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It ts well known that an operator u acting between two Banach spaces X Y is
compact if and only if its dual operator u* is also compact. For any such wu : X—Y
and for every €3> 0. denote by Niu, €] the minimal cardinality of an e-net, in the
metric of ¥, of the image u(By] of the unit ball By of X. Since now the
compaciness of an operator may be quantified via its meiric eniropy log Nlu. €],
one may ask for a quantitative version of the result recalled above, le. fora
comparison of the metric entroples of u and its dual wu®,

It is a conjecture, promoted by B. Carl and A Pletsch, that the two metric
entropies are equivalent in the sense that there exist universal constants a.b> 0
so that

a logNu*.b' & < logNiu, & s alogNu®. be
holds for any compact operator u and for any e > 0. We will refer to it as “the
duality conjecture” or "the duality problem®.

Let us observe that for operators acting beiween Hilbert spaces the meiric
entroples of u and u* are exacily the same; this can be seen by considering polar
decompositions. Other speclal cases are studied in [Car], [GKS], [EMT] and [P-T].
Also, a form of the duality problem - for operators with fixed rank - was
considered in [K-M] (see also [Pi4], Chap. 7). However, In the general setting,

*) Rescarch done while this author was visiting IHES. Supported in part by NSF Grants DMS-8401906
and B702058 and the Sloan Rescarch Fellowship.
*#] Resenrch partially dene while this author wms visiting Unbersity Parls VI



the problem of the equivalence of the metric entroples is still wide open: even In

the form requiring one of the constants a or b (but not both) to be equal to 1.

Let us rephrase the problem In terms of the so-called entropy numbers,
defined for an operator u by

e ulm infle>0:Nu.e)s2 ),

The result recalled at the begining just asserts that the two sequences (e, (u)) and
(e (u*)) tend to O simultanecusly. The duality problem asks (roughly] whether

begylut) s ey fu) < b C ey lut).

It seemns reasonable to conjecture that (ey(u)) and (e, (u®]) should have at least
similar asymptotic behavior, for example (n the sense that, for any symmetric (Le.

invariant under permutations) norm 0§ +1 on the space of sequences,
€7 Me ful < Ne Jull £ C Ne fus

holds for any compact operator u with C independent of u, This is the question
we study In this paper. We show (In Corollary 4) that the answer Is aflirmative If
one of the spaces I8 B-convex (see below for definitions); a vartant of the
statement Is also vallid for some quasinorms such as the Lorentz J“-"m" for all
p.r> 0. Moreover, if one additionally assumes that the sequences (e, (u)) and
(e (u*)) decrease in a "regular” manner (see Corollaries 2 & 4 for a precise
formulation), the stronger form of equivalence from the duality conjecture follows
[with a = 1). If one of the spaces was a Hilbert space. all this was dome in [T-J].
We would like to point out that the problem stated above is essentially

equivalent to the following cne.

Do there exist constants «, p > 0 such that whenever x,..xy are points
in the unit ball of 2. which are, say, 1/4 - separated (Le. Ix-xI21/4
%), then there extst f,..fy, M 2N inthe unit ball of £, satisfying, for

Le), max, . l<f-. x> zp?



Recall that, for p «[1,2], a Banach space X Is saild to be of fype p T there

Is a constant C such that

ﬁvl:ragtl'_ﬂlElmzllll s C [Elﬂhllrll”
holds for any finite sequence (x) © X. The best constant C that works above - the
fype p constani of X - is denoted T,(X). If X Is determined by its unit ball K <
R, wewill write T,[K) = T,00. X is said to be B-convex if it is of type p for
some p>1 (thisis equivalent to the so-called K-convexity, see [Pi3]).

The dualily problem (in any of the verslons above)] may be reduced to a finite
dimensional one, with u a one-to-one operator. In this setting we may consider
u to be the formal identity and the problem can be restated In the following
geometric language. For K - a compact symmetric convex body in R". denote by
I+l its Minkowski functional (Le. the normon R" for which K is the unit ball),
We will identify K with the normed space (R”, 1-lg). Let K° be the polar body of
K with respect to the canonical Euclidean structure so that we may identify -0,
with the dual norm of 1 +B.

For two symmelric convex bodles U,V C R", denote by MNUNV]) the maximal
cardinality of a set [x;....xy| © U, which is l-separatedin 01-k, (we may say: V-
separated), Le. xj-:kiv for | « k. This packing number N[UV] turns out to
be more convenlent for our purposes than the more commonly used in this context
covering number

N(UV) = min (N:3@x,.xy) €U Uc U g0 bx+W).
used implicitly above to define  N{u, ) = N'{u(By). By). It should be noted here that
Nl-«) and NY..) are very closely related. one always has
N[UV) £ N[UWV < N(UV/2)
and so, for our purposes, oneé does not need to distinguish between them. [In
particular, all facts about packing numbers can be restated for covering numbers
after inserting proper numerical factors (and vice versa). We will frequently use the

relations



NUW) £ N{UV) NV.W), NUWV) = NUV) £ NU2UnV),

NUW+2V] < N{UV+K] NEW),

which can be easily checked.

We begin by studying the duality of entropies In the more restrictive context of
uniformly convex spaces. In this case we are able (o oblain nicer “pointwise”
relations between the entropy numbers e, lu) and e (u®). even though the results
on comparison of their asymptotic behavior are identical in the uniformly convex and
the B-convex setting.

Recall that the modulus of (unfform) convexity of a Banach space X is
delined by

B xle) = inf (1 - Meayl/2: Exl =0yl = 1, kxyl =g
for ¢« [0,2). When the space X is defined by s unit ball K in R, we will write
Syl) = bgl-). The space X is said to be uniformly convex UT 8yle) >0 forall e> 0
(X is then necessarily B-convex; see [L-T] for more information on this concept).

We are now ready to state our first two results.

Theorem 1. Let B c R”, KCR" be compact. convex centrally symmetric

bodies, B®, K° - the polar bodies. Let £>0.

() If K ts unformly convex with modulus of convextty By. then. for every Oze,
N(B. £K) < N(B, 6K) NIK®, 08¢(e/01B°).

() I B is unjformly convex with modulus of convexity Bp, then. for every 02e.
NIB, 5¢K) < N(B, 8K) N(K®, 2¢5yfe/0]B°).

In particular, for the formal identity operator u: BoK and k = N,

(1) g lu) 5 C e )V g (un) !9 Byl z e’

(1) egu) s C e (u)¥/3*! g qun /19 Byl 2ed,

twwhere C depends on c>0 and q = |2,



From Theorem 1 we derive the following.

Comollary 2. Let X be a unfformly convex for jusi superreflexive]l Banach
space. Let uw: X=Y (resp. u: Y=X) be a compact operalor. Then
(i) Forevery maH and pa|l=

ColE,, . ouh'? sE PP s x, qlun® P,
where C, depends only on X. Moreover, the same holds with the .Ip-nnrm
replaced by any symmetric norm.

(1) If. for some k.

eylul = Aegy (ul, e fu*) £ Aeg (u%).
then
C, efu) $ e fu) £ C, glu,

where C, depends onlyon X and A

Remarks. (1) If. for some ¢ >0 and q @ [2.=), one has &xlt) 2 et and
Bys(t) 2 €1 forall t > O, then, In the statement of Corollary 2. the phrase
"depends only on X° may be read “depends only onc¢ and gq". On the other hand.
by [Pil]. every unitformly convex [or superreflexive] Banach space can be renormed
to have this property.

[2) The assertlon [} of Corollary 2 remains true also for the ..lP-"nnn:na'.
p =10.1) and for all Lorentz ..!fw-"|'.h|:~1'|l'1.s"+ the constants depending additionally on
p.r as p.r = 0. This [ollows e.g. from the [act that the assertions (), (1) of

Theorem 1 Imply similar statements with e,(-] replaced by ‘kHP'

Proof of Corpllary 2. By Remark (1) above, we may assume that X Is
uniformly convex and uniformly smooth with  Sylt) 2 c1?, 8xlt) 2 e1%  for some
c>0 and qe [2=). Clearly it is enough to seftle the case of w: Y=X with u
one-to-one and X, Y - finite dimensional. Then the parts (i), (47 of Theorem 1

apply and so we have, for some C = Clg, cl,

S



*nlu] £ Eh|u}{‘l-'|]'.|"'l E.[l.'t'] ”ﬂ-l "nii“'] 0 "[uilﬂfﬂifl 'hl“l”‘hrll]-
Then (1) follows immediately. To prove e.g. the second inequality in [I) for p =

1 observe that

Eoaem Sl S 2T, o)

while, for every k.

enlulSCe, (w8 e (u*) I/q

= le, (/4] V8 (4% e ()
Se (u)/4 + 47 % (u).

Hence

T 6 S 1/2E, . el)+dVCIE . ¢ u)

whence the required tnequality immediately follows with eg. C, = 2°7'C%,  The
varant involving a symmetric norm now follows formally (rom the result of Hardy-
Littlewood-Polya; see eg. [L-T]. Prop.2.a.5. B

For the proof of Theorem 1| we need two simple lemmas,

Lemma . Let UCR" be urntiformiy convex with modulus of convexily 5.
For x «R", let x* denote the supporting functional to U atx(te. I1x* k.= 1,
:*I:]nlxluj wﬁﬂ:]:lxlu-x'- Let D<esl. Ifx.vyea U with II-}rluz:.
then

max || <¢lx) - v, x>1, 1<p (x) - ¢ (y). y>1} = 25 [e).

Proof. Using homogeneity, symmetry and the fact that &)/t Is a
nondecreasing function ([L-T], Lemma 1.e.8), we can reduce the problem to the
case when Iyl sixi, =1 Mfzel with Bzl =1 and ly-zl e weget
from the definition of &(+) that



<yt ly+2/2> < My + 2/20, S 1 - Gle)
and so <y*, z> < 1 - 25(e). Since, by a simple variational argument., max [<y*, > !
I:Iu::l.l:r-zluhl must be achleved when Tzl =1, it follows that <y* x> <
1 - 28[e). Consequently,

<glx] - dly). = = x*- Iyl ¥y o=1-1y1, <y, x>

z1-0yl,(1- 25(e)) = 25(e).

as required (note that e <1 implies &(e] < 1/2). B

LemmaB. Let B R", KSR" be as in Theorem 1. Then every x s B
can be written in the form x=x+x" with x s K. x" «B and [ « K*. where

[ (s a supporiing funciional (o B at x" [Le. Il'lr:- 1. fMx") = I.'I:"lnl.

Proof. Fix xe B, I xa K, the assertionistrivial. If x# K. choose x' a K
such that I:-:'E:mmrixlx-yln-ﬁ (< 1. Then the interfors of K and
x + 6B are disjoint and so we may separate them with a functional f, which we
choose to normaltze so that Ifln.=1 and fix) > 0 (then necessarily flx) < 1). It
then follows that ({I5B) = [-8, §]. hence {lx + 8§B) = [fix)-5, fix)}+&] and so MK) = |-
(flx)-8), fix)-5], te. 000, =1Mx)-5 <1. On the other hand, since x' K n (x + 3B),
we have f[x7] = fIx]-6. Consequently, setting x"w x - X' we get ﬂﬂ:ﬁ:lx"l,
as required. Note that the argument yields in fact IIIH,+I1‘IB£1.I

Proof of Theorem 1. (1) We clearly have
N(B, eK] < N[B, 2Bn 8 K) N[(2B n8K, ¢K) = N(B, 0 K) NI(2B noK, eK).

Let [x;..xy} beamaximal setin 2BnK suchthat x;x 4 eK for | + k. We

now use Lemma A to define, for | = 1,...N, IJ =¢t:J,|ﬁE] (= K°) such that, for | + k.

EBEH{UEiSr.L‘ﬂK“ﬂJ = [ X1, I'd-j -l‘h.::_.:a-lls ﬂll:l'fﬂu-—

N(ZB 0K, eK) SNIK®, 68 [8)B°),

which proves (1),



() We have, for n > 0,
(] N(B, 5eK) < N(B, nB+2eK] - N(n B, ¢K) = N[B, nB+2eK] - N[B, &/n K].

Let [x;...xyl. N = N[B, nB+2¢K), be a maximal set in B such that XXy 4
nB+2eK for | « k. Apply Lemma B with K replaced by eK to obtain
decompositions x= x|+ x] with x| eeK, x7« B and functionals I'l -E'n;"h".
l..ltxﬁ =Ix{l, for J=1..N. Now, for j» k. x;-x =(x -x)+ (x] - x{)] and, since
::'Iax;-ﬂ.ﬂl:. we musi have I::;'-J::I. = T. Consequently, we may apply Lemma A
with U=B and e=n togetamap ¢:B—B° suchthat Kix]) - ¢(xl_, = 25 (n)
for | « k while Ht:;}lrsz" for all j. Finally, considering the set [eglx])....ap(x})}
C K* we deduce that
NIK®, 28 (n)B °) =2 N = N[B. n B+2eK).

To conclude the argument, set n =e/80 and combine the above inequality with («).

(17 We will show how (i) implies (1). Fix ke« N and set € = e, (u), 8=
e lu). This means that, roughly, N(B.eK) = 2" and N[B, 6K) = 2" (the exact
statements would involve arblirary e'< e, 8" > 8, inequalities rather than equalifies
and the covering numbers rather than packing numbers), Combined with (i), this
shows that N(K, 208 (e/0)B°) 22" or e, (u’) 2 205, (e/0) 2 2c0(e/0)". Solving for

e and substituting £=e,,(u) and 8 = e lul we get (1)

The proof of [l follows exactly the same pallern. B

We now state the resulis we obtain with the B-convexity hypothesis.
Theorem 3. Let BLKCR and ¢>0 be as in Theorem 1. Let p = (1, 2]
and q=p/flp-1). Then for every 6 ze,
NI(B, K] < N(B, 8 K) [N(K®, ¢/8 B*)]*
with s @2°T,(B)6/0)7 (or s (2°T,(KI0/e)%).



Eemark. The special case 8 = 2¢ of Theorem 3 carries the same strength as
the full statement; one can recover the latter one by iteration obtaining, in fact,
better estimates onm s lke eg. s = [E’TPI:-]II" (1+logle/e)l. See also the Remark
following the proof of Theorem 6.

The following statement follows from Theorem 3 in very much the same way
as Corollary 2 followed from Theorem 1.

Corollary 4. Let X be a B-convex Banach space (Le. X is of type p for
some p> 1) Let w XY (resp. u: Y-X) be a compact operator. Then the
assertion of Corollary 2 holds with “for some k* tn (W) replaced by “for all k*,
Similarly, the Remarks following the statement of Corollary 2 carry over, the role
of ¢ and q from the first of them played now by p and T,X].

Proof of Corollary 4. (i) We argue first as In the proof of part (17 of
Theorem 1. Set e=eg,(u). 8 =e(ul, where s = IW‘ATPIH]:I‘I, Theorem 3

then implies that e, (u*) 2 /8 and so
e lu) s (48) 2 ey (u) < 81482 * e (),

as needed; the other inequality is proved in the same way.

For the proof of part () we need a simple

LemmaC. Let L,L*:[0,=] — [0.«) be nonincreasing functions with
bounded support such that, for some s> 1 andall x2 0,
(* Lix) £ Li{2x) + s L*(x).
Let e (resp. ¢') be the “inverse” defined by
ely) = Inf{ v: Lit) £y
Then, forany m = N,

otk S28E, e (K.



Proof. We have, by ().
J:I.[ﬂd: 5 I: Li2x)dx + s I:I.‘ (dx = 1/2 I: Lixidx + s i:l.' ()
and so
I:I.[x.ld: < 28 I:l.-mm.:
provided the first of the integrals is finite. Now fix m « M and observe that
R l': elyldy = I:t Lixamldx < E_ ek
resp. L*, e"). Since it is clear that the condition [*) stll holds if we replace L.

L* by Lam, L*Am, we may as well assume that L, L* are bounded by m.
Combining this observation with the last two estimates we get the assertion, i

We are now ready to prove the part () of the Corollary. As in the proofl of the
cormresponding part of Corollary 2, it is enough to show that, for any m « M,

I“ e lul £ C, EH e, fu®l.
But this follows Immediately from Lemma C applied with Li(x) = log Nlu, x).

L*(x) = log N(Bu*, x) and 8= {‘I?TFI'H.]'I": the fact that the hypothesis (*) of
Lemma € is satisfled is then just a restatement of Theorem 3 applied with 6=2c. B

For the proof of Theorem 3 we need another lemma. which is due to B.

Maurey (see [P12]). We Include the proof for completeness.

LemmaD. Lei Y be aBanach space which isgffype p for some p>1, D
CY and xeconvD., Sefl q=pflp-1). Then Jorany ma H, there exist
XX @ D such that

Ix-1/mE 1< T,M m %, diam D.

g
Consequently, {f U =conv (z)...zyl ©B,. then

-1ig

N[U, 4T ;M m "B ) £ N(U.2T,Mm " B) < N™

10



PFroof. Since x econv D, thereexist ¥,..¥y ®* D and positive scalars
tpooodye £, o4y =1, suchthat x=2 __ ty, Let Z bea D-valued random variable
which takes the value y, with probability t. Then EZ =x, where stands for the
expected value. Let Z,, Zs..Zn 2y Zg.. B De sequence of independent coples
af Z. Then,

EIZ Iq_{El-:IIJI s EIEIWIEI-ZJ n

= E mﬁ_‘.lzl_ﬂ_:}ra‘-z’ n s TP{'\"I m

where we used consecutively the facts that, for all §, E(Z-x) = 0; that lzl-z}'s are
symmetric and independent and the definition of type p. Comparing the first and
the last terms shows that, for x,..Xx, chosen "at random" (possibly with
repetitions) from among ¥y....¥y. the first assertion of the Lemma holds. The
estimate on the covering numbers (hence packing numbers) follows now from the
fact that, in the situation as in the second part of the Lemma, there are < N* such
choices as we have then of course {y..... ¥yl € {2).... 2410

pri i D

Proof of Theorem 3. The arguments are similar to those used to prove
Theorem 1. First consider the case when we control the type p constant of K. We

have
(+) NIB. eK < N(B, 2Bn0K) N(2Bn8K, eKl = N[B, 0K) N((26 " B)nK, &/8 K.
We now claim that, for 5= (0,1] and s-ll!"TFEﬂfﬁJ‘!. we have
o) NIBAK, 5K) < [NIK®, 54 B9,
From this the assertion readily follows: Just combine (s+] - applied with & = /8
and B replacedby 20 B - with [s).

To prove (=+). let [x)...xyl beamaximal setin BnK such that x;x, ¢ iK
for j+ k. Choose m sothat 4T,[Y) m' < 6/2. It now follows from Lemma D
thatff D € {xy...x,) satisfies IDI <N''™, then, for some jsN, (conv D) n
I,xj+ §/2 K)=@. Thus one can construct, by induction, a subset {y...yyl of
[X...Xy) With M2N'" such that, forall k<M,

[sns) [conv trj J<kll n Iy, +8/2K = 2.

11



Now produce, by a separation argument. [.....[0,; = K* such that, for each j<k=M,
d'rjrk:- > d‘.:.rj:n- + 5,2
this is possible by [+++). Divide the interval [-1+5/2. 1] Into [8/5] subintervals of
length < 8/4. Then for at least one of them, say 1, the set Ik:-:fk,:.rt:- allma
is of cardinality =z 5/8+N. Forall |{keo with |<k we havethen
:fl-l;,}r]:- = &M,
Le. the set H}}Hr‘.‘ﬂ" is §/4B° separated. In other words, we did show that
N[BK. §K) s [8/8 NIK®, §/4B°) .
This is nearly (+s); one just needs to get rid of the factor 8/5. But it Is evident
that N(K® 5MB*)24/8 f K'd 5/M4B* (l++] Is trivially satisfied otherwise] and
so we can drop that factor if we appropriately increase the exponent.

We now sketch the argument in the case when we control the type p constant

of B. As in the prool of part () of Theorem 1. the problem reduces to showing
that, for e>0 and 7 = (0.1],

NIB, nB+ eK) s [NE°, e/4B°)"
Again let {xy,...xyl. N = N(B, nB+eK), beamaximalsetin B such that x-x,+
nBseK for jek Let meN besuchthat 4T, 0m " <n/s. Asbefore, if D
€ (Xyo..xy) satisfies 1D1 <N''™, then, for some ]<N,

flconvD) n(x +e/2K+n/M4B) =0,
Indeed, otherwise we would get, for all ks N, 2z = (conv D) n (x, +€/2 K + n/4 B)
(and so z;-z,#n/2B for | # k) while, by Lemma D, NlconvD, n/4 Bl < IDI™ <
N - acontradiction. This leads to a subset {y,...yyl of (X..xy) with M2nN""
such that, for all k<M.

Imnv{y]:gﬂk}!n [y, +e/2K+n/s B =2,
to functionals f;..fy «K"n 2&/MB*® verifying, for j< k<M,
-:t'“.y‘:- > dr-""f’"‘ﬂ

and fnally to the estimate

12



N[B. 1B + eK) < [8/n N(K®, e/a B7|™,
from which we derive the required inequality in the same manner as in the first part

of the prool. B

We conclude by presenting two results which can be obiained., by methods
similar to the proofs of the Theorems above, without any assumptions on the spaces

irvolved,

Theorem 8. Let u: X=Y be a compact operator. Then, forany 8 ze >0,
log Niu, &) < log Niu, 8) + ly(8/ellog Niu*, v (8/¢) " e)l",
where wyi:) (s a polynomial function. Consequently, forany p.rzl and me
M we have the inequality befween the Lorentz “norms”
He il g, Bgp,r 5 CMe Wl iallpy

where C (5 a universal constant (resp. depercding on p.r f p.re [0, 1))

Proof. (Sketch). The argument from the proof of Theorem 3 shows that it is

enough to prove that if B, K are as in Theorem 1 and @ ze >0, then

log N(B K. eK) < [y (VeIN(K®, w(e)" B,
To this end, we need to examine the proofs of Theorem 3 and Lemma D. Indeed,
all needed in order to show that, for some m = N,

log NIK®, /4B )] 2 (3m) " log N(BnK. 5K)
was that, for any x;....x, sBnK

"‘w‘"ﬁ il e 1gemty Xl S 5/2 m

On the other hand, if this is not the case, then, by [Elt] (or [Pajl in the complex

case), there exists oa(l...m}. lal zcm, such that, for any scalars [t’}jlu+

IZ eyl = P Ljaaltyl,
where ¢ and P depend (polynomially) on §. This ylelds 2 2™ functionals in K,

13



which are 2§ B® - separated, Le.
log N(K*, 28 B®) = em.
Now an analysis of max,, min(3m) log N(BaK. 5K, cm) leads to the assertion.
To dertve the part involving the Lorentz norms from the first part, we argue as
in the proof of Corollary 4 to obtain. for m e N,
I:l;tng Niu, eamid e 5 C, I:nug N(Cu®, elam ") 'de,

which is equivalent to
oo tlu) S C E e miuY
(we note here that the latter quantity is of the same order as E w ke (u®) ).

Consequently, for any symmetric norm -1 on sequences,

Hepful) 0 s C, I[:u,‘m-.[u‘jl]ml| i.
which in the context of the Lorentz norms reduces to the required inequality. B

Theorem 6. Lei u: X—Y be a norm one operator with rank u < n. Then,
forany es [0,1),
log Nlu, &) < Clogin/e) log Niu*, € e/login/e)).

where C is a universal constant,

Proof. (Sketch). Let A =C, login/e), the cholce aof C; will be indicated by
what follows. Our objective is to exhibit, for sufliciently large M, a set (x;..xyl
CulB,) suchthat, for k<M,

[*) {conv l::l i<kl n (x, +e/ABJ =2
then the argument from the proof of Theorem 3 will show that
log N{u®, e/ 24) 2 M/3.
Suppose that, for some M. this is not possible. Introduce an auxillary Euclidean
norm |+l, on the range of u such that 11,5 I-l,sn'”I-1,. Let D, IDI = N{u, €)

bean ¢B, - separated subset of u(B,). Then diamD<n'". By our assumption,

14



thereexists D'© D, ID'l «M such that, forany x e D, dist x, conv D < g/A
Applying Lemma D with, say, m = 100, we see that conv D' can be covered
with M'™ Euclidean balls of radius  diam,D/Ssn'" /5. Consequently, there is a
set D, € convD’, IDyl 2N, ¢/M'”, dlamD,sn'" /5 such that, forany x « D),
there exists x' @D with Ix-x'l,sC eflogn. Since, a fortiorl,  (xp..xy)
verifying (s) can not be found inside D,, we can repeat this procedure with D, in
place of D and so on. If it was possible to perform, say, s> A/100 fterations,
we would be left with a set D,, 1D, = Nju, &/M" = Nfu, e}/M", stll &2 B, -
separated, such that diam D, < diam,D, s diam_D,/5 seMd. This is only possible if
D, =1, Le. M* 2 Niu, g, which gives the needed lower estimate on M. B

EBemark. In the statement of Theorem & the "norm one + rank n"
hypothesis can be dropped if we replace login/e) by Ing{'fiiu}ft]. where -,-:[.}
denotes the norm of factorization through the Hilbert space. In fact, it Is enough
to consider just the "norm of factorization through a B-convex space”. This
can be used to unify somewhat the proofs of the two parts of Theorem 3;
notice that for u - the formal identity 2BndK —+eK - such "norm"” is 6/c

(resp. n~ for B —» nBeK),
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