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Abstract. Let k ∈ Z+ and (X,B(X), µ) be a probability space equipped with a fam-
ily of commuting invertible measure-preserving transformations T1, . . . , Tk : X → X. Let
P1, . . . , Pk ∈ Z[n] be polynomials with integer coefficients and distinct degrees. We establish
pointwise almost everywhere convergence of the multilinear polynomial ergodic averages
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as N → ∞ for any functions f1, . . . , fk ∈ L∞(X). Besides a couple of results in the bilinear
setting k = 2, and then only in the single transformation case T1 = T2, this is the first
pointwise result for general polynomial multilinear ergodic averages in arbitrary measure-
preserving systems. This answers a question of Bergelson from 1996 in the affirmative for
any polynomials with distinct degrees, and makes progress on the Furstenberg–Bergelson–
Leibman conjecture.

In this paper, we build a versatile multilinear circle method by developing the Ionescu–
Wainger multiplier theorem for the set of canonical fractions, which gives a positive answer
to a question of Ionescu and Wainger from 2005. We also establish multilinear Lp-improving
bounds and an inverse theorem in higher order Fourier analysis for averages over polynomial
corner configurations, which we use to establish a multilinear analogue of Weyl’s inequality
and its real counterpart, a Sobolev smoothing estimate.
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1. Introduction

1.1. A brief history. A fundamental problem in ergodic theory is to understand the con-
vergence, both in norm and pointwise almost everywhere, of multilinear polynomial ergodic
averages. This line of inquiry started in the early 1930s with von Neumann’s mean ergodic
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theorem [78] and Birkhoff’s pointwise ergodic theorem [11]. Significant advances, which we
will summarize shortly, have been made in this area of research over the last century.

In 1996, Bergelson [6, Question 9] formulated the following question.

Question 1.1 (Bergelson, 1996). Let k ∈ Z+ and (X,B(X), µ) be a probability space en-
dowed with a family of commuting invertible measure-preserving transformations T1, . . . , Tk :
X → X. Let P1, . . . , Pk ∈ Z[n] be any polynomials with integer coefficients. Is it true that
for any functions f1, . . . , fk ∈ L∞(X) the multilinear polynomial ergodic averages

AP1,...,Pk
N ;X,T1,...,Tk

(f1, . . . , fk)(x) := En∈[N ]

∏
i∈[k]

fi
(
T
Pi(n)
i x

)
, x ∈ X, (1.2)

converge pointwise almost everywhere on X with respect to µ as N → ∞?

Here and throughout the paper we use the notation [N ] := (0, N ]∩Z for any real number
N ≥ 1 and Ey∈Y f(y) := 1

#Y

∑
y∈Y f(y) for any finite set Y ̸= ∅ and any function f : Y → C.

One of the main results of this paper is the following theorem.

Theorem 1.3. The answer to Question 1.1 is yes for any k ∈ Z+ and any polynomials
P1, . . . , Pk ∈ Z[n] with distinct degrees.

In order to understand the origins of Bergelson’s question, one has to go back to 1977,
when Furstenberg [36] gave an ergodic theoretic proof of Szemerédi’s theorem [89], which
asserts that every subset of the integers with positive upper density must contain arbitrarily
long arithmetic progressions. In Furstenberg’s approach [36], multilinear averages of the
form (1.2) with P1(n) = n, . . . , Pk(n) = kn and T1 = · · · = Tk served as a natural tool to
detect recurrent points and, consequently, arithmetic progressions in subsets of integers with
positive upper density. This gave rise to a new field now known as ergodic Ramsey theory.

Not long afterwards, Bergelson had the great insight to initiate a challenging program
with the goal of establishing a polynomial extension of Szemerédi’s theorem by studying the
asymptotic behavior of the corresponding multilinear polynomial ergodic averages. This led
to his foundational paper [5] on weakly mixing PET (polynomial ergodic theorem), in which
the van der Corput differencing technique was cemented as one of the primary tools in the
field and was used to establish L2(X) norm convergence of multilinear averages (1.2) to the
product of integrals

∫
X f1 · · ·

∫
X fk provided that T1 = · · · = Tk = T is a weakly mixing

measure-preserving transformation on X and P1, . . . , Pk are pairwise essentially distinct,
i.e., Pi − Pj is nonconstant whenever i ̸= j.

Almost two decades after Furstenberg’s paper [36], Bergelson and Leibman [8] achieved the
main goal of Bergelson’s program by establishing (among other results — see the discussion
below Conjecture 1.15 and inequality (1.17)) the following far-reaching polynomial extension
of the classical Poincaré recurrence theorem and the multidimensional Szemerédi theorem
of Furstenberg and Katznelson [39].

Theorem 1.4 (The Bergelson–Leibman polynomial Szemerédi theorem, 1996). Let k ∈
Z+ and (X,B(X), µ) be a probability space endowed with a family of commuting invertible
measure-preserving transformations T1, . . . , Tk :
X → X. Let P1, . . . , Pk ∈ Z[n] be polynomials with vanishing constant terms. Then, for any
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A ∈ B(X) satisfying µ(A) > 0, one has

lim inf
N→∞

En∈[N ]µ
(
T
−P1(n)
1 (A) ∩ · · · ∩ T−Pk(n)

k (A)
)
> 0. (1.5)

Theorem 1.4 is merely a special case of a more general multidimensional polynomial
Szemerédi theorem by Bergelson and Leibman [8], which is formulated in (1.17) below. This
theorem sparked interest in understanding the asymptotic behavior of multilinear polynomial
ergodic averages (1.2) as N → ∞; see Conjecture 1.15 and inequality (1.17). Therefore,
Theorem 1.3 naturally contributes to Bergelson’s program of understanding the asymptotic
behavior of multilinear polynomial ergodic averages.

1.2. Norm convergence. Bergelson’s Question 1.1 was initially about the convergence of
(1.2) in both the L2(X) norm and pointwise almost everywhere. Nowadays, the L2(X)
norm convergence of (1.2) is fairly well understood due to groundbreaking work of Walsh
[95]. Prior to Walsh’s work, there was an extensive body of research towards establishing
L2(X) norm convergence for (1.2) in the single transformation case T1 = · · · = Tk = T . This
includes fundamental work for linear polynomials due to Host and Kra [51] and, indepen-
dently, Ziegler [98]. We also refer to Leibman’s appendix in [7] where the constructions of
characteristic factors from the papers by Host and Kra [51] and Ziegler [98] are compared
and shown to be equivalent. The case of general polynomials was addressed in work by
Leibman [67], as well as by Frantzikinakis and Kra [33], and Host and Kra [50]. In the
single transformation case, in contrast to Walsh’s paper [95], one can identify the limit-
ing function in (1.2) thanks to the theory of Host–Kra factors [51] and equidistribution on
nilmanifolds [67]. For instance, the limit in the single transformation case for linearly inde-
pendent polynomials was established in [33] (see also [34, 50]), whereas the cases for three
polynomials or multiples of one polynomial were addressed in [31]. We also refer to [32],
where precise references and additional information on this topic can be found.

The case of arbitrary commuting measure-preserving transformations is much more com-
plicated and for linear polynomials was subsequently studied by Tao [90], Austin [3], and
Host [49]. In [23], Chu, Frantzikinakis, and Host established L2(X) norm convergence for
averages of the form (1.2) when the polynomials have distinct degrees. Finally, Walsh [95]
established norm convergence of (1.2) in the general case, even handling noncommutative
transformations T1, . . . , Tk generating a nilpotent group. For more on this topic, we refer
the interested reader to the discussion below Conjecture 1.15, as well as the articles [2, 99]
for alternative proofs and generalizations of Walsh’s result and the survey articles [6, 7, 32]
that include comprehensive historical background and an extensive literature on the subject
of norm convergence and its combinatorial applications.

Although Walsh’s result establishes L2(X) norm convergence for (1.2), the question of
identifying the limit for arbitrary transformations and polynomials remains widely unan-
swered, save the case of a single transformation and linear polynomials [51, 98] or a single
transformation and linearly independent polynomials [33, 34, 50, 31].

Identifying the limit for general polynomial ergodic averages is a well-known open problem
in ergodic theory, even in the linear case. The L2(X) limit for (1.2) in the case of commuting
transformations and linearly independent polynomials has very recently been identified in a
breakthrough paper by Frantzikinakis and Kuca [35]. They proved the following.
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Theorem 1.6 (Frantzikinakis–Kuca, 2022). Let k ∈ Z+ and (X,B(X), µ) be a probability
space endowed with a family of commuting invertible measure-preserving transformations
T1, . . . , Tk : X → X. Let P1, . . . , Pk ∈ Z[n] be linearly independent polynomials. Then the
rational Kronecker factor is characteristic for the averages (1.2). In particular, if T1, . . . , Tk
are totally ergodic, i.e., Tn

i is ergodic for any n ∈ Z+ and i ∈ [k], then we have

lim
N→∞

∥∥∥∥AP1,...,Pk
N ;X,T1,...,Tk

(f1, . . . , fk) −
∏
i∈[k]

∫
X
fi(y)dµ(y)

∥∥∥∥
L2(X)

= 0 (1.7)

for any f1, . . . , fk ∈ L∞(X).

Combining (1.7) with our Theorem 1.3 shows that the time averages (1.2) also converge
pointwise almost everywhere to the product of space averages for totally ergodic transfor-
mations. More precisely, we have the following corollary.

Corollary 1.8. Let k ∈ Z+ and (X,B(X), µ) be a probability space endowed with a family
of commuting invertible measure-preserving transformations T1, . . . , Tk : X → X that are
totally ergodic. Let P1, . . . , Pk ∈ Z[n] be polynomials with distinct degrees. Then we have

lim
N→∞

AP1,...,Pk
N ;X,T1,...,Tk

(f1, . . . , fk)(x) =
∏
i∈[k]

∫
X
fi(y)dµ(y)

for any f1, . . . , fk ∈ L∞(X) and for almost every x ∈ X.

As we have seen in the brief overview above, there has been more than four decades of
tremendous effort from both the ergodic and combinatorial perspectives to understand the
asymptotic nature of multilinear polynomial ergodic averages (1.2) in the L2(X) norm.

1.3. Pointwise convergence. The state of knowledge is dramatically worse for pointwise
almost everywhere convergence of multilinear polynomial ergodic averages. The phenome-
non of pointwise convergence, while the most natural mode of convergence, is very subtle and
can differ significantly from norm convergence, making the study of pointwise convergence
problems quite challenging. To begin to see the differences, let us consider the so-called uni-
form averages, which are given by (1.2) with shifted averages En∈[N ]\[M ] := 1

N−M

∑N
n=M+1

in place of the ordinary averages En∈[N ] := 1
N

∑N
n=1. These two averages coincide for M = 0.

The asymptotic behavior of uniform averages in the L2(X) norm is pivotal in combinatorial
applications; we refer to [6, 7, 18] for comprehensive motivations and an extensive literature.

By the dominated convergence theorem, the pointwise almost everywhere convergence

of the uniform averages En∈[N ]\[M ]

∏
i∈[k] fi

(
T
Pi(n)
i x

)
as N −M → ∞ implies their norm

convergence for all f1, . . . , fk ∈ L∞(X) on a probability space (X,B(X), µ). Interestingly,
pointwise almost everywhere convergence for uniform averages can fail, even for linear av-
erages, as shown by del Junco and Rosenblatt [59]. This stands in sharp contrast to L2(X)
norm convergence of uniform averages, which, for instance, follows from Zorin-Kranich’s
paper [99] in a very general setting.

However, returning to the averages in (1.2), as indicated in Bergelson’s question (see also
Conjecture 1.15 below), it is conjectured that pointwise convergence holds, highlighting a
significant distinction between ordinary averages En∈[N ] and uniform averages En∈[N ]\[M ].
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Pointwise almost everywhere convergence has only been established for a few special cases

of averages AP1,...,Pk
N ;X,T1,...,Tk

(f1, . . . , fk) = En∈[N ]

∏
i∈[k] fi

(
T
Pi(n)
i x

)
.

1. The case k = 1 with P1(n) = n corresponds to the classical Birkhoff ergodic theorem
[11].

2. The case k = 1 with an arbitrary polynomial P1 ∈ Z[n] was an open problem of Bel-
low [4] and Furstenberg [38], and was solved by Bourgain in a series of fundamental
papers [12, 13, 14] in the late 1980s.

3. Soon afterwards, Bourgain [15] also proved pointwise almost everywhere convergence
in the bilinear setting when k = 2 with T1 = T2, P1(n) = an, and P2(n) = bn for
any a, b ∈ Z, providing a positive answer to a question of Furstenberg [37].

4. Recently, the second author along with Krause and Tao [62] established pointwise
almost everywhere convergence when k = 2 with T1 = T2, P1(n) = n, and an
arbitrary polynomial P2 ∈ Z[n] of degree at least two. Throughout the paper, we
will call

En∈[N ]f1(T
nx)f2(T

P2(n)x)

the Furstenberg–Weiss averages, even though Furstenberg and Weiss studied L2(X)
norm convergence of such averages in [40] only for quadratic polynomials P2.

5. Pointwise convergence of multilinear polynomial averages was established for some
special classes of measure-preserving systems, such as exact endomorphisms and K-
automorphisms [25] and nilsystems [68]. The context of commuting transformations
along linear orbits for distal systems was studied in [53] and [29].

Aside from these results, nothing further is known about pointwise almost everywhere
convergence for multilinear polynomial averages (1.2) in general measure-preserving systems.

Our paper forges new ground on three fronts: we treat averages with an arbitrary degree
of multilinearity k, with any commuting transformations, and with all polynomials allowed
to be nonlinear. All prior work in general measure-preserving systems treated only the
linear or bilinear case k ≤ 2, a single transformation, and at most one nonlinear polyno-
mial. We obtain, for example, the first pointwise almost everywhere convergence result for
averages with commuting transformations S, T : X → X corresponding to the “sqorners”
configuration

En∈[N ]f1(S
nx)f2(T

n2
x), x ∈ X, (1.9)

recently considered by the third author along with Prendiville and Shao [83]. The methods
used in our paper are robust enough to suggest that we can handle more general classes
of ergodic averages than those considered here. We will elaborate on this later in the
introduction, when we describe the multilinear circle method that we develop in this article.

1.4. Statement of the main results. Throughout this paper, the triple (X,B(X), µ)
denotes a σ-finite measure space and K denotes either Z or R. Correspondingly, K[n] denotes
the space of all formal polynomials P (n) with coefficients and indeterminate n in K. Each
polynomial P ∈ K[n] is always identified with a map K ∋ n 7→ P (n) ∈ K.

Let k ∈ Z+. Given a family T = {T1, . . . , Tk} of invertible commuting measure-preserving
transformations on X, complex-valued measurable functions f1, . . . , fk on X, a family of
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polynomials P = {P1, . . . , Pk} ⊂ Z[n], and a real number N ≥ 1, we define, as in (1.2), the
corresponding multilinear polynomial ergodic average by

AP
N ;X,T (f1, . . . , fk)(x) := En∈[N ]

∏
i∈[k]

fi
(
T
Pi(n)
i x

)
, x ∈ X, (1.10)

and its truncated version by

ÃP
N ;X,T (f1, . . . , fk)(x) := En∈[N ]\[N/2]

∏
i∈[k]

fi
(
T
Pi(n)
i x

)
, x ∈ X. (1.11)

We will often abbreviate AP
N ;X,T to AP

N ;X and ÃP
N ;X,T to ÃP

N ;X when the transformations
are understood. Depending on how explicit we want to be, in some instances, we will write
out the averages

AP
N ;X = AP1,...,Pk

N ;X or AP
N ;X,T = AP1,...,Pk

N ;X,T1,...,Tk
,

ÃP
N ;X = ÃP1,...,Pk

N ;X or ÃP
N ;X,T = ÃP1,...,Pk

N ;X,T1,...,Tk
.

Using the asymptotic notation from Section 2 and the definition of r-variational norm
Vr from (2.9), we now state the main result of this article, i.e., the following quantitative
ergodic theorem that implies Theorem 1.3 and, consequently, gives an affirmative answer to
Bergelson’s Question 1.1 for polynomials with distinct degrees.

Theorem 1.12. Let k ∈ Z+ and (X,B(X), µ) be a σ-finite measure space equipped with
a family T of invertible measure-preserving transformations T1, . . . , Tk : X → X. Suppose
that P = {P1, . . . , Pk} ⊂ Z[n] is a family of polynomials with distinct degrees. Let fi ∈
Lpi(X) for i ∈ [k] and some 1 < p1, . . . , pk < ∞ such that 1

p1
+ · · · + 1

pk
= 1

p ≤ 1, and let

AP
N ;X,T (f1, . . . , fk) be the averages defined in (1.10). Then the following statements hold.

(i) (Mean ergodic theorem) The functions AP
N ;X,T (f1, . . . , fk) converge in the Lp(X)

norm as N → ∞.
(ii) (Pointwise ergodic theorem) The functions AP

N ;X,T (f1, . . . , fk) converge pointwise al-
most everywhere as N → ∞.

(iii) (Maximal ergodic theorem) One has∥∥∥∥ sup
N∈Z+

∣∣AP
N ;X,T (f1, . . . , fk)

∣∣ ∥∥∥∥
Lp(X)

≲
∏
i∈[k]

∥fi∥Lpi (X). (1.13)

(iv) (Variational ergodic theorem) Fix r > 2 and λ > 1. Then one has∥∥Vr
(
AP

N ;X,T (f1, . . . , fk) : N ∈ D
)∥∥

Lp(X)
≲
∏
i∈[k]

∥fi∥Lpi (X) (1.14)

if D = {λn : n ∈ N} ⊂ [1,+∞) is λ-lacunary, i.e., infn∈N
λn+1

λn
≥ λ.

The same results hold with the truncated averages ÃP
N ;X,T in place of AP

N ;X,T .

We now give some remarks about Theorem 1.12 and its consequences.

1. On a probability space, bounded functions are Lp functions and so the conclusion
from part (ii) implies Theorem 1.3.
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2. When k = 1 and P1(n) = n, parts (i)–(iii) follow from works of von Neumann
[78], Birkhoff [11], and Hopf [48]. It is also known that the maximal function is of
weak-type (1, 1), which can be derived from the corresponding bounds for the Hardy–
Littlewood maximal function [87] by using the Calderón transference principle [19].
Part (iv) follows from [57], and weak-type (1, 1) estimates also hold.

3. When k = 1 and P1 ∈ Z[n] is arbitrary, part (i) was established by Furstenberg [37],
parts (ii) and (iii) were established by Bourgain [12, 13, 14], and part (iv) follows,
for instance, from [75]. Here, if degP1 ≥ 2, then pointwise almost everywhere
convergence may fail for p1 = 1, as was shown in [18, 66].

4. When k = 2, P1(n) = an and P2(n) = bn with a, b ∈ Z, and T1 = T2, part (i) was
established by Furstenberg [37] and part (ii) for bounded functions on a probability
space was established by Bourgain [15]. Part (iii) follows from work of Lacey [65];
see also [24]. Finally, part (iv) was established by Do, Oberlin, and Palsson [27] for
large r > 2.

5. When k = 2, P1(n) = n and P2 ∈ Z[n] is arbitrary with degP2 ≥ 2, and T1 = T2, part
(i) was originally established by Furstenberg and Weiss [40] in the case P2(n) = n2,
whereas for general polynomials P2 ∈ Z[n] with degP2 ≥ 2, it follows from the papers
of Host and Kra [50] and Frantzikinakis and Kra [33]. Parts (ii)–(iv) were recently
established by the second author with Krause and Tao in [62].

6. The implicit constant in (1.14) is allowed to depend on the parameters p1, . . . , pk, r, λ
and on the polynomials P1, . . . , Pk.

7. If (1.14) is established for some r > 2 and, for example, the 2-lacunary set {2n :
n ∈ N}, then (1.13) holds for the same p1, . . . , pk with an implicit constant that
depends only on p1, . . . , pk, P1, . . . , Pk. The maximal inequality (1.13) also addresses
a question raised by Christ, Durcik, and Roos in [22, Section 6, Problem 4].

8. If (1.14) holds with some r > 2 for all λ > 1 and all λ-lacunary sets D ⊂ [1,+∞), then
the limit of the averages AP

N ;X,T (f1, . . . , fk)(x) exists for µ-almost every x ∈ X as D ∋
N → ∞. This, in turn, implies pointwise almost everywhere convergence by taking
the 21/s-lacunary set {2n/s : n ∈ N} for every s ∈ Z+; see [62, Proposition 3.2(i)].

9. Combining (1.13) with the pointwise almost everywhere convergence of the averages
AP

N ;X,T (f1, . . . , fk) and the dominated convergence theorem yields the norm con-

vergence, which was originally proven by Chu, Frantzikinakis, and Host [23], using
different methods.

10. Taking into account the last three items above, it suffices to establish inequality
(1.14). We can assume that N ≥ C0 for some fixed C0 ∈ Z+.

11. The condition r > 2 in Theorem 1.12 is necessary, as no variational estimate is
possible for r ≤ 2; see [62, Corollary 12.4]. Thus, the range in (1.14) is sharp.

12. We are also able to “break duality” in Theorem 1.12 by handling some ranges of
exponents 1 < p1, . . . , pk < ∞ such that 1

p1
+ · · · + 1

pk
= 1

p > 1, at the cost of

increasing r slightly in (1.14).

13. Estimates (1.13) and (1.14) imply the analogous estimates with ÃP
N ;X,T in place

of AP
N ;X,T and vice versa. This follows by a simple telescoping argument; see [62,

Proposition 3.2(iii)]. We will work with ÃP
N ;X,T to avoid some technicalities.
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14. In the proof of Theorem 1.12, we will use the Calderón transference principle [19],
which reduces the estimates (1.13) and (1.14) in abstract measure-preserving systems
(X,B(X), µ) to those for the integer shift system, which is σ-finite; see Example 1.18.
This is the reason why we formulate Theorem 1.12 for σ-finite measure spaces. How-
ever, from the point of view of applications in combinatorics or elsewhere, where
the statistical properties of the ergodic averages (1.10) for totally ergodic systems
matter, the general setting of σ-finite measure spaces is not interesting (since the
limits are zero when µ(X) = ∞) and only finite measure spaces are important.

15. A continuous analogue of the “sqorners” averages (1.9) was studied by Christ, Dur-
cik, Kovač, and Roos in [21] and pointwise convergence for these averages was es-
tablished. The key estimate is a Sobolev smoothing bound from an earlier paper of
Christ, Durcik, and Roos [22, Theorem 5], which is a special instance of our multilin-
ear Weyl inequality Theorem 6.1 in the real setting K = R. Theorem 6.1 establishes
this key smoothing inequality for general k-linear polynomial corner averages in the
distinct degree case. We also refer to a recent paper by Hsu and Yu-Hsiang Lin [52,
Proposition 1.2], which provides a short and elementary proof of the smoothing in-
equality from [22, Theorem 5]. In [22], Christ, Durcik, and Roos use their smoothing
inequality to prove maximal estimates and quantitative nonlinear Roth-type theo-
rems for sqorner configurations in R2. The same applications for distinct degree
polynomial corner configurations in Rk can be derived from our general smoothing
inequality Theorem 6.1.

1.5. The Furstenberg–Bergelson–Leibman conjecture. Both Theorem 1.3 and The-
orem 1.12 yield progress on the Furstenberg–Bergelson–Leibman conjecture, which asserts
the following.

Conjecture 1.15 (The Furstenberg–Bergelson–Leibman conjecture). Let d, k ∈ Z+ and
(X,B(X), µ) be a probability space equipped with a family of invertible measure-preserving
transformations T1, . . . , Td : X → X generating a nilpotent group. Consider any polynomials
P1,1, . . . , Pi,j , . . . , Pd,k ∈ Z[n] with integer coefficients. Then, for any functions f1, . . . , fk ∈
L∞(X), the multilinear polynomial ergodic averages

En∈[N ]

∏
j∈[k]

fj

(
T
P1,j(n)
1 · · ·TPd,j(n)

d x
)
, x ∈ X, (1.16)

converge pointwise almost everywhere as N → ∞.

We give a few remarks about Conjecture 1.15.

1. This conjecture is a very challenging problem in pointwise ergodic theory and modern
harmonic analysis. It had been promoted by Bergelson in [6, Question 9, p. 52] and in
[7, Section 6, p. 838], and in person by Furstenberg (see Austin’s article [2, p. 6662])
before it was published by Bergelson and Leibman [9, Section 5.5, p. 468].

2. Bergelson’s Question 1.1 is a special case of Conjecture 1.15. Indeed, if d = k,
Pj,j = Pj ∈ Z[n], Pi,j ≡ 0 whenever i ̸= j, and the transformations T1, . . . , Tk
commute, then the averages from (1.16) coincide with the averages in (1.2). Hence,
Theorem 1.3 constitutes progress on Conjecture 1.15 in the commutative case for
arbitrary polynomials with distinct degrees.
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3. The polynomial Szemerédi theorem of Bergelson and Leibman [8] was proved with
the averages (1.16) in place of (1.5) for invertible commuting measure-preserving
transformations T1, . . . , Td. To be more precise, if P1,1, . . . , Pi,j , . . . , Pd,k ∈ Z[n] are
polynomials with vanishing constant terms, then for any A ∈ B(X) satisfying µ(A) >
0, they show that

lim inf
N→∞

En∈[N ]µ

( ⋂
j∈[k]

T
−P1,j(n)
1 · · ·T−Pd,j(n)

d (A)

)
> 0. (1.17)

The most general polynomial Szemerédi theorem for commuting transformations
and IP-sets to date is due to Bergelson and McCutcheon [10]. We also refer to [18,
Theorem 6.13] for a variant of (1.17) with the uniform averages En∈[N ]\[M ] in place
of En∈[N ]. In [9], Bergelson and Leibman began the study of recurrence theorems in
the nilpotent setting, which triggered the formulation of Conjecture 1.15.

4. The Furstenberg–Bergelson–Leibman conjecture initially asked about convergence
for (1.16) both in L2(X) and pointwise almost everywhere. As mentioned previously,
Conjecture 1.15 in the context of L2(X) norm convergence for (1.16) was established
by Walsh [95]. Zorin-Kranich [99] also established L2(X) norm convergence for (1.16)
with the uniform averages En∈[N ]\[M ] in place of En∈[N ].

5. Bergelson and Leibman [9] showed that convergence for (1.16) may fail if T1, . . . , Td
generate a solvable group that is not nilpotent. This suggests that the nilpotent
setting is the appropriate one for this conjecture.

6. Conjecture 1.15 in a genuinely nilpotent (i.e., of step at least two) setting is widely
open, except one case. Recently, the second author along with Ionescu, Magyar, and
Szarek [54] proved this conjecture with d ∈ Z+ and k = 1 for arbitrary polynomi-
als P1,1, . . . , Pd,1 ∈ Z[n] and arbitrary invertible measure-preserving transformations
T1, . . . , Td on a σ-finite measure space (X,B(X), µ) that generate a nilpotent group
of step two; see also [55, 72] for some special cases of [54].

1.6. Reduction to the integer shift system. In pointwise convergence problems, the
most important dynamical system is the integer shift system.

Example 1.18. Consider the k-dimensional lattice (Zk,B(Zk), µZk), where B(Zk) is the σ-
algebra of all subsets of Zk and µZk is counting measure on Zk, equipped with the standard
family of shifts S1, . . . , Sk : Zk → Zk. More precisely, let Si(x) := x−ei for all x ∈ Zk, where

ei is the i-th standard basis vector for each i ∈ [k]. The average AP1,...,Pk
N ;X,T1,...,Tk

from (1.10)

with the family {S1, . . . , Sk} in place of {T1, . . . , Tk} can be rewritten as

AP1,...,Pk

N ;Zk (f1, . . . , fk)(x) = En∈[N ]

∏
i∈[k]

fi(x− Pi(n)ei), x ∈ Zk. (1.19)

Its truncated variant (1.11) takes the form

ÃP1,...,Pk

N ;Zk (f1, . . . , fk)(x) = En∈[N ]\[N/2]

∏
i∈[k]

fi(x− Pi(n)ei), x ∈ Zk. (1.20)

We will often abbreviate AP1,...,Pk

N ;Zk to AP
N ;Zk and ÃP1,...,Pk

N ;Zk to ÃP
N ;Zk .
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In view of the Calderón transference principle [19] (or, more precisely, following the ar-
gument from [62, Proposition 3.2(ii)] or [60, Theorem 1.6]), it will suffice to work with the
integer shift system and establish (1.14) with AP

N ;Zk in place of AP
N ;X,T . This will allow us

to utilize the algebraic structure of Zk and employ Fourier methods on Zk, which are not
available in abstract measure preserving systems in general.

The Calderón transference principle allows us to transfer the quantitative estimates (1.13)
and (1.14) from the integer shift system to corresponding estimates for AP

N ;X,T in abstract

measure-preserving systems (X,B(X), µ). We emphasize that the Calderón transference
principle [19] only transfers quantitative bounds that imply pointwise almost everywhere
convergence, but does not transfer pointwise almost everywhere convergence itself. In fact,
in the integer shift system, pointwise convergence is implied by norm convergence, since
the ℓ∞(Zk) norm is dominated by the ℓ2(Zk) norm. Hence, we will only be concerned with

proving quantitative bounds for AP
N ;Zk or ÃP

N ;Zk in the integer shift system, not pointwise

convergence on Zk. For technical reasons we will only work with the truncated averages
ÃP

N ;Zk .

After these reductions, our main result reads as follows.

Theorem 1.21. Let k ∈ Z+ and P = {P1, . . . , Pk} ⊂ Z[n] be a family of polynomials
with distinct degrees. Let fi ∈ ℓpi(Zk) for i ∈ [k] and some 1 < p1, . . . , pk < ∞ such that
1
p1

+ · · ·+ 1
pk

= 1
p ≤ 1, and let ÃP

N ;Zk(f1, . . . , fk) be the averages defined in (1.20). Fix r > 2

and λ > 1. Then one has∥∥∥Vr
(
ÃP

N ;Zk(f1, . . . , fk) : N ∈ D
)∥∥∥

ℓp(Zk)
≲
∏
i∈[k]

∥fi∥ℓpi (Zk), (1.22)

if D = {λn : n ∈ N} ⊂ [1,+∞) is λ-lacunary. The same result holds with the averages

AP
N ;Zk(f1, . . . , fk), defined in (1.19), in place of ÃP

N ;Zk(f1, . . . , fk).

Arguing as in [62, Proposition 3.2(ii)–(iii)], one sees that Theorem 1.21 implies Theo-
rem 1.12. Thus, it suffices to prove Theorem 1.21.

To establish the r-variational inequality in (1.22), we will develop a new robust method
that we call the multilinear circle method. This method can be viewed as a classical Hardy–
Littlewood–Ramanujan circle method in ℓp(Zk) spaces. A bilinear variant of the circle
method was recently developed by the second author with Krause and Tao [62] in the context

of pointwise convergence for the Furstenberg–Weiss averages En∈[N ]f1(T
nx)f2(T

P (n)x) for
any P ∈ Z[n] with degP ≥ 2. The arguments from [62] are limited to the Furstenberg–
Weiss averages. Here we can handle genuinely multilinear averages involving polynomials
with distinct degrees and arbitrary commuting transformations. Although the arguments in
this paper are inspired by those in [62], we will present a conceptually different approach to
overcome several new difficulties that arise in the more general setting. The key tools that
we develop to prove inequality (1.22) that make up our multilinear circle method are the
following.

1. An Ionescu–Wainger multiplier theorem for the set of canonical fractions; see The-
orem 3.3. This is a multifrequency multiplier theorem, which we prove in Section 3
for the set of canonical fractions (see (1.23) for their definition), giving a positive
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answer to a question of Ionescu and Wainger from [56, Remark 3, p. 361]. This new
tool will enable us to implement the circle method directly in ℓp(Zk) spaces.

2. An inverse theorem for averages over distinct degree polynomial corner configura-
tions; see Theorem 4.14. The inverse theorem is a powerful result in additive combi-
natorics, offering important structural information that reveals the minor and major
arc structure for the multilinear operators ÃP

N ;Zk(f1, . . . , fk). We prove it in Section 4

in both the integer and real settings, and it constitutes a joint generalization of an
inverse theorem of the third author [80] for averages over distinct degree polynomial
progressions and of the third author along with Prendiville and Shao [83] for averages
over the two-dimensional “sqorners” configuration (x1, x2), (x1 +n, x2), (x1, x2 +n2).

3. A multilinear ℓp(Zk)-improving inequality ; see Theorem 5.2. This is a new inequality
in the polynomial corners setting that will allow us to relax the ℓ∞(Zk) bounds that
arise in the inverse theorem to ℓp(Zk) bounds, and to handle genuinely multilinear
cases for k ≥ 3. We prove this inequality in Section 5 in both the integer and real
settings.

4. Multilinear Weyl and Sobolev smoothing inequalities; see Theorem 6.1. The multilin-
ear Weyl inequality (1.36) is a key tool to control the minor arc contribution in our
multilinear circle method. The multilinear Sobolev smoothing inequality will be used
to understand the major arc contribution. These inequalities are proved in Section 6,
and are sometimes referred to as smoothing estimates in the literature. A bilinear
Weyl inequality was recently proved in [62] as a consequence of the inverse theorem
of the third author [80]. However, the bounds obtained in [62] are logarithmic in
scale, which is insufficient for the methods in this paper. Here, we make quantita-
tive improvements to the bilinear estimates and derive a multilinear Weyl inequality
with polynomial bounds that are consistent with the bounds in the classical Weyl
inequality for exponential sums. This is possible thanks to our Ionescu–Wainger
multiplier theorem for the set of canonical fractions, inverse theorem for polynomial
corner configurations, and multilinear ℓp(Zk)-improving inequality.

Finally, in Section 7, we will use these tools to develop the multilinear circle method in
the context of Theorem 1.21. An important new feature of our argument is that we do not
require p-adic methods, which were employed in [62]. This answers a question of Magyar
[70], who asked whether the use of p-adic and adelic harmonic analysis is necessary in [62].

1.7. The multilinear circle method. The details of the multilinear circle method in the
context of Theorem 1.21 will be presented in Section 7. We now briefly describe its key
features, starting with a few basic concepts from the classical circle method.

1.7.1. A first glimpse of the circle method. The use of the classical circle method to attack
pointwise convergence problems for linear ergodic averages with polynomial orbits originates
in Bourgain’s papers [12, 13, 14], and can be summarized as follows:

(a) To control the minor arc contribution, we apply Plancherel’s theorem and Weyl’s
inequality for exponential sums.

(b) To control the major arc contribution, we use multifrequency harmonic analysis in
the spirit of the Ionescu–Wainger multiplier theorem; see Theorem 3.3 and Theo-
rem 3.26.
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We now illustrate the ideas from (a) and (b) in the context of r-variational estimates
(1.22) in the linear case k = 1 for finitely supported f ∈ ℓ2(Z). This will highlight the
differences between the classical circle method and the multilinear circle method.

Let P ∈ Z[n] be a polynomial of degree d ≥ 2. For the sake of discussion we will work
with AP

N ;Z instead of its truncation. Using the Fourier transform, we note that

FZA
P
N ;Z(f)(ξ) = mN (ξ)FZf(ξ), ξ ∈ T,

where the multiplier mN is the exponential sum

mN (ξ) := En∈[N ]e(ξP (n)).

The classical circle method can be used to understand the nature of the multiplier mN . This
will require the concepts of canonical fractions and their corresponding major arcs. Given
N1, N2 ∈ R+, we define the set of canonical fractions by

R≤N1
:=

{
a

q
∈ Q/Z : q ∈ [N1] and gcd(a, q) = 1

}
, (1.23)

where a
q represents the equivalence class a

q + Z, and the corresponding set of major arcs by

M≤N2(R≤N1) :=
⋃

θ∈R≤N1

[θ −N2, θ +N2].

The set of minor arcs is then defined as the complement of the set of major arcs in T. We
formulate Weyl’s estimate for the multiplier mN (ξ) as follows: for every C ∈ R+ there exists
a small constant c ∈ (0, 1) such that we have

ξ ∈ T \M≤N−dδ−C (R≤δ−C ) =⇒ |mN (ξ)| ≤ c−1(δc +N−c) (1.24)

for all N ≥ 1 and δ ∈ (0, 1]. In fact, (1.24) is the classical Weyl sum estimate for normalized
exponential sums; see, for example, [91, Exercise 1.1.21, p. 16].

If N ≥ 1 is sufficiently large in terms of δ, say N > 3δ−3C , then the intervals that comprise
the set of major arcs are narrow and disjoint in T. Taking a smooth even cutoff function
η : R → [0, 1] such that 1[−1/4,1/4] ≤ η ≤ 1(−1/2,1/2), we define for N1, N2 ∈ R+ the smooth

projection operators Π[≤ N1,≤ N2] : ℓ
2(Z) → ℓ2(Z) by setting

FZ (Π [≤ N1,≤ N2] f) (ξ) :=
∑

θ∈R≤N1

η
(
N−1

2 (ξ − θ)
)
FZf(ξ). (1.25)

These projections will be called the Ionescu–Wainger projections and will allow us to effec-
tively localize to the major arcs. Their boundedness properties will be extensively studied
in Section 3 in a more general context. By (1.25) and Plancherel’s theorem, the operator
Π[≤ δ−C ,≤ N−dδ−C ] is a contraction on ℓ2(Z) provided that the arcs in M≤N−dδ−C (R≤δ−C )

are disjoint. We also see that Π[≤ δ−C ,≤ N−dδ−C ] is bounded on ℓp(Z) for all p ∈ [1,∞],
since ∥∥∥Π

[
≤ δ−C ,≤ N−dδ−C

]
f
∥∥∥
ℓp(Z)

≲ #R≤δ−C∥f∥ℓp(Z) ≤ δ−2C∥f∥ℓp(Z). (1.26)

This bound is not very useful, but much better bounds will follow from the Ionescu–Wainger
multiplier theorem proved in Section 3; see Theorem 3.3.
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Taking δ = 41/CN−ε with ε ∈ (0, 1) sufficiently small, say εC < 1/4, and N sufficiently
large (so that, in particular, δ ≤ 1), we gain a negative power of N in (1.24) and this,
combined with Plancherel’s theorem, yields∥∥∥AP

N ;Z

(
f − Π

[
≤ NCε,≤ N−d+Cε

]
f
)∥∥∥

ℓ2(Z)
≲ N−cε∥f∥ℓ2(Z), (1.27)

since FZ(f − Π[≤ NCε,≤ N−d+Cε]f) vanishes on the major arcs

M≤N−d+Cε/4(R≤NCε) ⊇ M≤N−dδ−C (R≤δ−C ).

If we use (1.27) and the fact that N ∈ D, where D is lacunary, inequality (1.22) for k = 1
and p = 2 is reduced to proving the following inequality∥∥∥Vr

(
AP

N ;Z

(
Π
[
≤ NCε,≤ N−d+Cε

]
f
)

: N ∈ D
)∥∥∥

ℓ2(Z)
≲ ∥f∥ℓ2(Z). (1.28)

To estimate (1.28), we split Π[≤ NCε,≤ N−d+Cε] dyadically into pieces corresponding to
reduced fractions θ = a

q with q ≃ 2l. Then, for a major arc frequency ξ ∈ T such that

η(Nd−Cε(ξ− θ)) ̸= 0, we approximate mN (ξ) by a product G(θ)mN (ξ− θ) of arithmetic and
continuous symbols given by

G(θ) := En∈[q]e(θP (n)) for θ =
a

q
with q ≃ 2l,

and

mN (ξ) :=

∫ 1

0
e(ξP (Nt))dt for ξ ∈ T,

respectively. After a further factorization, the arithmetic part is summable over l ∈ N
because |G(θ)| ≲ q−c ≲ 2−cl, whereas the continuous part can be handled by Theorem 3.26.
This completes the outline of the proof of (1.28).

1.7.2. Weyl’s inequality in ℓp(Z) spaces and basic Ionescu–Wainger theory. The argument
presented above for estimating (1.22) when k = 1 and f ∈ ℓ2(Z) can be extended to f ∈ ℓp(Z)
for all p ∈ (1,∞). However, there are various challenges: for example, it is not clear how to
make use of Weyl’s inequality, as Plancherel’s theorem is not available in ℓp(Z) when p ̸= 2.
A way to overcome this difficulty is to proceed as follows:

(i) One works directly with the Ionescu–Wainger projections from (1.25), as they are
bounded on ℓp(Z) for p ∈ (1,∞) and localized to the major arcs.

(ii) Instead of working with the exponential sum mN itself, one works with the corre-
sponding averaging operator AP

N ;Z.

The ℓp(Z) norms of the Ionescu–Wainger projections Π[≤ δ−C ,≤ N−dδ−C ] have reason-
ably good growth in terms of the size of the set of canonical fractions R≤δ−C due to our
Ionescu–Wainger multiplier theorem. Namely, for any p ∈ (1,∞) and ρ ∈ (0, 1), whenever

N > Cpδ
−Cp (1.29)

for some large Cp ∈ R+, it follows from Theorem 3.3 that∥∥∥Π
[
≤ δ−C ,≤ N−dδ−C

]
f
∥∥∥
ℓp(Z)

≲p,ρ δ
−Cρ∥f∥ℓp(Z). (1.30)
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This bound represents a significant quantitative improvement compared to (1.26) and will
be proved in Section 3 as a part of our Ionescu–Wainger multifrequency multiplier theory.

Below are a few comments about this inequality.

1. In an impactful and influential paper, Ionescu and Wainger [56] established a deep
multiplier theorem for the set of so-called Ionescu–Wainger fractions (see (1.31)
below for their definition), in order to establish ℓp(Zk) bounds for discrete singular
integral Radon transforms. The Ionescu–Wainger multiplier theorem quickly became
the main tool in the study of discrete analogues in harmonic analysis [73, 75].

2. The set of Ionescu–Wainger fractions is defined as

R̃≤N :=

{
a

q
∈ Q/Z : q ∈ P≤N and gcd(a, q) = 1

}
, (1.31)

where P≤N is a subtle set of natural numbers with certain prime power factorizations.
In particular, the original Ionescu–Wainger theory [56] implies inequality (1.30), as
well as the conclusion of Theorem 3.3, for the projections defined as in (1.25), with

the set of Ionescu–Wainger fractions R̃≤δ−C in place of the set of canonical fractions
R≤δ−C , provided that, instead of condition (1.29), we assume that

logN ≳ δ−Cγ (1.32)

holds for some arbitrarily small γ ∈ (0, 1).
3. Ionescu–Wainger theory [56] was originally developed for scalar-valued multipliers.

An important aspect of the theory was that the ℓp(Z) norm of the Ionescu–Wainger

multipliers corresponding to the set of Ionescu–Wainger fractions R̃≤δ−C was con-

trolled by a multiple of log(δ−C + 1)D, where D := ⌊2γ−1⌋ + 1. The proof in [56]
is based on an intricate inductive argument that takes advantage of superorthogo-
nality phenomena. A slightly different proof with the factor log(δ−C + 1) in place
of log(δ−C + 1)D was given in [73]. The latter proof relied on certain recursive
arguments instead of the induction used in [56]. This approach helped clarify the
role of the underlying square functions and orthogonalities; see also [75, Section 2].
Ionescu–Wainger theory, among other topics, was discussed by Pierce [84] in the
context of superorthogonality phenomena. Finally, we refer the reader to the recent
paper of Tao [92], where a uniform bound in place of log(δ−C + 1) was obtained.

4. The central question about Ionescu–Wainger theory for the set of canonical fractions
from (1.23) had remained unanswered since it was first formulated in [56, Remark 3,
p. 361]. In Section 3, the question is answered affirmatively.

For any p ∈ (1,∞) and ρ ∈ (0, 1), if N > Cpδ
−Cp , then (1.30) implies∥∥∥AP

N ;Z

(
f − Π

[
≤ δ−C ,≤ N−dδ−C

]
f
)∥∥∥

ℓp(Z)
≲p,ρ δ

−Cρ∥f∥ℓp(Z). (1.33)

For p = 2, by Plancherel’s theorem and (1.24), we have the stronger bound∥∥∥AP
N ;Z

(
f − Π

[
≤ δ−C ,≤ N−dδ−C

]
f
)∥∥∥

ℓ2(Z)
≲ (δc +N−c)∥f∥ℓ2(Z). (1.34)
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Thus, for any p ∈ (1,∞), by interpolating (1.33) and (1.34), we obtain that there exist

constants C ′
p ∈ Z+ and cp ∈ (0, 1) such that if N > C ′

pδ
−C′

p , then∥∥∥AP
N ;Z

(
f − Π

[
≤ δ−C ,≤ N−dδ−C

]
f
)∥∥∥

ℓp(Z)
≲p (δcp +N−cp)∥f∥ℓp(Z). (1.35)

Hence, inequality (1.35) can be thought of as a generalization of Weyl’s inequality for expo-
nential sums (1.24) to ℓp(Z) spaces for all p ∈ (1,∞). Here, it is important that the bounds
in (1.35) are consistent with the bounds in the classical Weyl inequality for exponential sums
(1.24). An essential new tool that makes these estimates available is the Ionescu–Wainger
multiplier theorem for the set of canonical fractions. Thus, Ionescu–Wainger theory should
be understood as a tool that enables us to interpret exponential sum estimates in terms of
purely functional analytic language. This interpretation is very useful in the context of the
multilinear Weyl inequality stated in (1.36) below.

1.7.3. The multilinear Weyl inequality and the minor arc contribution. In the multilinear
setting (when k ≥ 2), Plancherel’s theorem and Weyl’s inequality (1.24) are no longer viable
to effectively control the contribution from the minor arcs. As a result, it is not possible to
implement the classical circle method as we discussed above.

However, in view of the discussion about the generalization of Weyl’s inequality to ℓp(Z)
spaces, it is natural to formulate the multilinear version using functional analysis. Namely,
we expect that if P = {P1, . . . , Pk} ⊂ Z[n] is such that the degrees di := degPi are distinct,
and if 1 < p1, . . . , pk < ∞ are such that 1

p1
+ · · · + 1

pk
= 1

p ≤ 1, then for each fixed C ∈ R+

the following holds with some small c ∈ (0, 1) possibly depending on k,P, p1, . . . , pk, p, C.
For every fi ∈ ℓpi(Zk) for all i ∈ [k] and for all N ≥ 1 and δ ∈ (0, 1], if fj ∈ ℓ2(Zk) ∩
ℓpj (Zk) for some j ∈ [k] and the j-th Fourier transform Fj,Zkfj vanishes on the major arcs

Mj

≤N−dj δ−C
(R≤δ−C ), then∥∥∥AP1,...,Pk

N ;Zk (f1, . . . , fk)
∥∥∥
ℓp(Zk)

≲ (δc +N−c)
∏
i∈[k]

∥fi∥ℓpi (Zk). (1.36)

Here, Fj,Zk and Mj

≤N−dj δ−C
(R≤δ−C ) denote, respectively, the Fourier transform and the set

of major arcs defined with respect to the j-th variable. Inequality (1.36) is a multilinear vari-
ant of inequality (1.35) and will be referred to as the multilinear Weyl inequality throughout
the paper. It will play a key role in facilitating our multilinear circle method, namely:

multilinear Weyl’s inequality ↭ control of the minor arc contribution.

The proof of inequality (1.36), as well as its real counterpart, the multilinear Sobolev
smoothing inequality, is given in Section 6; see Theorem 6.1.

We now describe the key components of our multilinear circle method in the context of
establishing Theorem 1.21. We begin by explaining how the multilinear Weyl inequality from
(1.36) controls the contribution from the minor arcs. If we take δ ≃ N−ε with ε ∈ (0, 1)
sufficiently small, say εC < 1/4, and N sufficiently large, then we gain a negative power of
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N in (1.36). Hence, if we split fi = f0i,N + f1i,N for each i ∈ [k], where

f0i,N := fi − Π
[
≤ NCε,≤ N−di+Cε

]
fi,

f1i,N := Π
[
≤ NCε,≤ N−di+Cε

]
fi,

then, in view of (1.36) and from the fact that N ∈ D, where D is lacunary, inequality (1.22)
is reduced to proving that∥∥∥Vr

(
AP1,...,Pk

N ;Zk

(
f11,N , . . . , f

1
k,N

)
: N ∈ D

)∥∥∥
ℓp(Zk)

≲
∏
i∈[k]

∥fi∥ℓpi (Zk), (1.37)

where f11,N , . . . , f
1
k,N are supported on major arcs. Here, in this informal discussion, we work

with the original average (1.19) instead of its truncation (1.20). The idea of the proof of
inequality (1.37) will be discussed momentarily.

Our multilinear Weyl inequality with polynomial bounds (1.36) is a new tool that we
will also use in the analysis of the major arc contribution. A bilinear Weyl inequality was
recently proved in [62] for the Furstenberg–Weiss averages as a consequence of an inverse
theorem of the third author [80]. Namely, under suitable assumptions, for some sufficiently

large C̃ ∈ Z+, we have∥∥En∈[N ]f1(x− n)f2(x− P (n))
∥∥
ℓp(Z) ≲ (δc + ⟨logN⟩−cC̃)

∏
i∈[2]

∥fi∥ℓpi (Z) (1.38)

for any polynomial P ∈ Z[n] with degree at least two. However, these bounds are logarithmic
in scale, and thus insufficient for the purpose of this paper. The logarithmic factor in the
inequality (1.38) is a result of applying Ionescu–Wainger theory with the Ionescu–Wainger
fractions (1.31). The construction of the Ionescu–Wainger fractions forces condition (1.32),
which subsequently leads to the presence of the logarithmic factor in (1.38). In our approach,
by applying Ionescu–Wainger theory with the set of canonical fractions (1.23) as developed in
Section 3, we can quantitatively improve the bilinear estimates from (1.38) and obtain a mul-
tilinear Weyl inequality with polynomial bounds in (1.36) that match the bounds from the
classical Weyl inequality for exponential sums (1.24). It is critical here that Ionescu–Wainger
theory with the set of canonical fractions holds under condition (1.29), which enables us to
obtain a negative power of N in (1.36).

Apart from Ionescu–Wainger theory for the set of canonical fractions, other essential
tools needed to derive (1.36) include an inverse theorem for averages over polynomial corner
configurations with polynomial bounds, and a multilinear ℓp(Zk)-improving inequality; see
Theorem 4.14 and Theorem 5.2, respectively. In order to prove inequality (1.36), we first
apply the inverse theorem, which reveals the major arc structure corresponding to the set of
canonical fractions. By combining this theorem with the Hahn–Banach separation theorem,
we can also reveal the major and minor arc structure for the adjoint operators corresponding

to AP1,...,Pk

N ;Zk (f1, . . . , fk). Next, we use our version of Ionescu–Wainger theory to maintain the

distinction between major and minor arcs and to preserve the polynomial bounds in terms of
δ obtained from the inverse theorem throughout this process. Finally, the ℓp(Zk)-improving
inequality is applied to relax the ℓ∞(Zk) bounds arising in the inverse theorem to ℓp(Zk)
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bounds that we need here. This ultimately implies the multilinear Weyl inequality with
polynomial bounds (1.36), as desired.

1.7.4. The inverse theorem for averages over polynomial corner configurations. In 2019, the
third author developed a new technique in higher order Fourier analysis that she used to
prove power-saving bounds in the finite field version of the polynomial Szemerédi theorem
for linearly independent polynomial progressions [79], answering a question of Bourgain and
Chang [16]. This method, now called degree lowering, was improved and adapted to the in-
teger setting by the third author and Prendiville [82], proving the first quantitative bounds
for the size of subsets of [N ] lacking nontrivial copies of the nonlinear Roth configuration
x, x + n, x + n2. The third author then extended this result to all distinct degree polyno-
mial progressions [80]. The key technical result of [80], from which quantitative bounds in
the polynomial Szemerédi theorem follow by a standard density increment iteration, is an
inverse theorem asserting that if averages of 1-bounded functions over fixed distinct degree
polynomial progressions are large, then the underlying 1-bounded functions must correlate
with functions whose Fourier transforms are supported on major arcs.

Theorem 1.39 (Peluse, 2020). Let k ∈ Z+ and P1, . . . , Pk ∈ Z[n] be polynomials with
vanishing constant terms and distinct degrees d1 := degP1 < · · · < dk := degPk. Then there
exist large constants C1, C2 ∈ Z+ such that the following holds. Assume that δ ∈ (0, 1] and
N ≥ C1δ

−C1. If f0, f1, . . . , fk ∈ ℓ∞(Z) are 1-bounded functions supported on [±O(Ndk)]
such that ∣∣∣∣〈f0,En∈[N ]

∏
i∈[k]

fi(x− Pi(n))

〉∣∣∣∣ ≥ δNdk ,

then, using the projections from (1.25), one has∣∣∣〈f1,Π[≤ C2δ
−C2 ,≤ C2δ

−C2N−d1 ]f1

〉∣∣∣ ≥ C−1
1 δC1Ndk .

When k = 2, one can obtain strong structural information about f0 and f2 from Theo-
rem 1.39; see [81] for details. This structural information was then used by the second author
along with Krause and Tao in [62] to prove their bilinear Weyl inequality for Furstenberg–
Weiss averages (1.38). When k > 2, the argument from [81] breaks down, and so structural
information cannot be deduced for f2, . . . , fk; see the discussion in the last section of [81].

In order to prove our multilinear Weyl inequality, we require an extension of Theorem 1.39
to higher dimensions that simultaneously produces strong structural information about each
function appearing in the average. Such an inverse theorem is proved in Section 4 in both the
integer and real settings; see Theorem 4.14. This inverse theorem simultaneously generalizes
work of the third author [80] proving Theorem 1.39 and of the third author along with
Prendiville and Shao proving an inverse theorem for averages over sqorners

(x1, x2), (x1 + n, x2), (x1, x2 + n2).

1.7.5. The multilinear ℓp(Zk)-improving inequality. In Section 5, we establish the following
multilinear ℓp(Zk)-improving inequality. For k ≥ 2 and j ∈ [k], there are exponents 1 < p <
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q < 2 and 1 < p1, . . . , pk <∞ satisfying 1
p1

+ · · ·+ 1
pk

= 1
p and pj = 2 such that the following

scale-invariant bound

∥AP
N ;Zk(f1, . . . , fk)∥ℓq(Zk) ≲P N

−D( 1
p
− 1

q
)
∏
i∈[k]

∥fi∥ℓpi (Zk) (1.40)

holds withD := d1+· · ·+dk. The bound (1.40) plays a key role in relaxing the ℓ∞(Zk) bounds
required to apply the inverse theorem to ℓp(Zk) bounds. It is essential that our multilinear
ℓp(Zk)-improving inequality is obtained without any ε-loss in the scale N . Otherwise, we
could not derive the multilinear Weyl inequality with polynomial bounds in (1.36).

Such improving bounds have a long history in the continuous setting (with R in place of
Z) but it is only recently that they were established in the integer setting and then only for
linear averages. In [62], the bounds (1.40) were needed for particular bilinear averages and
were deduced from the linear case of Han–Kovač–Lacey–Madrid–Yang in [47] by passing
to the dual operator. In the general case considered here, genuinely multilinear ℓp(Zk)-
improving estimates are needed, and it is no longer possible to reduce matters to the linear
case.

To prove (1.40) with no ε-loss, we marry Christ’s refinements method [20] (which has
proved very successful for Lp-improving estimates in the continuous setting; see [88], where
multilinear Lp improving bounds are established for Radon-like transforms), adapted to the
multilinear setting, with the Vinogradov mean value theorem [17, 96].

1.7.6. Major arcs contribution: paraproduct-type decomposition. The objective now is to
understand estimate (1.37). Our aim is to reduce (1.37) to estimates for certain model
operators, which will be more manageable. We may normalize each fi so that ∥fi∥ℓpi (Zk) = 1.
We proceed in two steps:

(i) We begin with trimming the size of denominators. This means that each function

f1i,N = Π[≤ NCε,≤ N−di+Cε]fi can be split into finitely many pieces f1,lii,N , where
each piece corresponds to projections onto major arcs centered at fractions in R≤NCε

whose denominators have size of order 2li for some li ∈ N such that 2li ≤ NCε. We
have seen a similar reduction in the linear case above.

(ii) Next, we perform a certain paraproduct decomposition of each f1,lii,N to match the
scales of the bumps in the definition of the Ionescu–Wainger projections. In other

words, we replace η(Ndi−Cε(ξ−θ)) in the definition of f1,lii,N by η(Ndi(ξ−θ)) for θ = a
q

with q ≃ 2li . This can be done by a simple telescoping argument, where we further

split f1,lii,N into finitely many highly oscillatory and nonoscillatory pieces f1,li,sii,N for

some si ∈ N such that 2si ≤ NCε. If si > 0, then f1,li,sii,N is highly oscillatory, which

means that its i-th Fourier transform is supported on an annulus of size Ndi2−si

centered at θ = a
q . Otherwise, if si = 0, then f1,li,0i,N is nonoscillatory and corresponds

to the bumps η(Ndi(ξ − θ)) for θ = a
q with q ≃ 2li .

This reduction is standard, and it was also performed in [62]. By using this decomposition,
inequality (1.37) will follow if we can show that, for all l1, s1, . . . , lk, sk ∈ N and for some
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c ∈ (0, 1), the following inequality holds∥∥∥Vr
(
AP1,...,Pk

N ;Zk

(
f1,l1,s11,N , . . . , f1,lk,skk,N

)
: N ∈ D

)∥∥∥
ℓp(Zk)

≲ 2−c(l+s), (1.41)

with l := max{li : i ∈ [k]} and s := max{si : i ∈ [k]}, where each fi is normalized so that

∥fi∥ℓpi (Zk) = 1 and f1,li,sii,N ≡ 0 if NCε < 2max{li,si}. Here our approach deviates significantly

from [62]. We distinguish two cases:

(i) the high frequency case s ≳ l;
(ii) the low frequency case l ≳ s.

By standard approximations on the major arcs, inequality (1.41) can be reduced to showing∥∥∥Vr
(
AP1,...,Pk

2u;Zk

(
f1,l1,s11,N , . . . , f1,lk,skk,N

)
: N ∈ D

)∥∥∥
ℓp(Zk)

≲ 2−c(l+s), (1.42)

where u := 100k(s+ 1) in the high frequency case, and u := 100k(l+ 1) in the low frequency

case. An important feature of this reduction is that the operator AP1,...,Pk

2u;Zk is independent of

the parameter N ∈ D.

1.7.7. The major arc contribution: high frequency case. In the high frequency case, the
multifrequency problem becomes, in fact, a single frequency problem. By using Taylor
expansions, we can separate the nonoscillatory pieces from the highly oscillatory pieces. The
nonoscillatory pieces are handled by a seminorm variant of the Ionescu–Wainger theorem;
see Theorem 3.26. This theorem is interesting in its own right, as it eliminates the need
to consider small and large scales as done previously. The highly oscillatory pieces are
controlled by the multilinear Sobolev smoothing inequality, which is a real variant of the
multilinear Weyl inequality. This inequality allows us to gain a negative power of 2s for the
highly oscillatory pieces, which yields the desired decay in (1.42) in the high frequency case
thanks to s ≳ l.

This is a novel aspect of our argument and shows that the Sobolev smoothing inequality
and the multilinear Weyl inequality, as well as the inverse theorem in both the integer and
real settings, should always be proved in tandem.

1.7.8. The major arc contribution: low frequency case. To control the low frequency case, we
will use a multiparameter norm interchanging inequality (7.64) combined with the multilin-
ear Weyl inequality (1.36). This is an important part of our argument, where the multilinear
Weyl inequality is also useful for controlling the contribution from the major arcs. Precisely,
it will allow us to gain a negative power of 2l, which yields the desired decay in (1.42) in the
low frequency case thanks to l ≳ s.

A multiparameter norm interchanging inequality, to a certain extent, linearizes maximal
functions in a way that makes it possible to apply, for instance, the multilinear Weyl in-
equality or similar tools. By a simple interpolation, we can assume that r = ∞ in (1.42)
and focus on maximal functions. Our approach, which relies on the multiparameter norm
interchanging inequality, also eliminates the need to consider small and large scales.

Finally, we highlight that our argument heavily depends on the polynomial bounds in
the multilinear Weyl inequality (1.36). In the bilinear case treated in [62], the parameter
u from (1.42) is exponential in l, while in our case it is linear. Furthermore, the Weyl
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inequality from [62] was proved with decay δc + ⟨logN⟩−cC̃ , which includes a logarithmic
term that requires u to be exponential in l. However, thanks to our improvement in the
Ionescu–Wainger theorem, our Weyl inequality holds with δc + N−c, allowing us to have a
linear dependence between l and u. This is crucial for handling the low frequency case and
arranging the sizes of supports in certain model operators in terms of u in such a way that
their contribution to the norm of these model operators becomes negligible compared to the
size of cl with c arising in (1.36). If u were exponential in l, then our method would not
work.

1.8. Final remarks and open problems. We have given an outline of the proof of in-
equality (1.22), discussing the crucial tools and steps of our multilinear circle method. We
wrap up the introduction by giving a few concluding remarks and open problems.

1. The multiparameter norm interchanging inequality approach allows us to avoid the
p-adic methods used in [62] and significantly simplifies the argument. Moreover, the
p-adic approach from [62] (especially sharp Lp-improving inequalities in the p-adic
setting), even if adjusted to our context, would not be sufficient to handle the major
arc estimates in the low frequency setting.

Problem 1.43. Is a p-adic analogue of Theorem 1.21 (or its maximal counterpart,
which should be simpler) true?

2. Our Ionescu–Wainger theory is not uniform with respect to the size of the set of
canonical fractions (1.23). However, based on Tao’s recent paper [92], we know that
the Ionescu–Wainger multiplier theorem for the set of Ionescu–Wainger fractions
(1.31) holds with uniform bounds.

Problem 1.44. Does our Ionescu–Wainger multiplier theorem hold with bounds
independent of the size of the set of canonical fractions?

3. The methods outlined in this paper are robust and fairly versatile. Specifically, the
input from harmonic analysis, such as the multilinear ℓp(Zk)-improving inequality
or the proof of Theorem 1.21, does not rely on the assumption that the polynomials
have distinct degrees. This assumption is only used in the proof of the inverse
theorem and is not used anywhere else in the paper. In other words, if we treated
Theorem 4.14 as a black box, we could derive all other conclusions from this paper
without needing to assume that our polynomials have distinct degrees. With this in
mind, we hope that the methods outlined in the paper will be used in other contexts
to address similar questions.

Problem 1.45. Is Theorem 1.12 for the weighted operators∑
n∈[±N ]\{0}

1

n

∏
i∈[k]

fi
(
T
Pi(n)
i x

)
(1.46)

in place of the averages AP
N ;X,T from (1.10) true? The operators from (1.46) are

multilinear truncated singular integral variants of AP
N ;X,T . It is also interesting to

know any ℓp(Zk) bounds for the full multilinear singular integral operators, i.e., the
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operators corresponding to (1.46) with summation over [±N ] \ {0} replaced with
Z \ {0}.

4. The assumption that our polynomials have distinct degrees is only used in the proof
of the inverse theorem, as it is essential to run the degree lowering argument in Sec-
tion 4. However, the proof of Theorem 4.14 also demonstrates that the assumption
that the polynomials have distinct degrees in the multilinear setting may have a
similar impact as curvature does in the linear theory of maximal and singular Radon
transforms in the discrete [73, 75] or Euclidean [87] settings. This is apparent when
we start with large multilinear averages (4.15) and apply the PET induction scheme
and the degree lowering argument and end up with an expression as in (4.76) that
corresponds to modulated linear polynomial averages that can be handled by linear
methods, which exploit the curvature. This interesting phenomenon requires further
investigation. In view of this remark, it is natural to ask the following.

Problem 1.47. Is it possible to establish an inverse theorem like in Theorem 4.14
for linearly independent polynomials with polynomial bounds in δ? That would be
an important step toward proving Theorem 1.3 for linearly independent polynomials.

5. A well-known open problem in ergodic theory is to establish pointwise almost every-
where convergence of bilinear averages

En∈[N ]f1(S
nx)f2(T

nx), x ∈ X,

corresponding to “corner” configurations, for two commuting measure-preserving
transformations S, T : X → X; see [32, Problem 19]. In the single transformation
setting, the pointwise almost everywhere convergence of the trilinear averages

En∈[N ]f1(T
nx)f2(T

2nx)f3(T
3nx), x ∈ X,

corresponding to the arithmetic progressions of length four, is another well-known
open problem; see [32, Problem 11]. Our methods break down in these cases, as the
minor arc contributions are no longer negligible, and we are therefore unable to say
anything in this direction. In the trilinear case, identities such as

e(αx2) · e(−3α(x− n)2) · e(3α(x− 2n)2) · e(−α(x− 3n)2) = 1

speak to the presence of a quadratic modulation invariance, which would most likely
require developing quadratic time–frequency analysis in the spirit of [65, 26]; this
is out of reach at the moment. However, we think that our methods represent a
significant step in understanding the Furstenberg–Bergelson–Leibman conjecture.

Problem 1.48. How useful are the methods presented in this paper in understanding
Question 1.1 for linearly dependent polynomials?
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2. Notation and useful tools

We now set up notation that will be used throughout the paper.

2.1. Basic notation. The set of positive integers and the set of nonnegative integers will
be denoted, respectively, by Z+ := {1, 2, . . .} and N := {0, 1, 2, . . .}. For d ∈ Z+ the sets Zd,
Rd, Cd and Td := (R/Z)d have their standard meaning. We also denote R+ := (0,∞).

For a = (a1, . . . , ad) ∈ Zd and q ∈ Z+, we denote by gcd(a, q) the greatest common divisor
of a and q, i.e., the largest n ∈ Z+ that divides q and all components a1, . . . , ad. Clearly,
any vector in Qd has a unique representation as a

q with q ∈ Z+, a ∈ Zd, and gcd(a, q) = 1.

We use 1A to denote the indicator function of a set A. For a statement S we write 1S
to denote its indicator, equal to 1 if S is true and 0 if S is false. In particular, we have
1A(x) = 1x∈A.

Throughout the paper C > 0 is an absolute constant that may change from occurrence
to occurrence. For two nonnegative quantities A,B we write A ≲ B if there is an absolute
constant C > 0 such that A ≤ CB. We also write A ≃ B when A ≲ B ≲ A. We will write
≲δ or ≃δ to emphasize that the implicit constant depends on δ. For a function f : X → C
and a positive-valued function g : X → (0,∞), we write f = O(g) if there exists a constant
C > 0 such that |f(x)| ≤ Cg(x) for all x ∈ X. We will also write f = Oδ(g) if the implicit
constant depends on δ.

We will use the Japanese bracket notation

⟨z⟩ := (1 + |z|2)1/2 ≃ 1 + |z|, z ∈ C.
For any x ∈ R we will use the floor and fractional part functions

⌊x⌋ := max{n ∈ Z : n ≤ x} and {x} := x− ⌊x⌋.
All logarithms in this paper are taken base 2, and for any N ≥ 1 we define

LogN := ⌊logN⌋, (2.1)

i.e., the unique natural number such that 2LogN ≤ N < 2LogN+1.
For every N ∈ R+ we set

[N ]Z := (0, N ] ∩ Z, [±N ]Z := [−N,N ] ∩ Z,
[N ]R := (0, N ], [±N ]R := [−N,N ].

(2.2)

We shall abbreviate [N ]Z to [N ] and [±N ]Z to [±N ]. We will also write

N≤N := [0, N ] ∩ N, N≥N := [N,∞) ∩ N,
N<N := [0, N) ∩ N, N>N := (N,∞) ∩ N.

For any λ > 1 we will say that the set

D = {λn : n ∈ N} ⊂ [1,+∞) (2.3)
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is λ-lacunary if infn∈N
λn+1

λn
≥ λ.

Finally, C : C → C will be the complex conjugation, i.e., Cz := z for z ∈ C.

2.2. Euclidean spaces. For d ∈ Z+ let {ei ∈ Rd : i ∈ [d]} be the standard basis in Rd.
The standard inner product and the corresponding Euclidean norm on Rd are denoted,
respectively, by

x · ξ :=
∑
i∈[d]

xiξi and |x| := |x|2 :=
√
x · x

for every x = (x1, . . . , xd) and ξ = (ξ1, . . . , ξd) ∈ Rd.
Throughout the paper the d-dimensional torus Td, which unless otherwise stated will be

identified with [−1/2, 1/2)d, is endowed with the periodic norm

∥ξ∥ :=
(∑

i∈[d]

∥ξi∥2
)1/2

, ξ = (ξ1, . . . , ξd) ∈ Td,

where ∥ξi∥ := dist(ξi,Z) for every ξi ∈ T and i ∈ [d]. However, identifying Td with
[−1/2, 1/2)d, we see that the norm ∥ · ∥ coincides with the Euclidean norm | · | restricted
to [−1/2, 1/2)d.

Throughout this paper we work with a fixed cutoff function η : R → [0, 1] that is a smooth
and even function such that

1[−1/4,1/4] ≤ η ≤ 1(−1/2,1/2). (2.4)

All constants are permitted to depend on η.

2.3. Function spaces. All vector spaces in this paper will be defined over the complex
numbers C. The triple (X,B(X), µ) is a measure space X with σ-algebra B(X) and σ-finite
measure µ. The space of all µ-measurable complex-valued functions defined on X will be
denoted by L0(X,µ). The space of all functions in L0(X,µ) whose modulus is integrable
with p-th power is denoted by Lp(X,µ) for p ∈ (0,∞), whereas L∞(X,µ) denotes the space
of all essentially bounded functions in L0(X,µ). These notions can be extended to functions
taking values in a finite-dimensional normed vector space (B, ∥ ·∥B). For instance, we define

Lp(X,µ;B) :=
{
F ∈ L0(X,µ;B) : ∥F∥Lp(X,µ;B) := ∥∥F∥B∥Lp(X,µ) <∞

}
,

where L0(X,µ;B) denotes the space of measurable functions from X to B (up to almost ev-
erywhere equivalence). One can extend these notions to infinite-dimensional B, at least when
B is separable. In this paper, however, we will always be able to work in finite-dimensional
settings by appealing to standard approximation arguments. For ease of notation, we shall
abbreviate Lp(X,µ) to Lp(X) and Lp(X,µ;B) to Lp(X;B) for p ∈ [0,∞].

In our case we will mainly work with X = Rd or X = Td endowed with Lebesgue measure,
or with X = Zd endowed with counting measure. If X is endowed with counting measure,
then we abbreviate Lp(X) to ℓp(X) and Lp(X;B) to ℓp(X;B).

For a continuous linear map T : B1 → B2 between two normed vector spaces B1 and B2,
we use ∥T∥B1→B2 to denote its operator norm.

We say that f ∈ L0(X) is 1-bounded if f ∈ L∞(X) and ∥f∥L∞(X) ≤ 1. We will mainly
work with 1-bounded functions in Sections 4 and 6.
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For any F ∈ L0(X,µ) and a measurable set A ⊆ X with 0 < µ(A) < ∞ we will use the
convenient notation

Eµ
t∈AF (t) :=

1

µ(A)

∫
A
F (t)dµ(t). (2.5)

If X is endowed with counting measure µ(A) := #A, then for ∅ ̸= A ⊆ X we will abbreviate
Eµ
t∈AF (t) to Et∈AF (t), which is the average of F over A, i.e., Et∈AF (t) := 1

#A

∑
t∈A F (t).

Sometimes, to simplify notation, we will write |A| instead of #A for the cardinality of a set
A; see, for example, Section 4.

2.4. Convolutions. Let (G,+) be a locally compact abelian group (LCA group) equipped
with a Haar measure λG. For two functions f, g ∈ L1(G) we define their convolution by

f ∗G g(x) := f ∗ g(x) :=

∫
G
f(x− y)g(y)dλG(y).

For the sake of simplicity, we will usually abbreviate ∗G to ∗; the meaning of this notation
will always be clear from the context and will not cause any confusion. Since G is abelian,
we readily see that f ∗ g = g ∗ f .

Fix k ∈ Z+ and, for each i ∈ [k], let (Gi,+) be a locally compact abelian group equipped
with a Haar measure λGi . We consider their product G = G1 × · · · × Gk with the product
measure λG = λG1 × · · · × λGk

. Given i ∈ [k], for any f ∈ L1(G) and g ∈ L1(Gi) we may
define their i-th convolution by

f ∗Gi g(x) := f ∗i g(x) :=

∫
Gi

f(x1, . . . , xi−1, xi − y, xi+1, . . . , xk)g(y)dλGi(y),

for x = (x1, . . . , xk) ∈ G. In other words, f ∗i g(x) coincides with the function f except the
i-th variable where it is defined as a convolution with the function g. We will also write
f ∗Gi g(x) = f ∗G,i g(x) if G1 = · · · = Gk = G. We will mainly work with G = Rd endowed

with Lebesgue measure or with G = Zd endowed with counting measure.

2.5. Fourier transform. Although we will use Fourier analysis only on Rd, Td, and Zd,
it will be convenient to set out some abstract harmonic analysis notation to perform this
analysis in a unified fashion and to avoid repetition. We shall write e(z) := e2πiz for every
z ∈ C, where i2 = −1.

As before, let (G,+) be an LCA group equipped with a Haar measure λG. It is well

known (see, for instance, [86]) that every LCA group G has a Pontryagin dual Ĝ = (Ĝ,+),
an LCA group with a Haar measure λĜ and a pairing, i.e., a continuous bihomomorphism

G× Ĝ ∋ (x, ξ) 7→ ⟨x, ξ⟩ ∈ T, such that the Fourier transform FG : L1(G) → C(Ĝ) given by

FGf(ξ) :=

∫
G
f(x)e(⟨x, ξ⟩)dλG(x), ξ ∈ Ĝ,

extends to a unitary map from L2(G) to L2(Ĝ). We have Plancherel’s identity

∥FGf∥L2(Ĝ) = ∥f∥L2(G), f ∈ L2(G),
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and the inverse Fourier transform F−1
G : L2(Ĝ) → L2(G) is given by the formula

F−1
G f(x) =

∫
Ĝ
f(ξ)e(−⟨x, ξ⟩)dλĜ(ξ), x ∈ G,

whenever f ∈ L1(Ĝ)∩L2(Ĝ). We will mainly work with concrete pairs (G, Ĝ) of Pontryagin
dual LCA groups:

(i) Consider G = Rd with Lebesgue measure λRd = dx. Then Ĝ = Rd with Lebesgue
measure λRd = dξ is a Pontryagin dual, with pairing ⟨x, ξ⟩ := x · ξ. Moreover, for
any f ∈ L1(Rd) we have

FRdf(ξ) :=

∫
Rd

f(x)e(x · ξ)dx, ξ ∈ Rd.

(ii) Consider G = Zd with counting measure λZd . Then Ĝ = Td with Lebesgue measure
λTd = dξ is a Pontryagin dual, with pairing ⟨x, ξ⟩ := x · ξ. Moreover, for any
f ∈ ℓ1(Zd) we have

FZdf(ξ) :=
∑
x∈Zd

f(x)e(x · ξ), ξ ∈ Td.

(iii) Consider LCA groups G1, . . . ,Gk with Pontryagin duals Ĝ1, . . . , Ĝk. Then the prod-
uct G = G1 × · · · × Gk with product Haar measure λG = λG1 × · · · × λGk

is an

LCA group with Pontryagin dual Ĝ = Ĝ1 × · · · × Ĝk with product Haar measure
λĜ = λĜ1

×· · ·×λĜk
and pairing ⟨(x1, . . . , xk), (ξ1, . . . , ξk)⟩ := ⟨x1, ξ1⟩+ · · ·+⟨xk, ξk⟩.

For LCA product groups G = G1×· · ·×Gk we consider partial Fourier transforms. Given
i ∈ [k], for x = (x1, . . . , xk) ∈ G and ξi ∈ Ĝi we set

x(ξi) := (x1, . . . , xi−1, ξi, xi+1, . . . , xk).

Then, for any f ∈ L1(G) ∩ L2(G), the i-th Fourier transform is given by

Fi,Gf(x(ξi)) :=

∫
Gi

f(x)e(⟨xi, ξi⟩)dλGi(xi),

for x = (x1, . . . , xk) ∈ G and ξi ∈ Ĝi. In a similar manner, we define the i-th inverse Fourier
transform.

For any bounded measurable function m : Ĝ → C and any test function f : G → C we
define the Fourier multiplier operator by

TG[m]f(x) :=

∫
Ĝ
e(−⟨x, ξ⟩)m(ξ)FGf(ξ)dλĜ(ξ), x ∈ G. (2.6)

One may think of f : G → C as a function on G that is compactly supported (and smooth
if G = Rd), or as any other function for which (2.6) makes sense. We call m a Fourier

multiplier on Ĝ.
When G = Rd and m : Rd → C is a Fourier multiplier on Rd supported on [−1/2, 1/2)d,

we at times abuse notation and identify m with its periodization

mper(ξ) :=
∑
n∈Zd

m(ξ + n),
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thereby also viewing m as a Fourier multiplier on Td; see [71, Section 2] for a detailed
comparison of TRd [m] and TZd [m].

If G = G1×· · ·×Gk is a product of LCA groups and m : Ĝi → C is a bounded measurable
function acting only on Ĝi for some i ∈ [k], then for any f ∈ L1(G) ∩ L2(G) it makes sense
to consider i-th Fourier multiplier operators, which can be defined by

Ti,G[m]f(x) :=

∫
Ĝi

e(−⟨xi, ξi⟩)m(ξi)Fi,Gf(x(ξi))dλĜi
(ξi),

for x = (x1, . . . , xk) ∈ G.

Finally, for any finite set of frequencies Σ ⊆ Ĝ we define

TΣ
G [m]f(x) := TG

[∑
θ∈Σ

τθm
]
f(x), x ∈ G, (2.7)

where τθm(ξ) := m(ξ− θ) for ξ ∈ Ĝ. If G = G1 × · · · ×Gk is a product of LCA groups, then

we similarly define TΣ
i,G[m]f for any finite set Σ ⊆ Ĝi and i ∈ [k].

2.6. Variational norms. For any I ⊆ R, any family (at)t∈I = (at : t ∈ I) ⊆ C, and any
exponent r ∈ [1,∞), the r-variation seminorm is defined to be

V r(at : t ∈ I) := sup
J∈Z+

sup
t0<···<tJ

tj∈I

( ∑
j∈[J ]

|atj − atj−1 |r
)1/r

, (2.8)

where the supremum is taken over all finite increasing sequences in I, and is set by convention
to equal zero if #I ≤ 1. Taking limits as r → ∞ we also adopt the convention

V∞(at : t ∈ I) := sup
t,t′∈I

|at − at′ |.

The r-variation norm for r ∈ [1,∞) is defined by

Vr(at : t ∈ I) := sup
t∈I

|at| + V r(at : t ∈ I). (2.9)

Note that the Vr norm is nonincreasing in r, and comparable to the ℓ∞ norm when r = ∞.
We also observe the simple triangle inequality

Vr(at : t ∈ I) ≲ Vr(at : t ∈ I1) + Vr(at : t ∈ I2)

whenever I = I1⊔I2 is an ordered partition of I, which means that t1 < t2 for all t1 ∈ I1, t2 ∈
I2. If I ⊆ R is countable, then we have

Vr(at : t ∈ I) ≲
(∑

t∈I
|at|r

)1/r
.

One easily establishes the algebra property

Vr(atbt : t ∈ I) ≲ Vr(at : t ∈ I)Vr(bt : t ∈ I) (2.10)

for any scalar sequences (at)t∈I, (bt)t∈I.
Finally, the r-variational spaces will be defined by

Vr(I) := {(at : t ∈ I) ⊆ C : Vr(at : t ∈ I) <∞} ,
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and we will also write (at)t∈I ∈ Lp(X;Vr(I)) if and only if

∥(at)t∈I∥Lp(X;Vr(I)) = ∥(at : t ∈ I)∥Lp(X;Vr(I)) = ∥Vr(at : t ∈ I)∥Lp(X) <∞.

We will use a similar convention for the spaces V r(I).
We also recall the well known Rademacher–Menshov inequality, which asserts that for

any n0,m ∈ N with n0 < 2m and any sequence of complex numbers (an : n ∈ N) we have

V 2(an : n ∈ U) ≤
√

2
∑

i∈N≤m

( ∑
j∈[2m−i]

∣∣∣1U i
j⊆U

∑
n∈U i

j

(an+1 − an)
∣∣∣2)1/2, (2.11)

where U := U(n0,m) := [n0, 2
m) ∩ Z and U i

j := [(j − 1)2i, j2i) ∩ Z for i, j ∈ Z; see [74,

Lemma 2.5, p. 534] for the proof.

3. Ionescu–Wainger multiplier theorem for canonical fractions

The results of this section will be stated for future reference for arbitrary dimension
d ∈ Z+, although only d = 1 will be used throughout this paper.

3.1. Magyar–Stein–Wainger sampling method. An important tool in discrete ana-
logues in harmonic analysis is a quantitative variant of the Shannon sampling theorem from
a seminal paper of Magyar, Stein, and Wainger [71]. Recalling the definition of TΣ

Zd [m] from
(2.7), their sampling result can be subsumed under the following useful proposition.

Proposition 3.1. For d ∈ Z+ there is a constant CMSW(d) ∈ R+ such that the following
holds. Let p ∈ [1,∞] and q ∈ Z+. If m : Rd → L(B1, B2) is a measurable function supported
on [−1/2, 1/2)d/q, whose values are bounded linear operators between two finite-dimensional
Banach spaces B1 and B2, then∥∥∥T ( 1

q
Z/Z)d

Zd [m]
∥∥∥
ℓp(Zd;B1)→ℓp(Zd;B2)

≤ CMSW(d)∥TRd [m]∥Lp(Rd;B1)→Lp(Rd;B2).

We now make a few remarks about Proposition 3.1.

1. The sampling principle developed by Magyar, Stein, and Wainger serves as a “bridge”
between discrete analogues in harmonic analysis and classical harmonic analysis. It
enables the deduction of discrete problems from their continuous counterparts.

2. The proof of Proposition 3.1 can be found in [71, Corollary 2.1, p. 196]. We also
refer to [76] for a generalization of Proposition 3.1 to real interpolation spaces.

3. All Banach spaces that arise in our problems are infinite-dimensional and separable.
Despite Proposition 3.1 being formulated for finite-dimensional Banach spaces, it
can still be applied in our situation using standard approximation arguments that
reduce infinite-dimensional settings to finite-dimensional settings.

4. We emphasize that B1 and B2 are general (finite-dimensional) Banach spaces and
thus, in view of the previous remark, Proposition 3.1 includes maximal functions
and can also accommodate r-variation seminorms as well as many other seminorms.

5. A fundamental question in discrete harmonic analysis is whether it is possible to
replace the set (1qZ/Z)d appearing in Proposition 3.1 with other sets of fractions Σ,

while still maintaining mapping properties of TΣ
Zd [m] that depend in a good way on

the size of Σ, under a suitable support condition for m. This was achieved for the
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first time in a groundbreaking paper of Ionescu and Wainger [56] for a certain family
of reduced fractions Σ whose denominators have special factorization properties.

In this paper, our aim is to prove a variant of the Ionescu–Wainger multiplier theorem
for the set of canonical fractions that arises from the classical circle method. This will be
critical in our proof of the multilinear Weyl inequality; see Theorem 6.1.

3.2. A refined variant of the Ionescu–Wainger multiplier theorem. For d ∈ Z+ and
N ≥ 1 define 1-periodic sets of the so-called canonical fractions by

Rd
≤N :=

{
a

q
∈ (Q/Z)d : q ∈ [N ] and gcd(a, q) = 1

}
, (3.2)

where gcd(a, q) := gcd(a1, . . . , ad, q) denotes the greatest common divisor of a1, . . . , ad, q. To
be precise, the elements of Rd

≤N are equivalence classes θ = a
q + Zd in Td = (R/Z)d, with a

well-defined denominator q such that every representative b
q ∈ θ satisfies gcd(b, q) = 1. We

often identify a
q ∈ Qd with the equivalence class a

q + Zd.

Using the definition of TΣ
Zd [m] from (2.7) we now formulate the main result of this section.

Here, p′0 := p0/(p0 − 1) denotes the conjugate exponent of p0.

Theorem 3.3. Let p′0 ≤ p ≤ p0 for some p0 ∈ 2Z+. Then there exists a constant CIW(p0) ∈
R+ such that for every d ∈ Z+ and every N ∈ N≥100 the following is true. Assume that

0 < ϑ ≤ (2p0N
p0)−1

and let m : Rd → L(H1, H2) be a measurable function supported on [−ϑ, ϑ]d, whose values
are bounded linear operators between two separable Hilbert spaces H1 and H2. Denote ρN :=
ρN (p0) := CIW(p0)

log log logN
log logN . Then∥∥∥TRd

≤N

Zd [m]
∥∥∥
ℓp(Zd;H1)→ℓp(Zd;H2)

≲d,p0 N
ρN ∥TRd [m]∥Lp0 (Rd;H1)→Lp0 (Rd;H2). (3.4)

A few remarks about Theorem 3.3.

1. Theorem 3.3 gives an affirmative answer to a question of Ionescu and Wainger from
[56, Remark 3, below Theorem 1.5, p. 361], which asks about (3.4) in the scalar
settingH1 = H2 = C with Cd,p0,ρN

ρ for arbitrary ρ ∈ R+ in place ofNρN . Obviously,
(3.4) yields the bound postulated in [56], since limN→∞ ρN = 0.

2. Although Proposition 3.1 plays an important role in the proof of Theorem 3.3, the
latter result is only applicable to multipliers defined in the Hilbert space setting.
However, in the next section, we will show that Theorem 3.3 can be applied to some
Banach space settings. This can be done for a broad range of Banach spaces that,
in some manner, exhibit similarities to Hilbert spaces.

3. The advantage of using Theorem 3.3 is that square function estimates in the discrete
setting can be directly deduced from the corresponding continuous square function
estimates, which, as we will soon see, is very useful in many applications.

4. The norm on the right hand side of (3.4), unlike the support hypothesis, is scale-
invariant. To be more precise, if m is replaced with m(A · ) for any invertible linear
transformation A : Rd → Rd, then the norm in (3.4) remains unchanged.
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5. It would be interesting to know whether inequality (3.4) holds with an absolute con-
stant independent of N . Although in most applications inequality (3.4) is sufficient,
having (3.4) with a constant independent of N would simplify some arguments.

6. In the proof of Theorem 3.3 we will use variants of two properties introduced in
[56]: a uniqueness property and the so-called O property. These two properties effi-
ciently detect strong orthogonalities between the Ionescu–Wainger fractions, which
are rationals whose denominators have certain factorization properties. The nov-
elty of our approach lies in using the set of canonical fractions (3.2) instead of the
Ionescu–Wainger fractions [56], which are quite complex.

3.2.1. Proof of Theorem 3.3, simple reductions. The case p0 = 2 holds by Plancherel’s
theorem. By duality and interpolation we can assume that p = p0 = 2r for r ∈ N≥2.
Replacing m by m̃ : Rd → L(H1 ⊕ H2, H1 ⊕ H2), where m̃(x)(h1, h2) := (0,m(x)(h1)) for
x ∈ Rd, we can take H1 = H2 = H. We normalize ∥TRd [m]∥L2r(Rd;H)→L2r(Rd;H) = 1. Finally,

we can assume that N ≥ N0 for a large integer N0 ∈ N≥1010 , since Rd
≤N produces at most

Nd+1 operators, each having a norm bounded by CMSW(d) in view of Proposition 3.1.

3.2.2. Uniqueness property and property ON . We follow [56] in using the uniqueness
property and property O, two important concepts introduced therein for detecting orthog-
onality.

Definition 3.5 (Uniqueness property). A sequence (v1, . . . , vn) has the uniqueness property
if there is i ∈ [n] such that vi ̸= vj for all j ∈ [n] \ {i}. In other words, the element vi
occurs in the sequence (v1, . . . , vn) exactly once. This definition will primarily be used for
sequences of rational numbers, but it is also applicable to more general sequences.

Using Definition 3.5 we can formulate an abstract orthogonality principle.

Proposition 3.6 (Abstract orthogonality principle). Given r ∈ Z+, there exists a constant
CUP(r) ∈ R+ such that the following is true. Let (X,B(X), µ) be a measure space, let H be
a separable Hilbert space, and let V1, . . . , Vr ⊂ Z+ be finite sets, not necessarily disjoint. For
every pair (i, v) with v ∈ Vi let Fi,v ∈ L2r(X;H) and suppose that for each 2r-tuple

(v1,1, v1,2, . . . , vr,1, vr,2) ∈ V 2
1 × · · · × V 2

r

with the uniqueness property the following condition holds∫
X

∏
i∈[r]

⟨Fi,vi,1(x), Fi,vi,2(x)⟩H dµ(x) = 0. (3.7)

Then ∫
X

∏
i∈[r]

∥∥∥∑
v∈Vi

Fi,v(x)
∥∥∥2
H
dµ(x) ≤ CUP(r)

∫
X

∏
i∈[r]

(∑
v∈Vi

∥Fi,v(x)∥2H
)
dµ(x).

Proof. We refer to [75, Corollary 2.24] for a detailed proof; see also [56, Lemma 2.2, p. 363]
for a scalar version of this principle. □
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Our aim will be to split the set of canonical fractions Rd
≤N into a controlled number of

pieces for which the uniqueness property implies condition (3.7).
Here our approach deviates from [56] and [75]. In the latter two papers an essential role

was played by the Ionescu–Wainger rationals whose denominators were factored into two
parts, one being a relatively large product of powers of small prime divisors, and the other
consisting of a product of a small number of powers of large prime divisors.

In contrast to [56] and [75], instead of working with the Ionescu–Wainger rationals, we
shall work directly with the set of canonical fractions Rd

≤N from (3.2). We introduce a new

concept of N -lifted composites, which will allow us to effectively split Rd
≤N .

Definition 3.8 (N -lifted composites). Let P be the set of prime numbers. For N ∈ Z+ an
N -lifted composite Qq of an integer q ∈ [N ] is defined by setting

Qq :=
∏

p∈P : q∈pZ
p⌊logp N⌋

with the convention Q1 := 1. In other words, q and Qq are divisible by exactly the same

prime numbers, while Qq is a product of integers of the form p⌊logp N⌋ for some p ∈ P∩N≤N .
Obviously, q divides Qq for each q ∈ [N ].

We need to adapt the concept of property O from [56] to fit our needs.

Definition 3.9 (Property ON ). For N ∈ N≥N0 we shall say that Λ ⊂ Z+ has property ON

if Λ ⊆ S1 · · ·Sk := {s1 · · · sk : s1 ∈ S1, . . . , sk ∈ Sk} for some k ∈ [ 5 logN
log logN ], where S1, . . . , Sk

are disjoint subsets of {p⌊logp N⌋ : p ∈ P ∩ N≤N}.

The following lemma explains the restriction k ∈
[ 5 logN
log logN

]
.

Lemma 3.10. If N0 is sufficiently large, then for every N ∈ N≥N0 and distinct p1, . . . , pkN ∈
P with kN := ⌊ 5 logN

log logN ⌋ we have p1 · · · pkN > N .

Proof. For n ∈ Z+, its primorial n# is the product of all p ∈ P ∩ N≤n. By the prime
number theorem, we have limn→∞

n
√
n# = e. Take N ∈ Z+ such that nN := ⌊logN⌋ + 1

is large. Then nN# > 2nN > N and #(P ∩ N≤nN ) ≤ ⌊ 5 logN
log logN ⌋ = kN . The latter implies

p1 · · · pkN ≥ nN#, as desired. □

3.2.3. Partitioning of the set of canonical fractions. For N ∈ N≥N0 and a
q ∈ Rd

≤N

the corresponding composite Qq has at most ⌊ 5 logN
log logN ⌋ factors p⌊logp N⌋, while each p is one

of the first ⌊ 2N
logN ⌋ primes. This motivates the following counting lemma originating in [73].

Lemma 3.11. There exists a constant Csur ∈ Z+ such that the following holds. For N ∈
N≥N0 let V be a set of size l ∈ [ 2N

logN ] and let k ∈ [ 5 logN
log logN ] satisfy k ≤ l. Then, denoting

J := ⌊Csur2
Csur logN/ log logN⌋, we can find J surjective (not necessarily distinct) functions

g1, . . . , gJ : V → [k] such that max{#gj(E) : j ∈ [J ]} = k for every E ⊆ V with #E = k.

Proof. We refer to [75, Lemma 2.16]. □

Proceeding in two steps, we split Rd
≤N into at most N

C
log logN pieces, each satisfying

property ON .
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Step 1. For a large integer N ∈ Z+, by Lemma 3.10, we can split Rd
≤N into disjoint

subsets Rd
N,0 := Rd

≤1 and Rd
N,k for k ∈ [ 5 logN

log logN ], consisting of fractions a
q ∈ Rd

≤N whose

denominators q have exactly k prime divisors. We may assume, without loss of generality,
that k > 0, since the case k = 0 may be readily handled by Proposition 3.1. We also assume
that Rd

N,k is nonempty.

Step 2. Next, we fix k ∈ [ 5 logN
log logN ] as above and apply Lemma 3.11 with

V :=
{
p⌊logp N⌋ : p ∈ P ∩ N≤N

}
= {Qp : p ∈ P ∩ N≤N} ,

obtaining surjections g1, . . . , gJ : V → [k] with J := ⌊Csur2
Csur logN/ log logN⌋. Given j ∈ [J ],

we define Sj
i := gj [{i}]−1 for i ∈ [k] and, consequently, we set

Rd
N,k,j :=

{
a

q
∈ Rd

N,k : Qq ∈ Sj
1 · · ·S

j
k \

⋃
i∈[j−1]

Si
1 · · ·Si

k

}
, (3.12)

where if j = 1, then the union above is understood to be empty. For each j ∈ [J ] the
set {Qq : a

q ∈ Rd
N,k,j} ⊂ Z+ has property ON . Moreover, Rd

N,k =
⋃

j∈[J ]Rd
N,k,j , which

immediately follows from Lemma 3.11.
Our task is to prove (3.4) with any nonempty Rd

N,k,j in place of Rd
≤N . To facilitate

matters, we introduce some useful notation and terminology.

3.2.4. P-irreducibility and factorization. We now present a new concept of P-irreducible
fractions, which will be crucial in verifying condition (3.7).

Definition 3.13 (Quotients, reduced fractions and P-irreducible fractions). Fix d, q ∈ Z+.
Identifying a

q with a
q + Zd, we define the following sets.

1. The set of quotients or q-quotients is defined by Q(q) := 1
qN

d
<q.

2. The set of reduced fractions is defined by R(1) := Q(1) or

R(q) :=

{
a

q
∈ Q(q) : gcd(a, q) = 1

}
for q > 1.

3. The set of P-irreducible fractions is defined by I(1) := Q(1) or

I(q) :=

{
a

q
∈ Q(q) :

q

gcd(a, q)
has the same prime divisors as q

}
for q > 1.

It is easy to see that I(q) ⊇ R(q) and that I(q) is a disjoint union of the sets R(q̃), where
q̃ runs over the set of all positive divisors of q having exactly the same prime divisors as q.

Example 3.14. For d = 1 and q = 12, identifying a
q with a

q + Z, we obtain

R(12) =
1

12
{1, 5, 7, 11} and I(12) =

1

12
{1, 2, 5, 7, 10, 11}.

For Λ ⊂ Z+ define

R(Λ) :=
⋃
q∈Λ

R(q) and I(Λ) :=
⋃
q∈Λ

I(q).
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Obviously, we have R(Λ) ⊆ I(Λ) and the set of canonical fractions (3.2) can be written as
Rd

≤N = R([N ]) by using this definition. Moreover, an important feature of R(Λ) used in [56]

and [75] is the factorization property asserting that if gcd(q, q′) = 1 for all (q, q′) ∈ Λ × Λ′,
then

R(ΛΛ′) = R(Λ) ⊕R(Λ′).

The direct sum ⊕ indicates that each element in the sumset R(Λ) + R(Λ′) has a unique

representation a
q + a′

q′ as an element of Td. The identity above is a simple consequence

of the Chinese remainder theorem. We now strengthen this factorization property to the
P-irreducible fractions I(Λ).

Definition 3.15 (P-separated sets). A set Λ ⊆ Z+ is P-separated if for any distinct elements
q1, q2 ∈ Λ there is p ∈ P that divides exactly one of them.

We now prove the factorization property for I(Λ).

Lemma 3.16. Assume that Λ,Λ′ ⊆ Z+ are P-separated and gcd(q, q′) = 1 for all (q, q′) ∈
Λ × Λ′. Then the map Φ: I(Λ) × I(Λ′) → I(ΛΛ′) given by

Φ
(a
q
,
a′

q′

)
:=

a

q
+
a′

q′
for

(a
q
,
a′

q′

)
∈ I(Λ) × I(Λ′)

is a bijection. In particular, we have I(ΛΛ′) = I(Λ) ⊕ I(Λ′).

Proof. By the Chinese remainder theorem, it follows that Φ is surjective, and from Defini-
tion 3.15 we deduce that Φ is injective. The second part of the lemma now follows easily
from the first part. □

To establish (3.4) in Theorem 3.3, it suffices to prove∥∥∥TRd
N,k,j

Zd [m]f
∥∥∥
ℓ2r(Zd;H)

≲d,p0 N
CIW(p0)

log log logN
log logN ∥f∥ℓ2r(Zd;H) (3.17)

since we have normalized ∥TRd [m]∥L2r(Rd;H)→L2r(Rd;H) = 1. Indeed summing (3.17) over

k ∈ [ 5 logN
log logN ] and j ∈ [J ] incurs an acceptable, additional factor

5 logN

log logN
·Csur2

Csur logN/ log logN .

We fix k and j. The multiplier corresponding to T
Rd

N,k,j

Zd [m] is given by

∆N,k,j(ξ) :=
∑

q∈S1···Sk

∑
a
q
∈I(q)

1N,k,j

(a
q

)
m
(
ξ − a

q

)
,

where, as in (3.12), the sets S1 := Sj
1 := gj [{1}]−1, . . . , Sk := Sj

k := gj [{k}]−1 form a
partition of V determined by the surjection gj , and 1N,k,j(

a
q ) := 1 if a

q is P-irreducible and

upon reduction belongs to Rd
N,k,j , and 1N,k,j(

a
q ) := 0 otherwise. We note that the sets of

P-irreducible fractions I(q) are pairwise disjoint as q varies over the product set S1 · · ·Sk.



34 D. KOSZ, M. MIREK, S. PELUSE, R. WAN, AND J. WRIGHT

3.2.5. Denominators. Now we exploit orthogonality between denominators. In the argu-
ment below we will use Lemma 3.16 repeatedly. Note that∥∥∥TRd

N,k,j

Zd [m]f
∥∥∥2r
ℓ2r(Zd;H)

=
∑
x∈Zd

∥∥∥ ∑
q∈S1···Sk

∑
u∈I(q)

fu(x)
∥∥∥2r
H
,

where fu := F−1
Zd (1N,k,j(u)m( · − u)FZdf). Let S∅ := {1} and SL :=

∏
l∈L Sl for every

nonempty L ⊆ [k]. We observe that∑
x∈Zd

∥∥∥ ∑
q∈S1···Sk

∑
u∈I(q)

fu(x)
∥∥∥2r
H

=
∑
x∈Zd

( ∑
q∈S∅

∥∥∥Fq,∅(x)
∥∥∥2
H

)r
,

where Fq,L :=
∑

q′∈S[k]\L

∑
u∈I(qq′) fu for every q ∈ SL. Now, proceeding as in [75, Sec-

tion 2.4], we can show for each l ∈ [k] that∑
x∈Zd

( ∑
q∈S[l−1]

∥∥∥Fq,[l−1](x)
∥∥∥2
H

)r
≤ CUP(r)

∑
x∈Zd

( ∑
q∈S[l]

∥∥∥Fq,[l](x)
∥∥∥2
H

)r
(3.18)

with CUP(r) from Proposition 3.6. After k iterations of (3.18), we obtain∑
x∈Zd

( ∑
q∈S∅

∥∥∥Fq,∅(x)
∥∥∥2
H

)r
≤ CUP(r)k

∑
x∈Zd

( ∑
q∈S[k]

∥∥∥Fq,[k](x)
∥∥∥2
H

)r
or, equivalently,∥∥∥TRd

N,k,j

Zd [m]f
∥∥∥2r
ℓ2r(Zd;H)

≤ CUP(r)k
∑
x∈Zd

( ∑
q∈S1···Sk

∥∥∥ ∑
u∈I(q)

fu(x)
∥∥∥2
H

)r
. (3.19)

The constant CUP(r)k/2r ≤ Cr2
Cr logN/ log logN is acceptable, since k ≤ 5 logN

log logN .

3.2.6. Numerators. Now we exploit orthogonalities between numerators to bound the
right-hand side of (3.19). In the argument below, as before, we will use Lemma 3.16 repeat-
edly. The right-hand side of (3.19) is equal to∑

x∈Zd

( ∑
q∈S1···Sk

∥∥∥ ∑
u∈I(q)

fu(x)
∥∥∥2
H

)r
=
∑
x∈Zd

( ∑
q∈S[k]

∥∥∥Fq,[k](x)
∥∥∥2
H

)r
.

Set Fq,q′,q′′ :=
∑

u′′∈I(q′′)
∥∥∑

u′∈I(q′)
∑

u∈I(q) fu+u′+u′′
∥∥2
H

and observe that∑
x∈Zd

( ∑
q∈S[k]

∥∥∥Fq,[k](x)
∥∥∥2
H

)r
=
∑
x∈Zd

∑
q∈S∅

( ∑
q′∈S[k]

∑
q′′∈S∅

Fq,q′,q′′(x)
)r
.

Denote FL,L′ :=
∑

q∈SL

(∑
q′∈SL′\L

∑
q′′∈S[k]\L′ Fq,q′,q′′

)r
for L ⊆ L′ ⊆ [k]. We can rewrite

the right-hand side above as ∥F∅,[k]∥ℓ1(Zd). Thus, we obtain∑
x∈Zd

( ∑
q∈S1···Sk

∥∥∥ ∑
u∈I(q)

fu(x)
∥∥∥2
H

)r
= ∥F∅,[k]∥ℓ1(Zd). (3.20)
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Assuming L ⊊ L′ ⊆ [k] and writing L+ = L ∪ {l} and L′
− = L′ \ {l} with l = minL′ \ L, we

proceed as in [75, Section 2.5] to show that

∥FL,L′∥ℓ1(Zd) ≤ Cr

(
∥FL+,L′∥ℓ1(Zd) + ∥FL,L′

−
∥ℓ1(Zd)

)
(3.21)

with Cr ≃r 1 by using Proposition 3.6. After k iterations of (3.21), we obtain

∥F∅,[k]∥ℓ1(Zd) ≤ Ck
r

∑
L⊆[k]

∥FL,L∥ℓ1(Zd). (3.22)

The implied constant in (3.22) is acceptable, since k ∈ [ 5 logN
log logN ].

3.2.7. Square function estimates. Gathering the estimates and identities (3.19), (3.20),
and (3.22), we reduce matters to proving∑

L⊆[k]

∥FL,L∥ℓ1(Zd) ≲r,d N
2rC log log logN

log logN ∥f∥2rℓ2r(Zd;H).

Since there are 2k subsets L ⊆ [k], we may treat each summand above separately at the

expense of introducing an acceptable factor Cr2
Cr logN/ log logN .

We fix L. Set I ′ := I(S[k]\L) ∩ Rd
≤N . Since 1N,k,j(u + u′) = 0 for every u ∈ I(SL) and

u′ ∈ I(S[k]\L) \ Rd
≤N , we are reduced to proving the inequality∑

x∈Zd

∑
q∈SL

( ∑
u′∈I′

∥∥∥ ∑
u∈I(q)

fu+u′(x)
∥∥∥2
H

)r
≤ C2r

r,dN
2rC log log logN

log logN ∥f∥2rℓ2r(Zd;H) (3.23)

that will be interpreted as a linear operator norm bound from ℓ2r(Zd;H) to ℓ2r(Zd ×
SL; ℓ2(I ′;H)). The reduction to (3.23) uses the fact that the sets I(q)∩I(q′) are empty for
any distinct q, q′ ∈ S[k]\L.

The following lemma is key to establishing (3.23). This is the only place where the

expression log log logN
log logN appears in the exponent. It would be interesting to determine whether

1
log logN could be used instead.

Lemma 3.24. There exists a constant Cdiv ∈ R+ such that for all q ∈ Z+ and N ∈ N≥N0, if

q has k ∈ [ 5 logN
log logN ] prime divisors, then q has at most ⌊CdivN

Cdiv
log log logN
log logN ⌋ positive divisors

not greater than N .

Proof. Let {p1, . . . , pk} ⊂ P be the set of prime divisors of q. Our aim will be to count
of all possible tuples (α1, . . . , αk) ∈ Nk such that pα1

1 · · · pαk
k ≤ N . We may assume that

α1 + · · · + αk ≤ ⌊2 logN⌋, since otherwise pα1
1 · · · pαk

k ≥ 2⌊2 logN⌋+1 ≥ 4logN > N . Thus, we
have max{α1, . . . , αk} ≤ ⌊2 logN⌋. Note that N≤2 logN can be split into a finite number of
intervals of the form

Ii := N≤2 logN ∩ [(i− 1) log logN, i log logN),

each having about log logN elements except the last one, which may be shorter. Now to each
tuple (α1, . . . , αk) we assign a unique tuple of integers (i1, . . . , ik) such that (α1, . . . , αk) ∈
Ii1 × · · · × Iik . If (α1, . . . , αk) ∈ Ii1 × · · · × Iik , then

(i1 + · · · + ik − k)
log logN

2
≤ α1 + · · · + αk ≤ ⌊2 logN⌋,
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which implies that i1 + · · · + ik ≤ k + 4 logN
log logN ≤ ⌊ 10 logN

log logN ⌋. Taking

A :=
{

(α1, . . . , αk) ∈ Nk
≤2 logN : pα1

1 · · · pαk
k ≤ N

}
we obtain the desired bound

#A ≤
(
⌊10 logN/ log logN⌋ + k

k

)
⌊2 log logN⌋k ≤ CN

C log log logN
log logN .

Indeed, the number of tuples (i1, . . . , ik) ∈ Nk with i1 + · · · + ik ≤ ⌊ 10 logN
log logN ⌋ is at most(⌊10 logN/ log logN⌋+k

k

)
≤ 215 logN/ log logN , and for each fixed (i1, . . . , ik) the size of Ii1×· · ·×Iik

is at most ⌊2 log logN⌋k ≤ CN
C log log logN

log logN . □

We say that q̃ ∈ Z+ is an admissible divisor of q if it divides q, satisfies q̃ ∈ [N ], and has
exactly the same prime divisors as q. By Lemma 3.24 we can split I(q)∩Rd

≤N into disjoint

sets R(q1), . . . ,R(qm) for some m ∈ [CdivN
Cdiv

log log logN
log logN ], where q1, . . . , qm are admissible

divisors of q. By the triangle inequality followed by Hölder’s inequality, it suffices to show
that ∑

x∈Zd

∑
q∈SL

( ∑
u′∈I′

∥∥∥ ∑
u∈R(q̃)

f̃u+u′(x)
∥∥∥2
H

)r
≤ C2r

r,dN
2rC log log logN

log logN ∥f∥2rℓ2r(Zd;H)

holds uniformly for all possible choices of admissible divisors q̃ of q, where the function
f̃u+u′ is a variant of fu+u′ without the indicator function 1N,k,j . Indeed, this follows because

1N,k,j(u+u′) is constant on each R(q̃) when u′ ∈ I ′ is fixed, and equal to 0 if u ∈ I(q)\Rd
≤N .

Let ϕ : Rd → [0, 1] be smooth and such that 1[− 6
5
, 6
5
]d ≤ ϕ ≤ 1[− 9

5
, 9
5
]d . Let ψ : Rd → [0,∞)

be smooth, supported on [−1
5 ,

1
5 ]d, and such that ∥ψ∥L1(Rd) = 1. Define ζ := ϕ ∗ ψ so

that 1[−1,1]d ≤ ζ ≤ 1[−2,2]d . Proceeding as in [75, Section 2.6], for each q ∈ SL and each
admissible divisors q̃ of q, we obtain∑

x∈Zd

( ∑
u′∈I′

∥∥∥ ∑
u∈R(q̃)

f̃u+u′(x)
∥∥∥2
H

)r
≤ C2r

r,d

∑
x∈Zd

( ∑
u′∈I′

∥∥∥ ∑
u∈R(q̃)

f ζu+u′(x)
∥∥∥2
H

)r
,

where f ζu+u′ is a variant of f̃u+u′ with m replaced by a nice bump multiplier ζ.

3.2.8. Square function estimates for the nice bump multiplier. Finally, for each fixed
choice of admissible divisors q̃ of q ∈ SL, and every t ∈ [1,∞], we shall show the following
inequality( ∑

x∈Zd

∑
q∈SL

( ∑
u′∈I′

∥∥∥ ∑
u∈R(q̃)

f ζu+u′(x)
∥∥∥2
H

)t) 1
2t

≤ CdN
C log log logN

log logN ∥f∥ℓ2t(Zd;H)

that will be interpreted as a linear operator norm bound from ℓ2t(Zd;H) to ℓ2t(Zd ×
SL; ℓ2(I ′;H)). By interpolation it suffices to consider t ∈ {1,∞}.

The case t = 1 holds with an absolute constant independent of N by Plancherel’s the-

orem. Indeed, the functions FZdf
ζ
u+u′ have disjoint supports, since q̃ ≤ N , r ≥ 2, and
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ϑ ≤ (4rN2r)−1 ≤ (8N4)−1, and for distinct q, q′ ∈ SL the corresponding admissible divisors
q̃, q̃′ have distinct sets of prime divisors.

In the remaining case t = ∞, it suffices to show that

sup
x∈Zd

sup
q∈SL

∑
u′∈I′

∥∥∥ ∑
u∈Q(q̃)

f ζu+u′(x)
∥∥∥2
H

≤ C2
d∥f∥2ℓ∞(Zd;H) (3.25)

holds uniformly for all q̃ ∈ [N ] that are (not necessarily admissible) divisors of q, and once
(3.25) is established, the desired inequality with t = ∞ follows. Indeed, it suffices to apply
the inclusion–exclusion formula involving the Möbius function µ, which asserts that∑

u∈R(q̃)

F (u) =
∑

b∈D(q̃)

µ

(
q̃

b

) ∑
u∈Q(b)

F (u),

where D(q̃) is the set of all positive divisors of q̃, and to use (3.25) together with Lemma 3.24,
which implies that the number of all positive divisors of a given admissible divisor q̃ ∈ [N ]

is at most ⌊CdivN
Cdiv

log log logN
log logN ⌋. In order to prove (3.25), we proceed as in [75, Section 2.7].

3.3. A seminorm variant of the Ionescu–Wainger theorem. The goal of this subsec-
tion is to obtain an r-variation variant of Theorem 3.3; see (2.8).

Theorem 3.26. Let p′0 ≤ p ≤ p0 for some p0 ∈ 2Z+ and let r ∈ (2,∞]. Then there exists a
constant CIW(p0, r) ∈ R+ such that for every d ∈ Z+ and every N ∈ N≥100 the following is
true. Assume that D ⊆ [1,∞) is λ-lacunary for some λ > 1; see (2.3). For each n ∈ N, let

0 < ϑn ≤ min{(2p0N
p0)−1, λ−1

n },

and let mn : Rd → C be measurable and supported on [−ϑn, ϑn]d. Moreover, set

Ap,r := ∥(TRd [mn])n∈N∥Lp(Rd)→Lp(Rd;Vr(N)),

Bp0 := sup
(ωn)n∈N∈{−1,1}N

∥∥∥∑
n∈N

ωnTRd [mn+1 −mn]
∥∥∥
Lp0 (Rd)→Lp0 (Rd)

. (3.27)

Denote ρ′N := ρ′N (p0, r) := CIW(p0, r)
log log logN
log logN . Then∥∥∥(T

Rd
≤N

Zd [mn])n∈N

∥∥∥
ℓp(Zd)→ℓp(Zd;Vr(N))

≲λ,d,p0,r N
ρ′N (Ap,r + Bp0). (3.28)

Some remarks about Theorem 3.26 are in order.

1. Theorem 3.26 is a seminorm variant of the Ionescu–Wainger theorem stated at the
beginning of this section. We present a fairly general argument, which can be used to
deduce similar results for jumps or oscillations (as well as for norms corresponding to
real interpolation spaces) in place of r-variations. We refer to [76] for the definitions.

2. The restriction r ∈ (2,∞] arises from the fact that the key tool used in our proof
is the Rademacher–Menshov inequality from (2.11). It is highly tempting to ask
whether Theorem 3.26 remains true for arbitrary seminorms in place of r-variations
like the Magyar–Stein–Wainger sampling principle; see Proposition 3.1.
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3. In our applications we will have to verify that the quantities Ap,r and Bp0 are finite.
It might be a difficult task in general, but we will be working with multipliers mn

that can be handled using techniques from classical harmonic analysis [87]. To prove
that Ap,r is finite we will use a square function argument from [58]. This argument
will allow us to replace (TRd [mn])n∈N with a dyadic martingale. The latter will be
handled using the r-variational inequality of Lépingle for martingales with r > 2;
see, for instance, [69, 76]. We note that the restriction to r ∈ (2,∞] is necessary in
this case. To verify that Bp0 is finite we will use classical square function methods
in the spirit of Littlewood and Paley; see, for instance, [87, 85, 74].

Proof of Theorem 3.26. Fix a λ-lacunary set D ⊆ [1,∞) for some λ > 1, and let κN satisfy
2κN = 100p0(log λ)−1N . We show for all f ∈ ℓp(Zd) that∥∥∥Vr(T

Rd
≤N

Zd [mn]f : n ∈ N<2κN )
∥∥∥
ℓp(Zd)

≲λ,d,p0,r N
ρ′NBp0∥f∥ℓp(Zd), (3.29)∥∥∥Vr(T

Rd
≤N

Zd [mn]f : n ∈ N≥2κN )
∥∥∥
ℓp(Zd)

≲λ,d,p0,r N
ρ′NAp,r∥f∥ℓp(Zd). (3.30)

Combining (3.29) and (3.30), we see that (3.28) readily follows. By using the Rademacher–
Menshov inequality from (2.11) followed by Khinchine’s inequality and Theorem 3.3 with
Bp0 from (3.27), we obtain (3.29), since κN ≃ logN . Invoking Proposition 3.1 followed by
Theorem 3.3, we obtain (3.30) with Ap,r from (3.27), and the proof is complete. □

4. Inverse theorems

In this section, we simultaneously prove an inverse theorem for averages over distinct
degree corner configurations in both the discrete and continuous settings. This will be
essential to establish a multilinear Weyl inequality and a Sobolev smoothing theorem in
Section 6. We begin with fixing necessary notation and terminology.

4.1. Basic definitions and the statement of the inverse theorem. Throughout, K is
either the set of integers Z or the set of real numbers R. If K = Z, then λK is counting
measure on Z. If K = R, then λK is Lebesgue measure on R. Let K+ := {x ∈ K : x > 0}.

We write λKk := λ⊗k
K for the product measure on Kk. For a measurable set E ⊆ Kk, we

abbreviate λKk(E) to |E|Kk .
Fix k ∈ Z+, and consider a polynomial mapping

P := (P1, . . . , Pk) : K → Kk, (4.1)

where P1, . . . , Pk ∈ K[n] are polynomials with distinct degrees such that

d1 := degP1 < · · · < dk := degPk, (4.2)

and also define

D := Dk := d1 + · · · + dk. (4.3)



THE MULTILINEAR CIRCLE METHOD AND A QUESTION OF BERGELSON 39

For N ≥ 1, recalling the definitions of [N ]K from (2.2) and EλK
t∈[N ]K

from (2.5), we define

multilinear averages for f1, . . . , fk ∈ L0(Kk, λKk) by

AP
N ;Kk(f1, . . . , fk)(x) := EλK

t∈[N ]K

∏
i∈[k]

fi(x− Pi(t)ei), x ∈ Kk, (4.4)

and their truncations by

ÃP
N ;Kk(f1, . . . , fk)(x) := EλK

t∈[N ]K\[N/2]K

∏
i∈[k]

fi(x− Pi(t)ei), x ∈ Kk. (4.5)

For example, in the integer case K = Z, we have

AP
N ;Zk(f1, . . . , fk)(x) = ⌊N⌋−1

∑
n∈[N ]

∏
i∈[k]

fi(x− Pi(n)ei),

whereas, in the real case K = R, we have

AP
N ;Rk(f1, . . . , fk)(x) = N−1

∫ N

0

∏
i∈[k]

fi(x− Pi(t)ei)dt.

Let Cz := z for all z ∈ C. For f, g ∈ L2(Kk, λKk), define the inner product

⟨f, g⟩ := ⟨f, g⟩λKk
:=

∫
Kk

f(x)g(x)dλKk(x) =

∫
Kk

f(x)Cg(x)dλKk(x).

For compactly supported f0, f1, . . . , fk ∈ L∞(Kk, λKk), note the identities〈
AP

N ;Kk(f1, . . . , fk), f0

〉
=
〈
fj , A

P,∗j
N ;Kk(f1, . . . , fj−1, f0, fj+1, . . . , fk)

〉
(4.6)

and 〈
ÃP

N ;Kk(f1, . . . , fk), f0

〉
=
〈
fj , Ã

P,∗j
N ;Kk(f1, . . . , fj−1, f0, fj+1, . . . , fk)

〉
(4.7)

for all j ∈ [k], where the adjoint operators AP,∗j
N ;Kk and ÃP,∗j

N ;Kk are given by

AP,∗j
N ;Kk(g1, . . . , gk)(x) := EλK

t∈[N ]K

∏
i∈[k]

g∗ji (x−P∗j
i (t)) (4.8)

and

ÃP,∗j
N ;Kk(g1, . . . , gk)(x) := EλK

t∈[N ]K\[N/2]K

∏
i∈[k]

g∗ji (x−P∗j
i (t)) (4.9)

with g∗ji := C1i̸=jgi and P∗j
i (t) := 1i̸=jPi(t)ei−Pj(t)ej . We often abbreviate AP

N ;Kk to AN ;Kk

and ÃP
N ;Kk to ÃN ;Kk . In some instances, we will write out the averages AP

N ;Kk = AP1,...,Pk

N ;Kk

and ÃP
N ;Kk = ÃP1,...,Pk

N ;Kk depending on how explicit we need to be, and likewise with AP,∗j
N ;Kk

and ÃP,∗j
N ;Kk for j ∈ [k].

We also fix some notation and terminology from the classical circle method. For a finite
set Σ ⊂ K̂ and any N ∈ R+, we define the set of major arcs by

M≤N (Σ) :=
⋃
θ∈Σ

[θ −N, θ +N ]. (4.10)
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Using (4.10), we define the set of major arcs in the j-th component by

Mj
≤N (Σ) := Kj−1 ×M≤N (Σ) ×Kk−j . (4.11)

Recall the definition of the set of canonical fractions Rd
≤N from (3.2). For every N ≥ 1,

when d = 1, we shall abbreviate Rd
≤N to

R≤N :=

{
a

q
∈ Q/Z : q ∈ [N ] and gcd(a, q) = 1

}
. (4.12)

We shall also write RK
≤N := R≤N if K = Z and RK

≤N := {0} if K = R.

Let M1 ≥ 1 and M2 ∈ R+, and recall the definition of TΣ
i,Kk [m] from (2.7). Using this

definition, we introduce the Ionescu–Wainger projections by setting

Πi
K[≤M1,≤M2]f(x) := T

RK
≤M1

i,Kk [η[≤M2]]f(x) for i ∈ [k], x ∈ Kk, (4.13)

where η : R → [0, 1] is a smooth and even function satisfying (2.4), while

η[≤M2](x) := η(M−1
2 x) for x ∈ R.

Note that the projections from (4.13) localize the major arcs Mi
≤M2

(RK
≤M1

). For every

p ∈ [1,∞] and f ∈ Lp(Kk), by the triangle inequality, we have∥∥Πi
K[≤M1,≤M2]f

∥∥
Lp(Kk)

≲ #RK
≤M1

∥f∥Lp(Kk).

This bound is much worse than the bounds obtained in Section 3, but it holds for all
p ∈ [1,∞] and will be sufficient for the purpose of this section.

The main result of this section is the following inverse theorem.

Theorem 4.14. Let K be either Z or R. Fix C0 ∈ Z+ and k ∈ Z+, and let P be a
polynomial mapping satisfying (4.1)–(4.3). Then there exist large constants C1, C2 ∈ Z+

depending only on C0 and P such that the following holds. Assume that δ ∈ (0, 1] and
N ≥ C1δ

−C1, and fix j ∈ [k]. If f0, f1, . . . , fk ∈ L∞(Kk) are 1-bounded functions supported
on I :=

∏
i∈[k][±C0N

di ]K such that∣∣∣〈ÃP
N ;Kk(f1, . . . , fk), f0

〉∣∣∣ ≥ δND, (4.15)

then there exists a 1-bounded function hj ∈ L∞(Kk) supported on I such that∣∣∣〈fj ,Πj
K[≤M1,≤M2]hj

〉∣∣∣ ≥ C−1
1 δC1ND,

where M1 := C2δ
−C2 and M2 := C2δ

−C2N−dj .

We will prove this theorem in the next few subsections by extending the methods from [80,
81, 83]. In particular, we adapt the strategy from [81, Subsection 7.1] to the multidimensional
setting in order to deduce a structural result for each of the 1-bounded functions f1, . . . , fk
in Theorem 4.14. A new difficulty specific to the multidimensional setting arises during the
degree lowering part of the argument, coming from the dependence of phases produced by
the U2-inverse theorem on variables besides the differencing parameters, which prevents one
from simply applying the major arc lemma as in [80]. In [83], the issue could be sidestepped
by a simple application of the pigeonhole principle, but this trick is limited to the case
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of configurations of the form (x1, x2), (x1 + P1(n), x2), (x1, x2 + P2(n)) with P1 linear. To
overcome the new difficulty in the general distinct degree case, we perform a more elaborate
pigeonholing argument and introduce another application of PET induction combined with
concatenation inside the main degree lowering argument.

4.2. Gowers norms and their basic properties. We continue fixing necessary notation.
We also gather important tools that will be used later.

4.2.1. Uniform and Fejér measures. Let k ∈ Z+. For any measurable I ⊆ Kk such that
0 < |I|Kk <∞, we define the uniform and Fejér measures by

dλKk,I(x) := |I|−1
Kk · 1I(x)dλKk(x) and dσKk,I(x) := κKk,I(x)dλKk(x),

respectively, where κKk,I(x) is the Fejér kernel defined by

κKk,I(x) := |I|−2
Kk · 1I ∗ 1−I(x) = |I|−2

Kk |{y ∈ I : x+ y ∈ I}|Kk . (4.16)

We observe that λKk,I(Kk) = 1 and σKk,I(Kk) = 1. We will mainly work with k = 1, and

we shall write K in place of K1 in the above formulae. If K = R, N ∈ R+, and I = [N ]R,
then, by (4.16), one can easily check that the Fejér kernel κR,I(x) equals N−1

(
1 −N−1|x|

)
for |x| ≤ N , and 0 otherwise.

4.2.2. Multiplicative discrete derivatives. Let k ∈ Z+. For every f ∈ L0(Kk) and
x, h, h′ ∈ Kk, we define the multiplicative discrete derivatives by

∆hf(x) := f(x)f(x+ h) and ∆′
(h,h′)f(x) := f(x+ h)f(x+ h′).

For s ∈ Z+ and vectors h = (h1, . . . , hs) ∈ (Kk)s and h′ = (h′1, . . . , h
′
s) ∈ (Kk)s, we also

define the iterated multiplicative discrete derivatives by

∆hf(x) := ∆h1,...,hsf(x) := ∆h1(· · · (∆hsf(x)) · · · ),
∆′

(h,h′)f(x) := ∆′
(h1,h′

1),...,(hs,h′
s)
f(x) := ∆′

(h1,h′
1)

(· · · (∆′
(hs,h′

s)
f(x)) · · · ).

Remark 4.17. The above formulae may be rewritten more concisely as

∆hf(x) =
∏

ω∈{0,1}s
C|ω|f(x+ ω ◦ h),

∆′
(h,h′)f(x) =

∏
ω∈{0,1}s

C|ω|f(x+ ω ◦ h + (1− ω) ◦ h′),
(4.18)

where we denote 1 := (1, . . . , 1) ∈ {0, 1}s and define ω ◦ h :=
∑

i∈[s] ωihi for every ω =

(ω1, . . . , ωs) ∈ {0, 1}s and h = (h1, . . . , hs) ∈ (Kk)s. If k = 1, then ω ◦ h coincides with the
usual inner product ω · h on Ks.



42 D. KOSZ, M. MIREK, S. PELUSE, R. WAN, AND J. WRIGHT

4.2.3. The Gowers box and uniformity norms. We use multiplicative discrete deriva-
tives to define the (localized) Gowers box and uniformity norms.

Definition 4.19 (Gowers box and uniformity norms). For k, s ∈ Z+ and n ∈ [k], let
V ≡ Kn be an n-dimensional linear subspace (when K = R) or sublattice (when K = Z)
of Kk endowed with the natural measure λKn . Let I be a subset of Kk with finite and
positive measure with respect to λKk and H1, . . . ,Hs be subsets of V with finite and positive
measure with respect to λKn . Setting H :=

∏
i∈[s]Hi, the normalized Gowers box norm of

f ∈ L∞(Kk) supported on I with respect to the sets of translates H1, . . . ,Hs is given by

∥f∥□s
H1,...,Hs

(I) :=
(
|I|−1

Kk

∫
Kk

Eλ⊗2s
Kn

h,h′∈H∆′
(h,h′)f(x)dλKk(x)

)2−s

. (4.20)

After the change of variables x 7→ x− h′1 − · · · − h′s, we can rewrite (4.20) as

∥f∥□s
H1,...,Hs

(I) :=
(
|I|−1

Kk

∫
Kk

Eλ⊗2s
Kn

h,h′∈H∆h−h′f(x)dλKk(x)
)2−s

.

For a subset J ⊂ V with finite and positive measure with respect to λKn , the Gowers
U s-norm of f ∈ L∞(Kk) supported on I with respect to J is given by

∥f∥Us
J (I)

:= ∥f∥□s
J,...,J (I)

. (4.21)

We make some remarks about Definition 4.19.

1. Although it is not immediately obvious, the quantity on the right-hand side of (4.20)
is nonnegative and the box norms satisfy the triangle inequality. Proofs of these
standard facts and all other statements in this subsection can be found in [44, Ap-
pendix B]; see also [28] for generalizations.

2. After the change of variables x 7→ x − h′1 − · · · − h′s in (4.20), we can rewrite the
2s-th power of the local Gowers box norm as

∥f∥2s□s
H1,...,Hs

(I) = |I|−1
Kk

∫
Kk

EσKn,H1
h1∈V · · ·EσKn,Hs

hs∈V ∆h1,...,hsf(x) dλKk(x). (4.22)

In fact, our arguments will more often feature (4.22) than (4.20).
3. For every m ∈ [s], from (4.18) and (4.22) we immediately see that

∥f∥2s□s
H1,...,Hs

(I) = E
σKn,Hm+1

hm+1∈V · · ·EσKn,Hs
hs∈V ∥∆hm+1,...,hsf∥2

m

□m
H1,...,Hm

(I). (4.23)

We similarly relate the Gowers U s+1-norm to the Gowers U s-norm.
4. Finally, we emphasize that we will not usually need the full generality of the multidi-

mensional definitions of (4.20) or (4.21). We will mainly work with the case k ∈ Z+

and n = 1. To be more specific, we will use (4.20) or (4.21) with V = Kej for some

j ∈ [k], where Kej := {tej : t ∈ K} and {ei : i ∈ [k]} is the standard basis of Rk.

We can similarly define the Gowers box inner product.

Definition 4.24 (Gowers box inner products). For k, s ∈ Z+ and n ∈ [k], let V, I,H1, . . . ,Hs

be as in Definition 4.19. For every ω ∈ {0, 1}s let fω ∈ L∞(Kk) be supported on a set Iω with
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|Iω|Kk = |I|Kk . The Gowers box inner product of (fω)ω∈{0,1}s with respect to H1, . . . ,Hs is
given by〈

(fω)ω∈{0,1}s
〉I
H1,...,Hs

:= |I|−1
Kk

∫
Kk

Eλ⊗2s
Kn

h,h′∈H

∏
ω∈{0,1}s

C|ω|fω(x+ [h,h′]ω)dλKk(x),

where H :=
∏

i∈[s]Hi and [h,h′]ω := ω ◦ h + (1− ω) ◦ h′ for all h,h′ ∈ H and ω ∈ {0, 1}s.
After the change of variables x 7→ x− h′1 − · · · − h′s, we can rewrite this as

|I|−1
Kk

∫
Kk

EσKn,H1
⊗···⊗σKn,Hs

h∈V s

∏
ω∈{0,1}s

C|ω|fω(x+ ω ◦ h)dλKk(x).

Iterating the Cauchy–Schwarz inequality yields the following inequality, which is a local
version of [93, Equation 11.6].

Proposition 4.25 (The Gowers–Cauchy–Schwarz inequality). Let V, I,H1, . . . ,Hs,H and
(fω)ω∈{0,1}s , (Iω)ω∈{0,1}s be as in Definition 4.24. Then we have∣∣∣〈(fω)ω∈{0,1}s

〉I
H1,...,Hs

∣∣∣ ≤ ∏
ω∈{0,1}s

∥fω∥□s
H1,...,Hs

(Iω). (4.26)

Finally, we will require a general version of the U2-inverse theorem. For k ∈ Z+ and the

Pontryagin dual K̂k (i.e., Rk = R̂k or Tk = Ẑk), let λK̂k be Lebesgue measure on K̂k. A
proof of the following standard result can be found in [61, Lemma 5.1] in the case K = R,
and a proof of a quantitatively weaker version can be found in [80, Lemma 2.4] in the case
K = Z.

Proposition 4.27 (U2-inverse theorem). Let I,H ⊂ K be intervals with 0 < |I|K, |H|K <
∞. If f ∈ L∞(K) is 1-bounded and supported on I, then

∥f∥4U2
H(I) ≤ |H|−2

K ∥FKf∥2L∞(K̂,λK̂)
.

4.3. The main technical reduction. The purpose of this subsection is to formulate a
slightly stronger variant of Theorem 4.14, and then to show that the conclusion of the
theorem for j = 1 implies the same conclusion for general j ∈ [k]. To do this, we will need
the notion of admissible polynomials.

Definition 4.28. Fix 0 < δ ≤ 1, N ∈ [1,∞), and d ∈ Z+. Let Q(t) =
∑d

i=0 ci(Q)ti ∈ K[t]
be a polynomial of degree d with the leading coefficient ℓ(Q) := cd(Q). We say that Q is
(d, δ,N)-admissible with tolerance A ∈ [1,∞) if its coefficients satisfy

A−1δA ≤ |ℓ(Q)| ≤ Aδ−A and |ci(Q)| ≤ Aδ−ANd−i for i ∈ N<d. (4.29)

When the value of A is understood, we just say that polynomials Q that satisfy (4.29) are
(d, δ,N)-admissible. Now, we formulate a quantitatively uniform extension of Theorem 4.14
for (d, δ,N)-admissible polynomials.

Theorem 4.30. Fix A ∈ [1,∞), C0 ∈ Z+, and k ∈ Z+, and let P be a polynomial mapping
satisfying (4.1)–(4.3). Then there exist large constants C1, C2 ∈ Z+ depending on A,C0, dk
such that the following holds. Assume that δ ∈ (0, 1] and N ≥ C1δ

−C1, and fix j ∈ [k]. If
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each Pi is (di, δ,N)-admissible with tolerance A, and f0, f1, . . . , fk ∈ L∞(Kk) are 1-bounded
functions supported on I :=

∏
i∈[k][±C0N

di ]K such that∣∣∣〈AP
N ;Kk(f1, . . . , fk), f0

〉∣∣∣ ≥ δND, (4.31)

then there exists a 1-bounded function hj ∈ L∞(Kk) supported on I such that∣∣∣〈fj ,Πj
K[≤M1,≤M2]hj

〉∣∣∣ ≥ C−1
1 δC1ND,

where M1 := C2δ
−C2 and M2 := C2δ

−C2N−dj .

A few comments about this theorem are in order.

1. A fixed polynomial Q ∈ K[t] of degree d ∈ Z+ is (d, δ,N)-admissible with tolerance
max{|ℓ(Q)|, |ℓ(Q)|−1} for all 0 < δ ≤ 1 and N ≥ C1δ

−C1 if C1 is sufficiently large
in terms of the coefficients of Q. Thus, the entries Pi of P from (4.1) are (di, δ,N)-
admissible with tolerance OP(1).

2. In view of the previous remark, Theorem 4.30 implies Theorem 4.14. Indeed, condi-
tion (4.15) for the truncated averages ÃP

N ;Kk implies that∣∣∣〈AP
N ;Kk(f1, . . . , fk), f0

〉∣∣∣ ≳ δND or
∣∣∣〈AP

N/2;Kk(f1, . . . , fk), f0

〉∣∣∣ ≳ δND

holds, which, in turn, gives (4.31) with comparable N and δ. Theorem 4.30 then
yields the desired conclusion of Theorem 4.14.

3. The subsections that follow are devoted to proving Theorem 4.30 in the special case
j = 1. The aim of this subsection is to show that the general case j ∈ [k] can be
derived inductively from this special case.

Next, we introduce some convenient notation and important terminology that will facili-
tate working in high dimensions.

Definition 4.32. For l,m, n ∈ Z+ and an l-dimensional vector x ∈ Kl, let

x≤l := x<l+1 := (x1, . . . , xl) ∈ Kl,

x>m := x≥m+1 := (xm+1, . . . , xm+l) ∈ Kl,

x(m,n] := (xm+1, . . . , xn) ∈ Kl if n−m = l,

x(m,n]c := (x1, . . . , xm, xn+1, . . . , xn+l−m) ∈ Kl if m < min{l, n+ 1}.

We use this notation whenever we need to emphasize that the entries of the underlying
vector x ∈ Kl, whose dimension l is clear from the context, are indexed differently from
the standard convention x = (x1, . . . , xl). In particular, for m ∈ [l + 1], we define x{m}c by
setting

x{m}c := x(m−1,m]c := (x1, . . . , xm−1, xm+1, . . . , xl+1) ∈ Kl,

with obvious modifications of indexing parameters when m ∈ {1, l + 1}.
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4.3.1. Proof of Theorem 4.30 assuming Theorem 4.30 for j = 1. We now demon-
strate that it is enough to prove Theorem 4.30 for j = 1, as the remaining cases j ∈ [k] \ {1}
can be derived from this case. The statement of Theorem 4.30 for j = 1 is as follows.

Theorem 4.33. Fix A ∈ [1,∞), C0 ∈ Z+, and k ∈ Z+, and let P be a polynomial map-
ping satisfying (4.1)–(4.3). Then there exist large constants C1,1, C1,2 ∈ Z+ depending on
A,C0, dk such that the following holds. Assume that δ ∈ (0, 1] and N ≥ C1,1δ

−C1,1. If

each Pi is (di, δ,N)-admissible with tolerance A, and f0, f1, . . . , fk ∈ L∞(Kk) are 1-bounded
functions supported on I :=

∏
i∈[k][±C0N

di ]K such that∣∣∣〈AP
N ;Kk(f1, . . . , fk), f0

〉∣∣∣ ≥ δND, (4.34)

then we have ∣∣〈f1,Π1
K[≤M1,≤M2]f1

〉∣∣ ≥ C−1
1,1δ

C1,1ND, (4.35)

where M1 := C1,2δ
−C1,2 and M2 := C1,2δ

−C1,2N−d1.

Remark 4.36. Theorem 4.33 remains true if we assume that f0, f1, . . . , fk ∈ L∞(Kk) are
1-bounded functions supported on I :=

∏
i∈[k][±C0δ

−C0Ndi ]K.

Assuming momentarily that Theorem 4.33 holds, we derive Theorem 4.30. The proof of
Theorem 4.33 will be presented in the next two subsections.

Proof of Theorem 4.30. Assume that Theorem 4.33 holds for all k ∈ Z+. Fix k ∈ Z+ and
j ∈ [k] as in Theorem 4.30. By Theorem 4.33, we can assume that k > 1 and j > 1. Set
Di := d1 + · · · + di for all i ∈ [k]. Furthermore, fix 1-bounded functions f0, f1, . . . , fk ∈
L∞(Kk) supported on I. We will proceed in two steps, assuming that N ≥ C∗δ

−C∗ for some
large C∗ ∈ Z+.
Step 1. Applying (4.31), (4.6), the Cauchy–Schwarz inequality, and then (4.6) again, we
obtain

δND ≤
∣∣∣〈f1, AP,∗1

N ;Kk(f0, f2, . . . , fk)
〉∣∣∣ ≲ ND/2

∣∣∣〈f0, AP
N ;Kk(F1, f2, . . . , fk)

〉∣∣∣1/2
with F1 := AP,∗1

N ;Kk(f0, f2, . . . , fk), given explicitly by the formula

F1(x) := EλK
y∈[N ]K

f0(x+ P1(y)e1)
∏

i∈[k]\{1}

Cfi(x− Pi(y)ei + P1(y)e1)

for all x ∈ Kk. Now, by Theorem 4.33, there exist large C1,1, C1,2 ∈ Z+ such that, whenever
N ≥ C1,1δ

−C1,1 , we have∣∣〈F1,Π
1
K[≤M1,≤M2]F1

〉∣∣ ≥ C−1
1,1δ

C1,1ND,

where M1 := C1,2δ
−C1,2 and M2 := C1,2δ

−C1,2N−d1 , which is equivalent to∣∣∣〈f0, AP
N ;Kk

(
Π1

K[≤M1,≤M2]F1, f2, . . . , fk
)〉∣∣∣ ≥ C−1

1,1δ
C1,1ND. (4.37)
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Step 2. By the pigeonhole principle, at the expense of worsening the lower bound in (4.37)
by multiplying it by a large power of δ, we can consider the averages over shorter intervals in
(4.37). Then, by the mean value theorem, one can replace the function Π1

K[≤ M1,≤ M2]F1

with a constant function. It follows that there exists a measurable set X1 ⊆ [C0N
d1 ]K with

λK(X1) ≳ δO(1)Nd1 such that, for every x1 ∈ X1, we have∣∣∣〈f10,x1
, AQ>1

N1,Kk−1(f2,x1 , . . . , fk,x1)
〉∣∣∣ ≳ δO(1)NDk−D1

1 ,

where δO(1)N ≲ N1 ≲ δ−O(1)N and Q>1 := {Q2, . . . , Qk} is a family of polynomials Qi

which are (di, δ,N)-admissible with tolerance Ai ≲A,C1,1,dk 1, with f10,x1
(x>1) := f10 (x1, x>1)

and fi,x1(x>1) := fi(x1, x>1) for all i ∈ [k] \ {1} and x>1 ∈ Kk−1. If j = 2, then we apply
Theorem 4.33 for each x1 ∈ X1 (or, more precisely, we apply the result given in Remark 4.36,

since the functions f10,x1
, f2,x1 , . . . , fk,x1 are supported on

∏
i∈[k][±C2,0δ

−C2,0Ndi
1 ]K for some

C2,0 ∈ Z+) to conclude that there exist constants C2,1, C2,2 ∈ Z+ depending on A,C0, dk
such that, whenever N ≥ C2,1δ

−C2,1 , we have∣∣〈f2,x1 ,Π
2
K[≤M1,≤M2]f2,x1

〉∣∣ ≥ C−1
2,1δ

C2,1NDk−D1 ,

where M1 := C2,2δ
−C2,2 and M2 := C2,2δ

−C2,2N−d2 . Integrating the above inequality over
x1 ∈ X1 and using duality, we obtain∣∣〈f2,Π2

K[≤M1,≤M2]h2
〉∣∣ ≳ δO(1)NDk ,

where h2(x) := f2(x)g2(x1) for some 1-bounded g2 ∈ L∞(K). This shows that Theorem 4.30
holds for j = 2, and iterating this argument, we conclude that it holds for all j ∈ [k] with
constants Cj,1, Cj,2 ∈ Z+ in place of C1 and C2, respectively. Finally, the implied constants
Cj,1, Cj,2 for each j ∈ [k] can be taken to be uniform in j ∈ [k]. This completes the proof of
Theorem 4.30. □

4.4. Gowers norm control. In this subsection, we will begin the preparation to prove
Theorem 4.33. The first step involves the PET induction technique, which is a method
going back to the work of Bergelson and Leibman [8], with a coefficient tracking scheme
as in [80]. The primary tool of PET induction is the following variant of van der Corput’s
inequality.

Lemma 4.38. Fix g ∈ L1(K) and an interval J ⊂ K. Then∣∣∣EλK
y∈Jg(y)

∣∣∣2 ≤ 2EλK
y∈JE

σK,[H]K
h∈K 1J−h(y)∆hg(y)

for every H ∈ R+ such that 1 ≤ H ≤ |J |K.

Proof. We first insert an extra average in h ∈ [H]K and then apply the Cauchy–Schwarz
inequality. □

An important consequence of Lemma 4.38 is the following simple lemma.

Lemma 4.39. Fix an interval J ⊂ K and H ∈ R+ such that 1 ≤ H ≤ |J |K. If g1 ∈ L∞(Kk)
and g2 ∈ L∞(Kk+1) are 1-bounded functions such that

∥g1∥L1(Kk) ≤ α and sup
y∈K

∥g2( · , y)∥L1(Kk) ≤ α (4.40)
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for some α ∈ R+, then one can find η ∈ C such that |η| ≤ 2H|J |−1
K and∣∣∣ 1

α

∫
Kk

g1(x)EλK
y∈Jg2(x, y)dλKk(x)

∣∣∣2
does not exceed the following nonnegative expression

2

α

∫
Kk

EλK
y∈JE

σK,[H]K
h∈K g2(x, y)g2(x, y + h)dλKk(x) + η.

Proof. We first apply the Cauchy–Schwarz inequality and Lemma 4.38, and then observe
that 1J−h can be replaced by 1J in the resulting bound at the cost of an error term η ∈ C
satisfying |η| ≤ 2H|J |−1

K . □

Fix L ∈ Z+ and a family {Q l : l ∈ [L]} of polynomial vectors Q l := (Ql,1, . . . , Ql,k). We
say that Q l is constant if each component Ql,i is constant.

Proposition 4.41. Fix N ∈ [1,∞), k ∈ Z+, L ∈ Z+, l0 ∈ [L], α ∈ R+, and a family
{Ql : l ∈ [L]} of polynomial vectors that are not constant. If f0, f1, . . . , fL ∈ L0(Kk) are
1-bounded, with L1(Kk) norms bounded by α, and∣∣∣ 1

α

∫
Kk

f0(x)EλK
y∈[N ]K

∏
l∈[L]

fl(x−Ql(y))dλKk(x)
∣∣∣ ≥ ε

for some ε ∈ (0, 1], then for every ε0 ∈ (0, ε2/10] with ε0ε
2N ≥ 103, we have∣∣∣ 1

α

∫
Kk

EλK
y∈[N ]K

∏
l∈[L]

fl(x−Ql(y))fl(x−Ql(y + h))dλKk(x)
∣∣∣ ≥ ε2

10
(4.42)

for all h belonging to a measurable set H ⊆ [±ε0N ]K \ [±ε0ε2N/102]K such that |H|K ≥
ε0ε

2N/102. Thus, for all h ∈ H, substituting x 7→ x+ Ql0(y) yields∣∣∣ 1
α

∫
Kk

f′0(x)EλK
y∈[N ]K

∏
l′∈[L′]

f′l′(x−Q′
l′(y))dλKk(x)

∣∣∣ ≥ ε2

10

for some integer L′ ≤ 2L − 1, where f′0(x) is the product of all factors independent of y,
the new family {Q′

l′ : l′ ∈ [L′]} of polynomial vectors consists exactly of those Ql − Ql0

and Ql( · + h) −Ql0 that are not constant, f′l′ is either fl when Q′
l′ = Ql −Ql0 or fl when

Q′
l′ = Ql( · + h) −Ql0, and, consequently, f

′
0, f

′
1, . . . , f

′
L′ are 1-bounded, with L1(Kk) norms

bounded by α.

Proof. It suffices to apply Lemma 4.39 with g1(x) = f0(x) and g2(x, y) =
∏

l∈[L] fl(x−Q l(y)),

noting that g1, g2 are 1-bounded and satisfy (4.40). □

Repeated applications of Proposition 4.41 according to the PET induction scheme allow
us to control the left-hand side of (4.34) by Gowers box norms.

Lemma 4.43. Under the assumptions of Theorem 4.33, we have

E
µKT ,HT

h∈KT ∥fk∥2
s

□s
c1(h)[±H′]Kek,...,cs(h)[±H′]Kek

(I) ≥ C−1δC (4.44)



48 D. KOSZ, M. MIREK, S. PELUSE, R. WAN, AND J. WRIGHT

for some integers s, T, C ≥ 2 bounded in terms of A,C0, dk, some nonzero multilinear poly-
nomials c1(h), . . . , cs(h) of degree dk − 1 with coefficients in K that are bounded in terms
of A and dk, some H ′ ∈ K such that H ′ ≥ C−1δCN , and µKT ,HT

:= λK,H1 ⊗ · · · ⊗ λK,HT
,

where each Hi is an interval of the form [±H]K for some H ∈ K such that H ≥ C−1δCN .

In fact, Kravitz, Kuca, and Leng [63] have recently proven this exact Gowers box norm
control result in the case K = Z when P1, . . . , Pk have bounded coefficients (as a special case
of their Proposition 4.8). Their argument goes through with no change when P1, . . . , Pk are
merely admissible, and thus Lemma 4.43 holds for this more general class of polynomials we
consider here, in both cases K = Z and K = R. We omit the details.

When K = Z, averages of Gowers box norms such as those appearing on the left-hand
side of (4.44) can be bounded in terms of U s-norms using concatenation theorems. The first
concatenation theorem was proven by Tao and Ziegler in [94] for the purpose of obtaining
asymptotics for polynomial progressions in the primes. Although it was applicable in very
broad generality, their concatenation theorem was purely qualitative, as the proof of Tao and
Ziegler produced no explicit bounds. Peluse and Prendiville [82] (for the averages of Gowers
box norms arising from the nonlinear Roth configuration) and Peluse [80] (for more general
averages of Gowers box norms) proved the first quantitative concatenation theorems, which
had polynomial bounds. Applying an even more general quantitative concatenation theorem
of Kravitz, Kuca, and Leng [63, Theorem 1.10] (see also [64]) with polynomial bounds proves
the following key theorem in the case K = Z.

Theorem 4.45. Fix A ∈ [1,∞), C0 ∈ Z+, and k ∈ Z+, and let P be a polynomial map-
ping satisfying (4.1)–(4.3). Then there exists a large constant C∗ ∈ Z+ depending only on
A,C0, dk such that the following holds. Assume that δ ∈ (0, 1] and N ≥ C∗δ

−C∗. If each Pi is
(di, δ,N)-admissible with tolerance A, and f0, f1, . . . , fk ∈ L∞(Kk) are 1-bounded functions
supported on I :=

∏
i∈[k][±C0δ

−C0Ndi ]K, then we have the following implication∣∣∣〈AP
N ;Kk(f1, . . . , fk), f0

〉∣∣∣ ≥ δND =⇒ ∥fk∥Us
[±H∗]Kek

(I) ≥ C−1
∗ δC∗ , (4.46)

with H∗ := 7C0δ
−C0Ndk and an integer s ≥ 2 bounded in terms of A,C0, dk.

To deduce Theorem 4.45 from Lemma 4.43 in the case K = R, one can simply use the

pigeonhole principle to find h for which c1(h), . . . , cs(h) ≳A,dk δ
OA,dk

(1)Ndk−1 and

∥fk∥2
s

□s
c1(h)[±H′]Kek,...,cs(h)[±H′]Kek

(I) ≳A,C0,dk δ
OA,dk

(1),

apply suitable changes of variables to replace ci(h)[±H ′]K by [±Hi]K, where Hi ≃A,C0,dk

δOA,dk
(1)Ndk for each i ∈ [s], and then use the Gowers–Cauchy–Schwarz inequality (4.26)

and the support of fk to replace each [±Hi]K by two intervals [±H∗]K of uniform length,
thereby also replacing s by s+1. The U s-norm appearing on the left-hand side of (4.46) can
be interpreted as an average of one-dimensional U s-norms with respect to the last variable:

∥fk∥2
s

Us
[±H∗]Kek

(I) = |I<k|−1
Kk−1

∫
Kk−1

∥fk(x<k, · )∥2
s

Us
[±H∗]K

(Ik)
dλKk−1(x<k).
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4.5. Degree lowering. In this subsection, we carry out the degree lowering argument,
following the broad outline of [80, Sections 7 and 8] while overcoming new difficulties that
arise in the multidimensional setting.

As before, K is either Z or R with the corresponding dual groups Ẑ = T (identified with

[−1/2, 1/2)) and R̂ = R. The dual group K̂ is endowed with a canonical norm: ∥ξ∥K̂ :=
dist(ξ,Z) when K = Z and ∥ξ∥K̂ := |ξ| when K = R.

4.5.1. Degree lowering preparation. First, we collect the tools used in the degree lowering
argument. The following result is the inverse form of Weyl’s inequality when K = Z, and of
van der Corput’s lemma when K = R.

Proposition 4.47. Fix P ∈ K[t] of degree d ∈ Z+, of the form P (t) = ξdt
d + · · ·+ ξ1t+ ξ0.

Then there exists a large constant C ∈ Z+ depending only on d such that, for every ε ∈ (0, 1]
and N ≥ Cε−C , the following holds. If∣∣∣EλK

t∈[N ]K
e(P (t))

∣∣∣ ≥ ε,

then there exists a positive integer q ∈ [Cε−C ] such that

∥qξi∥K̂ ≤ Cε−CN−i

for all i ∈ [d]. If K = R, then we take q = 1.

The proof for K = Z can be found in [45, Proposition 4.3], whereas the case K = R is
the classical van der Corput lemma for oscillatory integrals with polynomial phases; see [87,
Proposition 2, p. 332] or [1, Theorem 1.1, p. 13].

The following simple lemma will also be needed.

Lemma 4.48. Fix α ∈ R and γ ∈ R+. If |α − u| ≤ γ for some u ∈ Q, then, for any
M ∈ [1,∞), one can find m ∈ [±M ] and θ ∈ [−1, 1] such that

α = u+m
γ

M
+ θ

γ

M
.

Proof. We take m := ⌊M(α− u)γ−1⌋ and θ := M(α− u)γ−1 −m. □

To state the next lemma, we will need some notation from [80]. For any s ∈ Z+ and
X ⊆ K2s, let □s(X) denote the set of 3s-tuples(

k
(1)
1 , . . . , k(1)s , k

(2)
1 , . . . , k(2)s , k

(3)
1 , . . . , k(3)s

)
∈ K3s

such that (
k
(1)
1 , . . . , k(1)s , k

(ω1+2)
1 , . . . , k(ωs+2)

s

)
∈ X

for all ω ∈ {0, 1}s. The following lemma is analogous to [80, Lemma 7.4], and is proved in
the same way.

Lemma 4.49 (Dual–difference interchange). Fix C0, s, d ∈ Z+. Then there exists a constant
C ∈ Z+ depending only on C0, s, d such that the following holds. Assume that δ ∈ (0, 1] and
N ≥ Cδ−C . Let C−1

0 δC0Nd ≤ H ≤ C0δ
−C0Nd and let H ⊆ [H]2sK be a measurable set such

that λ⊗2s
K (H) ≥ C−1

0 δC0H2s. Consider F (x) := EλK
t∈[N ]K

Ft(x), where the map

K× [N ]K ∋ (x, t) 7→ Ft(x) ∈ C
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is measurable and, for each t ∈ [N ]K, the map K ∋ x 7→ Ft(x) is 1-bounded and supported
on J := [±C0N

d]K. If

Eλ⊗2s
K

(h,h′)∈H

∣∣∣∣|J |−1
K

∫
K

[∆′
(hi,h′

i)i∈[s]
F (x)]e(ϕ(h,h′)x)dλK(x)

∣∣∣∣2 ≥ C−1
0 δC0

for some measurable function ϕ : H → K̂, then

Eλ⊗3s
K

k∈[H]3sK
1□s(H)(k)

∣∣∣∣|J |−1
K

∫
K
Gk(x)e(ψ(k)x)dλK(x)

∣∣∣∣2 ≥ C−1δC ,

where, for all k = (k
(1)
1 , . . . , k

(1)
s , k

(2)
1 , . . . , k

(2)
s , k

(3)
1 , . . . , k

(3)
s ) ∈ □s(H), we have

Gk(x) := EλK
t∈[N ]K

∆′
(k

(2)
i ,k

(3)
i )i∈[s]

Ft(x)

and ψ : □s(H) → K̂ is given by

ψ(k) :=
∑

ω∈{0,1}s
(−1)|ω|ϕ(k

(1)
1 , . . . , k(1)s , k

(ω1+2)
1 , . . . , k(ωs+2)

s ).

We will also need the following variant of [80, Lemma 7.5].

Lemma 4.50. Fix s, C0 ∈ Z+. Then there exists a constant C ∈ Z+ depending only on
s, C0 such that the following holds. Let M,H ∈ [1,∞), ε ∈ (0, 1], and, for each i ∈ [s], let

ϕi : K2s → K̂ be a measurable function independent of the (s+ i)-th variable. If C−1
0 εC0M ≤

H ≤ C0ε
−C0M and f ∈ L∞(K) is a 1-bounded function supported on J := [±M ]K and such

that

Eλ⊗2
Ks

h,h′∈[H]sK

∣∣∣∣|J |−1
K

∫
K

∆′
(h,h′)f(x)e

(∑
i∈[s]

ϕi(h,h
′)x
)
dλK(x)

∣∣∣∣2 ≥ ε,

then we have ∥f∥Us+1
[H]K

(J) ≥ C−1εC .

The next lemma has no analogue in [80], and addresses the added complexity of executing
a pigeonholing argument in the multidimensional setting.

Lemma 4.51. Fix s ∈ Z+. There exists a constant C ∈ Z+ depending only on s such that
the following holds. Assume that δ ∈ (0, 1] and H ≥ Cδ−C , and set B := [H]2sK . Then

one can find a measurable function ϕ : B → K̂ and an exceptional set Kϕ ⊆ □s(B) with
|Kϕ|K3s ≤ 2Cδ−2H−1|□s(B)|K3s such that if k ∈ □s(B) \Kϕ, then

∥qψ(k)∥K̂ > δ−1H−1

holds for all q ∈ [δ−1], where ψ(k) is defined as in Lemma 4.49.

Proof. We will consider the cases K = Z and K = R separately.
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Case K = Z. Define a random function ϕ : B → T by choosing each value ϕ(h,h′) indepen-
dently and uniformly at random from T. Set

M :=
{
ξ ∈ T : ∥qξ∥T ≤ δ−1H−1 for some positive integer q ≤ δ−1

}
.

Note that λT(M) ≤ Cδ−2H−1. Moreover, we have □s(B) = [H]3s, and for any ε1, . . . , ε2s ∈
{−1, 1} and distinct pairs (h1,h

′
1), . . . , (h2s ,h

′
2s) ∈ B, the function

∑
i∈[2s] εiϕ(hi,h

′
i) is also

uniformly distributed on T. We split □s(B) = K1 ∪K2, where

K1 :=
{
k ∈ [H]3s : k

(2)
i ̸= k

(3)
i for all i ∈ [s]

}
and K2 := [H]3s \K1. Then Eϕ[1M(ψ(k))] = λT(M) for k ∈ K1, where Eϕ is the expected
value over the possible choices of ϕ. Consequently, we have

Eϕ

[ ∑
k∈[H]3s

1M(ψ(k))

]
≤
∑
k∈K1

λT(M) +
∑
k∈K2

1 ≤ Cδ−2H−1 ·H3s + CH3s−1

by |K1|Z3s ≤ H3s and |K2|Z3s ≤ CH3s−1. Thus, for some ϕ : B → T, we have∑
k∈[H]3s

1M(ψ(k)) ≤ 2Cδ−2H3s−1,

and this ϕ has the desired properties.
Case K = R. Fix a large integer n ∈ Z+ to be determined later, and split [H]sR =

⋃
J∈J J ,

where J := {Ji ⊆ [H]sR : i ∈ [2ns]} is a family of 2ns dyadic cubes, each having volume
2−nsHs. The cubes in J are essentially disjoint, i.e., their interiors are disjoint. Define
ϕ(h,h′) :=

∑
i∈[2ns] 2

i+1δ−1H−11Ji(h
′). Let J0 consist of all pairs (J, J ′) ∈ J 2 of cubes

with essentially disjoint sides. We split □s(B) = K1 ∪K2, where

K1 :=
{
k ∈ [H]3sR : k(s,2s] ∈ J, k(2s,3s] ∈ J ′ for some (J, J ′) ∈ J0

}
and K2 := [H]3sR \K1. Note that |ψ(k)| > δ−1H−1 for almost all k ∈ K1. If k ∈ K2, then
k(s,2s] ∈ J and k(2s,3s] ∈ J ′ for some J, J ′ ∈ J , which have at least one side in common.

This gives |K2|R3s ≤ s2−nH3s ≤ H3s−1 provided that n is sufficiently large in terms of H
and s. Hence,∫

[H]3sR

1[±δ−1H−1]R(ψ(k))dλR3s(k) =

∫
K2

1[±δ−1H−1]R(ψ(k))dλR3s(k) ≤ H3s−1

and ϕ has the desired properties. □

4.5.2. Conditional degree lowering argument. We will now carry out a conditional
variant of the degree lowering argument following [80, Section 8].

We will use the convention that K0 := {0} denotes the trivial vector space endowed
with the Dirac delta measure λK0 at zero. As in Definition 4.32, for any polynomial
mapping P = (P1, . . . , Pk) : K → Kk, we will write P≤l := (P1, . . . , Pl) : K → Kl and
P>l := (Pl+1, . . . , Pk) : K → Kk−l so that P = (P≤l,P>l) for any l ∈ [k − 1]. Moreover,
let P>0 := P≤k := P. We analogously define P<l := P≤l−1, P≥l := P>l−1, and P(m,l],P(m,l]c

for m, l ∈ [k] with m ≤ l.
Our main result here is the following.
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Lemma 4.52 (Conditional degree lowering lemma). Fix an integer s ≥ 3, A ∈ [1,∞),
C0 ∈ Z+, k, l ∈ Z+ \ {1}, m ∈ Z+ with m ≤ l ≤ k, and d1, . . . , dk ∈ Z+ with d1 < · · · < dk.
Then there exists a large constant C ∈ Z+ depending only on s,A,C0, dk such that the
following holds. Assume that δ ∈ (0, 1] and N ≥ Cδ−C . Let P = (P1, . . . , Pk) be a polynomial
mapping as in (4.1), where each Pi ∈ K[t] has degree di and is (di, δ,N)-admissible with
tolerance A. Assume that C−1

0 δC0Ndm ≤ H ≤ C0δ
−C0Ndm. Let f0, f1, . . . , fm−1 ∈ L∞(Km)

be 1-bounded measurable functions supported on I≤m :=
∏

i∈[m][±C0δ
−C0Ndi ]K. Given a

measurable mapping ξ := ξ(m,l] := (ξm+1, . . . , ξl) : Km → K̂l−m and a frequency vector η :=

η(l,k] := (ηl+1, . . . , ηk) ∈ K̂k−l, define

Fm(x) := EλK
t∈[N ]K

f0(x+ Pm(t))
(m−1∏

i=1

fi(x−Pi(t) + Pm(t))
)
· (ξ, η)(x, t),

where Pi(t) := Pi(t)ei for i ∈ [m] and

(ξ, η)(x, t) := e
(
ξ(x+ Pm(t)) · P(m,l](t) + η · P>l(t)

)
for x ∈ Km and t ∈ [N ]K. We have the following degree lowering implication

∥Fm∥Us
[H]Kem

(I≤m) ≥ C−1
0 δC0 =⇒ ∥Fm∥Us−1

[H]Kem
(I≤m) ≥ C−1δC

provided that Condition 4.53 formulated below is satisfied.

Condition 4.53 ((m, l)-major arc condition). For A, k, l,m, d1, . . . , dk,P as above and
c0 ∈ Z+, there exists a large constant c ∈ Z+ depending only on A, c0, dk such that the
following holds. Assume that δ ∈ (0, 1] and N ≥ cδ−c, and that each Pi ∈ K[t] is (di, δ,N)-
admissible with tolerance A. Let g0, g1, . . . , gm−1 ∈ L∞(Km−1) be 1-bounded measurable
functions supported on J<m, where J<1 := {0} = K0 and J<m :=

∏
i∈[m−1][±c0δ−c0Ndi ]K

if m ≥ 2. Given a measurable mapping ζ := ζ[m,l] := (ζm, . . . , ζl) : Km−1 → K̂l−m+1 and a

frequency vector θ := θ(l,k] := (θl+1, . . . , θk) ∈ K̂k−l, define Gm ∈ C by∫
Km−1

g0(y)EλK
t∈[N ]K

(m−1∏
i=1

gi(y −Pi(t))
)
e(ζ(y) · P[m,l](t) + θ · P>l(t))dλKm−1(y)

with Pi(t) := Pi(y)ei. Set Dn := d1 + · · · + dn for n ∈ [k] and D0 := 0. If

|Gm| ≥ c−1
0 δc0NDm−1 , (4.54)

then we can find an integer q ∈ [cδ−c] and a measurable set Y ⊆ J<m such that |Y |Km−1 ≥
c−1δcNDm−1 and, for every y ∈ Y , we have

l∑
j=m

Ndj∥qζj(y)∥K̂ +
k∑

j=l+1

Ndj∥qθj∥K̂ ≤ cδ−c. (4.55)

If K = R, then we take q = 1.

Note that, in the special case m = 1, condition (4.54) can be rewritten as∣∣∣g0(0)EλK
t∈[N ]K

e
(
ζ(0) · P[m,l](t) + θ · P>l(t)

)∣∣∣ ≥ c−1
0 δc0 .
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This condition implies (4.55) by Lemma 4.47, since the polynomials P1, . . . , Pk have distinct
degrees. Thus, the major arc condition for m = 1 holds. In order to verify Condition 4.53 for
m ≥ 2, we will adapt an induction argument from [80] using the conditional degree lowering
argument from Lemma 4.52.

Proof of Lemma 4.52. The proof is broadly similar to the analogous argument in [80], with
the main difference being the need for a more elaborate pigeonholing argument to deal with
the dependence of phases on multilinear fixed variables. We will proceed in a few steps and,
if necessary, we will distinguish between the cases m ≥ 2 and m = 1 in each step. In order
to ensure consistency in our arguments and notation, when m = 1, we will identify K1 with
K0 ×K by setting K ∋ x 7→ (0, x) ∈ K1. We notice that the spaces of measurable functions
L0(K) and L0(K1) can also be identified by declaring L0(K) ∋ f 7→ 1{0}⊗f ∈ L0(K1). From
now on, when m = 1, we will make use of these identifications and assume that all functions
f ∈ L0(K) are defined on the product space {0} × K with the product measure λK0 ⊗ λK.
We will also abbreviate Fm and Gm to F and G, respectively.
Step 1. By (4.20), we obtain

Eλ
⊗2(s−2)
K

h,h′∈[H]s−2
K

∥∆′
(h◦em,h′◦em)F∥

4
U2
[H]Kem

(I≤m) ≥ (C−1
0 δC0)2

s
,

where h ◦ em := (h1em, . . . , hs−2em) ∈ (Km)s−2 for h = (h1, . . . , hs−2).
For any x<m = (x1, . . . , xm−1) ∈ Km−1, where x<1 := 0, we set

Fx<m(xm) := F (x<m, xm) := F (x1, . . . , xm−1, xm), xm ∈ K.

We observe that, for some constant C1 ∈ Z+, the function Fx<m is supported on the set

Jm := [±C1δ
−C1Ndm ]K for any x<m ∈ J<m, and Fx<m ≡ 0 for any x<m /∈ J<m, where J<m

is as in Condition 4.53 with C1 in place of c0.
By the popularity principle and Proposition 4.27, for some constant C2 ∈ Z+, there exists

a subset X<m ⊆ J<m with |X<m|Km−1 ≥ C−1
2 δC2 |J<m|Km−1 such that if x<m ∈ X<m, then

(xm, t) 7→ f0(x+ Pm(t))
(m−1∏

i=1

fi(x−P i(t) + Pm(t))
)
· (ξ, η)(x, t),

where x = (x<m, xm), is a measurable function from K×[N ]K to C, and there is a measurable

set Hx<m ⊆ [H]
2(s−2)
K with

|Hx<m |K2(s−2) ≥ C−1
2 δC2

∣∣∣[H]
2(s−2)
K

∣∣∣
K2(s−2)

such that, for every (h,h′) ∈ Hx<m , we have

|F(x<m,h,h
′; ξ′)|2 ≥ C−1

2 δC2N2dm (4.56)

for some ξ′ ∈ K̂′, where K̂′ ⊆ K̂ is a finite set independent of x<m ∈ X<m, and

F(x<m,h,h
′; ξ′) :=

∫
K

∆′
(h◦em,h′◦em)Fx<m(xm)e(ξ′xm)dλK(xm).

We can take K̂′ finite, since K̂ ∋ ξ′ 7→ F(x<m,h,h
′; ξ′) ∈ C is continuous.
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Moreover, by (4.56), for every x<m ∈ X<m and (h,h′) ∈ Hx<m , we have

|F(x<m,h,h
′;ϕx<m(h,h′))|2 ≥ C−1

2 δC2N2dm (4.57)

for some measurable function

J<m × [H]s−2
K × [H]s−2

K ∋ (x<m,h,h
′) 7→ ϕx<m(h,h′) ∈ K̂

such that ϕx<m : [H]
2(s−2)
K → K̂ is measurable for every x<m ∈ J<m.

Step 2. For every k = (k
(1)
1 , . . . , k

(1)
s−2, k

(2)
1 , . . . , k

(2)
s−2, k

(3)
1 , . . . , k

(3)
s−2) ∈ K3(s−2), we define

the corresponding projections k(ι) := (k
(ι)
1 , . . . , k

(ι)
s−2) for ι ∈ {2, 3} and difference operators

∆′
k;em

:= ∆′
(k(2)◦em,k(3)◦em)

.

Fix x<m ∈ X<m. By Lemma 4.49 applied to (4.57), we can estimate

Eλ
⊗3(s−2)
K

k∈[H]
3(s−2)
K

1□s−2(Hx<m )(k)

∣∣∣∣∫
K
Gx<m,k(xm)e(ψx<m(k)xm)dλK(xm)

∣∣∣∣2
from below by a constant multiple of δO(1)N2dm , where

ψx<m(k) :=
∑

ω∈{0,1}s−2

(−1)|ω|ϕx<m(k
(1)
1 , . . . , k

(1)
s−2, k

(ω1+2)
1 , . . . , k

(ωs−2+2)
s−2 )

and, denoting x := (x<m, xm) ∈ Km for xm ∈ K, we define Gx<m,k(xm) by

EλK
t∈[N ]K

∆′
k;emf0(x+ Pm(t))

(m−1∏
i=1

∆′
k;emfi(x−P i(t) + Pm(t))

)
∆′

k;em(ξ, η)(x, t).

By the popularity principle, for some constant C3 ∈ Z+, if x<m ∈ X<m, then the set
Kx<m , defined as the set of all k ∈ □s−2(Hx<m) such that∣∣∣ ∫

K
Gx<m,k(xm)e(ψx<m(k)xm)dλK(xm)

∣∣∣ ≥ C−1
3 δC3Ndm ,

is measurable and satisfies |Kx<m |K3(s−2) ≥ C−1
3 δC3 |[H]

3(s−2)
K |K3(s−2) .

Step 3. Consider the following measurable set

Z :=
{

(x<m,k) ∈ J<m ×□s−2([H]
2(s−2)
K ) : x<m ∈ X<m and k ∈ Kx<m

}
and its sections Zk := {x<m ∈ J<m : (x<m,k) ∈ Z}. By Fubini’s theorem, for some

constant C4 ∈ Z+, there is a measurable set K ⊆ □s−2([H]
2(s−2)
K ) with |K|K3(s−2) ≥

C−1
4 δC4 |□s−2([H]

2(s−2)
K )|K3(s−2) such that if k ∈ K, then

|Zk|Km−1 ≥ C−1
4 δC4 |J<m|Km−1 (4.58)

and Zk has the property that k ∈ K and x<m ∈ Zk together imply k ∈ Kx<m .
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Step 4. Let C5 ∈ Z+ be a large constant to be specified later. By Lemma 4.51, we can find

a measurable function ϕ : [H]
2(s−2)
K → K̂ and an exceptional set Eϕ ⊆ □s−2([H]

2(s−2)
K ) with

|Eϕ|K3(s−2) ≤ C(s)C2
5δ

−2C5H−1
∣∣∣□s−2([H]

2(s−2)
K )

∣∣∣
K3(s−2)

, (4.59)

with a constant C(s) depending only on s, such that if k ∈ □s−2([H]
2(s−2)
K ) \ Eϕ, then

∥qψ(k)∥K̂ > C5δ
−C5H−1 for all q ∈ [C5δ

−C5 ] and ψ(k) as in Lemma 4.49. In the case
m ≥ 2 we adjust the definition of the function ψx<m by setting ψ∗

x<m
(k) := ψx<m(k) if

(x<m,k) ∈ Z and ψ∗
x<m

(k) := ψ(k) otherwise. Let K∗ be the set of all k ∈ K such that the
map x<m 7→ ψ∗

x<m
(k) is measurable. We have |K∗|K3(s−2) = |K|K3(s−2) . From now on, we

will not distinguish between ψx<m and ψ∗
x<m

, and ψx<m will refer to the adjusted version.
Similarly, K will refer to K∗. For all k ∈ K, by the definition of Kx<m and (4.58), we have∫

Km−1

∣∣∣ ∫
K
Gx<m,k(xm)e(ψx<m(k)xm)dλK(xm)

∣∣∣dλKm−1(x<m) ≳ δO(1)NDm

with some implicit constants that are chosen independently of C5.
Step 5. Next, we will show that Condition 4.53 can, essentially, be applied to the inequality
above. By duality, we have a lower bound of the same order for∫

Km−1

∫
K
g′0(x<m)Gx<m,k(xm)e(ψx<m(k)xm)dλK(xm)dλKm−1(x<m) (4.60)

with some 1-bounded g′0 ∈ L∞(Km−1). Since ∆′
k;em

(ξ, η)(x, t) has the form

e
( ∑

ω∈{0,1}s−2

(−1)|ω|ξ
(
x+ Pm(t) + (ω · k(2))em + ((1− ω) · k(3))em

)
· P(m,l](t)

)
,

after the change of variables xm 7→ xm − Pm(t) we can rewrite (4.60) as∫
Km

f ′0(x)EλK
t∈[N ]K

(m−1∏
i=1

∆′
k;emfi(x−P i(t))

)
e(ζ ′[m,l](x) · P[m,l](t))dλKm(x),

where f ′0(x) := g′0(x<m)∆′
k;em

f0(x)e(ψx<m(k)xm), and the measurable mapping ζ ′[m,l]
:=

(ζ ′m, . . . , ζ
′
l) : Km → K̂l−m is defined by setting ζ ′m(x) := −ψx<m(k) and

ζ ′i(x) :=
∑

ω∈{0,1}s−2

(−1)|ω|ξi
(
x+ (ω · k(2))em + ((1− ω) · k(3))em

)
for i ∈ [l] \ [m].

By the pigeonhole principle, we can find xm ∈ Im for which the integral∫
Km−1

g0(y)EλK
t∈[N ]K

(m−1∏
i=1

gi(y −P i(t))
)
e(ζ[m,l](y) · P[m,l](t))dλKm−1(y)

admits a lower bound of order δO(1)NDm−1 , and the functions above are the corresponding
sections of the previous ones, i.e., we have g0(y) := f ′0(y, xm) and gi(y) := ∆′

k;em
fi(y, xm) for

i ∈ [m− 1], and ζi(y) := ζ ′i(y, xm) for i ∈ [l] \ [m− 1] so that ζ[m,l] := (ζm, . . . , ζl) : Km−1 →
K̂l−m+1.

Now, the (m, l)-major arc condition can be applied to the last integral, yielding that the
following holds for some large c ∈ Z+ independent of C5. For each k ∈ K, we can find a
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positive integer qk ∈ [cδ−c] and a measurable set Y<m,k ⊆ J<m such that |Y<m,k|Km−1 ≥
c−1δc|J<m|Km−1 and

∥qkψx<m(k)∥K̂ ≤ cδ−cN−dm , x<m ∈ Y<m,k.

Then, by the pigeonhole principle, we find a constant C6 ∈ Z+ (depending on c and C4,

but not on C5), a measurable set K ′ ⊆ K with |K ′|K3(s−2) ≥ C−1
6 δC6 |□s−2([H]

2(s−2)
K )|K3(s−2) ,

and q ∈ [C6δ
−C6 ] such that

∥qψx<m(k)∥K̂ ≤ C6δ
−C6N−dm , k ∈ K ′, x<m ∈ Y<m,k.

We can assume, without loss of generality, that

Y<m,k :=
{
x<m ∈ J<m : ∥qψx<m(k)∥K̂ ≤ C6δ

−C6N−dm
}
,

and |Y<m,k|Km−1 ≥ C−1
6 δC6 |J<m|Km−1 . If K = R, then we simply take K ′ = K, which is

possible because qk = 1 for all k ∈ K.
Step 6. We now specify C5 > 2C0C6 to conclude that, for every k ∈ K ′, if x<m ∈ J<m \Zk

and x<m ∈ Y<m,k, then, necessarily, k ∈ Eϕ. By using (4.59), together with the assumption

that N ≥ Cδ−C for a sufficiently large constant C ∈ Z+, and by Fubini’s theorem, we obtain
that, for some constant C7 ∈ Z+, there is a measurable set X ′

<m ⊆ X<m with

|X ′
<m|Km−1 ≥ C−1

7 δC7 |J<m|Km−1

such that if x<m ∈ X ′
<m, then there is a measurable set Ux<m ⊆ K ′ with

|Ux<m |K3(s−2) ≥ C−1
7 δC7

∣∣∣□s−2([H]
2(s−2)
K )

∣∣∣
K3(s−2)

and with the property that x<m ∈ X ′
<m and k ∈ Ux<m together imply x<m ∈ Y<m,k ∩ Zk

and k ∈ Kx<m .

Step 7. Let M0 := C−1
6 C8δ

C6−C8 for a large C8 ∈ Z+ to be specified later. By Lemma 4.48
and the pigeonhole principle, there are measurable sets X ′′

<m ⊆ X ′
<m with |X ′′

<m|Km−1 ≳
δO(1)|J<m|Km−1 and Vx<m ⊆ Ux<m with

|Vx<m |K3(s−2) ≳ δO(1)
∣∣∣□s−2([H]

2(s−2)
K )

∣∣∣
K3(s−2)

such that, for some a, b ∈ Z satisfying |a| + |b| ≲ δ−O(1), if x<m ∈ X ′′
<m, then

ψx<m(k) =
a

q
+

b

M0Ndm
+
θx<m(k)

M0Ndm
with |θx<m(k)| ≤ 1

for all k ∈ Vx<m . Here, it is crucial that ψx<m(k) is the original function from Step 2, since
x<m ∈ X ′′

<m and k ∈ Vx<m together imply (x<m,k) ∈ Z.

Set Ω1 := {ω ∈ {0, 1}s−2 : ω1 = 1}. For x<m ∈ X ′′
<m, define η

(1)
x<m(k) by

−
∑
ω∈Ω1

(−1)|ω|ϕx<m

(
k
(1)
1 , . . . , k

(1)
s−2, k

(ω1+2)
1 , . . . , k

(ωs−2+2)
s−2

)
+
a

q
+

b

M0Ndm
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so that η
(1)
x<m does not depend on k

(2)
1 . Similarly, for each i ∈ [s − 2] \ {1}, set Ωi := {ω ∈

{0, 1}s−2 : ω1 = · · · = ωi−1 = 0, ωi = 1} and define η
(i)
x<m(k) by

−
∑
ω∈Ωi

(−1)|ω|ϕx<m

(
k
(1)
1 , . . . , k

(1)
s−2, k

(ω1+2)
1 , . . . , k

(ωs−2+2)
s−2

)
so that η

(i)
x<m does not depend on k

(2)
i . Note that if k ∈ Vx<m , then∣∣∣∣ϕx<m(k

(1)
1 , . . . , k

(1)
s−2, k

(2)
1 , . . . , k

(2)
s−2) −

∑
i∈[s−2]

η(i)x<m
(k)

∣∣∣∣ =

∣∣∣∣θx<m(k)

M0Ndm

∣∣∣∣ ≤ 1

M0Ndm
.

Step 8. By the pigeonhole principle, if x<m ∈ X ′′
<m, then there exists a parameter h′′

x<m
∈

[H]s−2
K for which the corresponding set

H ′
x<m

:= {(h,h′) ∈ Hx<m : (h,h′,h′′
x<m

) ∈ Vx<m}

satisfies |H ′
x<m

|K2(s−2) ≳ δO(1)|[H]
2(s−2)
K |K2(s−2) . If C8 ∈ Z+ is large, then

Eλ
⊗2(s−2)
K

(h,h′)∈H′
x<m

∣∣∣ ∫
K

∆′
(h◦em,h′◦em)Fx<m(xm)

s−2∏
i=1

e(η(i)x<m
(h,h′,h′′

x<m
)xm)dλK(xm)

∣∣∣2
admits a lower bound of order δO(1)N2dm thanks to (4.57).

Applying Lemma 4.50 for each fixed x<m ∈ X ′′
<m and integrating over all x<m ∈ X ′′

<m,

we conclude, by positivity, that ∥F∥Us−1
[H]Kem

(I≤m) ≳ δO(1). □

4.5.3. The major arc and degree lowering lemmas. Our goal is now to prove an un-
conditional version of the degree lowering lemma. To do this, we will need to verify that
Condition 4.53 always holds.

Lemma 4.61 ((m, l)-major arc lemma). Fix A ∈ [1,∞), C0 ∈ Z+, k, l ∈ Z+ \ {1}, m ∈ Z+

with m ≤ l ≤ k, and d1, . . . , dk ∈ Z+ with d1 < · · · < dk. Then there exists a large constant
C ∈ Z+ depending only on A,C0, dk such that the following holds. Assume that δ ∈ (0, 1]
and N ≥ Cδ−C . Let P = (P1, . . . , Pk) be a polynomial mapping as in (4.1), where each
Pi ∈ K[t] has degree di and is (di, δ,N)-admissible with tolerance A. Let g0, g1, . . . , gm−1 ∈
L∞(Km−1) be 1-bounded measurable functions supported on I<m, where I<1 := {0} = K0

and I<m :=
∏

i∈[m−1][±C0δ
−C0Ndi ]K if m ≥ 2. Given a measurable mapping ζ := ζ[m,l] :=

(ζm, . . . , ζl) : Km−1 → K̂l−m+1 and a frequency vector θ := θ(l,k] := (θl+1, . . . , θk) ∈ K̂k−l,
define Gm ∈ C by∫

Km−1

g0(y)EλK
t∈[N ]K

(m−1∏
i=1

gi(y −Pi(t))
)
e(ζ(y) · P[m,l](t) + θ · P>l(t))dλKm−1(y)

with Pi(t) := Pi(y)ei. Set Dn := d1 + · · · + dn for n ∈ [k] and D0 := 0. If

|Gm| ≥ C−1
0 δC0NDm−1 , (4.62)



58 D. KOSZ, M. MIREK, S. PELUSE, R. WAN, AND J. WRIGHT

then we can find an integer q ∈ [Cδ−C ] and a measurable set Y ⊆ I<m such that |Y |Km−1 ≥
C−1δCNDm−1 and, for every y ∈ Y , we have

l∑
j=m

Ndj∥qζj(y)∥K̂ +
k∑

j=l+1

Ndj∥qθj∥K̂ ≤ Cδ−C . (4.63)

If K = R, then we take q = 1.

Observe that inequality (4.62) is exactly inequality (4.54) with c0 = C0. Thus, Lemma 4.61
verifies the (m, l)-major arc condition, thereby establishing the degree lowering lemma un-
conditionally; see Lemma 4.70 below.

Proof of Lemma 4.61. In the discussion following Lemma 4.52, we have already observed
that Lemma 4.61 holds for m = 1 and any k, l ∈ Z+ \ {1} such that m ≤ l ≤ k. In
other words, the (1, l)-major arc lemma is true, establishing the base case of an induction
argument. Let k, l ∈ Z+\{1} be fixed and let m ∈ Z+ be such that m+1 ≤ l. Assuming that
the (m, l)-major arc lemma is true, we proceed inductively to show that the (m+1, l)-major
arc lemma is also true. Let g0, g1, . . . , gm ∈ L∞(Km) be 1-bounded measurable functions

supported on I≤m :=
∏

i∈[m][±C0δ
−C0Ndi ]K. Let ζ[m+1,l] := (ζm+1, . . . , ζl) : Km → K̂l−m be

a measurable mapping and θ := θ(l,k] := (θl+1, . . . , θk) ∈ K̂k−l. Suppose that

|Gm+1| ≥ C−1
0 δC0NDm . (4.64)

We now prove that (4.64) implies condition (4.63) with m+ 1 in place of m.
Step 1. By making the change of variables y 7→ y + Pm(t) in Gm+1, applying the Cauchy–
Schwarz inequality to double the t variable, and undoing the change of variables, we obtain
that ∣∣∣∣∣

∫
Km

g0(y)EλK
t∈[N ]K

(m−1∏
i=1

gi(y −P i(t))
)
CFm(y −Pm(t)) · (ξ, θ)(y, t)dλKm(y)

∣∣∣∣∣
admits a lower bound of order δO(1)NDm , where Fm(y) is given by

EλK
t∈[N ]K

g0(y + Pm(t))
(m−1∏

i=1

gi(y + Pm(t) −P i(t))
)
· (ξ, θ)(y + Pm(t), t)

for y ∈ Km, and we also define

(ξ, θ)(y, t) := e
(
ζ(m,l](y) · P(m,l](t) + θ(l,k] · P(l,k](t)

)
for t ∈ [N ]K, y ∈ Km.

Step 2. We claim that the estimate from Step 1 implies that

∥CFm∥Us
[H]Kem

(I≤m) ≳ δO(1) (4.65)

for some δO(1)Ndm ≲ H ≲ δ−O(1)Ndm and an integer s ≥ 2 bounded in terms of A,C0, dk.
For this purpose, we need to eliminate the factor (ζ, θ)(y, t) by applying van der Corput
differencing dk+1 times. More precisely, we apply Proposition 4.41 with the conclusion (4.42)
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for the expression from Step 1 repeatedly dk +1 times and obtain a lower bound of the same
order for

Eλ
⊗dk+1

K
h∈H

∣∣∣ ∫
Km

EλK
t∈[N ]K

m∏
i=1

∏
ω∈{0,1}dk+1

C|ω|g′i(x−P i(t+ ω · h))dλKm(x)
∣∣∣

with g′m := CFm and g′i := gi for i ∈ [m− 1], and with some suitably chosen H ⊆ [±N ]dk+1
K

such that |H|Kdk+1 ≳ δO(1)|[±N ]dk+1
K |Kdk+1 . We observe that, for each h ∈ H, the family

{Pi( · + ω · h) : i ∈ [m], ω ∈ {0, 1}dk+1}
consists of (dm, δ,N)-admissible with a new tolerance constant A′ ≲A,C0,dk 1.

Now, we can apply Theorem 4.45, or more precisely, repeat the arguments used to derive
it. Namely, (4.65) follows by first applying [63, Proposition 4.8] (which, again, also holds
for admissible polynomials and when K = R) for each h ∈ H and then, after averaging over
h, either applying [63, Theorem 1.10] when K = Z, or performing a change of variables and
applying the Gowers–Cauchy–Schwarz inequality (4.26) when K = R.
Step 3. By the induction hypothesis, the (m, l)-major arc condition holds. Thus, using
(4.65) and Lemma 4.52 repeatedly s− 2 times, we obtain that

∥CFm∥4U2
[H]Kem

(I≤m) = |I<m|−1
Km−1

∫
Km−1

∥CFm(x<m, · )∥4U2
[H]K

(Im)dλKm−1(x<m)

admits a lower bound of order δO(1). By the popularity principle and Proposition 4.27, we
find a measurable function ζm : Km−1 → K̂ such that∫

Km−1

∣∣∣ ∫
K
Fm(x)e(ζm(x<m)xm)dλK(xm)

∣∣∣dλKm−1(x<m) ≳ δO(1)NDm . (4.66)

Dualizing the left-hand side of (4.66), expanding Fm, and making the change of variables
x 7→ x−Pm(t), we obtain that (4.66) can be rewritten as∫

Km

f ′0(x)EλK
t∈[N ]K

(m−1∏
i=1

f ′i(x−P i(t))
)
· (ξ, θ)(x, t)dλKm(x) ≳ δO(1)NDm ,

where f ′0(x) := g0(x)g′′0(x<m)e(ζm(x<m)xm) for some 1-bounded function g′′0 ∈ L∞(Km−1)
such that the integrand above is nonnegative, f ′i := gi for each i ∈ [m− 1], and ξ := ξ[m,l] :=

(ξm, . . . , ξl) : Km → K̂l−m+1 with ξm(x) := −ζm(x<m) and ξi(x) := ζi(x) for i ∈ [l] \ [m] and
x ∈ Km.

By the popularity principle applied to the last integral, there exists a measurable set
Ym ⊆ Im such that |Ym|K ≳ δO(1)|Im|K and, setting

hi(x) := f ′i(x, xm) for x ∈ Km−1, i ∈ N<m,

ζ ′i(x) := ξi(x, xm) for x ∈ Km−1, i ∈ N≤l \ N<m,

for every xm ∈ Ym, we obtain that the integral∫
Km−1

h0(x)EλK
t∈[N ]K

(m−1∏
i=1

hi(x−P i(t))
)
· (ζ ′, θ)(x, t)dλKm−1(x)
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admits a lower bound of order δO(1)NDm−1 . By the induction hypothesis, this estimate
implies that, for every xm ∈ Ym, we can find a positive integer qxm ≲ δ−O(1) and a measurable
set Yxm ⊆ I<m satisfying |Yxm |Km−1 ≳ δO(1)NDm−1 such that, for every y ∈ Yxm , we have

l∑
j=m

Ndj∥qxmζ
′
j(y)∥K̂ +

k∑
j=l+1

Ndj∥qxmθj∥K̂ ≲ δ−O(1). (4.67)

By the pigeonhole principle, we can find a positive integer q ≲ δ−O(1) and a measurable
set Y ′

m ⊆ Ym satisfying |Y ′
m|K ≳ δO(1)|Im|K for which the following holds: for every xm ∈ Y ′

m

there exists a measurable set Yxm ⊆ I<m satisfying |Yxm |Km−1 ≳ δO(1)NDm−1 such that for
every y ∈ Yxm inequality (4.67) holds with q in place of qxm . If K = R, then we simply
take Y ′

m = Ym, which is possible, since qxm = 1 for all xm ∈ Ym. Moreover, we can assume,
without loss of generality, that

Yxm
:=
{
y ∈ I<m :

l∑
j=m+1

Ndj∥qζj(y)∥K̂ +
k∑

j=l+1

Ndj∥qθj∥K̂ ≤ C∗δ
−C∗

}
for some 1 ≤ q ≲ δ−O(1) and C∗ ∈ Z+, and for all xm ∈ Y ′

m. Then the set Yxm is measurable
and (4.63) holds with m+ 1 in place of m by taking

Y := {(y, xm) ∈ I<m × Im : xm ∈ Y ′
m and y ∈ Yxm},

which is measurable and satisfies |Y |Km ≳ δO(1)NDm by Fubini’s theorem. □

Having proved the (m, l)-major arc lemma, we can now establish the unconditional degree

lowering lemma. For l ∈ [k], a frequency vector ξ := ξ>l := (ξl+1, . . . , ξk) ∈ K̂k−l, and
functions f1, . . . , fl ∈ L∞(Kk, λKk) we define a modulated variant of the multilinear average
from (4.4) by setting

A
P≤l,P>l

N,ξ;Kk (f1, . . . , fl)(x) := EλK
t∈[N ]K

(∏
i∈[l]

fi(x−P i(t))
)
e(ξ · P>l(t)) (4.68)

for x ∈ Kk, with P i(t) := Pi(t)ei. From (4.68) we have A
P≤k,P>k

N,ξ;Kk = AP
N ;Kk for any ξ ∈ Kk.

The adjoint operators A
P≤l,P>l,∗j
N,ξ;Kk for j ∈ [l] are given by

A
P≤l,P>l,∗j
N,ξ;Kk (g1, . . . , gl)(x) := EλK

t∈[N ]K

(∏
i∈[l]

g∗ji (x−P∗j
i (t))

)
e(ξ · P>l(t)) (4.69)

for x ∈ Kk, with g∗ji := C1i̸=jgi and P∗j
i (t) := 1i̸=jPi(t)ei − Pj(t)ej ; see (4.6) and (4.8) for

analogous formulae for AP,∗j
N ;Kk .

Our concluding result here is as follows.

Lemma 4.70 (Degree lowering lemma). Fix an integer s ≥ 3, A ∈ [1,∞), C0 ∈ Z+,
k, l ∈ Z+ \ {1} with l ≤ k, and d1, . . . , dk ∈ Z+ with d1 < · · · < dk. Then there exists a
large constant C ∈ Z+ depending only on s,A,C0, dk such that the following holds. Assume
that δ ∈ (0, 1] and N ≥ Cδ−C . Let P = (P1, . . . , Pk) be a polynomial mapping as in
(4.1), where each Pi ∈ K[t] has degree di and is (di, δ,N)-admissible with tolerance A.
Assume that C−1

0 δC0Ndl ≤ H ≤ C0δ
−C0Ndl. Let f0, f1, . . . , fl−1 ∈ L∞(Kk) be 1-bounded
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measurable functions supported on I :=
∏

i∈[k][±C0δ
−C0Ndi ]. For a frequency vector η :=

(ηl+1, . . . , ηk) ∈ K̂k−l, define

F η(x) := A
P≤l,P>l,∗l
N,η;Kk (f1, . . . , fl−1, f0)(x) for x ∈ Kk

with A
P≤l,P>l,∗l
N,η;Kk from (4.69). Then the following implication holds:

∥F η∥Us
[H]Kel

(I) ≥ C−1
0 δC0 =⇒ ∥F η∥Us−1

[H]Kel
(I) ≥ C−1δC .

Proof. We first apply the popularity principle to reduce the matter from Kk to Kl, and then
appeal to the (l, l)-major arc lemma and Lemma 4.52. □

4.5.4. All together: proof of Theorem 4.33. Finally, we can complete the proof of
Theorem 4.33. We begin with the following intermediate result.

Lemma 4.71. Fix A ∈ [1,∞), C0 ∈ Z+, k ∈ Z+ \ {1}, and d1, . . . , dk ∈ Z+ with d1 <
· · · < dk. Then there exists a large constant C ∈ Z+ depending only on A,C0, dk such
that the following holds. Assume that δ ∈ (0, 1] and N ≥ Cδ−C . Let P = (P1, . . . , Pk)
be a polynomial mapping as in (4.1), where each Pi ∈ K[t] has degree di and is (di, δ,N)-
admissible with tolerance A. Let f0, f1, . . . , fk ∈ L∞(Kk) be 1-bounded measurable functions
supported on I :=

∏
i∈[k][±C0δ

−C0Ndi ]K. If condition (4.34) from Theorem 4.33 holds, then∣∣∣〈AP≤1,P>1

N,ζ>1;Kk(f1), f
′
0

〉∣∣∣ ≥ C−1δCNDk (4.72)

for some 1-bounded measurable function f ′0 ∈ L∞(Kk) satisfying |f ′0| = |f0| and some fre-

quency vector ζ>1 := (ζ2, . . . , ζk) ∈ K̂k−1.

Proof. Set Dl := d1 + · · · + dl for all l ∈ [k]. Given l ∈ [k], we will prove that there exists a

frequency vector ζ>l := (ζl+1, . . . , ζk) ∈ K̂k−l such that∣∣∣〈AP≤l,P>l

N,ζ>l;Kk(f1, . . . , fl), f0,l

〉∣∣∣ ≳ δO(1)NDk , (4.73)

for some f0,l ∈ L∞(Kk) such that |f0,l| = |f0|. We prove (4.73) using backward induction
on l ∈ [k]. The base case l = k, with ζ>k and P>k being empty vectors, follows from (4.34)

because A
P≤k,P>k

N,ζ>k;Kk = AP
N ;Kk . We now assume that (4.73) holds for some l ∈ [k] \ {1} and

verify (4.73) for l− 1 in place of l. Once the final case l = 1 is verified, Lemma 4.71 follows.

Step 1. Define Fl(x) := A
P≤l,P>l,∗l
N,ζ>l;Kk (f1, . . . , fl−1, f0,l)(x). By duality and the Cauchy–

Schwarz inequality, we may replace fl with Fl in (4.73) and obtain∣∣∣〈AP≤l,P>l

N,ζ>l;Kk(f1, . . . , fl−1, Fl), f0,l

〉∣∣∣ ≳ δO(1)NDk .

As in Step 2 of the proof of Lemma 4.61, we obtain ∥Fl∥Us
[H]Kel

(I) ≳ δO(1) for some suitably

bounded integer s ≥ 2 and δO(1)Ndl ≲ H ≲ δ−O(1)Ndl . Then

∥Fl∥4U2
[H]Kel

(I) = |I{l}c |−1
Kk−1

∫
Kk−1

∥Fl(x{l}c , · )∥4U2
[H]K

(Il)
dλKk−1(x{l}c) ≳ δO(1)
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by Lemma 4.70, where we define x{l}c := (x1, . . . , xl−1, xl+1, . . . , xk) ∈ Kk−1 and identify

(x{l}c , xl) with (x1, . . . , xk) ∈ Kk, and similarly define I{l}c :=
∏

i∈[k]\{l}[±C0δ
−C0Ndi ]K

and Il := [±C0δ
−C0Ndl ]K. We will also write x{l}c = (x<l, x>l) and I{l}c = I<l × I>l for

x<l, x>l, I<l, I>l defined analogously.
By the popularity principle and Proposition 4.27, we find a measurable function ξ : Kk−1 →

K̂ and a measurable set X>l ⊆ I>l satisfying |X>l|Kk−l ≳ δO(1)|I>l|Kk−l such that, for every

x>l ∈ X>l, there exists a measurable set X
x>l

<l ⊆ I<l satisfying |Xx>l

<l |Kl−1 ≳ δO(1)|I<l|Kl−1

with the following property: whenever x>l ∈ X>l and x<l ∈ X
x>l

<l , we have∣∣∣ ∫
K
Fl(x<l, xl, x>l)e(ξ(x<l, x>l)xl)dλK(xl)

∣∣∣ ≳ δO(1)Ndl . (4.74)

Step 2. For some large C1 ∈ Z+ to be specified later, we can find a frequency ξ0 ∈ K̂ such
that ∥qξ0∥K̂ > C1δ

−C1N−dl for all q ∈ [C1δ
−C1 ]. Indeed, set

M :=
{
ζ ∈ K̂ : ∥qζ∥K̂ ≤ C1δ

−C1N−dl for some positive integer q ≤ C1δ
−C1

}
.

The measure of M does not exceed 10C2
1δ

−2C1N−dl , which is less than 1/2 provided that

N ≥ Cδ−C and C is sufficiently large in terms of C1. Let ξ0 be any element of K̂ \M. We

define ξl : Kk−1 → K̂ by ξl(x<l, x>l) := −ξ(x<l, x>l) if x>l ∈ X>l and x<l ∈ X
x>l

<l , and by
ξl(x<l, x>l) := −ξ0 otherwise. Then, with this measurable function ξl, we obtain for every
x>l ∈ X>l that∫

Kl−1

∣∣∣∣∫
K
Fl(x<l, xl, x>l)e(−ξl(x<l, x>l)xl)dλK(xl)

∣∣∣∣ dλKl−1(x<l) ≳ δO(1)NDl .

Step 3. For each x>l ∈ X>l, arguing as in Step 3 of the proof of Lemma 4.61, we find a
function g0 ∈ L∞(Kk) with |g0| = |f0,l| = |f0| and, by the pigeonhole principle, an element
xl ∈ Il such that the integral∫

Kl−1

g0(x)EλK
t∈[N ]K

( l−1∏
i=1

fi(x−P i(t))
)
e((ξl(x<l, x>l), ζ>l) · P≥l(t))dλKl−1(x<l)

admits a lower bound of order δO(1)NDl−1 .
Applying the (l, l)-major arc lemma and the pigeonhole principle, we find a positive

integer q ≲ δ−O(1) (if K = R, then we take q = 1) and a measurable set Y
x>l

<l ⊆ I<l such

that |Y x>l

<l |Kl−1 ≳ δO(1)|I<l|Kl−1 and, if x<l ∈ Y
x>l

<l , then ∥qξl(x<l, x>l)∥K̂ ≤ C2δ
−C2N−dl for

some absolute constant C2 ∈ Z+ independent of C1. If C1 > C2, then

|Y x>l

<l ∩Xx>l

<l |Kl−1 = |Y x>l

<l |Kl−1 ≳ δO(1)|I<l|Kl−1

by the definition of ξl and our choice of ξ0 ∈ K̂ \ M. Let M0 := C−1
2 C3δ

C2−C3 for a large
constant C3 ∈ Z+ to be specified later. We use Lemma 4.48, followed by the pigeonhole

principle, to find a frequency ζl ∈ K̂ and measurable sets Z>l ⊆ X>l satisfying |Z>l|Kl−1 ≳
δO(1)|I>l|Kl−1 and Z

x>l

<l ⊆ Y
x>l

<l satisfying |Zx>l

<l |Kl−1 ≳ δO(1)|I<l|Kl−1 for every x>l ∈ Z>l

and such that

|ξl(x<l, x>l) − ζl| ≤M−1
0 N−dl . (4.75)
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Such a choice of ζl ∈ K̂ is possible, since the function ξl : Kk−1 → K̂ is measurable and we
have at most O(δ−O(1)) possibilities to choose ζl ∈ K̂, which is clear from Lemma 4.48. Now
inequality (4.74) implies that∣∣∣ ∫

K
g′0(x)EλK

t∈[N ]K

( l−1∏
i=1

fi(x−P i(t))
)
e((ξl(x<l, x>l), ζ>l) · P≥l(t))dλK(xl)

∣∣∣
admits a lower bound of order δO(1)Ndl , where g′0 ∈ L∞(Kk) is a 1-bounded function sat-
isfying |g′0| = |f0|. If C3 is sufficiently large, then, using (4.75), we can replace ξl(x<l, x>l)
with ζl in the integral above and obtain (4.73) with l− 1 in place of l and with a 1-bounded
function f0,l−1 ∈ L∞(Kk) such that |f0,l−1| = |f0,l| = |f0|. This completes the proof of the
lemma. □

Now, we can finally prove Theorem 4.33.

Proof of Theorem 4.33. Recall that D := d1 + · · · + dk. For k > 1, we apply Lemma 4.71 to
find a frequency vector ζ>1 ∈ K̂k−1 such that (4.72) holds. By the popularity principle, we

find a measurable set X ⊆ I>1 satisfying |X|Kk−1 ≳ δO(1)|I>1|Kk−1 and such that for every
x>1 ∈ X we have∣∣∣ ∫

K
gx>1(x)EλK

t∈[N ]K
f ′(x− P1(t))e(ζ>1 · P>1(t))dλK(x)

∣∣∣ ≳ δO(1)Nd1 , (4.76)

whenever N ≳ δ−O(1), where f ′(x) := f1(x, x>1) and gx>1 ∈ L∞(K) satisfies |gx>1 | = |f0|.
For k = 1, we have e(ζ>1 · P>1(t)) := 1 above and so (4.76) holds. We will proceed in a few
steps, now fixing x>1 ∈ X and assuming that N ≥ C∗δ

−C∗ for some large C∗ ∈ Z+.
Step 1. Applying the Cauchy–Schwarz inequality to (4.76), we obtain

∥Fx>1∥L2(K) ≳ δO(1)Nd1/2, (4.77)

with Fx>1(x) := EλK
t∈[N ]K

f ′(x − P1(t))e(ζ>1 · P>1(t)), since ∥gx>1∥L2(K) ≲ Nd1/2. By (4.77)

and Plancherel’s theorem, we obtain

δO(1)Nd1 ≲ ∥Fx>1∥2L2(K) = ∥FK(Fx>1)∥2
L2(K̂)

, (4.78)

where, upon making the change of variables x 7→ x+ P1(t), we have

FK(Fx>1)(ξ) = F1,Kkf1(ξ, x>1)EλK
t∈[N ]K

e(ξP1(t) + ζ>1 · P>1(t)).

Step 2. Let M ∈ Z+ be a large constant to be specified later. By Proposition 4.47, there
exists a large constant C1 ∈ Z+ depending only on A and dk such that if N ≥ C1M

C1δ−C1M

and ∣∣∣EλK
t∈[N ]K

e(ξP1(t) + ζ>1 · P>1(t))
∣∣∣ ≥M−1δM , (4.79)

then there exists an integer q ∈ [C1M
C1δ−C1M ] (if K = R, then we take q = 1) such that

∥qξ∥K̂ ≤ C1M
C1δ−C1MN−d1 .

Here, it is crucial that the polynomials P1, . . . , Pk have distinct degrees.
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Set C ′ := 4C1M
C1 . Fix M1 := C ′δ−C′

, M2 := C ′δ−C′
N−d1 , and a smooth and even

function η : R → [0, 1] satisfying (2.4), and set η[≤M2](ξ) := η(M−1
2 ξ) for ξ ∈ R. In order to

distinguish between major and minor arcs, let us define

ΞK(ξ) :=
∑

θ∈RK
≤M1

η[≤M2](ξ − θ)1/2

with RZ
≤M1

:= R≤M1 and RR
≤M1

:= {0}, where R≤M1 is given in (4.12). If K = Z, then

Ξ2
K is the Fourier transform of the Ionescu–Wainger projection from (4.13), since ΞK(ξ)2 =∑
θ∈RK

≤M1

η[≤M2](ξ−θ) by the disjointness of the supports of η[≤M2](ξ−θ)1/2 when θ ∈ RK
≤M1

.

To ensure disjointness, we used the condition N ≥ C∗δ
−C∗ , assuming that C∗ ∈ Z+ is large

with respect to C ′.
Step 3. Using ΞK, we can write FK(Fx>1)(ξ) = G1(ξ, x>1) +G2(ξ, x>1), where

G1(ξ, x>1) := F1,Kkf1(ξ, x>1) · EλK
t∈[N ]K

e(ξP1(t) + ζ>1 · P>1(t)) · (1 − ΞK(ξ)),

G2(ξ, x>1) := F1,Kkf1(ξ, x>1) · EλK
t∈[N ]K

e(ξP1(t) + ζ>1 · P>1(t)) · ΞK(ξ).

By (4.79), we have |G1(ξ, x>1)| ≤M−1δM |F1,Kkf1(ξ, x>1)|. Thus, we have

∥G1( · , x>1)∥2L2(K̂)
≲M−1δMNd1

by Plancherel’s theorem, since f1( · , x>1) is 1-bounded and supported on a set of size con-
trolled by Nd1 . If M is large, then the above bound and (4.78) yield

∥F1,Kkf1( · , x>1) · ΞK( · )∥2
L2(K̂)

≳ δO(1)Nd1

by |G2(ξ, x>1)| ≤ |F1,Kkf1(ξ, x>1) · ΞK(ξ)|. Integrating over X, we obtain that∣∣∣∣∫
Kk−1

∫
K̂
F1,Kk(f1)(ξ, x>1)F1,Kk(f1)(ξ, x>1)Ξ2

K(ξ)dλK̂(ξ)dλKk−1(x>1)

∣∣∣∣
admits a lower bound of order δO(1)ND. By Plancherel’s theorem, we have∣∣〈f1,Π1

K[≤M1,≤M2]f1
〉∣∣ ≳ δO(1)ND.

This establishes (4.35) and completes the proof of Theorem 4.33. □

5. Multilinear Lp-improving inequalities

In this section, we continue to use the notation introduced in Section 4. Our objective is
to establish multilinear Lp-improving inequalities on Zk and Rk for the multilinear averages

AP
N ;Kk(f1, . . . , fk)(x) := EλK

t∈[N ]K

∏
i∈[k]

fi(x− Pi(t)ei), x ∈ Kk,

defined as in (4.4) for any polynomial mapping P = (P1, . . . , Pk) : K → Kk with deg(Pi) ∈ Z+

for i ∈ [k]. In contrast to the previous section, the assumption that the degrees of P are
distinct is not needed for the results in this section.
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We will be interested in the Lp-improving bounds∥∥∥AP
N ;Kk(f1, . . . , fk)

∥∥∥
Lq(Kk)

≲P N
−D( 1

p
− 1

q
)
∏
i∈[k]

∥fi∥Lpi (Kk) (5.1)

when p < q with 1
p = 1

p1
+ · · · + 1

pk
, and D = d1 + · · · + dk with di = deg(Pi) for i ∈ [k].

These bounds will apply equally well to the truncated averages (4.5).
Our main result here is the following multilinear Lp-improving inequality.

Theorem 5.2. Fix k ∈ N≥2 and j ∈ [k]. Then we have (5.1) for some 1 < p < q < 2 and
1 < p1, . . . , pk <∞ such that 1

p1
+ · · · + 1

pk
= 1

p and pj = 2.

Recall the multilinear adjoint operators AP,∗j
N ;Kk defined by

AP,∗j
N ;Kk(f1, . . . , fk)(x) := EλK

t∈[N ]K

∏
i∈[k]

C1i̸=jfi (x− 1i̸=jPi(t)ei + Pj(t)ej) .

Corollary 5.3. Fix k ∈ Z+ and j ∈ [k]. Then there exist exponents 1 < r < 2 and
1 < r1, . . . , rk <∞ such that 1

r1
+ · · · + 1

rk
= 1

r and∥∥∥AP,∗j
N ;Kk(f1, . . . , fk)

∥∥∥
L2(Kk)

≲P N−D( 1
r
− 1

2
)
∏
i∈[k]

∥fi∥Lri (Kk). (5.4)

Proof of Corollary 5.3. When k = 1, we can use duality to replace the adjoint operator by
AP

N ;K. If d1 = 1, then (5.4) holds by Young’s convolution inequality for r1 = 4
3 , say. If K = Z

and d1 ≥ 2, then (5.4) holds by a result of Han–Kovač–Lacey–Madrid–Yang in [47]; see also
[62, Proposition 6.21]. We refer to [20] and [46] for details in the remaining case K = R and
d1 ≥ 2.

When k > 1, let p1, . . . , pk, p, q be the exponents from Theorem 5.2 with pj = 2. By
duality, Hölder’s inequality, and (5.1), we obtain∥∥∥AP,∗j

N ;Kk(f1, . . . , fk)
∥∥∥
L2(Kk)

≲P N
−D( 1

p
− 1

q
)∥fj∥Lq′ (Kk)

∏
i∈[k]\{j}

∥fi∥Lpi (Kk),

where q′ := q/(q− 1) is the conjugate exponent of q. Taking rj = q′, ri = pi for i ̸= j, and r
such that 1

r1
+ · · ·+ 1

rk
= 1

r , we obtain 1
p −

1
q = 1

r −
1
2 so that (5.4) holds. From 1 < p < q < 2

and 1
p − 1

q = 1
r −

1
2 , we see that 1 < r < 2. □

5.1. Vinogradov mean value theorem. The proof of Theorem 5.2 in the case K = Z
uses sharp bounds in the Vinogradov mean value theorem [17]. For fixed s, d ∈ Z+, consider
the following system of equations

(n1 + · · · + ns) − (m1 + · · · +ms) = 0,

(n21 + · · · + n2s) − (m2
1 + · · · +m2

s) = 0,
...

(nd1 + · · · + nds) − (md
1 + · · · +md

s) = 0.
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Let Js,d(N) be the number of its integer solutions (n1, . . . , ns,m1, . . . ,ms) ∈ [N ]2s for each
fixed N ∈ Z+. The Vinogradov mean value theorem states that

Js,d(N) ≲ϵ N
ε(N s +N2s−d(d+1)/2)

holds for all ε > 0 and, moreover, the N ε term may be removed in the range s > d(d+ 1)/2.
This longstanding conjecture has recently been resolved by Wooley [97] in the cubic case
and by Bourgain, Demeter, and Guth in [17] in the general case. In [96], Wooley used his
efficient congruencing method to give an alternative proof of this conjecture.

In the 1930’s, Vinogradov verified the conjecture in the range s ≳ d2 log d. By the
usual integral representation of Js,d(N) one has Js,d,ξ(N) ≤ Js,d(N) for each ξ ∈ Zd, where
Js,d,ξ(N) refers to the inhomogeneous system with the vector (ξ1, . . . , ξd) instead of (0, . . . , 0)
on the right-hand side.

Theorem 5.2 is a consequence of the following result.

Proposition 5.5. Fix k ∈ N≥2 and si ∈ N≥D∗ for all i ∈ [k], where D∗ :=
∑

i∈[k]
di(di+1)

2 ,

and set S :=
∑

i∈[k] si. Then, for any distinct j, j′ ∈ [k], we have the following restricted

weak-type bound∥∥∥AP
N ;Kk(f1, . . . , fk)

∥∥∥
Lq,∞(Kk)

≲P N
−D( 1

p
− 1

q
)
∏
i∈[k]

∥fi∥Lpi,1(Kk) (5.6)

with pj = 2, pj′ = 2S
sj′+1 , and pi = 2S

si
for i /∈ {j, j′}, where 1 < p < q < 2 are chosen such

that 1
p1

+ · · · + 1
pk

= 1
p and 1

q =
2S−sj
2S .

In order to deduce Theorem 5.2 from Proposition 5.5, we use a multilinear Marcinkiewicz
interpolation argument in the spirit of [77, Appendix]. Precisely, we interpolate (5.6) with
k + 1 trivial bounds of the form (5.1) with p = q and no decay in N , which hold for the
tuples (p1, . . . , pk) belonging to the set{

(1,∞, . . . ,∞), (∞, 1,∞, . . . ,∞), . . . , (∞, . . . ,∞, 1), (∞, . . . ,∞)
}
.

Then Theorem 5.2 holds for some tuple (p1, . . . , pk) and 1 < p < q < 2 such that pj = 2
and the vector (1/p1, . . . , 1/pk, 1 − 1/q) lies in the interior of the convex hull of the k + 2
analogous vectors determined by the corresponding exponents used in the interpolation.

Remark 5.7. If K = Z, then (5.6) holds with si ∈ N>di(di+1)/2 for i ∈ [k].

5.2. Lifting procedure. To deduce (5.6) from Proposition 5.5, we may assume, without
loss of generality, that each Pi has no constant term. Furthermore, the bound for AP

N ;Kk will

follow from the corresponding bound for the lifted multilinear averaging operator

AP, lift
N ;Kk (f1, . . . , fk)(x) := EλK

u∈[N ]K

∏
i∈[k]

fi(x− Γi(u)), x ∈ KD,

where now fi : KD → C for i ∈ [k]. Here Γi is defined by

Γi(u) := ( 0, . . . , 0︸ ︷︷ ︸
D<i times

, u, u2, . . . , udi , 0, . . . , 0︸ ︷︷ ︸
D>i times

) ∈ KD, (5.8)

where D<i := d1 + · · · + di−1 and D>i := di+1 + · · · + dk for i ∈ [k].
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Below we extend an argument from [47, Section 5].

Proposition 5.9. Assume that P1(0) = · · · = Pk(0) = 0 and recall that D∗ =
∑

i∈[k]
di(di+1)

2 .

Then (5.1) follows from the estimate∥∥∥AP, lift
N ;Kk (f1, . . . , fk)

∥∥∥
Lq(KD)

≲P N
−D∗( 1

p
− 1

q
)
∏
i∈[k]

∥fi∥Lpi (KD), (5.10)

and an analogous transference of restricted weak-type bounds also holds.

Proof. For each x ∈ KD we use the notation

x = (x(1), . . . , x(k)), where x(i) := (xD<i+1, . . . , xD<i+1) ∈ Kdi ,

or, alternatively, x = (x′, x′′) referring to x′′ := (xD<2 , . . . , xD<k+1
) ∈ Kk and

x′ = (x′(1), . . . , x
′
(k)), where x′(i) := (xD<i+1, . . . , xD<i+1−1) ∈ Kdi−1.

Step 1. We lift functions g : Kk → C to functions f : KD → C. The definition differs
slightly whether K = Z or K = R due to the lack of dilation structure on Z. Let Pi(u) =
ai1u + · · · + aidiu

di with aidi ̸= 0. Given g : Zk → C and ri ∈ Ri := N<aidi
, we define the lift

f = fg,r1,...,rk : ZD → C of g by

f(x) := g(Q1(x(1)) + r1, . . . , Qk(x(k)) + rk)1E1(x′(1)) · · ·1Ek
(x′(k)),

where Ei := [±N ] × · · · × [±Ndi−1] and

Qi(x(i)) := Qi(x
′
(i), xD<i+1) := ai1xD<i+1 + · · · + aidixD<i+1 .

In the real case, given g : Rk → C, we define the lift f = fg : RD → C of g by

f(x) := g(Q1(x(1)), . . . , Qk(x(k)))1E1(x′(1)) · · ·1Ek
(x′(k)),

where Ei := [±N ]R × · · · × [±Ndi−1]R and Qi is as before.
Step 2. Fix p0 ∈ [1,∞). Then

∥f∥p0
Lp0 (KD)

≲ ND′∥g∥p0
Lp0 (Kk)

(5.11)

holds with D′ :=
∑

i∈[k]
(di−1)di

2 . Moreover, if x ∈ KD is such that x′(i) ∈ E′
i for all i ∈ [k],

where E′
i := [N ]K × · · · × [Ndi−1]K, then we have the equality

AP, lift
N ;Kk (f1, . . . , fk)(x) = AP

N ;Kk(g1, . . . , gk)(Q1(x(1)) + r1, . . . , Qk(x(k)) + rk),

with r1 = · · · = rk = 0 if K = R.
Step 3. Suppose that (5.10) holds. By the above equality, we have

ND′
∥∥∥AP

N ;Kk(g1, . . . , gk)
∥∥∥q
Lq(Kk)

≲P

∥∥∥AP, lift
N ;Kk (f1, . . . , fk)

∥∥∥q
Lq(KD)

.

Combining this with (5.10) and (5.11), we obtain

N
D′
q

∥∥∥AP
N ;Kk(g1, . . . , gk)

∥∥∥
Lq(Kk)

≲P N
−D∗( 1

p
− 1

q
)
N

D′
p

∏
i∈[k]

∥gi∥Lpi (Kk),

which in view of D∗ −D′ =
∑

i∈[k] di = D gives (5.1), as desired.
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The restricted weak-type estimates are handled analogously. □

5.3. Refinements. By Proposition 5.9 it remains to prove∥∥∥AP, lift
N ;Kk (f1, . . . , fk)

∥∥∥
Lq,∞(KD)

≲P N
−D∗( 1

p
− 1

q
)
∏
i∈[k]

∥fi∥Lpi,1(KD) (5.12)

for p1, . . . , pk, p, q as in (5.6). We shall use the refinement method developed by Christ in

[20]. From now on, we abbreviate AP, lift
N ;Kk to AN ;K. We denote the corresponding adjoint

operators by A∗i
N ;K.

The bound (5.12) equivalently means that

⟨1E0 , AN ;K(1E1 , . . . ,1Ek
)⟩ ≲ N

−D∗( 1
p
− 1

q
)|E0|

1
q′

KD |E1|
1
p1

KD · · · |Ek|
1
pk

KD

holds for all measurable subsets E0, E1, . . . , Ek ⊆ KD. Denoting the left-hand side by K,
we can rewrite the above inequality as

K2S ≲ N−D∗ |E0|
sj
KD |Ej |SKD |Ej′ |

sj′+1

KD

∏
i∈[k]\{j,j′}

|Ei|siKD , (5.13)

since 1
p =

2S+1−sj
2S , 1

q =
2S−sj
2S , pj = 2, pj′ = 2S

sj′+1 , and pi = 2S
si

for i /∈ {j, j′}.

Let α0, α1, . . . , αk ∈ [0, 1] be parameters such that

K = α0|E0|KD = α1|E1|KD = · · · = αk|Ek|KD .

Note that, for each i ∈ [k], we have

⟨1E0 , AN ;K(1E1 , . . . ,1Ek
)⟩ =

〈
1Ei , A

∗i
N ;K(1E1 , . . . ,1Ei−1 ,1E0 ,1Ei+1 , . . . ,1Ek

)
〉

where, referring to the mapping (5.8), we define

A∗i
N ;K(g1, . . . , gk)(x) := EλK

u∈[N ]K

∏
i′∈[k]

C1i′ ̸=igi′
(
x− 1i′ ̸=iΓi′(u) + Γi(u)

)
.

We observe that the average value of AN ;K(1E1 , . . . ,1Ek
) on E0 is equal to

|E0|−1
KD⟨AN ;K(1E1 , . . . ,1Ek

),1E0⟩ = α0,

and the average value of A∗i
N ;K(1E1 , . . . ,1Ei−1 ,1E0 ,1Ei+1 , . . . ,1Ek

) on Ei is αi. Let E0
i := Ei.

We recursively define the refinements of Ei of level r ∈ Z+ by

Er
0 :=

{
x ∈ Er−1

0 : AN ;K(1Er−1
1

,1Er−1
2

, . . . ,1Er−1
k−1

,1Er−1
k

)(x) ≥ cr,0α0

}
,

Er
1 :=

{
x ∈ Er−1

1 : A∗1
N ;K( 1Er

0
,1Er−1

2
, . . . ,1Er−1

k−1
,1Er−1

k
)(x) ≥ cr,1α1

}
,

...

Er
k :=

{
x ∈ Er−1

k : A∗k
N ;K( 1Er

1
, 1Er

2
, . . . ,1Er

k−1
, 1Er

0
)(x) ≥ cr,kαk

}
,

where (cr,0, cr,1, . . . , cr,k) := ( 1
2(r−1)(k+1)+1 ,

1
2(r−1)(k+1)+2 , . . . ,

1
2r(k+1) ).

The next result shows that passing to refinements is essentially lossless.
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Lemma 5.14. For all r ∈ Z+ and i ∈ [k], we have〈
1Er

0
, AN ;K(1Er−1

1
, . . . ,1Er−1

k
)
〉
≥ cr,0K (5.15)

and 〈
1Er

i
, A∗i

N ;K(1Er
1
, . . . ,1Er

i−1
,1Er

0
,1Er−1

i+1
, . . . ,1Er−1

k
)
〉
≥ cr,iK. (5.16)

Proof. Let r = 1. We estimate the left-hand side of (5.15) by〈
1E0 , AN ;K(1E1 , . . . ,1Ek

)
〉
−
〈
1E0\E1

0
, AN ;K(1E1 , . . . ,1Ek

)
〉
≥ K −K/2 = K/2,

splitting 1E1
0

= 1E0 − 1E0\E1
0

and then using the definition of E1
0 . Similarly, for i = 1, we

rewrite the left-hand side of (5.16) as〈
1E1 , A

∗1
N ;K(1E1

0
,1E2 , . . . ,1Ek

)
〉
−
〈
1E1\E1

1
, A∗1

N ;K(1E1
0
,1E2 , . . . ,1Ek

)
〉

which by duality, the previous step, and the definition of E1
1 is estimated by〈

1E1
0
, AN ;K(1E1 , . . . ,1Ek

)
〉
−
〈
1E1\E1

1
, A∗1

N ;K(1E1
0
,1E2 , . . . ,1Ek

)
〉
≥ K/2 −K/4.

Analogously, for every i ∈ [k], we have〈
1E1

i
, A∗i

N ;K(1E1
1
, . . . ,1E1

i−1
,1E1

0
,1Ei+1 , . . . ,1Ek

)
〉
≥ K/2i+1.

By induction, the same argument yields (5.15) and (5.16) for every r ∈ Z+. □

5.4. Parameter towers and flows. From now on, by symmetry, we may assume that
j = 1 and j′ = k. To establish (5.13) we may assume that K > 0 so that by Lemma 5.14
every refinement Er

i is nonempty. Using αi as before we can rewrite (5.13) as

αs1
0 α

S
1α

s2
2 · · ·αsk

k ≲ N−D∗ |Ek|KD . (5.17)

We fix some element in one of the refinements, say z ∈ Er
1 , and obtain

A∗1
N ;K(1Er

0
,1Er−1

2
, . . . ,1Er−1

k
)(z) ≳k,r α1.

Hence, we obtain that

|{u ∈ [N ]K : z + Γ1(u) ∈ Er
0 and z + Γ1(u) − Γi(u) ∈ Er−1

i for all i ∈ [k] \ {1}}|K
admits a lower bound of order α1N and, in particular, the parameter set

Iz := {u ∈ [N ]K : z + Γ1(u) ∈ Er
0}

satisfies |Iz|K ≳k,r α1N . Next, for each u ∈ Iz, we have z + Γ1(u) ∈ Er
0 . Thus,

|{v ∈ [N ]K : z + Γ1(u) − Γi(v) ∈ Er−1
i for all i ∈ [k]}|K ≳k,r α0N

and, in particular, the parameter set

Iz,u := {v ∈ [N ]K : z + Γ1(u) − Γ1(v) ∈ Er−1
1 }

satisfies |Iz,u|K ≳k,r α0N . This begins a construction of a parameter tower

P(1,0,1) := {(u, v) ∈ [N ]2K : u ∈ Iz, v ∈ Iz,u}
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such that |P(1,0,1)|K2 ≳k,r α1α0N
2 and a flow

Φ(1,0,1)(u, v) := z + Γ1(u) − Γ1(v) = z + (u− v, . . . , ud1 − vd1 , 0, . . . , 0)

such that Φ(1,0,1)(P(1,0,1)) ⊆ Er−1
1 . We express this as Er

1 → Er
0 → Er−1

1 .
When we flow from one set Ei into another Ei′ via the above process, there is no ambiguity

which level of refinement we are using:

(i) if i < i′, then necessarily we drop a level, so Er
i → Er−1

i′ ;
(ii) if i′ < i, then necessarily we stay at the same level, so Er

i → Er
i′ .

Our flows will always consist of a uniformly controlled finite number of iterations; hence,
there is no need to keep track of the level of refinement as long as we start with z ∈ Er0

i for
a fixed level r0 ≲ 1 which is sufficiently large to ensure that the last level is positive.

From now on, to simplify notation, we suppress the refinement level, dropping the super-
script r. For the flow above, for example, we write E1 → E0 → E1 and Φ(1,0,1)(P(1,0,1)) ⊆ E1.
Therefore,

|E1|KD ≥ |Φ(1,0,1)(P(1,0,1))|KD =

∫
Φ(1,0,1)(P(1,0,1))

dλ⊗d1
K (ξ(1))

and the idea is to make the change of variables ξ(1) = Φ(1,0,1)(u, v).

Example 5.18. For this illustration, let us drop the subscript (1, 0, 1) and suppose for
simplicity that d1 = D = 2. When K = R, we can use the usual change of variables formula
involving the Jacobian JΦ. Namely, we have

|E1|R2 ≥
∫∫

P
|JΦ(t1, t2)|dt1dt2 =

∫
Iz

∫
Iz,t1

2|t1 − t2|dt2dt1, (5.19)

which reduces matters to obtaining an appropriate lower bound for a weighted measure of
the parameter set P. The latter can be effectively achieved using sublevel set bounds for
JΦ. When K = Z, we have

|E1|Z2 ≥
∑

ξ(1)∈Φ(P)

1 =
∑

ξ(1)∈Φ(P)

J−1
ξ(1)

∑
(n,m)∈P

1Φ(n,m)=ξ(1) ,

where Jξ(1) := |{(n,m) ∈ P : Φ(n,m) = ξ(1)}|Z2 . Interchanging the sums gives

|E1|Z2 ≥ |Φ(P)| =
∑

(n,m)∈P

J−1
Φ(n,m), (5.20)

reducing matters to obtaining a uniform lower bound for the “Jacobian” Jξ(1) , where Jξ(1)
counts the number of integer solutions (n,m) ∈ [N ]2 to the system of Diophantine equations{

z1 + n −m = ξ1,

z2 + n2 −m2 = ξ2.

Returning to the general case, in both settings the ultimate flow will be a concatenation of
k subflows (E1 Ei) or (E0 Ei), where each (Ei′ Ei) is itself a flow consisting of some number
of Ei′ and Ei alternating. When K = Z, the ultimate flow has the form

(E1 E0) → (E1 E2) → (E1 E3) → · · · → (E1 Ek). (5.21)
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When K = R, the ultimate flow is slightly different and has the form

(E0 E1) → (E0 E2) → · · · → (E0 Ek). (5.22)

For example, the flow E1 → E0 → E1 → E2 → E1 produces a parameter tower

P(1,0,1,2,1) := {(u, v, u′, v′) ∈ [N ]4K : u ∈ Iz, v ∈ Iz,u, u′ ∈ Iz,u,v, v′ ∈ Iz,u,v,u
′}

with |P(1,0,1,2,1)|K4 ≳k,r α1α2α1α0N
4 and Φ(1,0,1,2,1)(P(1,0,1,2,1)) ⊆ E1, where

Φ(1,0,1,2,1)(u, v, u
′, v′) := z + Γ1(u) − Γ1(v) + Γ1(u

′) − Γ2(u
′) − Γ1(v

′) + Γ2(v
′).

5.5. The integer case. We now prove Proposition 5.5 in the integer setting.

Proof of Proposition 5.5 for K = Z. Suppose that the parameters i from (5.21) determine a
sequence I of the following form

(1, 0, . . . , 1, 0︸ ︷︷ ︸
2s1 elements

, 1, 2, . . . , 1, 2︸ ︷︷ ︸
2s2 elements

, 1, 3, . . . , 1, 3︸ ︷︷ ︸
2s3 elements

, . . . , 1, k − 1, . . . , 1, k − 1︸ ︷︷ ︸
2sk−1 elements

, k, 1, . . . , 1, k︸ ︷︷ ︸
2sk+1 elements

)

with a slightly different final block, where we used the transition Ek−1 → Ek.
Step 1. Unpacking all this gives a parameter tower

PI := {(n ,m) ∈ [N ]2S : n1 ∈ Iz,m1 ∈ Iz,n1 , . . . ,mS ∈ Iz,n1,m1,...,nS},
where r0 := 10S and z ∈ Er0

1 ⊆ ZD is fixed. Thus, we have

|PI |ZD ≳P αs1
0 α

S
1α

s2
2 · · ·αsk

k N
2S .

The corresponding flow map ΦI(n ,m) can be expressed as

z −
(
ξ1n ,m − Φ

(1)
I (n ,m),Φ

(2)
I (n ,m), . . . ,Φ

(k−1)
I (n ,m), ξkn ,m − Φ

(k)
I (n ,m)

)
,

where, writing n = (n (1), . . . ,n (k)),m = (m (1), . . . ,m (k)) ∈ [N ]s1 × · · · × [N ]sk , we let

Φ
(i)
I (n ,m) := Φi(n (i),m (i)) for all i ∈ [k], with Φi(u, v) defined by(

(u1 + · · · + usi) − (v1 + · · · + vsi), . . . , (u
di
1 + · · · + udisi ) − (vdi1 + · · · + vdisi )

)
for u, v ∈ [N ]si , and ξ1n ,m ∈ Zd1 is independent of n (1),m (1), while ξkn ,m ∈ Zdk depends
solely on n (k−1),m (k−1) if k ≥ 3 or simply vanishes if k = 2.
Step 2. We drop the subscript I. Since Φ(P) ⊆ Ek, we obtain

|Ek|ZD ≥
∑

(n ,m)∈P

J−1
Φ(n ,m),

proceeding as in (5.20). Next, we will find a uniform upper bound for Jξ, where ξ ∈ ZD.

We will count all integer solutions (n ,m) ∈ [N ]2S to the system

ξ1n ,m − Φ1(n (1),m (1)) = z(1) − ξ(1),

Φ2(n (2),m (2)) = z(2) − ξ(2),
...

Φk−1(n (k−1),m (k−1)) = z(k−1) − ξ(k−1),

ξkn ,m − Φk(n (k),m (k)) = z(k) − ξ(k),
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identifying z, ξ ∈ ZD with (z(1), . . . , z(k)), ξ = (ξ(1), . . . , ξ(k)) ∈ Zd1 × · · · × Zdk .

Step 3. Using si >
di(di+1)

2 , the definition of Φi, and the Vinogradov mean value theorem,
we conclude that the subsystem consisting of all but the first and last equations has at most

Js2,d2(N) · · · Jsk−1,dk−1
(N) ≲ N2(s2+···+sk−1)−(d2(d2+1)+···+dk−1(dk−1+1))/2

solutions. Once these solutions have been counted, the variables n (k−1),m (k−1) are de-
termined and we can bound the number of solutions to the last equation by Jsk,dk(N) ≲
N2sk−dk(dk+1)/2. Once all variables n (i),m (i) with i > 1 have been determined, we can bound

the number of solutions to the first equation by Js1,d1(N) ≲ N2s1−d1(d1+1)/2. Altogether, we

have Jξ ≲ N2S−D∗
. Thus,

|Ek|ZD ≳ N−2S+D∗ |P|ZD ≳ N−2S+D∗
αs1
0 α

S
1α

s2
2 · · ·αsk

k N
2S

and (5.17) holds. This completes the proof of Proposition 5.5 for K = Z. □

5.6. The real case. We now prove Proposition 5.5 in the real setting.

Proof of Proposition 5.5 for K = R. In this case, we will produce exactly D equations in
order to follow the Jacobian approach (5.19). In particular, the flow (5.22) now depends on
the parities of the degrees di of the polynomials Pi. Precisely, each block (E0 Ei) in (5.22)
ends with Ei and is of length di, except the last one which ends with Ek but is of length
dk +1. Therefore, the parameters i from (5.22) determine a sequence I of the following form

(ω1
1, . . . , ω

1
d1 , ω

2
1, . . . , ω

2
d2 , . . . , ω

k−1
1 , . . . , ωk−1

dk−1
, ωk

1 , . . . , ω
k
dk+1),

where

(ωl
1, . . . , ω

l
dl

) :=

{
(0, l, . . . , 0, l) if dl is even,

(l, 0, . . . , l, 0, l) if dl is odd,
for l ∈ [k − 1],

(ωk
1 , . . . , ω

k
dk+1) :=

{
(k, 0, . . . , k, 0, k) if dk is even,

(0, k, . . . , 0, k) if dk is odd.

For example, if all di are even, then I takes the form

(0, 1, . . . , 0, 1︸ ︷︷ ︸
d1 elements

, 0, 2, . . . , 0, 2︸ ︷︷ ︸
d2 elements

, . . . , 0, k − 1, . . . , 0, k − 1︸ ︷︷ ︸
dk−1 elements

, k, 0, . . . , k, 0, k︸ ︷︷ ︸
dk+1 elements

),

whereas if all di are odd, then I takes the form

(1, 0, . . . , 1, 0, 1︸ ︷︷ ︸
d1 elements

, 2, 0, . . . , 2, 0, 2︸ ︷︷ ︸
d2 elements

, . . . , k − 1, 0, . . . , k − 1, 0, k − 1︸ ︷︷ ︸
dk−1 elements

, 0, k, . . . , 0, k︸ ︷︷ ︸
dk+1 elements

).

Step 1. Set r0 := 10D. Unpacking all this gives a parameter tower

PI := {t ∈ [N ]DR : t1 ∈ Iz, t2 ∈ Iz,t1 , . . . , tD ∈ Iz,t1,t2,...,tD−1},

for some fixed z ∈ Er0
0 if d1 is even or z ∈ Er0

1 if d1 is odd, and the flow map

ΦI(t) := z −
(
ξ1t + Φ1(t (1)), ξ

2
t + Φ2(t (2)), . . . , ξ

k
t + Φk(t (k))

)
,
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where, writing t = (t (1), . . . , t (k)), ξt = (ξ1t , . . . , ξ
k
t ) ∈ [N ]d1R × · · · × [N ]dkR as before, for each

i ∈ [k] such that di is even we have

Φi(u1, . . . , udi) :=
(
u1 − u2 + · · · + udi−1 − udi , . . . , u

di
1 − udi2 + · · · + udidi−1 − udidi

)
,

whereas for each i ∈ [k] such that di is odd we have

Φi(u1, . . . , udi) := −
(
u1 − u2 + · · · − udi−1 + udi , . . . , u

di
1 − udi2 + · · · − udidi−1 + udidi

)
,

and ξ1t vanishes, whereas if i ̸= 1, then t 7→ ξit is a polynomial that may depend on the
coordinates t (i′) with i′ < i but is independent of t (i′) with i′ ≥ i.
Step 2. We drop the subscript I. Since Φ(P) ⊆ Ek, we obtain

|Ek|RD ≥ |Φ(P)|RD ≳
∫
P
|JΦ(t)|dt, (5.23)

and the Jacobian matrix Φ′, consisting of the first order partial derivatives of the polynomial
map Φ, takes the following form

W1 0 0 · · · 0

M2,1 W2 0 · · · 0

M3,1 M3,2 W3 · · · 0
...

...
...

. . .
...

Mk,1 Mk,2 Mk,3 · · · Wk


and for each block Wi, after removing signs from every second row, we have

| detWi(t)| =

∣∣∣∣∣∣∣∣∣∣∣∣∣
det



1 2tD<i+1 3t2D<i+1 · · · ditdi−1
D<i+1

1 2tD<i+2 3t2D<i+2 · · · ditdi−1
D<i+2

1 2tD<i+3 3t2D<i+3 · · · ditdi−1
D<i+3

...
...

...
. . .

...

1 2tD<i+1 3t2D<i+1
· · · ditdi−1

D<i+1



∣∣∣∣∣∣∣∣∣∣∣∣∣
and therefore, using properties of the Vandermonde matrix, we conclude that

|JΦ(t)| = | det Φ′(t)| =
∏
i∈[k]

(
di!

∏
ji,j

′
i∈[D<i+1]\[D<i]

ji<j′i

|t ji − t j′i |

)
.

Step 3. Consider the innermost integral in (5.23). For fixed t1, . . . , tD−1 we integrate |JΦ(t)|
over tD ∈ Iz,t1,...,tD−1 ⊆ [0, N ], where |Iz,t1,...,tD−1 |R ≳k,r0 αkN . Let I ⊆ Iz,t1,...,tD−1 be such
that |I|R ≳P αkN and |t j − tD| ≳P αkN for all j ∈ [D − 1] \ [D − dk] and tD ∈ I. We pull
out all factors independent of tD and estimate the remaining part as follows∫

Iz,t1,...,tD−1

|tD−dk+1 − tD| · · · |tD−1 − tD|dtD ≳P |I|R(αkN)dk−1 ≳P (αkN)dk
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with some constant that is uniform in t1, . . . , tD−1. Continuing this way, we obtain the
uniform lower bound (α0N)dk−1 for the analogous integral over tD−1 and after dk such
steps, using αi ∈ (0, 1], we end up with the integrand

∏
i∈[k−1]

(
di!

∏
ji,j

′
i∈[D<i+1]\[D<i]

ji<j′i

|t ji − t j′i |

)
(α0α1 · · ·αkN)

dk(dk+1)

2 .

Repeating this for other blocks leads to |Ek|RD ≳P (α0α1 · · ·αkN)D
∗

and, since si ≥ D∗

for every i ∈ [k], this implies |Ek|RD ≳P αs1
0 α

S
1α

s2
2 · · ·αsk

k N
D∗

so that (5.17) holds. This
completes the proof of Proposition 5.5 for K = R. □

6. Multilinear Weyl inequality and Sobolev smoothing theorem

In this section, we will formulate and prove a multilinear Weyl inequality, which asserts

that the averaging operator Ã
P1(n),...,Pk(n)

N ;Zk (f1, . . . , fk) is negligible when the j-th Fourier

transform of fj , for at least one j ∈ [k], vanishes on appropriate major arcs. We will also need
a multilinear Sobolev smoothing inequality, which can be thought of as a continuous variant

of the multilinear Weyl inequality for the averaging operators Ã
P1(t),...,Pk(t)

N ;Rk (f1, . . . , fk).

6.1. Multilinear smoothing inequalities. Using notation from Section 4, in particu-
lar (4.6)–(4.12), we formulate the multilinear Weyl inequality and the multilinear Sobolev
smoothing inequality as the following unified theorem.

Theorem 6.1. Let K be either Z or R. Fix C1, C2 ∈ R+ and k ∈ Z+, and let P =
(P1, . . . , Pk) be a polynomial mapping satisfying (4.1)–(4.3). Let 1 < p1, . . . , pk < ∞ be
exponents such that 1

p1
+ · · · + 1

pk
= 1

p ≤ 1. Then there exists a small constant c ∈ (0, 1),

depending only on k,P, p1, . . . , pk, p, C1, C2, such that the following holds. Assume that
δ ∈ (0, 1] and N ≥ 1. Let fi ∈ Lpi(Kk) for all i ∈ [k]. If fj ∈ L2(Kk) for some j ∈ [k] and

the j-th Fourier transform Fj,Kkfj vanishes on the major arcs Mj

≤N−dj δ−C2
(RK

≤δ−C1
), then∥∥∥ÃP1,...,Pk

N ;Kk (f1, . . . , fk)
∥∥∥
Lp(Kk)

≤ c−1(δc +N−c)
∏
i∈[k]

∥fi∥Lpi (Kk). (6.2)

The same conclusion holds for AP1,...,Pk

N ;Kk in place of ÃP1,...,Pk

N ;Kk in (6.2).

If K = Z, then (6.2) is the multilinear Weyl inequality. If K = R, then (6.2) is the multi-
linear Sobolev smoothing inequality. Theorem 6.1 plays an essential role in our arguments
and will be used repeatedly. Here, in contrast to [62], we need this theorem for K = Z and
K = R. In [62], a bilinear variant of (6.2) for the Furstenberg–Weiss averages and K = Z
was established with δc + ⟨LogN⟩−cC̃ in place of δc +N−c; see (1.38). Although in [62] the

decay δc + ⟨LogN⟩−cC̃ was sufficient, in our situation we need δc +N−c in (6.2). This bound

can be derived using Theorem 3.3. We abbreviate ÃP1,...,Pk

N ;Kk to ÃN ;Kk .
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6.2. Structural theorem for adjoints. We now prove a structural theorem for the adjoint

multilinear operators Ã∗j
N ;Kk(f1, . . . , fk) from (4.9). The key tool will be the following variant

of the Hahn–Banach theorem.

Lemma 6.3. Let (X,B(X), µ) be a σ-finite measure space. Given A,B > 0, G ∈ L2(X),
and Φ ⊆ L2(X), suppose that the following inverse theorem holds: if f ∈ L2(X) satisfies
∥f∥L∞(X) ≤ 1 and |⟨f,G⟩| > A, then |⟨f, ϕ⟩| > B for some ϕ ∈ Φ. Then G lies in the closed
convex hull of the set

V :=
{
λϕ ∈ L2(X) : ϕ ∈ Φ and |λ| ≤ A/B

}
∪
{
h ∈ L2(X) : ∥h∥L1(X) ≤ A

}
.

Proof. We refer to [62, Lemma 6.9]. □

Lemma 6.3 combined with the inverse theorem from Section 4 will reveal a major and

minor arc structure for the multilinear operators Ã∗j
N ;Kk(f1, . . . , fk). In the case K = R, it

still makes sense to refer to the major and minor arcs, even though we have exactly one major
arc around 0. The following theorem will play an essential role in the proof of Theorem 6.1.

Theorem 6.4. Let K be either Z or R. Fix C ′
0 ∈ Z+ and k ∈ Z+, and let P = (P1, . . . , Pk)

be a polynomial mapping satisfying (4.1)–(4.3). Then there exists a large constant C ′ ∈ Z+,
depending only on P and C ′

0, such that the following holds. Assume that δ0 ∈ (0, 1] and

N ≥ C ′δ−C′

0 , and fix j ∈ [k]. Then for all 1-bounded functions f1, . . . , fk ∈ L∞(Kk) supported
on
∏

i∈[k][±Ni]K, where Ni := C ′
0N

di for each i ∈ [k], one can decompose

Ã∗j
N ;Kk(f1, . . . , fk) = F + E, (6.5)

where F ∈ L2(Kk) and Fj,KkF is supported on the set∏
i∈[j−1]

[±C ′Ni]K ×M≤C′δ−C′
0 N−dj

(
RK

≤C′δ−C′
0

)
×

∏
i∈[k]\[j]

[±C ′Ni]K. (6.6)

Furthermore, we have

∥F∥L∞(Kk) ≤ C ′δ−C′

0 and ∥F∥L1(Kk) ≤ C ′δ−C′

0 ND, (6.7)

where D := d1 + · · · + dk, while the error term satisfies

∥E∥L1(Kk) ≤ C ′
1δ0N

D. (6.8)

The same conclusion holds for A∗j
N ;Kk in place of Ã∗j

N ;Kk in (6.5).

In the case K = Z, by (6.6), the j-th Fourier transform of F in the sum on the right-hand
side of (6.5) is supported on the major arcs corresponding to the canonical fractions R≤N1

with N1 = C ′δ−C′

0 . This part can be thought of as the major arcs part of Ã∗j
N ;Zk(f1, . . . , fk),

whereas the error function E from (6.5) is negligible thanks to (6.8). From Theorem 6.13 be-

low it will become clear that E can be thought of as the minor arcs part of Ã∗j
N ;Zk(f1, . . . , fk).

Proof of Theorem 6.4. The proof is a combination of Lemma 6.3 and Theorem 4.14; see [62,
Corollary 6.10] or [61, Corollary 7.13] for details. □



76 D. KOSZ, M. MIREK, S. PELUSE, R. WAN, AND J. WRIGHT

6.3. Proof of multilinear Weyl inequality. Here we will use the Ionescu–Wainger pro-

jections Πj
K[≤M1,≤M2] from (4.13) with M1 := δ−C and M2 := δ−CN−dj , where δ ∈ (0, 1)

is small and C ∈ R+ is large depending on C1, C2 from Theorem 6.1. We make the following
important remark.

Remark 6.9. Given a large integer p0 ∈ 2Z, there exists a large constant Cp0 ≥ 1, possibly
depending on C but independent of N and δ, such that if

N ≥ Cp0δ
−Cp0 , (6.10)

then for each fixed ε ∈ (0, 1) and each f ∈ Lq(Kk) with q ∈ [p′0, p0], we have∥∥∥Πj
K

[
≤ δ−C ,≤ N−djδ−C

]
f
∥∥∥
Lq(Kk)

≲ δ−εC∥f∥Lq(Kk). (6.11)

(i) If K = R, then RR
≤M1

= {0} and so (6.11) holds for all q ∈ [1,∞] by Minkowski’s

convolution inequality with ∥η∥L1(R) in place of δ−εC .
(ii) If K = Z, then the situation is more difficult, but condition (6.10) allows us to use

Theorem 3.3 to derive inequality (6.11).

Moreover, for intervals I, J ⊂ R of finite length and f as before, we have∥∥∥Πj
K

[
≤ δ−C ,≤ N−djδ−C

]
f
∥∥∥
Lq(Jj)

≲ δ−εC

〈
dist(I, J)

NdjδC

〉−10

∥f∥Lq(Ij), (6.12)

where Ij := Kj−1 × (I ∩K) ×Kk−j and Jj := Kj−1 × (J ∩K) ×Kk−j .

(iii) If K = R, then (6.12) follows, since |F−1
R η[≤M2](x)| ≲η M2⟨M2x⟩−20.

(iv) If K = Z, then (6.12) follows by repeating the proof of [62, Lemma 5.17, p. 1045],
with Theorem 3.3 in place of [62, Theorem 5.7, p. 1041].

The next theorem combined with the Ionescu–Wainger projections (4.13) will explain why
the error term E from (6.5) satisfying (6.8) can be thought of as the minor arcs piece of

the adjoint operator Ã∗j
N ;Kk(f1, . . . , fk). In what follows, we choose a very large integer p0 ∈

2Z, depending on k,P, p1, . . . , pk, p, C but independent of N, δ, such that all interpolation
arguments using (6.11) or (6.12) from Remark 6.9 will refer only to q ∈ [p′0, p0].

Theorem 6.13. Let K be either Z or R. Fix C ∈ R+ and k ∈ Z+, and let P = (P1, . . . , Pk)
be a polynomial mapping satisfying (4.1)–(4.3). Let 1 < p1, . . . , pk < ∞ be exponents such
that 1

p1
+ · · ·+ 1

pk
= 1

p < 1. Then there exists a small constant c0 ∈ (0, 1), depending only on

k,P, p1, . . . , pk, p, C, such that the following holds. Assume that δ ∈ (0, 1] and N ≥ 1. Let
fi ∈ Lpi(Kk) for all i ∈ [k]. If (6.10) holds, then for each j ∈ [k] we have∥∥∥(I−Πj

K
)
Ã∗j

N ;Kk(f1, . . . , fk)
∥∥∥
Lp(Kk)

≤ c−1
0 δc0

∏
i∈[k]

∥fi∥Lpi (Kk), (6.14)

where I and Πj
K are the identity operator and Πj

K[≤ δ−C ,≤ N−djδ−C ], respectively. The

same conclusion holds for A∗j
N ;Kk in place of Ã∗j

N ;Kk in (6.14).
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Proof. The proof is fairly involved. We will adapt the arguments from [62]. Due to subtle
differences between our proof and the proof of [62, Theorem 5.12(i)] we present the key de-
tails. We assume that δ is small; otherwise (6.14) follows from (6.11) and Hölder’s inequality.
We allow explicit and implicit constants to depend on k,P, p1, . . . , pk, p, C but not on N, δ.
Step 1. Fix C ′′

0 ∈ Z+. We show, with a small constant c1 ∈ (0, 1), the estimate∥∥∥(I−Πj
K
)
Ã∗j

N ;Kk(f1, . . . , fk)
∥∥∥
L2(Kk)

≲ δc1ND/2
∏
i∈[k]

∥fi∥L∞(Kk) (6.15)

for any 1-bounded f1, . . . , fk ∈ L∞(Kk) supported on
∏

i∈[k][±C ′′
0N

di ]K.

Consider C ′ from Theorem 6.4 applied with C ′
0 = C ′′

0 , and choose δ0 = δγ for some
γ ∈ (0, 1) such that γC ′ < C/2, where δ, C are as in (6.15). Then

Ã∗j
N ;Kk(f1, . . . , fk) = F + E, (6.16)

where F,E are as in Theorem 6.4 and satisfy (6.6)–(6.8) with δ0, C
′ as above. If δ is small,

then γC ′ < C/2 implies 4C ′δ−γC′
< δ−C so that by the support properties of Fj,KkF , see

(6.6), we have (I−Πj
K)F ≡ 0. Using (6.16) and the latter properties of F we conclude that

the proof of (6.15) can be reduced to showing the following estimate

∥(I−Πj
K)E∥L2(Kk) ≲ δc1ND/2. (6.17)

Note that ∥Ã∗j
N ;Kk(f1, . . . , fk)∥L∞(Kk) ≲ 1. By (6.5), (6.7), and (6.8) we have

∥E∥L∞(Kk) ≲ δ−C′γ and ∥E∥L1(Kk) ≲ δγND. (6.18)

Now if p0 ∈ 2Z is very large, so that p′0 ∈ (1, 2) is sufficiently close to 1, then by interpo-
lating the bounds in (6.18), we obtain

∥E∥
Lp′0 (Kk)

≲ δγ/2ND/p′0 . (6.19)

By our choice of δ in (6.10) and (6.11) with some fixed ε ∈ (0, 1), we have∥∥∥(I−Πj
K
)
Ã∗j

N ;Kk(f1, . . . , fk)
∥∥∥
Lp0 (Kk)

≲ δ−εCND/p0 ,

since Ã∗j
N ;Kk(f1, . . . , fk) vanishes outside

∏
i∈[k][±O(Ni)]K. Thus, we have

∥(I−Πj
K)E∥Lp0 (Kk) ≲ δ−εCND/p0 . (6.20)

Using (6.11) again, this time together with (6.19), we obtain

∥(I−Πj
K)E∥

Lp′0 (Kk)
≲ δ−εCδγ/2ND/p′0 . (6.21)

Interpolating (6.20) with (6.21) and adjusting ε ∈ (0, 1), we establish (6.17) with c1 = γ
5 .

Consequently, (6.15) follows.
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Step 2. We now relax the L∞(Kk) control in (6.15) to the control on Lp(Kk) spaces. More
precisely, assuming (6.10), for fixed 1 < p1, . . . , pk <∞ such that 1

p1
+ · · ·+ 1

pk
= 1

2 we show,

with a small constant c2 ∈ (0, 1), the estimate∥∥∥(I−Πj
K
)
Ã∗j

N ;Kk(f1, . . . , fk)
∥∥∥
L2(Kk)

≲ δc2
∏
i∈[k]

∥fi∥Lpi (Kk) (6.22)

for any fi ∈ Lpi(Kk) supported on
∏

i∈[k][±C ′′
0N

di ]K for all i ∈ [k].

The main tool in proving (6.22) is the multilinear Lp(Kk)-improving inequality proved in
Section 5, which establishes the estimate∥∥∥Ã∗j

N ;Kk(g1, . . . , gk)
∥∥∥
L2(Kk)

≲ N−D( 1
r
− 1

2
)
∏
i∈[k]

∥gi∥Lri (Kk)

and therefore ∥∥∥(I−Πj
K
)
Ã∗j

N ;Kk(g1, . . . , gk)
∥∥∥
L2(Kk)

≲ N−D( 1
r
− 1

2
)
∏
i∈[k]

∥gi∥Lri (Kk) (6.23)

holds for some 1 < r < 2 and 1 < r1, . . . , rk <∞ such that 1
r1

+· · ·+ 1
rk

= 1
r ; see Corollary 5.3.

Here, it is crucial that 1 < r < 2. The idea of utilizing Lp(Kk)-improving inequalities in this
context was initiated in [62]. Although the bilinear case k = 2 of (6.23), used in [62], can be
deduced from the linear Lp(Kk)-improving inequality [47], the general case k ≥ 3 requires a
genuine multilinear Lp(Kk)-improving inequality established in Section 5.

We interpolate the bounds in (6.15) and (6.23) taking θ := r
2 < 1 and qi such that

1
qi

= θ
ri

+ 1−θ
∞ for each i ∈ [k] so that 1

q1
+ · · ·+ 1

qk
= θ

r = 1
2 . Since −D(1r −

1
2)θ+ D

2 (1−θ) = 0,

multilinear interpolation yields∥∥∥(I−Πj
K
)
Ã∗j

N ;Kk(f1, . . . , fk)
∥∥∥
L2(Kk)

≲ δc1(1−θ)
∏
i∈[k]

∥fi∥Lqi (Kk).

By Plancherel’s theorem and Hölder’s inequality, for all 1 ≤ p1, . . . , pk ≤ ∞ such that
1
p1

+ · · · + 1
pk

= 1
2 we also have∥∥∥(I−Πj

K
)
Ã∗j

N ;Kk(f1, . . . , fk)
∥∥∥
L2(Kk)

≲
∏
i∈[k]

∥fi∥Lpi (Kk).

Interpolating the last two estimates yields (6.22), as desired. To remove the support
condition in inequality (6.22) we use the off-diagonal decay estimate (6.12) and proceed
much the same way as in [62, Corollary 6.24]. □

Finally, we establish the multilinear Weyl inequality and the Sobolev smoothing inequality
stated at the beginning of this section. The key tool will be Theorem 6.13, which will give
us the desired decay in δ and N .

Proof of Theorem 6.1. We can assume that δ−1 and N are large; otherwise (6.2) holds by
Hölder’s inequality. We consider separately p > 1 and p = 1.
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Step 1. Let p > 1. Let Fj,Kkfj vanish on the major arcs Mj

≤N−dj δ−C2
(RK

≤δ−C1
) for some

C1, C2 ∈ R+. Since N−djδ−C ≤ N−djδ−C2 and δ−C ≤ δ−C1 for C := min{C1, C2}, we see

that Fj,Kkfj vanishes on Mj

≤N−dj δ−C
(RK

≤δ−C ).

Case 1. Consider N ≥ Cp0δ
−Cp0 as in (6.10). By duality it suffices to prove

|⟨ÃN ;Kk(f1, . . . , fk), h⟩| ≲ δc∥h∥Lp′ (Kk)

∏
i∈[k]

∥fi∥Lpi (Kk)

for h ∈ Lp′(Kk) and fi ∈ Lpi(Kk) for all i ∈ [k], with fj ∈ Lpj (Kk) ∩ L2(Kk) such that

Fj,Kkfj vanishes on Mj

≤N−dj δ−C
(RK

≤δ−C ). As before, we abbreviate Πj
K[≤ δ−C ,≤ N−djδ−C ]

to Πj
K. By (4.6) and properties of Fj,Kkfj we have∣∣∣〈ÃN ;Kk(f1, . . . , fk), h

〉∣∣∣ =
∣∣∣〈(I−Πj

K
)
Ã∗j

N ;Kk(f1, . . . , fj−1, h, fj+1, . . . , fk), fj

〉∣∣∣
and the desired bound holds with c = c0 by Hölder’s inequality and (6.14).
Case 2. Consider N ≤ Cp0δ

−Cp0 . The proof follows from the previous case, with δ0 such

that δ−1
0 = (N/Cp0)1/Cp0 ≤ δ−1, giving Theorem 6.1 for p > 1.

Step 2. Let p = 1. In this case linear averages (with k = 1) do not arise so we have k ≥ 2.

We assume that Fj,Kkfj vanishes on Mj

≤N−dj δ−C
(RK

≤δ−C ) for some suitable C ∈ R+, as in

Step 1. The key is to show that

∥ÃN ;Kk(f1, . . . , fk)∥Lq(Kk) ≲
∏
i∈[k]

∥fi∥Lqi (Kk) (6.24)

for some choice of 1 < q1, . . . , qk < ∞ with qj = 2 and 1
q1

+ · · · + 1
qk

= 1
q for q < 1 close to

1. Of course, if q ≥ 1, then (6.24) holds trivially by Hölder’s inequality but we need this for
Lq(Kk) with q < 1, which is not a Banach space. Interestingly, inequality (6.24) follows by
an application of the Lp-improving bound (5.4) from Corollary 5.3. Using the multilinear
interpolation result for q < 1 in [43, Theorem 1], we can interpolate the bound (6.24) with
the bounds (6.2) in Theorem 6.1 for p > 1 established in Step 1 to conclude

∥ÃN ;Kk(f1, . . . , fk)∥L1(Kk) ≲ (δc +N−c)
∏
i∈[k]

∥f∥Lpi (Kk)

for some c > 0 and for all 1 < p1, . . . , pk < ∞ such that 1
p1

+ · · · + 1
pk

= 1, as desired. This

completes the proof of Theorem 6.1. □

7. Multilinear circle method: proof of pointwise ergodic theorem

In this section, we develop a multilinear circle method in the context of quantitative
multilinear pointwise ergodic theorems. Although our method is robust enough to handle
oscillation, or even full r-variational estimates, we only illustrate its strength in the context
of the long r-variational multilinear pointwise ergodic bound (1.22). This will be sufficient
to deduce the Furstenberg–Bergelson–Leibman conjecture for commuting transformations
along polynomials with distinct degrees; see Theorem 1.21 as well as Theorem 1.12.

The bilinear circle method was developed for the first time in [62]. Here we shall present
a novel different approach relying on the following tools:
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1. We use the Ionescu–Wainger projections from (4.13) to make a distinction between
minor and major arcs. These projections now correspond to the set of canonical
fractions (4.12), which is a significant new input.

2. An essential ingredient in obtaining the minor arc estimates is the multilinear Weyl
inequality (6.2) with a polynomial decay of the form δc+N−c; see Theorem 6.1. This

result represents a significant improvement over the logarithmic decay δc+⟨logN⟩−cC̃

for the bilinear Furstenberg–Weiss averages from [62]. The key tools we use to derive
(6.2) with a polynomial decay, which were not available in [62], are our Ionescu–
Wainger multiplier theorem for the set of canonical fractions and multilinear Lp-
improving inequality; see Theorem 3.3 and Theorem 5.2, respectively.

3. Another important ingredient is the Sobolev smoothing inequality, which is a con-
tinuous variant of the multilinear Weyl inequality; see Theorem 6.1. The multilinear
Sobolev smoothing inequality is utilized to obtain the major arc estimates in the
high frequency case. In the bilinear situation the major arc estimates involving high
frequency cases can be handled by appealing to the bilinear Weyl inequality (6.2)
and using a simple integration by parts argument. However, the general multilinear
case necessitates the full strength of the Sobolev smoothing inequality as the inte-
gration by parts trick from [62] is limited to the bilinear averages. This is a new
phenomenon which was not apparent previously.

4. The most challenging part is obtaining estimates for major arcs in the low frequency
regime. A novel tool that we propose for controlling maximal functions is a powerful
multiparameter norm interchanging inequality (7.64). It is important to note that
polynomial decay in the multilinear Weyl inequality (6.2) is crucial for dealing with
this case; see Remark 7.94 below. A one-parameter norm interchanging inequality
originates in [62] as a consequence of the Rademacher–Menshov inequality (2.11).
Our multiparameter norm interchanging inequality allows us to replace the p-adic
methods used in [62] and significantly simplifies the argument. Moreover, we em-
phasize that the p-adic approach (especially sharp Lp-improving inequalities in the
p-adic setting), even if adjusted to our context, would not be sufficient to handle the
major arc estimates in the low frequency regime.

Given 1 < p1, . . . , pk <∞ such that 1
p1

+ · · · + 1
pk

= 1
p ≤ 1, we will prove

∥Vr(ÃN (f1, . . . , fk) : N ∈ D)∥ℓp(Zk) ≲ 1 (7.1)

for all finitely supported f1 ∈ ℓp1(Zk), . . . , fk ∈ ℓpk(Zk), which are normalized so that
∥f1∥ℓp1 (Zk) = · · · = ∥fk∥ℓpk (Zk) = 1. Then, by scaling and density arguments combined

with the monotone convergence theorem, we readily obtain inequality (1.22) from Theo-
rem 1.21 for all f1 ∈ ℓp1(Zk), . . . , fk ∈ ℓpk(Zk). The proof of (7.1) is long and intricate. We
begin with making a distinction between minor and major arcs and for this purpose we will
use the Ionescu–Wainger projections from (4.13) with dyadic parameters.

7.1. Dyadic Ionescu–Wainger projections. Let η : R → [0, 1] be a smooth and even
function satisfying (2.4). For any n, ξ ∈ R, we set

η≤n(ξ) := η[≤2n](ξ) = η(2−nξ).
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For any l ∈ N, using definition of canonical fractions (4.12), we set

Σ≤l := R≤2l and Σl := Σ≤l \ Σ≤l−1

with Σ≤−1 denoting the empty set. Then we have

#Σ≤l ≤ 22l. (7.2)

Similarly, for any i ∈ [k], l ∈ N, and m ∈ Z, using definitions (4.10) and (4.11), we introduce
the dyadic “major arc” by

M≤l,≤m := M≤2m(Σ≤l) and Mi
≤l,≤m := Mi

≤2m(Σ≤l).

We note that M≤l,≤m ⊆ M≤l′,≤m′ whenever both l ≤ l′ and m ≤ m′ hold. Moreover, if
m ≤ −2l− 2, then the arcs [θ− 2m, θ+ 2m] that comprise M≤l,≤m are pairwise disjoint. We
also define

Ml,≤m := M≤l,≤m \M≤l−1,≤m and Ml,m := Ml,≤m \Ml,≤m−1.

Referring to (4.13), we define the dyadic Ionescu–Wainger projections Πi
≤l,≤m : ℓ2(Zk) →

ℓ2(Zk) by setting

Πi
≤l,≤mf(x) := Πi

Z[≤ 2l,≤ 2m]f(x) = T
Σ≤l

i,Zk [η≤m]f(x), x ∈ Zk, (7.3)

for each f ∈ ℓ2(Zk). In particular, Πi
≤l,≤m is a self-adjoint (and real symmetric) operator,

which is the identity operator except in the i-th variable.

Remark 7.4. The following properties are clear from (7.3).

(i) The function Fi,Zk(Πi
≤l,≤mf) is supported on the set Mi

≤l,≤m, and if Fi,Zkf vanishes

on that set, then Πi
≤l,≤mf ≡ 0.

(ii) If m ≤ −2l − 2 and Fi,Zkf is supported on Mi
≤l,≤m−2, then Πi

≤l,≤mf = f .

(iii) If m ≤ −2l − 2, then Πi
≤l,≤m is a contraction on ℓ2(Zk).

A consequence of Theorem 3.3 is the following important bound.

Proposition 7.5. For every k ∈ Z+ and p ∈ (1,∞) there exists a constant Cp ∈ R+ such
that for every l ∈ N, m ∈ Z, and i ∈ [k], if

m ≤ −6 max{p, p′}(l + 1), (7.6)

then

∥Πi
≤l,≤mf∥ℓp(Zk) ≤ Cp

(
2
Cp

l log log l
log l 1l≥10 + 1l<10

)
∥f∥ℓp(Zk). (7.7)

Proof. The proof of (7.7) is a direct consequence of Theorem 3.3. □

7.2. Minor arc estimates. As in Section 4, we fix a polynomial mapping

P := (P1, . . . , Pk) : R → Rk,

with P1, . . . , Pk ∈ Z[n] such that d1 := degP1 < · · · < dk := degPk and D := d1 + · · · + dk;
see (4.1)–(4.3). We also fix 1 < p1, . . . , pk < ∞ such that 1

p1
+ · · · + 1

pk
= 1

p ≤ 1 and choose

p0 ∈ 2Z+ satisfying

1 < p′0 < p1, . . . , pk < p0 <∞. (7.8)
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The parameter p0 from (7.8) will serve as an upper bound for max{p, p′} from condition
(7.6) to ensure that Proposition 7.5 can be applied. One can think that the parameter p0
from (7.8) is a sufficiently large even integer, which, if necessary, may be further adjusted
depending on the interpolation arguments that will be used throughout this section.

Given a small fixed parameter

0 < α < (106kdkp0)
−1

and a large constant C0 ∈ Z+ depending on p0,P, α, we define the quantities

l(N) := LogNα and L(N) := LogN − l(N)

for any N ≥ C0, using the log-scale notation (2.1). We take C0 ≥ 25/α so that l(N) ∈ N≥5

for N ≥ C0. For each i ∈ [k] and εi ∈ {0, 1}, define

Πi,εi
≤l(N),≤−diL(N)

fi :=

{
Πi

≤l(N),≤−diL(N)
fi if εi = 1,

fi − Πi
≤l(N),≤−diL(N)

fi if εi = 0.

Observe that there exists a small absolute constant c ∈ (0, 1) such that

∥ÃN (Π1,ε1
≤l(N),≤−d1L(N)

f1, . . . ,Π
k,εk
≤l(N),≤−dkL(N)

fk)∥ℓp(Zk) ≲ N−c (7.9)

whenever (ε1, . . . , εk) ̸= (1, . . . , 1). Indeed, assuming εj = 0 for some j ∈ [k] we apply

Theorem 6.1 with C1 = 1, C2 = dj , and δ = 25−l(N) ∈ (0, 1], and then (7.9) follows from

Proposition 7.5. Writing ÃN (f1, . . . , fk) as∑
(ε1,...,εk)∈{0,1}k

ÃN

(
Π1,ε1

≤l(N),≤−d1L(N)
f1, . . . ,Π

k,εk
≤l(N),≤−dkL(N)

fk

)
we see that, in view of (7.9), the proof of (7.1) is reduced to estimating∥∥∥Vr

(
ÃN

(
Π1

≤l(N),≤−d1L(N)
f1, . . . ,Π

k
≤l(N),≤−dkL(N)

fk

)
: N ∈ D

)∥∥∥
ℓp(Zk)

(7.10)

for all lacunary sequences D ⊂ [C0,∞) and normalized functions f1, . . . , fk, where the func-
tions Π1

≤l(N),≤−d1L(N)
f1, . . . ,Π

k
≤l(N),≤−dkL(N)

fk are all restricted to major arcs.

7.3. Major arc estimates. Our aim is to utilize certain model operators, which will be
more manageable. We begin with trimming the size of denominators. To this end, we rewrite
the average from (7.10) as∑

l1∈N≤l(N)

· · ·
∑

lk∈N≤l(N)

ÃN

(
Π1

l1,≤−d1L(N)
f1, . . . ,Π

k
lk,≤−dkL(N)

fk

)
, (7.11)

where Πi
li,≤−diL(N)

:= T
Σli

i,Zk [η≤−diL(N)
] for every i ∈ [k]. Next, we match the scales of the

bumps η≤−di LogN+dil(N)
appearing in (7.11) by splitting them into nonoscillatory and highly

oscillatory pieces

η≤−di LogN +
∑

si∈[l(N)]

(
η≤−di(LogN−si) − η≤−di(LogN−si+1)

)
.
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For i ∈ [k] we define

ηi,siN :=

{
η≤−di(LogN−si) − η≤−di(LogN−si+1) if si > 0,

η≤−di LogN if si = 0,
(7.12)

and set

Π̃i,N
li,si

:= T
Σli

i,Zk [ηi,siN ]. (7.13)

Using (7.12), (7.13), and the previous identities, we write (7.11) as∑
l1,s1∈N≤l(N)

· · ·
∑

lk,sk∈N≤l(N)

ÃN

(
Π̃1,N

l1,s1
f1, . . . , Π̃

k,N
lk,sk

fk

)
.

Set Dl,s := {N ∈ D : N ≥ C0 and l(N) ≥ max{l, s}}, where

l := max{li : i ∈ [k]} and s := max{si : i ∈ [k]}. (7.14)

It suffices to show, for any s1, l1, . . . , sk, lk ∈ N, that∥∥∥Vr
(
ÃN

(
Π̃1,N

l1,s1
f1, . . . , Π̃

k,N
lk,sk

fk

)
: N ∈ Dl,s

)∥∥∥
ℓp(Zk)

≲ 2−c(l+s), (7.15)

since summing (7.15) over s1, l1, . . . , sk, lk yields the desired bound for (7.10).

7.3.1. Major arc approximations. We now take advantage of the fact that each function
in (7.15) is restricted to major arcs, and approximate the average in (7.15) by a certain
model operator. We first fix some notation.

For N ≥ 1 we define the exponential sum

mN (ξ) :=
1

|(N/2, N ] ∩ Z|
∑

n∈(N/2,N ]∩Z

e(ξ · P(n)), ξ ∈ Tk, (7.16)

and its continuous counterpart

mN (ξ) := 2

∫ 1

1/2
e(ξ · P(Nt))dt, ξ ∈ Rk. (7.17)

Furthermore, given a ∈ Zk and q ∈ Z+ such that gcd(a, q) = 1, we consider the corresponding
complete exponential sum

G

(
a

q

)
:=

1

q

∑
n∈[q]

e

(
a

q
· P(n)

)
. (7.18)

We also define the set of rational fractions

Σl1,...,lk :=

{
a

q
∈ (Q/Z)k : gcd(a, q) = 1 and

a

q
∈ Σl1 × · · · × Σlk

}
, (7.19)

which will be a natural domain for G in our applications.
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Lemma 7.20. Let P : R → Rk be a polynomial mapping as in (4.1) whose components are
polynomials with integer coefficients and satisfy (4.2). Then there exists a constant CP ∈ R+

such that for every N ≥ 1, M1, . . . ,Mk ∈ R+, and l1, . . . , lk ∈ N the following holds. For
every ξ ∈ Tk and θ ∈ Σl1,...,lk such that |ξi − θi| ≤M−1

i for all i ∈ [k], one has

|mN (ξ) −G(θ)mN (ξ − θ)| ≤ CP2kl(max{M−1
i Ndi−1 : i ∈ [k]} +N−1) (7.21)

with mN ,mN , G,Σl1,...,lk defined in (7.16)–(7.19).

Proof. It suffices to prove (7.21) for N ≥ 2kl, because the opposite case N < 2kl is trivial.
Fix θ = a

q ∈ Σl1,...,lk and observe that

mN (ξ) =
1

q

∑
r∈[q]

e(θ · P(r)) · q
∑
n∈Z

e((ξ − θ) · P(qn+ r))χN (qn+ r),

where χN (n) := |(N/2, N ] ∩ Z|−11(N/2,N ](n). We note that∣∣∣∑
n∈Z

e((ξ − θ) · P(qn+ r))χN (qn+ r) −
∫
R
e((ξ − θ) · P(qt+ r))χN (q⌊t⌋ + r)dt

∣∣∣
is bounded by CP max{M−1

i Ndi : i ∈ [k]} by the mean value theorem. Moreover, we have∫
R |χN (q⌊t⌋+ r)−χN (qt+ r)|dt ≤ 10N−1. Using this and the restriction q ≤ 2kl, we obtain

(7.21). □

Next, given a finite subset Θ ⊂ (Q/Z)k and functions m : Tk → C and S : (Q/Z)k → C,
we will be working with multilinear operators of the form

BΘ[S;m](g1, . . . , gk)(x) :=
∑
θ∈Θ

S(θ)
∑
y∈Zk

Kτθm(y)
∏
i∈[k]

gi(x− (y · ei)ei) (7.22)

for x ∈ Zk, where τθm(ξ) := m(ξ − θ) and

Km(y) :=

∫
Tk

m(ξ)e(−ξ · y)dξ, (7.23)

and, as before, {ei : i ∈ [k]} is the standard basis in Rk.
Using (7.22) and (7.23), we prove the following technical but very useful lemma, which

will often be applied in tandem with Lemma 7.20.

Lemma 7.24. Let N ≥ 1, d1, . . . , dk ∈ Z+, and M1, . . . ,Mk ∈ [3,∞), and let mN : Tk → C
be a smooth function supported on

∏
i∈[k][±M

−1
i ] such that∥∥∥∂β1

1 · · · ∂βk
k mN

∥∥∥
L∞(Tk)

≲β1,...,βk
Nβ1d1+···+βkdk (7.25)

for all (β1, . . . , βk) ∈ Nk. Then, for every γ ∈ (0, 1) and β ∈ Z+, we have

|KmN (y)| ≤ Cβ,γM
−1
1 · · ·M−1

k ∥mN∥1−γ
L∞(Tk)

∏
i∈[k]

⟨yi/Ndi⟩−γβ (7.26)

with some constant Cβ,γ ∈ R+. In particular, if γβ > 1, then (7.26) implies

∥KmN ∥ℓ1(Zk) ≲β,γ (Nd1M−1
1 ) · · · (NdkM−1

k )∥mN∥1−γ
L∞(Tk)

. (7.27)
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Proof. Using (7.25), the support condition for mN , and integration by parts (sufficiently
many times, say β ∈ N, variable by variable) in the integral in (7.23) with m = mN ,
we obtain (7.26) with γ = 1. A convex combination of this bound and the trivial bound
|KmN (y)| ≲β M

−1
1 · · ·M−1

k ∥mN∥L∞(Tk) yields (7.26) for γ ∈ (0, 1), and (7.27) follows when-
ever γβ > 1. □

Now we can formulate our first approximation result.

Proposition 7.28. For every N ≥ 1 and l1, s1, . . . , lk, sk ∈ N such that l(N) ≥ max{l, s} and

for all f1 ∈ ℓp1(Zk), . . . , fk ∈ ℓpk(Zk) with 1 < p1, . . . , pk <∞ such that 1
p1

+ · · ·+ 1
pk

= 1
p ≤ 1

the following estimate holds

∥EN
l,s(f1, . . . , fk)∥ℓp(Zk) ≲ N− 9

10

∏
i∈[k]

∥fi∥ℓpi (Zk) (7.29)

with EN
l,s(f1, . . . , fk) denoting the error term

ÃN

(
Π̃1,N

l1,s1
f1, . . . , Π̃

k,N
lk,sk

fk

)
−BΣl1,...,lk [G;mNw

s1,...,sk
N ](f1, . . . , fk),

where ws1,...,sk
N :=

⊗
i∈[k] η

i,si
N and ηi,siN is defined in (7.12).

Proof. By homogeneity, we can assume that ∥fi∥ℓpi (Zk) = 1 for all i ∈ [k].

Step 1. First, we rewrite ÃN (Π̃1,N
l1,s1

f1, . . . , Π̃
k,N
lk,sk

fk)(x) as∑
θ∈Σl1,...,lk

∑
y∈Zk

KmN τθw
s1,...,sk
N

(y)
∏
i∈[k]

fi(x− (y · ei)ei).

By the triangle inequality and Minkowski’s integral inequality followed by Hölder’s inequal-
ity, the left-hand side of (7.29) is controlled by∑

θ∈Σl1,...,lk

∥∥∥KmN τθw
s1,...,sk
N

−G(θ)Kτθ(mNw
s1,...,sk
N )

∥∥∥
ℓ1(Zk)

.

Step 2. Fix θ = a
q ∈ Σl1,...,lk and expand the above norm as follows∑

y∈Zk

∣∣∣∣∫
Tk

(mN (ξ) −G(θ)mN (ξ − θ))ws1,...,sk
N (ξ − θ)e(−ξ · y)dξ

∣∣∣∣ .
Using Lemma 7.20 with Mi ≃ Ndi2−disi , together with the support condition for ws1,...,sk

N
and the restriction l(N) ≥ max{l, s}, we obtain∥∥mNτθw

s1,...,sk
N −G(θ)τθ(mNw

s1,...,sk
N )

∥∥
L∞(Tk)

≲ 22kdkl(N)N−1. (7.30)

Step 3. Now by (7.30) and Lemma 7.24, for any fixed γ ∈ (0, 1), we have∥∥∥KmN τθw
s1,...,sk
N

−G(θ)Kτθ(mNw
s1,...,sk
N )

∥∥∥
ℓ1(Zk)

≲ 23kdkl(N)N−(1−γ).

Using (7.2) we obtain that #Σl1,...,lk ≲ 22kl, which, combined with the last estimate, yields
(7.29) upon choosing the parameter γ sufficiently small. This completes the proof of Propo-
sition 7.28. □
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Now, in light of Proposition 7.28, instead of (7.15) it suffices to prove∥∥∥Vr
(
BΣl1,...,lk [G;mNw

s1,...,sk
N ](f1, . . . , fk) : N ∈ Dl,s

)∥∥∥
ℓp(Zk)

≲ 2−c(l+s) (7.31)

for all normalized functions fi ∈ ℓpi(Zk) and all s1, l1, . . . , sk, lk ∈ N.

7.3.2. Model operators. One difficulty in proving (7.31) is the need to obtain the decay
in both parameters l and s from (7.14). For this purpose, we distinguish two cases, which
will be handled separately later on:

(i) the high frequency case s > Cl;
(ii) the low frequency case Cl ≥ s;

with some large C ≥ 1 to be specified later. For each fixed t ∈ [12 , 1], using the bumps ηi,siN
from (7.12), we define

ηi,siN,t(ξi) := e(ξiPi(Nt))η
i,si
N (ξi), i ∈ [k]. (7.32)

Using (7.32), we obtain the following identity

mN (ξ)ws1,...,sk
N (ξ) = 2

∫ 1

1/2

(⊗
i∈[k]

ηi,siN,t

)
(ξ)dt.

Define

u :=

{
100k(s+ 1) if s > Cl,

100k(l + 1) if Cl ≥ s.
(7.33)

Note that for any N ∈ Dl,s we have N ≥ max{2max{l,s}/α, C0}, which implies

N ≥ 210
5kdkp0 max{l,s}C

1/2
0 ≥ 2100p0dku, (7.34)

since C0 ≥ 25/α ≥ 210
6kdkp0 . By (7.34), we rewrite BΣl1,...,lk [G;mNw

s1,...,sk
N ](f1, . . . , fk)(x) as

2

∫ 1

1/2
BΣl1,...,lk [G; η∗u]

(
T
Σl1

1,Zk [η1,s1N,t ]f1, . . . , T
Σlk

k,Zk [ηk,skN,t ]fk

)
(x)dt, (7.35)

where η∗u :=
⊗

i∈[k] η≤−p0diu. Introducing new functions

F i,li,si
N,t := F i,li,si

N,t (fi) := T
Σli

i,Zk [ηi,siN,t]fi, i ∈ [k], (7.36)

we will show that the multilinear operator

BΣl1,...,lk [G; η∗u](F 1,l1,s1
N,t , . . . , F k,lk,sk

N,t )

from (7.35) can be replaced by the following model multilinear operator

Ã2u

(
Π1

l1,≤−p0d1u(F 1,l1,s1
N,t ), . . . ,Πk

lk,≤−p0dku
(F k,lk,sk

N,t )
)
,

with a satisfactory error term.
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Proposition 7.37. Fix l1, s1, . . . , lk, sk ∈ N and u ∈ Z+ as in (7.33). Then for every
N ≥ 1 and for all f1N ∈ ℓp1(Zk), . . . , fkN ∈ ℓpk(Zk) with 1 < p1, . . . , pk < ∞ satisfying
1
p1

+ · · · + 1
pk

= 1
p ≤ 1 the following estimate holds∥∥Vr(Ẽu

l,s(f
1
N , . . . , f

k
N ) : N ∈ Dl,s)

∥∥
ℓp(Zk)

≲ 2−
9u
10

∏
i∈[k]

∥Vr(f iN : N ∈ Dl,s)∥ℓpi (Zk)

with Ẽu
l,s(f

1
N , . . . , f

k
N ) denoting the error term

Ã2u(Π1
l1,≤−p0d1u(f1N ), . . . ,Πk

lk,≤−p0dku
(fkN )) −BΣl1,...,lk [G; η∗u](f1N , . . . , f

k
N ).

Proof. The proof is much the same as the proof of Proposition 7.28. □

7.3.3. Basic r-variational estimates. We now gather certain simple r-variational esti-
mates that will be useful for our arguments. The key tools will be the Ionescu–Wainger and
r-variational Ionescu–Wainger theorems; see Theorem 3.3 and Theorem 3.26, respectively.

The following result is a simple exercise that uses the properties of the Fourier transform.

Lemma 7.38. Let ϕ : R → R be a compactly supported function with continuous derivative.
Then there exists a constant Cϕ ∈ R+ depending on ϕ such that for all n ∈ N we have

∥∂n(F−1
R ϕ)∥L1(R) ≤ Cn+1

ϕ .

Lemma 7.39. Let 1 < p1, . . . , pk <∞ and r ∈ (2,∞]. Then we have∥∥Vr(Πi
li,≤−p0diu

(F i,li,si
N,t (fi) : N ∈ Dl,s)

∥∥
ℓpi (Zk)

≲pi,r Cpi(l, si),∥∥Vr(F i,li,si
N,t (fi) : N ∈ Dl,s)

∥∥
ℓpi (Zk)

≲pi,r Cpi(l, si),
(7.40)

for all i ∈ [k] and all choices of l1, s1, . . . , lk, sk ∈ N, uniformly in t ∈ [12 , 1], with normalized

fi ∈ ℓpi(Zk) and F i,li,si
N,t (fi) as in (7.36), where

Cpi(l, si) := (si + 1)(2
Opi (

l log log l
log l

)
1l≥10 + 1l<10).

Proof. By the definition of u in (7.33), one has 6(li + 1) max{pi, p′i} ≤ p0diu for each i ∈ [k]
so that (7.6) is satisfied. Consequently, (7.7) implies

∥Πi
li,≤−p0diu

f∥ℓpi (Zk) ≲ 2
Opi (

l log log l
log l

)
1l≥10 + 1l<10. (7.41)

Therefore, by (7.41) it suffices to show the second inequality in (7.40), since

Πi
li,≤−p0diu

(F i,li,si
N,t (fi)) = F i,li,si

N,t (Πi
li,≤−p0diu

fi).

If si > 0, then by (7.12) and (7.32) we dominate the r-variational norm by the square
function (in fact, the shifted square function; see [62, Theorem B.1, p. 1097]) and the
conclusion in (7.40) follows by invoking Theorem 3.3.

If si = 0, then we replace ηi,siN,t(ξi) = e(ξiPi(Nt))η
i,si
N (ξi) with ηi,siN (ξi) and the error term

is controlled by the standard Littlewood–Paley arguments (see, for example, [30] or [74]) by
Lemma 7.38, whereas the r-variational estimates for the latter multiplier follow from the
Lépingle’s inequality [69] (see also [76]) combined with Theorem 3.26 and Theorem 3.3. □
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7.3.4. Major arcs estimates: high frequency case s > Cl. We can assume, without
loss of generality, that (s1, . . . , sk) ̸= (0, . . . , 0); otherwise we are in the low frequency case.
In the high frequency case, since s > Cl, it only suffices to obtain (7.31) with a decay of the
form 2−cs. Our aim will be to establish the following maximal theorem.

Theorem 7.42. Fix k ∈ Z+ and let the exponents 2 ≤ p1, . . . , pk < ∞ such that 1
p1

+

· · · + 1
pk

= 1
p ≤ 1 be given. Then there exists a small constant c ∈ (0, 1) such that for all

normalized f1 ∈ ℓp1(Zk), . . . , fk ∈ ℓpk(Zk) we have∥∥∥∥∥ sup
N∈Dl,s

∣∣∣BΣl1,...,lk [G;mNw
s1,...,sk
N ](f1, . . . , fk)

∣∣∣∥∥∥∥∥
ℓp(Zk)

≲ 2−cs (7.43)

for all choices of s1, l1, . . . , sk, lk ∈ N such that s > Cl for some large C ∈ R+.

In contrast to the bilinear variant of Theorem 7.42 from [62], where an integration by parts
argument can be employed, the general multilinear case, due to its combinatorial nature,
is more delicate. The new robust tool used here is the Sobolev smoothing inequality (6.2)
from Theorem 6.1 for K = R. Once Theorem 7.42 is proved, it can be readily used to obtain
(7.31). Indeed, we claim that for each fixed ρ ∈ (2,∞) and 1 < p1, . . . , pk <∞ one has∥∥∥Vρ

(
BΣl1,...,lk

[
G;mNw

s1,...,sk
N

]
(f1, . . . , fk) : N ∈ Dl,s

)∥∥∥
ℓp(Zk)

≲ 2o(s) (7.44)

with any normalized f1 ∈ ℓp1(Zk), . . . , fk ∈ ℓpk(Zk). To prove this claim, we note that
u = 100k(s+1) in the high frequency case, and using (7.35) and Proposition 7.37, we reduce
inequality (7.44) to establishing∥∥∥Vρ

(
Ã2u

(
F 1,l1,s1
N,t,u , . . . , F k,lk,sk

N,t,u

)
: N ∈ Dl,s

)∥∥∥
ℓp(Zk)

≲ 2o(s),

where

F i,li,si
N,t,u := Πi

li,≤−p0diu
(F i,li,si

N,t (fi)), i ∈ [k]. (7.45)

The latter inequality follows from (2.10), Hölder’s inequality, and Lemma 7.39. By inter-
polating (7.44) and (7.43), or rather their unnormalized versions, and renormalizing the
resulting bound, we obtain the desired claim in (7.31).

The key ingredient in proving (7.43) will be Theorem 6.1 for K = R. In order to apply
Theorem 6.1, we have to pass to the continuous setting. To this end, for p ∈ [1,∞), we
define an extension operator E : ℓp(Zk) → Lp(Rk) by

Ef(x) :=
∑
y∈Zk

1Ck(x− y)f(y), x ∈ Rk, (7.46)

for each f ∈ ℓp(Zk), where Ck := [−1/2, 1/2)k. Observe that Ef ≡ f on Zk and ∥Ef∥Lp(Rk) =

∥f∥ℓp(Zk). Thus, in particular, Ef ∈ Lp(Rk). Moreover, Ef(x + t) = Ef(x) holds for all

x ∈ Zk and t ∈ Ck.
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Proof of Theorem 7.42. The proof is complicated and for the sake of clarity it will be divided
into a few simpler blocks. We claim that it suffices to find a small constant c′ ∈ (0, 1) such
that for every θ ∈ Σl1,...,lk we have∥∥∥∥∥ sup

N∈Dl,s

∣∣∣IθN (f1, . . . , fk)
∣∣∣∥∥∥∥∥

ℓp(Zk)

≲ 2−c′s, (7.47)

where

IθN (f1, . . . , fk)(x) :=
∑
y∈Zk

Kτθ(mNw
s1,...,sk
N )(y)

∏
i∈[k]

fi(x− (y · ei)ei), x ∈ Zk.

Indeed, since s > Cl and C ∈ R+ may be as large as we need, by the triangle inequality and
the estimate #Σl1,...,lk ≲ 22kl we obtain∥∥∥∥∥ sup

N∈Dl,s

∣∣∣BΣl1,...,lk [G;mNw
s1,...,sk
N ](f1, . . . , fk)

∣∣∣∥∥∥∥∥
ℓp(Zk)

≲ 22kl2−c′s ≲ 2−cs.

Step 1. It suffices to prove (7.47). Fix θ ∈ Σl1,...,lk and observe that

IθN (f1, . . . , fk)(x) = e(−kθ · x)I0N (Mθf1, . . . ,Mθfk)(x),

where Mθ is the modulation operator Mθf(x) := e(θ · x)f(x).
In view of this identity, the proof of (7.47) is reduced to showing∥∥∥∥∥ sup

N∈Dl,s

∣∣I0N (g1, . . . , gk)
∣∣∥∥∥∥∥

ℓp(Zk)

≲ 2−c′s (7.48)

for any normalized gi ∈ ℓpi(Zk). We abbreviate KmNw
s1,...,sk
N

to KN and recall the conve-

nient notation x(yi) := (x1, . . . , xi−1, yi, xi+1, . . . , xk) for all x, y ∈ Rk. Using the extension

operator E from (7.46), we can rewrite I0N (g1, . . . , gk) as I0N (Eg1, . . . , Egk). Now, the p-th
power of the norm in (7.48) takes the form∑

x∈Zk

∫
Ck

sup
N∈Dl,s

∣∣∣∣∣ ∑
y∈Zk

∫
Ck

KN (x− y)
∏
i∈[k]

Egi((x+ t)((y+t′)i))dt
′

∣∣∣∣∣
p

dt, (7.49)

since Egi(x(yi)) = Egi((x+ t)((y+t′)i)) for all t, t′ ∈ Ck and x, y ∈ Zk.
As in Proposition 7.28, using Lemma 7.24 we can show the bound

|KN (x+ z) −KN (x)| ≲ N−1/2N−D
∏
i∈[k]

⟨xi/Ndi⟩−2 (7.50)

for all x ∈ Zk and z ∈ 2Ck. Therefore, denoting

K̃N (x, y, t, t′) := KN ((x+ t) − (y + t′)) −KN (x− y),

and appealing to (7.50), we readily obtain∑
x∈Zk

∫
Ck

sup
N∈Dl,s

∣∣∣∣∣ ∑
y∈Zk

∫
Ck

K̃N (x, y, t, t′)
∏
i∈[k]

Egi((x+ t)((y+t′)i))dt
′

∣∣∣∣∣
p

dt ≲ 2−pc′s.
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Indeed, the above bound holds by Minkowski’s integral inequality followed by Hölder’s in-
equality, as in Proposition 7.28. Next, define

Ĩ0N (G1, . . . , Gk)(x) :=

∫
Rk

KN (y)
∏
i∈[k]

Gi(x− (y · ei)ei)dy, x ∈ Rk.

After a change of variables ∥ supN∈Dl,s
|Ĩ0N (Eg1, . . . , Egk)∥p

Lp(Rk)
is equal to

∑
x∈Zk

∫
Ck

sup
N∈Dl,s

∣∣∣∣∣ ∑
y∈Zk

∫
Ck

KN ((x+ t) − (y + t′))
∏
i∈[k]

Egi((x+ t)((y+t′)i))dt
′

∣∣∣∣∣
p

dt.

Using (7.49) and gathering everything together, we conclude that∥∥∥∥∥ sup
N∈Dl,s

∣∣I0N (g1, . . . , gk)
∣∣∥∥∥∥∥

ℓp(Zk)

≲ 2−c′s +

∥∥∥∥∥ sup
N∈Dl,s

∣∣∣Ĩ0N (Eg1, . . . , Egk)
∣∣∣∥∥∥∥∥

Lp(Rk)

.

At this stage, Theorem 6.1 can be applied, and it remains to establish∥∥∥∥∥ sup
N∈Dl,s

∣∣∣Ĩ0N (G1, . . . , Gk)
∣∣∣∥∥∥∥∥

Lp(Rk)

≲ 2−c′s (7.51)

for any normalized Gi ∈ Lpi(Rk), since ∥Egi∥Lpi (Rk) = ∥gi∥ℓpi (Zk) = 1.

Step 2. Define V := {i ∈ [k] : si = 0} and v := #V < k, and write

V = {i1, . . . , iv} and V c = {iv+1, . . . , ik}.

We interpret the polynomial mapping P from (4.1) as a vector in Rk writing

P(t) = PV (t) + PV c(t), t ∈ R,

where PV (t) :=
∑

i∈V Pi(t)ei ∈ Rk. For each im ∈ V , we can further write

e(ξimPim(Nt)) =
∑
nm∈N

(2πiNdim ξim)nm

nm!

Pim(Nt)nm

Ndimnm
,

using the Taylor expansion of the function x 7→ e(x). Since

KN (y) =

∫
Rk

mN (ξ)ws1,...,sk
N (ξ)e(−ξ · y)dξ,

we write KN (y) as

∑
(n1,...,nv)∈Nv

∫
Rk

( ∏
m∈[v]

η̃im,0
N,nm

(ξ · eim)

nm!

)
mn1,...,nv

N,V c (ξ)ws1,...,sk
N,V c (ξ)e(−ξ · y)dξ,
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where for ζ ∈ R, ξ ∈ Rk, and im ∈ V we define

η̃im,0
N,nm

(ζ) := (2πiNdim ζ)nmηim,0
N (ζ),

mn1,...,nv

N,V c (ξ) := 2

∫ 1

1/2
e(ξ · PV c(Nt))Bt

Ndt,

ws1,...,sk
N,V c (ξ) :=

∏
i∈V c

ηi,siN (ξ · ei),

with Bt
N = Bt

N (V ;n1, . . . , nv) given by the formula

Bt
N :=

∏
m∈[v]

Pim(Nt)nm

Ndimnm
.

These Taylor expansions reveal that

Ĩ0N (G1, . . . , Gk)(x) =

∫
Rk

KN (y)
∏
i∈[k]

Gi(x− (y · ei)ei)dy,

which we can further rewrite as∑
(n1,...,nv)∈Nv

( ∏
m∈[v]

G̃im,0
N,nm

(x)

nm!

)
An1,...,nv

N,V c (G
iv+1,siv+1

N , . . . , G
ik,sik
N )(x), (7.52)

where

G̃i,0
N,n := Ti,Rk [η̃i,0N,n]Gi and Gi,si

N := Ti,Rk [ηi,siN ]Gi,

and

An1,...,nv

N,V c (G
iv+1,siv+1

N , . . . , G
ik,sik
N )(x) := 2

∫ 1

1/2

( ∏
i∈V c

Gi,si
N (x− Pi(Nt)ei)

)
Bt

Ndt.

Step 3. Integrating the right-hand side above by parts, we obtain

An1,...,nv

N,V c (G
iv+1,siv+1

N , . . . , G
ik,sik
N )(x) = A1

N (x)B1
N −

∫ 1

1/2
At

N (x)
∂Bt

N

∂t
dt (7.53)

with At
N = At

N (V c;G
iv+1,siv+1

N , . . . , G
ik,sik
N ) given by the formula

At
N (x) := 2

∫ t

1/2

∏
i∈V c

Gi,si
N (x− Pi(Ny)ei)dy.

Let 1 ≤ qV , qV c < ∞ be defined by 1
qV

=
∑

i∈V
1
pi

and 1
qV c

=
∑

i∈V c
1
pi

(if V = ∅, then we

define only qV c). Now by the Sobolev smoothing inequality from Theorem 6.1 we obtain∥∥∥At
N ;Rk(G

iv+1,siv+1

N , . . . , G
ik,sik
N )

∥∥∥
LqV c (Rk)

≲ 2−c′s
∏
i∈V c

∥Gi,si
N ∥Lpi (Rk) (7.54)



92 D. KOSZ, M. MIREK, S. PELUSE, R. WAN, AND J. WRIGHT

uniformly in t ∈ [1/2, 1]; here, it is crucial that V c is nonempty when s > Cl. By (7.53) and
(7.54), we obtain∥∥∥An1,...,nv

N,V c (G
iv+1,siv+1

N , . . . , G
ik,sik
N )

∥∥∥
LqV c (Rk)

≲ Cn1,...,nv(s)
∏
i∈V c

∥Gi,si
N ∥Lpi (Rk)

with Cn1,...,nv(s) := Cn1
i1

· · ·Cnv
iv

2−c′s for some large constants Cim ∈ R+.

Step 4. Now, we can bound ∥ supN∈Dl,s
|Ĩ0N (G1, . . . , Gk)|∥Lp(Rk) by

∑
(n1,...,nv)∈Nv

1

n1! · · ·nv!

∥∥∥∥∥ sup
N∈Dl,s

∣∣∣∣∣ ∏
m∈[v]

G̃im,0
N,nm

∣∣∣∣∣
∥∥∥∥∥
LqV (Rk)

×

∥∥∥∥∥ sup
N∈Dl,s

∣∣∣∣∣An1,...,nv

N,V c (G
iv+1,siv+1

N , . . . , G
ik,sik
N )

∣∣∣∣∣
∥∥∥∥∥
LqV c (Rk)

(7.55)

using (7.52) and Hölder’s inequality; here, the first line in (7.55) does not appear when
V = ∅. Using Lemma 7.38 and the properties of η, we obtain∥∥∥∥∥ sup

N∈Dl,s

∣∣∣G̃im,0
N,nm

∣∣∣∥∥∥∥∥
Lpim (Rk)

≲ Cnm
im

(7.56)

for every m ∈ [v]. By (7.56) and Hölder’s inequality the first norm in (7.55) is controlled by
Cn1
i1

· · ·Cnv
iv

. By the final estimate from Step 3 and Hölder’s inequality, the second norm in
(7.55) does not exceed( ∑

N∈Dl,s

∥∥An1,...,nv

N,V c (G
iv+1,siv+1

N , . . . , G
ik,sik
N )

∥∥qV c

LqV c (Rk)

)1/qV c

≲ Cn1,...,nv(s)
( ∑

N∈Dl,s

∏
i∈V c

∥Gi,si
N ∥qV c

Lpi (Rk)

)1/qV c

≤ Cn1,...,nv(s)
∏
i∈V c

∥∥∥( ∑
N∈Dl,s

|Gi,si
N |pi

)1/pi∥∥∥
Lpi (Rk)

≲ Cn1,...,nv(s),

(7.57)

where, in the last line, we have used a standard square function argument [30] (see also [74]),
which is applicable because pi ≥ 2. Finally, using (7.55)–(7.57) we deduce (7.51), since the
factors (Cn1

i1
· · ·Cnv

iv
)2(n1! · · ·nv!)−1 are summable over (n1, . . . , nv) ∈ Nv. This completes

the proof of Theorem 7.42. □

7.3.5. Major arcs estimates: low frequency case Cl ≥ s. By (7.33) in the low fre-
quency case we have

u := 100k(l + 1). (7.58)

In this case, since Cl ≥ s, the proof of (7.31) follows from (7.35) if for each fixed r ∈ (2,∞)
we show the estimate∥∥∥Vr

(
BΣl1,...,lk [G; η∗u](F 1,l1,s1

N,t , . . . , F k,lk,sk
N,t ) : N ∈ Dl,s

)∥∥∥
ℓp(Zk)

≲ (s+ 1)k2−cl
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for all normalized fi ∈ ℓpi(Zk) and all choices of s1, l1, . . . , sk, lk ∈ N, uniformly in t ∈
[12 , 1], with F i,li,si

N,t = F i,li,si
N,t (fi) given in (7.36). In view of (7.45), Proposition 7.37, and

Lemma 7.39, the above task reduces to showing∥∥∥Vr
(
Ã2u(F 1,l1,s1

N,t,u , . . . , F k,lk,sk
N,t,u ) : N ∈ Dl,s

)∥∥∥
ℓp(Zk)

≲ (s+ 1)k2−cl, (7.59)

again for all normalized fi ∈ ℓpi(Zk) and all choices of l1, s1, . . . , lk, sk ∈ N, uniformly in

t ∈ [12 , 1], with F i,li,si
N,t,u given in (7.45).

The advantage of working with the average Ã2u in (7.59) is that we can exploit the
multilinear Weyl inequality (6.2) from Theorem 6.1 to produce an exponential decay in l as
long as the underlying functions have Fourier transforms vanishing on suitable major arcs,
like in (7.59). Observe that for each fixed ρ ∈ (2,∞), by Hölder’s inequality and Lemma 7.39,
for all normalized fi ∈ ℓpi(Zk) and all choices of l1, s1, . . . , lk, sk ∈ N one has

sup
1/2≤t≤1

∥∥∥Vρ
(
Ã2u(F 1,l1,s1

N,t,u , . . . , F k,lk,sk
N,t,u ) : N ∈ Dl,s

)∥∥∥
ℓp(Zk)

≲
∏
i∈[k]

sup
1/2≤t≤1

∥∥∥Vρ
(
F i,li,si
N,t,u : N ∈ Dl,s

)∥∥∥
ℓpi (Zk)

≲ (s+ 1)k
(

2
Op1,...,pk

( l log log l
log l

)
1l≥10 + 1l<10

)
.

(7.60)

Our aim will be to establish the following maximal theorem.

Theorem 7.61. Fix k ∈ Z+ and let the exponents 1 < p1, . . . , pk < ∞ such that 1
p1

+

· · · + 1
pk

= 1
p ≤ 1 be given. Then there exists a small constant δ ∈ (0, 1) such that for all

normalized f1 ∈ ℓp1(Zk), . . . , fk ∈ ℓpk(Zk) we have

sup
1/2≤t≤1

∥∥∥∥∥ sup
N∈Dl,s

∣∣∣Ã2u(F 1,l1,s1
N,t,u , . . . , F k,lk,sk

N,t,u )
∣∣∣∥∥∥∥∥

ℓp(Zk)

≲ (s+ 1)k2−δl

for all choices of l1, s1, . . . , kk, sk ∈ N, with F i,li,si
N,t,u given in (7.45).

Fixing r ∈ (2,∞) and ρ ∈ (2, r), interpolating the unnormalized Vρ bound from (7.60)
with the unnormalized maximal function bound from Theorem 7.61, and renormalizing, we
readily deduce (7.59), as desired.

7.3.6. Multiparamater norm interchanging inequality. Here we formulate a multipa-
rameter variant of the norm interchanging inequality from [62, Lemma 9.5, p. 1079]. The
norm interchanging inequality from [62] asserts that for any measure space (X,B(X), µ),
any K ∈ Z+ and 1 ≤ R < r ≤ ∞, and for any sequence (fk)k∈[K] ⊆ Lr(X) we have

∥V r(fk : k ∈ [K])∥Lr(X) ≲r,R ∥(fk)k∈[K]∥V R([K];Lr(X)), (7.62)

where

∥(fk)k∈[K]∥V R([K];Lr(X)) := sup
J∈Z+

sup
k0<···<kJ

( J−1∑
j=0

∥fkj+1
− fkj∥

R
Lr(X)

)1/R
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with the inner supremum taken over all increasing sequences from [K] of length J + 1.
Inequality (7.62) states that we can insert the Lr(X) norm under the r-variation norm, at
the cost of worsening the r-variation parameter to R < r.

We begin with fixing some notation and terminology. Let J ⊆ R+ be an at most countable
set such that min J ∈ J. Let I(J) denote the set of all finite increasing sequences from J.
The elements of I(J) will be denoted by bold letters N<J = (Nj)j∈N<J

for some J ∈ Z+.
Fix k ∈ Z+ and let W1, . . . ,Wk be linear normed spaces. Let d ∈ Z+ and R1, R2 ∈ [1,∞].

Suppose that B : W1 × · · · ×Wk → ℓR1(Zd) is a multisublinear operator. By this we mean
that for every f1, g1 ∈W1, . . . , fk, gk ∈Wk and any j ∈ [k] we have the pointwise inequality∣∣|B(f1, . . . , fj−1, fj , fj+1, . . . , fk)| − |B(f1, . . . , fj−1, gj , fj+1, . . . , fk)|

∣∣
≤ |B(f1, . . . , fj−1, fj − gj , fj+1, . . . , fk)|.

For any (J1, . . . , Jk) ∈ Zk
+ and σ = (σ1, . . . , σk) ∈ {0, 1}k define

Nσi
<Ji

:=

{
N<Ji if σi = 1,

{−1} if σi = 0.

Moreover, for every hi = (hi,N )N∈J ⊆ Wi and Ni
<Ji

= (N i
j)j∈N<Ji

∈ I(J) for i ∈ [k] define

Λσ,R1,R2

N1
<J1

,...,Nk
<Jk

(h1, . . . , hk) by

( ∑
j1∈N

σ1
<J1

,...,jk∈N
σk
<Jk

∥∥B(∆hσ1

1,N1
j1

, . . . ,∆hσk

k,Nk
jk

)
∥∥R2

ℓR1 (Zd)

)1/R2

,

where we set N i
−1 := min J ∈ J and

∆hσi

i,N i
ji

:=

{
hi,N i

ji

− hi,N i
ji−1

if σi = 1,

hi,N i
−1

if σi = 0.

Proposition 7.63. Let J ⊂ R+ be at most countable with N−1 := min J ∈ J. Fix k ∈ Z+

and linear normed spaces W1, . . . ,Wk. Let d ∈ Z+ and 1 ≤ R < r ≤ ∞. Suppose that
B : W1×· · ·×Wk → ℓR(Zd) is a multisublinear operator. Then for every hi = (hi,N )N∈J ⊆Wi

for i ∈ [k], we have∥∥ sup
N1,...,Nk∈J

|B(h1,N1 , . . . , hk,Nk
)|
∥∥
ℓr(Zd)

≲r,R

∑
σ∈{0,1}k

sup
N1

<J1
,...,Nk

<Jk
∈I(J)

Λσ,R,R

N1
<J1

,...,Nk
<Jk

(h1, . . . , hk).
(7.64)

Proof. The proof follows from simple iterative applications of (7.62). □

The advantage of using Proposition 7.63 is that we do not distinguish between small and
large scales, which was an essential argument in [62]. This is another important simplification
of our method. Proposition 7.63 will be the key tool in our approach and will be applied
with d = k, B = Ã2u , and Wi = ℓRi(Zk) for i ∈ [k], where 1

R = 1
R1

+ · · · + 1
Rk

.
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7.3.7. Uncertainty principle. We will need a smooth partition of unity (ϕI : I ∈ Ih)
adapted to the partition Ih := {[lh, (l + 1)h) : l ∈ Z} of R into disjoint intervals I of equal
length h ∈ R+. In fact, we can take

ϕIl(x) := ϕ(h−1(x− c(Il))) (7.65)

for each Il := [lh, (l+ 1)h) ∈ Ih, where c(Il) := (l+ 1
2)h is the center of Il, and ϕ : R → [0, 1]

is a suitable smooth bump function. Using (7.65) we define

ϕiI(x) := ϕI(x · ei), x ∈ Zk, (7.66)

for every i ∈ [k]. We will need two technical lemmas. Here, the symbol δ0 stands for the
Dirac delta distribution at the origin.

Lemma 7.67. Fix i ∈ [k], ε ∈ (0, 1), and an interval I of length comparable to 2diu. Then,
for M ∈ N and x ∈ Zk, one has

|ϕiI ∗i (δ0 −F−1
R η≤−(di−ε)u)(x)| ≲ε,M 2−Mu (7.68)

and, for c(I) being the center of I, one also has

|ϕiI ∗i F−1
R η≤−(di−ε)u(x)| ≲M ⟨2−diu|x · ei − c(I)|⟩−M . (7.69)

In particular, combining (7.68) and (7.69) one obtains

|ϕiI ∗i (δ0 −F−1
R η≤−(di−ε)u)(x)| ≲ε,M 2−Mu⟨2−diu|x · ei − c(I)|⟩−M . (7.70)

Proof. Regarding (7.68), by the Poisson summation formula, we have

|FZϕI(ξ)| =
∣∣∣∑
n∈Z

F−1
R ϕI(ξ + n)

∣∣∣ ≲N
2diu

(2diu∥ξ∥)N

for every N ∈ N, with ∥ξ∥ := minn∈Z |ξ + n|. Observe that

sup
x∈Zk

|ϕiI ∗i (δ0 −F−1
R η≤−(di−ε)u)(x)| ≤

∫
T
|FZϕI(ξ)||1 − η≤−(di−ε)u(ξ)|dξ.

Since 2diu|ξ| ≳ 2εu whenever 1 − η≤−(di−ε)u(ξ) ̸= 0, applying the bound for |FZϕI(ξ)| with

some fixed N ≃ (M+di)/ε, we can control the integral above by 2−Mu, as desired. Regarding
(7.69), we can control its left-hand side by∑

y∈Z

〈
2−diu|x · ei − y − c(I)|

〉−M
2−(di−ε)u

〈
2−(di−ε)u|y|

〉−2M

and use the fact that |x · ei − c(I)| ≤ |x · ei − y − c(I)| + |y| for each y ∈ Z. □

Lemma 7.71. Fix i ∈ [k], ε ∈ (0, 1), f ∈ ℓ2(Zk), and an interval I. Then

(ϕiI ∗i F−1
R η≤−(di−ε)u)Πi

li,≤−p0diu
(f) ∈ ℓ2(Zk) (7.72)

has its i-th Fourier transform supported on the major arcs Mi
li,≤−(di−ε)u+1.
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Proof. Our claim readily follows, since the integral∫
T

∑
θ∈Σli

η≤−p0diu(ξ − ζ − θ)Fi,Zkf(x(ξ−ζ))FZϕI(ζ)η≤−(di−ε)u(ζ)dζ

is the i-th Fourier transform of the function from (7.72), evaluated at x(ξ). □

7.3.8. All together: proof of Theorem 7.61. We now focus our attention on proving
Theorem 7.61. To simplify notation, we write

F i
N (fi) := F i,li,si

N,t,u (fi) = Πi
li,≤−p0diu

(F i,li,si
N,t (fi)), i ∈ [k], (7.73)

following (7.45). By Lemma 7.39, we have

∥ sup
N∈Dl,s

|F i
N (fi)|∥ℓpi (Zk) ≲ (s+ 1)2opi (l) (7.74)

for all i ∈ [k] and all normalized fi ∈ ℓpi(Zk).

Proof of Theorem 7.61. Using notation from (7.73), we see that it suffices to prove that,
with some constant δp ∈ (0, 1), we have

sup
1/2≤t≤1

∥ sup
N∈Dl,s

|Ã2u(F 1
N (f1), . . . , F

k
N (fk))|∥ℓp(Zk) ≲ (s+ 1)k2−δpl (7.75)

for all normalized f1 ∈ ℓp1(Zk), . . . , fk ∈ ℓpk(Zk). Since our argument is fairly intricate, it
will be divided into several steps.
Step 1. It suffices to prove that, with some constant γ ∈ (0, 1), we have

sup
1/2≤t≤1

∥ sup
N∈Dl,s

|Ã2u(F 1
N (f1), . . . , F

k
N (fk))|∥ℓ4(Zk) ≲ (s+ 1)k2−γl (7.76)

for all normalized f1, . . . , fk ∈ ℓ4k(Zk), with F i
N (fi) as in (7.73) for all i ∈ [k]. Any other

parameter p ∈ (2,∞) in place of 4 in inequality (7.76) would also work. However, using
the number 4 would reduce the number of parameters we need to declare later, making our
argument clearer. Note that inequality (7.76) implies inequality (7.75). To see this, suppose
that (7.76) holds. Combining inequality (6.24) from the proof of Theorem 6.1 with (7.74),
we obtain ∥∥∥∥∥ sup

N∈Dl,s

|Ã2u(F 1
N (f1), . . . , F

k
N (fk))|

∥∥∥∥∥
ℓv(Zk)

≲ (s+ 1)k2ov1,...,vk,v(l) (7.77)

for all normalized f1 ∈ ℓv1(Zk), . . . , fk ∈ ℓvk(Zk), where 1 < v1, . . . , vk < ∞ satisfy 1
v1

+

· · · + 1
vk

= 1
v with v < 1 close to 1. Interpolating the unnormalized bounds from (7.77) and

(7.76), using the multilinear interpolation result from [43, Theorem 1], and renormalizing
yields (7.75) for all 1 < p1, . . . , pk <∞ from Theorem 7.61 satisfying 1

p1
+ · · · + 1

pk
= 1

p ≤ 1.

By a simple density argument, it suffices to prove (7.76) for all normalized f1, . . . , fk ∈
ℓ4k(Zk) that are also compactly supported. This additional assumption ensures that all
functions also belong to ℓ2(Zk). Hence, from now on we assume that f1, . . . , fk ∈ ℓ4k(Zk)
are compactly supported.
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Step 2. By inequality (6.2) from Theorem 6.1, there exists a constant c := ck ∈ (0, 1) such
that for all g1, . . . , gk ∈ ℓ2k(Zk), if gi ∈ ℓ2(Zk) for some i ∈ [k] and the i-th Fourier transform
of gi vanishes on Mi

≤w1,≤−diu+w2
, then

∥Ã2u(g1, . . . , gk)∥ℓ2(Zk) ≲ (2−cmin{w1,w2} + 2−cu)
∏
i∈[k]

∥gi∥ℓ2k(Zk). (7.78)

Thus, our aim is to establish (7.76) by reducing the matter to (7.78). For this purpose,
we choose r ∈ (4,∞) such that

100kD

(
1

4
− 1

r

)
<

c

1000
, (7.79)

where c := ck ∈ (0, 1) is the exponent from inequality (7.78).
Step 3. For each i ∈ [k] we now fix a partition of unity (ϕIi : Ii ∈ Ii) as in (7.65), where
Ii := I2diu is the partition of R into disjoint intervals Ii of equal length 2diu. Next, define

I := I1 × · · · × Ik and observe that for every I = I1 × · · · × Ik ∈ I we have

Ã2u(ϕ1I1F
1
N (f1), . . . , ϕ

k
IkF

k
N (fk)) = Ã2u(ϕ1I1F

1
N (f I1 ), . . . , ϕkIkF

k
N (f Ik ))1Ĩ , (7.80)

with ϕi
Ii

defined in (7.66), Ĩ := Ĩ1 × · · · × Ĩk ⊆ Rk, and

f Ii :=
(
1Ĩ1 ⊗ · · · ⊗ 1Ĩi−1 ⊗ 1R ⊗ 1Ĩi+1 ⊗ · · · ⊗ 1Ĩk

)
fi, i ∈ [k], (7.81)

where Ĩi is an interval centered at c(Ii) of length O(2diu) such that, whenever ϕIi(xi −
Pi(n)) ̸= 0 for some x ∈ Rk and n ∈ [2u], the arguments xi − Pi(n) and xi both belong to

Ĩi. Indeed, with this choice we have ϕIi1Ĩi = ϕIi and we can also localize the operator to Ĩ.

Finally, note that for each i ∈ [k], the family of intervals {Ĩi : Ii ∈ Ii} has bounded overlap.
For each i ∈ [k], define

Gi
N,I := Gi

N,I(fi) := ϕiIiF
i
N (f Ii ) (7.82)

with f Ii as in (7.81). Moreover, for each ω = (ω1, . . . , ωk) ∈ {0, 1}k, define

Gi,ωi

N,I := Gi,ωi

N,I(fi) :=

{
(ϕi

Ii
∗i F−1

R η≤−(di−ε)u)F i
N (f Ii ) if ωi = 1,

(ϕi
Ii
∗i (δ0 −F−1

R η≤−(di−ε)u))F i
N (f Ii ) if ωi = 0.

Note that

Gi
N,I = Gi,0

N,I +Gi,1
N,I , i ∈ [k].

Using (7.80) and (7.82), and the bounded overlap of {Ĩ : I ∈ I}, we may write

∥ sup
N∈Dl,s

|Ã2u(F 1
N (f1), . . . , F

k
N (fk))|∥4ℓ4(Zk)

≲
∑

ω∈{0,1}k

∑
I∈I

∥ sup
N∈Dl,s

|Ã2u(G1,ω1

N,I , . . . , G
k,ωk
N,I )|∥4

ℓ4(Ĩ∩Zk)
.

(7.83)
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Step 4. We need a few properties of the functions Gi,ωi

N,I . We fix i ∈ [k] and pi ∈ (1,∞).

Since Gi,1
N,I = Gi

N,I −Gi,0
N,I , we have

∥ sup
N∈Dl,s

|Gi,1
N,I |∥

pi
ℓpi (Zk)

≲ ∥ sup
N∈Dl,s

|Gi
N,I |∥

pi
ℓpi (Zk)

+ ∥ sup
N∈Dl,s

|Gi,0
N,I |∥

pi
ℓpi (Zk)

.

Observe that supN∈Dl,s
|Gi

N,I | = ϕi
Ii

supN∈Dl,s
|F i

N (f Ii )| by (7.82). Moreover, {Ĩ : I ∈ I} has

bounded overlap. Thus, using Lemma 7.39 we obtain

∥ sup
N∈Dl,s

|Gi
N,I |∥

pi
ℓpi (Zk)

≲ C ′
pi(l, si)∥fi∥

pi
ℓpi (Zk)

(7.84)

with a constant C ′
pi(l, si) ∈ R+ of the form (si + 1)pi(2

Opi (
l log log l

log l
)
1l≥10 + 1l<10).

Next, taking M = 1 in (7.70) from Lemma 7.67, we have

sup
N∈Dl,s

|Gi,0
N,I(x)|pi ≲ε 2−piuwi(x · ei − c(Ii)) sup

N∈Dl,s

|F i
N (f Ii )(x)|pi , x ∈ Zk,

where wi(y) := ⟨2−diu|y|⟩−pi for y ∈ Z. Since wi(x · ei − c(Ii)) are summable over Ii ∈ Ii,
uniformly in x ∈ Zk, we see that∑

Ii∈Ii

∥ sup
N∈Dl,s

|Gi,0
N,I(fi)|∥piℓpi (Zk)

≲ 2−piu∥ sup
N∈Dl,s

|F i
N (f Ii )|∥pi

ℓpi (Zk)

and, since {Ĩ : I ∈ I} has bounded overlap, using Lemma 7.39 we obtain∑
I∈I

∥ sup
N∈Dl,s

|Gi,0
N,I |∥

pi
ℓpi (Zk)

≲ 2−piuC ′
pi(l, si)∥fi∥

pi
ℓpi (Zk)

. (7.85)

Finally, by Lemma 7.71 with ε = 1
10 for each i ∈ [k] the i-th Fourier transform of the

function Gi,1
N,I(fi) is supported on the major arcs Mi

li,≤−(di−ε)u+1. Thus, it vanishes on the

major arcs Mi
≤li−1,≤−diu+ε(li−1).

Step 5. Fix ω ∈ {0, 1}k \ {1}k. By the previous discussion, we have∑
I∈I

∥ sup
N∈Dl,s

|Ã2u(G1,ω1

N,I , . . . , G
k,ωk
N,I )|∥4

ℓ4(Ĩ∩Zk)
≲ 2−4u(s+ 1)4k2ok(l) (7.86)

for all normalized f1, . . . , fk ∈ ℓ4k(Zk). Indeed, to prove inequality (7.86), we use the

boundedness of Ã2u and Hölder’s inequality, together with inequalities (7.84) and (7.85)
applied with p = 4 and pi = 4k for all i ∈ [k].
Step 6. It remains to consider ω = (1, . . . , 1). We shall prove the bound∑

I∈I
∥ sup
N∈Dl,s

|Ã2u(G1,1
N,I , . . . , G

k,1
N,I)|∥4

ℓ4(Ĩ∩Zk)
≲ (s+ 1)4k2ok(l)2−

4cl
40 (7.87)

for all normalized f1, . . . , fk ∈ ℓ4k(Zk). This is the main part of the argument, and once
inequality (7.87) is verified, the proof follows. Indeed, it suffices to combine inequalities
(7.83) and (7.86) for all ω ∈ {0, 1}k \ {1}k (recall that now u = 100k(l + 1) by (7.58)), and
(7.87) to deduce (7.76) with γ := c/50.
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By Hölder’s inequality (with r > 4 as in condition (7.79)), we obtain∑
I∈I

∥ sup
N∈Dl,s

|Ã2u(G1,1
N,I , . . . , G

k,1
N,I)|∥4

ℓ4(Ĩ∩Zk)

≲ 24uD( 1
4
− 1

r
)
∑
I∈I

∥ sup
N∈Dl,s

|Ã2u(G1,1
N,I , . . . , G

k,1
N,I)|∥4ℓr(Zk).

(7.88)

In view of condition (7.79), the bound (7.87) follows from (7.88) and∑
I∈I

∥ sup
N∈Dl,s

|Ã2u(G1,1
N,I , . . . , G

k,1
N,I)|∥4ℓr(Zk) ≲ (s+ 1)4k2ok(l)2−

4cl
30 . (7.89)

Step 7. From now on we use the notation introduced above Proposition 7.63. By the norm
interchanging inequality from Proposition 7.63 with R = 4 < r applied to the ℓr(Zk) norm
in (7.89), followed by Hölder’s inequality, we have∑

I∈I
∥ sup
N∈Dl,s

|Ã2u(G1,1
N,I , . . . , G

k,1
N,I)|∥4ℓr(Zk)

≲r

∑
σ∈{0,1}k

∑
I∈I

(
sup

N1
<J1

,...,Nk
<Jk

∈I(Dl,s)

ΛI,σ,4,4

N1
<J1

,...,Nk
<Jk

(f1, . . . , fk)
)4
,

(7.90)

where for σ = (σ1, . . . , σk) ∈ {0, 1}k, we define ΛI,σ,4,4

N1
<J1

,...,Nk
<Jk

(f1, . . . , fk) by( ∑
(j1,...,jk)∈Xσ

∥Ã2u(∆G1,1,σ1

N1
j1
,I
, . . . ,∆Gk,1,σk

Nk
jk

,I
)∥4ℓ4(Zk)

)1/4
,

and for each i ∈ [k], setting N i
−1 := minDl,s, we have

Xσ :=
∏
i∈[k]

Nσi
<Ji

with Nσi
<Ji

:=

{
N<Ji if σi = 1,

{−1} if σi = 0,

and

∆Gi,1,σi

N i
ji
,I

:= ∆Gi,1,σi

N i
ji
,I

(fi) :=

G
i,1

N i
ji
,I

(fi) −Gi,1

N i
ji−1,I

(fi) if σi = 1,

Gi,1

N i
−1,I

(fi) if σi = 0.

In view of the final remark in Step 4, for each i ∈ [k], the i-th Fourier transform of

∆Gi,1,σi

N i
ji
,I

is supported on the major arcs Mi
li,≤−(di−ε)u+1 with ε = 1

10 . Thus, it vanishes

on Mi
≤li−1,≤−diu+ε(li−1) and we may write

∆Gi,1,σi

N i
ji
,I

= ∆Gi,1,σi

N i
ji
,I
− Πi

≤li−1,≤−diu+ε(li−1)∆G
i,1,σi

N i
ji
,I
.

Step 8. Fix σ ∈ {0, 1}k and N1
<J1

, . . . ,Nk
<Jk

∈ I(Dl,s), and let S(σ) := {i ∈ [k] : σi = 1}.

We may assume, without loss of generality, that S(σ) = [m] for some m ∈ N≤k. In order to
simplify notation, for each i ∈ [k], we define

Hi(f) := f − Πi
≤li−1,≤−diu+ε(li−1)f,
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and, assuming momentarily that I ∈ I is fixed, we set

giji := giji(fi) := ∆Gi,1,1

N i
ji
,I

(fi) and gi := gi(fi) := Gi,1

N i
−1,I

(fi).

Given p ∈ [1,∞], define Θσ,p

N1
<J1

,...,Nk
<Jk

(h1, . . . ,hm, hm+1, . . . , hk) by setting( ∑
(j1,...,jk)∈Xσ

∥Ã2u(H1(h
1
j1), . . . ,Hm(hmjm), Hm+1(hm+1), . . . ,Hk(hk))∥p

ℓp(Zk)

)1/p
for all sequences of functions h1 = (h1j1)j1∈N<J1

, . . . ,hm = (hmjm)jm∈N<Jm
and all functions

hm+1, . . . , hk for which this formula makes sense. Note that

Θ
(0,...,0),p

N1
<J1

,...,Nk
<Jk

(h1, . . . , hk) = ∥Ã2u(H1(h1), . . . ,Hk(hk))∥ℓp(Zk).

We also observe that ΛI,σ,4,4

N1
<J1

,...,Nk
<Jk

(f1, . . . , fk) = Θσ,4

N1
<J1

,...,Nk
<Jk

(g1, . . . , gm, gm+1, . . . , gk) for

g1 = (g1j1)j1∈N<J1
, . . . , gm = (gmjm)jm∈N<Jm

and gm+1, . . . , gk as before.

Given σ ∈ {0, 1}k and N1
<J1

, . . . ,Nk
<Jk

∈ I(Dl,s), we will prove that

Θσ,4

N1
<J1

,...,Nk
<Jk

(h1, . . . ,hm, hm+1, . . . , hk)

≲ 2ok(l)2−
cl
30

( ∏
i∈S(σ)

∥∥(∑
ji∈N

|hiji |
4
)1/4∥∥

ℓ4k(Zk)

)( ∏
i∈S(σ)c

∥hi∥ℓ4k(Zk)

)
.

(7.91)

for every hi = (hiji)ji∈N ∈ ℓ4k
(
Zk; ℓ4

(
N)
)

for i ∈ [m] and every hi ∈ ℓ4k(Zk) for i ∈ [k] \ [m].

If (7.91) holds, then we can control ΛI,σ,4,4

N1
<J1

,...,Nk
<Jk

(f1, . . . , fk) by

2ok(l)2−
cl
30

( ∏
i∈S(σ)

∥∥( ∑
ji∈N<Ji

|∆Gi,1,1

N i
ji
,I
|4
)1/4∥∥

ℓ4k(Zk)

)( ∏
i∈S(σ)c

∥Gi,1

N i
−1,I

∥ℓ4k(Zk)

)
so that supN1

<J1
,...,Nk

<Jk
∈I(Dl,s)

ΛI,σ,4,4

N1
<J1

,...,Nk
<Jk

(f1, . . . , fk) is controlled by

2ok(l)2−
cl
30

( ∏
i∈S(σ)

∥V 4(Gi,1
N,I : N ∈ Dl,s)∥ℓ4k(Zk)

)( ∏
i∈S(σ)c

∥Gi,1

N i
−1,I

∥ℓ4k(Zk)

)
.

Inserting this bound into inequality (7.90) and applying Hölder’s inequality, we sum over
I ∈ I. Since I has bounded overlap, we can use Lemma 7.67 and proceed as in Step 4.
Additionally, invoking Lemma 7.39, we conclude that inequality (7.89) holds, as desired.
Step 9. It remains to establish (7.91). For this purpose, we first prove that

Θσ,2

N1
<J1

,...,Nk
<Jk

(h1, . . . ,hm, hm+1, . . . , hk)

≲ 2ok(l)2−
cl
10

( ∏
i∈S(σ)

∥∥(∑
ji∈N

|hiji |
2
)1/2∥∥

ℓ2k(Zk)

)( ∏
i∈S(σ)c

∥hi∥ℓ2k(Zk)

) (7.92)

for every hi = (hiji)ji∈N ∈ ℓ2k
(
Zk; ℓ2

(
N)
)

for i ∈ [m] and every hi ∈ ℓ2k(Zk) for i ∈ [k] \ [m].

To this end, we apply Khinchine’s inequality (see, for instance, [41, Section C.5, p. 589]),
which allows us to linearize the ℓ2(X̄σ) square function that appears in the definition of
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Θσ,2

N1
<J1

,...,Nk
<Jk

(h1, . . . ,hm, hm+1, . . . , hk). Inserting the summation over X̄σ under the oper-

ator Ã2u and applying Weyl’s inequality (7.78) with w1 = l−1 and w2 = ε(l−1) for ε = 1
10 ,

we obtain (7.92).
Similarly, we prove that

Θσ,8

N1
<J1

,...,Nk
<Jk

(h1, . . . ,hm, hm+1, . . . , hk)

≲ 2ok(l)
( ∏

i∈S(σ)

∥∥(∑
ji∈N

|hiji |
8
)1/8∥∥

ℓ8k(Zk)

)( ∏
i∈S(σ)c

∥hi∥ℓ8k(Zk)

) (7.93)

for every hi = (hiji)ji∈N ∈ ℓ8k
(
Zk; ℓ8

(
N)
)

for i ∈ [m] and every hi ∈ ℓ8k(Zk) for i ∈ [k] \
[m]. This inequality readily follows by applying Minkowski’s integral inequality and the

boundedness of the operator Ã2u .
Then, noting that 1

4 = θ
2 + 1−θ

8 and 1
4k = θ

2k + 1−θ
8k for θ = 1

3 , we can interpolate (7.92) and
(7.93), using a multilinear vector-valued interpolation similar to a Riesz–Thorin argument,
to derive inequality (7.91). Specifically, we can adapt the proof of the multilinear complex
interpolation theorem [42, Theorem 7.2.9, p. 514] to the multilinear vector-valued setting,
following the approach in [41, Exercise 5.5.2, p. 339].

Now, the proof of Theorem 7.61 follows. □

Remark 7.94. Finally, we note that if one wants to use the method from [62], then the
argument in Step 6 would fail badly. In [62] the parameter u is exponential in l, while in our
case it is linear; see (7.58). This is because in [62] the bilinear Weyl inequality was proved

with the decay δc + ⟨logN⟩−cC̃ , which includes a logarithmic term that requires exponential

u = 2O(l). However, thanks to the improvement in the Ionescu–Wainger theorem, our Weyl’s
inequality holds with δc + N−c, allowing us to have a linear dependence between l and u.
This is crucial in deriving inequality (7.87), which follows from choosing a parameter r in
condition (7.79). This choice renders the contribution of u in (7.88) negligible compared to
the size of c arising in (7.78). If u were exponential in l, our approach in Step 6 would not
be feasible at all.
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[21] M. Christ, P. Durcik, V. Kovač, J. Roos. Pointwise convergence of certain continuous-time double
ergodic averages. Ergodic Theory Dynam. Systems. 42 (2022), no. 7, pp. 2270–2280.

[22] M. Christ, P. Durcik, J. Roos. Trilinear smoothing inequalities and a variant of the triangular
Hilbert transform. Adv. Math. 390 (2021), article no. 107863.

[23] Q. Chu, N. Frantzikinakis, B. Host. Ergodic averages of commuting transformations with distinct
degree polynomial iterates. Proc. Lond. Math. Soc. 102 (2011), no. 5, pp. 801–842.

[24] C. Demeter. Pointwise convergence of the ergodic bilinear Hilbert transform. Illinois J. Math. 51
(2007), no. 4, pp. 1123–1158.
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[71] Á. Magyar, E.M. Stein, S. Wainger. Discrete analogues in harmonic analysis: spherical averages.
Ann. of Math. 155 (2002), pp. 189–208.
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