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Which Boolean Functions Maximize Mutual
Information on Noisy Inputs?

Thomas A. Courtade, Member, IEEE, and Gowtham R. Kumar, Student Member, IEEE

Abstract— We pose a simply stated conjecture regarding the
maximum mutual information a Boolean function can reveal
about noisy inputs. Specifically, let X" be independent identically
distributed Bernoulli(1/2), and let Y” be the result of passing X"
through a memoryless binary symmetric channel with crossover
probability «. For any Boolean function 5 : {0,1}" — {0, 1},
we conjecture that I (b(X"); Y") <1 — H(«). While the conjec-
ture remains open, we provide substantial evidence supporting
its validity. Connections are also made to discrete isoperimetric
inequalities.

Index Terms—Boolean functions, mutual
extremal inequality, isoperimetric inequality.

information,

I. INTRODUCTION
T HIS paper is inspired by the following conjecture:

Conjecture 1: Let X" = (X1, ..., Xn) be a sequence of n
i.i.d. Bernoulli(1/2) random variables, and let Y™ be the result
of passing X" through a memoryless binary symmetric channel
with crossover probability a. For any Boolean function b :
{0, 1}* — {0, 1}, we have

I(b(X"): Y") =1 —H(a). (1)

At first sight, Conjecture 1 might appear to be no more
than a simple exercise. However, over the course of this paper,
we hope to convince the reader that the conjecture is much
deeper than it appears. Despite its apparent simplicity, stan-
dard information-theoretical manipulations appear incapable
of establishing (1).

To the present authors, Conjecture 1 represents the simplest,
nontrivial embodiment of Boolean functions in an information-
theoretic context. In words, Conjecture 1 asks: “What is the
most significant bit that X" can provide about Y" ?”

Despite their fundamental roles in computer science and
digital computation, Boolean functions have received rela-
tively little attention from the information theory community.
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The recent work [2] is perhaps most relevant to our
Conjecture 1 and provides compelling motivation for its study.
In [2], Klotz et al. prove that for n and Z{b(X") =0} > 1/2
fixed, 1 (b(X"); X1) is maximized by functions b which satisfy
b(X") = 0 whenever X; = 0 (i.e., when b is canalizing
in X1). Their motivation for considering this problem comes
from computational biology, where Boolean functions are
used to model dependencies in various regulatory networks.
We encourage the reader to refer to [2], [3] and the references
therein for further information.

By employing Fourier-analytic techniques, we can obtain
the following result:

Theorem 1: If b(X™) is equiprobable, then

D IBX"); Vi) <1 - Ha). )

i=1

While Theorem 1 is weaker! than Conjecture 1, it is striking
nonetheless. Indeed, it states that the sum of the » mutual
information terms in (2) cannot exceed 1 — H (a), regardless
of how large n is. Unfortunately, our Fourier-analytic approach
appears incapable of establishing Conjecture 1.

In addition to the clear connection to [2], Conjecture 1 is
also related to the Information Bottleneck Method [4], which
attempts to solve the optimization problem

min [(X"; U)— AI(Y"; U). 3)

pulx™)
For a given A > 0, the optimizing U intuitively provides
the best tradeoff between the accuracy of describing Y” and
the descriptive complexity of U. In our setting, b(X") plays
the role of U, and we constrain the descriptive complexity
to be at most one bit. While U is allowed to be a stochastic
function of X" in (3), it is straightforward to show that
randomized Boolean functions do not yield a higher mutual
information in our setting (see Appendix A). Thus, expressing
Conjecture 1 in terms of deterministic Boolean functions
comes without loss of generality.

A more concrete example comes in the context of gambling.
To this end, suppose Y" is a simple model for a market of
n stocks, where each stock increases or decreases in value
with probability 1/2, independent of all other stocks, and
we can buy put and call double-or-nothing options on each
outcome. If an oracle has access to side information X", and
we are allowed to ask one yes/no question of the oracle,

ITo see that (2) is weaker than Conjecture 1, note that (1) is equivalent to
l’-‘:l 1(Y'=1, b(X"); ¥;) <1 — H(a) by independence of the ¥;’s.
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which question should we ask to maximize the rate at which
our wealth grows? The validity of Conjecture 1 would imply
that we should only concern ourselves with the performance
of a single stock, say Y;. This is readily seen as a conse-
quence of known results on gambling with side information
[5, Th. 16.4.2], since putting b(X") = X yields

IBX"): Y =1(Xi;Y") =1(X;; Y1) =1 - H(a), 4

hence the conjectured upper bound (1) is achieved and rep-
resents the maximum attainable increase in doubling rate.
On that note, Erkip applied Mrs. Gerber’s lemma [6] to show
the bound

I1(B(X™); Y™ < (1 —2a)?, )

in her Ph.D. thesis [7, Th. 5]. However, (5) is strictly weaker
than Conjecture 1.

Finally, we point out that (1) is related in spirit to the
notion of average sensitivity of Boolean functions. This topic
has received a great deal of attention in the computer science
literature (see the survey [8], and references therein). To see
the connection to sensitivity, note that (1) can be rewritten as

HOX"MIY") = H(b(X") — 1+ H(a). (6)

For fixed Z{b(X") = 0}, the right hand side of (6) is
constant. Hence, our conjecture essentially lower bounds the
output uncertainty of Boolean functions with respect to noisy
inputs. A longstanding conjecture that is similar in spirit to
our Conjecture 1 is the Entropy-Influence Conjecture. Though
not necessarily information-theoretic in nature, the entropy-
influence conjecture postulates that the average sensitivity of
a Boolean function can be lower bounded (up to a constant
factor) by the entropy of its squared Fourier coefficients.
Although the conjectures appear to be only superficially
similar, we refer the interested reader to [9] for details and
a precise statement.

The remainder of this paper is organized as follows.
Section II provides a summary of the main results and their
implications. Primarily, it focuses on a refinement of Con-
jecture 1 into two “sub-conjectures” and provides evidence
supporting their validity. Section III contains the proofs of the
main results, and Section IV delivers our concluding remarks.

II. MAIN RESULTS AND IMPLICATIONS
A. Notation and Definitions

Before proceeding, we establish the basic notation
and assumptions which will be used throughout the
paper. Let X" = (Xi,X3,...,X,) be a sequence of
n ii.d. Bernoulli(1/2) random variables, and let Z" =
(Z1, Z>,...,7Zy,) be a sequence of n i.i.d. Bernoulli (a) ran-
dom variables independent of X", with 0 < a < 1/2. Define
Y" = X" @ Z", where “@®” denotes coordinate-wise XOR.
In other words, Y is the result of passing X” through a memo-
ryless binary symmetric channel with crossover probability o.

Throughout, we let Q = {0, 1}, Q, = {0, 1}", and consider
Boolean functions b : Q, — Q. For a given function b, the
notation »~1(0) will be used to denote the set {x" € Q, :
b(x™) = 0}.
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For a scalar p € [0,1], H(p) will be used to denote
1

the binary entropy function p log % 4+ (1—p)log - On the
other hand, if W is a random variable, we write H (W) for the
Shannon entropy of W. The different usages of H(-) will be
clear from context. All logarithms are assumed to be base-2
unless stated otherwise.

Definition 1: The lexicographical ordering <y on {0, 1}¥
is defined as follows: x* < %* iff xj < X;j for some j and
Xi =Xj foralli < j.

For example, if kK = 3, we have 000 <; 001 <y 010 <y,
011 <z 100 <z 101 <z 110 < 111.

Definition 2: We define Ly(M) to be the initial segment of
size M in the lexicographical ordering on {0, 1}¥. For example,
L3(4) = {000, 001,010, 011}.

For a function b : Q, — Q, we say that “b is lex” when
b~1(0) = L,(Ib~(0)]). In other words, b is lex when it maps
an initial segment of the lexicographical order to 0, and the
complement segment to 1.

B. Refinement of Conjecture 1

Instead of dealing with Conjecture 1 directly, consider the
following two conjectures:

Conjecture 2: For a given n and fixed bias Z{b(X") = 0}
satisfying H(Z{b(X™) = 0}) > 1 — H(a), the conditional
entropy H(b(X™)|Y") is minimized when b is lex.

Conjecture 3: If b : Q, — Q is lex, then

HbXMIY") = H(b(X™)H (a). (M

Clearly, Conjecture 1 would follow as a corollary if
Conjectures 2 and 3 were valid. Though it might seem
counterproductive to try to prove a stronger result by splitting
Conjecture 1 into two different conjectures, this appears to
be the only way to gain traction on Conjecture 1. Intuitively,
Conjecture 2 concerns the structure of maximally-informative
Boolean functions, while Conjecture 3 handles the inequality
component of Conjecture 1. This intuition should become
more clear to the reader over the course of this paper.

We briefly comment that our reference to Conjecture 3 as a
“conjecture” is perhaps too modest. Indeed, for any given a,
we have a simple recursive algorithm capable of proving (7)
for all n. With computer assistance, our algorithm has verified
Conjecture 3 for a ranging from O to 1/2 in increments of
0.001 (refer to Theorem 4 and the following discussion in
Section II-D for details). Nevertheless, given the computer-
assisted nature of our method for verifying (7), we find it
appropriate to call it a conjecture.

In the following two subsections, we elaborate on
Conjectures 2 and 3 and our corresponding results.

C. Conjecture 2 and Edge-Isoperimetry

Conjecture 2 is reminiscent of a classical theorem in discrete
mathematics originally due to Harper [10] that gives an exact
edge-isoperimetric inequality for the hypercube. To state the
theorem, we need a few basic notations. Let Q, be the
n-dimensional hypercube, and let V(Q,) = Q, be its set of
vertices. For S C V(Q,), the edge boundary 6(S) is the set
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101 111
100 110
001 011
000 010
A C23(4) C31(Cr23(4))
Fig. 1. Successive one-dimensional compressions applied to the set

A = {000,010,011, 111}, elements of which are represented by balls on
the three-dimensional hypercube. (Vertices are only labeled on the leftmost
cube for cleaner presentation.)

of edges one has to delete to disconnect S from any vertex
not in S.

Theorem 2 (Harper’s Edge-Isoperimetric Inequality): For
S C V(Q,) with |S| =k, we have |0(S)| > |0(Ly (k))|.

We comment on the relationship between edge-isoperimetry
and our conjecture in detail in Appendix B.

The simplest proofs of Theorem 2 rely on so-called com-
pression operators, popularized by Bollobas and Leader [11].
These compression operators turn out to be useful in making
progress towards Conjecture 2, so we introduce them now.

Let 7 be subset of {1,2,...,n} of cardinality k. To be
concrete, let Z = {i1,ia,...,ir}, where i; < iy < --- < i.
Following the notation of [11], for a set B C €, and x" having
x; =0 for all i € Z, we define the Z-section of B at x" by

zj fi=ijel
x; otherwise

Bz(x") = [Zk :y'eB,y = I (®)

A few examples will help clarify (8). For instance, if
B = {000,001,011, 101}, a few examples of Z-sections at
different x3 € Q3 are given by:

By13(001) = {0, 1}, ©)
B,(100) = 9, (10)
B{1,2)(000) = {00}, (11)
B(1.2(001) = {00, 01, 10}. (12)

The Z-compression of B, Cz(B), is defined in terms of its
Z-sections:

(Cz(B)1 (x") = L (1Bz(x™)])

In other words, C7 replaces each Z-section of B with an
initial segment of the lexicographical order. We say that B is
Z-compressed if Cz(B) = B. Note that Cz(B) is always
T-compressed.

Continuing the above example of B = {000, 001,011, 101},
example Z-compressions are given by:

for all x".

Cpij(B) = {000, 001,011,101}, (13)
Cp2)(B) = {000, 001,011,101}, (14)
Cp,3(B) = {000, 001, 010, 100}, (15)
Cp1,3(B) = {000, 001, 010, 100}. (16)

To further illustrate the action of compression operators,
successive compressions on the set A = {000, 010,011, 111}
are illustrated in Figure 1.
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TABLE I
REDUCTION IN NUMBER OF CANDIDATE BOOLEAN FUNCTIONS
TO BE CONSIDERED FOR VERIFICATION OF CONJECTURE 2

n |Sn| |Bn|

2 5 16

3 10 256

4 27 65,536
5 119 4.3 x 10°
6| 1173 | 1.8 x 10'?
7 || 44,315 | 3.4 x 1038

We pause to make two important observations. First,
T-compression preserves the size of the set on which it oper-
ates. That is, |Cz(B)| = |B]. Second, if B is Z-compressed,
then it is also J-compressed for all 7 C Z.

The following theorem states that when |Z| = 2, applying an
Z-compression to b~ (0) does not decrease the mutual infor-
mation 7 (b(X™); Y™). Thus, compression provides a method
of modifying functions in a manner that does not adversely
affect the mutual information 7 (b(X"); Y™).

Theorem 3: Let b : Q, — Qand let T C {1,...,n} satisfy
|Z| = 2. Ifl; 1 Q, — Q is defined by its preimage 13_1(0) =
Cz(b~(0)), then I(B(X"); Y") = 1(b(X"); Y™).

By definition, if Cz(-) changes an element of 5~!(0),
it moves it lower in the lexicographical ordering on £,.
Therefore, a repeated application of Theorem 3 for different
subsets 7 of cardinality 2 is guaranteed to terminate at a
function b which is T-compressed for all 7 with |Z| < 2.
Hence, we have the following corollary.

Corollary 1: Let S, be the set of functions b : Q, — Q
for which b=1(0) is T-compressed for all T with |I| < 2.
In maximizing I(b(X™); Y™), it is sufficient to consider func-
tions b € S,,.

The implications of Theorem 3 and its corollary are twofold.
First, it allows the verification of Conjecture 2 for modest
values of n. Indeed, we have numerically validated Conjectures
1 and 2 for n < 7 by enumerating the functions in &,
(see Appendix C for details) and evaluating I (b(X"); Y") for
b € S,. To appreciate the reduction afforded by Corollary 1,
define B, to be the set of all 22" Boolean functions on
n inputs. A comparison between |S,| and |B,| is given in
Table I. As illustrated by Table I, a brute-force attempt to
validate Conjecture 1 for n < 7 would be computationally
intractable, yet Theorem 3 allows us to do so by considering
only those functions in S,. In fact, one could potentially
leverage Theorem 3 to exhaustively verify Conjecture 1 for
modestly larger values of n (e.g., n = 8,9), though we have
not done so.

Second, Theorem 3 reinforces the intuition behind Con-
jecture 2. As we noted above, if Cz(-) changes an element
of b~1(0), it moves it lower in the lexicographical ordering
on ,. Thus, roughly speaking, applying Z-compression to
b’l(O) yields a function b which is (i) closer to being lex,
and (ii) for |Z| < 2 satisfies H(l;(X")|Y") < HbXM|Y™).

Ideally, Theorem 3 should generalize to include
Z-compressions for |Z| > 2. Indeed, if we could take
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|Z| = n, Conjecture 2 would be proved. However, we
have found counterexamples where compression increases
H(®BX™)| Y™ for |Z] > 2 (but still reduces H(b(X™)|Y")
for |Z| = n). One such counterexample is given as follows.
Let n = 6 and suppose b1 and b, are functions defined by

r r

000000 000000
000001 000001
000010 000010
b;'(0) = { 000100  b5'(0) = { 000011 (17)
001000 001000
010000 010000
100000 100000

where the respective rows correspond to vectors composing
b, '(0) and b, '(0). Note that by is obtained from by by a
compression along the last three dimensions. Specifically,
by;'(0) = Cuse(b;'(0). However, for a = 0.1,
computation reveals that I(b;(X");Y") = 0.2186,
while I(by(X");Y") = 0.2173. Therefore, we see that
T-compressions do not always improve mutual information for
|Z| > 3. Nevertheless, letting b7, be the lex function for n = 6
and Ibzl(O)I =7, we can compute I (by(X™); Y") = 0.2283
for & = 0.1, supporting Conjecture 2. In fact, as discussed
above, Theorem 3 permits us to verify that 0.2283 bits
is the maximum mutual information attainable among all
functions b with [b=1(0)| =7 forn =6, a = 0.1.

Remark 1: From the above counterexample, it appears that
the threshold function® behaves like a local maximum in terms
of mutual information provided about Y".

Remark 2: A function b : Q,, — Q is said to be monotone
if b(x™) < b(x") whenever x; < Xx; for 1 < i < n. Since
monotone Boolean functions are precisely those functions
which are T-compressed for all T with |Z| = 1, Corol-
lary 1 implies that I (b(X™); Y") is maximized by a monotone
Sfunction. Stronger still, Theorem 3 asserts that we need only
consider an exponentially small class of monotone functions
known as regular functions (see [23, Chapter 8] for a precise
definition).

D. A Computer-Assisted Proof of Conjecture 3 for any
given o

Now, we turn toward establishing Conjecture 3. Unless
otherwise specified, all Boolean functions in this subsection
are assumed to be lex.

Define f(x) = —xlogx. Note that if b is lex, then so is
the negation of b up to a relabeling of inputs. Specifically,
b(x™) £ 1—b(—x") is lex if b is lex, where —x" is the negation
of x". Therefore, to prove (7), it is sufficient to prove

Eyn f (2{b(X")=0[Y"}) > f (Z{b(X")=0}) H(a). (18)
To simplify notation, for a dyadic rational p = k/2", define
Tu(p) £ Eyn f (2{b(X") = 0]Y"}), 19)

where b is the unique lex function on n inputs with
P{b(X") = 0} = p. Note that if k is even, b does not

2 A threshold function is a Hamming ball (of any radius) centered at the all-
zero vector. The radius determines the probability that the threshold function
returns 0.
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Fig. 2. A comparison of T, (p) and f(p)H (a) for & = 0.1. The broken line
shows the three chords Algorithm II.1 constructs before terminating.

depend on its input bit x,. Therefore, T, (p) is well-defined
for all dyadic rationals p € [0, 1]. It is shown in Appendix D
that T,(-) is continuous on the dyadic rationals (in fact, it
is Holder continuous with exponent 1/2). Therefore, T, (p) is
also well-defined when p € [0, 1] is not a dyadic rational, by
considering its unique continuous extension to [0, 1].

Thus, the validity of (18) for all lex b (and all n) is
equivalent to the inequality

Tu(p) = f(p)H(a) VYpe[0,1],

motivating the following theorem.

Theorem 4: Fix o € (0,1/2). If a call to Algorithm II.1
with arguments (p—, py+) = (1/2,1) eventually terminates,
then Conjecture 3 is true for the chosen a.

(20)

Algorithm IL.1: TESTINEQUALITY(p—, p+)

main

if CHECKCHORD(p—_, p+) <0
p<3(p-+py)
TESTINEQUALITY(p—, p)
TESTINEQUALITY(p, p+)

then

procedure CHECKCHORD(a, b)

C(x) is the chord connecting
the points (a, T, (a)) and (b, T, (b)).

C(x) = LOZL@ () 4 T,(a)

V < minyeq,p) C(x) — f(x)H ()
return (v)

comment:

The key idea behind Theorem 4 is that Algorithm II.1 recur-
sively constructs a piecewise linear function on the interval
p € [1/2, 1] which simultaneously upper bounds f(p)H ()
and lower bounds T, (p). As discussed in Section III-C, this
is sufficient to prove (20) due to restricted-concavity and self-
similarity characteristics of T,(p). Figure 2 illustrates the
function constructed by Algorithm II.1 for a = 0.1.
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Using a Matlab implementation of Algorithm II.1, we have
validated (20) for a ranging from 0 to 1/2 in increments
of 0.001. Hence, it is reasonable to believe that Conjecture 3
is true in general.

Despite the apparent gap between T, (p) and f(p)H (o) for
p € (1/2,1) (e.g., Fig. 2), the oscillatory behavior of T, (p)
seems to render traditional analysis techniques ineffective in
establishing (20). This was our motivation for pursuing a
computer-assisted method for verifying (7). To get a sense
for the strange behavior of T,(p), we show in Appendix B
that lim,_,¢ T, (p)/H (a) is equal to the Takagi function, a
classical construction of an everywhere-continuous, nowhere-
differentiable function closely related to the edge-isoperimetric
inequality given in Theorem 2 (see [12], [13]). Even for
a = 0.1, the pathological nature of Ty (p) makes itself
apparent in Figure 2.

Remark 3: In the subroutine CHECKCHORD(a, b) of Algo-
rithm I1.1, the minimization can be computed in closed form.

Remark 4: Inherently, the running time of Algorithm I1.1
will depend on o, but does not depend on n. Indeed, Theorem 4
states that termination of TESTINEQUALITY(O, %) guarantees
validity of (18) for alln =1,2,3,....

III. PROOFS

In this section, we prove our main results.

A. Proof of Theorem 1

Here, we use Fourier-analytic techniques to prove
Theorem 1, which we restate more precisely as the following
proposition:

Proposition 1: Let X" be ii.d. Bernoulli(1/2), and let Y"
be the result of passing X" through a memoryless binary sym-
metric channel with crossover probability o. For any Boolean
function b : {0,1}* — {0, 1} with 2{b(X") = 0} =
we have

n
D IB(X™): Yi) <1 H(a). 1)
i=1

We will require the following lemma.

Lemma 1: Let r* < 1 and p € [0, 1]. An optimal solution
for the (non-convex) program

n

. 1+ px;
minimize : H{—— 22
Z ( 5 ) (22)
i=1
n
subject to : >t =<r? (23)
i=1

is given by xy =r,and x; =0 fori =2,...,n.

Proof: By considering the Taylor series expansion of the
binary entropy function around 1/2, the objective function can
be rewritten as

iH(l—i-pxi) _
i=1 2

For each fixed k, the sum Zz"lzl xiZk is convex in the
squared x;’s, and is therefore maximized subject to the con-
straint Z?zlxiz < r2 when x; = r, and x; = O for
i=2,...,n. O

)2k

~loge 22 (pXIl)zk 24
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We are now in a position to prove Theorem 1.

Proof of Theorem 1: We prove the claim using the Fourier
transform. For convenience, we will assume X" and Y”
take values in {—1, 1}"*. Consequently, we consider Boolean
functions b : {—1,1}* — {—1,1}. Any Boolean function
b:{—1,1}" — {—1, 1} can be written in terms of its Fourier
coefficients as (see [8])

b(x")y = > b(SHs(x"),

SC[ln]

where IIg(x") = [];cg xi are the orthonormal basis functions
for the Fourier transform, and {b(S)}sc[1.s] are the Fourier
coefficients defined by

b(S)

= Eb(X")IT5(X"). (25)

If S = ¢, then we define Ilg(x") = 1. It is easy to verify
the following identities, the first two of which verify that
s(x") = Hi cs Xi are indeed orthonormal basis functions:
1) For all x”, Tg(x")? = 1 since Ig(x") e {—1,1}.
Therefore,

Ellg(X")? = 1. (26)

2) If S # T and neither are equal to ¢, then I1g(X") and
II7(X") are independent and uniformly distributed on
{—1, 1} giving the identity

Ellg(X")I7(X") = 0. 27)

On the other hand, if # = S # T, then we simply have
Ells(X")II7(X™") = Ell7 (X™) = 0.
3) As a consequence, Parseval’s theorem holds:

1 =Eb(X")? = ¥ gciim DS, (28)
since
b(X")2
bHMs(xXMH|[ D bTHTr(X")
SC[1:n] T<[1:n]

= Z ($)b(T)E [Ms(XMIT7 (X")]  (29)
[1:n] T<[1:n
= b(S)>.

SC[ln]

“n
N

(30)

N

By definition of the Fourier coefficient 5(@), we have 13((2)) =
E [b(X”)] = 0 since b(X") is equiprobable on {—1, 1}. Also,

2{b(X") = 1|Y; = yi}
L+E[b(X"M)Y; = yi]

- 2 31
1+E [ng[lzn] b(S)Ms(X")|Y; = yi]

- 2 (32)
L X scqion H(SE [HS(X”) Y; = yi]

- (33)

2
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Observe that E [[15(X™)|Y; = y;] = Ounless S = or § = {i}
since {X}jes\(i} are independent from Y;. Hence, we have

1+ b@) + pyib({i})
2
_ 1+ pyib(ii})
= L,

P{b(X") =11Y; = yi}

(34)

(35)

where p = E[X;|Y; = 1] = 1 — 2a. By definition of mutual
information and our assumption that Z{b(X") = 1} = 2,

D IBX™N); Yy) = nHbBX") — > HBXMIY)  (36)

i=1 i=1

=n— > HBX"|Y)).

(37
i=1
Hence, we prove (21) by attempting to minimize
S HMBXMY) for P{b(X") = 1} = L. Using
(35), observe that
n
> HOBXMIY) (38)
i=1
_z [ (P{b(X") = 11Y; = 1}) (39)

+H (PB(X") = 11Y; = —1})]

=Z§[ (1+pb({z}))+H(1—pj({i}))] “0)
$ 1+ pb({i})
-3a(5)

where the last equality holds since

C(1=pb0in\ {1+ b
2 B 2 '

Recalling that Parseval’s identity implies > !, l;({i})2 <1,
an application of Lemma 1 implies that (41) is minimized by
setting b({1}) = 1 and b({i}) =0 for i =2, ..., n. Thus,

(41)

(42)

D HGXMY) = H(o) + (n = 1),

i=1

(43)
Substitution into (37) proves the theorem. U

B. Proof of Theorem 3

We begin the proof of Theorem 3 by first proving the
following result for 1-dimensional compressions. We simplify
notation by writing &{E|y"} to denote the probability of the
event E conditioned on Y" = y”".

Lemma 2: Let b : Q, — Q and i € {1,2,...,n}. Ifl; :
Q, — Q is defined by its preimage l;_l(O) = C{i}(b_l(O)),
then I1(b(X"); Y") > I(b(X"); Y").

Proof: Tt suffices to consider the case where i = n, as any
other case can be handled by first permuting coordinates.
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Define B = b~"'(0) and b~ (0) = Cy,)(B), and let

Eo = {x""": Buy(x"~',0) = {0}} (44)
Ey = {x""": Bpy(x" ™', 0) = {1}}, (45)
where By, is defined by (8) with 7 = {n}. Define

b(x” 1 , Xp) = b(x” 1 —-xn) where —x, is the negation of x,,.
By definition of b and b, we have the identities

P{b(X™) =0ly""',0}

=P2h(X") =0y"" 1, 0}—(1 —2a0) 2{X""! € E\|y"™ 1}
(46)
=2b(X") =0y" "1, 0}+(1 —2a) 2{X" " € Eoly""}.
(47)
The identity (46) follows since
Pb(X™) = 0]y"!, 0}
= 2{b(X") =0y"" 1,0} (48)

+ P(Xy = 01Y, =0} 2{X""" € E1ly"™")
— P X = 1Yy =00 2{X"" € E1]y"™")
= 2{b(X") =0)y""", 0}

+(1-20)2(X" ' e Eiy" !}

by construction. Identity (47) follows similarly.
Similar identities hold for Z{b(X") = 0|y"~!, 1} with

opposite signs on the (1 — 2a) terms, giving
Pb(X") = 0y"}

= 02{b(X") = 0ly"} + (1 — O) 2{b(X") = 0y"}, (49)
where

P(X"1 e Eoly"")
P(X=1 € Eolyn—1} + 2{X"~1 € Eq|y»~1}’

Concavity of entropy implies that

OH (BX")y™) + (1 — O H (B(X™)|y") < H(bX™)|y").

0= (50)

Noting that € only depends on y"~!, we average both sides
over y, € {0, 1} to obtain

OH (B(X™M1Y"™", Y) + (1 — O HBX™M)Y"™ L, ¥y)
< HGXMy" L, 1,). (51)

By symmetry, H(b(X")|y""',Yv,) = H(bBEXMY™™!, Y.
Therefore, averaging (51) over all values of y"~!, we can
conclude that H(IS(X”)IY”) < H(b(X™)|Y™). To complete the
proof, we recall that [6='(0)| = |Cpy (b1 (0)| = b~ (0)].
Combined with the fact that X" is uniformly distributed on Q,,,
this implies that H(Z;(X”)) = H(b(X™)), as desired. d

We are now in a position to finish the proof of Theorem 3,
which is similar to the proof of Lemma 2.

Proof of Theorem 3: We assume that 7 ={n — 1, n}, as all
other cases follow by a permutation of coordinates. To simplify
notation, we write B = b~ (0).

By a repeated application of Lemma 2, we can assume that
B is {n — 1}- and {n}-compressed. Indeed, if {i}-compression
changes an element of B, it moves it lower in the lexico-
graphical ordering. Thus, if we iteratively apply {n — 1}- and
{n}-compressions to B, we must eventually reach a fixed point.
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Thus, the Z-sections Bz(x") can only be one of
the following: @, {00}, {00,01}, {00, 10}, {00, 01, 10}, or
{00, 01, 10, 11}. Note that all of these sets are initial segments
of the lexicographical order on Q; except {00, 10}. Hence, we
aim to transform B so that B7(x") # {00, 10}. To this end,
define

Gy = {x" tXp—1 = x, = 0, Bz(x") = {00, 01}} (52)
G| = {x" P Xp—1 = x, =0, Bz(x") = {00, 10}}. (53)
Now, define b by 13’1(0) = C7(B) and the function b by

permuting the last two coordinates:
("%, x, n1) = D" 2, dn 1, x). (54)

By an argument similar to that given in (46)-(50), it follows
that

P{b(X") = 0]y"}
=0 2{b(X") =0|y"} + (1 — 0) 2{b(X") = 0]y"}, (55)
where
P(X"2 € Goly" 2

T PX"2 e Goly 2 + PIX" 2 e Gily 2}
Concavity of entropy implies that

OH (b(X™)|y") + (1 — 0)H (b(X")|y") < H(BX™)|Y").
n—2

0 (56)

Noting that # only depends on y
over y,_1, y to obtain

OH (BX")y" 2, Y™ )+ (1L —O)HBX™M)Yy" 2, ¥ ))

n n

, we average both sides

< HOXMY" 2, Y,0). (57)
Crucially, the symmetry (54) implies that
HGXM" 2. %) = HOX"Y" 2. Y. (58)

Combining this with (57) and averaging over yA”_2 proves
HBXMHIYYHY < HOXMIY™". Since HOBDX") =
H (b(X™)), the proof is complete. O

C. Proof of Theorem 4

The proof of Theorem 4 requires the following lemmas.
Lemma 3: The following identity holds:

[rep - rept@] = 1. - rmH@] 69
Proof- Suppose b and b’ are both lex and satisfy>

1
pEP2H(X") =0} = 59’{19()(”—1) =0}. (60

We have the identities f(pg) = pf(q) + qf(p) and
2 (X") = 0ly"} = Z{X1 = 0|y1}Z{b(X3) = 0ly5},

which imply the relation: 27,(p) = T,(2p) + 2pH (a). The
claim now follows easily. (]

Although T,(p) is not concave, we are able to prove a
restricted-concavity characteristic of T;, (p). This is exploited
in the following claim.

3Any lex function with Z{b(X") = 0} = k/2" can be reduced to a lex
function on n — 1 inputs if k is even.
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Lemma 4: Let k < 2", and define p— = k27" and py =
(k+ 1)27" For 0 € [0, 1], the following inequality holds:

To Op—+ (1 —0)py) = 0To(p-) + (1 — ) Ta(p4). (61)
Proof: First, observe that it suffices to prove
p-+p 1
n(P52) = s+ o] @

Indeed, from (62) an inductive argument proves the lemma
when Op_ + (1 — O)p4 is restricted to the set of dyadic
rationals. Then, recalling the continuity of 7,(-) on [0, 1]
completes the proof (see Appendix D).

To this end, let b be the unique lex function on n+ 1 inputs
which satisfies

2k+1 1

P = 0} = Slp-+ 4]

FoaE ©

and let b_, b be the unique lex functions on n inputs which
satisfy

Pb_(X") =0} = p_ Pby(X") =0} = ps. (64)

By construction, we have

,@{b(XnJrl) — OIYn+1}
= P{Xny1 = 01Y,u 1} 2{b1(X]) = 0|17}
+2{Xn+1 = U1} Z{b-(X]) = 0[YT}.
(65)

Combining (63) and (65) with the fact that f(x) is concave,
we have the desired inequality

T, (p +p+)
2

> Eynit Z{Xn41 = 01Yar1} f (2104 (XT) = 0[Y]'})
+Eynit Z{ X1 = a1} f (20— (XT) = 01Y]})

= 3 [T+ 1) (66)
O
We are now in a position to prove Theorem 4.

Proof of Theorem 4: Lemma 3 implies that if (20) holds for
p, then it also holds for 2p, and hence it suffices to consider
p € [1/2, 1]. Therefore, Lemma 4 implies that it is sufficient
to construct a piecewise linear function g : [1/2, 1] — [0, c0)
satisfying the following properties:

1) Each segment of g is a chord connecting the points

(p-, Tu(p-)) and (p+, Ty (p+)), where p_ and p, are
of the form

k _k+1

o =3 (67)

p7 =
for integers k, n satisfying k < 2".
2) For p €[1/2,1], g(p) = f(p)H(a).
By definition, Algorithm II.1 terminates only if it constructs
such a function. 0
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IV. CONCLUDING REMARKS

Although Conjecture 1 remains open, we have provided
evidence in support of its validity. Indeed, our results allow
us to exhaustively verify Conjecture 2 for n < 7, and we have
a computer-assisted method for establishing Conjecture 3 for
any given value of a. Any complete proof of Conjectures 1
or 2 would be of significant interest, since it would likely
require new methods which may be applicable in information
theory and elsewhere (e.g., in proving discrete isoperimetric
inequalities). An analytical proof of Conjecture 3 which does
not require computer assistance would also be interesting, but
appears difficult given the pathological nature of H (b(X")|Y")
for lex functions.

In closing, we propose two weaker forms of Conjecture 1
which could provide insight, but are still open.

1) Does Theorem 1 continue to hold when b(X") is not
equiprobable? Unfortunately, our Fourier-analytic proof
of Theorem 1 appears to fail in this setting. Nonetheless,
we feel that establishing this generalization of Theo-
rem 1 should be considerably easier than establishing
the stronger statement of Conjecture 1.

2) For Boolean functions b1, by, does it hold that

I(b1(X"); ba(Y™)) < 1 — H(a)? (68)

While this problem appears difficult in general, it is
a simple exercise to show this is true when b(X")
and by (Y"™") are both equiprobable by using the data-
processing property of maximal correlation and the fact
that the only couplings between b1 (X™) and b(Y") are
symmetric. Intuitively, this should be the case for by, by
which maximize I (b1(X"); bp(Y™)), but a proof remains
elusive.

Recent Progress

While this paper was under review, there were several
related developments. We summarize them below.

In the time since (68) was first suggested by the authors
in [1], Anantharam, Gohari, Kamath and Nair have made
some tangible progress. In particular, they leveraged hyper-
contractivity to numerically verify (68), further supporting the
conjectures in this paper. Interested readers are referred to their
recent paper [14] for details.

Separately, Bogdanov and Nair have proven (68) holds in
the restrictive setting of b1 = by [15] and @ < 1/2 using a
Fourier-analytic argument. In a correspondence with C. Nair,
the first author observed that Bogdanov and Nair’s argument
readily generalizes to the setting where by, b» are Boolean
functions satisfying Z{b;(X") = 0} = P{b(X") = 0},
provided that the correlation inequality

Pbi1(X") = by(X") =0}

> Z{bi1(X") = 0}Z{b2(X") =0} (69)

holds. This latter result was proved independently by Calmon,
Varia, and Médard in a recent preprint [16].
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On this note, we remark that it suffices to consider monotone
Boolean functions b1, by (one increasing and the other decreas-
ing) in (68) when (69) does not hold. This is easily estab-
lished using a rearrangement argument similar to our proof
of Lemma 2, and may help fully resolve the setting where
Zbi1(X") = 0} = P{ba(X") = 0}.

Finally, it was claimed in a presentation by Chandar and
Tchamkerten [17] that H (b(X")|Y") is not necessarily min-
imized by lex functions when Z{b(X") = 0} is sufficiently
close to zero. The definition of “sufficiently close” depended
on a, and their argument involved taking Z{b(X") = 0}
exponentially small in n. As such, Chandar and Tchamkerten’s
work does not address the setting in Conjecture 2 where

H((b(X") 21— H(a), (70)

implying that it remains open at the time of press. Since it
suffices to consider functions b satisfying (70) when address-
ing Conjecture 1, the claim of Chandar and Tchamkerten does
not immediately apply to this conjecture either.

In any case, if Conjecture 2 is discovered to be false, it may
be true that H (b(X")|Y") is always minimized by a function
that is “almost lex" (i.e., in the sense that b1 (0) is a subset of
the hypercube with a small edge-boundary [18]). This could
still lead to a proof of Conjecture 1, which was our initial
motivation.

APPENDIX A

RANDOMIZED BOOLEAN FUNCTIONS DO NOT
IMPROVE MUTUAL INFORMATION

As mentioned briefly in the introduction, it suffices to con-
sider deterministic functions when upper-bounding the quan-
tity 1(b(X™); Y™). Indeed, any randomized Boolean function b
can be written as b(Q, X ™), where b is a deterministic function
and Q is a random variable that is independent of X”. In this

case, we have
1(b(Q, X™): Y") < 1(b(Q, X"), Qs Y™) (71)

= 1(Q; Y") + 1(b(Q, X"); Y"|Q) (72)

IA

= 1(b(Q, X"); Y"|0). (73)
Thus, there must exist some ¢ such that
I1(B(Q, X" Y"|Q =q) = 1(B(Q,X"); Y™, (74

which establishes the claim that randomization does not help.

APPENDIX B

FURTHER COMMENTS ON EDGE-ISOPERIMETRY, THE
TAKAGI FUNCTION, AND H (b(X™)|Y")

The Takagi function is a simple construction of an
everywhere continuous, nowhere differentiable function [19].
Specifically, the Takagi function T(p) is defined on the unit
interval [0, 1] by

o]

2"
() = 22

n
n=0 2

(75)

where s(x) = min,,c7 |m — x| (i.e., the distance to the nearest
integer). In 2000, Guu [13] connected the Takagi function with
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the edge-isoperimetry problem mentioned in Section II-C.*
We recall his result in the following theorem.
Theorem 5 (From [13]):

) (K
min =T —
SCV(Qn):IS|=k 2" 2n

As we alluded to in Section II-C, H (b(X™)|Y") is related to
the edge-isoperimetric problem and, consequently, the Takagi
function. The relationship becomes most apparent in the lim-
iting case of & — 0, which is made precise by the following
theorem.

Theorem 6: For any Boolean function b, associate b= (0)
with the corresponding set of vertices in the n-dimensional
hypercube Q,. Let |0(b~'(0))| be the size of the edge bound-
ary of b=1(0) in Q,. Then

(76)

HeEMIY") _ 100~ 0)

o H@) 2 77)
~1

> 2T ('b 2,1(0”) (78)

- 21r(gz {b(x") =0} ) (79)

Moreover, the lower bound is attained with equality if b is lex.

In fact, it is known that [8(S)[27" = T (|S|27") only if §
coincides with an initial segment of the lexicographical order-
ing under an isomorphism of the hypercube Q,. Therefore,
we can infer from Theorem 6 that Conjecture 2 is valid for
sufficiently small a since those functions b which are not
equivalent to a lex function (in the same sense as above) will
not meet the lower bound (79) as a vanishes.

Remark 5: Before continuing to the proof, we remark that
information-theoretic techniques have been applied to proving
edge-isoperimetric inequalities in the past [21], [22]. How-
ever, it appears that those results are related to our prob-
lem only insofar as Harper’s edge-isoperimetric inequality is
related.

Theorem 6 follows immediately from Theorem 2, Theo-
rem 5, and the following lemma.

Lemma 5:

oy BreLf (2 (X" = 0[Y")] _ [0G:—(0)
H(a) - an

a—0

, (80)

where f(x) = xlog(1/x).
Proof: For convenience let & = 1 — . By definition, we
know that

PO =01y = D a®@Dan I g1
x"eb=1(0)

where d(x",y") is the Hamming distance between vec-
tors x" and y". Suppose aXa@® % is the largest term
in the sum (81) for a given y”, and put Ni(y") =
’{x”eb_l(O):d(x”,y”):k}‘. Then, for o near zero

4Takagi—like functions also appear in various other problems (see [20]).
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and k > 1,
F(ZbBX") =0ly")) (82)
= f (MOMata ™ + 0@Hh) (83)
— (Nk(yn)ak&n—k + O(ak+1)) (84)
x[log (Nk (y")ak&”*k) +log (1 + O(a))]
= — (MG™Mat + 0@ ) (85)

x[Klog(@) + log(Ni(:")) + 0(@) |

— kN (y")ak log(a) + O(ak) + O (ak“ log(a)) . (86)

Therefore,
f(Z2(BX") =0ly")
H(a)
_ —kNy(y"a* log(a) + 0(a*) + O (a1 log(a)) o7
N —alog(a) + o(a log(a)) (87)
- [N1 0" ifk=1 (88)
0 if k > 1.

On the other hand, if k = 0, then y” € b~(0), and No(y")=1.
In this case,

(2 BX") =0y")) = f(@" + O(a)) (89)
= f(1+ O(a)) (90)
= —(14 0(a))log(l + O(a)) (91)
— 0(a) (92)
=00, 93)

Since Z{Y" = y"} = 27" for all y" € {0, 1}", we can
conclude that

Eyr[f(Z {b(X™) =0[Y"D] _ [0~ (0))]

li 94
a0 H () 2 ©4
as claimed. O

Remark 6: Using a Taylor series expansion similar to the
proof above, it is possible to prove that Conjecture 1 holds
as a — 1/2. However, since this setting does not exhibit
the nice connection to the edge-isoperimetric inequality that
occurs when oo — 0, we omit the details.

APPENDIX C
ENUMERATING THE FUNCTIONS IN S,

Recall from Corollary 1 that S, denotes the set of Boolean
functions on n inputs for which 5~1(0) is Z-compressed for
all Z of cardinality 2. Suppose b : Q,11 — Q, and define the
functions bg : Q, — Q and b : Q, — Q by

bo(x"") = b(0, x")
bi(x™") = b(1,x")

95)
(96)
for all x" € Q,. By definition, b € S,4+; if, and only
if, by € S,, by € S,, and b’l(O) is {1, j}-compressed
for all j € {2,3,...,n + 1}. Therefore, given S,, we can
enumerate all functions in S, 1 in O(n2"~!|S,|?) time since,
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for b : Quy1 — Q, we can naively test whether b~'(0)
is {1, j}-compressed in O(2"~!) time. With this observation
in mind, it is a routine exercise to recursively enumerate the
functions in S, for modest values of n.

APPENDIX D
HOLDER CONTINUITY OF T (p)

Let f(x) = xlog(l/x). Suppose p € [0,1] is a dyadic
rational (i.e., p = k27" for some nonnegative integers k, ).
Recall our definition T,(p) £ Ey» f(Z2(b(X") = 0|Y")),
where b {0,1}" — {0,1} is a lex function satisfying
P{b(X") = 0} = p. Note that if k is even, then b does
not depend on its input bit x,. Therefore, by induction, 7y, (p)
is well-defined for all dyadic rationals p € [0, 1]. As we
show shortly, Ty, (p) is continuous, and therefore has a unique
continuous extension to the interval [0, 1]. In order to do so,
we require the following lemma:

Lemma 6: For x,y € [0, 1],

lxlog(x) — ylog(y)| < 2v/|x — yl.

Proof: Assume without loss of generality that x < y.
It is convenient to express y = x + J, where 0 > 0. Now, note
that

2 (xlog(x) — (x + &) log(x + ) = log (x_i 5) =0

o7)

and hence |x log(x) — (x 4+J) log(x 4+ J)| attains it’s maximum
when x = 0 or x = 1 — ¢. Thus, we can conclude that

Ixlog(x) — (x + 0) log(x + 9)|

1
< max Iélog 5 (1= 0)log ] <2v6.  (98)

1-96
O
Lemma 7: T,(p) is Holder continuous. Specifically,
1To(x) = Ta(¥)| < 2v/1x — yl. 99)

Proof: We will prove the claim when x,y are dyadic
rationals. Since dyadic rationals are dense, Holder continuity
of the same order carries over immediately to the continuous
extension of T, on the interval [0, 1]. To this end, let x, y
be dyadic rationals with x > y, and let b, and b, be lex
functions on {0, 1} which satisfy x = Z{b,(X") = 0} and
y = Z{by(X") = 0}. Then

|To (x) = To(y)]
[Evo[ 125X = 07" ) = £ (2 (b, (") = 07D |

< Epo| f(2(b2(X") = 01Y")) = f(P{by(X") = 0[Y"))|
< Eyi2,/2(bo(X") = 0]Y") — P{by(X") = 0]Y")
< 2, fEn [ 21,00 = 01y - 216, x0) = 01y

2,/ PUbx(X7) = 0) — P{by(X") =0}

= 2\/|x —y|.

In the above,
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o the first inequality from the triangle inequality,
« the second inequality follows from Lemma 6 and the fact
that 2{b,(X") = 0|Y"} > Z{b,(Y") = 0|Y"} since
x >y implies b;l(O) C b;'(0), and
« the third inequality follows by concavity of \/x for x > 0.
0
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