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NEW BOUNDS FOR THE HEILBRONN TRIANGLE PROBLEM
T. AGAMA

ABSTRACT. Using ideas from the geometry of compression, we improve on the
current upper and lower bounds of the Heilbronn triangle problem. In particular,
let A(s) denote the minimal area of the triangle induced by s points on a unit
disk. We have the upper bound

1
Als) € ——
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for small € := €(s) > 0 and the lower bound
log s

A(s) > e

1. INTRODUCTION

The Heilbronn triangle problem asks for the maximal possible value of the mini-
mal area of a triangle determined by s points placed inside a convex planar region
(most commonly the unit disk). Let A(s) denote the supremum, taken over all
s-point subsets of the unit disk, of the minimal triangle area determined by the set.
Heilbronn originally conjectured the extremal behaviour

A(s) =0 (5_2),

which, if true, would indicate that well-distributed configurations force triangles of

area on the order of s 2.

A number of classical and more recent results establish nontrivial lower and up-
per bounds for A(s). Early analytic approaches produced the first nontrivial up-
per bounds (see, e.g., [5, 6]), while explicit combinatorial constructions yield lower
bounds that rule out too-rapid decay of A(s). In particular, the celebrated con-
struction of Komlés—Pintz—Szemerédi provides a configuration demonstrating the
improved lower bound

A(s) > %,
which shows that the logarithmic factor naturally appears in extremal constructions
[1]. More recent combinatorial refinements have continued to chip away at the up-
per bound; see, for instance, the recent work of Cohen—Pohoata—Zakharov which
introduces new combinatorial ingredients and obtains further improvements [4]. For
an exposition and algorithmic perspective (including discussions of Erdés-style con-
structions) see [7] and the MathWorld overview [§].
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In this article, we introduce a geometric framework-the geometry of compression-
which provides a unified language to quantify local clustering and dispersion of
planar point sets. The central object is the compression map

Vi i (@1, .., 20) (m,...,m),
T Tn
together with two associated invariants: the mass of compression and the compres-
sion gap G oV,,. The compression gap can be viewed as an induced local radius
around a point that effectively measures how close other points may be placed
without producing an unusually small triangle. By studying packing and nesting
properties of the compression-induced balls one converts combinatorial sums into
geometric area estimates that are well-suited for both upper and lower bound argu-
ments (see Proposition 2.11, Lemma 2.12 and Proposition 2.21 below).

Informally, our main results are an improved upper bound and a constructive
lower bound:

e an upper bound of the form
A(S) < 8—3/2“!‘6(8)’

where €(s) > 0 is a slowly varying function (specified precisely in Section 3);
and

e a constructive lower bound

log s

sy/5’

obtained by placing admissible points on compression-induced circles and

estimating the areas of the triangles determined by adjacent points (see Sec-
tion 4).

A(s) >

The upper bound is proved by partitioning any s-point configuration into compression-
balls and estimating the total area available for hosting such balls; a pigeonhole/counting
argument then forces the existence of a triangle of area at most the stated order.
The lower bound is constructive: we explicitly place points on a compression-circle
with equidistant chords, and then use the compression mass and harmonic-type es-
timates to obtain the stated logarithmic factor (see Proposition 2.7 and Lemma 2.5).

Technically, the compression framework complements existing analytic and com-
binatorial methods: it gives a geometric handle on local structure while translating
certain combinatorial sums into geometric packing estimates that are comparatively
straightforward to manipulate.

1.1. Organization of the paper. The remainder of the paper is organized as
follows. In Section 2, we introduce the compression formalism (definitions, basic
properties, and key identities). Section 3 contains the proof of the upper bound,
and section 4 gives the constructive lower bound.



1.2. Notations. The following notations are standard

e The notation f(n) < g(n) or f(n) = O(g(n)) means that there exist an
absolute constant ¢ > 0 and some fixed real number ng > 0 such that
|f(n)| < clg(n)| for all n > ng. In the case where the constant ¢ depends on
a fixed parameter (say d), we may write f(n) <4 g(n).

e The notation f(n) > g(n) means that there exist an absolute constant ¢ > 0
and some fixed real number ny > 0 such that |f(n)| > ¢|g(n)| for all n > ny.
In the case where the constant ¢ depends on a fixed parameter (say d), we
may write f(n) >4 g(n).

e The notation f(n) < g(n) means that there exist absolute constants ¢y, ¢y >
0 and some fixed real number ny such that ¢i|g(n)| < f(n) < co|g(n)]| for all
n > ng. In the case where the constant cq, co depends on a fixed parameter
(say d), we may write f(n) =<4 g(n).

e The symbols € and 0 should be understood as positive quantities whose
magnitudes can be made arbitrarily small.

e The notation f(n) ~ g(n) means that lim <= =1.
n—soc 9(n)

e The notation f(n) = o(1) means that lim f(n) = 0.

n—aoo

Let D denote any convex shape in the plane, and let A(S) represent the minimal
area of the triangle induced by a set of s points in D. Define A(s) as the supremum
of all such A(S). Heilbronn conjectured, in what is now known as the Heilbronn
triangle problem, that:

Conjecture 1.1. The minimal area of the triangle induced by s points in D satisfies

Als) = O (5_12> |

Paul Erdés previously established a lower bound related to Heilbronn’s conjecture,
showing that

1

If had been proven true, this lower bound would have confirmed the Heilbronn
conjectured upper bound as the sharpest possible. The Heilbronn triangle problem
had remained unsolved for a long time until a significant breakthrough in 1982 by
Komlos, Pintz, and Szemeredi, who constructed a set of points in D with a minimal
induced triangle area, A(s), satisfying the lower bound

log s

A(s) > R

The asymptotic growth rate of the minimal area of the triangle determined by a
finite set of points in D remains an open question. Thus, the pursuit of improved
lower and upper bounds continues to be a valuable area of research. The first non-
trivial upper bound was obtained by Roth, who showed that
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A refinement of Roth’s method eventually yielded the best currently known upper
bound, as shown by Komlés, Pintz, and Szemerédi:

As) <

pevIogs
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A new upper bound of the form

1
Als) € ——
57T 2000
has recently appeared in [4]. Using a completely new idea from the geometry of
compression, we obtain an improved upper bound

Theorem 1.2. Let A(s) denote the minimal area of the triangle formed by the s
points on the unit disk. We have the upper bound

1
Afs) < 3

§27¢
for small € := ¢(s) > 0.
We also obtain a constructive lower bound
Theorem 1.3. Let A(s) denote the minimal area of the triangle formed by the s
points on the unit disk. We have the lower bound

log s

A(s) > s

2. THE GEOMETRY OF COMPRESSION

In this section, we introduce and develop the geometry of compression of points
in space R".

Definition 2.1. By the compression of the scale 1 > m > 0 (m € R) fixed on R",
we mean the map V: (R\ 0)” — R” such that

V(21,22 .., 7)) = (E mo ﬁ)

v wy
for n > 2 and with x; # x; for i # jand x; #0O for all i = 1,...,n.

Remark 2.2. The notion of compression is, in some way, the process of rescaling
points in R™ for n > 2. Thus, it is important to observe that a compression roughly
speaking pushes points very close to the origin away from the origin by a certain
scale and similarly draws points away from the origin close to the origin. Intuitively,
compression induces some kind of motion on points in the Euclidean space R™ for
n > 2.

Proposition 2.3. A compression V,,, : (R\ 0)" — R™ of scale m with 1 > m >0
1S a bijective map.



Proof. Suppose that V,,,[(z1, o, ..., 2,)] = Vi [(y1,y2, - - ., yn)]. It follows that

(m m m) B (m m m)
T yﬂyz’m’yn '
It follows that x; = y; for each i = 1,2,...,n. Surjectivity follows by the definition
of the map. Thus, the map is bijective. 0

2.1. The mass of compression. In this section, we recall the notion of the mass
of compression on points in space and study the associated statistics.

Definition 2.4. By the mass of a compression of scale m with fixed 1 > m > 0, we
mean the map M : R" — R such that

MV (z1, 22, ... 20)]) = Z —.

It is important to note that the condition z; # x; for (z1,29,...,2,) € R" is
not only a quantifier but a requirement; otherwise, the statement for the mass of
compression will be completely flawed. To demonstrate, if we take ;1 =29 =+ =
T, then inf(x;) = sup(z;). In this case, the compression mass of the scale m satisfies

n—1

n—1
1 1
mgm <MV l(21, 29, .., 20)]) < mgm

and this inequality cannot hold. Thus, to ensure that the bounds are tight for the
purpose of our work, we will require that the choice of tuple (z1,xs,...,x,) € R”
satisfies the requirement: z; # x; for all 1 < 4,57 < n. Hence, in this paper this
condition will be highly extolled. In situations where it is not mentioned, it will be
assumed that the tuple (z1, 22, ...,2,) € R" is such that x; # z; for 1 <4i,j <n.

Lemma 2.5. We have

1 1
Z—:log:c—irfy—l—O(—)
n T

n<x
where v = 0.5772- - - .

Remark 2.6. Next, we prove the upper and lower bounds for the mass of the com-
pression of scale m with fixed 1 > m > 0.

Proposition 2.7. Let (xy,29,...,2,) € R™ with x; # 0 for each 1 < i < n and
x; # x; for i # j. We have

n—1\" n—1
mlog (1 - m) K MV, [(x1, 22, ..., 2,)]) < mlog (1 + M)

forn > 2.



Proof. Let (x1,22,...,2,) € R" for n > 2 with z; # 0. It follows that

MVl(er, ooz =m S L

Lj

n

j=1

n—1

1
<Sm)y ————
g inf(z;) + k

and the upper bound can be deduced for this sum. The lower bound can also be
deduced in the following way

T R

n—1
1
>m —_—.
; sup(z;) — k
O

Definition 2.8. Let (z1,x9,...,2,) € R" with z; # 0 for all i = 1,2...,n.
By the compression gap of compression V,, of the scale m > 0, denoted G o
Vinl(z1, 29, ..., 2,)], we mean the expression

2.2. The ball induced by compression. In this section, we introduce the notion
of the ball induced by a point (x1,zs,...,x,) € R™ under compression of a given
scale. We launch in a formal way the following language.

Definition 2.9. Let (z1,23,...,2,) € R” with z; # x; for all 1 <i < j <n and
x; # 0 for all 1 <i < n. By the ball induced by (x,z,...,z,) € R" under com-
pression of the scale m with 1 > m > 0, denoted B%govm[(m,xz,...,xn)][($1v Toy ...y Tn)l,

g OVm[(Il,ZEQ, . ,J}n)] = ‘

we mean the set of points ¢ satisfying the inequality

L 1 m m m 1
y—=|z1+—, 290+ —,..., 2, + — < =G oV, [(z1,22,...,2,)]
2 I i) Tp 2
A point Z = (z1,29,...,2,) € B%Qovm[(m,mg,‘..,xn)][(xlvx% ..., xy)] if it satisfies the

inequality.

Remark 2.10. Next, we prove that smaller balls induced by points should essentially
be contained in bigger balls. We state and prove this statement in the following
result.

In the geometry of balls induced under compression of fixed scale m > 0, we will
implicitly assume that

O0<m< 1.
For simplicity, on occasion, we will choose to write the ball induced by the point
¥ = (x1,23,...,x,) under compression as

B%govm (2] [f] .
We will adopt this notation to save enough work space in many circumstances. We
find the following estimates for the compression gap useful.



Proposition 2.11. Let (z1,22,...,2,) € R" forn > 2 withx; #0 forj=1,...,n
We have

2 (1 1] 2 2 2
GoVyul(zy,ze,...,2,)]" = MoV || =,..., = || +m MoV [(a1,...,2;)] — 2mn.

ren
n

In particular, if m = m(n) = o(1) as n — oo, then

Gol(orsaa s = MoV (G )|~ 2+ O miMe Vil 2]

n

for ¥ € R™ with x; > 1 for each 1 <1 < n.

Proposition 2.11 offers an extremely useful identity. It allows us to pass from the
compression gap of the compression on points to the relative distance to the origin.
It suggests that points under compression with a large gap must be far away from
the origin than points with a relatively smaller gap under compression. That is, the
inequality

GoVp[T] < GoV,[y]

with m := m(n) = o(1) as n — oo if and only if ||Z|| < ||y]| for Z, ¥ € R™ with
x; > 1 for all 1 < i < n. This important transference principle will be used to
deduce our results. In particular, we note that in the latter case, we can write the
asymptotic

1 1 .
GVl 2z, )~ Mo | ()| = P
1 n

Lemma 2.12 (Compression estimate). Let (x1,xa,...,x,) € R™ for n > 2 with
x; > 1 for all 1 <i <n with x; # x; (i # j). If m == m(n) = o(1) as n — oc.
We have

gon[(xth,..., )] <<nsup( )+m log< + — 29mn

=)

and

1\t
' a2 > ninf(22) + m2log (1 - =) — 2mm.
G o Vo [(w1, 7, ..., 2,)]" > ninf(27) +m og( sup(ﬁ?) mn

Theorem 2.13. Let 7 = (21,22,...,2,) € R" with z; # z; for all1 <i < j<n
with y;,zi > 1 for all 1 < i < n and m = m(n) = o(l) as n — oo. Then
Z € Bigoy,, 4] with ||Z1] <||7]| if and only if

GoV,[2] <GoV,[y]
with ||y — 2]| < e for some e > 0.
Proof. Let Z € Big,y,, ] for 7= (21,29,...,2,) € R" with z; # z; forall 1 <i <
j<nandz >1 for all 1 <4 < n such that H yl| > ||Z]]. Suppose that

GoV,lz] > GoVuld.

We deduce ||y]| < ||2]| which contradicts ||y]| > ||2]|.- In this case, we can take
= —Q o V. [7]. Conversely, suppose that

GoV,[Z] <GoV,[y].



We deduce from Proposition 2.11 that ||Z]| < [|7]|.- Under the requirement ||5— Z]| <
¢ for some € > 0, we obtain the inequality

L1 m m
)
2 Y1 Yn

L1 m m
< y=35 y1+;7~--7yn+y_ +€

1
:ggovm[g]ﬂ

with m = m(n) = o(1) as n — oo. Choosing ¢ > 0 sufficiently small, we deduce
that 2 € B%govm[?ﬂ {g] O

In the geometry of balls under compression, we will assume that n is sufficiently
large for R™. In this regime, we will always take the scale of compression m :=
m(n) = o(1) as n — oc.

Theorem 2.14. Let ¥ = (x1,22,...,2,) € R® with x; # x; for all1 <i < j<n
with y;, x; > 1 foreach 1 <1 <n. Ifj € B%govm[f][f] with ||g]| < ||Z]| for ||g—|| < ¢
for sufficiently small 6 > 0. We have

Bigov,. iV € Bigov,,#(7]
form :=m(n)=o0(1) as n — oc.
Proof. Suppose that y € B%gon[f][f] with ||7]| < ||Z]] for ||y — Z|| < 6. We get from
Theorem 2.13 that GoV,,,[¥] 2 GoV,,,[y] with ||y—Z|| < ¢ for sufficiently small 6 > 0.

Consequently, the ball B1gy, [Z] is slightly larger than the ball B 160V, 4] [¢] due to

their compression gaps, and the latter does not contain the point Z by construction.
We deduce

VG| > [[Vi []]]
and
G oV [Vin[yl] =G o V7]
S GoV,,[7]
=G oV, [V,[7]]
with ||V, [¢] — V,,[Z]|] < € for small e > 0. It implies
Bigov,. W] € Bigov,z(7]-
L]

Remark 2.15. Theorem 2.14 suggests that points in certain balls induced under

compression should necessarily have their induced ball under compression nested in
this ball.

2.3. Interior points and the limit points of balls induced under compres-
sion. In this section, we introduce the notion of an interior and the limit point of
balls induced under compression.

Definition 2.16. Let § = (y1,y2,...,yn) € R" with y; # y; forall 1 <i < j < n.
The point Z' € Bigay,, [¢] is an interior point if

Bigov, 72 € Bigov,, 7]



for most 7 € B 1GoV o] [4]. An interior point 2 is then said to be a limit point if

Bigov, 12 € Bigov,, 7]

for all 7 € Bigay,, (Y]

We will show that there must exist an interior and limit point in any ball induced
by points under compression of any scale on points in R*.

Theorem 2.17. Let ¥ = (x1,%9,...,2,) € R" with x; # x; for all1 <i < j<n
with y; > 1 for all 1 < < mn. The ball B%gon[f] [Z] contains an interior point and a
limit point.

Proof. Let & = (x1, %9, ...,2,) € R" with 2; # x; forall 1 <i < j <n with z; > 1
for all 1 < < n. Suppose that Bjg,y,,#[7] contains no limit point. Pick
7] € B%govm[f] [7].
such that z;, > 1 for all 1 <¢ <n with ||Z}|| < ||Z]| and such that ||z} — Z|| < € for
sufficiently small € > 0. By Theorem 2.14 and Theorem 2.13, we deduce
Blgov [zl][ ]CBlgoV [a:][ 4
with
GoV,[z1] SGoV,,[7].
Again, pick 7 € Bigay,,| #1[21] so that zp, > 1 for all 1 <7 <n with [|Z[| < [|Z]|

such that ||25 — Z1|| < ¢ for sufficiently small 6 > 0. By Theorem 2.14 and Theorem
2.13, we get

B%govm[zﬂ[ ] C B gon[zﬂ[z]

with G o V,,,[%] < G o V,,[Z1]. Continuing the argument in this way, we obtain the
infinite descending sequence of the compression gap

GoVp|T] 2GoV,[7] 2GoV,[H] 2 2 GoVa[Z] 2
O
Proposition 2.18. The point & = (x1, %2, ...,2,) withz; =1 for each 1 <i <n is

the limit point of the ball B%govl[g] [y] for any ¥ = (y1,y2,...,Yn) € R™ with y; > 1
for each 1 <i <n.

Proof. Applying the compression V; : R” — R" on the point & = (x1, 9, ..., T,)
with z; = 1 for each 1 < ¢ < n, we obtain V,[2] = (1,1,...,1) so that Go V,[Z] =0
and the corresponding ball induced under compression Blg0V i77[Z] contain only the

point 7. It follows that the point & must be the limit point of the ball B1g.y, 717
We must have

Bigov,i#[7] € Bigov, V]

for any v = (y1,v2, ..., yn) € R" with y; > 1 for all 1 <7 < n. Suppose that
Blgovl[f][ 7 ¢ BlgoV1 g][ﬁ]



holds for some ¥ = (y1, 92, ..., Yyn) € R™ with y; > 1 for each 1 < i < n. There must
exist some point 2 € B 160V, [4] [#] such that Z ¢ B 160V, [ [¢]. Since & is the only point
in the ball Bi gy, [Z], we get

Té B%gon[gﬂ [?ﬂ
which is inconsistent with the fact that ' is the limit point of the ball. O

2.4. Admissible points of balls induced under compression. We introduce
the notion of an admissible point of the balls induced by points under compression.

Definition 2.19. Let ¥ = (y1,y2,...,yn) € R" with y; # y; for all 1 <i < j < n.
The point § is said to be an admissible point of the ball Bigey, (@] if

1

m m 1
y— — — e Ty + — = — V.l Z].
J 2(9:1+x1, T +xn)H 59 © Vinl7]

The notion of admissible points of balls induced by points under compression
encompasses points on the ball. Geometrically, these points sit on the induced ball.

Theorem 2.20. Let ¥ € R" with x; # x; (i # j) such that x;,y; > 1 for all
1 <i<n and set m :=m(n) = o(1) as n — oo. The point § € Bigov,, 14 [Z] with
N9l < [|Z]] such that ||§ — Z|| < € for sufficiently small € > 0 is admissible if and
only if

B%govm[g] [?ﬂ = B%gon[i‘] [f]
and

GoV,ly] =GoV,[].

—

Proof. Suppose that y € B%govm[f][x] with ||7]| < ||Z]| such that ||7 — Z|| < € for
sufficiently small € > 0 is admissible. Assume that
B%govm [ [?ﬂ # B%gon[aB’] [37]

—

Without loss of generality, we can choose some Z € Bigay,, [Z] with ||Z]| < ||Z]|
such that

Z ¢ B%govm[g] [?ﬂ

for ||Z — Z|| < § for sufficiently small § > 0. Applying Theorem 2.13, we obtain the
inequality

GoVyu[yl S GoV,[T].
This violates equality
GoV,ly] =GoV,[].

The latter equality of compression gaps follows from the requirement that the balls
are indistinguishable. Conversely, suppose that

B%govm[g] [?J] = B%gon[f] [f]

and
GoV,[y] =GoV,[].

10



It follows that the point ¢ lives on the outer of the two indistinguishable balls and

therefore must satisfy the equality

L1 m m L1 m m

Z—=ly1+ —,. ...,y + — ===zl X1+ —, ..., Tp + —
2 W Yn 2 T T

= %g o V,,,[7].

It follows that
1 . L1 m m
399l = |7 g Froena 1|

and ¢ is an admissible point. O

Here, we formulate an equivalent notion of the area of the circle induced by points
under compression in the plane R2.

Proposition 2.21. Let ¥ € R? with x; # 0 for each 1 < i < 2. The area of the
circle induced by the point & under compression V,,[Z] of the scale m is

(Wl = TGV

Proof. This follows from the definition of the area of a circle and with the observation
that the radius r of the circle induced by the point & € R? under compression is

GoV,,[7]
—

3. THE UPPER BOUND

In this section, we deduce an improved upper bound for the problem using the
geometry developed in the preceding section.

Theorem 3.1. Let A(s) denote the minimal area of the triangle formed by the s
points on the unit disk. We have

for small € := ¢(s) > 0.

Proof. Let s > 4 and fix the scale m for 1 > m := m(s) > 0. Pick arbitrarily a point
(z1,29) = & € R? with z; > 1 for 1 < j < 2 so that z; # 25 and set G o V,,,[7] < 1.
This ensures that the circle induced under compression is contained in some unit
disk. We apply the compression V,,[Z] of the scale m with 1 > m > 0 and construct
the circle induced by the compression

B% GoV [Z] [f]

11



with radius w. It follows from a simple geometric argument that the smallest

area of a triangle formed by the s points on the unit disk (compression circle)

(G o V,,[7])?

A(s) <
(s) < 4s
2sup(z3) + m?log (1 + m) —4m
< 4s
The upper bound follows taking
1 log’s log s
m::§+ s <1 and sup(z;):=1+ NG

since points & = (x1, z3) can only have a compression gap GoV,,,[Z] < 1 if 1 = 14§
and zo = 1 + € for any small §,¢ > 0. U

4. THE LOWER BOUND

In this section, we deduce a lower bound for the Heilbronn triangle problem using
the compression geometry developed in the preceding section.

Theorem 4.1. Let A(s) denote the minimal area of the triangle formed by the s
points on the unit disk. We have

log s
s\/s

Proof. Let s > 4 and fix the scale m with 1 > m := m(s) > 0. Pick arbitrarily
a point (z1,29) = Z € R* with 2; > 1 for 1 < j < 2 so that 1 # 22 and set
G oV,,,[7] < 1. This ensures that the circle induced under compression is contained
on some unit disk. Apply the compression V,,[Z] of the scale m with 1 > m > 0
and construct the circle induced by compression

A(s) >

B%gon i [f]

with radius M. In this circle locate (s — 3) admissible points so that the chord

joining each pair of adjacent (s — 1) admissible points including # and V,,[Z] is
equidistant. We join each of the (s — 1) admissible points considered to the center
of the circle

| m m
Yy == .T1+—,ZE2+— .
2 I To

By Proposition 2.21, we deduce the area of the circle induced by compression
(G o Vin[2])?
1 .

We join all pairs of adjacent admissible points considered by a chord and produce
(s—1) triangles of equal area. We note that we can use the area of each sector formed
from this construction to approximate the area of each of the triangles inscribed in

5(Vm[f]) =

12



the sector as we increase the number of such admissible points on the circle. We
deduce

(G o Vin[2])?

A=
4x(s—1)
-1
2inf(2?) + m?log [ 1 — — —4m
j sup(a?)
> 4xs
The lower bound is obtained by taking
1 log’s ) log s
m::§+ 1 < 1 and inf(z;) =1+ s
since points & = (x1, z3) can only have a compression gap GoV,,,[Z] < 1 if 1 = 14§
and zo = 1 + € for any small §,¢ > 0. U

1
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