q, and suppose

XAgl X = XAQQ X-

Use the same tangential coordinates near q and boundary normal coordinates for the two metrics, so
that

g; = dt* + h;(t,y). (2.4)
Then, after possibly shrinking the boundary chart,

Proof. The scalar boundary determination theorem states that, for a smooth Riemannian metric on
an n-dimensional manifold with n > 2, the full symbol of its DtN map on a boundary coordinate
neighborhood determines the full Taylor series of the metric at the boundary in boundary normal
coordinates [44, Proposition 1.1]; see also the 0-form case of [33, Theorem 1.1]. Since x = 1 near
q, the identity xAg4, x = xAg,x implies that the full symbols of A, and A,4, agree on a smaller
boundary neighborhood of g. Indeed, where y = 1, localization preserves the Schwartz kernel near
the diagonal and hence the full symbol modulo smoothing terms. The cited theorem therefore gives
(2.5) after shrinking the boundary chart. O

The representations in (2.4) are obtained from local boundary normal coordinates constructed
separately for the two metrics and are used only to compare their boundary jets.

By contrast, Theorem 1.3 assumes a prescribed product structure that provides common global
boundary normal coordinates on all of M, fixes the interior point correspondence, and reduces
quasianalytic continuation to the normal variable; see Remark 1.4.

2.2. Uniqueness from full boundary data. We now prove Theorem 1.1. Smooth boundary
determination and Runge approximation are used as standard inputs. The two quasianalytic
continuation steps are contained in Propositions 2.3 and 2.7: the first promotes boundary jets
to a collar isometry, and the second globalizes this isometry by the Poisson embedding approach.
Lemmas 2.4-2.6 provide the global harmonic functions and harmonic coordinates used in this
continuation. Lemma 2.8 completes the recovery of the metric.

The next proposition is the first key quasianalytic step in the proof: it upgrades the formal
boundary agreement supplied by Lemma 2.2 to an actual geometric identification on an open collar.
The essential bridge is the availability of two-sided boundary normal coordinates in the quasianalytic
class MW} which makes the Denjoy—Carleman identity principle applicable at the boundary.

Proposition 2.3. There exists € > 0 such that, for j = 1,2, the boundary normal map
Q;: OM x [0,e) — M, Qi(y,t) = expgj (—tl/gj (y)),
is a diffeomorphism in the quasianalytic class EXW? onto its image

Cj = <I>j(8M X [0,8)).
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Here vy; is the outward unit normal, so Cj is the collar obtained by moving each y € OM inward by
a gj-normal distance t < e. The map that matches the same boundary point and the same normal
distance,
Fy := oy O‘I)l_l : Cp — Oy,
satisfies
Fg‘aM = Id, Fggg =3g1 on 01.
Moreover,
u{ :ugoFo on Cq
for every f € C*®(0M).

Proof. Fix p € OM and choose a boundary coordinate neighborhood V,, C dM of p. For j = 1,2,
let g; be an & {W} extension of g; across the boundary near p, defined on a local extension M; of M.
After shrinking V},, Lemma 2.1(iv) provides ¢, > 0 and £ {W} boundary normal coordinate maps

Qjp: Vp X (—5p75p) — Mj, (I)j,p(yyt) = eXPZj (_t’/gj (Z/))

Here t > 0 points into M, since v,, is the outward unit normal. The same tangential coordinate
y is used for the two metrics, whereas the normal geodesics are constructed separately. In these
coordinates, <I>;f7p§j = dt? +h;p(t,y), where each component of h;, belongs to £ {W} on the two-sided
coordinate neighborhood.

Choose x € C°(V,) with x = 1 on a smaller neighborhood of p. The full-data hypothesis (1.5)

implies xAg, x = xAg,Xx. Lemma 2.2 therefore gives, after a further shrinking of V),
afhl,p(ov y) = atkhZ,p(Oa y) (k; =0,1,2,.. ')7 (26)

for every y € V,. Since (2.6) is an identity of smooth tensor-valued functions of y, it may be
differentiated tangentially. Thus, for every tangential multiindex «, every k£ > 0, and every
coordinate component,

O%0F (h1p — hap)(0,y) =0, Y€V,

Let yo € V), represent p. The preceding identities say that the full Taylor series at (yo,0) of each
component of hy, — ha, is zero. Since the two-sided extensions make (yp,0) an interior point,
Lemma 2.1(iii) shows that every component of h; j, — hg, vanishes on a connected neighborhood of
(y0,0). After shrinking V, and ¢, simultaneously for all tensor components, we obtain

hap(t,y) = hap(t,y) for (y,t) € V, X (—ep,ep).
On the side t > 0, define the local collars
Cipi=Pjp(Vp x[0,5)),  j=12,
and the map
Fp:Crp— Cop,  Fy=By,0®7 ).
The equality of the two coordinate expressions for the metrics gives Fygs = g1 on Cj . Moreover,

Fy(y) =y for y € Vp, and Lemma 2.1(i) shows that F, and F, ! are of class EIW}
We next verify that the local maps F), are compatible. A point in a sufficiently thin g;-normal
collar has a unique representation

x = expf (—tvy, (y)), ye oM, t>0.

Every local map whose domain contains z sends it to expj’ (—tl/g2 (y)) Hence two local maps agree
wherever their sufficiently small collar domains overlap. Because OM is compact, finitely many of
the neighborhoods V), cover it, and the collar widths may be reduced to one common number € > 0.
We choose this width within the normal collar radii of both metrics; it is fixed independently of f.
The boundary normal maps then define diffeomorphisms

q)j 1 OM x [075) - Cj’ q)j(yvt) = eXij (_tygj (y))’
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onto collars C; C M. The compatible local identifications combine to give
Fo:=000,':C1 — Coy,  Figa=g1. (2.7)

The map Fp fixes M pointwise and is an EIW} diffeomorphism by the local construction. This
completes the geometric part of the argument.

It remains to compare the harmonic extensions. Fix f € C*°(9M). For j = 1,2, recall from (1.1)
that u; = ugj is the g;-harmonic extension of f to M. On (1, pull back the go-harmonic extension

and compare it with the g;-harmonic extension by setting
vl = F§u£:u£OFo and  w':=u] —of.

Since Fp is an isometry, invariance of the Laplace-Beltrami operator under pullback gives Aglvf =
(Amug) o Fy = 0. Both u{ and v/ have boundary trace f, because Fy fixes the boundary. The

definition of the boundary normal maps also gives DFy(y)vg, (v) = vg,(y), y € OM. Consequently,
the normal derivative of v/ satisfies
— f - — - f
8,,glvf . 8,,92u2 o = A f=Ag [ = &,gl uy s’

where the middle equality is precisely (1.5). Thus w/ satisfies
Aglwf:O in C1, wf|aM:O, 19) wf|aM:0.

Vg1

The function w/ has zero Cauchy data on M. Using the prescribed extension of g, extend w’
by zero across the boundary. The zero Dirichlet and normal traces make this extension a weak
solution of a uniformly elliptic divergence-form equation with Lipschitz principal coefficients. Indeed,
the zero Dirichlet trace places the extension in Hﬁm, while the zero normal trace eliminates the
boundary term in the weak formulation. Since it vanishes on an exterior open set, the standard
unique continuation property gives w/ = 0 near M [31]. On each connected component of the
fixed collar (', interior unique continuation propagates this vanishing to the whole component.
Since C was chosen before f, the same collar works for every boundary value, and hence

u{ = ug oFy on Cy, feC>®0M). (2.8)
The proof is complete. ]

The qualitative Runge approximation allows global g;-harmonic solutions generated by Dirich-
let data supported in any nonempty open part of the boundary to approximate a prescribed
local gj-harmonic function on an interior set; it is a standard consequence of duality and unique
continuation [6,20,41,49].

Lemma 2.4. Fiz j € {1,2}, and let ' C OM be nonempty and relatively open. Let U € M° be an

open set with finitely many connected components and smooth boundary such that M\ U is connected.

Let v be a local g;-harmonic function, defined in an open neighborhood of U and satisfying Agv=0

there. Then, for every U' € U and every r € Ny, there exists a sequence (f7)72, C C°(T) such that
fe

the corresponding solutions ujt = ugﬁ, with the boundary values extended by zero to OM, satisfy

uf‘f — v inC"(U) asl— . (2.9)

For a nonempty relatively open set I' C dM, define the family of global harmonic extensions of
boundary values supported in I' by

Hyo={ul : feC®M)},  Hlg) =HM={ueC®(M): Agu=0}={u) : feC®0OM)}
(2.10)
Lemma 2.4 gives the following consequences uniformly in I.

Lemma 2.5. Fiz j € {1,2}, and let I' C OM be nonempty and relatively open. The family /H;
defined in (2.10) has the following properties.

(R1): If 1 # xo are points of M°, there is u € 7—[5 such that u(xy) # u(xs).
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(R2): If v € M° and & € T} M, there is u € H; such that du(x) = ¢&.

Moreover, H; C E{W}(MO), and every x € M° has a local gj-harmonic coordinate map in this

class whose components belong to ’H; When I' = OM, the full family H(g;) also separates arbitrary
distinct points of M, including boundary points.

Proof. For (R1), choose disjoint coordinate balls By, By € M° centered at z1,x2 such that M \
(B1 U Bg) is connected. The function that equals zero on By and one on Bs is harmonic on B; U Bs.
Lemma 2.4 with boundary set I' and » = 0 gives a member of ’H; whose values at x1 and z9 are
different.

For (R2), choose local gj-harmonic coordinates near x [13]. A linear combination of their
coordinate functions has any prescribed differential £ € T M. Lemma 2.4 with boundary set I' and
r = 1 shows that & lies in the closure of {du(z) : u € HJF} in T;* M. This set is a linear subspace of
a finite-dimensional vector space and hence is closed, which proves (R2).

Equation (2.2) gives the stated quasianalytic regularity. Applying (R2) to a basis of T M and
using the inverse function theorem gives the coordinate assertion.

It remains to prove the assertion that harmonic functions separate all points of M when I' = OM.
The interior case is (R1). If both points lie on the boundary, choose f € C*°(9M) taking different
values at them. If 21 € M° and x2 € OM, choose f > 0, f # 0, with f(x2) = 0; the strong maximum
principle gives ugj (x1) > 0= uf;j (22). The remaining mixed case follows by interchanging the points.

The proof is complete. O]

We use the Poisson embedding introduced in [41] to encode the global harmonic family. Its
standard mapping properties are recalled in Lemma 2.6, where we also establish the quasianalytic
regularity of the induced local point correspondences.

Definition 2.1. For each j € {1,2}, define the Poisson embedding associated with g; by

Pi: M —D'OM),  Pi(@)(f) :=ul(x). (2.11)
Here x € M, f € C>*(0M), and u; = ugj is the solution of the Dirichlet problem (1.1) with

boundary value f. For each fixed z, elliptic boundary regularity implies that f — uf (x) is a

continuous linear functional on C*°(9M), so P;(z) is an element of D'(OM). If x € M, then
Pj(z) = 05, where 0, denotes the Dirac distribution at x.

Thus Pj(z) records the values at z of all global g;-harmonic functions.

Lemma 2.6. Let Pj, j € {1,2}, be the Poisson embeddings in Definition 2.1. Fach Pj is injective,
its restriction to M° is an immersion, and P; : M — P;(M) is a homeomorphism. For every

x € M°, there exist fi,..., fn € C°(OM) such that (ufl, e ,u;") is a local coordinate map near x
in the quasianalytic class EV. Consequently, fori,j € {1,2}, any locally defined map Pj_1 o P
between open subsets of M° belongs to this class. On the collars C1,Co of Proposition 2.3, one has

Py = Pyo Fy on Cq, and hence P2_1 o P| = Fy there.

Proof. Fix j € {1,2}. Applied with I' = OM, the standard mapping properties of the Poisson
embedding show that P; is continuous on M, smooth on M°, and has injective differential there [41,
Propositions 2.1 and 2.3]. Thus Pj|jse is an immersion.

If Pj(x1) = Pj(z2), then Definition 2.1 gives u{(:zrl) = u{(:vg) for every f € C*°(OM). The
separation of points in Lemma 2.5 with I' = OM therefore gives x1 = x2, so P; is injective. Since
M is compact and D'(9M) is Hausdorff, the continuity of P; makes it a homeomorphism onto its
image.

We next prove the quasianalytic assertions. Fix x € M°. By Lemma 2.5 with I' = OM, there are
globally defined functions u',...,u" € H(g;) that form a local coordinate map of class £ {W} near

x. By the definition of H(g;) in (2.10), write uf = uf’“ for boundary values f, € C*°(OM). Set

Uj = (W', ul"). (2.12)
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After restricting the coordinate neighborhood, there are open sets V; C M° and §2; C R™ such
that U; : V; — Q; is a coordinate diffeomorphism. Lemma 2.1(i) shows that the local inverse
U j_l : Q; — V; also belongs to &£ {W} This proves the coordinate assertion in the statement.

We next make the regularity of a local point correspondence explicit. Fix 4,7 € {1,2}, and
suppose that Fj; := Pfl o P; is defined on an open neighborhood V; C M° of a point p and takes
values in M°. Set ¢ = Fjj(p), and apply the preceding construction at ¢ to obtain boundary values
fi,..., fn and a coordinate diffeomorphism U; : V; — €2;. Define the continuous linear map

CVf1,fn D,(aM) — R”, erlw-,fn(T) = (T(f1)7 S 7T(fn))
For every y € Vj, Definition 2.1 gives

Vit (Pi() = (Wl (), ul" () = U ().

Consequently, on P;j(V;) one has

Pl =U oevy g, (2.13)

The map Fj; is continuous because P; is continuous and Pj_1 : P;(M) — M is continuous by the
homeomorphism proved above. After decreasing V;, we may therefore assume that Fj;(V;) C Vj.
For y € V;, formula (2.13) then gives Fj;(y) = Uj_1 (ufcl (y), ... ,u{"(y)) By equation (2.2), every
component uf * of the inner map belongs to EIW}(V;), while U ]-_1 belongs to the same class by
Lemma 2.1(i). The closure of this class under composition, again from Lemma 2.1(i), proves that
Fi; = P]fl o P; is of class EWL on V.

Finally, let C7,Cs and Fy : C; — C5 be the collars and the collar isometry in Proposition 2.3. For
every z € Cy and f € C(9M), equation (2.8) gives Py (z)(f) = uf (z) = ud (Fo(z)) = Py(Fo(z))(f).
Since this equality holds for every f, it is an equality in D’(OM), and hence

P =PoF, (2.14)

on C7. The injectivity of P» now yields P, Lo Py = Fyon (.
The proof is complete. O

The following proposition extends the collar map Fj obtained in Proposition 2.3 to a global
diffeomorphism in the quasianalytic class.

Proposition 2.7. There exists a unique diffeomorphism F : M — M in the quasianalytic class
EWY such that
F|¢, = Fo, u{:ugoF on M

for every f € C*(OM). In particular, Flgp = Id.
Proof. Let B be the union of all open subsets O C M such that
CiCcO and Pl(O) C PQ(M)

Equation (2.14) shows that C is one such open set, and hence C; C B. Since B is a union of open
sets, it is open, and its definition gives

Pi(B) C Py(M). (2.15)

Every open subset O C M satisfying C; C O and P1(O) C P>(M) occurs in the union defining B,
and hence O C B. Thus B is the largest open subset of M satisfying these two inclusions. On B
define
F=P;loP. (2.16)
Equations (2.14) and (2.16), together with the injectivity of P» in Lemma 2.6, give F' = Fj on C1.
First, F(B N M°) C M°. Otherwise, if x € BN M° and F(x) = yg € OM, equation (2.16)
and Definition 2.1 would give u{(x) = f(ya) for every f. Choosing f >0, f # 0, and f(ys) =0
contradicts the strong maximum principle. Lemma 2.6 therefore shows that F' is of class £ W} near
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every point of BN M°. On (1, equations (2.14) and (2.16) give F' = Fj, and Proposition 2.3 states
that Fy is of class EWW} up to M. Moreover,

Wl =uloF onB,  feC®0OM). (2.17)

If DF(z)X = 0 at an interior point, differentiating (2.17) gives du{(a:)X = 0 for every f, and
Lemma 2.5(R2) with I' = 0M for g; implies X = 0. Since the dimensions agree, DF(x) is invertible.
Thus F is a local diffeomorphism at every point of B N M°. At each point of M, equations (2.14)
and (2.16) give F' = Fj on C}, and Proposition 2.3 states that Fy : C; — Cy is a diffeomorphism.
Hence F is a local diffeomorphism on all of B.

It remains to prove that B is closed. Suppose otherwise, and choose p € B with py, — x1 € 0B\ B.
We shall show that the candidate map F' = P, Lo Py extends to an open neighborhood of z;, which
would contradict the maximality of B. Since Cj C B by the definition of B and C is a collar of 0M
by Proposition 2.3, we have x1 € M°. Passing to a subsequence, compactness gives F'(p) — x2 € M.
Thus x; is the point across which F' is to be extended, while x5 is its candidate image along the
chosen subsequence. We first show that this candidate image lies in M°. If zo € M, then (2.17),

continuity, and the boundary condition ug loas = f in (1.1) give

u{(:cl) = f(xzq) for every f. (2.18)

Choose f > 0, f # 0, and f(ze) = 0. The strong maximum principle gives u{(:cl) > 0, a

contradiction.

We have proved that both z; and x5 lie in M°. We now construct a candidate extension of F’
across x1 by matching harmonic functions near these two points. Use Lemma 2.5(R2) with I' = oM
for go to choose fi,..., f, such that

Uy = (ul,... ul") (2.19)
is a harmonic coordinate map near xo, and set
Uy = (ult, .. ud). (2.20)
Taking the limit in (2.17) along the sequence (pg) gives Uj(z1) = Usz(zz). Choose an open
neighborhood 22 C M° of x5 such that
Us : Qg — Us(2) C R”

is a diffeomorphism onto the open set U(€22). Since Uy(z1) = Us(x2) € Us(€2) and Uy is continuous,
there exists an open neighborhood Q; C M° of x; such that U (21) C U2(€2). We may therefore
define the candidate extension

ﬁ:Ql—>QQ, ﬁ:UgloUl.

At this stage, €1 is only a neighborhood on which this composition is defined. The map F is smooth
there, but it remains to prove that it is a local diffeomorphism and that it preserves all harmonic
extensions. _

We first prove that DF(x1) is invertible. For all sufficiently large k, we have py € €; and
F(px) € Q. Since F' is continuous, there is an open neighborhood V;, C B N 2 of py such that

F(V}) C Qq. Equations (2.17), (2.19), and (2.20) give UyoF = Uy on Vi, and hence F = Uy *oU; = F
there. Assume that DF(x1)X = 0, and choose X, € T, M converging to X in a local trivialization
of TM. Differentiating (2.17) gives

duf (px) X = dud(F(pr)) DF (pi) X (2.21)

The right-hand side of (2.21) converges to dug(xg)Dﬁ(arl)X =0, so du{(xl)X = 0 for every
f. Lemma 2.5(R2) with I' = OM for g; provides f such that du{(xl) = g1(X,-). Consequently,
0= du{(ajl)X = g1(X, X), and hence X = 0. Thus DF(z;) is invertible. By the inverse function
theorem, we may now shrink €2y around z; so that

Uy : Q) — Ul(Ql) Cc R"
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is a coordinate diffeomorphism and U;(£21) is connected. The construction of F and the verification
that Dﬁ(xl) is invertible have so far used only smooth arguments. It remains to show that F
preserves every harmonic extension, rather than only the coordinate functions in (2.19)—(2.20).
This is the point at which the quasianalytic assumptions enter. After the final shrinking, choose
k sufficiently large and a nonempty open neighborhood V- C B N Q; of p such that F(V) C Qo.
Equations (2.17), (2.19), and (2.20) give Uy o F = U on V, so F = F there. For any f, the two
functions

wl oUTY,  (ud oUSY) . (2.22)

belong to EMW}H (U (Q1)) by (2.2) and Lemma 2.1(i). They agree on the nonempty open set U1 (V) by

(2.17) and the equality F' = F on V. The quasianalytic identity principle in Lemma 2.1(iii) therefore
makes them equal throughout the connected set U;(€). Since f was arbitrary, Definition 2.1 gives

Pi(z) = Py(Uy Y(Ui () (z € ). (2.23)

Thus the candidate map F satisfies P=Po F on all of Q4. Since C7 C B, we have C1 C BU Q.
Equations (2.15) and (2.23) give

Pl(B U Ql) = Pl(B) UPl(Ql) C PQ(M)

Hence B U ; satisfies the same two conditions used to define the maximal open set B. The
maximality of B therefore implies B U ; C B. This is impossible because 1 € € \ B. Hence B is
both open and closed, and connectedness gives B = M.

Equation (2.14) is equivalent to P» = P; o Fjj’ Lon Cy. Applying the preceding argument for the
maximal open set with the indices 1 and 2 interchanged and with Fj L. ¢y — ) as the initial map
gives Po(M) C Pi(M). The equality B = M already gives Pi(M) C P(M) through (2.15), and
hence P (M) = P>(M). The injectivity of the Poisson embeddings in Lemma 2.6 therefore makes
the map F' = Pz_l o P; a bijection, and (2.17) holds on M because B = M. The invertibility of
DF on M°, together with F' = Fj on C; and the diffeomorphism property of Fy in Proposition 2.3,
shows that F is a global diffeomorphism. Lemma 2.6 gives the E{W} regularity of F' = Py Lo P and
F~! = P 'oP, in the interior. Equations (2.14) and (2.16) give F' = Fy on C; and hence F~ = F; !
on Cs, so Proposition 2.3 gives F, F~!1 € £W} up to the boundary and yields Flop = 1d.

Finally, suppose that another diffeomorphism F : M — M satisfies u{ = ug o F on M for
every f € C*°(0OM). Definition 2.1 then gives P = Py o F , and the injectivity of P, yields
F=P;'oP =F.

The proof is complete. ]

The following rigidity lemma recovers the metric from global harmonic functions with boundary
values supported in I'.

Lemma 2.8. Let I' C OM be nonempty and relatively open, and let
F:M" — M"
be a locally diffeomorphic C* map such that
u{:ugoF on MYF, fecx().
Then there is a positive constant A such that
g1 =AEF*gy  on M.
If F*gy = g1 on a nonempty open subset of MY, then F*go = g1 throughout MV .

Proof. A locally diffeomorphic C* map preserving all harmonic extensions of boundary values
supported in I" is a homothety when n > 3 [41, Proposition 4.1]. Hence there is a positive constant A
such that g1 = AF*gs on M'. If F*gy = g1 on a nonempty open set, comparison with g1 = A\F*¢s
there gives A = 1. O
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Proof of Theorem 1.1. The identity (1.5) gives the localized equality of DtN maps required by
Lemma 2.2, and hence equality of the full boundary jets in the respective boundary normal
coordinates. Proposition 2.3 converts this equality into a collar isometry Fy and identifies the
corresponding harmonic extensions there. Lemmas 2.4-2.6 and Proposition 2.7 extend the candidate
map Py L5 P to a boundary-fixing £{W} diffeomorphism F : M — M. Applying Lemma 2.8 with
I' = 0M, using F' = Fy and Fg2 = g1 on the collar (', finally gives F*go = g1 on M. ]

2.3. Uniqueness from partial boundary data. Let I' C M be nonempty and relatively open,
and assume the partial DtN identity (1.9). Recall that M° = M \ M and M' = M° UT. For
7 = 1,2, define the partial Poisson embedding by

Pr-M" — D), Pla)(f)=ul(x), feCXD). (2.24)

At a point x € T', one has Pjr(x) = §,. We shall construct an £{W} diffeomorphism F : MT — MT
such that F|p =Id and F*gy = g1, and then extend F'|jps uniquely to the metric completion. The
construction first recovers a local isometry near I' and then extends it through M° using the partial
Poisson embeddings; the completion extension determines the inaccessible boundary without fixing
it pointwise.

The following lemma provides the local collar isometry that seeds the construction of the candidate
map (P)~toPl.
Lemma 2.9. Assume (1.9) holds. For every q € T, there are boundary collar neighborhoods C; 4 of
q satisfying Cj 4, N OM C T and a diffeomorphism in the quasianalytic class W}

Foaq : Cl7q 027q7 Fovq

o1 gnom = 1d, Fy .92 = g1, (2.25)
such that

wl =uloFy, onCi,nM°,  feC(T). (2.26)
Proof. Choose x € C°(I') with x = 1 near q. For every h € C*°(0M), the function xh belongs
to C°(I'), so (1.9), followed by multiplication of the output by x, gives the operator identity
XAgi X = xAg,X. The proof of Proposition 2.3 is local up to its final patching step. Apply that local
construction in a boundary chart V,;, € I' containing ¢q. Lemma 2.2 gives equality of the full boundary
jets in the two boundary normal coordinate systems. Lemma 2.1(iv) gives two-sided boundary
normal maps ®;, of class £ {W} 50 in these coordinates the differences of the corresponding metric
coefficients belong to this class and have vanishing Taylor series along V; x {0}. The quasianalytic
identity principle in Lemma 2.1(iii) therefore makes the metric coefficients equal on a neighborhood
of Vg x {0}. After restricting to ¢t > 0, set

Cjq=Pjq (Vq X [0,5q)), Foqg =240 (I)f,(ll-
This gives (2.25).
Fix f € C2(T) and set w/ = u{ - u£ o Fy4. Since Fp, is an isometry, w/ is g;-harmonic on

Ci 4N M°. Since Fp, fixes V, and maps the gi-unit normal to the go-unit normal, the common
Dirichlet trace and (1.9) give

wlly, =0, Oy, wlly, = Ay f—ALf=0.

Vgy
The boundary Cauchy uniqueness argument at the end of the proof of Proposition 2.3, applied in
the fixed two-sided coordinate neighborhood, gives w/ = 0 on C;, N M°. This is (2.26). O

The following proposition contains the second quasianalytic continuation step.
Proposition 2.10. There exists a unique diffeomorphism
F:M" — M"
in the quasianalytic class EWVY such that
F|r =1d, Pr =Pl oF. (2.27)

FEquivalently,
wl =uloF on M,  feCx(D). (2.28)
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Proof. The standard properties of the partial Poisson embedding show that each P]r is smooth,
injective, and immersive [41, Propositions 2.1 and 2.3]. By [41, Lemma 2.4], every locally defined
map (Pjr)_1 oPiF between open subsets of M° is a C*° diffeomorphism onto its image. At an interior

point, Lemma 2.5 supplies finitely many harmonic functions that form coordinates of class E{W}
and have boundary values supported in I'. Using the local representation in the proof of Lemma 2.6,
the elliptic regularity in Lemma 2.1(ii) and the closure under local inversion and composition in
Lemma 2.1(i) then show that these maps belong to £{W?,

Fix ¢p € " and a connected interior portion of the collar in Lemma 2.9. Let B be the largest
connected open subset of M° containing this seed and satisfying P} (B) C Pj (M°). On B, define
F = (PY)~'o P[. The collar identity (2.26) gives F = Fy 4, on the seed, and the preceding local
representation shows that F' is a quasianalytic local diffeomorphism satisfying (2.28) on B.

Suppose that B #= M°. Since M° is connected, there are p, € B and x1 € Jye B such that
pr — x1. After passing to a subsequence, compactness of M gives F(py) — xo € M. The limit
cannot lie on dM: otherwise (2.28) and boundary continuity would give

uf(z1) = flza)  (f € C(D)),

which contradicts the strong maximum principle after choosing a nonzero f > 0 with f(z2) = 0;
such a choice is possible whether or not xo belongs to I'. Thus xzo € M°.

The continuation argument in Proposition 2.7 now applies with P; replaced by Pjr. Using boundary
values supported in I', Lemma 2.5 supplies the required harmonic coordinates and prescribed
differentials, so the construction using these harmonic coordinates gives a local diffeomorphism F
near x1. For every f € C2°(I"), the coordinate representatives of u{ and ug belong to EMW} and
agree on a nonempty open subset; the quasianalytic identity principle in Lemma 2.1(iii) therefore
extends their equality across the connected coordinate neighborhood. Hence PI = P} o F there,
producing a connected open enlargement of B with the same inclusion of Poisson images and
contradicting maximality. Consequently, B = M°.

Interchanging g1 and gp gives PY(M°) C PF'(M°®). The injectivity of the Poisson embeddings
then makes F': M° — M?° a global quasianalytic diffecomorphism satisfying (2.27). For any q € T,
equations (2.26) and (2.28), together with the injectivity of P, give F' = Fy, on the interior portion
of a neighborhood of ¢. Defining F(q) = ¢ therefore extends F to a diffeomorphism M' — M in
the quasianalytic class and proves (2.27)—(2.28) up to I'. Finally, any other map with (2.27) equals
(PQF )y~ to PlF by injectivity, which proves uniqueness. ]

We now recover the metric using Lemma 2.8.
Lemma 2.11. The diffeomorphism in Proposition 2.10 satisfies
F*go = ¢ on MT.

Proof. Equation (2.28) gives the harmonic identities required by Lemma 2.8 for all boundary values
supported in I'. On the nonempty interior portion of the seed collar, Proposition 2.10 gives F' = Fp 4,
while Lemma 2.9 gives F{j, g2 = g1. The conclusion follows from Lemma 2.8. U

We next determine what the interior isometry recovers on the inaccessible boundary by extending
it to the metric completions.

Proposition 2.12. Let F : M" — MU be the isometry obtained in Lemma 2.11. Then F|pp
extends uniquely to an isometry

T (M,dg,) — (M, dg,).

Here dg; is the Riemannian length distance defined in (1.7). The extension agrees with I' on M,
fizes T' pointwise, and maps OM \ T' onto itself.

Proof. For z,y € M°, let ¢ range over the piecewise C! curves in M° joining x to y. Define the
intrinsic length distance of (M°, g;) by

dj(w,y) = iréf Ly, (c).
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We first compare it with the Riemannian length distance dy; on M defined in (1.7). Since every
curve in M° is also a curve in M, one has dy,(v,y) < d;-’(:z:,y), x,y € M°. For the reverse
inequality, let ¢ be a piecewise C' curve in M with endpoints in M°. Choose a smooth collar
k:OM x[0,6) — M so thin that the endpoints of ¢ lie outside its image, and choose x € C2°([0, 9))
with x = 1 near 0. For sufficiently small € > 0, define r. : M — M° by r-(r(q,t)) = k(gq,t +ex(t))
in the collar and by the identity outside it. Then r. fixes the endpoints of ¢ and converges to the

identity in C'. Consequently, the interior curves c. = 7. o ¢ satisfy Ly, (cc) — Ly, (c) (e —0).
Taking the infimum first over such interior perturbations and then over ¢ gives
d;’(x,y) :dgj(xay>v -’L',yE MO' (229)

The space (M, d,;) is complete because it is compact, and M° is dense in M. Thus (2.29) identifies
(M, dy;) canonically with the metric completion of (M°, d3).

By Proposition 2.10, F|e is a diffeomorphism of M°, and Lemma 2.11 gives F*gy = g; there.
It therefore preserves lengths of piecewise C'! curves; applying the same observation to F'~! gives
ds(F(z), F(y)) = di(x,y), x,y € M°. For y € M, choose a sequence x; € M° converging to y
in dg4,. Equations above show that (F'(xy)) is Cauchy in (M, dy,); define

Fy) = Jim F(ay).

If (x}) is another interior sequence converging to y, then dg,(F(xy), F(x})) = dg, (zg, z}) — 0, so
the definition is independent of the approximating sequence. For y, z € M, taking interior sequences
xr — y and 2z — 2z yields

dys (F(y), F(2)) = i dy, (F(a), F(z) = dyy (3, 2).
Hence F is an isometric extension of F|pye.

Applying the same construction to F~! gives an isometric extension G : (M,d,,) — (M, dy, ).
The compositions G o F' and F o G are the identity on the dense set M°, and hence everywhere
by continuity. Thus F is surjective with inverse G. It is also the unique extension: two isometric
extensions agreeing with F' on the dense subset M° agree on all of M.

We next determine the boundary behavior. The map F restricts to F' on M°, and its inverse
restricts to F~! there. If y € 9M and F(y) € M°, then

y=F '(F(y) = F ' (F(y)) € M°,

a contradiction. The same argument for ' shows that F(OM) = OM.
Finally, let ¢ € I' and choose x; € M° with x; — ¢q. Proposition 2.10 gives continuity of F' on
MY and F(q) = ¢, so
F(q) = lim F(zy) = F(q) = q.
k—o0

Thus F agrees with F' on M and fixes I pointwise. Since F is injective, no point of M \ T' can
map into the pointwise fixed set I'. Together with F (OM) = OM and surjectivity, this proves
FOM\T)=0M\T. O

Proposition 2.12 gives the precise boundary conclusion of the partial-data problem: the accessible
boundary is fixed pointwise, whereas the inaccessible boundary is determined only as the completion
boundary of the interior isometry and need not be fixed pointwise.

Proof of Corollary 1.2. The identity (1.9) gives the localized equality of DtN maps used in
Lemma 2.9, which converts it into collar isometries of class E{W} near the accessible boundary and
identifies there the harmonic extensions of all boundary values supported in I". Lemma 2.5 and
Proposition 2.10 extend the candidate map (PzF )y~to PlF to an £IW} diffeomorphism F : M — MT
fixing I'. Applying Lemma 2.11, using the seed collar isometry from Lemma 2.9, gives F*go = g1 on
MY, Proposition 2.12 finally extends F|jo uniquely to the asserted isometry between the metric
completions, which fixes I' pointwise and maps dM \ T onto itself. O
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3. UNIQUENESS WITH QUASIANALYTICITY IN THE NORMAL VARIABLE

Fix a one-dimensional quasianalytic weight sequence W as in Definition 1.3. Let n > 3, let
L >0, let Y be a closed connected smooth (n — 1)-manifold, and let M = [0, L] x Y have boundary
components I'g and I'z, as in (1.11). Throughout this section, let

gj = dt? + hi(t,y) € Qw(M),  j=1,2, (3.1)

and assume that their DtN maps satisfy (1.15).

The proof of Theorem 1.3 has three steps. First, the prescribed product form makes (t,y) a
common global boundary normal coordinate system for the two metrics. Second, smooth boundary
determination shows that their full normal jets at Iy agree. Finally, the estimate (1.14) and the
Denjoy—Carleman condition (1.12) propagate this jet equality along each normal curve t — (¢, ).
Thus quasianalytic continuation is used only in the normal variable, while the tangential dependence
remains smooth.

Lemma 3.1. Let g1 and go be the metrics in Theorem 1.3, written in the prescribed product
coordinates as in (3.1). Let dg; be the Riemannian length distance defined in (1.7). The g;j-distance
from the boundary component I'g to a point x € M is defined by

dg; (To, ) := ziélffg dg; (2, ).

Then

dg, (Lo, (t,y)) =t ((t,y) e M, j=1,2).
Consequently, the prescribed product coordinate system (t,y) is a common global boundary normal
coordinate system for g1 and gs.

Proof. For j = 1,2, the identities (g;) = 1 and (gj)io = 0 in (3.1) show that 0 is the inward unit
normal along T'g. They also give I'}, = 0, so, for each y € Y, the curve ¢ + (¢,y) is a unit-speed
geodesic normal to I'y.

Fix (to,y0) € M, and let ¢ : [0,1] — M, c(s) = (¢(s),y(s)), be any piecewise C'! curve such that
c(0) € Ty and ¢(1) = (to,yo). Then

1 1
LM@=AVWW+%W%MmM%MW®EAH@Mﬁﬁm—wm:w (3.2)

The vertical curve co(s) = (sto, o) joins I'g to (to,yo) and satisfies L, (co) = to. Taking the infimum
over ¢ therefore gives d, (Fo, (tg,yo)) = to. Finally, uniqueness for the geodesic equation gives
exp?éjy)(t(?t) = (t,y), 0 <t < L, and this normal exponential parametrization covers all of M in
the prescribed product coordinates. It is the same for j = 1,2, which proves the final assertion. [

Lemma 3.2. Let W be as in Definition 1.3, and let g1, go belong to the normal-variable quasianalytic
metric class Qw (M) of Definition 1.4. Write the metrics as in (3.1). Fizy, € Y. If

Orh1(0,y.) = 0Fha(0,y.)  (k=0,1,2,...),

then
Paltg) = haltig) (0t <L),

Proof. Let 7Lj be the extension supplied by Definition 1.4, defined on (—¢;,L + ¢;) x Y, and
set £ := min{e,ea}. Choose a coordinate chart about y,. and fix component indices p,v. On
I:=(—¢,L+e¢),set Ohypy, (t) = (ﬁl)m,(t,y*) — (%Q)W(t,y*). Estimate (1.14), after enlarging the
constants, gives the one-dimensional derivative bounds of Roumieu type with weight W for dh,, 4,
on every compact subinterval of I. The hypothesis gives Bféhw,ﬂ* (0) = 0 for every k > 0. By the
one-dimensional Denjoy—Carleman theorem, the logarithmic convexity of W and condition (1.12)
make the Taylor map injective on this class [48, Section 2.7]; hence dhy,,, = 0 on I. Since the
component indices were arbitrary, the asserted tensor equality follows on [0, L]. (Il
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Proposition 3.3. Let W be as in Definition 1.3, and let g1,g92 € Qw (M) be the metrics in
Theorem 1.3, written as in (3.1). Here Qw (M) is the normal-variable quasianalytic metric class
from Definition 1.4. If their DtN maps agree as in (1.15), then

h1 = hg on [0, L] xXY.

Proof. Fix ¢ = (0,y0) € T'g, and choose x € C°(0M) supported in 'y and equal to one near
q. Equation (1.15) implies xAg4, x = xAg,x. By Lemma 3.1, the prescribed product coordinates
are common boundary normal coordinates for the two metrics. Lemma 2.2, applied in a product
boundary chart about ¢ with the same tangential coordinates y for both metrics, therefore gives
exactly the conclusion (2.5):

OFh1(0,9) = Fnha(0,y) (k=0,1,2,...)

near ygo. Since g € I'g was arbitrary, their full normal jets agree on all of I'y.
For each y, € Y, Lemma 3.2 now gives hq(t,y.) = ha(t,y.) for all t € [0,L]. Since y. was
arbitrary, hy = hg on [0, L] X Y. O

Proof of Theorem 1.3. Lemma 3.1 identifies the prescribed product coordinates as common global
boundary normal coordinates for the two metrics. The identity (1.15) then gives the localized
equality of DtN maps required by Lemma 2.2, and hence equality of the full normal jets of hy and ho
on I'g. Lemma 3.2 propagates this equality along every normal curve ¢ +— (t,y), and Proposition 3.3
gives hy = hg on [0, L] x Y. Together with (3.1), this proves g = g2 on M, as asserted in (1.16).
This argument uses only the DtN observations on I'g; the corresponding assertion for I';, follows by
replacing ¢ with L — ¢. O

Proof of Corollary 1.4. The common base metric and absence of mixed terms give common local
boundary normal coordinates, with the fiber coordinate y unchanged. Lemma 2.2, localized on
A, yields equality of the normal jets of hy and hye. Tangential differentiation shows that the full
base-variable jet of h; — ho vanishes at each xg € X, for every fixed y € Ms. The vanishing of this
jet is preserved by the smooth change back to the original quasianalytic base coordinates. In these
coordinates, the assumed quasianalytic extensions across OM; allow the identity principle to give
h1 = hg near zp and then throughout the connected interior M7. Continuity yields g1 = g2 on
M. O

4. SMOOTH UNIQUENESS UNDER TANGENTIAL HOMOGENEITY

This section is devoted to the proof of Theorem 1.5. Let d > 2, let L > 0, and set M = [0, L] x T¢,
with the prescribed product coordinates (¢,y). Fix g1, g2 in the tangentially homogeneous metric
class S(M) of Definition 1.5, and assume that their DtN maps satisfy (1.18). Write h;(t) for the
tangential coefficient matrix of g; in (1.17), j =1,2.

Fourier decomposition and the Liouville transformation reduce the boundary data to discrete
samples of one-dimensional Weyl functions (Subsection 4.1). A discrete inverse spectral argument
then determines the corresponding potentials and Liouville factors (Subsection 4.2). Finally,
Subsection 4.3 synchronizes the Liouville coordinates for different lattice directions and recovers the
metric in the prescribed normal coordinate t.

4.1. Fourier reduction. We first use tangential homogeneity to separate variables in the harmonic
equation and identify the corresponding Fourier blocks of the DtN map.

Lemma 4.1. Fiz j € {1,2}, and let g; belong to the tangentially homogeneous metric class S(M)
of Definition 1.5. Write wj(t) = y/deth;(t). For each k € Z%, a smooth function u(t)e* is
gj-harmonic if and only if

(wjug)e — wjkThj_lku =0, 0<t<L. (4.1)

For this mode, Ay, maps the endpoint values (u(0),u(L)) to the outward normal derivatives
(—ut(0),ut(L)). After weighting by the endpoint densities, this linear map is represented by the 2 x 2
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weighted endpoint flur matriz D;(k):

—w;(0)us (0 u(0 DO(k)  DOL(k)
<wj(£)2%((L))> = D;(k) (u((L>)> ,  Dj(k) = (D]io(k) Djﬁ(k))' (4.2)

The row and column indices indicate the output and input endpoints, respectively. The matriz D;(k)
1s real and symmetric.

Proof. Since h; depends only on ¢, direct calculation gives
Ay, (u(t)eik'y) = [w;l(wjut)t - (k‘Th;lk)u} ek,

This proves the equivalence with (4.1).

By uniqueness of the Dirichlet problem (1.1), boundary data in the k-th Fourier mode give a
solution in the same mode. The outward unit normals at t = 0 and t = L are —0; and 0, respectively,
which gives the stated action of Ay;. Linearity then gives the matrix representation (4.2).

For real-valued solutions u and v of (4.1), integration by parts gives

L
—w;(0)ut (0)v(0) + w;(L)ug(L)v(L) = / w; (upve + (k:Thj_lk)uv) dt.
0
The right-hand side is symmetric in v and v, so D;(k) in (4.2) is symmetric. Its entries are real

because (4.1) has real coeflicients. O

We put the Fourier equation (4.1) in Schrodinger form. Fix € € Z¢\ {0} and consider the modes
k=N N=1,2,.... For j = 1,2, set q;¢(t) = €Th;(t)~¢ > 0. The original unknown u(t), the
coefficient of €N¢¥ in a harmonic Fourier mode, satisfies (4.1) in the variable #:

—(wjue)s = —N?wjgj cu, 0<t<L.

We introduce the new independent variable s by

t
s =s55¢(t) = /0 \/@je(r)dr, Sie=s5¢e(L). (4.3)

Since gj¢ > 0, the map s;¢ is a smooth increasing diffeomorphism from [0, L] onto [0, S;¢]. We then
define the positive Liouville factor ;¢ and replace u(t) by the new unknown v = v

7(s)j through
pie(sie(t)) = (wi()’qe ()4,
v(s;,£(t)) = pe(sje(t))u(t).

The change of variable (4.3) and the rescaling (4.4) together form the Liouville transformation [46].
Under this transformation, u solves (4.1) with £ = N¢ if and only if v solves the Schrodinger
equation

(4.4)

_ 1els)
1jg(s)’
Here Vj¢ is the transformed potential, — N 2 is the spectral parameter, and primes denote differenti-
ation with respect to the new variable s.
To describe the response at the left endpoint, we consider solutions of (4.1) with w(L) = 0.
By (4.4), this is equivalent to the right Dirichlet condition v(S;¢) = 0. For real N > 0, let v be any
nonzero solution of (4.5) satisfying this condition. The associated Weyl function is defined by

v'(0)
v(0)
This quotient is well defined, as shown in the proof below.
The following proposition is the main intermediate result of this section. For j = 1,2 and
each ¢ € Z4\ {0}, it determines from the DtN map Ay; the interval length S;¢, the initial values

15,6(0) and p’ ((0), and the Weyl samples m;¢(N) for N = 1,2,.... These data are then used in
Subsection 4.2 to recover the transformed potential V¢ and the Liouville factor ;.

—0"(s) + Vje(s)v(s) = —N?v(s), Vie(s) 0<s<8ge. (4.5)

mje(N) = — (4.6)
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Proposition 4.2. Let g1, g2 belong to the tangentially homogeneous metric class S(M) of Defini-
tion 1.5. Assume that Ag, = Ag,, as in (1.18). Then

h1(0) = h2(0), hi(L) = ha(L).

Moreover, for every & € 73\ {0}, the quantities Sj¢, jij¢, and m;¢ defined in (4.3), (4.4), and (4.6),
respectively, satisfy

Ste =526 m1e(0) = p2e(0),  py£(0) = 5 (0),
m175(N) :mg,g(N), N:LQ,....

Proof. Fix ¢ € Z%\ {0} and put kK = N¢. The change of variable (4.3) and the rescaling (4.4)
transform (4.1) into (4.5). Indeed, ds;¢/dt = ,/gj¢ and M?f = wj,/qj¢, so direct differentiation
gives the flux identity

wj (t)ue(t) = pje(s)vs(s) — v(s)(pje)s(s). (4.7)
Here s = s ¢(t), and u; denotes differentiation with respect to t.

We first verify that the Weyl function in (4.6) is well defined for every N > 0. The nonzero
solution v in its definition already satisfies v(S;¢) = 0, so we need to show that v(0) # 0. Suppose
instead that v(0) = 0. By (4.4), the corresponding solution u of (4.1) with £ = N¢ then vanishes
at both endpoints. Multiplying the equation by w, integrating by parts, and using the two zero
boundary values gives

L
/0 w;(t) (\ut(t)|2 + N2qj75(t)|u(t)|2) dt =0. (4.8)

Both coefficients are strictly positive, so u = 0. Equation (4.4) then gives v = 0, contradicting the
choice of v. Thus v(0) # 0. Any two such solutions are proportional by uniqueness for the initial
value problem at s = S ¢, so the quotient defining m;¢(/N) is independent of the choice of v.

Since Vj ¢ is smooth, the classical high-energy asymptotics for the right Dirichlet problem [50,
Corollary 4.3] yield

m¢(N)=N+ON"") (N — o). (4.9)

Our definition (4.6) has the opposite sign to the Weyl function used in that reference.

For the solution with w(0) =1, u(L) =0, (4.7) gives

¢(0) = \/m my¢ (V) + Uj,£(0)> '
N GO .

The same calculation after reversing ¢ gives the corresponding limit at ¢ = L. Let eq,...,eq be the
standard basis of Z¢ and set

Consequently,

K={es:1<a<d}U{es+e,:1<a<b<d}.

By (4.10), the quadratic form of h;(0)~! is determined on K, which suffices to recover all its matrix
entries. The same argument at ¢ = L determines h;j(L)~!.
Equality of the DtN maps therefore implies

hl (0) = hQ(O), hl(L) = hQ(L), w1 (0) = CUQ(O), wl(L) = wg(L). (4.11)

The equalities for w; follow from those for h; and the definition w;(t) = y/det h;(t) in Lemma 4.1.
We may hence multiply the two equal DtN maps by the common endpoint density factors. Thus
the weighted endpoint flux matrices defined in (4.2) satisfy D;(k) = Da(k), ke 74

For k = N¢, write D;j¢(N) = D;j(N§), with entries indexed as in (4.2). In particular, D?’%(N =
—w;(0)us(0) for the solution with u(0) = 1 and u(L) = 0. Since v(0) = p;¢(0) when u(0) = 1,
formula (4.7) yields

DJE(N) = p1j¢(0)*my e (N) + pj (0)42 ¢ (0). (4.12)
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It follows from the common data and (4.9) that

DY%(N)
2 _ 2 _ g 1,¢
p16(0)" = p2(0)” = lim ——, (4.13)
and / / 00
0 0 DY.(N
/h,g( ) _ Mz,g( ) — lim 1,5( 2) N (4.14)
#1,6(0)  p2g(0)  Nooo \ p1e(0)
Subtracting the common constant term in (4.12) then gives
my ¢(N) =mye(N) (N=1,2,...). (4.15)

The off-diagonal entry D%(N ) determines the Liouville interval length. Let ¢, ¢ n solve
~Plen T Vievien = —Ngjen,  @en(0) =0,  @jen(0) =1 0<s<Sje
For the solution with «(0) = 0 and u(L) = 1, equations (4.2) and (4.7) give

 Byie(0)e(Sjie)
©jeN(Sje)

DY(N) = (4.16)

Variation of constants gives the integral equation

sinh(Ns Ssinh(N(s —r
pren(s) = TRy [PIMEEZ Dy 1))
0

After multiplication by e~V*, Gronwall’s inequality gives e="*|p; ¢ v(s)| = O(N~1) uniformly for
5 €[0,5;¢] as N — oo. Substitution into the integral term then yields
eNSjvg . ' 1
Pien(Sie) = 5 (L+O(NTY), lim wlog loje n(Sje)l = Sje- (4.17)

In particular ¢;¢ n(Sj¢) is nonzero for all sufficiently large V. Both endpoint factors in (4.16) are
already common by (4.11) and (4.4). Since D?E(N) = Dgé(N), (4.16) and (4.17) imply

Sie =S¢ =: 5. (4.18)
The proof is complete. O

4.2. Inverse spectral uniqueness. We next show that the values of the Weyl function at sufficiently
large integers determine the potential. The proof combines the classical A-amplitude representation
with a uniqueness result for discrete exponential moments.

Lemma 4.3. Let S > 0 and V € C*([0,S];R). For sufficiently large real k > 0, let v be any
nonzero solution of
—" + Vo = —r%0, 0<s<S, v(S) = 0.

Define the Weyl function by
__v(0)

m(k) = OR
There is a function ay € C([0,5);R), called the A-amplitude associated with V', such that, for every
0<b< S and every e > 0,

m(k) =K+ /b ay ()e 2% da 4+ O(e~(20=9)K) (k = 400). (4.19)
0

For two such potentials V1, Vo and every 0 < a < S,
ay, = ay, on [0,a] <= Vi =V5 o0n|0,qa].

Proof. For the finite interval and right Dirichlet condition considered here, the representation and
local correspondence follow from [50, Theorems 1.4 and 1.5]; see also [22]. Since V' is smooth, the
amplitude is continuous. Those references use v'(0)/v(0), whose negative is our Weyl function; this
gives the signs in (4.19). For related local Borg-Marchenko uniqueness results, see [5,23]. O
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The next lemma gives a uniqueness result for discrete exponential moments.

Lemma 4.4. Let £ > 0 and G € C([0,4]). If, for some integer Ny,

¢
sup N / NG (r) dr| < oo, N e N, (4.20)
0

N>No

then G =0 on [0,7].

Proof. Set f(y) = G(£{ —y) for 0 < y < ¢, so that f € L'(0,¢). The change of variables r = £ — y
and (4.20) give

4 4
/ f(y)e_Nydy:e_Ne/ G(’I“)BNTd’I“
0 0
=O(Nte ™M) (N = o0, NeN).

For every ¢ > 0, this is O(e~*N(1=)). Thus [27, Proposition 2.4], with a = ¢, gives f = 0 almost
everywhere. The continuity of G then implies G = 0 on [0, ]. O

The next lemma shows that the values of the Weyl function at sufficiently large integers determine
the potential.

Lemma 4.5. Let S > 0 and Vi,V2 € C*°([0,S];R). For j = 1,2, let m; be the Weyl function
for V; with the right Dirichlet condition v(S) = 0, as defined in Lemma 4.3. Assume that, for all
sufficiently large integers N,

m1(N) = mQ(N).

Then
i=W on [0, 5].

Proof. Let da = ay, — ay, be the difference of the two A-amplitudes. Fix 0 < a < S and choose
b€ (a,S). Taking k = N and ¢ = b — a in (4.19) and using m;(N) = ma(N), we obtain

b
/ e 2Noga(a) da = O(e~(@THIN)
0

as N — oo through the integers.
Since da is continuous on [0, b],

b
/ e N5a(a) da

Also, Ne~(@+tON — O(e=2N@) hecause b > a. Subtracting the integral over [a, b] therefore yields

—2Na

1
N < §H5a||L°°(a,b)€

N/a e 2Nosa(a) da = O(e72N9), (4.21)
0

Set G(r) = da(a—r/2), 0 < r < 2a. Then G € C(]0, 2a]), and the change of variables r = 2(a—«)
turns (4.21) into

sup N < 00, N e N, (4.22)

N>Ng

2a
/ eNTG(r) dr
0

for some sufficiently large integer Ny. Lemma 4.4, with ¢ = 2a, gives G = 0 on [0, 2a], and hence
ay; = ay, on [0,a]. Lemma 4.3 now gives V; = V5 on [0,a]. Since a < S was arbitrary, continuity
gives V1 = V5 on [0, S]. O

We next recover the potential and the Liouville factor for each Fourier direction.

Lemma 4.6. Let g1, g2 belong to the tangentially homogeneous metric class S(M) of Definition 1.5.
Assume that their DtN maps satisfy Ag, = Ng,. Then, for every € € Z2\ {0}, one has

Vie=Vag, P1e = M2 on [0, Se],

where Sg is the common interval length in (4.18).
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Proof. Fix ¢ € Z%\ {0}. The interval lengths agree by (4.18), and the Weyl samples agree

by (4.15). Lemma 4.5 therefore gives Vi ¢ = Vo ¢ on [0,5¢]. By (4.5), both Liouville factors satisfy

Wie = Viepe, 0<s <8, j = 1,2. Proposition 4.2 also gives the common initial data

p1,6(0) = p2.¢(0), #11¢(0) = 15 ¢(0). Uniqueness for this initial value problem [54, Theorem 3.9]
therefore yields

pie(s) = pog(s) = pe(s)  (0<s< ). (4.23)

O

4.3. Metric recovery. Subsection 4.1 extracts the Weyl samples from the DtN map, and Sub-
section 4.2 recovers the corresponding potentials and Liouville factors. Consequently, Lemma 4.6
gives, for each nonzero lattice direction &, a common Liouville interval [0, S¢] and a common positive
factor pe(s). This does not yet recover hy and hy in the prescribed normal coordinate ¢, because
the change of variable s;¢(t) depends on both the metric and £. The identity i ¢(s) = p2e(s)
may therefore compare the metrics at different values of ¢, and the correspondence between these
values may also depend on . The following proposition removes these ambiguities by constructing a
common parameter in which all directions can be compared, recovering the cofactor matrices cof(h;)
from finitely many directions, and proving that the two changes from the common parameter back
to t coincide.

Proposition 4.7. Let d > 2, and let g1, g2 belong to the tangentially homogeneous metric class
S(M) of Definition 1.5. Assume that their DtN maps satisfy Ag, = Ag,. Then the tangential
coefficient matrices hy, hy in (1.17) satisfy

hi(t) = ha(t) (0<t<L).
Proof. For each ¢ € Z4\ {0}, Proposition 4.2 and Lemma 4.6 give the common interval length S¢ and
positive Liouville factor p¢ in (4.18) and (4.23). Recall that w;(t) = \/det h;(t), gj¢(t) = ETh;(t) 1€,
and s} (t) = \/¢;e(t) by (4.3). The identity (4.4), together with (4.23), gives pe(sje(t)? =

w;(t)\/aje(t). These two relations suggest a parameter in which the dependence on ¢ cancels. For
7 =1,2, define

t
7;(1) :/ w;(r)~tdr, 0<t<L.
0

This parameter depends on the metric but not on the direction. For each & € Z4 \ {0}, define from
the recovered factor

Te(s) = / pe(r) "2 dr, 0<s< 8.
0

The chain rule and the preceding identities give, for j = 1,2,

G7elielt) = el
SCTH OB -
- pe(sie(t)? ?

Since 7¢(s5¢(0)) = 7;(0) = 0, integration gives 7¢(s;¢(t)) = 7;(t), 0<t<L Att=L, the
common values of S¢ and p¢ show that the right-hand side has the same endpoint for j = 1, 2. Since
7;(L) is independent of £, this endpoint is also the same for every direction; denote it by 7

TI(L) =1(L) = 1¢(Se) = T, ¢ ez\ {0}

All the maps 7; and 7¢ are smooth and strictly increasing. From now on, 7 € [0, 7] denotes a
scalar variable in their common range, rather than an additional map. For each such 7, define

ti(r) = 7']71(7'), se(T) = 751(7'). Substituting ¢ = t;(7) into the preceding identity gives
Te(sj¢(ti(1))) = 75(t;(7)) = 7. Since 7¢ is injective and 7¢(s¢(7)) = 7, it follows that s;¢(t;(7)) =
s¢(T), 0<7<T, j=1,2. Thus the two metrics and all lattice directions are now compared

at the same value of 7.
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We next recover the metric in this common parameter. For a positive definite matrix h, write
cof(h) = (det h)h=t. Set C;(7) := cof(h;(t;(1))), j = 1,2. Using (4.4) at t = t;(7) and the
synchronization just proved, we obtain

pe(se ()t = wj (7)) gz (85(7))
=¢'G(ng, =12
For each fixed 7, the left-hand side is independent of j, so C;(7) and Ca(7) have the same quadratic

form in every nonzero lattice direction. It is enough to use the finite set introduced in the proof of
Proposition 4.2, namely

(4.25)

K={es:1<a<dfU{es+e:1<a<b<d}
The values in the directions e, determine the diagonal entries of C;(7), while
2(C(7))ab = (ea + e5)" Cj(7)(ea + 1) — €q Cj(T)ea — € Cj(7)es

determines every off-diagonal entry. Equation (4.25) therefore gives C;(7) = Cao(7), 0<7<T.
Since d > 2, a positive definite matrix A is recovered from its cofactor matrix by

det(cof h) = (det h)471, h = (det(cof h))l/(dfl)(cof h)~L. (4.26)

Consequently, the equality of the cofactor matrices gives hi(t1(7)) = ha(t2(7)). Using w; = /det h;,
it also gives wi(t1(7)) = wa(t2(7)) =: w(7). Thus the metric has been recovered in the common
parameter 7, but it remains to identify this parameter with the same value of the prescribed normal
coordinate for both metrics. Since t; is the inverse of 7;,

1
th(r) = ———
= 5w

The two inverse changes of variable therefore solve the same initial value problem, and hence

=wj(t;(7)) =w(r),  t;(0)=0.

tl(r)—tg(T)—/OTw(r)dr, 0<7<T.

Their common value maps [0, 7] onto [0, L]. Substituting ¢ = ¢;(7) = t2(7) into the recovered metric
identity now gives hi(t) = ha(t), 0<t<L.
The proof is complete. O

Proof of Theorem 1.5. The identity (1.18), together with tangential homogeneity and Lemma 4.1,
gives equality of the corresponding Fourier blocks of the two DtN maps. Proposition 4.2 recovers the
common endpoint densities, and hence the weighted endpoint flux matrices D;(k) in (4.2) agree; for
every £ € K, it also gives common Liouville interval lengths, common initial values of the Liouville
factors, and equal Weyl samples. Lemma 4.5 recovers the corresponding one-dimensional potentials,
and Lemma 4.6 then recovers the Liouville factors. Proposition 4.7 synchronizes the Liouville
coordinates, recovers the tangential coefficient matrices by polarization, and gives hy(t) = ha(t) for
all t € [0, L]. Together with the prescribed metric form (1.17), this proves g1 = g2 on M, as asserted
in (1.19). 0

5. SMOOTH PARTIAL-DATA UNIQUENESS UNDER LAYERWISE LOEWNER ORDERING

This section is devoted to the proofs of Theorem 1.6 and Corollary 1.7. Let Q, I'; p, and 71,9
satisfy the hypotheses of Theorem 1.6, and write A = 1 — 7».

The conductivity proof has three steps. First, monotonicity converts equality of the partial
DtN maps into integral inequalities involving A. Second, partial-data Runge approximation and
local harmonic functions with prescribed gradients produce localized potentials that detect nonzero
directions of A and yield uniqueness in an exterior layer under a one-sided Loewner ordering. Third,
the layerwise ordering and geometric assumptions allow continuous layer stripping to recover the
conductivities throughout 2. The final subsection derives the metric corollary from the conductivity
result.
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5.1. Monotonicity and Runge approximation. Throughout this section, boundary values and

solutions are real-valued. We define Héf (') to be the closure in H/2(d9) of the zero extensions

of C(T') to 9. This closed subspace carries the inherited norm, and (HééQ(F))* denotes its
continuous dual. For a uniformly positive v € C*(Q; Sym,) and f € Hgéz(F), let ulyc € HY(Q) be
the unique weak solution of
- div('qu?;) =0 inQ, uf/|3Q = f.
The partial conductivity DtN map is the bounded operator
AL Hy? (D) — (Hgh (D))"

defined by

(ALf,n) = /Q’qu!; Vulde,  f.he Hy (D). (5.1)

By density, equality of the partial DtN maps on C2°(I") is equivalent to equality of these bounded
operators.

Lemma 5.1. Let f € HééZ(F) and write uf = ujvc]. for the ~yj-harmonic solution with trace f. With

A =71 — 2, one has
/ AVu] - Vul de < (AL, —AL)F f) < / AVYS -Vl da. (5.2)
Q Q

Proof. We use the standard variational argument based on the Dirichlet principle; see [19,25] for
the corresponding Neumann-to-Dirichlet estimates. For j = 1,2, put

Ej(v) = /nyiju -Vudz.

The solution uf minimizes E; among functions with trace f. Consequently,

Bu(uf) - Ba(ud) = Batuf) - Batul) + [ aVal -Vul o
Q

Ey(ul) = By(ud) = By (u]) — By (ul) +/ AVYS -Vl da.
Q

The first energy difference on the first line is nonnegative, whereas the first energy difference on the
second line is nonpositive. Equation (5.1), with v =v; and h = f, gives <A5j L) = E](uj) Thus
the middle term in (5.2) equals E; (u{ ) — Es (ug ), and the two displayed decompositions give the
asserted inequalities. O

We next state the partial-data Runge approximation in conductivity form.

Lemma 5.2. Let v € C®({; Sym;b‘;) be uniformly positive. Let U € ) be a smooth, possibly
disconnected, open set such that Q\ U is connected, and let v € H'(U) satisfy — div(yVv) =0 in

U. Then there exists a sequence (f¢)7, C HééQ(F) such that the corresponding solutions uff satisfy
u?;"' — v in L2(U) asf — oco.
Moreover, the same sequence converges to v in H'(Uy) for every Uy € U.

Proof. The duality and unique-continuation argument underlying Lemma 2.4, applied to — div(yV),
gives the L?(U) approximation [49, Theorem 1 and Section 2]. For z € L?(U) orthogonal to all
reachable restrictions, the zero-Dirichlet adjoint solution with the zero extension of z as source
has zero conormal trace on I' by Green’s identity and hence vanishes in the connected set 2\ U
by unique continuation. A second application of Green’s identity on each component of U shows
that z is orthogonal to every local solution, yielding density by Hahn—Banach; for Lemma 2.4, the
same argument uses Riemannian volume and boundary measures. The interior Caccioppoli estimate
yields convergence in H'(Up) for every Uy € U. O
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5.2. Localized potentials and layer recovery. We next use the method of localized potentials,
which has also been employed in [19,21,26].

Lemma 5.3. Let v € C>(Q; SyElj{) be uniformly positive. Let D € 2 be a smooth open set with
Q\D connected, and fiz zo € Q\D. Let By € Q\ D be a ball centered at ¢, and let v be y-harmonic

on By . Then there exist balls B @ BT € By centered at xo and a sequence (fm)2_; C HégQ(I‘)

such that the corresponding solutions u,, = uf];’" satisfy

[ty — M| gy < m7T [t |1 (py < m 71 (5.3)
Proof. Choose a sufficiently small outward normal enlargement D™ satisfying
Dc D" eq, xo ¢ DT, Q\ DV is connected. (5.4)

Such an enlargement is obtained by an ambient tubular flow, which preserves connectedness of the
exterior. L
Choose balls B @ BT € By centered at xo such that 2B™ € Q\ D+t. Then

Q\ (DT UB') connected. (5.5)

Indeed, paths in the exterior of Dt can be rerouted around BT through the annulus 2B+ \ BT,
which is connected for n > 2.
Set U = D™ U BT and, for each m > 1, define

wm =0 on DT, Wy =mu  on BT,

The function wy, is y-harmonic on U. Since D U B € U and (5.5) holds, Lemma 5.2 gives
fm € H&éz(f‘) such that Hulycm — Wil (puB) < m~L. Thus u,, = ulycm satisfies (5.3). O

The following proposition gives uniqueness in an exterior region under a one-sided Loewner
ordering.

Proposition 5.4. Let D € Q be a smooth open set such that Q\ D is connected. Set A=~ — 7o.
Assume that the partial DIN maps agree as in (1.23), and that either A = 0 throughout Q\ D or
A =<0 throughout 2\ D. Then

A=0 on Q\ D. (5.6)

Proof. Assume first that 4 = 0 on Q\ D and that (5.6) fails. By continuity, there are g € Q\ D
and & € R” such that 7 A(zg)€ > 0. For n > 3, the local harmonic-coordinate argument in the proof
of Lemma 2.5(R2), applied to the metric associated with 1 by (5.11), gives a local y;-harmonic
function v with Vu(xg) = £. For n = 2, we instead solve the 7;-harmonic Dirichlet problems on a
sufficiently small ball centered at xy with the two coordinate functions as boundary data; rescaling
and interior elliptic estimates give linearly independent gradients at xg, so a linear combination
yields the required v.

By continuity, choose a ball BO+ € Q\ D centered at g, on which v is v;-harmonic and
A(z)Vu(z)-Vo(z) >0 (z € Bf). Lemma 5.3 gives balls B € B" € By and global v;-harmonic
functions u,, satisfying (5.3). In particular,

I:= /BAVU -Voudzx > 0. (5.7)

It follows from (5.3) and (5.7) that
/BAVum -V, dz = m?T 4+ O(1), (5.8)
/D AV, - Vg, dz > —Cm ™2, (5.9)

where C' is independent of m. Because A = 0 on 2\ D, the integrand is nonnegative on Q\ (DU B).
Consequently,

/ AVu,, - Vuy,de >0
Q
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for all sufficiently large m. On the other hand, (1.23) and the first inequality in (5.2) give
/ AV, - Vg, dr <0,
Q

a contradiction. This proves (5.6) for A > 0; equality on 0D follows by continuity.
If A<0on Q\ D, repeat the local construction with 2 and —A, and apply Lemma 5.3. The
resulting solutions make

/ AV, - Vuy, dr < 0
Q

for large m, whereas (1.23) and the second inequality in (5.2) require this integral to be nonnegative.
This proves the negative-semidefinite case. O

5.3. Continuous layer stripping. We now propagate the exterior recovery of Proposition 5.4
through the level sets of p.

Proof of Theorem 1.6. Put A =~ — 72 and recall that Ds = {p > s} for 0 < s < T. The condition
dp # 0 in (1.20) makes each Dy smooth, while (1.21) ensures that Dy € Q and its exterior is
connected. Together with the equality of partial DtN maps in (1.23), these properties allow us
to apply Proposition 5.4 whenever A is positive semidefinite or negative semidefinite throughout
{p<s}

We first recover a boundary layer. The one-sided ordering condition (1.22), applied at s = 0,
gives by € (0,7] and o9 € {1,—1} such that o9A = 0 on {0 < p < bp}. Choose b € (0,bp). Since
p~1(0) = 9 by (1.20), continuity extends this sign condition to {p < b}. Proposition 5.4, applied
to Dy, therefore gives

A=0 on{p<b} (5.10)

We next show that recovery cannot stop at a level below T'. Define the set of recovered levels and

its supremum by

R={a€c[0,T): A=0on {p <a}}, T =supR.
The initial recovery (5.10) gives 7 > 0. Suppose that 7 < T". By the definition of 7, one has A =0
on {p < 7}. The level {p = 7} is regular by (1.20), so its points can be approached from {p < 7};
continuity of A therefore gives A =0 on {p < 7}.

The ordering condition (1.22) at s = 7 supplies b, € (7,7] and o, € {1, -1} such that 0,4 > 0
on {7 < p < b;}. Choose b € (1,b;). Since A already vanishes on the recovered region {p < 7},
this new sign condition holds throughout {p < b}. In particular, o, need not agree with the signs
used in earlier layers. Proposition 5.4, applied to Dy, now gives A = 0 on {p < b}. Thus b € R,
contradicting b > 7 = sup R.

Finally, 7 = T implies A = 0 on {p < T'}. By (1.21), the set {p = T'} has empty interior in €2, so
{p < T} is dense in Q. Continuity therefore yields 3 = 2 throughout Q, proving (1.24). O

5.4. Metric interpretation. We conclude with the proof of Corollary 1.7.

Lemma 5.5. Let n > 3, let g be a smooth Riemannian metric on €, and set vg = (det g)l/gg_l.
Then g is recovered pointwise from 4 by

g = (detyy) /=Dy 1, (5.11)

Moreover, if F : Q — Q is a smooth diffeomorphism with F|r = Id, then
AL =AL. (5.12)

YF*g
Proof. Taking determinants in v, = (det g)Y/2g~ 1 gives det vg = (det g)=2/2_Since n > 3, we can
solve for det g and substitute back to obtain (5.11).
For the DtN identity, take f € C°(T") and let v = ui:g. Since F fixes I" pointwise and maps

00\ T onto itself, the boundary value extended by zero satisfies f o F' = f on dQ2. A change of
variables shows that v = u o F' is yp+g,-harmonic with the same boundary value f, and that

/ VE+gVv - Vodr = / YgVu - Vudz.
Q Q
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The energy representation (5.1), followed by polarization and density of C2°(I") in H&{Q(F),
proves (5.12). Only the accessible boundary I" needs to be fixed pointwise. ]

Proof of Corollary 1.7. The invariance in Lemma 5.5 and the assumed equality of partial conductivity
DtN maps (1.25) give
r _ Al AT
VF*gy — Yoo T Ver”
By hypothesis, the pair (vg,,7F+g,) belongs to the layerwise one-sided Loewner class £,(£2).
Theorem 1.6 therefore yields 74, = yp+g4,. The inverse relation (5.11) now gives g = F*g on

Q, proving (1.26). The final assertion follows by taking F' = Id. O
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