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Rational intersection cohomology of quotient varieties. II

Frances Kirwan
Mathematical Institute, 24-29 St. Giles, Oxford, UK

Given a linear action of a complex reductive group G on a complex projective
variety X one can define a projective “quotient” variety X//G using Mumford’s
geometric invariant theory [18]. From the construction of this quotient it is
not immediately obvious how its topology is related to the topology of X and
the group action. However, when X is nonsingular it is possible (at least if one
technical condition is satisfied) to compute the intersection Betti numbers of
X//G in terms of the rational cohomology of certain nonsingular linear sec-
tions Z of X and the classifying spaces of certain reductive subgroups H of G
(see [15]). The technical condition is that there should exist at least one point
of X which is (properly) stable for the action of G: this is satisfied in most
interesting examples such as those coming from moduli problems. The sections
of X and subgroups of G which occur have a simple description in terms of the
representation of G which induces the linear action on X.

It thus seems reasonable to ask what happens when X is singular. The aim
of this paper is to show that the procedure for computing the intersection Betti
numbers of X//G can be generalised to the singular case (see (2.25) and (2.28)).
However, now one needs to know not only the intersection cohomology of the
various sections Z of X but also how they are positioned relative to the
singularities of X. In the special case when they meet the singularities trans-
versely then one has exactly the same formulas as when X is nonsingular
except that ordinary cohomology is replaced by intersection cohomology
throughout.

The situation which it is most important to understand is that in which
every semistable point is stable, and this case is considered in detail in §2 after
the necessary preliminaries have been covered in §1. Some brief remarks are
made about the more general case when one only assumes that there exist
some stable points. A simple example is worked out (2.27), which shows that
the formulas can also be used in reverse to compute the intersection Betti
numbers of X from knowledge of the intersection Betti numbers of the quo-
tient X//G (even simply from the knowledge that these vanish in dimensions
greater than dimg X//G).

Acknowledgement. 1 would like to thank the LH.E.S. for its hospitality while this paper was written.
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§1. This section describes very briefly the necessary background to §2. For
more details see [13, 15] and [18].

Throughout this paper IH*(V) will denote the rational intersection coho-
mology with respect to the middle perversity of a variety V (as defined in [4, S,
97). H*(V) will denote ordinary cohomology with rational coefficients. When V
is nonsingular or has only finite quotient singularities then IH*(V)=H*(V).
The universal classifying bundle for a compact group K is denoted by
EK—-BK. If K acts on V then H¥(V)=, H*(V xxEK) is the rational equi-
variant cohomology of V. The rational equivariant intersection cohomology
IH%(V) of V can be defined in a similar way by interpreting IH*(V x, EK)
appropriately (see [3] and also [12]). Let

B(V)=Y fdimH'(V),
i20

IR(V)=Y, t'dimIH'(V)
i20

™

and
IPX(V)= Z t'dim IHL (V)
iz0

be the Poincaré series, intersection Poincaré series and equivariant intersection
Poincaré series of V.

Let X be a closed subvariety of a complex projective space IP,, and let G be
a complex reductive subgroup of GL(n+1;C) such that X is invariant under
the linear action of G on IP,. Since G is reductive it is the complexification of a
maximal compact subgroup K. It will be assumed for simplicity that G is
connected, but this is not an essential restriction (cf. [15], § 1).

The geometric invariant theory quotient X//G of X by G is the projective
variety whose homogeneous coordinate ring consists of the G-invariant poly-
nomials on X. There is a G-invariant surjective morphism ¢: X** - X//G where
X is the set of semistable points for the action. A point of X is semistable if

and only if it is semistable for the action of G on the ambient projective space
IP,.
When X** coincides with its open subset X° consisting of the (properly)
stable points then ¢ induces a homeomorphism X*/G — X//G, and the stabi-
liser in G of every semistable point is finite. Therefore if in addition X is
nonsingular X//G has only finite quotient singularities. This case is studied in
[13], where a formula is derived for the Betti numbers of X//G. In fact in all
cases when X is nonsingular this formula gives one the equivariant Betti
numbers dim H(X*%) of X*; in the special case when X**=X" these are the
same as the Betti numbers of X//G. The formula comes from the existence of a
certain stratification {S,|fe#} of X with the following properties.

(1.1) (a) Sy is a locally closed G-invariant nonsingular subvariety of X.
(b) X** coincides with the unique open stratum S,,.
(c) The stratification is equivariantly perfect, i.c.

PtK(X)=RK(XSS)+ Z tZ}.(ﬂ)PtK(SB)
p#*0
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where A(f) is the (complex) codimension of S, in X. (The strata §; may not be
connected and their components may be of different dimensions: thus we
should really consider the components separately here. However to avoid
cumbersome notation we shall ignore this possibility.)

(d) If B=+0 then there is a proper nonsingular subvariety Z, of X acted on
by a reductive subgroup Stab f of G such that

BX(Sp)=RXP(Zp)

where K(f)=KnStabf and Zj’ is the set of semistable points of Z, with
respect to an appropriate linearisation of the action of Stab f. Moreover Z,; is
the intersection of X with a linear subspace of IP, which is determined by the
representation of K on €"*1.

Since P¥(X)=P(X)P(BK) if K is connected, this gives the following in-
ductive formula for the equivariant Betti numbers of X* when X is non-
singular.

(1.2) PX(X*)=P(X)R(BK)~ Y. (** PKO)(Z3)

B+0

From this an explicit formula can be derived for PX¥(X*%) and hence for the
Betti numbers of X//G when X*°= X* (see [13], Thm. 8.12). It is this formula
which will be generalised in §2 to the case when X is singular.

When X is nonsingular the stratification {S;|fe#} associated to the action
of G on X can be obtained from the stratification of the ambient projective
space IP, by simply intersecting each stratum with X. We can define a stratifi-
cation {S;|fe#} of X when X is singular in the same way.

The indexing set # can be described as follows. Let T be a maximal torus
of G and let a,,...,a, be the weights of the representation of G which defines
its linear action on X. Let W be the Weyl group of G and let t be the Lie
algebra of the maximal compact subgroup of T which we may assume is
contained in K. Using some fixed W-invariant inner product on ¢t we may
identify ¢ with its dual. Thus we may think of the weights a,,...,a, as integral
points of t. Given any nonempty set I of these weights, its convex hull Conv I
in t contains a unique point § which is closest to O with respect to the fixed
inner product. We define % to be the set of all such points f which lie in some
chosen positive Weyl chamber ¢, in t.

We may suppose that T acts diagonally on IP, via

t —»diag(oy(2), ..., a,(1)).

For each Be# let Z; be the intersection of X with the linear subspace of IP,
defined by the vanishing of those coordinates x; such that o;- B=||8||>. Then Z,
is a union of connected components of the fixed point set of the action on X of
the subtorus T, of T generated by B. Let Y, be the intersection of X with the
subset

{(xo;...:x,)€P,|x,=0 if ;- B<|B|* and x;+0

for some j such that o, f=f]|*}
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of IP,. Equivalently
(L.3) Yy;={xeX|limexp(—itf)xeZ,}.
t—

There is an obvious projection p,: Y, —» Z,.

Let Stab B be the stabiliser of § under the adjoint action of G on its Lie
algebra. Then Stab § acts linearly on Z;. We may modify the linearisation of
this action without changing the action itself by multiplying it by any character
of Stab . It is proved in [13] that when X is nonsingular

S,=GY;*

where Y;*=pg 1(Zf,’) and Z§ is the set of semistable points in Z; under the
action of Stab f with an appropriately modified linearisation (see [13], 8.11).
(In §2 we shall consider a different linearisation for which no point of Z; is
semistable, but Z3* will still be the unique open stratum in the stratification of
Z, with respect to this new linearisation.) If geG and yeY;* then gyeY;* if and
only if g lies in the parabolic subgroup F, =B Stab § of G, where B is the Borel
subgroup associated to ¢ . In fact

(1.4) Sp=Gxp, V5o
The same is true when X is singular simply because it is true for the ambient

projective space IP,.

§2. Now let us consider how to generalise formula (1.2) to the case when X
may be singular. The result we are aiming for is Theorem (2.25).

Let {S;|Be %} be the stratification of X associated to the action of G as
described in § 1. There is a partial ordering on 4, given by f <7 if and only if
18It <llyll, which satisfies

S, U S,

124

for every fedB. (This is true for IP, by [13], 12.16 and hence also for any
X cIP). It follows that we can write

'%={ﬁ0=09ﬂ1’ﬁ2"“7ﬂs}
in such a way that for 0<j<s
Uj=85,085,L...US,,

is an open subset of X and S, is closed in Uj,. Therefore there exist long exact
sequences of equivariant intersection cohomology

2.1 .= IHW(U;, U ) > TH(U) = IH(U;_ ) > ..
for each j (see [8], 1.3).
(2.2) Proposition. These long exact sequences split into short exact sequences

0 IH}(U;, U;_ ) > TH(U) > IH(U;_ ) >0
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for each i and j. Thus

dim IH(X*)=dim IH\(X)— Y dimIH(U,U,_,)
15jss

for each i.

Proof (cf. [16], 2.6). It is enough to prove that each restriction map

IH(U) - THY(U,_ )
is surjective.

By Hironaka’s equivariant resolution of singularities theorem, announced in
[11], 9, Remark 8 (see also [11], Bibliography with comments, 24) there is a G-
equivariant desingularisation n: Y— X of X obtained by blowing up X along a
sequence of G-invariant nonsingular closed subvarieties. Then

n: n=H(U)- U

is a desingularisation of the open subset U; of X for each j. Hence by the
decomposition theorem of Beilinson, Bernstein, Deligne and Gabber ([2], 6.2.5;
see also [6], §2 and [17], §12) IH*(U)) is a direct summand of H*(n“‘(Uj)).
Thus there exist projections from H*(n“(Uj)) to IH*(U)) for each j, and we
may assume that these fit into a commutative diagram

H*(n= ' (Up) —— H*(n~'(U;_,)

| J

IHY(U) —— IH*(U;_,).

The same is true for equivariant cohomology and equivariant intersection
cohomology (see the discussion preceding [16], 2.13). Thus it suffices to prove
that the restriction maps

H(n='(U)» H¥(n™'(U;_,))

are surjective for all j.

Let us consider the blow-up p: W— X of X along any closed G-invariant
subvariety V. Let E be the exceptional divisor. If L is the hyperplane line
bundle on X then L,=p* [®*® O(—E) is a very ample line bundle on W for d
sufficiently large. Moreover the action of G on X lifts to an action on W which
is linear with respect to L, for any d. It is shown in [14], §3 that when X is
nonsingular the semistable stratum W* of W is independent of d, provided that
d is large enough, and that p~*(W**) is a union of strata in the stratification of
W induced by the linear G-action (see [14], 3.4). Exactly the same argument
shows that if d is large enough the stratification of W is independent of d and
p~1(Sp) is a union of strata in this stratification for each f€4. (One first shows
that this is true for the case when G is a torus and then deduces it in general
from [14], 3.3.) It follows immediately from considering the ambient projective
space that the same is true when X is singular.

Therefore there exists a linear action of G on the desingularisation Y of X
which lifts the action of G on X and is such that, for every fe4, the inverse
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image 7~'(S,) of S, is a union of strata in the stratification {2 |yel'} of Y
associated to this linear action. Since each U; is a union of strata S; of X, it
follows that =~ *( Uj)) is a union of strata X, of Y for each j.
Since Y is a nonsingular projective variety we know from [13], 5.4 that the
restriction map
H{(V)~>HY(V ~X)

is surjective for each stratum X, of Y and each open subset V of Y which is a
union of strata and contains X, as a closed subset. Therefore the same is true
when X is replaced by any union V' of strata such that V' is a closed subset of
V. In particular it follows that the restriction map

Hy(n~'(U)) > Hg(n™ '(U;_y)
is surjective for each j. This completes the proof of the proposition.

(2.3) Remark. The stratification {S;|fe#} can be regarded as the Morse
stratification of a real valued function f on X which is the norm-square of the
moment map (see [13]), and 2.2 can be regarded as expressing the Morse
inequalities (in fact in this case equalities) for f on X with respect to equi-
variant intersection homology. Goresky and MacPherson have studied Morse
theory for singular varieties and intersection homology in [7]: however f is not
in general a Morse function in their sense.

Next note that because X is a projective variety IH¥(X) has a special form.
Indeed by [3], 4.2.2 we have

2.4) TH(X) = TH*(X) ® H*(BK)

where BK is the classifying space of K.
We also have

(2.5) Lemma. If every semistable point of X is stable then
TH}(X>)=IH*(X//G).

Proof. It is shown in [13] that when X**=X"* and X is nonsingular X*° retracts
onto a certain K-invariant compact submanifold u~'(0) of X such that
u~1(0)/K is homeomorphic to X//G. In fact

(2.6) X5=Gu~10)=G x4 u~(0)

by [13], 7.4. It is easy to see that the same is true when X is singular by
considering the ambient projective space IP,. Since intersection homology is a
homeomorphism invariant ([9], 4.1) it follows that

IH*(X//G)=IH*(u~'(0)/K).

Moreover since the coset space G/K is homeomorphic to Euclidean space, 2.6
implies that the inclusion of p='(0) in X** is normally nonsingular ([9], 5.4.1)
and that

THY(X*)=IH¥(u~(0).
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Finally since X**=X* the stabiliser in G of every xeX*® is finite, and hence in
particular the stabiliser in K of every xeu~'(0) is finite. This implies that

TH¥(p= ' (0) = TH*(u~ ' (0)/K)

because the classifying space of any finite group has trivial rational cohomolo-
gy (cf. [13], 5.6). The result follows.
From (2.2), (2.3) and (2.5) we immediately obtain the formula

@7 IB(X//G)=IR(X)R(BK)~ ¥ IRX(U,U_,).

Now consider the relative intersection cohomology groups IH}(U;, U;_ ).
For each j we have U;_, =U;—S; where f=f;, and S, is closed in U; which is
an open subset of X. Thus by excision (see [8], 1.5).

(2.8 TH(U;, U;_ ) =(IH(U;, Uy —S)
for any open neighbourhood U; of §; in U;. By 1.4 we have
(2.9) Sp=Gxp, Yy*

where F; is the product of the Borel subgroup B of G and the reductive
subgroup Stab B. Since G = KB it follows that

(2.10) S;=KY =K xz) V;*

where K(f)=K nStab . Therefore by the slice theorem for compact Lie
groups (see e.g. [10], Prop. 27.2) applied to the ambient projective space, there
is an open neighbourhood of Y;* in U; of the form U;=KV; where V; is a
(K, K(p))-slice in X near Y;*. That is, Vj is the intersection of X with a K(f)-
invariant neighbourhood of Y;* in a submanifold of the ambient projective
space and there is a homeomorphism

2.11) Up=KV,=K gV

induced by the natural map K x V; - KVj.
Recall that intersection cohomology is a homeomorphism invariant ([9],
4.1). Therefore (2.8), (2.10), and (2.11) imply that

(2.12) THY(U, U;_ ) = THEK X g5 Vg K X g (Vy = Y59)
=IHg (Vs Vs = Y5°)
(see [1], §13). Moreover, since the open neighbourhood Up=KV; of V; in X is

homeomorphic to K x ., V; the inclusion of Vj in Uy is a normally nonsingular
inclusion ([9], 5.4.1). Therefore it follows from [9], 1.11 and 5.4.1 that

@.13) [Hyp(Vy, Vy = V) = TGS Uy, Uy = 15

where k(p) is the dimension of the coset space K/K(f). Using excision ([8], 1.5)
we deduce the following result.
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(2.14) Proposition. When X°*= X" the intersection Betti numbers of X//G are
given by the formula

IR(X//G)=IEX(X*)=IR(X)B(BK)~ ¥ (P IPXP(U, U, Y}

0+peB

where Uy is any K(f)-invariant neighbourhood of Y;* in X such that Y;* is closed
in U,.
B

(2.15) Remark. By Poincaré duality ([9], 5.3) it is only necessary to compute
IP(X//G) modulo t**! where d=dim X//G. In particular if one can show that
H'K(,;‘)( (Us, Uy~ Y3%)=0 for i<d whenever 0+ e, and if X*°=X", then by
2.14)

IP(X//G)=IPX(X*)=IP(X) P(BK) mod t**".

(2.16) Remark. The assumption that X**=X* was only needed to show that
IP(X//G)=IP¥(X**). The formula for IPX(X*%) given in (2.14) is valid even
when X X*.

Now let us consider how we might compute each relative intersection
cohomology group IH;(I,,(U‘,, Us —Y;°) in terms of IH*(W;, W, —Y,) where W,
is an open neighbourhood of ¥; in X, such that Y, is closed in W,. Our aim is
to show that there is a stratification {2 |ye%} of X such that U, can be chosen
to be the complement in W, of some of the strata X, (see 2.21 below). This
stratification will be induced by a suitable linear reductive group action on X
in just the same way as the original stratification {S;|fe#} was obtained from
the given linear action of G on X. It will then be possible to mimic the proof
of (2.14) to show that there is an inductive formula

IPX(U,, U, — Y;*)=IB(W,, W, — Y,) R(BK()) — wa’ D IPKON(U, U, —Y5)

where the terms IB*A"(U, ,U, —Y;%) are of exactly the same form as
IB*P(U,, U, - Y;) itself but defmed using the new group action (see (2.25)(b)
below). The argument is based on the fact that, if S and Y are closed sub-
varieties of a quasi-projective variety U, then the relative intersection cohomol-
ogy of the pairs (U,U—S)and (U-Y, U—-Y-S) is

ITH*(U,(U-Y)u(U-S8)=IH*(U,U —(YY))

(see [8], 1.3 and L.5).

If m is a suitable arbitrarily large positive integer then mf is an integral
point of t*=t (provided that the fixed inner product is chosen to be rational)
and there is a character Stab f— C* of Stab § whose derivative is mf regarded
as an element of (Lie K(f))* ~Lie K(f). We may modify the linearisation of the
action of Stabpf on X (ie. the representation of Stabp in €C"*!) without
changing the action itself by multiplying it by this character (cf. [13], 8.11. This
is equivalent to changing the momentum map from pu to u+m f8). The weights
of the representation then become ay+mp,...,a,+mp.

Let {Z,|ye¥} be the stratification of X defined as in §1 but with respect to
this modified action of Stabf. Note that € is the intersection of a positive
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Weyl chamber for Stab  with the set of closest points to 0 in ¢t of convex hulls
of nonempty subsets of {a,+mp,...,o,+mp}.
Adapting the definitions of § 1 to the modified action of Stab f, let

Zy ,={(Xo5..-:x,)eX|x;=0 if (a;+mp)-y+|y]?}
and

Y, ,={xeX|lim exp(—ity)xeZ,, }.

t— o0
Then a point (x,;...;x,)eX lies in Y,  if and only if

(2.17) (a) x;=0 when (a;+m p)-y<||y|? and

(b) there is some j, such that (a;+m f)-y=|ly||* and x,, +0.
The stratum X, is defined by

X, =(Stab B Y;?,
where

Y;® = {xeX|lim exp(—ity) xeZ3 )}

t—

and Zf,,‘y is the set of semistable points in Z, , under a suitable linearisation of
the action of (Stab ) n(Stab y).
Let

D={ye€ly-B=(1+m)|B]*}.
When it is necessary to indicate that & depends on f it will be written as 2(f).

(2.18) Lemma. If m is sufficiently large then
—yp= oz,

(1+m)B*+yeP 4
For the proof we need the following lemma whose proof is elementary.
(2.19) Lemma. If m is sufficiently large then
(s +mp)-y<|vll*

whenever ye¥ and a; is a weight such that

(@ +mp)-p<y-pB.

Moreover

(@ +mp)-y>y|?
whenever

(;+mp)- >y B.
Thus if

(o +mp)-y=|yII?
then

(+mp)-p=vy-p.



162

Proof of (2.18). It is easy to check that

Yo omp=Y
and
58 __VYSss
Yoasme=Y5"

Since Y3* is invariant under the action of Stab # this implies that
(2.20) 2 +mp=(Stab f) Y;°*=Y;*.

Thus it suffices to show that

F. Kirwan

Suppose ye 2. Then it follows immediately from (2.17) and (2.19) that if m is

large enough then

YIL y s Yﬂ
Hence
X, =(Stab ) ¥;°, =(Stab f) Y, =Y.
Thus
Y=2\)Z,.
B ygﬂ b

By [13], 12.16 applied to the stratification {Z|ye%} we have

Yo=Y 1empS v Z,.

lIr1122 1A +m)B|f2

If m is chosen large enough then any ye% satisfies

7122 1 (1 +m) BI|?
only if

y-Bz(L+m)| B>
It is an immediate consequence of (2.19) that if

y-B>1+m)|B|*
then

Yﬁ, e YB = ¢
and hence
ZnY,cStabp Yy nY,=9

because Y; is invariant under Stab . This shows that

ez,

y€D

and completes the proof of (2.18).



Rational intersection cohomology of quotient varieties. 11 163

(2.21) Corollary. Let W; be any K(B)-invariant open neighbourhood of Y, in X
such that Y, is closed in W;, and let

We=w— )z,

(1+m)p*ye2

Then W;*nY,=Y". In particular W;* is an open neighbourhood of Y;* in X
such that Y;* is closed in Wp".

Proof. This follows immediately from (2.18).

Let W, and W;* be as in (2.21). Just as in the first part of this section we
can write

@—{(1 +m)ﬂ}={y1""’%}
so that

VVJ'=I/VII‘ U Ev‘

j<ist

is open in W; when 0<j<t. Then by [8], (1.3) and (1.5) we get long exact
sequences of equivariant intersection cohomology

oo = Il (W, Wi y) = TH ) (W, W = V) = THi (W W = Yy

because
Wi v =Y)=W;—(¥;nZ,)
= I/Vj—zvjz W1
(2.22) Lemma. These long exact sequences split into short exact sequences
0> IHyg) (W, W;_ ) = I Hg) (W), W, = Yp) > IHig (W, , W, = Yy) =0
Jor each i and j.
Proof. 1t suffices to prove that the map
IHiK(ﬂ)(Wj’ Wj—l)"IHiam(Wj’ W, -1y

is injective for each i and j. Hence it suffices to prove that the composition of
this map with the natural map

THy (W), W; = Yp) = THi (W)
is injective. This composition fits into the long exact sequence
oo > TH g (W, W _ ) > THy g (W) > THg ) (W _ 1) > ...

Since Wj_1=W,.—2?yJ where z, is closed in the open subset W, of X and is a
stratum of the stratification of X associated to the modified action of Stab ,
the proof of (2.2) shows that this long exact sequence breaks up into short
exact sequences

0 IHi(g) (W, W;_ ) = I Hyg)(W)) > I Hig g (W] _;) =0
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The result follows.
From this lemma we deduce that if f=p; then

(223) IPX(U, U;_ ) =P IEXO (W, Wy~ ¥y)
=IP,K(’”(W,,, WB - Yﬂ)— Z IP,K(”)(VV,-, W,_)).
15ist

Here each IPX® (W, W,_,) has the same form as IR¥(U,U,_,) and can be
written as

IP,K(B)(VV;, W;_ 1) = kB IEK(ﬂ‘ v)(Ws,sw VVﬂS‘S‘I — Y/xs,sy)

where y=y; and k(B,7), K(B,7), Us ,=W;*, and Y;*, are defined in the same way
as k(B), K(B), U;=W;* and Y;* but relative to the modified action of Stabp
instead of the original action of G. Therefore (2.23) gives us an inductive
formula for IR"(UI, U;_,). This can be made into an explicit formula involving
IRXP(W,, W, —Y,) and other terms of the same form (see [13], §5).

(2.24) Lemma.
TH ) (W, Wy — Yp) < IH* (W), W, — Y) ® H* (BK(f))
where BK(p) is the classifying space for K(p).

Proof. Let T, be a maximal compact torus of K(B). Then by [16], (2.16) there is
a natural isomorphism

TH},(Wy, Wy = Y, 2 TH*(W,, W, — Y,) ® H*(BT,).

This isomorphism respects the action of the Weyl group of K(f) on both sides,
and hence restricts to an isomorphism between the subspaces consisting of
elements fixed by the Weyl group action. These subspaces are naturally iso-
morphic to

IHE )Wy, Wy—Yy) and  TH*(W,, W, — Y,) ® H*(BK(6)

respectively. This proves the lemma.
Note that by [16], (2.9) and (2.10) we can write IH"(Wﬁ,W,,—Y,,) as the
hypercohomology group

HNZ i3, 1C3)

of the complex of sheaves j} i;,IC;( on Zg, where i;: Yy— X and j;: Z;— Y, are
the inclusions and ICy is the complex of intersection chains on X ([9], 2.1).

We have now proved the following theorem, which gives formulas for the
intersection Betti numbers of the quotient X//G when every semistable point of
X is stable.

(2.25) Theorem. (a) The equivariant intersection Poincaré series of X** satisfies

IBK(X”)=IE(X)B(BK)— z t"“”IRK"”(U,,,Uﬂ-Y;‘)

O0*peB

where Uy is any K(p)-invariant neighbourhood of Yg* in X such that Y;* is closed
in U,.
(]
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(b) The term IPX®)(U,, U, —Y}®) in this expression is given by the inductive
f I t B> B B
ormula

IEX®(U,, U, ~ Y;*) = IR(W,, W, — Y,) B(BK(B)
— Z thB:v) IRK(ﬁ, Y)(Uﬂ.‘l’ Uﬂ,v _ Yﬂs.sy)
(1 +m)B*ye2(P)
where W is any K(B)-invariant open neighbourhood of Y; in X such that Y; is
closed in Wj.
B

(c) The relative intersection Poincaré polynomial IF(W,, W,—Y;) depends
only on the action of K near Z,. More precisely

IR(W,, W, —Y,) = _;0 £ A =HZ . 3 iy 1C).

(d) Finally if every semistable point of X is stable then
IR(X//G)=IPX(X").

(2.26) Remark. We know that the intersection of Z, with any nonsingular
quasi-projective subvariety of X is nonsingular: in particular this is true of the
strata of a Whitney stratification of X. However Z,; need not meet these strata

transversely. If this does happen and the inclusion of Z; in X is normally
nonsingular for every f then

THE ., 5(Up, U — Y;‘);IH*‘“"”(Z;‘)

Stab p

where A(f) is the complex codimension of ¥;* in X ([9], 5.4.1) so that (2.11)
gives exactly the same inductive formula for IP%(X*%) as one has in the
nonsingular case (see [13], 8.12) except that ordinary cohomology is replaced
by intersection cohomology throughout. In particular if the singular points of
X are all semistable then this is true.

(2.27) Example. Let X be the cubic hypersurface in IP, defined by
3+ y3+23=u0.
Let G=C* act on X via
t—diag(t,t,t,t*,t7%).
Let
IB(X)=14+a,t+a,t+ayt’+a,t*+a, t>+1°.

Of course a, =0 and a,=1 by the Lefschetz hyperplane theorem ([9], 5.3) but
we will be able to deduce this and the value of a, later.

As G has rank 1 the stratification {S;|fe#} of X is indexed by O together
with the set of weights of the representation of G, i.e. by 0, 1, 4 and —5 if we
identify Lie S* with R in the usual way. We have

S, =Y, ={(x:y:z:u:0elP,|(x,,2) #0, x3+y>+2z3=0},
Z,=Z%={(x:y:2:0:0)eP,|x*>+ y* + 23 =0},
$,=Y,=Z,=7%={0:0:0:1:0)}
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and
S_s=Y =Z_=27%,={0:0:0:0:1)}.

Note that G acts with finite stabilisers on S,=X*%, so that X**=X°*. Hence
Theorem (2.25) can be applied to calculate IP(X//G). One finds that

IP(X//G)=(1+a,t+a,t?+at>+a,t*+a, t>+t%)(1 —t*)~!
*t2(1+2t+t2)(1 _t2)—1 ___té(l _tZ)—l —t6(1 _t2)—1
=(1+a,t+(a,— )2 +(a;—2) > +(a, — D t* +a, t> =% (1 -3~ 1,

Since IP(X//G) must be a polynomial of degree 4 in ¢ satisfying Poincaré
duality ([9], 7.1) and a,, a, and a, are non-negative integers we deduce that a,
=0, a,=1 and a, =2, so that

IP(X//G)=(1 =t (1 —t})~1=1+1*+1*

This example shows in a very trivial way how it is possible to deduce infor-
mation about the intersection homology of both X and X//G from (2.25)
simply using the fact that IP(X//G) is a symmetric polynomial of degree the
dimension of X//G.

(2.28) Remark. Finally let us consider briefly the more general case when we
only assume that X* is nonempty and allow X to have semistable points which
are not stable.

There exists a canonically defined projective variety X with a linear action
of G and a birational G-morphism n: X — X such that X**=X>. This variety X
is constructed in [14] in the case when X is nonsingular, and the construction
extends easily to the singular case. There is an induced birational morphism
ng: X//G—-X//G of quotient varieties. When X is nonsingular the quotient
X//G may be regarded as a partial desingularisation of X//G since X//G has
only finite quotient singularities whereas the singularities of X//G are in gener-
al much worse.

The decomposition theorem of Beilinson, Bernstein, Deligne and Gabber
([2], 6.2.5) tells us that the intersection cohomology IH*(X//G) of X//G is a
direct summand of IH*(X//G). One has an explicit description of the birational
morphism n;: X//G— X//G as the composition of a sequence @,...,¢, of
blow-ups whose centres are quotients of the same form as X//G (see [14]), and
the decomposition theorem implies that

(2.29) IH*(X//G)=( @( [H*(A)/TH*(N) © TH*(X//G)

where 4} is any open neighbourhood of the centre of ¢; and .4} is its inverse
image under ¢; (cf. the proof of [15], 2.8).

When X is nonsmgular the centre of each blow-up ¢; has a neighbourhood
A; such that 4} and /V are topologically fibre bundles over the centre. The
flbres are, respecuvely, the affine cone over a quotient of the same form as
X//G and the blow-up of this cone at the vertex. These facts, together with

(2.29), are used in [15] to obtain an inductive formula for the intersection Betti
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numbers of X//G which involves the Betti numbers of X//G. The latter can be
computed using 1.2 because X = X* (see also [14]).

When X is singular one can hope first to use Theorem (2.25) to compute
the intersection Betti numbers of X//G, and then to apply (2.29) to obtain the
intersection Betti numbers of the original quotient X//G. Unfortunately in
general it is very hard to work out the contributions of the terms

H*(JV )/IH*(.#}) which appear in (2.29). In the special case when the centres
of all the blow-ups in the construction of X* from X** are transverse to the
singularities of X, then the formulas of [14] and [15] are valid if cohomology
is replaced by intersection cohomology throughout.
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