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ABSTRACT. Let k € Zy and (X,B(X),u) be a probability space equipped with a fam-
ily of commuting invertible measure-preserving transformations 71,...,T,: X — X. Let
Py,..., Py € Z[n] be polynomials with integer coefficients and distinct degrees. We establish
pointwise almost everywhere convergence of the multilinear polynomial ergodic averages

N
¥ AP (TP ), zex,
n=1

as N — oo for any functions fi,..., fr € L°(X). Besides a couple of results in the bilinear
setting kK = 2, and then only in the single transformation case 77 = T%, this is the first
pointwise result for general polynomial multilinear ergodic averages in arbitrary measure-
preserving systems. This answers a question of Bergelson from 1996 in the affirmative for
any polynomials with distinct degrees, and makes progress on the Furstenberg—Bergelson—
Leibman conjecture.

In this paper, we build a versatile multilinear circle method by developing the Ionescu—
Wainger multiplier theorem for the set of canonical fractions, which gives a positive answer
to a question of Ionescu and Wainger from 2005. We also establish multilinear LP-improving
bounds and an inverse theorem in higher order Fourier analysis for averages over polynomial
corner configurations, which we use to establish a multilinear analogue of Weyl’s inequality
and its real counterpart, a Sobolev smoothing estimate.
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1. INTRODUCTION

1.1. A brief history. A fundamental problem in ergodic theory is to understand the con-
vergence, both in norm and pointwise almost everywhere, of multilinear polynomial ergodic
averages. This line of inquiry started in the early 1930s with von Neumann’s mean ergodic
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theorem [78] and Birkhoff’s pointwise ergodic theorem [11]. Significant advances, which we
will summarize shortly, have been made in this area of research over the last century.
In 1996, Bergelson [6, Question 9] formulated the following question.

Question 1.1 (Bergelson, 1996). Let k € Z, and (X, B(X), ) be a probability space en-

dowed with a family of commuting invertible measure-preserving transformations 71, ..., Tk :
X — X. Let P1,..., P, € Z[n] be any polynomials with integer coefficients. Is it true that
for any functions fi,..., fr € L°°(X) the multilinear polynomial ergodic averages
Py,..,P ) P
A (e i) (@) = Enep [ £(T ™e),  weX, (1.2)
1€[k]

converge pointwise almost everywhere on X with respect to u as N — oo?

Here and throughout the paper we use the notation [N] := (0, N]NZ for any real number
N >1and Eyey f(y) = # > yey f(y) for any finite set Y # () and any function f: Y — C.
One of the main results of this paper is the following theorem.

Theorem 1.3. The answer to Question 1.1 is yes for any k € Zy and any polynomials
Py, ..., P, € Z[n] with distinct degrees.

In order to understand the origins of Bergelson’s question, one has to go back to 1977,
when Furstenberg [36] gave an ergodic theoretic proof of Szemerédi’s theorem [89], which
asserts that every subset of the integers with positive upper density must contain arbitrarily
long arithmetic progressions. In Furstenberg’s approach [36], multilinear averages of the
form (1.2) with Py(n) = n,...,Px(n) = kn and T} = --- = T} served as a natural tool to
detect recurrent points and, consequently, arithmetic progressions in subsets of integers with
positive upper density. This gave rise to a new field now known as ergodic Ramsey theory.

Not long afterwards, Bergelson had the great insight to initiate a challenging program
with the goal of establishing a polynomial extension of Szemerédi’s theorem by studying the
asymptotic behavior of the corresponding multilinear polynomial ergodic averages. This led
to his foundational paper [5] on weakly mixing PET (polynomial ergodic theorem), in which
the van der Corput differencing technique was cemented as one of the primary tools in the
field and was used to establish L?(X) norm convergence of multilinear averages (1.2) to the
product of integrals [ f1--- [y fx provided that T} = --- = T}, = T is a weakly mixing
measure-preserving transformation on X and Pi,..., P, are pairwise essentially distinct,
i.e., P; — P; is nonconstant whenever i # j.

Almost two decades after Furstenberg’s paper [36], Bergelson and Leibman [8] achieved the
main goal of Bergelson’s program by establishing (among other results — see the discussion
below Conjecture 1.15 and inequality (1.17)) the following far-reaching polynomial extension
of the classical Poincaré recurrence theorem and the multidimensional Szemerédi theorem
of Furstenberg and Katznelson [39].

Theorem 1.4 (The Bergelson—Leibman polynomial Szemerédi theorem, 1996). Let k €
Z and (X,B(X),n) be a probability space endowed with a family of commuting invertible
measure-preserving transformations 11, ..., Ty:

X — X. Let Py, ..., P, € Z[n] be polynomials with vanishing constant terms. Then, for any
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A € B(X) satisfying 1(A) > 0, one has

lin inf B, ¢, (T;P1 ™ ayn-..n T,;Pk(”>(A)) > 0. (1.5)
N—o0

Theorem 1.4 is merely a special case of a more general multidimensional polynomial
Szemerédi theorem by Bergelson and Leibman [8], which is formulated in (1.17) below. This
theorem sparked interest in understanding the asymptotic behavior of multilinear polynomial
ergodic averages (1.2) as N — oo; see Conjecture 1.15 and inequality (1.17). Therefore,
Theorem 1.3 naturally contributes to Bergelson’s program of understanding the asymptotic
behavior of multilinear polynomial ergodic averages.

1.2. Norm convergence. Bergelson’s Question 1.1 was initially about the convergence of
(1.2) in both the L?(X) norm and pointwise almost everywhere. Nowadays, the L?(X)
norm convergence of (1.2) is fairly well understood due to groundbreaking work of Walsh
[95]. Prior to Walsh’s work, there was an extensive body of research towards establishing
L?(X) norm convergence for (1.2) in the single transformation case Ty = --- = T}, = T. This
includes fundamental work for linear polynomials due to Host and Kra [51] and, indepen-
dently, Ziegler [98]. We also refer to Leibman’s appendix in [7] where the constructions of
characteristic factors from the papers by Host and Kra [51] and Ziegler [98] are compared
and shown to be equivalent. The case of general polynomials was addressed in work by
Leibman [67], as well as by Frantzikinakis and Kra [33], and Host and Kra [50]. In the
single transformation case, in contrast to Walsh’s paper [95], one can identify the limit-
ing function in (1.2) thanks to the theory of Host-Kra factors [51] and equidistribution on
nilmanifolds [67]. For instance, the limit in the single transformation case for linearly inde-
pendent polynomials was established in [33] (see also [34, 50]), whereas the cases for three
polynomials or multiples of one polynomial were addressed in [31]. We also refer to [32],
where precise references and additional information on this topic can be found.

The case of arbitrary commuting measure-preserving transformations is much more com-
plicated and for linear polynomials was subsequently studied by Tao [90], Austin [3], and
Host [49]. In [23], Chu, Frantzikinakis, and Host established L?(X) norm convergence for
averages of the form (1.2) when the polynomials have distinct degrees. Finally, Walsh [95]
established norm convergence of (1.2) in the general case, even handling noncommutative
transformations 7171, ..., T} generating a nilpotent group. For more on this topic, we refer
the interested reader to the discussion below Conjecture 1.15, as well as the articles [2, 99]
for alternative proofs and generalizations of Walsh’s result and the survey articles [6, 7, 32]
that include comprehensive historical background and an extensive literature on the subject
of norm convergence and its combinatorial applications.

Although Walsh’s result establishes L?(X) norm convergence for (1.2), the question of
identifying the limit for arbitrary transformations and polynomials remains widely unan-
swered, save the case of a single transformation and linear polynomials [51, 98] or a single
transformation and linearly independent polynomials [33, 34, 50, 31].

Identifying the limit for general polynomial ergodic averages is a well-known open problem
in ergodic theory, even in the linear case. The L?(X) limit for (1.2) in the case of commuting
transformations and linearly independent polynomials has very recently been identified in a
breakthrough paper by Frantzikinakis and Kuca [35]. They proved the following.
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Theorem 1.6 (Frantzikinakis—Kuca, 2022). Let k € Z and (X,B(X),pn) be a probability
space endowed with a family of commuting invertible measure-preserving transformations
Ty,...,Tp: X — X. Let P1,..., P € Z[n] be linearly independent polynomials. Then the

rational Kronecker factor is characteristic for the averages (1.2). In particular, if Ty, ..., Ty
are totally ergodic, i.e., T]" is ergodic for any n € Z4 and i € [k], then we have
. Pi,.,P
A}gnoo HAJ\/I;X,Tllf...,Tk(fh e H / fi(y)du(y LT 0 (1.7)
i€[k] L2(X)

for any fi,..., fr € L>=(X).

Combining (1.7) with our Theorem 1.3 shows that the time averages (1.2) also converge
pointwise almost everywhere to the product of space averages for totally ergodic transfor-
mations. More precisely, we have the following corollary.

Corollary 1.8. Let k € Zy and (X,B(X),u) be a probability space endowed with a family

of commuting invertible measure-preserving transformations Ty, ..., Tr: X — X that are
totally ergodic. Let Py, ..., Py € Z[n] be polynomials with distinct degrees. Then we have
Pi,...P,
]\}EHOOA]\}XT: 7Tk(f17"'7fk / fily)du(y
i€[k]

for any fi,..., fr € L=(X) and for almost every x € X.

As we have seen in the brief overview above, there has been more than four decades of
tremendous effort from both the ergodic and combinatorial perspectives to understand the
asymptotic nature of multilinear polynomial ergodic averages (1.2) in the L?(X) norm.

1.3. Pointwise convergence. The state of knowledge is dramatically worse for pointwise
almost everywhere convergence of multilinear polynomial ergodic averages. The phenome-
non of pointwise convergence, while the most natural mode of convergence, is very subtle and
can differ significantly from norm convergence, making the study of pointwise convergence
problems quite challenging. To begin to see the differences, let us consider the so-called uni-
form averages, which are given by (1.2) with shifted averages E,cn)\(n] = ﬁ EnN: M1
in place of the ordinary averages E,c|n) = % Zﬁlr These two averages coincide for M = 0.
The asymptotic behavior of uniform averages in the L?(X) norm is pivotal in combinatorial
applications; we refer to [6, 7, 18] for comprehensive motivations and an extensive literature.

By the dominated convergence theorem, the pointwise almost everywhere convergence
of the uniform averages E,cn)\[nr H fz( Fi) ) as N — M — oo implies their norm
convergence for all fi,..., fr € LOO(X ) on a probability space (X, B(X), ). Interestingly,
pointwise almost everywhere convergence for uniform averages can fail, even for linear av-
erages, as shown by del Junco and Rosenblatt [59]. This stands in sharp contrast to L?(X)
norm convergence of uniform averages, which, for instance, follows from Zorin-Kranich’s
paper [99] in a very general setting.

However, returning to the averages in (1.2), as indicated in Bergelson’s question (see also
Conjecture 1.15 below), it is conjectured that pointwise convergence holds, highlighting a
significant distinction between ordinary averages E,c[n] and uniform averages E,cn\(a]-
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Pointwise almost everywhere convergence has only been established for a few special cases

P;(n
of averages A]F\;l;}(,gli...,Tk(f17 oo 1) = Enginy e fi (T; ( )a:).

1. The case k = 1 with P;(n) = n corresponds to the classical Birkhoff ergodic theorem
[11].

2. The case k = 1 with an arbitrary polynomial P, € Z[n] was an open problem of Bel-
low [4] and Furstenberg [38], and was solved by Bourgain in a series of fundamental
papers [12, 13, 14] in the late 1980s.

3. Soon afterwards, Bourgain [15] also proved pointwise almost everywhere convergence
in the bilinear setting when k = 2 with 71 = T, Pi(n) = an, and Py(n) = bn for
any a,b € Z, providing a positive answer to a question of Furstenberg [37].

4. Recently, the second author along with Krause and Tao [62] established pointwise

almost everywhere convergence when k = 2 with 73 = T,, Pi(n) = n, and an
arbitrary polynomial P> € Z[n] of degree at least two. Throughout the paper, we
will call

Enen f1(T") fo (T M)

the Furstenberg—Weiss averages, even though Furstenberg and Weiss studied L?(X)
norm convergence of such averages in [40] only for quadratic polynomials P;.

5. Pointwise convergence of multilinear polynomial averages was established for some
special classes of measure-preserving systems, such as exact endomorphisms and K-
automorphisms [25] and nilsystems [68]. The context of commuting transformations
along linear orbits for distal systems was studied in [53] and [29].

Aside from these results, nothing further is known about pointwise almost everywhere
convergence for multilinear polynomial averages (1.2) in general measure-preserving systems.

Our paper forges new ground on three fronts: we treat averages with an arbitrary degree
of multilinearity k, with any commuting transformations, and with all polynomials allowed
to be nonlinear. All prior work in general measure-preserving systems treated only the
linear or bilinear case k < 2, a single transformation, and at most one nonlinear polyno-
mial. We obtain, for example, the first pointwise almost everywhere convergence result for
averages with commuting transformations S,7: X — X corresponding to the “sqorners”
configuration

Enen f1(S"2) fo (T 2),  z€ X, (1.9)

recently considered by the third author along with Prendiville and Shao [83]. The methods
used in our paper are robust enough to suggest that we can handle more general classes
of ergodic averages than those considered here. We will elaborate on this later in the
introduction, when we describe the multilinear circle method that we develop in this article.

1.4. Statement of the main results. Throughout this paper, the triple (X, B(X), u)
denotes a o-finite measure space and K denotes either Z or R. Correspondingly, K[n] denotes
the space of all formal polynomials P(n) with coefficients and indeterminate n in K. Each
polynomial P € K[n] is always identified with a map K 5 n+— P(n) € K.

Let k € Z,. Given a family 7 = {T,..., Ty} of invertible commuting measure-preserving
transformations on X, complex-valued measurable functions fi,..., fr on X, a family of
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polynomials P = {Py,..., P} C Z[n], and a real number N > 1, we define, as in (1.2), the
corresponding multilinear polynomial ergodic average by

AR (fry o (@) =B [[ AT W), 2ex, (1.10)
i€[k]

and its truncated version by

A%;X,T(fla cs fi)(@) = Eneln\[v/2] H fi (Epi(n)$)> reX. (1.11)
i€[k]

We will often abbreviate A%; x7 to AE; y and flﬁ; x7 to flﬁ; y When the transformations
are understood. Depending on how explicit we want to be, in some instances, we will write
out the averages

P AP, Py P _ AP, P
AP P, Py AP _ AP, P
Anx = AN or An.x7=ANXT 1"

Using the asymptotic notation from Section 2 and the definition of r-variational norm
V7’ from (2.9), we now state the main result of this article, i.e., the following quantitative
ergodic theorem that implies Theorem 1.3 and, consequently, gives an affirmative answer to
Bergelson’s Question 1.1 for polynomials with distinct degrees.

Theorem 1.12. Let k € Zy and (X,B(X),u) be a o-finite measure space equipped with
a family T of invertible measure-preserving transformations Ty,...,Tp: X — X. Suppose
that P = {Py,...,Px} C Z[n] is a family of polynomials with distinct degrees. Let f; €

LPi(X) fori € [k] and some 1 < p1,...,pr < 0o such thatpil—l—-~-+pik:%§ 1, and let

A%;Xﬂ-(fl, ..., fx) be the averages defined in (1.10). Then the following statements hold.

i ean ergodic theorem e functions . 1,--.,fx) converge in the
i) (M dic th Th tions AN.x 7 in the LP(X
norm as N — oo.
ii ointwise ergodic theorem e functions Ay, 1, ., fx) converge pointwise al-
ii) (Pointwi dic th Th tions A} + intwise al
most everywhere as N — 00.
(iii) (Mazimal ergodic theorem) One has

sup |ARx7(f1,-- - fi)] < T il oo - (1.13)
NeZy Lr(X) iclk]
(iv) (Variational ergodic theorem) Fix r > 2 and A > 1. Then one has
HVT (Aﬁ;X,’T(flv .- 7fk) :N € ]:D))HLP(X) SI H HfZHLPZ(X) (114)
i€[k]

if D ={\, :n €N} C[l,+00) is A-lacunary, i.e., inf, ey )‘K“ > A

n

The same results hold with the truncated averages AE;X,T in place of AE;X,T.

We now give some remarks about Theorem 1.12 and its consequences.

1. On a probability space, bounded functions are LP functions and so the conclusion
from part (ii) implies Theorem 1.3.
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. When k& = 1 and Pi(n) = n, parts (i)-(iii) follow from works of von Neumann

[78], Birkhoff [11], and Hopf [48]. It is also known that the maximal function is of
weak-type (1, 1), which can be derived from the corresponding bounds for the Hardy—
Littlewood maximal function [87] by using the Calderén transference principle [19].
Part (iv) follows from [57], and weak-type (1, 1) estimates also hold.

. When k =1 and P, € Z[n] is arbitrary, part (i) was established by Furstenberg [37],

parts (ii) and (iii) were established by Bourgain [12, 13, 14], and part (iv) follows,
for instance, from [75]. Here, if deg 1 > 2, then pointwise almost everywhere
convergence may fail for p; = 1, as was shown in [18, 66].

. When k = 2, Pi(n) = an and P»(n) = bn with a,b € Z, and T} = T3, part (i) was

established by Furstenberg [37] and part (ii) for bounded functions on a probability
space was established by Bourgain [15]. Part (iii) follows from work of Lacey [65];
see also [24]. Finally, part (iv) was established by Do, Oberlin, and Palsson [27] for
large r > 2.

. When k =2, P;(n) = nand P, € Z|[n] is arbitrary with deg P, > 2, and T7 = T3, part

(i) was originally established by Furstenberg and Weiss [40] in the case P»(n) = n?,

whereas for general polynomials P» € Z[n| with deg P, > 2, it follows from the papers
of Host and Kra [50] and Frantzikinakis and Kra [33]. Parts (ii)—(iv) were recently
established by the second author with Krause and Tao in [62].

. The implicit constant in (1.14) is allowed to depend on the parameters py, ..., pg, 7, A

and on the polynomials P, ..., Pk.

If (1.14) is established for some r > 2 and, for example, the 2-lacunary set {2" :
n € N}, then (1.13) holds for the same pi,...,pr with an implicit constant that
depends only on py,...,pg, Pi,..., Pr. The maximal inequality (1.13) also addresses
a question raised by Christ, Durcik, and Roos in [22, Section 6, Problem 4].

. If (1.14) holds with some r > 2 for all A > 1 and all A-lacunary sets D C [1, +00), then

the limit of the averages AE;X,T(fl, .., fr)(x) exists for p-almost every x € X asD >
N — oo. This, in turn, implies pointwise almost everywhere convergence by taking
the 2/ lacunary set {2%/° : n € N} for every s € Z, ; see [62, Proposition 3.2(i)].

. Combining (1.13) with the pointwise almost everywhere convergence of the averages

Aﬁ; X,T( fi,--., fr) and the dominated convergence theorem yields the norm con-
vergence, which was originally proven by Chu, Frantzikinakis, and Host [23], using
different methods.

Taking into account the last three items above, it suffices to establish inequality
(1.14). We can assume that N > Cj for some fixed Cy € Z.

The condition 7 > 2 in Theorem 1.12 is necessary, as no variational estimate is
possible for r < 2: see [62, Corollary 12.4]. Thus, the range in (1.14) is sharp.

We are also able to “break duality” in Theorem 1.12 by handling some ranges of
exponents 1 < pi,...,pr < oo such that pil + -+ p%c = 1 > 1, at the cost of

P
increasing r slightly in (1.14).

Estimates (1.13) and (1.14) imply the analogous estimates with AZ; x7 in place
of Aﬁ_ x.7 and vice versa. This follows by a simple telescoping argument; see [62,

Proposition 3.2(iii)]. We will work with A%; x.7 to avoid some technicalities.
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14. In the proof of Theorem 1.12, we will use the Calderén transference principle [19],
which reduces the estimates (1.13) and (1.14) in abstract measure-preserving systems
(X, B(X), u) to those for the integer shift system, which is o-finite; see Example 1.18.
This is the reason why we formulate Theorem 1.12 for o-finite measure spaces. How-
ever, from the point of view of applications in combinatorics or elsewhere, where
the statistical properties of the ergodic averages (1.10) for totally ergodic systems
matter, the general setting of o-finite measure spaces is not interesting (since the
limits are zero when 1 (X) = oo) and only finite measure spaces are important.

15. A continuous analogue of the “sqorners” averages (1.9) was studied by Christ, Dur-
cik, Kova¢, and Roos in [21] and pointwise convergence for these averages was es-
tablished. The key estimate is a Sobolev smoothing bound from an earlier paper of
Christ, Durcik, and Roos [22, Theorem 5], which is a special instance of our multilin-
ear Weyl inequality Theorem 6.1 in the real setting K = R. Theorem 6.1 establishes
this key smoothing inequality for general k-linear polynomial corner averages in the
distinct degree case. We also refer to a recent paper by Hsu and Yu-Hsiang Lin [52,
Proposition 1.2], which provides a short and elementary proof of the smoothing in-
equality from [22, Theorem 5]. In [22], Christ, Durcik, and Roos use their smoothing
inequality to prove maximal estimates and quantitative nonlinear Roth-type theo-
rems for sqorner configurations in R%2. The same applications for distinct degree
polynomial corner configurations in R* can be derived from our general smoothing
inequality Theorem 6.1.

1.5. The Furstenberg—Bergelson—Leibman conjecture. Both Theorem 1.3 and The-
orem 1.12 yield progress on the Furstenberg—Bergelson—Leibman conjecture, which asserts
the following.

Conjecture 1.15 (The Furstenberg—Bergelson-Leibman conjecture). Let d,k € Z4 and
(X,B(X), ) be a probability space equipped with a family of invertible measure-preserving
transformations 11, ..., Tg: X — X generating a nilpotent group. Consider any polynomials
Pii,...,Pj, ..., Py € Z[n] with integer coefficients. Then, for any functions fi,..., fi €
L>(X), the multilinear polynomial ergodic averages

Epen H f (Tlpl,j(n) .. .de,j(n)x>, r € X, (1.16)
JElk]

converge pointwise almost everywhere as N — co.

We give a few remarks about Conjecture 1.15.

1. This conjecture is a very challenging problem in pointwise ergodic theory and modern
harmonic analysis. It had been promoted by Bergelson in [6, Question 9, p. 52] and in
[7, Section 6, p. 838], and in person by Furstenberg (see Austin’s article [2, p. 6662])
before it was published by Bergelson and Leibman [9, Section 5.5, p. 468].

2. Bergelson’s Question 1.1 is a special case of Conjecture 1.15. Indeed, if d = k,
P;; = P; € Zn], P;; = 0 whenever i # j, and the transformations T1,...,T}
commute, then the averages from (1.16) coincide with the averages in (1.2). Hence,
Theorem 1.3 constitutes progress on Conjecture 1.15 in the commutative case for
arbitrary polynomials with distinct degrees.
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3. The polynomial Szemerédi theorem of Bergelson and Leibman [8] was proved with
the averages (1.16) in place of (1.5) for invertible commuting measure-preserving
transformations 71, ...,Ty. To be more precise, if P 1,..., P j,..., Py € Z]n] are
polynomials with vanishing constant terms, then for any A € B(X) satisfying u(A) >
0, they show that

.. —Pyj(n) =Py ;(n)
1}\gglofEne[NW< Q@ T, T, (A)) > 0. (1.17)
J

The most general polynomial Szemerédi theorem for commuting transformations
and IP-sets to date is due to Bergelson and McCutcheon [10]. We also refer to [18,
Theorem 6.13] for a variant of (1.17) with the uniform averages E,c[n)\(ar) in place
of E,ciny- In [9], Bergelson and Leibman began the study of recurrence theorems in
the nilpotent setting, which triggered the formulation of Conjecture 1.15.

4. The Furstenberg—Bergelson-Leibman conjecture initially asked about convergence
for (1.16) both in L?(X) and pointwise almost everywhere. As mentioned previously,
Conjecture 1.15 in the context of L?(X) norm convergence for (1.16) was established
by Walsh [95]. Zorin-Kranich [99] also established L?(X) norm convergence for (1.16)
with the uniform averages E,cy)\[as] in place of E,¢c|n).

5. Bergelson and Leibman [9] showed that convergence for (1.16) may fail if 73,...,Ty
generate a solvable group that is not nilpotent. This suggests that the nilpotent
setting is the appropriate one for this conjecture.

6. Conjecture 1.15 in a genuinely nilpotent (i.e., of step at least two) setting is widely
open, except one case. Recently, the second author along with Ionescu, Magyar, and
Szarek [54] proved this conjecture with d € Z; and k = 1 for arbitrary polynomi-
als P11,...,Pg1 € Z[n] and arbitrary invertible measure-preserving transformations
Ti,...,T; on a o-finite measure space (X, B(X), 1) that generate a nilpotent group
of step two; see also [55, 72] for some special cases of [54].

1.6. Reduction to the integer shift system. In pointwise convergence problems, the
most important dynamical system is the integer shift system.

Example 1.18. Consider the k-dimensional lattice (Z*, B(Z¥), uzx), where B(ZF) is the o-
algebra of all subsets of Z¥ and ik is counting measure on Z*, equipped with the standard

family of shifts Sy, ..., Sk: Z¥ — ZF. More precisely, let S;(z) := z —e¢; for all 2 € ZF, where

e; is the i-th standard basis vector for each i € [k]. The average Aﬁl&"g’“m 7, from (1.10)

with the family {Si,..., Sk} in place of {T1,...,T;} can be rewritten as
A?;i',;’Pk(fl, e fk)((]}> = Ene[N] H fz(.%' — Pi(n)ei), S zk. (1.19)
i€[k]
Its truncated variant (1.11) takes the form
1P, P
A (fr o fo) (@) = Epgvp vy I fite = Pi(n)es),  z ez (1.20)
1€[k]

: : Pr,..., Py P AP Py AP
We will often abbreviate AN;Zk to AN;Z,c and AN;Zk to AN;Zk‘
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In view of the Calderén transference principle [19] (or, more precisely, following the ar-
gument from [62, Proposition 3.2(ii)] or [60, Theorem 1.6]), it will suffice to work with the
integer shift system and establish (1.14) with AEZk in place of Af,; x.7- This will allow us

to utilize the algebraic structure of Z* and employ Fourier methods on ZF, which are not
available in abstract measure preserving systems in general.

The Calderén transference principle allows us to transfer the quantitative estimates (1.13)
and (1.14) from the integer shift system to corresponding estimates for AE; x 7 in abstract
measure-preserving systems (X, B(X),u). We emphasize that the Calderén transference
principle [19] only transfers quantitative bounds that imply pointwise almost everywhere
convergence, but does not transfer pointwise almost everywhere convergence itself. In fact,
in the integer shift system, pointwise convergence is implied by norm convergence, since
the £>°(ZF) norm is dominated by the ¢?(Z*) norm. Hence, we will only be concerned with

proving quantitative bounds for Aﬁ;zk or AE;Zk in the integer shift system, not pointwise

convergence on ZF. For technical reasons we will only work with the truncated averages
AP
AN;Zk'
After these reductions, our main result reads as follows.

Theorem 1.21. Let k € Zy and P = {Pi,..., P} C Z[n] be a family of polynomials
with distinct degrees. Let f; € (Pi(ZF) for i € [k] and some 1 < p1,...,pr < oo such that
p% +--+ pik = % <1, and let AE;Zk(fly .., fx) be the averages defined in (1.20). Fix r > 2
and A > 1. Then one has

\ V" (AL (i fi) s N € D) HMZ}C) < TT 1 Fillews e (1.22)

i€lk]
if D ={A\y :n € N} C [l,+00) is A-lacunary. The same result holds with the averages
AE;Zk(fl, ooy fx), defined in (1.19), in place of AE;Zk(fl’ cos fr)-

Arguing as in [62, Proposition 3.2(ii)—(iii)], one sees that Theorem 1.21 implies Theo-
rem 1.12. Thus, it suffices to prove Theorem 1.21.

To establish the r-variational inequality in (1.22), we will develop a new robust method
that we call the multilinear circle method. This method can be viewed as a classical Hardy—
Littlewood-Ramanujan circle method in ¢P(Z*) spaces. A bilinear variant of the circle
method was recently developed by the second author with Krause and Tao [62] in the context
of pointwise convergence for the Furstenberg—Weiss averages E, ¢y f1(T"z) f2(T P(m) ) for
any P € Z[n] with deg P > 2. The arguments from [62] are limited to the Furstenberg—
Weiss averages. Here we can handle genuinely multilinear averages involving polynomials
with distinct degrees and arbitrary commuting transformations. Although the arguments in
this paper are inspired by those in [62], we will present a conceptually different approach to
overcome several new difficulties that arise in the more general setting. The key tools that
we develop to prove inequality (1.22) that make up our multilinear circle method are the
following.

1. An Ionescu—Wainger multiplier theorem for the set of canonical fractions; see The-
orem 3.3. This is a multifrequency multiplier theorem, which we prove in Section 3
for the set of canonical fractions (see (1.23) for their definition), giving a positive
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answer to a question of Ionescu and Wainger from [56, Remark 3, p. 361]. This new
tool will enable us to implement the circle method directly in £7(Z*) spaces.

. An inverse theorem for averages over distinct degree polynomial corner configura-

tions; see Theorem 4.14. The inverse theorem is a powerful result in additive combi-
natorics, offering important structural information that reveals the minor and major
arc structure for the multilinear operators AE;Z,C (fis---, fx). We prove it in Section 4
in both the integer and real settings, and it constitutes a joint generalization of an
inverse theorem of the third author [80] for averages over distinct degree polynomial
progressions and of the third author along with Prendiville and Shao [83] for averages
over the two-dimensional “sqorners” configuration (z1,x2), (x14+n, z2), (z1, 22 +n?).

. A multilinear (P(Z*)-improving inequality; see Theorem 5.2. This is a new inequality

in the polynomial corners setting that will allow us to relax the £>*°(Z*) bounds that
arise in the inverse theorem to ¢?(Z¥) bounds, and to handle genuinely multilinear
cases for k > 3. We prove this inequality in Section 5 in both the integer and real
settings.

. Multilinear Weyl and Sobolev smoothing inequalities; see Theorem 6.1. The multilin-

ear Weyl inequality (1.36) is a key tool to control the minor arc contribution in our
multilinear circle method. The multilinear Sobolev smoothing inequality will be used
to understand the major arc contribution. These inequalities are proved in Section 6,
and are sometimes referred to as smoothing estimates in the literature. A bilinear
Weyl inequality was recently proved in [62] as a consequence of the inverse theorem
of the third author [80]. However, the bounds obtained in [62] are logarithmic in
scale, which is insufficient for the methods in this paper. Here, we make quantita-
tive improvements to the bilinear estimates and derive a multilinear Weyl inequality
with polynomial bounds that are consistent with the bounds in the classical Weyl
inequality for exponential sums. This is possible thanks to our Ionescu—Wainger
multiplier theorem for the set of canonical fractions, inverse theorem for polynomial
corner configurations, and multilinear ¢7(Z*)-improving inequality.

Finally, in Section 7, we will use these tools to develop the multilinear circle method in
the context of Theorem 1.21. An important new feature of our argument is that we do not
require p-adic methods, which were employed in [62]. This answers a question of Magyar

[70], who asked whether the use of p-adic and adelic harmonic analysis is necessary in [62].

1.7. The multilinear circle method. The details of the multilinear circle method in the

context of Theorem 1.21 will be presented in Section 7. We now briefly describe its key
features, starting with a few basic concepts from the classical circle method.

1.7.1. A first glimpse of the circle method. The use of the classical circle method to attack

pointwise convergence problems for linear ergodic averages with polynomial orbits originates
in Bourgain’s papers [12, 13, 14], and can be summarized as follows:

(a) To control the minor arc contribution, we apply Plancherel’s theorem and Weyl’s

inequality for exponential sums.

(b) To control the major arc contribution, we use multifrequency harmonic analysis in

the spirit of the Ionescu—Wainger multiplier theorem; see Theorem 3.3 and Theo-
rem 3.26.
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We now illustrate the ideas from (a) and (b) in the context of r-variational estimates
(1.22) in the linear case k = 1 for finitely supported f € ¢%(Z). This will highlight the
differences between the classical circle method and the multilinear circle method.

Let P € Z[n] be a polynomial of degree d > 2. For the sake of discussion we will work
with Aﬁ,;z instead of its truncation. Using the Fourier transform, we note that

FrANz(F)(€) = my(O)Fzf(€),  E€T,

where the multiplier my is the exponential sum

my(§) = Epenje(§P(n)).

The classical circle method can be used to understand the nature of the multiplier my. This
will require the concepts of canonical fractions and their corresponding major arcs. Given
N1, No € R, we define the set of canonical fractions by

a
R<n, = {q € Q/Z: q € [N1] and ged(a,q) = 1} , (1.23)
where % represents the equivalence class % + Z, and the corresponding set of major arcs by

m§N2(RSN1) = U [0*N279+N2}~
GERSNl

The set of minor arcs is then defined as the complement of the set of major arcs in T. We
formulate Weyl’s estimate for the multiplier my () as follows: for every C' € R there exists
a small constant ¢ € (0, 1) such that we have

€T\ Mey-a5-c(Res-c) = |mn(€)| < c M6+ N9 (1.24)

forall N > 1 and ¢ € (0,1]. In fact, (1.24) is the classical Weyl sum estimate for normalized
exponential sums; see, for example, [91, Exercise 1.1.21, p. 16].

If N > 1is sufficiently large in terms of ¢, say N > 36 3¢, then the intervals that comprise
the set of major arcs are narrow and disjoint in T. Taking a smooth even cutoff function
n: R — [0,1] such that 1;_y/41/4 <1 < 1(_1/2,1/2), we define for N1, N2 € R the smooth
projection operators I1[< Ny, < Na|: £2(Z) — ¢%(Z) by setting

Fr(M[< N, <NoJ ) (€)= Y n(Ng'(§—0)) Fuf(). (1.25)

0€R§N1

These projections will be called the Ionescu—Wainger projections and will allow us to effec-
tively localize to the major arcs. Their boundedness properties will be extensively studied
in Section 3 in a more general context. By (1.25) and Plancherel’s theorem, the operator
[< 67, < N=%%] is a contraction on £2(Z) provided that the arcs in M. y—a5-c (R<s—c)
are disjoint. We also see that II[< 6=¢, < N=95¢] is bounded on ¢?(Z) for all p € [1, 0],
since

[m[so7c.< N7t g]|, S #R<selflwe) <65 Sl (126)

This bound is not very useful, but much better bounds will follow from the Ionescu—Wainger
multiplier theorem proved in Section 3; see Theorem 3.3.
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Taking § = 4Y/CN~¢ with ¢ € (0,1) sufficiently small, say ¢C' < 1/4, and N sufficiently
large (so that, in particular, 6 < 1), we gain a negative power of N in (1.24) and this,
combined with Plancherel’s theorem, yields

|k (r-m[g N < N4 F)|| S N Sl (1.27)

ez) "~
since Fz(f — II[< N9%, < N~=4+C¢] f) vanishes on the major arcs

WSN7d+Ce/4(R§NCg) D) mngd(;fc (RS(;fc).

If we use (1.27) and the fact that N € D, where D is lacunary, inequality (1.22) for k = 1
and p = 2 is reduced to proving the following inequality

}V?“ (A}\j,;z (H [g NC= < N—d%ﬂ f) 'Ne D)

) S llee(zy- (1.28)

To estimate (1.28), we split II[< N¢¢, < N~%+C¢] dyadically into pieces corresponding to

reduced fractions 6 = % with ¢ ~ 2. Then, for a major arc frequency ¢ € T such that

n(N4=C2(¢ —0)) # 0, we approximate my (&) by a product G(6)my (€ — ) of arithmetic and
continuous symbols given by

G(0) = Epcqe(0P(n)) for 0= g with ¢ ~ 2!,

2z

and

1
my (&) ::/0 e(§P(Nt))dt for €€,

respectively. After a further factorization, the arithmetic part is summable over [ € N
because |G(0)] < ¢~¢ < 279, whereas the continuous part can be handled by Theorem 3.26.
This completes the outline of the proof of (1.28).

1.7.2. Weyl’s inequality in (P(Z) spaces and basic Ionescu—Wainger theory. The argument
presented above for estimating (1.22) when k = 1 and f € ¢?(Z) can be extended to f € (P(Z)
for all p € (1,00). However, there are various challenges: for example, it is not clear how to
make use of Weyl’s inequality, as Plancherel’s theorem is not available in ¢P(Z) when p # 2.
A way to overcome this difficulty is to proceed as follows:
(i) One works directly with the Ionescu—Wainger projections from (1.25), as they are
bounded on ¢P(Z) for p € (1,00) and localized to the major arcs.
(ii) Instead of working with the exponential sum my itself, one works with the corre-
sponding averaging operator Aﬁ;z
The ¢P(Z) norms of the Tonescu-Wainger projections II[< §~¢, < N~%~C¢] have reason-
ably good growth in terms of the size of the set of canonical fractions R«s-c due to our
Ionescu-Wainger multiplier theorem. Namely, for any p € (1,00) and p € (0,1), whenever

N > Cpo (1.29)

for some large C}, € R, it follows from Theorem 3.3 that

HH [g 6 N_d‘s_c} S0 8N fller 2y (1.30)

s
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This bound represents a significant quantitative improvement compared to (1.26) and will
be proved in Section 3 as a part of our lonescu—Wainger multifrequency multiplier theory.
Below are a few comments about this inequality.

1. In an impactful and influential paper, Ionescu and Wainger [56] established a deep
multiplier theorem for the set of so-called Ionescu—Wainger fractions (see (1.31)
below for their definition), in order to establish ¢?(Z*) bounds for discrete singular
integral Radon transforms. The lonescu—Wainger multiplier theorem quickly became
the main tool in the study of discrete analogues in harmonic analysis [73, 75].

2. The set of Ionescu—Wainger fractions is defined as

Ren = {Z €Q/Z: qe P<y and gcd(a,q)—l}, (1.31)

where P<y is a subtle set of natural numbers with certain prime power factorizations.
In particular, the original Ionescu—Wainger theory [56] implies inequality (1.30), as
well as the conclusion of Theorem 3.3, for the projections defined as in (1.25), with
the set of Ionescu—Wainger fractions 7~€<570 in place of the set of canonical fractions
Rs-c, provided that, instead of condition (1.29), we assume that

log N > 697 (1.32)

holds for some arbitrarily small v € (0, 1).

3. Ionescu—Wainger theory [56] was originally developed for scalar-valued multipliers.
An important aspect of the theory was that the ¢?(Z) norm of the Ionescu—Wainger
multipliers corresponding to the set of Tonescu—Wainger fractions 7~€<57c was con-
trolled by a multiple of log(6~¢ + 1)P, where D = |2y~!| + 1. The proof in [56]
is based on an intricate inductive argument that takes advantage of superorthogo-
nality phenomena. A slightly different proof with the factor log(6~¢ 4 1) in place
of log(6=¢ + 1)P was given in [73]. The latter proof relied on certain recursive
arguments instead of the induction used in [56]. This approach helped clarify the
role of the underlying square functions and orthogonalities; see also [75, Section 2].
Ionescu—Wainger theory, among other topics, was discussed by Pierce [84] in the
context of superorthogonality phenomena. Finally, we refer the reader to the recent
paper of Tao [92], where a uniform bound in place of log(6~¢ + 1) was obtained.

4. The central question about Ionescu—Wainger theory for the set of canonical fractions
from (1.23) had remained unanswered since it was first formulated in [56, Remark 3,
p. 361]. In Section 3, the question is answered affirmatively.

For any p € (1,00) and p € (0,1), if N > C,6~%, then (1.30) implies

|k (r-1 ][5 C <N f)|| S 8l Sy (1:33)

.
For p = 2, by Plancherel’s theorem and (1.24), we have the stronger bound

|k (r-nlgo N0 s)| | S@+ N fleg (39

[
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Thus, for any p € (1,00), by interpolating (1.33) and (1.34), we obtain that there exist
constants C, € Zy and ¢, € (0, 1) such that if N > Cz’,é_czl?, then

|Ake (s [ a7C < N4 1|, S 0 NN oy (1.35)

Hence, inequality (1.35) can be thought of as a generalization of Weyl’s inequality for expo-
nential sums (1.24) to ¢P(Z) spaces for all p € (1,00). Here, it is important that the bounds
in (1.35) are consistent with the bounds in the classical Weyl inequality for exponential sums
(1.24). An essential new tool that makes these estimates available is the Ionescu-Wainger
multiplier theorem for the set of canonical fractions. Thus, Ionescu—Wainger theory should
be understood as a tool that enables us to interpret exponential sum estimates in terms of
purely functional analytic language. This interpretation is very useful in the context of the
multilinear Weyl inequality stated in (1.36) below.

1.7.3. The multilinear Weyl inequality and the minor arc contribution. In the multilinear
setting (when k > 2), Plancherel’s theorem and Weyl’s inequality (1.24) are no longer viable
to effectively control the contribution from the minor arcs. As a result, it is not possible to
implement the classical circle method as we discussed above.

However, in view of the discussion about the generalization of Weyl’s inequality to ¢(P(Z)
spaces, it is natural to formulate the multilinear version using functional analysis. Namely,
we expect that if P = {P,..., P} C Z[n] is such that the degrees d; :== deg P; are distinct,
and if 1 < py,...,pgr < oo are such that p%—k--~+é = % < 1, then for each fixed C € R}
the following holds with some small ¢ € (0,1) possibly depending on k,P,p1,...,pk,p,C.
For every f; € (Pi(ZF) for all i € [k] and for all N > 1 and 6 € (0,1], if f; € 2(ZF)n
(P (ZF) for some j € [k] and the j-th Fourier transform F; s« f; vanishes on the major arcs

fmiN,%fc (R<s-c), then
| AR s ) iy 5 O TN T il (1.36)
i€[k]

Here, F; 7+ and im a5 (R<s-c) denote, respectively, the Fourier transform and the set

of major arcs deﬁned with respect to the j-th variable. Inequality (1.36) is a multilinear vari-
ant of inequality (1.35) and will be referred to as the multilinear Weyl inequality throughout
the paper. It will play a key role in facilitating our multilinear circle method, namely:

multilinear Weyl’s inequality «~» control of the minor arc contribution.

The proof of inequality (1.36), as well as its real counterpart, the multilinear Sobolev
smoothing inequality, is given in Section 6; see Theorem 6.1.

We now describe the key components of our multilinear circle method in the context of
establishing Theorem 1.21. We begin by explaining how the multilinear Weyl inequality from
(1.36) controls the contribution from the minor arcs. If we take 6 ~ N7¢ with ¢ € (0,1)
sufficiently small, say eC < 1/4, and N sufficiently large, then we gain a negative power of
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N in (1.36). Hence, if we split f; = BN + fil,N for each i € [k]|, where
Py = fi— 1 [S N© < N_dﬁca} i,
fil,N — I {S NCe < N—dﬁcs} £

then, in view of (1.36) and from the fact that N € D, where D is lacunary, inequality (1.22)
is reduced to proving that

Pi,....Py (o1 1.
HVr (A" (Flwo- s fhy) - N €D) Hmm < TT illore 2 (1.37)
1€[k]
where fl1 N f,i N are supported on major arcs. Here, in this informal discussion, we work

with the original average (1.19) instead of its truncation (1.20). The idea of the proof of
inequality (1.37) will be discussed momentarily.

Our multilinear Weyl inequality with polynomial bounds (1.36) is a new tool that we
will also use in the analysis of the major arc contribution. A bilinear Weyl inequality was
recently proved in [62] for the Furstenberg—Weiss averages as a consequence of an inverse
theorem of the third author [80]. Namely, under suitable assumptions, for some sufficiently

large Ce Z+, we have

|Enein fi(z —n) fo(zx = P(n))|| 5 S (0° + (log Ny~ [T 1£illers 2y (1.38)
)
i€[2]

for any polynomial P € Z[n] with degree at least two. However, these bounds are logarithmic
in scale, and thus insufficient for the purpose of this paper. The logarithmic factor in the
inequality (1.38) is a result of applying Ionescu—Wainger theory with the Ionescu—Wainger
fractions (1.31). The construction of the Ionescu—Wainger fractions forces condition (1.32),
which subsequently leads to the presence of the logarithmic factor in (1.38). In our approach,
by applying Ionescu—Wainger theory with the set of canonical fractions (1.23) as developed in
Section 3, we can quantitatively improve the bilinear estimates from (1.38) and obtain a mul-
tilinear Weyl inequality with polynomial bounds in (1.36) that match the bounds from the
classical Weyl inequality for exponential sums (1.24). It is critical here that Ionescu—Wainger
theory with the set of canonical fractions holds under condition (1.29), which enables us to
obtain a negative power of N in (1.36).

Apart from Ionescu—Wainger theory for the set of canonical fractions, other essential
tools needed to derive (1.36) include an inverse theorem for averages over polynomial corner
configurations with polynomial bounds, and a multilinear £°(Z*)-improving inequality; see
Theorem 4.14 and Theorem 5.2, respectively. In order to prove inequality (1.36), we first
apply the inverse theorem, which reveals the major arc structure corresponding to the set of
canonical fractions. By combining this theorem with the Hahn—Banach separation theorem,
we can also reveal the major and minor arc structure for the adjoint operators corresponding
to A?_i};’Pk (f1,---, fx). Next, we use our version of Jonescu—Wainger theory to maintain the
distinction between major and minor arcs and to preserve the polynomial bounds in terms of
§ obtained from the inverse theorem throughout this process. Finally, the ¢?(Z*)-improving
inequality is applied to relax the ¢£°°(Z*) bounds arising in the inverse theorem to ¢P(ZF)



18 D. KOSZ, M. MIREK, S. PELUSE, R. WAN, AND J. WRIGHT

bounds that we need here. This ultimately implies the multilinear Weyl inequality with
polynomial bounds (1.36), as desired.

1.7.4. The inverse theorem for averages over polynomial corner configurations. In 2019, the
third author developed a new technique in higher order Fourier analysis that she used to
prove power-saving bounds in the finite field version of the polynomial Szemerédi theorem
for linearly independent polynomial progressions [79], answering a question of Bourgain and
Chang [16]. This method, now called degree lowering, was improved and adapted to the in-
teger setting by the third author and Prendiville [82], proving the first quantitative bounds
for the size of subsets of [N] lacking nontrivial copies of the nonlinear Roth configuration
x,x + n,z +n? The third author then extended this result to all distinct degree polyno-
mial progressions [80]. The key technical result of [80], from which quantitative bounds in
the polynomial Szemerédi theorem follow by a standard density increment iteration, is an
inverse theorem asserting that if averages of 1-bounded functions over fixed distinct degree
polynomial progressions are large, then the underlying 1-bounded functions must correlate
with functions whose Fourier transforms are supported on major arcs.

Theorem 1.39 (Peluse, 2020). Let k € Zy and Py,...,P; € Z[n] be polynomials with
vanishing constant terms and distinct degrees dy := deg Py < --- < d, := deg Px. Then there
exist large constants Cy,Co € Z4 such that the following holds. Assume that § € (0,1] and
N > C167 . If fo, fis- -5 fr € £2°(Z) are 1-bounded functions supported on [+O(N%)]
such that

‘<f07En€[N] I fitz— Pi(n))>’ > GN%,

1€[k]

then, using the projections from (1.25), one has
(/11 G262, < G~ BN B )| = €78 NS

When k£ = 2, one can obtain strong structural information about fy and fo from Theo-
rem 1.39; see [81] for details. This structural information was then used by the second author
along with Krause and Tao in [62] to prove their bilinear Weyl inequality for Furstenberg—
Weiss averages (1.38). When k > 2, the argument from [81] breaks down, and so structural
information cannot be deduced for f,..., fx; see the discussion in the last section of [81].

In order to prove our multilinear Weyl inequality, we require an extension of Theorem 1.39
to higher dimensions that simultaneously produces strong structural information about each
function appearing in the average. Such an inverse theorem is proved in Section 4 in both the
integer and real settings; see Theorem 4.14. This inverse theorem simultaneously generalizes
work of the third author [80] proving Theorem 1.39 and of the third author along with
Prendiville and Shao proving an inverse theorem for averages over sqorners

(21, 32), (21 + 1, 29), (71, 22 + 1?).

1.7.5. The multilinear P(ZF)-improving inequality. In Section 5, we establish the following
multilinear ¢P(ZF)-improving inequality. For k > 2 and j € [k], there are exponents 1 < p <
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g<2and1l<pi,...,pr < oo satisfying p% +--+ pik = ]% and p; = 2 such that the following
scale-invariant bound

_ 1_1
AR 2 (P ) oy Sp NP0 T 1 fillows v (1.40)
i€[k]

holds with D := dy+- - -+dg. The bound (1.40) plays a key role in relaxing the £>°(Z*) bounds
required to apply the inverse theorem to #P(Z*) bounds. It is essential that our multilinear
¢P(ZF)-improving inequality is obtained without any e-loss in the scale N. Otherwise, we
could not derive the multilinear Weyl inequality with polynomial bounds in (1.36).

Such improving bounds have a long history in the continuous setting (with R in place of
Z) but it is only recently that they were established in the integer setting and then only for
linear averages. In [62], the bounds (1.40) were needed for particular bilinear averages and
were deduced from the linear case of Han—Kova¢-Lacey—Madrid—Yang in [47] by passing
to the dual operator. In the general case considered here, genuinely multilinear ¢P(Z*)-
improving estimates are needed, and it is no longer possible to reduce matters to the linear
case.

To prove (1.40) with no e-loss, we marry Christ’s refinements method [20] (which has
proved very successful for LP-improving estimates in the continuous setting; see [88], where
multilinear LP improving bounds are established for Radon-like transforms), adapted to the
multilinear setting, with the Vinogradov mean value theorem [17, 96].

1.7.6. Major arcs contribution: paraproduct-type decomposition. The objective now is to
understand estimate (1.37). Our aim is to reduce (1.37) to estimates for certain model
operators, which will be more manageable. We may normalize each f; so that || filp: zr) = 1.
We proceed in two steps:

(i) We begin with trimming the size of denominators. This means that each function
11 y = H[< N < N~4+Ce) £ can be split into finitely many pieces fi}i}, where
each piece corresponds to projections onto major arcs centered at fractions in R« pc-
whose denominators have size of order 2% for some I; € N such that 2t < N, We
have seen a similar reduction in the linear case above.
(ii) Next, we perform a certain paraproduct decomposition of each fil}i}' to match the
scales of the bumps in the definition of the Ionescu—Wainger projéctions. In other
words, we replace n(N%~¢%(¢£—6)) in the definition of f.l}i} by n(N% (£—-0)) for 6 = q

1y
with ¢ ~ 2%, This can be done by a simple telescoping argument, where we further
i 1,0,

split fil’ n into finitely many highly oscillatory and nonoscillatory pieces fi’ N for

some s; € N such that 2% < N¢¢. If s; > 0, then fil}i}’si is highly oscillatory, which
means that its i-th Fourier transform is supported on an annulus of size N%27%:

centered at 6 = %. Otherwise, if s; = 0, then fil}i}"o is nonoscillatory and corresponds

to the bumps n(N% (¢ — 6)) for 6 = 7 with ¢ ~ 2li,

This reduction is standard, and it was also performed in [62]. By using this decomposition,
inequality (1.37) will follow if we can show that, for all Iy, s1,...,l;, sx € N and for some
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c € (0,1), the following inequality holds

Py,...,P 1,l1,s 1,lk,s . —c(l+
V7 (Alse™ (ri o ™) .NeD)Hmk)g2 i), (1.41)

with | := max{l; : i € [k]} and s := max{s; : i € [k]}, where each f; is normalized so that
| fillri (zxy = 1 and fllji}‘” = 0 if N¢% < 2max{lisi} Here our approach deviates significantly
from [62]. We distinguish two cases:
(i) the high frequency case s 2 [;
(ii) the low frequency case | 2 s.
By standard approximations on the major arcs, inequality (1.41) can be reduced to showing
Pi,..,Py (1, Ligsk) . -
[vr (afis™ (rn - i) s N eD) | 270, (1.42)
where u := 100k(s+ 1) in the high frequency case, and u := 100k(l 4 1) in the low frequency

Py,...Py
2u;7k

case. An important feature of this reduction is that the operator A is independent of

the parameter N € D.

1.7.7. The major arc contribution: high frequency case. In the high frequency case, the
multifrequency problem becomes, in fact, a single frequency problem. By using Taylor
expansions, we can separate the nonoscillatory pieces from the highly oscillatory pieces. The
nonoscillatory pieces are handled by a seminorm variant of the Ionescu—Wainger theorem;
see Theorem 3.26. This theorem is interesting in its own right, as it eliminates the need
to consider small and large scales as done previously. The highly oscillatory pieces are
controlled by the multilinear Sobolev smoothing inequality, which is a real variant of the
multilinear Weyl inequality. This inequality allows us to gain a negative power of 2° for the
highly oscillatory pieces, which yields the desired decay in (1.42) in the high frequency case
thanks to s 2 [.

This is a novel aspect of our argument and shows that the Sobolev smoothing inequality
and the multilinear Weyl inequality, as well as the inverse theorem in both the integer and
real settings, should always be proved in tandem.

1.7.8. The major arc contribution: low frequency case. To control the low frequency case, we
will use a multiparameter norm interchanging inequality (7.64) combined with the multilin-
ear Weyl inequality (1.36). This is an important part of our argument, where the multilinear
Weyl inequality is also useful for controlling the contribution from the major arcs. Precisely,
it will allow us to gain a negative power of 2!, which yields the desired decay in (1.42) in the
low frequency case thanks to [ 2 s.

A multiparameter norm interchanging inequality, to a certain extent, linearizes maximal
functions in a way that makes it possible to apply, for instance, the multilinear Weyl in-
equality or similar tools. By a simple interpolation, we can assume that r = oo in (1.42)
and focus on maximal functions. Our approach, which relies on the multiparameter norm
interchanging inequality, also eliminates the need to consider small and large scales.

Finally, we highlight that our argument heavily depends on the polynomial bounds in
the multilinear Weyl inequality (1.36). In the bilinear case treated in [62], the parameter
u from (1.42) is exponential in [, while in our case it is linear. Furthermore, the Weyl
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inequality from [62] was proved with decay 8¢+ (log N)~°C, which includes a logarithmic
term that requires u to be exponential in . However, thanks to our improvement in the
Tonescu—Wainger theorem, our Weyl inequality holds with 6¢ + N~ allowing us to have a
linear dependence between [ and u. This is crucial for handling the low frequency case and
arranging the sizes of supports in certain model operators in terms of u in such a way that
their contribution to the norm of these model operators becomes negligible compared to the
size of ¢l with ¢ arising in (1.36). If u were exponential in /, then our method would not
work.

1.8. Final remarks and open problems. We have given an outline of the proof of in-
equality (1.22), discussing the crucial tools and steps of our multilinear circle method. We
wrap up the introduction by giving a few concluding remarks and open problems.

1. The multiparameter norm interchanging inequality approach allows us to avoid the
p-adic methods used in [62] and significantly simplifies the argument. Moreover, the
p-adic approach from [62] (especially sharp LP-improving inequalities in the p-adic
setting), even if adjusted to our context, would not be sufficient to handle the major
arc estimates in the low frequency setting.

Problem 1.43. Is a p-adic analogue of Theorem 1.21 (or its maximal counterpart,
which should be simpler) true?

2. Our Ionescu—Wainger theory is not uniform with respect to the size of the set of
canonical fractions (1.23). However, based on Tao’s recent paper [92], we know that
the Ionescu—Wainger multiplier theorem for the set of lonescu—Wainger fractions
(1.31) holds with uniform bounds.

Problem 1.44. Does our Ionescu—Wainger multiplier theorem hold with bounds
independent of the size of the set of canonical fractions?

3. The methods outlined in this paper are robust and fairly versatile. Specifically, the
input from harmonic analysis, such as the multilinear ¢ (Zk)—improving inequality
or the proof of Theorem 1.21, does not rely on the assumption that the polynomials
have distinct degrees. This assumption is only used in the proof of the inverse
theorem and is not used anywhere else in the paper. In other words, if we treated
Theorem 4.14 as a black box, we could derive all other conclusions from this paper
without needing to assume that our polynomials have distinct degrees. With this in
mind, we hope that the methods outlined in the paper will be used in other contexts
to address similar questions.

Problem 1.45. Is Theorem 1.12 for the weighted operators
1 n
> Il A@ ) (1.46)
ne[ENN\{0}  iclk]

in place of the averages Af,; x,7 from (1.10) true? The operators from (1.46) are
multilinear truncated singular integral variants of Aﬁg x 7 It is also interesting to
know any /P (Zk) bounds for the full multilinear singular integral operators, i.e., the
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operators corresponding to (1.46) with summation over [£N] \ {0} replaced with

Z\ {0}.

. The assumption that our polynomials have distinct degrees is only used in the proof

of the inverse theorem, as it is essential to run the degree lowering argument in Sec-
tion 4. However, the proof of Theorem 4.14 also demonstrates that the assumption
that the polynomials have distinct degrees in the multilinear setting may have a
similar impact as curvature does in the linear theory of maximal and singular Radon
transforms in the discrete [73, 75] or Euclidean [87] settings. This is apparent when
we start with large multilinear averages (4.15) and apply the PET induction scheme
and the degree lowering argument and end up with an expression as in (4.76) that
corresponds to modulated linear polynomial averages that can be handled by linear
methods, which exploit the curvature. This interesting phenomenon requires further
investigation. In view of this remark, it is natural to ask the following.

Problem 1.47. Is it possible to establish an inverse theorem like in Theorem 4.14
for linearly independent polynomials with polynomial bounds in §7 That would be
an important step toward proving Theorem 1.3 for linearly independent polynomials.

. A well-known open problem in ergodic theory is to establish pointwise almost every-

where convergence of bilinear averages
E ez f1(8™2) fa(T"x), x € X,

corresponding to “corner” configurations, for two commuting measure-preserving
transformations S,7: X — X; see [32, Problem 19]. In the single transformation
setting, the pointwise almost everywhere convergence of the trilinear averages

Epenif1(T"x) fo(T*2) f3(T%"x),  w € X,

corresponding to the arithmetic progressions of length four, is another well-known
open problem; see [32, Problem 11]. Our methods break down in these cases, as the
minor arc contributions are no longer negligible, and we are therefore unable to say
anything in this direction. In the trilinear case, identities such as

e(az?) - e(=3a(z —n)?) - e(3a(z — 2n)?) - e(—a(z — 3n)?) =1

speak to the presence of a quadratic modulation invariance, which would most likely
require developing quadratic time—frequency analysis in the spirit of [65, 26]; this
is out of reach at the moment. However, we think that our methods represent a
significant step in understanding the Furstenberg—Bergelson—Leibman conjecture.

Problem 1.48. How useful are the methods presented in this paper in understanding
Question 1.1 for linearly dependent polynomials?
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2. NOTATION AND USEFUL TOOLS
We now set up notation that will be used throughout the paper.

2.1. Basic notation. The set of positive integers and the set of nonnegative integers will
be denoted, respectively, by Z, := {1,2,...} and N :={0,1,2,...}. For d € Z, the sets Z,
R, C? and T¢ := (R/Z)? have their standard meaning. We also denote R, := (0, 00).

For a = (ay,...,aq) € Z% and q € Z, , we denote by gcd(a, ¢) the greatest common divisor
of a and g, i.e., the largest n € Z, that divides ¢ and all components ay,...,aq. Clearly,
any vector in Q% has a unique representation as % with ¢ € Z, a € Z%, and gcd(a,q) = 1.

We use 14 to denote the indicator function of a set A. For a statement S we write 1g
to denote its indicator, equal to 1 if S is true and 0 if S is false. In particular, we have
Ta(z) =14ea.

Throughout the paper C' > 0 is an absolute constant that may change from occurrence
to occurrence. For two nonnegative quantities A, B we write A < B if there is an absolute
constant C' > 0 such that A < CB. We also write A ~ B when A < B < A. We will write
<5 or ~5 to emphasize that the implicit constant depends on §. For a function f: X — C

~

and a positive-valued function g: X — (0, 00), we write f = O(g) if there exists a constant
C > 0 such that |f(z)| < Cg(x) for all x € X. We will also write f = Os(g) if the implicit
constant depends on d.

We will use the Japanese bracket notation

(z) =1 +]z)"?~1+|z|, zeC.
For any x € R we will use the floor and fractional part functions
|z] =max{n €Z:n<z} and {z}:=z— |z
All logarithms in this paper are taken base 2, and for any N > 1 we define
Log N = |log N |, (2.1)

i.e., the unique natural number such that 2M08N < N < Lo N+1,
For every N € R, we set

[N]z =(0,N]NZ, [£N]z:=[-N,N|NZ,
[N]r := (0, N], [£N]g =[N, N].

We shall abbreviate [N]z to [N] and [£N]z to [£N]. We will also write
0,N]JNN, N>y :=[N,00)NN,
0,N)NN, Noy:=(N,00)NN.

For any A > 1 we will say that the set

D={\:neN}C[l,+00) (2.3)

87 (2.2)
NSN = [
=

N<N:
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is A-lacunary if inf,, ey )‘Kil > A
Finally, C: C — C will be the complex conjugation, i.e., Cz :=Z for z € C.

2.2. Euclidean spaces. For d € Z, let {e; € R? : i € [d]} be the standard basis in R

The standard inner product and the corresponding Euclidean norm on R¢ are denoted,
respectively, by

x-€ = Z ;& and |z =zl =Vr -z
i€[d]

for every x = (z1,...,24) and & = (&1,...,&) € RY
Throughout the paper the d-dimensional torus T¢, which unless otherwise stated will be
identified with [—1/2,1/2)%, is endowed with the periodic norm

= (S hel?)”, e=@n...e0 T,

i€[d]
where ||&| = dist(&;,Z) for every & € T and i € [d]. However, identifying T? with
[~1/2,1/2)%, we see that the norm || - || coincides with the Euclidean norm | - | restricted

to [-1/2,1/2)4.
Throughout this paper we work with a fixed cutoff function 7: R — [0, 1] that is a smooth
and even function such that

Li1ja1/2) < < L(1y21/2)- (2.4)
All constants are permitted to depend on 7.

2.3. Function spaces. All vector spaces in this paper will be defined over the complex
numbers C. The triple (X, B(X), u) is a measure space X with o-algebra B(X) and o-finite
measure p. The space of all y-measurable complex-valued functions defined on X will be
denoted by L°(X,u). The space of all functions in L(X, u) whose modulus is integrable
with p-th power is denoted by LP(X, u) for p € (0,00), whereas L*°(X, 1) denotes the space
of all essentially bounded functions in L°(X, 11). These notions can be extended to functions
taking values in a finite-dimensional normed vector space (B, || ||z). For instance, we define

LP(X, p; B) = {F € LXX, 11 B) : | Flloxpsmy = F Bl ooix ) < OO}=

where L(X, u; B) denotes the space of measurable functions from X to B (up to almost ev-
erywhere equivalence). One can extend these notions to infinite-dimensional B, at least when
B is separable. In this paper, however, we will always be able to work in finite-dimensional
settings by appealing to standard approximation arguments. For ease of notation, we shall
abbreviate LP(X, ) to LP(X) and LP(X, u; B) to LP(X; B) for p € [0, 00].

In our case we will mainly work with X = R% or X = T endowed with Lebesgue measure,
or with X = Z¢ endowed with counting measure. If X is endowed with counting measure,
then we abbreviate LP(X) to /(X) and LP(X; B) to /*(X; B).

For a continuous linear map 71': B; — By between two normed vector spaces B; and Ba,
we use ||T||p,—B, to denote its operator norm.

We say that f € LO(X) is 1-bounded if f € L(X) and ||f||1o(x) < 1. We will mainly
work with 1-bounded functions in Sections 4 and 6.
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For any F' € LY(X, ) and a measurable set A C X with 0 < u(A) < oo we will use the
convenient notation

Bl F(t) / F(t)du(t) (2.5)

If X is endowed with counting measure p(A ) = #A, then for ) # A C X we will abbreviate

Ej. 4 F(t) to E;eaF(t), which is the average of F' over A, i.e., EcaF(t) = #A Y oea F(t).

Sometimes, to simplify notation, we will write |A| instead of #A for the cardinality of a set
A; see, for example, Section 4.

2.4. Convolutions. Let (G, +) be a locally compact abelian group (LCA group) equipped
with a Haar measure A\g. For two functions f,g € L'(G) we define their convolution by

freg@) = frgl /f:c Y)dAc(y).

For the sake of simplicity, we will usually abbreviate g to *; the meaning of this notation
will always be clear from the context and will not cause any confusion. Since G is abelian,
we readily see that fxg=g=x* f.

Fix k € Z4 and, for each i € [k], let (G;,+) be a locally compact abelian group equipped
with a Haar measure \g,. We consider their product G = G; x --- x Gy, with the product
measure A\g = A\g, X -+ X Ag,. Given i € [k], for any f € LY(G) and g € L(G;) we may
define their i-th convolution by

f*Gi g( ) _f*lg / f LlyewoeyLi—1,L5 — Y, Ti41y---, L )g(y)d)‘Gz(y)v

for x = (z1,...,z;) € G. In other words, f *; g(x) coincides with the function f except the
i-th variable where it is defined as a convolution with the function g. We will also write
f*c, 9(x) = f*gig(z) if G = -+ = Gy = G. We will mainly work with G = R? endowed
with Lebesgue measure or with G = Z¢ endowed with counting measure.

2.5. Fourier transform. Although we will use Fourier analysis only on R? T? and Z?,
it will be convenient to set out some abstract harmonic analysis notation to perform this
analysis in a unified fashion and to avoid repetition. We shall write e(z) = €2™* for every
z € C, where %2 = —1.

As before, let (G,+) be an LCA group equipped with a Haar measure Ag. It is well
known (see, for instance, [36]) that every LCA group G has a Pontryagin dual G = (G, +),
an LCA group with a Haar measure A\; and a pairing, i.e., a continuous bihomomorphism

G x G > (2,8 — (x,€) € T, such that the Fourier transform Fg: L1(G) — C(G) given by
Fef©)= [ f@ele. )@, €<t

extends to a unitary map from L2(G) to L2(G). We have Plancherel’s identity
1Fefll 2@ = Iz @), f € L*(G),
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and the inverse Fourier transform JF': : L2(G) — L%(G) is given by the formula
0= [ FOU- @D, weC.

whenever f € L'(G)n L2(G). We will mainly work with concrete pairs (G, G) of Pontryagin
dual LCA groups:

(i) Consider G = R? with Lebesgue measure Aga = dz. Then G = R with Lebesgue
measure Aga = d¢ is a Pontryagin dual, with pairing (x,¢) = = - £&. Moreover, for
any f € L'(R?) we have

Fesl(©) = [ f@ea-dr.  ¢eRe
(ii) Consider G = Z® with counting measure Azs. Then G = T% with Lebesgue measure
Ara = d§ is a Pontryagin dual, with pairing (z,§) = = - £&. Moreover, for any
f € (2% we have

Fraf(©) = f(x)e(z-€), €£eT

xcZ4
(iii) Consider LCA groups Gy, ..., Gy with Pontryagin duals Gl, e ,Gk. Then the prod-
uct G = Gy x --- x G with product Haar measure A\g = Ag, X -+ X Ag, is an

LCA group with Pontryagin dual G = G x -+ x Gy, with product Haar measure

Ag = )\Gl X oo X )\Gk and pairing ((z1,...,2k), (&1, ..., &) = (X1, &)+ -+ (@, &) -

For LCA product groups G = Gy X - - - X G, we consider partial Fourier transforms. Given
i€k, for x = (21,...,2;) € G and & € G; we set

T(g) = (1, 1,80 Tig s - k)

Then, for any f € L'(G) N L?*(G), the i-th Fourier transform is given by
Ficf () / f(x)e({zi, &))dAg, (),

forx = (z1,...,2;) € Gand & € Gi. In a similar manner, we define the i-th inverse Fourier
transform.

For any bounded measurable function m: G — C and any test function f: G — C we
define the Fourier multiplier operator by

Talm]f(z) = /G o(— (. €)M Faf(E)drs(6),  z€G. (2.6)

One may think of f: G — C as a function on G that is compactly supported (and smooth
if G = R%), or as any other function for which (2.6) makes sense. We call m a Fourier

multiplier on G.
When G = R? and m: RY — C is a Fourier multiplier on R? supported on [~1/2,1/2)¢,
we at times abuse notation and identify m with its periodization

Mper (§) = D m(E + 1),

nczd
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thereby also viewing m as a Fourier multiplier on T¢; see [71, Section 2] for a detailed
comparison of Ta[m] and Tya[m].

If G =Gy x---xGyg is a product of LCA groups and m: Gi — C is a bounded measurable
function acting only on G; for some i € [k], then for any f € L*(G) N L*(G) it makes sense
to consider i-th Fourier multiplier operators, which can be defined by

ol (o) = [ el &m0 Fic ) dhs, (60

for x = (z1,...,2%) € G.
Finally, for any finite set of frequencies ¥ C G we define
TEm]f(z) = Tg[ZTgm} f(z), z € G, (2.7)
0y
where pm(§) = m({ —0) for £ € G. If G =Gy x - -- x Gy, is a product of LCA groups, then
we similarly define TEG [m] f for any finite set ¥ C G; and i € [k].

2.6. Variational norms. For any I C R, any family (a;)ier = (a; : t € I) C C, and any
exponent r € [1,00), the r-variation seminorm is defined to be

1/r
V'(ap:t €l):= sup sup ( Z lag, — atj_llr) , (2.8)
IE TG el

where the supremum is taken over all finite increasing sequences in I, and is set by convention
to equal zero if #1 < 1. Taking limits as r — oo we also adopt the convention

V®(a;: t € 1) :== sup |a; — ay|.
tt/el

The r-variation norm for r € [1,00) is defined by

V(a;:t €I) :=supla| + V' (a;: ¢t €1). (2.9)
tel

Note that the V" norm is nonincreasing in r, and comparable to the /°° norm when r = co.
We also observe the simple triangle inequality

Vg teD) SV(ag:t €ly) +Viag:t €ly)

whenever I = I LI, is an ordered partition of I, which means that ¢; < ¢5 for all ¢1 € I1,t9 €
Ir. If T C R is countable, then we have

Vg tel) < (Z \atr)l/r.
tel
One easily establishes the algebra property
V(b :te€l) SV (ap:t €)VT (b : t €1) (2.10)
for any scalar sequences (a¢)icr, (bt)ser.

Finally, the r-variational spaces will be defined by

V(D) ={(a; : t €I) CC: V(e : t €I) < 00},
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and we will also write (az)ier € LP(X; V' (D)) if and only if
[(ae)eerll e xxvr@) = (a1t € Dl poevr@y = IV (a st € D)l 1ox) < 00

We will use a similar convention for the spaces V" (I).
We also recall the well known Rademacher—-Menshov inequality, which asserts that for
any ng, m € N with ny < 2" and any sequence of complex numbers (a,, : n € N) we have

/
V0 :nel)<va Y ( 3 ’llU;;gU 3 (Gns1 — an) 2)1 g (2.11)
1EN<y,  je[2m—7] nev;

where U = U(ng,m) = [n9,2™) NZ and U} := [(j — 1)2,j2") N Z for i,j € Z; see [T4,
Lemma 2.5, p. 534] for the proof.

3. TONESCU-WAINGER MULTIPLIER THEOREM FOR CANONICAL FRACTIONS

The results of this section will be stated for future reference for arbitrary dimension
d € Z, although only d = 1 will be used throughout this paper.

3.1. Magyar—Stein—Wainger sampling method. An important tool in discrete ana-
logues in harmonic analysis is a quantitative variant of the Shannon sampling theorem from
a seminal paper of Magyar, Stein, and Wainger [71]. Recalling the definition of TZEd [m] from
(2.7), their sampling result can be subsumed under the following useful proposition.

Proposition 3.1. For d € Zy there is a constant Cysw(d) € Ry such that the following
holds. Letp € [1,00] and q € Zy. If m: R? — L(B1, Bg) is a measurable function supported
on [—-1/2,1/2)%/q, whose values are bounded linear operators between two finite-dimensional
Banach spaces B1 and B, then

™

0(Z9;B1)—£7 (79;B) < Crasw (@) Trsmlll o sy 1wt

We now make a few remarks about Proposition 3.1.

1. The sampling principle developed by Magyar, Stein, and Wainger serves as a “bridge”
between discrete analogues in harmonic analysis and classical harmonic analysis. It
enables the deduction of discrete problems from their continuous counterparts.

2. The proof of Proposition 3.1 can be found in [71, Corollary 2.1, p. 196]. We also
refer to [76] for a generalization of Proposition 3.1 to real interpolation spaces.

3. All Banach spaces that arise in our problems are infinite-dimensional and separable.
Despite Proposition 3.1 being formulated for finite-dimensional Banach spaces, it
can still be applied in our situation using standard approximation arguments that
reduce infinite-dimensional settings to finite-dimensional settings.

4. We emphasize that B; and Bs are general (finite-dimensional) Banach spaces and
thus, in view of the previous remark, Proposition 3.1 includes maximal functions
and can also accommodate r-variation seminorms as well as many other seminorms.

5. A fundamental question in discrete harmonic analysis is whether it is possible to
replace the set (%Z/ Z)d appearing in Proposition 3.1 with other sets of fractions X,

while still maintaining mapping properties of TZEd [m] that depend in a good way on
the size of X, under a suitable support condition for m. This was achieved for the
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first time in a groundbreaking paper of Ionescu and Wainger [56] for a certain family
of reduced fractions ¥ whose denominators have special factorization properties.

In this paper, our aim is to prove a variant of the Ionescu—Wainger multiplier theorem
for the set of canonical fractions that arises from the classical circle method. This will be
critical in our proof of the multilinear Weyl inequality; see Theorem 6.1.

3.2. A refined variant of the Ionescu—Wainger multiplier theorem. For d € Z, and
N > 1 define 1-periodic sets of the so-called canonical fractions by

Ry = {Z € (Q/z)*: q € [N] and gcd(a,q) = 1}, (3.2)

where ged(a, q) :== ged(aq, . . ., aq, q) denotes the greatest common divisor of aq, ..., aq4,q. To
be precise, the elements of R% n are equivalence classes § = 2 + 7% in T¢ = (R/Z)¢, with a

well-defined denominator ¢ such that every representative s € 0 satisfies ged(b,q) = 1. We
often identify % € Q% with the equivalence class % + 74,

Using the definition of T; [m] from (2.7) we now formulate the main result of this section.
Here, pj, := po/(po — 1) denotes the conjugate exponent of py.

Theorem 3.3. Let pj < p < pg for some py € 2Z. Then there exists a constant Crw(po) €
Ry such that for every d € Z4 and every N € N>1gg the following is true. Assume that

0 <9< (2poNP°)~1

and let m: RY — L(Hy, Hs) be a measurable function supported on [—9,9]?, whose values

are bounded linear operators between two separable Hilbert spaces H1 and Hy. Denote py =

log log log N
pN(po) = Crw(po) g bgx - Then

Rd
H ZdSN[ ]

st stzstyy <00 N Tl oo @i oo @) (3-4)

A few remarks about Theorem 3.3.

1. Theorem 3.3 gives an affirmative answer to a question of Ionescu and Wainger from
[56, Remark 3, below Theorem 1.5, p. 361], which asks about (3.4) in the scalar
setting Hy = Ho = C with Uy, ,N? for arbitrary p € Ry in place of N#V. Obviously,
(3.4) yields the bound postulated in [56], since limy_yo0 py = 0.

2. Although Proposition 3.1 plays an important role in the proof of Theorem 3.3, the
latter result is only applicable to multipliers defined in the Hilbert space setting.
However, in the next section, we will show that Theorem 3.3 can be applied to some
Banach space settings. This can be done for a broad range of Banach spaces that,
in some manner, exhibit similarities to Hilbert spaces.

3. The advantage of using Theorem 3.3 is that square function estimates in the discrete
setting can be directly deduced from the corresponding continuous square function
estimates, which, as we will soon see, is very useful in many applications.

4. The norm on the right hand side of (3.4), unlike the support hypothesis, is scale-
invariant. To be more precise, if m is replaced with m(A-) for any invertible linear
transformation A: R? — RY, then the norm in (3.4) remains unchanged.
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5. It would be interesting to know whether inequality (3.4) holds with an absolute con-
stant independent of N. Although in most applications inequality (3.4) is sufficient,
having (3.4) with a constant independent of N would simplify some arguments.

6. In the proof of Theorem 3.3 we will use variants of two properties introduced in
[56]: a uniqueness property and the so-called O property. These two properties effi-
ciently detect strong orthogonalities between the Ionescu—Wainger fractions, which
are rationals whose denominators have certain factorization properties. The nov-
elty of our approach lies in using the set of canonical fractions (3.2) instead of the
Ionescu—Wainger fractions [56], which are quite complex.

3.2.1. Proof of Theorem 3.3, simple reductions. The case py = 2 holds by Plancherel’s
theorem. By duality and interpolation we can assume that p = py = 2r for r € N>o.
Replacing m by m: RY — L(H, @ Hy, H; ® Hs), where m(z)(hy, he) = (0,m(z)(h1)) for
x € RY, we can take Hy = Hy = H. We normalize ||Tga[m]||z2r ga. i) 2r (ga. ) = 1. Finally,
we can assume that N > Ny for a large integer Ny € N0, since R n produces at most
N1 operators, each having a norm bounded by Cysw (d) in view of Proposition 3.1.

3.2.2. Uniqueness property and property On. We follow [56] in using the uniqueness
property and property O, two important concepts introduced therein for detecting orthog-
onality.

Definition 3.5 (Uniqueness property). A sequence (v1,...,v,) has the uniqueness property
if there is ¢ € [n] such that v; # v; for all j € [n]\ {i}. In other words, the element v;
occurs in the sequence (vy,...,v,) exactly once. This definition will primarily be used for

sequences of rational numbers, but it is also applicable to more general sequences.
Using Definition 3.5 we can formulate an abstract orthogonality principle.

Proposition 3.6 (Abstract orthogonality principle). Given r € Z, there exists a constant
Cup(r) € Ry such that the following is true. Let (X,B(X),u) be a measure space, let H be
a separable Hilbert space, and let Vi, ..., V. C Zy be finite sets, not necessarily disjoint. For
every pair (i,v) with v € V; let F;,, € L*"(X; H) and suppose that for each 2r-tuple

2 2
(1)171,1)172, - ,1)7,71,’UT72) S Vl X e X V;

with the uniqueness property the following condition holds
| T1 P 0) P () =0 (37)

Then
/HHZFM ) dute) < Cort) [ TT (3 WPl duto).
€] veVs i€lr] veV;

Proof. We refer to [75, Corollary 2.24] for a detailed proof; see also [56, Lemma 2.2, p. 363|
for a scalar version of this principle. d
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Our aim will be to split the set of canonical fractions R%  into a controlled number of
pieces for which the uniqueness property implies condition (3.7).

Here our approach deviates from [56] and [75]. In the latter two papers an essential role
was played by the lonescu—Wainger rationals whose denominators were factored into two
parts, one being a relatively large product of powers of small prime divisors, and the other
consisting of a product of a small number of powers of large prime divisors.

In contrast to [56] and [75], instead of working with the Ionescu—Wainger rationals, we

shall work directly with the set of canonical fractions R% y from (3.2). We introduce a new

concept of N-lifted composites, which will allow us to effectively split Ri N-

Definition 3.8 (N-lifted composites). Let P be the set of prime numbers. For N € Z, an
N-lifted composite ), of an integer g € [N] is defined by setting

Q= [ e
p€EP: qePZ
with the convention )1 := 1. In other words, ¢ and @), are divisible by exactly the same
prime numbers, while @), is a product of integers of the form pUOgP NI for some p € PNN<y.
Obviously, ¢ divides @, for each ¢ € [N].
We need to adapt the concept of property O from [56] to fit our needs.

Definition 3.9 (Property Oy). For N € N>y, we shall say that A C Z has property On
fACS) - Sk ={s1---sx:5 €S51,...,5 € Sk} for some k € [lggl?fg]\]fv], where S1,..., 5%
are disjoint subsets of {pl°%» M . p e PN Ncy}.

The following lemma explains the restriction k € [é’gkl’g g]\jfv].
Lemma 3.10. If Ny is sufficiently large, then for every N € N>y, and distinct py, ... ,pry €

P with ky = | 1595 ] we have py -+ pry > N.

Proof. For n € Z,, its primorial n# is the product of all p € PN N<,. By the prime
number theorem, we have lim,,_,o, /n# = e. Take N € Z, such that ny = [log N| + 1
is large. Then ny# > 2"V > N and #(P N Neyy) < [ 5% ] = ky. The latter implies
P1---Dky = MNF, as desired. O

3.2.3. Partitioning of the set of canonical fractions. For N € N>y, and % € R%N

5log N N|

foglog N , while each p is one

the corresponding composite @), has at most | | factors pllogy

of the first {%j primes. This motivates the following counting lemma originating in [73].

Lemma 3.11. There exists a constant Cgyy € Z4 such that the following holds. For N €

N>n, let V be a set of size | € [longN] and let k € [lg’gl‘l)ogg]\]fv] satisfy k < 1. Then, denoting

J = | Cgy2CsurloaN/loglog N | "o can find J surjective (not necessarily distinct) functions
g1,---,975: V — [k] such that max{#g;(E) : j € [J]} =k for every E CV with #FE = k.

Proof. We refer to [75, Lemma 2.16]. O

C
Proceeding in two steps, we split R‘i n into at most NlesleN pieces, each satisfying
property Op.
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Step 1. For a large integer N € Z,, by Lemma 3.10, we can split R%N into disjoint

subsets R?V,o = R%, and Rﬁl\,’k for k € [lfgkl’(fg]\;v], consisting of fractions § € R% ~ Whose
denominators ¢ have exactly k prime divisors. We may assume, without loss of generality,
that k£ > 0, since the case k = 0 may be readily handled by Proposition 3.1. We also assume

that Rﬁl\,’k is nonempty.

Step 2. Next, we fix k € [1§gl(1)§g]\1]v] as above and apply Lemma 3.11 with

Vo= {ptlogpNJ :pEPﬂNSN} ={Qp:p e PNNn},

obtaining surjections g1,...,gs: V — [k] with J = | Cgyy2Csurlog N/ loglog N | - Given j € [J],
we define S7 := g;[{i}]™! for i € [k] and, consequently, we set
a j j i i
ielj—1]

where if j = 1, then the union above is understood to be empty. For each j € [J] the
set {Qq : % € Rﬁlv,k,j} C Z.y has property Oyn. Moreover, T\’,ﬁl\,’k = Uje[J] R?V,k,j’ which
immediately follows from Lemma 3.11.

Our task is to prove (3.4) with any nonempty R(]i\/,k,j in place of R% - To facilitate
matters, we introduce some useful notation and terminology.

3.2.4. P-irreducibility and factorization. We now present a new concept of P-irreducible
fractions, which will be crucial in verifying condition (3.7).

Definition 3.13 (Quotients, reduced fractions and P-irreducible fractions). Fix d,q € Z..
Identifying % with % + 7%, we define the following sets.
1. The set of quotients or g-quotients is defined by Q(q) := %Niq.

2. The set of reduced fractions is defined by R(1) = Q(1) or

R(q) = {Z € Q(q) : ged(a, q) = 1} for ¢> 1.
3. The set of P-irreducible fractions is defined by Z(1) := Q(1) or

Z(q) = {a € Q(q) : — 9 has the same prime divisors as q} for ¢>1.
q ged(a, q)

It is easy to see that Z(q) 2 R(q) and that Z(q) is a disjoint union of the sets R(q), where
G runs over the set of all positive divisors of ¢ having exactly the same prime divisors as q.

Example 3.14. For d = 1 and g = 12, identifying % with % + Z, we obtain
R(12) = %{1,5, 7,11} and Z(12) = %{1,2,5,7, 10,11}
For A C Z4 define
R(A) = [JR(g) and Z(A):= ] Z(g).

qeA geN
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Obviously, we have R(A) C Z(A) and the set of canonical fractions (3.2) can be written as
R< ~ = R([N]) by using this definition. Moreover, an important feature of R(A) used in [56]
and [75] is the factorization property asserting that if ged(q,¢’) = 1 for all (¢,¢') € A x A/,
then

R(AA") = R(A) & R(A).

The direct sum @ indicates that each element in the sumset R(A) + R(A’) has a unique
representation % + %: as an element of T¢. The identity above is a simple consequence

of the Chinese remainder theorem. We now strengthen this factorization property to the
P-irreducible fractions Z(A).

Definition 3.15 (P-separated sets). A set A C Z is P-separated if for any distinct elements
q1,q2 € A there is p € P that divides exactly one of them.

We now prove the factorization property for Z(A).
Lemma 3.16. Assume that A, A\’ C Z are P-separated and ged(q,q’) = 1 for all (q,q') €
A x N'. Then the map ®: Z(A) x Z(A') — Z(AA') given by
a d a d a a
q’(*,*) =—+4— for (7,—> € Z(A) x Z(N
qq a q qq () < Z{)
is a bijection. In particular, we have Z(AAN') = Z(A) ® Z(A).
Proof. By the Chinese remainder theorem, it follows that ® is surjective, and from Defini-

tion 3.15 we deduce that ® is injective. The second part of the lemma now follows easily
from the first part. U]

To establish (3.4) in Theorem 3.3, it suffices to prove

R 3 < CIW(pO)w
H zQT‘(Zd;H) ~>d,po N log log N ”fHZQT 74 H) (317)
since we have normalized ||Tga[m]|| Ler(Re:H) s 12r(Resg) = 1. Indeed summing (3.17) over

ke [lgghffg]\zfv] and j € [J] incurs an acceptable, additional factor

M Csur log N/ log log N
: Csur2 .
loglog N

RE L -
We fix k and j. The multiplier corresponding to 7. dN 9 [m] is given by

Anei©) = > > ]1Nk,g<) (5—*)

qe51-+5k Z€I(q)

where, as in (3.12), the sets 51 = S{ = gj[{1}]7Y..., S = S,z = g;j[{k}]7! form a
partition of V' determined by the surjection g;, and 1 N,k,j(%) = 1if % is P-irreducible and
upon reduction belongs to RN,”, and ]lN,k’j(%) := 0 otherwise. We note that the sets of
P-irreducible fractions Z(q) are pairwise disjoint as ¢ varies over the product set Sy - - - Sk.
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3.2.5. Denominators. Now we exploit orthogonality between denominators. In the argu-
ment below we will use Lemma 3.16 repeatedly. Note that

ZQTZdH)_ZH Z Zf“
x€Z4  q€S1Sk uel(q

where f, = fidl(ﬂN,k,j(u) m(- —u)Fgaf). Let Sy = {1} and S = [[;c;, S for every
nonempty L C [k]. We observe that

I 2 3 el = 2 (X [mel,);

x€Zd  q€S1--Skuel(q x€Zd qE€Sy

H Nkj

where Fj 1 = Zq’GS[k]\L Zuez(qq/) fu for every ¢ € Sp. Now, proceeding as in [75, Sec-
tion 2.4], we can show for each [ € [k] that

2

> (3 [rn@l,) scw0 3 (3 [Ra@],) @)

z€Zd  qES_q wezd a€Sy
with Cyp(r) from Proposition 3.6. After k iterations of (3.18), we obtain

2
(X |ae,) < cortr 3 (3 et )

z€Zd €Sy zeZd  qESy

or, equivalently,

H Nk]

E;(ZdH)<CUP( nEy ( H Z ful H ) : (3.19)

x€Zd qE€S1-Sy  u€I(qg

The constant Cyp (r)k/% < (0,20 log N/loglog N ig qcceptable, since k < lggl?ogg]\;\,.

3.2.6. Numerators. Now we exploit orthogonalities between numerators to bound the
right-hand side of (3.19). In the argument below, as before, we will use Lemma 3.16 repeat-
edly. The right-hand side of (3.19) is equal to

Y X N3 aol,) =3 (3 frwel,)

zeZd  qE€S1 u€Z(q) z€ZL  qES

2
Set F(Lq/’q// = E NGI // H Zu’EI /) Zuel' f’u+u !

S rno],) - E S 2 F Aww)

z€Z4  qES| zeZd q€Sy ¢ ESH 9"ESy

Denote Fr 1 = Y .cs, (Zq’ESL/\L Zq”ES[k]\L/ Fygq) for L C L' C [k]. We can rewrite
the right-hand side above as [|Fp [[¢1(z4). Thus, we obtain

( H Z fulz H ) =1%o, llex ey - (3.20)

xcZd qeS1--Sp  u€el(q

and observe that
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Assuming L C L' C [k] and writing Ly = LU{l} and L' = L'\ {l} with [ = min L'\ L, we
proceed as in [75, Section 2.5] to show that

IFL.cllezay < Cr(1FLy ol zay + 1 FL,Lr e (zay) (3.21)
with C, ~, 1 by using Proposition 3.6. After k iterations of (3.21), we obtain
1 Fomllerzay < CF 7 N F L Llle za- (3.22)
LC[k]
The implied constant in (3.22) is acceptable, since k € [l(?gl(fgg]\][\f]'

3.2.7. Square function estimates. Gathering the estimates and identities (3.19), (3.20),
and (3.22), we reduce matters to proving

2rC log log log N

I Lllogy Sea N™ osoe || I35 gam-
LCIK]

Since there are 2% subsets L C [k], we may treat each summand above separately at the
expense of introducing an acceptable factor C,2Cr10g N/loglog N

We fix L. Set 7' :== Z(Sp\r) N R%N. Since Iy ;(u+u') = 0 for every u € Z(Sr) and
u' € Z(Sp 1) \R‘i ~» we are reduced to proving the inequality

>y (2] Z Furw(@)||))" < CEN TSI 12 (3.23)

z€Zd q€S,  vweEL'  uel(qg

that will be interpreted as a linear operator norm bound from ¢2"(Z%; H) to ¢*"(Z% x
Sp;%(T'; H)). The reduction to (3.23) uses the fact that the sets Z(q) N Z(q') are empty for
any distinct ¢, ¢ € Spy -

The following lemma is key to establishing (3.23). This is the only place where the
logloglog N
loglog N

1 .
Toglog N could be used instead.

expression appears in the exponent. It would be interesting to determine whether

Lemma 3.24. There exists a constant Cqiy, € Ry such that for all ¢ € Z4 and N € N>y, if
log log log N
e N1 prime divisors, then q has at most LCdlvN aiv g log ¥ | positive divisors

q has k € [loglogN
not greater than N.

Proof. Let {p1,...,pr} C P be the set of prime divisors of g. Our aim will be to count
of all possible tuples (a1,...,a) € NF such that pit---ppt < N. We may assume that
a1+ -+ + o, < [2log N, since otherwise p{* ---pp* > 22log NJ+1 > glogN ~ N Thus, we
have max{ai,...,a;} < [2log N|. Note that N<sjos ;v can be split into a finite number of
intervals of the form

I;i == N<ojog v N [(2 — 1) loglog N, iloglog N),

each having about loglog N elements except the last one, which may be shorter. Now to each

tuple (auq,...,qr) we assign a unique tuple of integers (i1,...,7) such that (ag,...,ax) €
Liy < --x I, If (aq,...,08) € I;; X -+ x I, then
. . log log N

5 =
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which implies that 41 +--- + 4, < k + lfé(fggj\;\, < Lé%lﬁggjyvj. Taking

A= {(al,...,ak) eNl%QlogN 3p?1"'pgk SN}

we obtain the desired bound

#A S (LlOIOgN/l(;CgIOgNJ + k) L210g10gNJk S CNcloig)i?Ing‘
Indeed, the number of tuples (iy,...,i;) € N¥ with 4; 4 --- + 4 < Lilizlﬁggjyvj is at most

(LlOlog N/ l’c;glog NjJrk) < 915log N/ loglogN and for each fixed (2‘17 o

C log log log N

is at most |2loglog N |F < CN" loslos N O

,ix) the size of I;; x---x I,

We say that ¢ € Z is an admissible divisor of ¢ if it divides ¢, satisfies (j € [N], and has

exactly the same prime divisors as ¢. By Lemma 3.24 we can split Z(q) N R < into disjoint

. logloglog N
sets R(q1),-..,R(gm) for some m € [CdiVNCd‘V loglog N | where q1, ..., ¢n, are admissible

divisors of ¢q. By the triangle inequality followed by Holder’s inequality, it suffices to show

that
2 2 Clog log log N
S S (S] S feol) < cn B i

x€Z4qeSL vweEL uweR(q)

holds uniformly for all possible choices of admissible divisors ¢ of ¢, where the function
fu+u/ is a variant of f, ;. without the indicator function 1y ;. Indeed, this follows because
1y ;(u+u') is constant on each R(§) when v/ € 7' is fixed, and equal to 0 if u € Z(q) \R% 5.

Let ¢: R? — [0, 1] be smooth and such that ]l[ 6 614 < ¢ < ]l[ 9 94 Let 1p: RY — [0, 00)

be smooth, supported on [—%,1]?, and such that 191l L1 (rey = 1 Define ¢ == ¢ * 1 so
that 1_y 10 < ¢ < 1[_59a. Proceeding as in [75, Section 2.6], for each ¢ € Sr and each
admissible divisors ¢ of ¢, we obtain

(X)X ], sci > (2] 2 swl,)

zczZd weT uweR(gG z€Z4 uweL ueR(q)

where fu 4 18 @ variant of fu+u/ with m replaced by a nice bump multiplier (.

3.2.8. Square function estimates for the nice bump multiplier. Finally, for each fixed
choice of admissible divisors ¢ of ¢ € Sy, and every t € [1, o0, we shall show the following
inequality

1

(Z Z(ZH > fu+u H ))mSCdN %Hﬂ’e?tzdm

x€ZdqeS,  Wel' uweR(q

that will be interpreted as a linear operator norm bound from ¢*(Z%; H) to ¢*'(Z% x
Sp;¢*(T'; H)). By interpolation it suffices to consider ¢ € {1,00}.
The case t = 1 holds with an absolute constant independent of N by Plancherel’s the-

have disjoint supports, since ¢ < N, r > 2, and

orem. Indeed, the functions Fa qu S
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9 < (4rN?7)~1 < (8N*)~!, and for distinct ¢, ¢’ € Sy the corresponding admissible divisors
¢, q have distinct sets of prime divisors.
In the remaining case t = oo, it suffices to show that

2
sup sup > || D e, @) < CHI Iy (3.25)
x€Z4 qESL, w €T’ uEQ([j)

holds uniformly for all § € [N] that are (not necessarily admissible) divisors of ¢, and once
(3.25) is established, the desired inequality with ¢ = oo follows. Indeed, it suffices to apply
the inclusion—exclusion formula involving the Mdébius function p, which asserts that

S Fw= Y M(Z) S Fw),
ueER(G) beD(§) ueQ(b)

where D(q) is the set of all positive divisors of ¢, and to use (3.25) together with Lemma 3.24,

which implies that the number of all positive divisors of a given admissible divisor ¢ € [V]
. logloglog N
is at most LCdiVNCd“’ fog log N |. In order to prove (3.25), we proceed as in [75, Section 2.7].

3.3. A seminorm variant of the Ionescu—Wainger theorem. The goal of this subsec-
tion is to obtain an r-variation variant of Theorem 3.3; see (2.8).

Theorem 3.26. Let p{;, < p < pg for some py € 2Z and let r € (2,00|. Then there exists a
constant Crw (po,r) € Ry such that for every d € Z, and every N € N>1oo the following is
true. Assume that D C [1,00) is A-lacunary for some X\ > 1; see (2.3). For each n € N, let

0 < ¥, < min{(2poNPO)~1 A1}

and let m,,: R? — C be measurable and supported on [—10,,9,]¢. Moreover, set

Apr = |[(Tga [mn])néNHLP(Rd)HLP(Rd;V”"(N))’
. 3.27)
B, = sup Wpdhd|My1 —m . (
P nnene {11 % welnet = lll 0y oo e
Denote ply = ply(po,r) = CIW(po,r)%. Then
TN < NP~ (A, +B 3.28
H( 7d [mn])nen P (ZA)—ep (24, VT (N)) ~Ad,po,r (Apr + Bp). (3.28)

Some remarks about Theorem 3.26 are in order.

1. Theorem 3.26 is a seminorm variant of the Ionescu—Wainger theorem stated at the
beginning of this section. We present a fairly general argument, which can be used to
deduce similar results for jumps or oscillations (as well as for norms corresponding to
real interpolation spaces) in place of r-variations. We refer to [76] for the definitions.

2. The restriction r € (2,00] arises from the fact that the key tool used in our proof
is the Rademacher—-Menshov inequality from (2.11). It is highly tempting to ask
whether Theorem 3.26 remains true for arbitrary seminorms in place of r-variations
like the Magyar—Stein—Wainger sampling principle; see Proposition 3.1.
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3. In our applications we will have to verify that the quantities A, and B, are finite.
It might be a difficult task in general, but we will be working with multipliers m,,
that can be handled using techniques from classical harmonic analysis [87]. To prove
that A, is finite we will use a square function argument from [58]. This argument
will allow us to replace (Tga[my|)neny with a dyadic martingale. The latter will be
handled using the r-variational inequality of Lépingle for martingales with r > 2;
see, for instance, [69, 76]. We note that the restriction to r € (2, 00| is necessary in
this case. To verify that B, is finite we will use classical square function methods
in the spirit of Littlewood and Paley; see, for instance, [87, 85, 74].

Proof of Theorem 3.26. Fix a A-lacunary set D C [1,00) for some A > 1, and let kx satisfy
25N = 100pg(log \) "' N. We show for all f € ¢P(Z4) that

r R ’
[V @ s e N, Saaror M5Bl o, (329
R ’
[V @ s sn e Now)||, o St N Al (3:30)

Combining (3.29) and (3.30), we see that (3.28) readily follows. By using the Rademacher—
Menshov inequality from (2.11) followed by Khinchine’s inequality and Theorem 3.3 with
B, from (3.27), we obtain (3.29), since ky =~ log N. Invoking Proposition 3.1 followed by
Theorem 3.3, we obtain (3.30) with A,,, from (3.27), and the proof is complete. O

4. INVERSE THEOREMS

In this section, we simultaneously prove an inverse theorem for averages over distinct
degree corner configurations in both the discrete and continuous settings. This will be
essential to establish a multilinear Weyl inequality and a Sobolev smoothing theorem in
Section 6. We begin with fixing necessary notation and terminology.

4.1. Basic definitions and the statement of the inverse theorem. Throughout, K is
either the set of integers Z or the set of real numbers R. If K = Z, then Ak is counting
measure on Z. If K = R, then A is Lebesgue measure on R. Let K; = {x € K: 2z > 0}.
We write Agr = )\%k for the product measure on K*. For a measurable set £ C K*, we
abbreviate A\gi (E) to |E|ge.

Fix k € Z4, and consider a polynomial mapping

P=(P,...,P): K— K, (4.1)
where Py, ..., P, € K[n] are polynomials with distinct degrees such that
dy :==deg Py < --- < dj, := deg Py, (4.2)
and also define

D:=Dp:=dy+ - +d. (4.3)
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For N > 1, recalling the definitions of [N]g from (2.2) and EX% . from (2.5), we define

te[N]k
multilinear averages for fi,..., fk € LO(KF, A\gx) by
AR gr (1o ) @) =B ] file = Bi(D)er),  w e K, (4.4)
1€[k]
and their truncations by
Azka(flv’fk)(x) =E tE[N]K\[N/Q] H fl - 1) T e Kk (45)
1€[k]
For example, in the integer case K = Z, we have
AE;Zk(fly--wfk) LNJ - Z Hfz - 2)
ne[N]i€[k]
whereas, in the real case K = R, we have
Az;Rk(fla-'wfk =N"— / Hflx_ ) t.
i€[k]
Let Cz :=7Z for all z € C. For f,g € LQ(Kk Akr), define the inner product
()= (g = [ F@a@ (o) = [ f@)Cola)dr(z).

For compactly supported fo, f1,..., fr € LOO(]K”C Agk ), note the identities
<A5;Kk(fla e 7fk)7 f0> - <fj7 Azzék(fh ey fj—lv fOu fj+17 e 7fk)> (46)

and

(A g (frso Jo)s fo) = <fj,A§3§gk<f1,...,fjfl,fo,fm, L)) @)

for all j € [k], where the adjoint operators A k and A k are given by

i€[k]
and
Az ;ék (915, g) (%) = E?E[N}K\[N/Q]K H g9’ (x = P (1)) (4.9)
1€[k]

with g;j = Cl#ig; and Prj (t) = 1,£;P;(t)e; — Pj(t)e;. We often abbreviate AE;K,C to An.gr

and AE gr b0 A ~N:kk- In some instances, we will write out the averages AZ;KIC = A]I\Dfl;k,;’ék

and Aﬁ Kk = A]I\D;iK,;Pk depending on how explicit we need to be, and likewise with AE’E&
TP x

and AN]ng for j € [K].

We also fix some notation and terminology from the classical circle method. For a finite
set X C K and any N € R, we define the set of major arcs by

Mn(E) = (10— N, 0+ N]. (4.10)
oex
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Using (4.10), we define the set of major arcs in the j-th component by
ML (D) =K x My (T) x K. (4.11)

Recall the definition of the set of canonical fractions R% y from (3.2). For every N > 1,
when d = 1, we shall abbreviate R‘é N to

R<n = {ZEQ/Z:(]G[N] and gcd(a,q):l}. (4.12)

We shall also write REN =R<ny if K=7Z and REN ={0}if K=R.
Let M; > 1 and M2 € R, and recall the definition of TZ.EKk [m] from (2.7). Using this
definition, we introduce the Ionescu—Wainger projections by setting
. RK
M [< My, < Mo f(2) =T, 15" <) f () for i€ [K], o € KF, (4.13)
where 17: R — [0, 1] is a smooth and even function satisfying (2.4), while
77[§M2](~T) = n(MQ_lx) for z e€R.

Note that the projections from (4.13) localize the major arcs SJTZS Mo (Rﬂé A, ). For every
p € [1,00] and f € LP(KF), by the triangle inequality, we have

HHZK[S My, < MZ]fHLp(Kk) S #RHEMleHLP(Kk)-

This bound is much worse than the bounds obtained in Section 3, but it holds for all
p € [1,00] and will be sufficient for the purpose of this section.
The main result of this section is the following inverse theorem.

Theorem 4.14. Let K be either Z or R. Fix Cy € Zy and k € Z,, and let P be a
polynomial mapping satisfying (4.1)—(4.3). Then there exist large constants Cy,Co € Z4
depending only on Coy and P such that the following holds. Assume that § € (0,1] and
N > C167%, and fir j € [k]. If fo, f1,. .., fr € L®(KF) are 1-bounded functions supported
on I = []epu [+CoN% |k such that

(AR s (fro o i), fo)| = GNP, (4.15)
then there exists a 1-bounded function h; € L=(KF) supported on I such that
(15, T My, < Mol )| = €16 N,
where My = Co8=C2 and My == Cy6~ 2N~

We will prove this theorem in the next few subsections by extending the methods from [80,
81, 83]. In particular, we adapt the strategy from [81, Subsection 7.1] to the multidimensional
setting in order to deduce a structural result for each of the 1-bounded functions fi, ..., fx
in Theorem 4.14. A new difficulty specific to the multidimensional setting arises during the
degree lowering part of the argument, coming from the dependence of phases produced by
the UZ-inverse theorem on variables besides the differencing parameters, which prevents one
from simply applying the major arc lemma as in [80]. In [83], the issue could be sidestepped
by a simple application of the pigeonhole principle, but this trick is limited to the case
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of configurations of the form (z1,x2), (x1 + Pi(n),z2), (x1,22 + Pa(n)) with Py linear. To
overcome the new difficulty in the general distinct degree case, we perform a more elaborate
pigeonholing argument and introduce another application of PET induction combined with
concatenation inside the main degree lowering argument.

4.2. Gowers norms and their basic properties. We continue fixing necessary notation.
We also gather important tools that will be used later.

4.2.1. Uniform and Fejér measures. Let k € Z_. For any measurable I C K* such that
0 < [I|gr < oo, we define the uniform and Fejér measures by

dAgr 1 (7) = |I|HE,1 Ay(z)d \gr(z) and  doge j(v) = kgr (7)dAgr (T),
respectively, where kgk j(7) is the Fejér kernel defined by
Kk 1 (T) = ]Ih%,% Apxl_y(x) = |I|H;,E Hyel:x+ye k. (4.16)

We observe that Agx ;(KF) =1 and oKk, ;(KF) = 1. We will mainly work with & = 1, and
we shall write K in place of K! in the above formulae. If K = R, N € R, and I = [N]g,
then, by (4.16), one can easily check that the Fejér kernel kg j(z) equals N71(1 — N~!z|)
for |x| < N, and 0 otherwise.

4.2.2. Multiplicative discrete derivatives. Let k € Z,. For every f € L°(KF) and
x,h, b € KF, we define the multiplicative discrete derivatives by

Apf(x) = f(a)f(x+h) and Al f(2) = flz+h)f(z+h).

For s € Z, and vectors h = (hy,...,hs) € (K¥)* and b’ = (h],...,Rh.) € (KF)*, we also
define the iterated multiplicative discrete derivatives by
Apf(z) = Apyon f(@) = Ap, (- (Ap, f(@)) ),
haw F (@) = Ay oy £ (@) = Bl gy o (Al gy F(@)) )

Remark 4.17. The above formulae may be rewritten more concisely as
Apf(x) = H Clf(z +woh),
we{0,1}#

Alppyf (@) = H Clf(z+woh+ (1 —w)oh),
we{0,1}*

(4.18)

where we denote 1 := (1,...,1) € {0,1}" and define wo h = } ;. ywih; for every w =

(wi,...,ws) € {0,1}° and h = (hy,...,hs) € (K¥)5. If k = 1, then w o h coincides with the
usual inner product w - b on K*.
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4.2.3. The Gowers box and uniformity norms. We use multiplicative discrete deriva-
tives to define the (localized) Gowers box and uniformity norms.

Definition 4.19 (Gowers box and uniformity norms). For k,s € Z; and n € [k], let
V = K" be an n-dimensional linear subspace (when K = R) or sublattice (when K = Z)
of K¥ endowed with the natural measure A\gn. Let I be a subset of K¥ with finite and
positive measure with respect to Agx and Hy, ..., Hs be subsets of V with finite and positive
measure with respect to Agn. Setting H = Hie[ 8 H;, the normalized Gowers box norm of
fe LOO(Kk) supported on I with respect to the sets of translates Hy, ..., Hs is given by

_ AZas 27
1150 = (11 | Eierin @ (@) (4.20)
After the change of variables x — x — h} — -+ — b, we can rewrite (4.20) as

2
AER®

2—s
TS (L A N O )

For a subset J C V with finite and positive measure with respect to Agn, the Gowers
Us-norm of f € L°°(K*) supported on I with respect to .J is given by
1A llosay = 1fllos, - (4.21)

AAAAA

We make some remarks about Definition 4.19.

1. Although it is not immediately obvious, the quantity on the right-hand side of (4.20)
is nonnegative and the box norms satisfy the triangle inequality. Proofs of these
standard facts and all other statements in this subsection can be found in [44, Ap-
pendix BJ; see also [28] for generalizations.

2. After the change of variables x — x — b} — -+ — Al in (4.20), we can rewrite the
2%-th power of the local Gowers box norm as
25 _1 O] 'rL7 O n’ s
113, o =Wl [ B B Anaf@ ). (422)

In fact, our arguments will more often feature (4.22) than (4.20).
3. For every m € [s], from (4.18) and (4.22) we immediately see that

28 OK™,H OKN,Hg 2m
118, = Errei® - B 1A 135,

,,,,,

(4.23)

,,,,,

We similarly relate the Gowers U**!-norm to the Gowers U*-norm.

4. Finally, we emphasize that we will not usually need the full generality of the multidi-
mensional definitions of (4.20) or (4.21). We will mainly work with the case k € Z
and n = 1. To be more specific, we will use (4.20) or (4.21) with V' = Ke; for some
j € [k], where Ke; := {te; : t € K} and {e; : i € [k]} is the standard basis of RF.

We can similarly define the Gowers box inner product.

Definition 4.24 (Gowers box inner products). For k,s € Z, andn € [k]|,let VI, Hy,..., Hy
be as in Definition 4.19. For every w € {0,1}* let f,, € L>(KF) be supported on a set I,, with
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|lw|ge = [I|gr. The Gowers box inner product of (fu)ueqo,1}s With respect to Hy, ..., Hy is
given by

I -1 )\]%7218 |w] /
((Foloetory ., = Wit | Bnven I[I c“fula+ b hw)drgs (),

we{0,1}s
where H = [[;c Hi and [h, h']y :==woh + (1 —w)oh' forall h,h’ € H and w € {0,1}".
After the change of variables x — x — h} — -+ — h’, we can rewrite this as
_ n g, ®@okn
It [ B T el wo i o)
K we{0,1}

Iterating the Cauchy—Schwarz inequality yields the following inequality, which is a local
version of [93, Equation 11.6].

Proposition 4.25 (The Gowers—Cauchy—Schwarz inequality). Let V, I, Hy,...,Hs, H and
(fw)wego,1ys» w)wefo,13s be as in Definition 4.24. Then we have

< I Weloy o (4.26)

weodys

[ -

Finally, we will require a general version of the U?-inverse theorem. For k € Z, and the
Pontryagin dual K* (ie., RF = RF or TF = Zk), let A\pr be Lebesgue measure on KF. A
proof of the following standard result can be found in [61, Lemma 5.1] in the case K = R,
and a proof of a quantitatively weaker version can be found in [80, Lemma 2.4] in the case
K=7Z.

Proposition 4.27 (U?-inverse theorem). Let I, H C K be intervals with 0 < |I|g, |H|x <
oo. If f € L®(K) is I-bounded and supported on I, then

4 —2 2
1 1y < 1T I

4.3. The main technical reduction. The purpose of this subsection is to formulate a
slightly stronger variant of Theorem 4.14, and then to show that the conclusion of the
theorem for j = 1 implies the same conclusion for general j € [k]. To do this, we will need
the notion of admissible polynomials.

Definition 4.28. Fix 0 < § <1, N € [1,00), and d € Z. Let Q(t) = 2%, c;(Q)t" € K][t]
be a polynomial of degree d with the leading coefficient £(Q) = c4(Q). We say that @Q is
(d, 0, N)-admissible with tolerance A € [1,00) if its coefficients satisfy

AT <10Q)) < 464 and e (Q)| < ASTANTT for ie Ny (4.29)

When the value of A is understood, we just say that polynomials @) that satisfy (4.29) are
(d, 6, N)-admissible. Now, we formulate a quantitatively uniform extension of Theorem 4.14
for (d, d, N)-admissible polynomials.

Theorem 4.30. Fizx A € [1,00), Cy € Zy, and k € Z, and let P be a polynomial mapping
satisfying (4.1)~(4.3). Then there exist large constants Cy,Co € Z4 depending on A, Cy, dy
such that the following holds. Assume that § € (0,1] and N > C16~%", and fix j € [k]. If
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each P; is (d;,d, N)-admissible with tolerance A, and fo, f1,..., fr € L®°(KF) are 1-bounded
functions supported on I == [];cqy [+CoN%]k such that

‘<AE;Kk(f1, N .,fk),fg>‘ > NP, (4.31)

then there exists a 1-bounded function h; € L=(KF) supported on I such that

(5, T [< M1, < M )| > O 6 NP,

where M := Co6~C2 and My == Cod~ 2N —%

A few comments about this theorem are in order.

1.

A fixed polynomial @ € KJt] of degree d € Zy is (d, d, N)-admissible with tolerance
max{|[¢(Q)], [£(Q)|71} for all 0 < § < 1 and N > C16~¢1 if C; is sufficiently large
in terms of the coefficients of (). Thus, the entries P; of P from (4.1) are (d;, 0, N)-
admissible with tolerance Op(1).

. In view of the previous remark, Theorem 4.30 implies Theorem 4.14. Indeed, condi-

tion (4.15) for the truncated averages AE,K,C implies that

(AR e (e i) fo)| 20N or (AR (s S fo)| 2 ONP

holds, which, in turn, gives (4.31) with comparable N and ¢. Theorem 4.30 then
yields the desired conclusion of Theorem 4.14.

. The subsections that follow are devoted to proving Theorem 4.30 in the special case

j = 1. The aim of this subsection is to show that the general case j € [k] can be
derived inductively from this special case.

Next, we introduce some convenient notation and important terminology that will facili-
tate working in high dimensions.

Definition 4.32. For I,m,n € Z, and an [-dimensional vector z € K/, let

r<p =21 = (®1,...,27) € K,
Tom = T>ma1 = (Tma1, -« Tmtl) € K,
Tmm] = (Tmi1s- - Tn) € K' if n—m=I,
T(mpnle = (T15- Ty Tt 1y - -+ Trglom) € K! if m < min{l,n+ 1}.

We use this notation whenever we need to emphasize that the entries of the underlying
vector € K!, whose dimension [ is clear from the context, are indexed differently from
the standard convention z = (z1,..., ;). In particular, for m € [l + 1], we define ;- by

setting

. — l
Timye = Tm—1,mle = (L1, Tm—1, Tt 1, - -, T41) € K,

with obvious modifications of indexing parameters when m € {1,1+ 1}.
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4.3.1. Proof of Theorem 4.30 assuming Theorem /.30 for j = 1. We now demon-
strate that it is enough to prove Theorem 4.30 for j = 1, as the remaining cases j € [k]\ {1}
can be derived from this case. The statement of Theorem 4.30 for j = 1 is as follows.

Theorem 4.33. Fiz A € [1,00), Cy € Zy, and k € Z, and let P be a polynomial map-
ping satisfying (4.1)—(4.3). Then there exist large constants C11,C12 € Zy depending on
A, Cy, dy, such that the following holds. Assume that 6 € (0,1] and N > Cy 1611, If
each P; is (d;, 8, N)-admissible with tolerance A, and fo, f1,. .., fr € L®(KF) are 1-bounded
functions supported on I = [];cp [+CoN% ]k such that

(AR s ) o) 2 ONP, (4:34)
then we have
|(f1, g [< My, < M) fr)| > C{69 NP, (4.35)
where My = 01,25_013 and My = 01725_0172N_d1.

Remark 4.36. Theorem 4.33 remains true if we assume that fo, fi,..., fr € L®(K") are
1-bounded functions supported on [ := Hz‘e[k} [+£Co6~CON% k.

Assuming momentarily that Theorem 4.33 holds, we derive Theorem 4.30. The proof of
Theorem 4.33 will be presented in the next two subsections.

Proof of Theorem 4.30. Assume that Theorem 4.33 holds for all k € Z,. Fix k € Z, and
j € [k] as in Theorem 4.30. By Theorem 4.33, we can assume that £ > 1 and j > 1. Set
D; =dy +---+d; for all ¢ € [k]. Furthermore, fix 1-bounded functions fo, fi1,..., fx €
L (KF) supported on I. We will proceed in two steps, assuming that N > C,6~%* for some
large C, € Z+..

Step 1. Applying (4.31), (4.6), the Cauchy—Schwarz inequality, and then (4.6) again, we
obtain

SNP < (<f1,A]7j,;§k(f0,f2,...,fk)>’ < ND/2 ‘<f0,AE;K,€(F1,f2,...,fk)>)1/2

with F} == AZ Klk( fos fay -+, fx), given explicitly by the formula

Fi(x) =B}y, folz+ Pi(y) H Cfi(x — Pi(y)ei + Pi(y)er)
EN{1}

for all z € K*. Now, by Theorem 4.33, there exist large C1,1,C1 2 € Z4 such that, whenever
N > 01,15*01’1, we have

|(Fy, g [< My, < My)Fy)| > C{ {69 NP,
where M = 01,25*0172 and My = 01,2(5*01’2]\7*511, which is equivalent to

[(Jo AR o (L[S My, < MR, o, fi) )] 2 CrfoC NP, (4.37)
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Step 2. By the pigeonhole principle, at the expense of worsening the lower bound in (4.37)
by multiplying it by a large power of §, we can consider the averages over shorter intervals in
(4.37). Then, by the mean value theorem, one can replace the function Hi[g My, < Ml Fy
with a constant function. It follows that there exists a measurable set X; C [CoN% |k with
Ak (X1) 2 SO N guch that, for every z; € X, we have

’<f(},x1aA]%1>j@—1(f2,x1, cee fk,x1)>‘ > 50(1)N1Dk*D1’

where O°N < Ny < 69N and Q-1 = {Q2,...,Qk} is a family of polynomials Q;
which are (d;, §, N)-admissible with tolerance A; S0, .4, 1, with f&xl(m>1) = fl(x1,251)
and f;z, (v>1) = fi(z1,2>1) for all i € [k]\ {1} and z~1 € KF~L. If j = 2, then we apply
Theorem 4.33 for each x; € X (or, more precisely, we apply the result given in Remark 4.36,
since the functions f&ml, Jo,z1 -+ fiz are supported on Hie[k] [:I:C'2705_0270N{i"]]1< for some
C20 € Z4) to conclude that there exist constants Cy1,C22 € Z4 depending on A, Cy, dj
such that, whenever N > C2715_C2»1, we have

‘<f2’zl,H%([§ My, < Mg]f2’$1>‘ > 02_,11502’1ND'“_D1,
where M7 = 02725*022 and My = 02725*02»2]\7*‘12. Integrating the above inequality over
x1 € X and using duality, we obtain
|(fo, TIE[< My, < Moho)| 2 6O NPs,

where ho(x) == fa(z)g2(x1) for some 1-bounded gy € L*°(K). This shows that Theorem 4.30
holds for j = 2, and iterating this argument, we conclude that it holds for all j € [k] with
constants Cj1,C)2 € Z4 in place of C1 and Cy, respectively. Finally, the implied constants
Cj1,Cj2 for each j € [k] can be taken to be uniform in j € [k]. This completes the proof of
Theorem 4.30. ]

4.4. Gowers norm control. In this subsection, we will begin the preparation to prove
Theorem 4.33. The first step involves the PET induction technique, which is a method
going back to the work of Bergelson and Leibman [8], with a coefficient tracking scheme
as in [80]. The primary tool of PET induction is the following variant of van der Corput’s
inequality.

Lemma 4.38. Fiz g € L'(K) and an interval J C K. Then

2 ag
)2 00| < 2B ETEE 5 () Ana(y)
for every H € Ry such that 1 < H < |J|g.

Proof. We first insert an extra average in h € [H|g and then apply the Cauchy—Schwarz
inequality. ([

An important consequence of Lemma 4.38 is the following simple lemma.

Lemma 4.39. Fiz an interval J C K and H € Ry such that 1 < H < |J|g. If g1 € L=(KF)
and gy € L>®°(K*1) are 1-bounded functions such that

lgillpr gy <o and Sup g2, 9)ll gy < @ (4.40)
y
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for some o € Ry, then one can find n € C such that |n| < 2H|J|g" and

! 2
‘Q/Kk Gl(w)E2§J92(x,y)d)\Kk(x)

does not exceed the following nonnegative expression
2 )\IK [HIg LB
. - ]EyeJEth g2(7,y)g2(x, y + h)dAgk (x) + 1.

Proof. We first apply the Cauchy—Schwarz inequality and Lemma 4.38, and then observe
that 1;_p can be replaced by 1; in the resulting bound at the cost of an error term n € C
satisfying |n| < 2H|J|;". O

Fix L € Z4 and a family {Q; : | € [L]} of polynomial vectors Q; == (Qr1,...,Qx). We
say that @, is constant if each component @);; is constant.

Proposition 4.41. Fiz N € [1,00), k € Z+, L € Z4, ly € [L], « € Ry, and a family
{Q, : 1 € [L]} of polynomial vectors that are not constant. If fo,f1,...,fr, € L°(K¥) are
1-bounded, with L'(K*) norms bounded by o, and

(@) v, [T e = Qua))dree ()| = ¢
le[L]

for some € € (0,1], then for every o € (0,€2/10] with g9e®>N > 10, we have

2
‘ /Kk VeIV H fi(z — @ (y))fi(z — Ql(y+h))d)\Kk($)‘ >

le[L]

for all h belonging to a measurable set H C [£eoN]k \ [Feoe?N/10%k such that |H|g >
£0e2N/10%. Thus, for all h € H, substituting x — x + Q,,(y) yields

ye[N]K II st (y))dAgr (@ )’ >

=%

‘Oé Kk

(4.42)

|—l‘m
)

2

S

‘a K’“
for some integer L' < 2L — 1, where fy(z) is the product of all factors independent of y,
the mnew family {@), : I' € [L']} of polynomial vectors consists exactly of those @ — Q,
and Q(- + h) — @, that are not constant, f}, is either f; when Q =Q - Q,, or i when
Q) = Q- +h)— Q,, and, consequently, fo.,f,,...,f;, are 1-bounded, with LY (K*) norms
bounded by .

Proof. It suffices to apply Lemma 4.39 with g1 (z) = fo(z) and g2(z, y) = [[;¢y) fi(2— Qi(y)),
noting that gi, go are 1-bounded and satisfy (4.40). O

Repeated applications of Proposition 4.41 according to the PET induction scheme allow
us to control the left-hand side of (4.34) by Gowers box norms.

Lemma 4.43. Under the assumptions of Theorem 4.33, we have

M _
T fll2 o = 01 (4.44)

hEKT e (R)[EH Igeps...res (R)[£H g e,
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for some integers s, T, C > 2 bounded in terms of A, Cy,dy, some nonzero multilinear poly-
nomials c1(h),...,cs(h) of degree di, — 1 with coefficients in K that are bounded in terms
of A and dj,, some H' € K such that H > C~'6°N, and PRT Hy = AKH, @ @ AK Hy
where each H; is an interval of the form [+H|x for some H € K such that H > C~'6¢N.

In fact, Kravitz, Kuca, and Leng [63] have recently proven this exact Gowers box norm
control result in the case K = Z when P, ..., P; have bounded coefficients (as a special case
of their Proposition 4.8). Their argument goes through with no change when Pi, ..., Py are
merely admissible, and thus Lemma 4.43 holds for this more general class of polynomials we
consider here, in both cases K = Z and K = R. We omit the details.

When K = Z, averages of Gowers box norms such as those appearing on the left-hand
side of (4.44) can be bounded in terms of U®-norms using concatenation theorems. The first
concatenation theorem was proven by Tao and Ziegler in [94] for the purpose of obtaining
asymptotics for polynomial progressions in the primes. Although it was applicable in very
broad generality, their concatenation theorem was purely qualitative, as the proof of Tao and
Ziegler produced no explicit bounds. Peluse and Prendiville [82] (for the averages of Gowers
box norms arising from the nonlinear Roth configuration) and Peluse [80] (for more general
averages of Gowers box norms) proved the first quantitative concatenation theorems, which
had polynomial bounds. Applying an even more general quantitative concatenation theorem
of Kravitz, Kuca, and Leng [63, Theorem 1.10] (see also [64]) with polynomial bounds proves
the following key theorem in the case K = Z.

Theorem 4.45. Fix A € [1,00), Cy € Zy, and k € Zy, and let P be a polynomial map-
ping satisfying (4.1)—(4.3). Then there exists a large constant Cy € Zy depending only on
A, Cy, dy, such that the following holds. Assume that § € (0,1] and N > C,.6=C=. If each P; is
(d;, 6, N)-admissible with tolerance A, and fo, f1,..., fr € L°(KF) are 1-bounded functions
supported on I = Hz‘e[k] [j:Coé_CONdi]K, then we have the following implication

(AR S Jo)| 2 NP = Wil 2 C796%, (4.46)

with H, = 7Co6~“°N% and an integer s > 2 bounded in terms of A, Cy,dy.

To deduce Theorem 4.45 from Lemma 4.43 in the case K = R, one can simply use the
pigeonhole principle to find h for which ¢i(h),...,cs(h) 2 4.4, §94.a, (1) Nde—1 apq

2° Oa,d4, (1)

||fk||Dzl(h)[iH,]]Kek »»»»» catmy A e D RACoudy I
apply suitable changes of variables to replace ¢;(h)[+H'|x by [+H;]x, where H; ~4 ¢, .4,
§94ax M Nk for each i € [s], and then use the Gowers-Cauchy-Schwarz inequality (4.26)
and the support of fi to replace each [£H;|g by two intervals [£H,|x of uniform length,
thereby also replacing s by s+ 1. The U®-norm appearing on the left-hand side of (4.46) can
be interpreted as an average of one-dimensional U®-norms with respect to the last variable:

el = Tl [ Mo DB, gt (o)
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4.5. Degree lowering. In this subsection, we carry out the degree lowering argument,
following the broad outline of [80, Sections 7 and 8] while overcoming new difficulties that
arise in the multidimensional setting.

As before, K is either Z or R with the corresponding dual groups Z=T (identified with
[-1/2,1/2)) and R = R. The dual group K is endowed with a canonical norm: 1€llx =
dist(¢,Z) when K = Z and [[¢]|; := [£] when K = R.

4.5.1. Degree lowering preparation. First, we collect the tools used in the degree lowering
argument. The following result is the inverse form of Weyl’s inequality when K = Z, and of
van der Corput’s lemma when K = R.

Proposition 4.47. Fiz P € K[t] of degree d € 7., of the form P(t) = &gt + -+ &1t 4+ &.
Then there exists a large constant C' € Z, depending only on d such that, for every e € (0, 1]
and N > Ce=C, the following holds. If

Epf i, e(P(1)| > e,

then there exists a positive integer q € [Ce~C] such that
lg&illg < Ce™“N~
foralli € [d]. If K=R, then we take ¢ = 1.

The proof for K = Z can be found in [45, Proposition 4.3], whereas the case K = R is
the classical van der Corput lemma for oscillatory integrals with polynomial phases; see [87,
Proposition 2, p. 332] or [1, Theorem 1.1, p. 13].

The following simple lemma will also be needed.

Lemma 4.48. Fizr o € R and v € Ry. If |a — u| < « for some u € Q, then, for any
M € [1,00), one can find m € [£M] and 6 € [—1,1] such that

Y Y
= T 9L,
o =1u-+ mM + i
Proof. We take m = | M(a —u)y~!] and 0 :== M(a — u)y~ ' — m. 0

To state the next lemma, we will need some notation from [80]. For any s € Z4 and
X C K%, let 4(X) denote the set of 3s-tuples

(1#’,...,k§1>,k§2),...,k§2>,k§3),...,kg3>> € K3

such that
(K2, B0 R, k) e X

for all w € {0,1}*. The following lemma is analogous to [80, Lemma 7.4], and is proved in
the same way.

Lemma 4.49 (Dual-difference interchange). Fiz Co,s,d € Zy. Then there ezists a constant
C € Z4 depending only on Cy, s,d such that the following holds. Assume that 6 € (0,1] and
N > C65C. Let C’alécONd < H < Cy6~ N and let $H C [H]%(S be a measurable set such

that )\ﬁ?s(ﬁ) > CglécOst. Consider F(x) := E?E[N}K

K x [N]g > (z,t) — Fi(z) € C

Fy(x), where the map
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is measurable and, for each t € [Nk, the map K > z — Fy(x) is 1-bounded and supported
on J = [£CoN%g. If

2

>\®2s _ -
Bk nryes ‘|J|K1 /K[ (heh)iey F@)e(@(h, R)z)dAg ()| = Cy 15C0
for some measurable function ¢: $H — K, then
2
)\®33 B
Eke[HPS ‘\J!K / Gr(z )a)dg(z)| > C~1C,

where, for all k = (kgl), ol kﬁl), kzgz), el k:§2), kig), cel k:§3)) € Us(9), we have

A/

A
G =E’¥
( ) (k-EQ) 7k£3))i€[s]

te[Nk Fi(z)

and ¢¥: Os(H) — K is given by

b(k) = 30 (SO, RO, D) ety

we{0,1}¢
We will also need the following variant of [80, Lemma 7.5].

Lemma 4.50. Fiz s,Cy € Z4. Then there exists a constant C' € Zy depending only on
s,Cy such that the following holds. Let M,H € [1,00), ¢ € (0,1], and, for each i € [s], let
o K? — K be a measurable function independent of the (s+1i)-th variable. If Co_lesCOM <
H < Coe=%M and f € L®(K) is a 1-bounded function supported on J = [+M]g and such
that
2

> €

T | A€ Z@h B ) dr ()

)

h h’e[H]K

then we have HfHU5+1 ) = C—1e”,

The next lemma has no analogue in [80], and addresses the added complexity of executing
a pigeonholing argument in the multidimensional setting.

Lemma 4.51. Fiz s € Zy. There exists a constant C' € Z depending only on s such that
the following holds. Assume that § € (0,1] and H > C5~C, and set B = [H]¥. Then

one can find a measurable function ¢: B — K and an exceptional set Ky C Og(B) with
| K ylkss <200 2H YO(B)|gss such that if k € O4(B) \ Ky, then

g (k)|lg > 6~ H
holds for all g € [67Y], where (k) is defined as in Lemma 4.49.

Proof. We will consider the cases K = Z and K = R separately.
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Case K = Z. Define a random function ¢: B — T by choosing each value ¢(h, h') indepen-
dently and uniformly at random from T. Set

M:={£eT:|g|lr < 'H ' for some positive integer ¢ < 5 '}.

Note that Ap(90t) < C62H 1. Moreover, we have [s(B) = [H]?*, and for any €1, ...,c9s €
{—1,1} and distinct pairs (b1, h}),..., (has, b)) € B, the function ) 95 i (R, h!) is also
uniformly distributed on T. We split Ug(B) = K7 U Ko, where

Ky = {k e P kP # k) for all i € [s]}

i€

and Ky == [H]** \ K;. Then Ey[lon(1(k))] = Ap(IM) for k € K7, where E, is the expected
value over the possible choices of ¢. Consequently, we have

E¢>[ > lm(d(k))
ke[H]3s

by |K1|zss < H3® and |Ka|yzs: < CH3¥~1. Thus, for some ¢: B — T, we have
> (k) <206 2H!

ke[H]3s

<> A+ Y 1< PHT B 4 oHP
keK, keKo

and this ¢ has the desired properties.

Case K = R. Fix a large integer n € Z to be determined later, and split [H]g = U ;cs J,
where J = {J; C [H]y : i € [2"]} is a family of 2"® dyadic cubes, each having volume
27" H?®. The cubes in J are essentially disjoint, i.e., their interiors are disjoint. Define
¢(h, W) = 3 icpns 201~ =11 ;. (). Let Jy consist of all pairs (J,J') € J? of cubes
with essentially disjoint sides. We split (s(B) = K1 U Ko, where

Ky = {k € [H]F : k(504 € J, k2535 € J' for some (J,J') € To}

and Ko := [H]3* \ Ki. Note that [¢)(k)| > §"'H~! for almost all k € K;. If k € Ko, then
k(525 € J and ko, 3, € J' for some J,J' € J, which have at least one side in common.
This gives |Ka|gss < s27"H?® < H3*~! provided that n is sufficiently large in terms of H
and s. Hence,

/[H]3S Upss-1m-1) (Y (K))dAss (k) = / D111, (Y (K))dAgss (k) < H>!

K>

and ¢ has the desired properties. O

4.5.2. Conditional degree lowering argument. We will now carry out a conditional
variant of the degree lowering argument following [80, Section §].

We will use the convention that K° := {0} denotes the trivial vector space endowed
with the Dirac delta measure Ago at zero. As in Definition 4.32, for any polynomial
mapping P = (P,...,P.): K — KF, we will write P = (Pr,...,P): K — K! and
Psi = (Py1,...,P): K — KFso that P = (P, Ps) for any | € [k — 1]. Moreover,
let P~o == P<j :=P. We analogously define P; := P<;—1, P>; = Px—1, and Py, 1), Pim e
for m,l € [k] with m <.

Our main result here is the following.
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Lemma 4.52 (Conditional degree lowering lemma). Fiz an integer s > 3, A € [1,00),
Co€Zy, k,leZi \{1}, meZy withm <1<k, anddy,...,dy € Zy withd; < --- < dy.
Then there exists a large constant C' € Z4 depending only on s, A, Cy,d, such that the
following holds. Assume that 6 € (0,1] and N > C5~C. Let P = (Py,..., Py) be a polynomial
mapping as in (4.1), where each P; € K[t] has degree d; and is (d;,d, N)-admissible with
tolerance A. Assume that Cyt6CONdm < H < Co6~CO N, Let fo, f1,..., fm—1 € L®(K™)

be 1-bounded measurable functions supported on I<,, = Hie[m] [+Co0~N%]g. Given a
measurable mapping & = &1 = (Emtty -, &) K™ — K™ and a frequency vector n =
Nk = (g1, - me) € KEL define
m—1
Fon(w) =Byl folw + Pu®) ( T] file = Pitt) + Pu®))) - (6, m)(a,1),
=1

where P;(t) .= P;(t)e; fori € [m] and
(& n)(z,t) = e (§(x + Pu(t) - Pinyg(t) +n - Poi(t))
for x € K™ and t € [N]|g. We have the following degree lowering implication

HFmHU[SH]KEm(ISm) > Cy 6% = ||F, HUS (e 2 c~1e¢
provided that Condition 4.53 formulated below is satzsﬁed.

Condition 4.53 ((m,l)-major arc condition). For A, k,l,m,dy,...,dx, P as above and
co € Zy, there exists a large constant ¢ € Zy depending only on A, cy,dy such that the
following holds. Assume that 6 € (0,1] and N > ¢6~¢, and that each P; € K]t] is (d;, 5, N)-
admissible with tolerance A. Let go,g1,...,0m—1 € LOO(Km_l) be 1-bounded measurable
functions supported on J.p,, where Jo1 = {0} = K° and Jo,, = Hie[m—l] [£cod ™0 N4 |k
if m > 2. Given a measurable mapping ¢ = (. = (Gm,---,Q): Km=1 5 KRi=m+1 gnd q
frequency vector 6 == 0 1) = (Or41,...,0k) € Kk_l, define Gy, € C by

m—1
L 9022, ( TT 90 = PieD)e6w) - Pin(0)+0- o)1 0)
i=1
with P;(t) == P;(y)e;. Set Dy :=di +---+d, forn € [k] and Dy :=0. If

|G| > gt NPm-1, (4.54)

then we can find an integer q € [c6~°] and a measurable set Y C Jop, such that |Y |gm-1 >
c LN Pm=1 and, for every y € Y, we have

! k
> NGlaG Wi+ Y- NUlabillg < ed™. (4.55)
j= j=l+1

If K =R, then we take g = 1.

Note that, in the special case m = 1, condition (4.54) can be rewritten as

|00 B € (C(0) - Py (1) + 0+ Poa(8))| = 55,
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This condition implies (4.55) by Lemma 4.47, since the polynomials P, ..., Py have distinct
degrees. Thus, the major arc condition for m = 1 holds. In order to verify Condition 4.53 for
m > 2, we will adapt an induction argument from [80] using the conditional degree lowering
argument from Lemma 4.52.

Proof of Lemma 4.52. The proof is broadly similar to the analogous argument in [80], with
the main difference being the need for a more elaborate pigeonholing argument to deal with
the dependence of phases on multilinear fixed variables. We will proceed in a few steps and,
if necessary, we will distinguish between the cases m > 2 and m = 1 in each step. In order
to ensure consistency in our arguments and notation, when m = 1, we will identify K' with
K° x K by setting K 3 2 + (0,2) € K'. We notice that the spaces of measurable functions
L°(K) and L°(K') can also be identified by declaring L°(K) 5 f — 1oy ® f € L°(K'). From
now on, when m = 1, we will make use of these identifications and assume that all functions
f € L°(K) are defined on the product space {0} x K with the product measure Ago ® Ag.
We will also abbreviate F;,, and G, to F' and G, respectively.
Step 1. By (4.20), we obtain
4®2(s=2) B .
Ehﬂfh,e[H]%—Q”A/(hoem,h’oem)FHZLU[?H]Kem([Sm) > (CO 1500)2 ’

where h o ey, = (hiem, ..., hs—2em) € (K™)*72 for h = (hi,...,hs_2).
For any T<p, = (21,...,Tm_1) € K™, where x4 == 0, we set

Foooo(@m) = F(@cm,m) = F(x1,...,Tm-1, Tm), zm € K.

We observe that, for some constant €1 € Z4, the function F,_,, is supported on the set
Jm = [£C16~C Nk for any 2., € Jopm, and F,_,, =0 for any z.p, ¢ J<p,, where Jop,
is as in Condition 4.53 with C] in place of ¢g.

By the popularity principle and Proposition 4.27, for some constant Co € Z, there exists

a subset X<y, C Jop, with | X [gm-—1 > 02_1502|J<m|Km—1 such that if z.,, € X<, then

m—1
(emst) > ol + Pr(®) ( T] file = Patt) + Pon(0))) - (€,m)( ),
i=1
where © = (<, Tm ), is @ measurable function from Kx [N]k to C, and there is a measurable
set H,_,, C [H]]?és—2) with

‘Hx<m|K2(s—2) > 02_1502 [H]]?g(sfz)

K2(s—2)

such that, for every (h,h’) € H,_, , we have
|\ F(x<m, b, b5 € > C5 1602 N2m (4.56)
for some ¢’ € K/, where K’ C K is a finite set independent of z<y, € X<, and

Fram b 3€) = /K Aloer ooy Fecon () e(€ Bm) i ().

We can take K’ finite, since K 3 & — F(x<pm, h, h';&') € C is continuous.
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Moreover, by (4.56), for every x<,, € X<, and (h,h’) € H, we have

T<m?
| F(2<m, by B ¢, (B[P = Oyt 6C2 NP0 (4.57)

for some measurable function

Jam x [HIZ 2 < [HE? 3 (@<m, by h) = ¢po,, (R B) €K

such that ¢,_, : [H]%(S_Q) — K is measurable for every z<m, € Jom.

Step 2. For every k = (K", .. k0, 62 k@ kP k) € K362 we define
the corresponding projections k() := (k%b), .. ,ki )2) for « € {2,3} and difference operators
Akiem = Dla@oen k®oc)"

Fix <y € X<y By Lemma 4.49 applied to (4.57), we can estimate

®3(s—2) 2
>\K

e 915 (0| G )l () )

from below by a constant multiple of §©) N2dm where
w 1 1 w142 Ws 2
¢x<'m(kz) = Z (_1)| |¢$<7n(k§_ )77k.§—)27k§. o )7"‘7k§—2 2t ))
we{0,1}5—2

and, denoting = == (z<pm, zm) € K™ for x,, € K, we define G,_,, k(xm) by

E) e Mk fol@ + Pra()) H e Jil@ = Pilt) + Pn(1))) Al (€)@, ).

By the popularity principle, for some constant C5 € Z,, if x<p, € X<, then the set
defined as the set of all k € Og_9(H,_,,) such that

:E<m7 T<m

| [ Gacrnlam)e(w s (00m) )| = €5 57N,
K

is measurable and satisfies |K,_,, |gse—2) > 051503][H]H3§(S_2)\K3(S,2>.
Step 3. Consider the following measurable set

7 = {(x<m, k) € Jem x Oua((H2* ™) 2oy € Xy and k € me}

and its sections Zg = {z<m € Jem : (T<m,k) € Z}. By Fubini’s theorem, for some
constant Cy € Z,, there is a measurable set K C D372([H]§é572)) with |K|gse-2 >
C; 16040y _o([H]2" ) |gacs—2) such that if k € K, then

| Zielgm—1 > C; 8% T o |gm— (4.58)

and Zp, has the property that k € K and z.,, € Zp together imply k € K.

T<m*
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Step 4. Let C5 € Z be a large constant to be specified later. By Lemma 4.51, we can find

a measurable function ¢: [H]]%(S*Q) — K and an exceptional set E4 C Ds_g([H]HQé#Q)) with

Balessn < C(s)C26-25 1|0, 5((HPC?) : (4.59)

K3(s—2)
with a constant C(s) depending only on s, such that if k € DS_Q([H]]%(SiQ)) \ Eg, then
lqp(k)||z > Cs6~“*H! for all ¢ € [C5675] and (k) as in Lemma 4.49. In the case
m > 2 we adjust the definition of the function ¢, _, by setting v¥;_ (k) = ., (k) if
(T<m, k) € Z and ¢, _ (k) = 1(k) otherwise. Let K* be the set of all k € K such that the
map T<y, = Py_ (k) is measurable. We have |K*|ygs-2) = |K|gss-2. From now on, we
will not distinguish between 1,_,, and 1}, and 1), _,, will refer to the adjusted version.

T<m’

Similarly, K will refer to K*. For all k € K, by the definition of K,_,, and (4.58), we have

/ / Gx<m:k(xm)e("¢x<m (k)xm)dA g (2m) |[dAgm-1(T<m) 2 5O N Pm
Km-1 1 JK

with some implicit constants that are chosen independently of Cs.
Step 5. Next, we will show that Condition 4.53 can, essentially, be applied to the inequality
above. By duality, we have a lower bound of the same order for

L | @Gk @)oo ) dhsen s () (460)

with some 1-bounded g} € L>°(K™™!). Since Al (& m)(z,t) has the form

o[ X DM+ Pt + (@ Een + (1 w) kD )em) Py (®)),

we{0,1}5—2

after the change of variables x,, — x,, — Py, (t) we can rewrite (4.60) as

| B@E, (HA i = Po(t) )l @) - P ()i 2,

where f(z) = g4(v<m)Dl., fo(z)e(u.,, (k)zm), and the measurable mapping le]
Gy -5 K™ — K!=™ is defined by setting ¢/, () = —,_,, (k) and
Ga)= Y (DM@ + - EP)em + (1 -w) - k®)ey) for e [l]\ [m].
w€{0,1}572

By the pigeonhole principle, we can find x,, € I, for which the integral

/Km I WEE (H 9i(y = Pi(6)) ) e(Gn. (1) - Pim (1)) A1 (1)

admits a lower bound of order (Y NPm-1_and the functions above are the corresponding
sections of the previous ones, i.e., we have go(y) == fj(y, zm) and g;(y) == A, e fily, xy,) for
i€ [m—1], and G;(y) = (;(y, xm) for i € [I] \ [m — 1] so that (y g = (Gms---,¢): K™ L
Kl—m-ﬁ—l‘

Now, the (m,l)-major arc condition can be applied to the last integral, yielding that the
following holds for some large ¢ € Z, independent of Cs. For each k € K, we can find a
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positive integer g € [c6¢] and a measurable set Yo, € J<p, such that |Yep, glgm-1 >
c 166 J o |gm—1 and

||qk¢x<m (k)HK < C(S_CN_dmy T<m € Y<m,k-

Then, by the pigeonhole principle, we find a constant Cg € Zy (depending on ¢ and Cy,
but not on Cj), a measurable set K’ C K with |K'|gs—2) > 06_1506|DS_2([H]§<(S_2))|K3<572),

and ¢ € [C60~%] such that
lat o (R)llg < Cod™ N, k€ K, 2em € Yemp.

We can assume, without loss of generality, that

Yemp = {wem € Jem : latiac,, (k)| < Cod= N0},

and |V glgm-1 > Cg 10| Jopm|gm-1. If K = R, then we simply take K’ = K, which is
possible because g = 1 for all k € K.

Step 6. We now specify C5 > 2C,Cs to conclude that, for every k € K’ if vy, € Jop \ Zg
and T<pm € Yok, then, necessarily, k € Ey. By using (4.59), together with the assumption
that N > C6~C for a sufficiently large constant C' € Z., and by Fubini’s theorem, we obtain
that, for some constant C7 € Z,, there is a measurable set X_,, C X, with

X liem—1 > C7 1 697 [T [gem—1

such that if z<,, € X_ , then there is a measurable set U,_,, € K’ with

—1¢C 2(s—2
Vsl = G167 Dua (H)|
and with the property that x-,, € X/<m and k € U,_,, together imply x<,,, € Yo N Zi
and ke K,_,, .
Step 7. Let My := 6’6_108506*08 for a large Cs € Z to be specified later. By Lemma 4.48
and the pigeonhole principle, there are measurable sets X7, C XL with | X7, |gkm-1 2

<m
50(1)|J<m|Km*1 and V:v<m - Ul‘<m with

2(s—2
Ve amlkse—2 2 5o DS_Z([H]K( )) K3(s—2)

such that, for some a,b € Z satisfying |a| + [b| <670, if z_,,, € X", then

<m>

a b 0., (k) )

o, (K) = — <m th |0,_, (k)| <1

for all k € V,,_,,. Here, it is crucial that v, _,, (k) is the original function from Step 2, since

Tem € X2, and k € V,_ . together imply (x<p,, k) € Z.

Set Q1 == {w € {0,1}*2? 1wy = 1}. For ., € X”,, define néljm(k:) by

w (1) (1) p(wi+2) (ws—2+2)) , @ b
= 3 DM, (KD, B B Ry >+E+W

weN
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so that ngm does not depend on kEQ). Similarly, for each i € [s — 2] \ {1}, set Q; = {w €

{0,1}*72:wy = -+ =w;_1 = 0, w; = 1} and define ng(flm(k) by
_ Z Dlg,_ <k§1)’ o kg)% k§“1+2) ' ,kﬁf" 2+2)>
we;
so that ng(fzm does not depend on kl( ). Note that if k € Veem, then
M) @) @y _ (@) ) 1
¢x<m( v ce 7ks 29 k ce k;sz) ‘6[222} 779c<m (k) - M(<)Ndm - MONdm :

Step 8. By the pigeonhole principle, if <y, € XZ,, then there exists a parameter hg<m €
[H]5? for which the corresponding set
={(h,h') € H

T<m

:(h,h/ b YeVy .}

1'<m
satisfies |Hy_ |g2-2) 2 60(1)\[H]%572)\K2(572). If Cg € Z is large, then

)\®2(s—2) 2

(h,h')eH!

Tm

s—2
Em /A(hoem,h/oem)F33<m .%'m He nx< (h7h/7hg<m)xm)d)‘K(wm)

=1

admits a lower bound of order §°) N24m thanks to (4.57).
Applying Lemma 4.50 for each fixed ., € X7, and integrating over all <, € X7,
s O(1
we conclude, by positivity, that HFHU[&E]E(%(ISM > §00), O
4.5.3. The major arc and degree lowering lemmas. Our goal is now to prove an un-

conditional version of the degree lowering lemma. To do this, we will need to verify that
Condition 4.53 always holds.

Lemma 4.61 ((m,!)-major arc lemma). Fiz A € [1,00), Cy € Zy, k,l € Zy \ {1}, m € Z4
withm <1<k, and dy,...,d € Z4 with dy < --- < dg. Then there exists a large constant
C € Zy depending only on A, Coy,dy such that the following holds. Assume that 6 € (0,1]
and N > C5~C. Let P = (Py,...,P) be a polynomial mapping as in (4.1), where each
P; € K[t] has degree d; and is (d;, 0, N)-admissible with tolerance A. Let go, g1, .., gm—1 €
L>®(K™ 1) be 1-bounded measurable functions supported on I, where I.1 = {0} = K°
and Iy, = Hz‘e[m—l] [£Co6~ON%]k if m > 2. Given a measurable mapping ¢ == ) =
Gy Q) KM=1 — RIEmH gnd q frequency vector 0 == Our) = (Orp1,---,0k) € Kk~
define G, € C by

/Km 7 EtA?[N (H 9i(y — Pi(t ) (C() * Pl (t) + 0 - Py () dAgm—1(y)
=1

with P;(t) == P;(y)e;. Set Dy, :=di + ---+d,, forn € [k] and Dy :=0. If
|G| > Cyt6Co NPm—1] (4.62)
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then we can find an integer q € [C6~C] and a measurable set Y C Iy, such that |Y |gm—1 >
C~ 1O NPm—1 and, for every y € Y, we have

[ k
SONYaGW)llg + D> Nlghllg < C67C. (4.63)
j=m j=l+1

If K =R, then we take g = 1.

Observe that inequality (4.62) is exactly inequality (4.54) with ¢ = Cy. Thus, Lemma 4.61
verifies the (m,l)-major arc condition, thereby establishing the degree lowering lemma un-
conditionally; see Lemma 4.70 below.

Proof of Lemma 4.61. In the discussion following Lemma 4.52, we have already observed
that Lemma 4.61 holds for m = 1 and any k,I € Zy \ {1} such that m <[ < k. In
other words, the (1,l)-major arc lemma is true, establishing the base case of an induction
argument. Let k,l € Z4\{1} be fixed and let m € Z4 be such that m+1 < [. Assuming that
the (m,{)-major arc lemma is true, we proceed inductively to show that the (m+ 1,)-major
arc lemma is also true. Let gg,g1,...,9m € L®(K™) be 1-bounded measurable functions
supported on I<, = Hie[m] [+Co0~“ N%]g. Let Cm1 = (Cmts -5 Q) K™ — K=" be

a measurable mapping and ¢ := 0 ) = (041,...,0k) € K*~!. Suppose that
|Gi1| > Cy1sGONDm, (4.64)

We now prove that (4.64) implies condition (4.63) with m + 1 in place of m.

Step 1. By making the change of variables y — y + P,,(t) in Gy,41, applying the Cauchy—
Schwarz inequality to double the ¢ variable, and undoing the change of variables, we obtain
that

m—1
| @By, (T1 90 = Pilt))CPanly = Pr(t)) - (€.0) 1m0
i=1

admits a lower bound of order 9 NPm  where F,,(y) is given by

m—1
By, 90y + Pm(t))( I 9w+ Pmit) - Pi(t))) (€,0)(y + Po(t),1)
=1

for y € K™, and we also define
(&) (y:t) =€ (Cmu®¥) - Pong®) +0ux - Pag(t)) for te[Nk, yeKm"
Step 2. We claim that the estimate from Step 1 implies that
ICEmllus,, . (1<) 2 g (4.65)
for some O N < F < §-O) Ndm and an integer s > 2 bounded in terms of A4, Cy, dj.

For this purpose, we need to eliminate the factor ({,0)(y,t) by applying van der Corput
differencing dj+1 times. More precisely, we apply Proposition 4.41 with the conclusion (4.42)
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for the expression from Step 1 repeatedly dj + 1 times and obtain a lower bound of the same
order for

)\®dk +1

K
IEhEH

/ E¥ H [I  CHlgia— Pit+w - h))dden(x)

i=1¢c{0,1}9% 1

with g, = CF,, and ¢} := g; for ¢ € [m — 1], and with some suitably chosen H C [:tN]El(’“Jrl
such that |H |ga,+1 2 5O(l)|[j:N]%k+1|de+1. We observe that, for each h € H, the family

{Pi(- +w-h):iecm],we {0,1}%+1}

consists of (dy,,d, N)-admissible with a new tolerance constant A" <4 ¢4, 1-

Now, we can apply Theorem 4.45, or more precisely, repeat the arguments used to derive
it. Namely, (4.65) follows by first applying [63, Proposition 4.8] (which, again, also holds
for admissible polynomials and when K = R) for each h € H and then, after averaging over
h, either applying [63, Theorem 1.10] when K = Z, or performing a change of variables and
applying the Gowers—Cauchy—Schwarz inequality (4.26) when K = R.

Step 3. By the induction hypothesis, the (m,{)-major arc condition holds. Thus, using
(4.65) and Lemma 4.52 repeatedly s — 2 times, we obtain that

HCFmH?ﬂ (I<m) = ’I<m|]12%m—1/ [CFm(z<m, )H L (Im) dAgm-1(T<m)
[Hlgem \ =™ Km—1

admits a lower bound of order 6°1). By the popularity principle and Proposition 4.27, we
find a measurable function ¢,,: K™~ — K such that

fow

Dualizing the left-hand side of (4.66), expanding F,,, and making the change of variables
x +— x — Pp,(t), we obtain that (4.66) can be rewritten as

/ Fr(3)e(Co (%< ) T ) dAR (@1, ‘d)\Km () = 0OV NDm, (4.66)

/ folx E??[N]K( H filx ) (&, 0)(z, t)dAgm (z) = §ODNPm

where f}(z) == go(z)g0(<m)e((m(T<m)Tm) for some 1-bounded function gj € L>°(K™ 1)
such that the integrand above is nonnegative, f; = g; for each i € [m — 1], and £ = {pp, ) =

(Emy-. &) K™ — K™ with €,(2) = —Cn(Tem) and & (z) == ¢(z) for i € [I]\ [m] and
z e K™

By the popularity principle apphed to the last integral, there exists a measurable set
Y, C I, such that |Y;,|g > 6% |1, |k and, setting

hi(z) == fl(z,2m) for €K™ ie Ny,
C(z) = &(z,zm) for € K™ i€ Ng\ Ny,

for every x,, € Y,,, we obtain that the integral

/Km ! @B (H hi(z — P ) (¢, 0)(z, t)dAgm—1 (x)
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admits a lower bound of order dMNPm-1 By the induction hypothesis, this estimate
implies that, for every x,, € Y;,, we can find a positive integer ¢,,, < —O0(1) and a measurable
set Yy, C I, satisfying |V, |gm-1 2 O NPm—1 guch that, for every y € Y., we have

ml
! k
> Nl G+ Y N, 05l < 070 (4.67)
= j=l+1
By the pigeonhole principle, we can find a positive integer ¢ < 6-°M and a measurable
set Y/ C Yy, satisfying |V, [k > 09 |I,,, |k for which the following holds: for every ,, € Y/,
there exists a measurable set Y, C I, satisfying |V, |gm-1 = 69 NPm-1 such that for
every y € Y, inequality (4.67) holds with ¢ in place of g,,. If K = R, then we simply
take Y, =Y,,, which is possible, since ¢,,, = 1 for all z,,, € Y,. Moreover, we can assume,
without loss of generality, that

l k
Ye,, = {y €Elcm: > NUaGWllx+ D> NUghjllg < C*éfc*}
j=m+1 Jj=l+1

for some 1 < ¢ < 5-9M and O, € Zy, and for all x,, € Y,),. Then the set Y, is measurable
and (4.63) holds with m + 1 in place of m by taking

Y = {(ya Tm) € o X Iyt T € Y7;1 and y € Yxm},

which is measurable and satisfies |Y |gm > 690 NPm by Fubini’s theorem. O
Having proved the (m,[)-major arc lemma, we can now establish the unconditional degree
lowering lemma. For [ € [k], a frequency vector & = &5 = (§41,...,&) € KFL and
functions f1, ..., f; € L®(K* Agr) we define a modulated variant of the multilinear average

from (4.4) by setting

PP
AT (s i) = B (T file = Pie))e(€ - Poa®)  (4.68)

i€(l]
for € K*, with P;(t) := P(t )ei'. From (4.68) we have AZ,S;;I’IZM Aﬁ e for any & € K*.
The adjoint operators A N<§l 117;? " for j € [I] are given by
P, Pk v P T
AN’Sé;K;l ](917 o) () = E?E[N]K( H gi](x - P;‘F] (t))>€(f - P=i(t)) (4.69)
1€]l]

for x € KF, with g;‘j = Clizig; and P;‘j(t) = 1,2 P;(t)e; — Pj(t)ej; see (4.6) and (4.8) for

Poxj
N;KFk*
Our concluding result here is as follows.

analogous formulae for A

Lemma 4.70 (Degree lowering lemma). Fiz an integer s > 3, A € [1,00), Cy € Zy4,
k€ Zi \{1} withl < k, and dy,...,dx € Z4 with dy < --- < di. Then there exists a
large constant C € Zy depending only on s, A, Co, di. such that the following holds. Assume
that 6 € (0,1] and N > C6~C. Let P = (Pi,...,P) be a polynomial mapping as in
(4.1), where each P; € K[t] has degree d; and is (d;, 0, N)-admissible with tolerance A.
Assume that C’alécONdl < H < Cod~%N%, Let fo, fi,..., fio1 € L®(KF) be 1-bounded
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measurable functions supported on I = Hz‘e[k] [+Co6~CON%]. For a frequency vector n =
(M1, .- ) € KEL define
Pt Paiol
F"](x) = ANVS,,;;]KI?I (fla--'vfl—lafO)(x) fO’I" xeKk

P<i,Psiy*l

with AN,n;Kk

from (4.69). Then the following implication holds:

F| ¢ > O 15C F| o > 015,
H ”U[H]]Kez(]) _CO 0 — H ||U[H];(€Z(I) =2

Proof. We first apply the popularity principle to reduce the matter from K* to K!, and then
appeal to the (/,1)-major arc lemma and Lemma 4.52. O

4.5.4. All together: proof of Theorem 4.33. Finally, we can complete the proof of
Theorem 4.33. We begin with the following intermediate result.

Lemma 4.71. Fiz A € [1,00), Cy € Z4, k € Zy \ {1}, and di,...,dy € Z4 with di <

- < dg. Then there exists a large constant C € Zy depending only on A,Cy,dp such
that the following holds. Assume that 6 € (0,1] and N > C5~C. Let P = (Py,..., Py)
be a polynomial mapping as in (4.1), where each P; € K[t] has degree d; and is (d;, 0, N)-
admissible with tolerance A. Let fo, f1,..., fr € L°(KF) be 1-bounded measurable functions
supported on I = Hz‘e[k} [+£Co6~CON%]k. If condition (4.34) from Theorem 4.33 holds, then

AP P _
(AR P2 () )| = ot (472)
for some 1-bounded measurable function fi € L>(KF) satisfying |f}| = |fo| and some fre-

quency vector (=1 = (Ca, ..., (p) € KF1,

Proof. Set Dj:=dy + ---+d; for all | € [k]. Given [ € [k], we will prove that there exists a
frequency vector (s; == ({41, - .-, () € KF~! such that

‘< Z?J;Ek(fl’ " '7fl),f0,l>‘ 2 6O NDx, (4.73)

for some fy; € L°(KF) such that |fy,| = |fo|. We prove (4.73) using backward induction

on [ € [k]. The base case | = k, with (> and P~ being empty vectors, follows from (4.34)
Z,Sgif%kk A% e We now assume that (4.73) holds for some [ € [k] \ {1} and
verify (4.73) for [ — 1 in place of [. Once the final case [ = 1 is verified, Lemma 4.71 follows.
Step 1. Define Fj(z) := Azgéf%f,’c*l(fl,...,fl_l,fgvl)(m). By duality and the Cauchy-—
Schwarz inequality, we may replace f; with Fj in (4.73) and obtain

PP
(AR5 o fios B, foa )| 2 69N DS,

As in Step 2 of the proof of Lemma 4.61, we obtain HEHU[SH] (n 2 69 for some suitably
K€l
bounded integer s > 2 and OV N4 < H < §~OW N, Then

4 -1 4 Oo(1
1Edlya, -y = Hinyeleres /Kk_l 1z e Ilug, @y (ae) 2 0 M

because A
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by Lemma 4.70, where we define xyye = (z1,..., 21,7141, - - r;) € KF! and identify
(rgye, z) with (21,...,71) € K*, and Slmllarly define Ige = H Ky [ EC00™ Co Nily
and I; = [£Cod O N%]x. We will also write Tiye = (T, v>1) and I{l}c = I x Iy for
Ty, i, I<p, Is; defined analogously.

By the popularity principle and Proposition 4.27, we find a measurable function & : KF1 —
K and a measurable set X~; C I; satisfying | Xs|gr—t = 090 |Is)|gr—t such that, for every
x> € X5, there exists a measurable set X7 C Iy sa‘msfymg ]X g1 20 (1)\I<Z\K171

with the following property: whenever z; € X w7 and o, € X2 we have

<l ’
‘/]KFl($<l,fUla$>l)€(‘f(33<la»T>l)$l)d)\K(93l) Zéo(l)Ndl- (4-74)

Step 2. For some large Cy € Z to be specified later, we can find a frequency &y € K such
that [|géollz > C16~C* N~ for all ¢ € [C16~7"]. Indeed, set

= {C ek: laCllx < C16~“*N~% for some positive integer ¢ < 015701} :

The measure of M does not exceed 1002621 N~ which is less than 1/2 provided that
N > €6~ and C is sufficiently large in terms of C;. Let & be any element of K\ 9. We
define &: KF1 — K by &2y, 251) = —E(wep, 25g) if 25 € Xy and 2o € X7/, and by
&(x<y, w>y) == —& otherwise. Then, with this measurable function ;, we obtain for every
rs; € X5 that

/ / Fi(x<, o, z51)e(=& (2, 251)2)dAk (27)
Ki-1 |JK

Step 3. For each x~; € X+, arguing as in Step 3 of the proof of Lemma 4.61, we find a
function go € L>(K*) with |go| = |fou| = |fo| and, by the pigeonhole principle, an element
x; € I; such that the integral

dgi-1(zy) 2 COND,

/Kl 9 Ejg[N (Hfl Pi( ) e((&u(w<r, x>1), C) - Poi(t))dAgi-1 (z<1)

admits a lower bound of order 6O NDi-1,

Applying the (I,1)-major arc lemma and the pigeonhole principle, we find a positive
integer ¢ < 6-9() (if K = R, then we take ¢ = 1) and a measurable set Ym>l C I.; such
that [V g1 2 SOM| I |ki-1 and, if xo; € Y7, then ||g§(zap, o51) || < 025 C2 N~ for
some absolute constant Cs € Z4 independent of Cy. If C > Cs, then

|Yx>l ﬂXx>l|Kl 1= ‘YI>Z‘K1 1 2 §9( ’I<1’Kzf1

by the definition of & and our choice of &, € K \ M. Let My = C5 10566205 for a large
constant C3 € Z4 to be specified later. We use Lemma 4.48, followed by the pigeonhole
principle to find a frequency (; € K and measurable sets Z>l C X satisfying | Zs|gi-1 2

MIo|gi—1 and Z270 C Y satisfying [ 227" g1 2 SO I|gi-1 for every z+; € Z>1
and such that

it w51) — Gl < Mg TN~ (4.75)
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Such a choice of (; € K is possible, since the function & K*~1 — K is measurable and we
have at most O(6~°(M) possibilities to choose ¢; € K, which is clear from Lemma 4.48. Now
inequality (4.74) implies that

)/go E?é(N] Hfz r— P ) (Ci(z <ty 1), C51) - Poi(t))d Ak (1)

admits a lower bound of order 69V N where g) € L=(K¥) is a 1-bounded function sat-
isfying |gq| = |fol- If Cs is sufficiently large, then, using (4.75), we can replace &(z<;, x>7)
with (; in the integral above and obtain (4.73) with [ — 1 in place of | and with a 1-bounded
function fo; 1 € L>(K¥) such that |fo;_1| = |fou| = |fol- This completes the proof of the
lemma. O

Now, we can finally prove Theorem 4.33.

Proof of Theorem 4.33. Recall that D :=d; + ---+ dj. For k > 1, we apply Lemma 4.71 to
find a frequency vector (s € K*~! such that (4.72) holds. By the popularity principle, we
find a measurable set X C I+ satisfying | X|ge-1 > 6% |Is;|ge-1 and such that for every
z>1 € X we have

| [ 80 @By @ = PUO)e(Gor - Por(®)dd@)] 2 620N, (4.70)

whenever N > §=9W) where f'(z) = fi(z,2>1) and g,., € L®(K) satisfies |g,-,| = |fol-
For k =1, we have e((>1 - P>1(t)) := 1 above and so (4.76) holds. We will proceed in a few
steps, now fixing z~; € X and assuming that N > C,6~¢* for some large C, € Z..

Step 1. Applying the Cauchy—Schwarz inequality to (4.76), we obtain

[ Fous 22y 2 6O ND/2, (4.77)

with oo, () = B /(@ — PL()e(Cor - Por(8)), since llgas, iz S N/2. By (4.77)
and Plancherel’s theorem, we obtain

OCIND S Fo T2 = 1P (P ) gy (4.78)

where, upon making the change of variables x — x + P;(t), we have

Fr(Fosi)(§) = fl,ka1(§7$>1)E£\§[N]K e(§P1(t) + (51 P>1(t)).

Step 2. Let M € Z, be a large constant to be specified later. By Proposition 4.47, there
exists a large constant C; € Z. depending only on A and dj, such that if N > C, M¢1§— 1M
and

BNy, (P (D) + Cor - Pon (1) > M16M, (4.79)
then there exists an integer ¢ € [C1M©16~C1M] (if K = R, then we take ¢ = 1) such that
”ngK < ClMcl(S_ClMN_dl,

Here, it is crucial that the polynomials P, ..., P, have distinct degrees.
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Set C' == 4C/ M. Fix My = C'6 ", My = C'6 " N~%_ and a smooth and even
function n: R — [0, 1] satisfying (2.4), and set nj<pp)(§) = n(My L) for ¢ € R. In order to
distinguish between major and minor arcs, let us define

Ek(§) = Z N< ) (€ — 0)'/?

K
0eRE

with RZ,, = R<p, and RE ), = {0}, where R<py, is given in (4.12). If K = Z, then
=2 is the Fourier transform of the Ionescu-Wainger projection from (4.13), since Zg(£)? =
ZGER<M Ni<) (§—0) by the disjointness of the supports of < ] (6—6)'/2 when 0 € RHEMI.

To ensure disjointness, we used the condition N > C,6~%*, assuming that C, € Z, is large
with respect to C".
Step 3. Using Zk, we can write Fg(Fy.,)(&) = G1(§, x>1) + G2(§, >1), where

Gi(§,2>1) = Frgef1(§ 2>1) - Eté(N]K e(§P1(t) + (1 Psa(t)) - (1 —Ex(€)),
Ga(€ ws1) = Fuyr fi(€ w1) - By e(€PL(E) + Cor - P (1)) - Exe(€).
By (4.79), we have |G1(§, z>1)| < M10M|F) gr f1(€, #>1)]. Thus, we have
1G1(- w1l gy < MHMNE

by Plancherel’s theorem, since fi(-,x~1) is 1-bounded and supported on a set of size con-
trolled by N9, If M is large, then the above bound and (4.78) yield

| Frge L @51) - () oy 2 0O N

by |G2(§, 2>1)| < |Fy ke f1(§, 2>1) - Ex(§)]. Integrating over X, we obtain that

Lo [ R asn B & o) @€ dha s (1)

admits a lower bound of order 6V NP, By Plancherel’s theorem, we have
|[(f1, T [< M, < Mol f1)] 2 69 NP
This establishes (4.35) and completes the proof of Theorem 4.33. O

5. MULTILINEAR LP-IMPROVING INEQUALITIES

In this section, we continue to use the notation introduced in Section 4. Our objective is
to establish multilinear LP-improving inequalities on Z* and R* for the multilinear averages

AE;Kk(flv'-'vfk)( Ei\g[N H fz - 61) xEKk,
i€[k]

defined as in (4.4) for any polynomial mapping P = (P, ..., P;): K — K* with deg(P;) € Z
for i € [k]. In contrast to the previous section, the assumption that the degrees of P are
distinct is not needed for the results in this section.
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We will be interested in the LP-improving bounds

HANK’“ fl""’fk)‘ <p N7 o) H | fill Los ey (5.1)

1€[k]

La(Kk)

when p < ¢ with ]% = 1%1+"'+p%’ and D = dj + -+ + dj, with d; = deg(P;) for i € [k].
These bounds will apply equally well to the truncated averages (4.5).
Our main result here is the following multilinear LP-improving inequality.

Theorem 5.2. Fiz k € N>g and j € [k]. Then we have (5.1) for some 1 < p < q < 2 and

1<p1,...,pk<oosuchthat%—i—---—i—z%k:l and pj = 2.

Recall the multilinear adjoint operators AP defined by

NKk

Aﬁ’ﬁgk(fl,...,fk)( Ejgw [1 ¢t fi (@ — Ligs Pi(t)ei + Py(t)e;) .

i€[k]
Corollary 5.3. Fiz k € Z4 and j € [k]. Then there exist exponents 1 < r < 2 and
1<r1,...,rk<oosuchthatm+ —|—Ti:;and
'P* _ 1_1
HANHgk f17~~-afk)’L2(Kk) Sp NG IT il s ey (5.4)

1€[k]

Proof of Corollary 5.3. When k = 1, we can use duality to replace the adjoint operator by
A%;K. If d; = 1, then (5.4) holds by Young’s convolution inequality for r; = %, say. HK=7Z
and d; > 2, then (5.4) holds by a result of Han-Kova¢-Lacey—Madrid—Yang in [47]; see also
[62, Proposition 6.21]. We refer to [20] and [46] for details in the remaining case K = R and
dy > 2.

When k£ > 1, let p1,...,px,p,q be the exponents from Theorem 5.2 with p; = 2. By
duality, Holder’s inequality, and (5.1), we obtain

* _pD(i_1
| AR e || e 52 NP5 il gy T Il
ic[k\{7}

where ¢’ := ¢/(¢ — 1) is the conjugate exponent of ¢q. Taking r; = ¢/, r; = p; for i # j, and r
such that %—I—- —|—i = l, we obtain %—% = %—% so that (5.4) holds. From 1 <p < ¢ < 2
and%—%:%—§7weseethat1<r<2 O

L2(KF)

5.1. Vinogradov mean value theorem. The proof of Theorem 5.2 in the case K = Z
uses sharp bounds in the Vinogradov mean value theorem [17]. For fixed s,d € Z, consider
the following system of equations

(ny+ - +ng) — (M1 +---+my) =0,

(nf +---+n3) = (mi +---+m3) =0,

(n{+---+nd) — (m{+---+md) =0.
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Let Js 4(N) be the number of its integer solutions (n1,...,ns, mi,...,ms) € [N]** for each
fixed N € Z,. The Vinogradov mean value theorem states that

Jea(N) <. N5(N* + N2S*d(d+1)/2)

holds for all € > 0 and, moreover, the V¢ term may be removed in the range s > d(d+1)/2.
This longstanding conjecture has recently been resolved by Wooley [97] in the cubic case
and by Bourgain, Demeter, and Guth in [17] in the general case. In [96], Wooley used his
efficient congruencing method to give an alternative proof of this conjecture.

In the 1930’s, Vinogradov verified the conjecture in the range s > d2logd. By the
usual integral representation of Js 4(N) one has Js 4¢(N) < J; 4(N) for each ¢ € Z¢, where
Js.d,¢(IV) refers to the inhomogeneous system with the vector ({1, .. .,&q) instead of (0,...,0)
on the right-hand side.

Theorem 5.2 is a consequence of the following result.

Proposition 5.5. Fiz k € N>3 and s; € N>p- for all i € [k], where D* := 3,1 di(dZiH),
and set S = Zie[k] si. Then, for any distinct j,j" € [k], we have the following restricted
weak-type bound

| AR )

<p NP6 T I fill ot ey (5.6)

Lo-oe(KF) i€[k]

with p; = 2, py = Sﬁ%, and p; = % fori ¢ {j,5'}, where 1 < p < q < 2 are chosen such

1 ...yt _1 1 _ 25-s;
thatpl—l- +pk—pcmdq— 5T -

In order to deduce Theorem 5.2 from Proposition 5.5, we use a multilinear Marcinkiewicz
interpolation argument in the spirit of [77, Appendix]. Precisely, we interpolate (5.6) with
k + 1 trivial bounds of the form (5.1) with p = ¢ and no decay in N, which hold for the
tuples (p1,...,pr) belonging to the set

{(1,00,...,oo),(oo,l,oo,...,oo),...,(oo,...,oo,l),(oo,...,oo)}.

Then Theorem 5.2 holds for some tuple (p1,...,pr) and 1 < p < ¢ < 2 such that p; = 2
and the vector (1/p1,...,1/pk, 1 — 1/q) lies in the interior of the convex hull of the k + 2
analogous vectors determined by the corresponding exponents used in the interpolation.

Remark 5.7. If K = Z, then (5.6) holds with s; € Ny g, (q,41)/2 for i € [k].

5.2. Lifting procedure. To deduce (5.6) from Proposition 5.5, we may assume, without
loss of generality, that each P; has no constant term. Furthermore, the bound for Az_Kk will

follow from the corresponding bound for the lifted multilinear averaging operator

Az]llglf(fl’vfk)( EQEN]KHJCZ - Z a ,CCEKD,
1€[k]
where now f;: K” — C for i € [k]. Here T'; is defined by
Li(u) = (0,...,0,u,u? ..., u%, 0,...,0) e KP, (5.8)
N—— N——
D; times D+ ; times

where Do;:==dy +---+d;—1 and D~; == d;11 + -+ + di, for i € [k].



THE MULTILINEAR CIRCLE METHOD AND A QUESTION OF BERGELSON 67

Below we extend an argument from [47, Section 5].

Proposition 5.9. Assume that P1(0) = -+ = P,(0) = 0 and recall that D* = ¥,y “41.
Then (5.1) follows from the estimate
P, lift —D*(:-1
| AR o 10 ey 52 N7 TT il e, (5.10)

and an analogous transference of restricted weak-type bounds also holds.

Proof. For each x € KP we use the notation

. d;
= (T, - Tky), Where =z = (Tp_;41,---,TD_, ) € K,
or, alternatively, z = (2/,2") referring to 2’ == (zp_,,...,2p_,,,) € K¥ and
) di—1
— (:z:’(l), .. ,x’(k)), where x’(i) = (Tp_;41s--»TDypy—1) € KT,

Step 1. We [lift functions ¢g: K¥ — C to functions f: KP — C. The definition differs
shghtly whether K Z or K = R due to the lack of dilation structure on Z. Let Pj(u) =
aju+---+ ad u% with ad #0. Given g: Z¥ - C and r; € R; = N<a E we define the [ift

f=forim: ZP = Cof g by
f(fU) = g(Q1(z)) + 715, Qulzw) + 1) LE (7)) - L, (2()),
where E; = [£N] x --- x [=N%~1] and
Qi(z@p)) = Qi(x,(i)’xDaH) = a1@p a1+ ailixD<i+1'
In the real case, given g: R¥ — C, we define the lift f = fg: RP — C of g by
f(@) = g(Qi(z)), - Qulzr) e, (2(1)) - LE (1)),
where E; = [£N]g x --- x [£N%~1|g and Q; is as before.
Step 2. Fix py € [1,00). Then
11 ey S N2 91250 (5.11)

di=1)di \oreover, if x € KP is such that iL'/(i) € El for all i € [k],

holds with D" == 7,1y ( 5
where E! := [N]g x -+ x [N% 71k, then we have the equality

Aﬁﬁgﬁf(ﬁ,-- Se)(@) = AR g (91, ) (Qu () + 715, Qi) + 71),

withr;=---=r,=0if K=R.
Step 3. Suppose that (5.10) holds. By the above equality, we have
D' || 4P AP lift

Combining this with (5.10) and (5.11), we obtain
x(L_1y D'
<P NTPGTONT T il ey
i€[k]
which in view of D* — D' =37,y di = D gives (5.1), as desired.

D/
N a

P
N;]Kk(.gla s 7gk)‘ La(KF)
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The restricted weak-type estimates are handled analogously. O

5.3. Refinements. By Proposition 5.9 it remains to prove

| AR )] Sp NP H 1 £ill oo ey (5.12)

La:o°(KD)

for p1,...,pk,p,q as in (5.6). We shall use the refinement method developed by Christ in

P, hft

[20]. From now on, we abbreviate A, ., to Ay;x. We denote the corresponding adjoint

operators by AN;K.
The bound (5.12) equivalently means that

1

(g, Anx(Lp,, ... 1g,)) SN P73 |E0!KD\E1| | Eklgp

holds for all measurable subsets Eq, F1,...,E; € KP. Denoting the left-hand side by K
we can rewrite the above inequality as

_D* 1+1 .
K SN\ EoldolBilGn|Eylin - TI 1Bl (5.13)
i€[k\ 7.5}
25+1— QS . ..
smce% 55 % é 5 =L, pj=2,pjy = S H,andpz— *? for i ¢ {j,7'}.
Let ag, a1,...,ax € [0, 1] be parameters such that
K = ao|Eolgp = an|Er|gp = -+ = | Eg|go.

Note that, for each i € [k], we have

(g, Anx(Lg,, -, 15,)) = (Mg, ANk (LE - e, g, 1E,, -, 1E,))

where, referring to the mapping (5.8), we define

ANk (91, 00)(2) —Euﬂé[z\; [T ¢"#gs (z — LipiTir (u) + Ti(w) .
i'€lk]
We observe that the average value of Ay.x(1pg,,...,1g,) on Ej is equal to
|Eoleb (Ank (L, -, 1E,), 1E,) = ao,
and the average value of A}‘\?;K(]IE“ ol 1g, 1, ,,...,1g, ) on E;is o;. Let E? = FE;.

We recursively define the refinements of E; of level r € Z by

Ej = {1‘ S Egil : AN;K(]IEIA,]IEQA, .. .,]lElzj,]lngl)(aj) > CT’QOzo},
E] = {x € E’lu1 :A}"\};K( 1gy ’]lEg‘l""v]lE,::}’]lE;‘l)(x) > crlal},

E = {mEET ! CANK(Lgp , 1gy o T, Tg )(2) ZCr,kOék},

1
where (cr0,¢r15. .-, Cr k) <2(r 1)(k+1)+1 ) 50— 1)(k+1)+2 )y r(kET) )-
The next result shows that passing to refinements is essentially lossless.
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Lemma 5.14. For allr € Z4 and i € [k], we have
<]1E6’AN§K(]1E;71""’]1E271)> 2 CT’()K (515)
and
<]1Eir’ A}k\%K(]lEI, ey ]lEiT—l’]lEg’ ]lE:;f, ce 7]1E£71)> > C’r,iK- (516)
Proof. Let = 1. We estimate the left-hand side of (5.15) by
<]lE07AN;]K(]lE17 RN ]lEk)> — <1E0\E&7AN§K(]1E17 .. ‘7]lE'k)> > K — K/2 = K/Q,

splitting 11 = 1, — 1\ gz and then using the definition of E}. Similarly, for i = 1, we
rewrite the left-hand side of (5.16) as

<]]-E17A7\};K(]1Eé’ ]lE'2, SRR ]lE'k)> - <]lE1\E113A}<\};]K(]lEéa ]lEza SRR ]lEk)>

which by duality, the previous step, and the definition of El1 is estimated by
<1E37AN;K<1E17 .. ,11Ek)> - <]1E1\E11’A}<\};K(]1E3a]1E27 . .,]1Ek)> > K/2 — K/4.
Analogously, for every i € [k], we have
<]]‘E741’A7\’;7K(]]‘E117 . "]]‘EZ~1717]1E6’]1E'L'+1’ .. ’ﬂEk)> Z K/27“+1
By induction, the same argument yields (5.15) and (5.16) for every r € Z,.. O

5.4. Parameter towers and flows. From now on, by symmetry, we may assume that
j=1and j/ = k. To establish (5.13) we may assume that K > 0 so that by Lemma 5.14
every refinement E] is nonempty. Using «; as before we can rewrite (5.13) as

aftafas? - alr SNTPTEylko. (5.17)
We fix some element in one of the refinements, say z € Ef, and obtain
A}k\/l;]K(]lEga ]lEg—l, RER ]lE;;—l)(Z) Lk 1.
Hence, we obtain that
{u € [Nk :z+Ti(u) € By and 2z + Ty (u) — Ty(u) € B! for all i € [k] \ {1}}|x
admits a lower bound of order a1y N and, in particular, the parameter set
I ={ue€[N]g:2+T1(u) € Ej}
satisfies |I%|k 2k, a1 N. Next, for each u € I*, we have z +I';(u) € Ej. Thus,
[{v € [N]g : 2+ T1(u) — Ti(v) € Ef ! for all i € [k]}|x 2k, aoN
and, in particular, the parameter set
I :={ve[Ng:z+T1(u) —T1(v) € E]7}
k- «oN. This begins a construction of a parameter tower

Po1y = {(u,v) € [Ng :ueI*,vel>"}

satisfies |I*"|g 2,

~
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such that [P o1)lk2 k. a1ooN? and a flow
Do) (w,v) =2 +T1(u) =T1(v) =2+ (u—v,... Judt —v®0,...,0)

such that @ 01)(P1,0,1)) € ET'. We express this as E] — Ej — E L.

When we flow from one set F; into another E; via the above process, there is no ambiguity

which level of refinement we are using:
(i) if i < ¢, then necessarily we drop a level, so E] — E;”fl;
(i) if ¢ <4, then necessarily we stay at the same level, so E] — EJ,.

Our flows will always consist of a uniformly controlled finite number of iterations; hence,
there is no need to keep track of the level of refinement as long as we start with z € E° for
a fixed level 7o < 1 which is sufficiently large to ensure that the last level is positive.

From now on, to simplify notation, we suppress the refinement level, dropping the super-
script 7. For the flow above, for example, we write £y — Ey — Ey and @1 1y(P(1,0,1)) € E1.
Therefore,

|E1lgo > [@1,0,1)(P,0,1)) ke :/ dAZ ()
@1,0,1)(P(1,0,1))
and the idea is to make the change of variables 1) = @1 ¢ 1)(u, v).

Example 5.18. For this illustration, let us drop the subscript (1,0,1) and suppose for
simplicity that d; = D = 2. When K = R, we can use the usual change of variables formula
involving the Jacobian Jg. Namely, we have

B g 2// |J¢(t1,t2)\dt1dt2:/ / 2t1 — toldtadts, (5.19)
P z J17:t1

which reduces matters to obtaining an appropriate lower bound for a weighted measure of
the parameter set P. The latter can be effectively achieved using sublevel set bounds for
Jo. When K = Z, we have

_ ~1
[Enlze = Z 1= J€(1) Z ]lq’("’m)zg(l)’
§1)€2(P) §1)€2(P) (n,m)eP
where Je = [{(n,m) € P : ®(n,m) = {)}|z2. Interchanging the sums gives
Bilzz 2 [@(P) = > Jolm (5.20)
(n,m)eP

reducing matters to obtaining a uniform lower bound for the “Jacobian” J§<1), where ng
counts the number of integer solutions (n,m) € [N]? to the system of Diophantine equations

z1+n —m =&,
2o + 1% —m? =&,

Returning to the general case, in both settings the ultimate flow will be a concatenation of
k subflows (Ey E;) or (Ey E;), where each (Ey E;) is itself a flow consisting of some number
of Ey and E; alternating. When K = Z, the ultimate flow has the form

(E1 Eo) — (El Eg) — (El Eg) — s = (E1 Ek) (521)




THE MULTILINEAR CIRCLE METHOD AND A QUESTION OF BERGELSON 71

When K = R, the ultimate flow is slightly different and has the form
(EO El) — (EO EQ) — = (ED Ek). (5.22)

For example, the flow F1 — Ey — F1 — Es — E7 produces a parameter tower
Paoi21) = {(u,v,u/,0v) € [N]% cue I ve Il W e IV e IZ’”’”’“/}
with |P(101.21)lks Zkr c102a1aoN* and @1 1.91)(P(1,0.1,2,1)) € E1, where
(10,121 (,0,0',0') = 2+ T1(u) = Ti(v) + T () = Ta(u) = T1(v') +Ta (o).
5.5. The integer case. We now prove Proposition 5.5 in the integer setting.

Proof of Proposition 5.5 for K = Z. Suppose that the parameters i from (5.21) determine a
sequence Z of the following form

(1,0,...,1,0,1,2,...,1,2,1,3,...,1,3,...,1,k—1,...,1,k—1,k,1,...,1,k)

2s1 elements 255 elements 2s3 elements 251 elements 2s;+1 elements

with a slightly different final block, where we used the transition Ey_1 — E}.
Step 1. Unpacking all this gives a parameter tower

Pz :={(n,m) ¢ [N]QS imy € 7, m; € I*™M ... mg € [HMLMLonS

where g = 10S and z € E]° C ZP is fixed. Thus, we have

s1..8 s Sk nT2S
|Pzlzp 2p aptafay® - aP N=2.

The corresponding flow map ®7(n, m) can be expressed as

Z = (grlz,m - (I)(Il)('nﬂ m)a (13(12)(71,, m)7 ey q)(Ik_l)(na m)7 gfz,m - q)(Ik)(n7 m))7

where, writing n = (n(),...,nw), m = (My,...,my)) € [Nt x .-+ x [N]*, we let
Q(Ii)(n, m) = ®;(n, m;) for all i € [k], with ®;(u,v) defined by
di dz‘

(w4 +ug) = (V1 + o Vg)s e, (W + -+ udh) = (0 4+ 0d))
for u,v € [N]%, and §}Lm € Z™ is independent of n(1), M(1), while ﬂ‘im € Z% depends
solely on n;_qy, m_q) if kK > 3 or simply vanishes if k = 2.
Step 2. We drop the subscript Z. Since ®(P) C Ej, we obtain

Brlzo = Y Talnmy
(n,m)eP

proceeding as in (5.20). Next, we will find a uniform upper bound for J¢, where ¢ € ZP.
We will count all integer solutions (n,m) € [N]2 to the system

Ehm — P1(nay, m)) =

1 —
Da(n(2), m(2)) = 22) —

z
%(2) — &(2);
Pp—1(N(k-1), M—1)) = 2(k-1) = §(k—1)5
&r = Pr(n), M) = 20) — Ehy»
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identifying z, £ € ZP with (Z(l), e ,Z(k)), &= (f(l), e ,f(k)) €ZM x ... x 7%,

Step 3. Using s; > M, the definition of ®;, and the Vinogradov mean value theorem,

we conclude that the subsystem consisting of all but the first and last equations has at most

JSz,dz(N) o,

i 1.dk 1(]\7) < N2(82+'“+5k*1)*(dQ(d2+1)+--~+dk,1(dk,1+1))/2

solutions. Once these solutions have been counted, the variables m;_1), m_1) are de-
termined and we can bound the number of solutions to the last equation by Js, 4, (N) S
N2sk=dr(dx+1)/2 - Once all variables n(;), m(;) with ¢ > 1 have been determined, we can bound
the number of solutions to the first equation by Jg, 4, (IV) < N2si—di(di+1)/2 - Altogether, we
have J¢ < N25=D"  Thus,

—2S+D* —2S+D* s1 S so Sk AT2S
|Eklzp 2 N |P|zp =2 N aglatay’ - apf N

and (5.17) holds. This completes the proof of Proposition 5.5 for K = Z. O

5.6. The real case. We now prove Proposition 5.5 in the real setting.

Proof of Proposition 5.5 for K =R. In this case, we will produce exactly D equations in
order to follow the Jacobian approach (5.19). In particular, the flow (5.22) now depends on
the parities of the degrees d; of the polynomials P;. Precisely, each block (Ey F;) in (5.22)
ends with F; and is of length d;, except the last one which ends with Ej but is of length
di + 1. Therefore, the parameters i from (5.22) determine a sequence Z of the following form

1 12 2 k—1 k=1 k k
(Ws e ey Wy Wy e e Wiy vy WY ""’de_17wlv"‘7wdk+1)’

where

for le[k—1],

(! wh) = { (0,1,...,0,1) if d; is even,
) =

1,0,...,1,0,1) if d; is odd,

(

Who Wk ) = (k,0,...,k,0,k) if dj is even,
1oy W41 (0,k,...,0,k) if d, is odd.

For example, if all d; are even, then Z takes the form
(0,1,...,0,1,0,2,...,0,2,...,0,k—1,...,0,k — 1,k,0,....k,0,k),
dy elements do elements di—1 elements dr+1 elements
whereas if all d; are odd, then Z takes the form
(1,0,...,1,0,1,2,0,...,2,0,2,...,k—1,0,... .k — 1,0,k — 1,0,k,...,0, k).

~
dy elements do elements dj,_1 elements dp+1 elements

Step 1. Set 7o := 10D. Unpacking all this gives a parameter tower
Pr={tec[NE :tiel* tyc I, .  tpe[>ttato-1}

for some fixed z € Ej° if d is even or z € E{° if d; is odd, and the flow map

Dr(t) =2 — (& + P1(t), & + Palt(g), -, & + Piltwy)),
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where, writing £ = (¢(1),..., tx). & = (&, ..., &) € [N]I‘él X +ee X [N]%’“ as before, for each
i € [k] such that d; is even we have

: di . d; d; d;
Di(u, .. ug,) = (w1 —ug + - U1 = Uy Ul =y e g —ugl),
whereas for each i € [k] such that d; is odd we have
: di . d; d; d;

and £} vanishes, whereas if i # 1, then ¢ +— ¢! is a polynomial that may depend on the
coordinates t(;y with i’ < i but is independent of #(;) with i’ > i.
Step 2. We drop the subscript Z. Since ®(P) C Ej, we obtain

|&sz@mmwz/Mh@ww (5.23)
P

and the Jacobian matrix ®’, consisting of the first order partial derivatives of the polynomial
map &, takes the following form

W, 0 o |---1 0
M271 W, 0 - 0
M3 [ Mszo| W3 |---] O

Mg | Mga | Mgz |- | Wy
and for each block W;, after removing signs from every second row, we have

2 di—l
2 d;—1
1 2tp ;42 StD<i+2 ditD<i+2

|det W;(£)] = |det | 1 2tp_,4s 3t]_ g -+ dith_ |4

2 d;—1
12tp_,,, 3t3,_ - dithi!

and therefore, using properties of the Vandermonde matrix, we conclude that

%wbmwwzﬂ@! 11 W4@.
i€k jivjz{e[DA<i+‘1]\[D<i]

Ji<3i
Step 3. Consider the innermost integral in (5.23). For fixed ¢1,...,tp_1 we integrate |Jo(t)]
over tp € [#t-tp-1 C [0, N|, where [[#ttD-1|p >, N. Let I C I**1»+t0-1 be such
that |I|R Zp apN and |tj — tD| Zp apN for all j € [D - 1} \ [D — dk] and tp € I. We pull
out all factors independent of tp and estimate the remaining part as follows

/ ooty [ED=dir1 = tD[ - |tp_1 — tpldtp Zp [T (ax N)®* Zp (apN)®
JEatnt 1
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with some constant that is uniform in t1,...,¢p_1. Continuing this way, we obtain the
uniform lower bound (apN)%~! for the analogous integral over tp_; and after dj such
steps, using «; € (0, 1], we end up with the integrand

dy, (dg+1)
H (di! H ]tji—t];’) (040041...0%]\[)4’c et .
]

i€lk—1 Jirdi€[D<it1]\[D<i]
ji<j2{
Repeating this for other blocks leads to |Ex|gp =p (o ---axN)P"™ and, since s; > D*
for every i € [k], this implies |Ex|gp Zp aolozfQSQ- -a;*NP” so that (5.17) holds. This
completes the proof of Proposition 5.5 for K = R. U

6. MULTILINEAR WEYL INEQUALITY AND SOBOLEV SMOOTHING THEOREM

In this section, we will formulate and prove a multilinear Weyl inequality, which asserts
Pi(n),..., Pi(
A (.

transform of f;, for at least one j € [k], vanishes on appropriate major arcs. We will also need

a multilinear Sobolev smoothing inequality, which can be thought of as a continuous variant

that the averaging operator A .., fr) is negligible when the j-th Fourier

of the multilinear Weyl inequality for the averaging operators A N ](R,Z P (t)( fiseoos fr)-

6.1. Multilinear smoothing inequalities. Using notation from Section 4, in particu-
lar (4.6)—(4.12), we formulate the multilinear Weyl inequality and the multilinear Sobolev
smoothing inequality as the following unified theorem.

Theorem 6.1. Let K be either Z or R. Fiz C1,Co € Ry and k € Z4, and let P =
(P1,...,Px) be a polynomial mapping satisfying (4.1)—(4.3). Let 1 < p1,...,pr < o0 be
exponents such that p% + -+ pik = % < 1. Then there exists a small constant ¢ € (0,1),
depending only on k,P,p1,...,pk,p,C1,Cs, such that the following holds. Assume that
§ € (0,1] and N > 1. Let f; € LPi(K¥) for all i € [k]. If f; € L*(K¥) for some j € [k] and
(RK(; o, ), then

. . . . . j
the j-th Fourier transform JF; g f; vanishes on the major arcs smSN,dj 5-Ca

AR (e £

< M0+ N7 T Ifillws - (6.2)

Ly Kk) i€[k]

The same conclusion holds for ANl]’Kk’ P i place of ANliK,;P’“ in (6.2).

If K = Z, then (6.2) is the multilinear Weyl inequality. If K = R, then (6.2) is the multi-
linear Sobolev smoothing inequality. Theorem 6.1 plays an essential role in our arguments
and will be used repeatedly. Here, in contrast to [62], we need this theorem for K = Z and
K = R. In [62], a bilinear variant of (6.2) for the Furstenberg-Weiss averages and K = Z

was established with §¢+ (Log N)~¢C in place of §¢ + N~¢; see (1.38). Although in [62] the
decay §¢+ (Log N)~¢C was sufficient, in our situation we need §¢+ N~¢ in (6.2). This bound
can be derived using Theorem 3.3. We abbreviate API’ o A NiKk-
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6.2. Structural theorem for adjoints. We now prove a structural theorem for the adjoint
multilinear operators AE.K,C (f1,-.., fr) from (4.9). The key tool will be the following variant
of the Hahn—Banach theorem.

Lemma 6.3. Let (X,B(X),u) be a o-finite measure space. Given A,B > 0, G € L*(X),
and ® C L?(X), suppose that the following inverse theorem holds: if f € L?(X) satisfies
[ fllze(xy < 1 and [(f,G)| > A, then |(f, )| > B for some ¢ € ®. Then G lies in the closed
convex hull of the set

Vi={ApeL*X):¢€®and |\ <A/B}U{he L*(X):|hlnx) <A}

Proof. We refer to [62, Lemma 6.9]. O
Lemma 6.3 combined with the inverse theorem from Section 4 will reveal a major and
minor arc structure for the multilinear operators A*A?.K,@ (f1,--+, fr). In the case K = R, it

still makes sense to refer to the major and minor arcs, even though we have exactly one major
arc around 0. The following theorem will play an essential role in the proof of Theorem 6.1.

Theorem 6.4. Let K be either Z or R. Fix C\ € Zy and k € Z, and let P = (Py,. .., Py)
be a polynomial mapping satisfying (4.1)—~(4.3). Then there exists a large constant C' € Z.,
depending only on P and C{j, such that the following holds. Assume that §y € (0,1] and

N > C”(SO_C/, and fix j € [k]. Then for all 1-bounded functions fi,. .., fr € L=(KF) supported
on [[;ep[ENilk, where N; == CyN% for each i € [k], one can decompose

AY (1o fo) = F+ E, (6.5)
where F € L*(K*) and F,xx F is supported on the set
K
[T 2OV x M _pcr s, (RSC,%,C,) x [] 2C'Nik. (6.6)
iclj—1] i€lk]\[J]
Furthermore, we have
1F || ooy < €05 and || F|| pa ey < C'05 < NP, (6.7)

where D == dy + - - - + di, while the error term satisfies
1Bl ery < C180NP. (6.8)

The same conclusion holds for A*Nj;Kk in place of flﬁ;w in (6.5).

In the case K = Z, by (6.6), the j-th Fourier transform of F' in the sum on the right-hand
side of (6.5) is supported on the major arcs corresponding to the canonical fractions R<n,

with N = C’éacl. This part can be thought of as the major arcs part of A% (f1y- s fr),

N;Zk
whereas the error function E from (6.5) is negligible thanks to (6.8). From Theorem 6.13 be-
low it will become clear that E can be thought of as the minor arcs part of Aﬁ.zk (f1y--os fr)-

Proof of Theorem 6.4. The proof is a combination of Lemma 6.3 and Theorem 4.14; see [62,
Corollary 6.10] or [61, Corollary 7.13] for details. O
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6.3. Proof of multilinear Weyl inequality. Here we will use the Ionescu—Wainger pro-
jections II} [< My, < M) from (4.13) with My == 6= and My :== 6~ N~ where § € (0, 1)
is small and C' € Ry is large depending on C', Cy from Theorem 6.1. We make the following
important remark.

Remark 6.9. Given a large integer pg € 27Z, there exists a large constant C,, > 1, possibly
depending on C' but independent of N and 4, such that if

N > Cpyd~Cro, (6.10)

then for each fixed e € (0,1) and each f € LI(K*) with ¢ € [p}), po], we have
[ [< 67 < N4 gL S 5N e, (6.11)

i = R, then = and so (6. olds for all ¢ € [1,00] by Minkowski’s

i) If K =R, th REMl 0 d 6.11) holds for all 1 by Minkowski’
convolution inequality with [|n[/z1 ) in place of 6—eC.

(ii) If K = Z, then the situation is more difficult, but condition (6.10) allows us to use

Theorem 3.3 to derive inequality (6.11).

Moreover, for intervals I, J C R of finite length and f as before, we have

e [<oe <ns ] g, sa o (BEDN Ty e

Nd](;C'
where I; == KI7! x (INK) x K¥7 and J; == K/~ x (JNK) x Kk,

(iii) If K = R, then (6.12) follows, since |Fg 'ny<ar,(@)] Sy Mz (Moz) =20
(iv) If K = Z, then (6.12) follows by repeating the proof of [62, Lemma 5.17, p. 1045],
with Theorem 3.3 in place of [62, Theorem 5.7, p. 1041].

The next theorem combined with the Ionescu—Wainger projections (4.13) will explain why
the error term E from (6 5) satisfying (6.8) can be thought of as the minor arcs piece of

the adjoint operator A* N (f1,---, fx)- In what follows, we choose a very large integer py €

27., depending on k, P, p1,...,pk,p, C but independent of N, d, such that all interpolation
arguments using (6.11) or (6.12) from Remark 6.9 will refer only to ¢ € [p, pol-

Theorem 6.13. Let K be either Z or R. Fix C € Ry and k € Z,, and let P = (P,..., Px)
be a polynomial mapping satisfying (4.1)—(4.3). Let 1 < p1,...,pr < oo be exponents such
that -+ + = % < 1. Then there exists a small constant cy € (0, 1), depending only on
k, P pl, .. ,pk,p, C, such that the following holds. Assume that 6 € (0,1] and N > 1. Let
fi € LPi(KF) for all i € [k]. If (6.10) holds, then for each j € [k] we have

-1 A1 0],y <070 TL il (6.14)
i€lk]

LP

where 1T and Hﬂ( are the zdentzty operator and ¥ < 0™ C < N=%§=C], respectively. The
same conclusion holds for A% NKE in place of AN Kk i (6. 14)
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Proof. The proof is fairly involved. We will adapt the arguments from [62]. Due to subtle
differences between our proof and the proof of [62, Theorem 5.12(i)] we present the key de-
tails. We assume that J is small; otherwise (6.14) follows from (6.11) and Hélder’s inequality.
We allow explicit and implicit constants to depend on k, P, p1, ..., Dk, p, C but not on N, 4.
Step 1. Fix C] € Z;. We show, with a small constant ¢; € (0,1), the estimate

S ONP2TT 1fill poo giery (6.15)
i€[k]

H(]I 11, NKk(fl,...,f)’

L2(KF)

for any 1-bounded fi,..., fr € L=(KF) supported on [Ticpy [+CYN%i]x.
Consider C’ from Theorem 6.4 applied with C{, = C{, and choose dp = 7 for some
v € (0,1) such that vC" < C/2, where §,C are as in (6.15). Then

where F, E are as in Theorem 6.4 and satisfy (6.6)—(6.8) with dy, C’ as above. If § is small,
then vC' < C/2 implies 40"67¢" < §7C so that by the support properties of Figel', see
(6.6), we have (I —II},)F = 0. Using (6.16) and the latter properties of F' we conclude that
the proof of (6.15) can be reduced to showing the following estimate

(I — H&)EHLQ(K;@) < §aNDP/2, (6.17)
Note that ||AN Kk(fl, oo fi)llpeo ey S 1. By (6.5), (6.7), and (6.8) we have
IE|| oo gy S 077 and || B[ pygry S VNP (6.18)

Now if pg € 27 is very large, so that p; € (1,2) is sufficiently close to 1, then by interpo-
lating the bounds in (6.18), we obtain

1N iy S §7/2NP/Po, (6.19)

By our choice of ¢ in (6.10) and (6.11) with some fixed ¢ € (0, 1), we have

< 5—ECND/p0’

|- A 0], 2

since A]\? i (J1,- -, fi) vanishes outside [[;cp[+O(N;)]k. Thus, we have
(T = T Bl oo (icv) S 6~ NP7 (6.20)
Using (6.11) again, this time together with (6.19), we obtain
(T = TE)E| 4y o S 6 C672NP/Po, (6.21)

Interpolating (6.20) with (6.21) and adjusting € € (0,1), we establish (6.17) with ¢; = .
Consequently, (6.15) follows.
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Step 2. We now relax the L>(K¥) control in (6.15) to the control on LP(KF) spaces. More

precisely, assuming (6.10), for fixed 1 < py,...,pr < oo such that p% + 4 é = % we show,
with a small constant ¢y € (0,1), the estimate
H(]I 1) NKk(fl,...,fk)‘ BT y g (6.22)

i€[k]

for any f; € LPi(K¥) supported on [Licpy [+CY N4k for all i € [k].
The main tool in proving (6.22) is the multilinear LP(K*)-improving inequality proved in
Section 5, which establishes the estimate

D(L-1)
|41 90y S NPCD TT il
1€[k]
and therefore
_D(l_1
|- ) Ao, SN T ilrery  (623)
i€[k]
holds forsome 1 < r < 2and 1 < rq,...,r; < oo such that %—i—- : -—i—% = %; see Corollary 5.3.

Here, it is crucial that 1 < r < 2. The idea of utilizing L? (Kk)—improving inequalities in this
context was initiated in [62]. Although the bilinear case k = 2 of (6.23), used in [62], can be
deduced from the linear LP(K¥)-improving inequality [47], the general case k > 3 requires a
genuine multilinear LP(K*)-improving inequality established in Section 5.

We interpolate the bounds in (6.15) and (6.23) taking 6 = § < 1 and qZ such that

1 _ 6 1-0 ; 1 1 _ 6 _1 :
o =, = foreachi € [k] sothat .- +---+ - =T = 3. Since ~D(:-5)0+L(1-0) =
multilinear interpolation yields

H ]I Hj) N]Kk(flv’fk)‘ N601(1_0) H HfZHqu(Kk)

1€[k]

L2(KF)

By Plancherel’s theorem and Hoélder’s inequality, for all 1 < py,...,pr < 0o such that
pil—i—--w—i:%wealsohave

H(H IT;) A NKk(fla---afk: ’

pey S T1 il

ic[k]

Interpolating the last two estimates yields (6.22), as desired. To remove the support
condition in inequality (6.22) we use the off-diagonal decay estimate (6.12) and proceed
much the same way as in [62, Corollary 6.24]. O

Finally, we establish the multilinear Weyl inequality and the Sobolev smoothing inequality
stated at the beginning of this section. The key tool will be Theorem 6.13, which will give
us the desired decay in 6 and N.

Proof of Theorem 6.1. We can assume that 6~ and N are large; otherwise (6.2) holds by
Holder’s inequality. We consider separately p > 1 and p = 1.
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K

dj §—Ca (RS5701 )

C1,Cy € Ry. Since N™%§7¢ < N=%§=2 and 67 < 6= for C := min{Cy, Cy}, we see

that JF; x fj vanishes on smf ‘daé C(RHE(S,C).

Case 1. Consider N > Cp05 Cro as in (6.10). By duality it suffices to prove

’<AN;Kk(f17 KRN fk)? h>‘ S 5CHhHLP,(Kk) H ||fZHLPz(Kk)
i€[k]
for h € LV (K*) and fi € LP(KF) for all i € [k], with f; € LP(K*) N L*(K*) such that
F;xn [ vanishes on imjgN*dJ s (Rﬂé(s,c). As before, we abbreviate I [< 67¢, < N=4i§=¢]

Step 1. Let p > 1. Let g« f; vanish on the major arcs smiN, for some

to Hﬂé. By (4.6) and properties of F; gx f; we have

(A (s b = [~ D) AF o s fimsh fis o i) )|

and the desired bound holds with ¢ = ¢y by Holder’s inequality and (6.14).

Case 2. Consider N < CPO(TCPO. The proof follows from the previous case, with §y such
that 6, * = (N/Cpy)Y/ 0 < 571, giving Theorem 6.1 for p > 1.

Step 2. Let p = 1. In this case linear averages (with k& = 1) do not arise so we have k > 2.
We assume that F g« f; vanishes on Sﬁi N-dis C(Rﬂé s—c) for some suitable C' € Ry, as in

Step 1. The key is to show that
||AN;Kk(f1, coos fi)llpaqreny H | fill Lai ik (6.24)

for some choice of 1 < q1,...,qr < co with ¢; = 2 and q7+"'+i = é for ¢ < 1 close to
1. Of course, if ¢ > 1, then (6.24) holds trivially by Holder’s inequality but we need this for
L9(K*) with ¢ < 1, which is not a Banach space. Interestingly, inequality (6.24) follows by
an application of the LP-improving bound (5.4) from Corollary 5.3. Using the multilinear
interpolation result for ¢ < 1 in [43, Theorem 1], we can interpolate the bound (6.24) with
the bounds (6.2) in Theorem 6.1 for p > 1 established in Step 1 to conclude

1A ge(frs- s fillprery S (6 + N~° H | £ 1| oi (k)

for some ¢ > 0 and for all 1 < pq,...,pg < oo such that p—l + -4 ﬁ = 1, as desired. This
completes the proof of Theorem 6.1. O

7. MULTILINEAR CIRCLE METHOD: PROOF OF POINTWISE ERGODIC THEOREM

In this section, we develop a multilinear circle method in the context of quantitative
multilinear pointwise ergodic theorems. Although our method is robust enough to handle
oscillation, or even full r-variational estimates, we only illustrate its strength in the context
of the long r-variational multilinear pointwise ergodic bound (1.22). This will be sufficient
to deduce the Furstenberg—Bergelson—Leibman conjecture for commuting transformations
along polynomials with distinct degrees; see Theorem 1.21 as well as Theorem 1.12.

The bilinear circle method was developed for the first time in [62]. Here we shall present
a novel different approach relying on the following tools:
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. We use the Tonescu—Wainger projections from (4.13) to make a distinction between

minor and major arcs. These projections now correspond to the set of canonical
fractions (4.12), which is a significant new input.

. An essential ingredient in obtaining the minor arc estimates is the multilinear Weyl

inequality (6.2) with a polynomial decay of the form §¢+ N ~¢; see Theorem 6.1. This

result represents a significant improvement over the logarithmic decay ¢+ (log N')~¢¢
for the bilinear Furstenberg—Weiss averages from [62]. The key tools we use to derive
(6.2) with a polynomial decay, which were not available in [62], are our Ionescu—
Wainger multiplier theorem for the set of canonical fractions and multilinear LP-
improving inequality; see Theorem 3.3 and Theorem 5.2, respectively.

. Another important ingredient is the Sobolev smoothing inequality, which is a con-

tinuous variant of the multilinear Weyl inequality; see Theorem 6.1. The multilinear
Sobolev smoothing inequality is utilized to obtain the major arc estimates in the
high frequency case. In the bilinear situation the major arc estimates involving high
frequency cases can be handled by appealing to the bilinear Weyl inequality (6.2)
and using a simple integration by parts argument. However, the general multilinear
case necessitates the full strength of the Sobolev smoothing inequality as the inte-
gration by parts trick from [62] is limited to the bilinear averages. This is a new
phenomenon which was not apparent previously.

. The most challenging part is obtaining estimates for major arcs in the low frequency

regime. A novel tool that we propose for controlling maximal functions is a powerful
multiparameter norm interchanging inequality (7.64). It is important to note that
polynomial decay in the multilinear Weyl inequality (6.2) is crucial for dealing with
this case; see Remark 7.94 below. A one-parameter norm interchanging inequality
originates in [62] as a consequence of the Rademacher-Menshov inequality (2.11).
Our multiparameter norm interchanging inequality allows us to replace the p-adic
methods used in [62] and significantly simplifies the argument. Moreover, we em-
phasize that the p-adic approach (especially sharp LP-improving inequalities in the
p-adic setting), even if adjusted to our context, would not be sufficient to handle the
major arc estimates in the low frequency regime.

L — 1 <7 we will prove
PP

IV (AN(fis- oo fr) 2 N € D)z S 1 (7.1)

for all finitely supported fi € (P1(Z),..., f, € ¢P*(ZF), which are normalized so that
| filleprzey = -+ = [ fkllos(zry = 1. Then, by scaling and density arguments combined
with the monotone convergence theorem, we readily obtain inequality (1.22) from Theo-
rem 1.21 for all f; € (P1(ZF), ..., fr € P*(Z¥). The proof of (7.1) is long and intricate. We
begin with making a distinction between minor and major arcs and for this purpose we will
use the Tonescu—Wainger projections from (4.13) with dyadic parameters.

7.1. Dyadic Ionescu—Wainger projections. Let : R — [0,1] be a smooth and even
function satisfying (2.4). For any n,{ € R, we set

N<n(§) = n<an)(§) = n(27"E).
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For any [ € N, using definition of canonical fractions (4.12), we set
Ya=Rey and %p:=3q\ X

with Y<_1 denoting the empty set. Then we have

#¥o < 2%, (7.2)
Similarly, for any ¢ € [k], [ € N, and m € Z, using definitions (4.10) and (4.11), we introduce
the dyadic “major arc” by

Mo cm =Moo (S<) and ML, = Mon(S<).

We note that M<; <;,, € M<y <y whenever both | < I’ and m < m/ hold. Moreover, if

m < —20 —2, then the arcs [# — 2™, 6+ 2] that comprise M<; <., are pairwise disjoint. We
also define

Mi<m = Mz cm \ M<i—1,<m and - My, = My < \ Mi<m-1-
Referring to (4.13), we define the dyadic Ionescu-Wainger projections Higl, <m 2(7F) —
(%(ZF) by setting
i i m 2
HSZ,Smf(x) = HZ[S 217 < 2 }f(.’L') = CTZ‘,ZSICZ [nﬁm]f($)7 S Zka (73)

for each f € ¢?(ZF). In particular, ITZ, _  is a self-adjoint (and real symmetric) operator,
which is the identity operator except in the i-th variable.
Remark 7.4. The following properties are clear from (7.3).
(i) The function F; 7 (H"<l’<mf) is supported on the set Mi<l,<m, and if F; z» f vanishes
on that set, then I, _ f = 0.
(ii) f m < =2 — 2 and ‘Fi’z-kf is supported on Mig’gmiz, then Higl,gmf = f.
(iif) If m < —21 — 2, then 1T, _  is a contraction on ¢2(Z¥).

A consequence of Theorem 3.3 is the following important bound.

Proposition 7.5. For every k € Zy and p € (1,00) there exists a constant C, € Ry such
that for everyl € N, m € Z, and i € [k], if

m < —6max{p,p'}(l + 1), (7.6)
then
i Cpllog logl
Iy <im fllep(zry < Cp (2 gl 1y>10 + ]11<10) | fllew (zry- (7.7)
Proof. The proof of (7.7) is a direct consequence of Theorem 3.3. O

7.2. Minor arc estimates. As in Section 4, we fix a polynomial mapping
P:=(P,...,P): R — Rk,
with Py, ..., Py € Z[n] such that dy :==degP; < --- < dj = deg P, and D :=d; + - - - + di;

see (4.1)—(4.3). We also fix 1 < p1,...,pr < oo such that p% +-F i = % < 1 and choose

po € 274 satisfying
1<py<piy-- Pk < po < 0. (7.8)
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The parameter py from (7.8) will serve as an upper bound for max{p,p’'} from condition
(7.6) to ensure that Proposition 7.5 can be applied. One can think that the parameter pgy
from (7.8) is a sufficiently large even integer, which, if necessary, may be further adjusted
depending on the interpolation arguments that will be used throughout this section.

Given a small fixed parameter

0 < a < (108kdyp) !
and a large constant Cy € Z, depending on pg, P, , we define the quantities
linvy =Log N* and Ly :=Log N — ()
for any N > Cp, using the log-scale notation (2.1). We take Cy > 25/¢ so that liny € N5
for N > Cy. For each i € [k] and ¢; € {0,1}, define

Z<? <—diL Ji T HSZ(N)’,SfdiL(Mf’ ife =1,

Observe that there exists a small absolute constant ¢ € (0,1) such that

it 1, k, —
HAN(HSZlN):S—dlL(N) fl’ o ’Hglg(ljv)yg—dkL(N)fk) ng(zk) S N~° (79)

whenever (e1,...,e;) # (1,...,1). Indeed, assuming ¢; = 0 for some j € [k] we apply
Theorem 6.1 with C; = 1, Cy = dj, and § = 2~/ € (0,1], and then (7.9) follows from
Proposition 7.5. Writing An(f1,..., fx) as

1 l,e1 ke
Z AN (HSI(N)»S*dlL(N) fiyons HSZ(N)aS*dkL(N) fk)
(517---75k)6{071}k

we see that, in view of (7.9), the proof of (7.1) is reduced to estimating

r 1 1 k .
HV (AN (Hgl(N),S—d1L(N) f]_, ceey Hgl(N)7§_dkL(N)fk> . N € ]D)) gp(Zk) (710)
for all lacunary sequences D C [Cp, o0) and normalized functions fi, ..., fi, where the func-
tions HlSl<N),§—d1L<N) fiyeoo, Hl%l(N),S_dkL(N)fk are all restricted to major arcs.

7.3. Major arc estimates. Our aim is to utilize certain model operators, which will be
more manageable. We begin with trimming the size of denominators. To this end, we rewrite
the average from (7.10) as

1 1 k
ZIEN§1<N) lkGNgl(N)
: o .
where H;z',éfdiL(N) = Tizl'k [M<—d;Ly,] for every i € [k]. Next, we match the scales of the

bumps 7<_4; Log N+d;l (v) abpearing in (7.11) by splitting them into nonoscillatory and highly
oscillatory pieces

N<—d; Log N + Z (ng—di(LogN—si) - ng—di(LogN—si—i—l))'
SiE[l<N)]
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For i € [k] we define

i [Ty Mty 50 -
ng—di LOgN lf Si = 07
and set
1 RPN Y
I, =T, 5y (7.13)

Using (7.12), (7.13), and the previous identities, we write (7.11) as
i (LN kN
)T D (Hh’Slfl, . ,Hlk’Skfk> .
l1,816N§l(N) lkakENSl(N)

Set D5 :=={N € D: N > Cp and Iy > max{l,s}}, where

l:=max{l;: 1 € [k]} and s:=max{s;:i€ [k]}. (7.14)
It suffices to show, for any s1,11,..., sk, lx € N, that
r (A 71N rrk, N . —c(l+s)
HV (AN (Hll,slf17 A ’Hlk,skfk> :N e Dl,s) ‘KP(Zk) 5 2 , (7‘15)
since summing (7.15) over si,11,..., Sk, l; yields the desired bound for (7.10).

7.3.1. Major arc approximations. We now take advantage of the fact that each function
in (7.15) is restricted to major arcs, and approximate the average in (7.15) by a certain
model operator. We first fix some notation.

For N > 1 we define the exponential sum

my(§) = W Y el€-Pn), EeT (7.16)
ne(N/2,N|NZ

and its continuous counterpart

1

my(€) = 2/1/2 e(€-P(Nt))dt, &cRF (7.17)

Furthermore, given a € Z* and ¢ € Z, such that ged(a, ¢) = 1, we consider the corresponding
complete exponential sum

G (Z) = (11 Y e <Z -P(n)) . (7.18)

nelq]

We also define the set of rational fractions
Syt = {Z € (Q/Z)* : ged(a, q) = 1 and g €y X - X zlk}, (7.19)

which will be a natural domain for G in our applications.
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Lemma 7.20. Let P: R — R* be a polynomial mapping as in (4.1) whose components are
polynomials with integer coefficients and satisfy (4.2). Then there exists a constant Cp € Ry
such that for every N > 1, My,..., My € Ry, and l1,...,ly € N the following holds. For
every £ € TF and 6 € Yi,..1, such that |& — 6;] < Z\JZ-_1 for all i € [k], one has

Imn (&) — G@)my (€ — 0)| < Cp2M (max{M; ' N1 . i € [k]} + N~1) (7.21)
with my, my, G, Yy, 1, defined in (7.16)—(7.19).

Proof. Tt suffices to prove (7.21) for N > 2¥ because the opposite case N < 2* is trivial.

Fix 60 = % € X,,...1, and observe that

ma(§) = Y el0-P(r)-ay_el(&—0)-Plan+r)xn(gn +r),
réelq] neZ
where xn(n) == |(N/2, NJ N Z|" 1 x/2,n](n). We note that

’ D e((€=0)-Plgn+r)xn(gn+r) - /Re((f —0)-Plgt +r))xn(glt] +r)dt

ne”L

is bounded by Cp max{M,; *N% : i € [k]} by the mean value theorem. Moreover, we have
Je Ixn(qlt] +7) — xn(gt +r)|dt < 10N~!. Using this and the restriction ¢ < 2, we obtain
(7.21). O

Next, given a finite subset © C (Q/Z)* and functions m: T¥ — C and S: (Q/Z)*
we will be working with multilinear operators of the form

BO[S;ml(g1, - g6) (@) = > S0) Y Krym(y) [[ gi(x = (y- ei)es) (7.22)
0cO yEZk i€k

for z € Z*, where Tpm(€) == m(¢ — 6) and

/ m(§)e(—¢ - y)dg, (7.23)

and, as before, {e; : i € [k]} is the standard basis in R¥.
Using (7.22) and (7.23), we prove the following technical but very useful lemma, which
will often be applied in tandem with Lemma 7.20.

Lemma 7.24. Let N > 1, dy,...,dy € Zy, and My, ..., My, € [3,00), and let my: TF — C
be a smooth function supported on [T;cpy [£M; Y] such that

di++Brd
Haﬂl. aﬂkmNHLoo - <Bro b NBrd1++Brdy (7.25)
for all (B, ...,Bx) € N¥. Then, for every v € (0,1) and 8 € Z,, we have
Koy ()] < Cpo My M il Zwy [T 6/ V%) (7.26)
1€ k]

with some constant Cg, € Ry. In particular, if v3 > 1, then (7.26) implies
1Ko Nl 2y Spry (NUMT) - (N M) ]| (- (7.27)
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Proof. Using (7.25), the support condition for mpy, and integration by parts (sufficiently
many times, say S € N, variable by variable) in the integral in (7.23) with m = my,
we obtain (7.26) with v = 1. A convex combination of this bound and the trivial bound
| Koy (v)] Sp M7E-- Mk_leNHLoo(Tk) yields (7.26) for v € (0,1), and (7.27) follows when-
ever v > 1. g

Now we can formulate our first approximation result.

Proposition 7.28. For every N > 1 and Iy, s1,...,l, si € N such that [y > max{l, s} and
for all fy € (PL(ZF), ..., fr € PH(ZF) with 1 < py,...,pp < 0o such that pil%—'--—i-é = % <1
the following estimate holds

_9
IEN(fr - fellewgzry SN~ H | fill i (z#) (7.29)
i€[k]
with Elji,(fl, ..., fr) denoting the error term
Ay (TN froee TN ) = Bt [Grmywld ) (frs o o),
where w7k = i 0% and n% is defined in (7.12).

Proof. By homogeneity, we can assume that | fil[sv:(z,) = 1 for all i € [k].
Step 1. First, we rewrite le(fIlll]gl fiy.-- ,f[fk]gkfk)(a:) as

Yo D K () l_[[} file = (y-ei)ei).
i€k

By the triangle inequality and Minkowski’s integral inequality followed by Hoélder’s inequal-
ity, the left-hand side of (7.29) is controlled by

., and expand the above norm as follows

Step 2. Fix 0 = ¢ € ¥y,

>

yeZF

[ mn©) ~ GOmat ~ )iy € - el .

815435k

Using Lemma 7.20 with M; ~ N%27%si together with the support condition for Wy
and the restriction I(yy > max{l, s}, we obtaln

I gy ™ = GO)mp(mnwi ™) o ey S 2N (7.30)
Step 3. Now by (7.30) and Lemma 7.24, for any fixed v € (0,1), we have
_ 3hedyl —(1—)
H myTewh o G(G)KTe(me 1) L ey < 93kdilw) N—(1=7),

Using (7.2) we obtain that #%;, ;< 22kl which, combined with the last estimate, yields
(7.29) upon choosing the parameter ~y sufﬁcnently small. This completes the proof of Propo-
sition 7.28. ]
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Now, in light of Proposition 7.28, instead of (7.15) it suffices to prove

HV” (BEM »»»»» WG myw ] (fr, o fi) N € Dl,s) < gell+s) (7.31)

e (zk) ™

for all normalized functions f; € /P#(Z*) and all s1,1y,. .., s, Ix € N.

7.3.2. Model operators. One difficulty in proving (7.31) is the need to obtain the decay
in both parameters [ and s from (7.14). For this purpose, we distinguish two cases, which
will be handled separately later on:

(i) the high frequency case s > Cl;
(ii) the low frequency case Cl > s;

K3

with some large C' > 1 to be specified later. For each fixed ¢ € [§, 1], using the bumps 77Z o
from (7.12), we define

Myi(&) = eGP(NO)N (&), i€ (k] (7.32)
Using (7.32), we obtain the following identity
1

my(©ui () =2 [ (@) ©at.

1/2

€[k]
Define
~ ) 100k(s+1) if s > Cl, (7.33)
~ | 100k(1+1)  if CL>s. '
Note that for any N € ID; ; we have N > maX{Qma"{l’S}/o‘, Co}, which implies
N > 2105kdkp0 max{l,s}col/2 > 2100p0dku’ (734)
since Cpy > 25/ > 210%dipo By (7.34), we rewrite B> 1[G, mywy ] (f1, - i) (@) as
! ) 1 * le 1,s1 Elk k,Sk
2, BRG] (T b iV T NI (@)t (7.35)
where 0} == ®i€[k] N<—podsu- Introducing new functions
Fly™ = F (1) =Tyl i i€ K, (7.36)

we will show that the multilinear operator
by 1l , k),
Btk [Gh ot |(F 151’”'7FN7tk5k)
from (7.35) can be replaced by the following model multilinear operator
A 1 Ll, ksl
A2u (Hll,gfpodlu(FN; 51)7 Hlk,< podku(FN7tk Sk)) )

with a satisfactory error term.
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Proposition 7.37. Fiz ly,s1,...,lk,sx € N and v € Z4 as in (7.33). Then for every
N > 1 and for all fi, € P1(ZF),..., f% € P%(ZF) with 1 < p1,...,pr < oo satisfying
p% +---+ pik = 113 < 1 the following estimate holds

n —u (£
|V (Bl (s fR) s N € ID)LS)HEP(Z,C) <2710 H IV (fx : N € Dyo)llgwi(zr)

i€[k]
with EZ‘S(f}V, ..., f%) denoting the error term
A > *
AQ“ (Hlll,g—pgdlu(f]l\/)7 AR lk,g—podku(fll%)) — Btk [G’ nu](f]{fv . 7f]l$/)
Proof. The proof is much the same as the proof of Proposition 7.28. U

7.3.3. Basic r-variational estimates. We now gather certain simple r-variational esti-

mates that will be useful for our arguments. The key tools will be the Ionescu—Wainger and

r-variational Tonescu—Wainger theorems; see Theorem 3.3 and Theorem 3.26, respectively.
The following result is a simple exercise that uses the properties of the Fourier transform.

Lemma 7.38. Let ¢: R — R be a compactly supported function with continuous derivative.
Then there exists a constant Cy € Ry depending on ¢ such that for all n € N we have

10" (Fr ' )l Lrmy < Cy*
Lemma 7.39. Let 1 < p1,...,pr < o0 and r € (2,00]. Then we have

HVT( ;‘ié—podiU(F]i\}l,?Si(fi) N € ]D)l,s)’

2Pi(ZF) fsmﬂ” Cpi (la Si)a

o (7.40)
HV (F]\},:f’ Z(fl) N € ]D)Z,S)‘ £Pi (Zk) SPM’ Cpi(lasi)v
for alli € [k] and all choices of 11, s1,...,lg, Sk € N, uniformly in t € [%, 1], with normalized

fi € P(ZF) and sz\}lz’sl(fl) as in (7.36), where

0, lloglogl
Cpu(l, 53) = (55 + 1)(2%7 et M50+ 1y10).

Proof. By the definition of w in (7.33), one has 6(l; + 1) max{p;, p;} < pod;u for each i € [k]
so that (7.6) is satisfied. Consequently, (7.7) implies

lloglogl
g

||H?i,§—p0diuf”€pi(zk) < 29 (T )]ll210 + 1<10- (7.41)

Therefore, by (7.41) it suffices to show the second inequality in (7.40), since

iz’,S—podiu(F]Z\}l,?Si(fi)) = FIZ\}Z,?SZ( ;i,S—POdiu'fi)'

If s; > 0, then by (7.12) and (7.32) we dominate the r-variational norm by the square
function (in fact, the shifted square function; see [62, Theorem B.1, p. 1097]) and the
conclusion in (7.40) follows by invoking Theorem 3.3.

If s; = 0, then we replace 175\’,8;(57;) = e(EiPi(Nt))nj\’,Si (&) with 7]5\’,& (&) and the error term
is controlled by the standard Lilctlewood—Paley arguments (see, for example, [30] or [74]) by

Lemma 7.38, whereas the r-variational estimates for the latter multiplier follow from the
Lépingle’s inequality [69] (see also [76]) combined with Theorem 3.26 and Theorem 3.3. [
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7.3.4. Major arcs estimates: high frequency case s > Cl. We can assume, without
loss of generality, that (s1,...,sk) # (0,...,0); otherwise we are in the low frequency case.
In the high frequency case, since s > C1, it only suffices to obtain (7.31) with a decay of the
form 27%. Our aim will be to establish the following maximal theorem.

Theorem 7.42. Fix k € Zy and let the exponents 2 < py1,...,pr < o0 such that p% +

st pik = % < 1 be given. Then there exists a small constant ¢ € (0,1) such that for all
normalized f1 € (P1(ZF), ..., fr € (P*(ZF) we have

sup ‘lel vvvvv W [Gsmyw ] (fr, ,fk)’ S27 (7.43)
NEDLYS ZP(Zk)
for all choices of s1,11,..., 5k, lx €N such that s > Cl for some large C € R,..

In contrast to the bilinear variant of Theorem 7.42 from [62], where an integration by parts
argument can be employed, the general multilinear case, due to its combinatorial nature,
is more delicate. The new robust tool used here is the Sobolev smoothing inequality (6.2)
from Theorem 6.1 for K = R. Once Theorem 7.42 is proved, it can be readily used to obtain
(7.31). Indeed, we claim that for each fixed p € (2,00) and 1 < py,...,pr < 0o one has
< 200) (7.44)

~

‘ZP(Z’C)

with any normalized f; € ¢P1(ZF),..., fi, € P*(Z¥). To prove this claim, we note that
u = 100k(s+1) in the high frequency case, and using (7.35) and Proposition 7.37, we reduce
inequality (7.44) to establishing

< 90(s)

~y Y

|2 (Ao (BN FRE) N €Dy

‘ZP(Z’“)

where
503,85 . i 03,55 .
Fyvw =10« poau Ny (fi), i€ k] (7.45)

The latter inequality follows from (2.10), Holder’s inequality, and Lemma 7.39. By inter-
polating (7.44) and (7.43), or rather their unnormalized versions, and renormalizing the
resulting bound, we obtain the desired claim in (7.31).

The key ingredient in proving (7.43) will be Theorem 6.1 for K = R. In order to apply
Theorem 6.1, we have to pass to the continuous setting. To this end, for p € [1,00), we
define an extension operator E: (P(Z*) — LP(R¥) by

Ef(z) =) ler(z—y)fly), weR, (7.46)
yEeZk
for each f € (P(ZF), where C* := [~1/2,1/2)*. Observe that Ef = f on Z* and IEfl Lo @ry =
| fllep(zry- Thus, in particular, Ef € LP(RF). Moreover, Ef(x +t) = Ef(x) holds for all
r€7ZF and t € CF.
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Proof of Theorem 7./2. The proof is complicated and for the sake of clarity it will be divided
into a few simpler blocks. We claim that it suffices to find a small constant ¢’ € (0,1) such

that for every 6 € ¥;,  ;, we have

<927, (7.47)
£p(Zk)

sup ‘I%(fla .. 7fl€)‘
NEDZ’S

where
I (frso f)(@) =Y K oo @) [ file = (y-eer),  weZh,
yEZk i€[k]

Indeed, since s > Cl and C' € R may be as large as we need, by the triangle inequality and
the estimate #%;, 1, S 22kl we obtain

,S 22kl2—c’s 5 9—cs.
P (ZF)

sup ’lel ..... " [G; me}?\},...,Sk](fl’ e, fk)’
NeDl,s

Step 1. It suffices to prove (7.47). Fix § € ¥;, _;, and observe that

IN(f1s o fo) (@) = e(=k0 - 2) I (Mg fu, ..., My fi) (),

where Mpy is the modulation operator My f(z) = e(0 - z) f(x).
In view of this identity, the proof of (7.47) is reduced to showing

<27 (7.48)
P (Z%)

sup |1 (g1,- -+, 9)|
N

l,s

nient notation x(,,) == (T1,...,2i 1,Yi, Tis1,...,x}) for all 2,y € R¥. Using the extension
operator E from (7.46), we can rewrite I (g1,...,9x) as IN(Eg1, ..., Egr). Now, the p-th
power of the norm in (7.48) takes the form

> [, sw

xeZk P NeDy,s

p
> /C En(r—y) 1 Eoi((@ + )y dt'| dt, (7.49)
1€[k]

yeZk

since Egi(7(y,)) = Egi((x +t)((y4t),)) for all t,t' € C¥ and x,y € ZF.
As in Proposition 7.28, using Lemma 7.24 we can show the bound

|Kn(z+2) — Ky(2)] S NTV2NTP T (2i/N%) 2 (7.50)
1€[k]
for all € Z* and z € 2C*. Therefore, denoting
Ey(@,y,t.t) = Kn((@+1t) = (y+1) — Kn(z —y),
and appealing to (7.50), we readily obtain
P

2 / |2 / En(@,yt.t) [ Egil(@+ ) (g,))dt | dt S 277,
xEZF ¢ 7k Ck

k
NPl ye iclh]
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Indeed, the above bound holds by Minkowski’s integral inequality followed by Holder’s in-

equality, as in Proposition 7.28. Next, define

I3(Gy,...,Gp)(z) = kKN(y) H Gi(z — (y - e;)e;)dy, z € RF.
R ick]
After a change of variables || supyep, | \I%(Egi,. .., Egk)”i,,(Rk) is equal to
P
Z/ sup Z/ Kn((x+1t)— (y+1t)) l_IEgZ (4 1) (1)) )t
vezk /CF NEDLs yezk ic[k]
Using (7.49) and gathering everything together, we conclude that
s Bl 2| s [R(Ba. . Ba)
NEDLS ZP(Zk) NEDZ’S LP(Rk)

At this stage, Theorem 6.1 can be applied, and it remains to establish

sup )INR,(Gl,...,Gk)‘ <279

NEDLS

Lr(RF)

for any normalized G; € LPi(R¥), since || Egil i gry = [|illri (zr) = 1.
Step 2. Define V := {i € [k] : s, = 0} and v := #V < k, and write

V={i1,...,ip} and V= {iyq1,... 0}
We interpret the polynomial mapping P from (4.1) as a vector in R¥ writing
P(t) = Py(t) + Pye(t), t e R,
where Py (t) = Y,y Pi(t)e; € R*. For each iy, € V, we can further write

S (@riling, ) B, (VO

N ! Ndimnm

(&, Pi,, (N1)) =

nm €N

using the Taylor expansion of the function = — e(x). Since

Kn(y) = | my(@uy ™ (€)e(—€ - y)dE,

Rk

we write Kn(y) as

sz;l f m n n s1
S [ (I P g @i @€ s

T .
(n1,...,np ) ENY me[v] m

dt.

(7.51)
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where for ¢ € R, ¢ € R¥, and 4,, € V we define
M, (€)= (2mEN G ()i 0(C),
my 3" () = 2//126(5 - Pye(Nt))Bydt,
wy i (€)= [T nx (€ e,

Ve

with By, = BY,(V;n1,...,n,) given by the formula

P; (Nt)"m
t . im
By =[] T
me(v]
These Taylor expansions reveal that
(G-, Gy)(2) = BN ®) I Gilz = (y - ei)es)dy,
R A
i€k

which we can further rewrite as
im0

G x Gyt 1,5; 1k,S;
> ( I1 N’"m'( )>A7V{;;"U(GN“’ LGN (), (7.52)

Nm-
(n1,...,ny)EN?Y S me(v] m

where
G = Tl )Gs and G =T, ]G,
and
A?]’i[l,,‘;.c,nv (Gzﬂ,smﬂ . sz,Sz,C _ 2/ H Gz 51 (z — Nt)eﬁ)Bdet.
1/2 NS
Step 3. Integrating the right-hand side above by parts, we obtain
niy..;Ny iv+1’siv+1 ik’sik 1 1 ! t aB}t\]
Ayt (Gy o Gy (@) = Ay(2) By — " An(z) D dt (7.53)
with AY = A4 (V< leﬂ’s”’“, e Gé\kf’si’“) given by the formula
t
Aly(x) = 2/ H GZ 7z — Pi(Ny)ei)dy.
1/2 Ve
Let 1 < qv,qye < oo be defined by - o ZZEV m and qéc = ZZEVC - (if V' = (), then we
define only gyc). Now by the Sobolev smoothing inequality from Theorem 6.1 we obtain
Lu+1,S4, ik Si _
| At g@r L sy 527 TLIGR vy (7.54)

eVe
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uniformly in ¢ € [1/2,1]; here, it is crucial that V¢ is nonempty when s > CI. By (7.53) and
(7.54), we obtain

T yeeey iu+1:5iv+1 ik,sik
e (c S c )

Lave (RF) N ----- Zl_vlc HG HLPz (RF)

with Cp, . n,(s) = Cﬁl . CZ“Q*"’/S for some large constants C;,, € Ry.
Step 4. Now, we can bound || supy¢p, , [I%(Gy, .. - Gi)lll ey DY

1 i
> e | T
l... €Dy,
(n1,e..,ny ) ENY me(v] Lav (RF)
(7.55)
N1yeery iv+175iv+1 ’ik,sik
X || sup ANVC “(Gy v G
NeDy s Lave (RF)

using (7.52) and Holder’s inequality; here, the first line in (7.55) does not appear when
V = (). Using Lemma 7.38 and the properties of 7, we obtain

sup ’G?{,’Lq’lm ‘

< ¢ (7.56)
NeD; s

LPim (Rk)

for every m € [v]. By (7.56) and Holder’s inequality the first norm in (7.55) is controlled by
Cit---Cfv. By the final estimate from Step 3 and Holder’s inequality, the second norm in
(7.55) does not exceed

] ; b »Si 1/qve
s Tyt1,5i 1k ,S qve
(3 A G G )
NEID)Z’S

1/qye
< Gy ( D | RiE Rk) " (7.57)

Neb; ;s ieVe

~ Cng,ong (s),

. LPi(RF)
ieVe NeD;

where, in the last line, we have used a standard square function argument [30] (see also [74]),

which is applicable because p; > 2. Finally, using (7.55)—(7.57) we deduce (7.51), since the

factors (C}' ---CZ”)z(nl! ---ny!)~! are summable over (ni,...,n,) € N”. This completes

the proof of Theorem 7.42. [l

7.3.5. Major arcs estimates: low frequency case Cl > s. By (7.33) in the low fre-
quency case we have

w = 100k(l + 1). (7.58)
In this case, since Cl > s, the proof of (7.31) follows from (7.35) if for each fixed r € (2, 00)

we show the estimate

HV” (3211 ~~~~~ W [Grmp)(FA™, .. FRs) N e Dl,s) < (s+1)k2~d

‘@(Zk) ~
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for all normalized fi E'Epi (Z*) and all choices of sy,l1,...,5k,lx € N, uniformly in t €
[3,1], with Fgo% = Fpli®i(f;) given in (7.36). In view of (7.45), Proposition 7.37, and
Lemma 7.39, the above task reduces to showing

HV’“ <Agu(F]§ft{;jl, L ERy N € ]D)Ls) ‘Mzk) < (s+1)kael, (7.59)
again for all normalized f; € ¢Pi(Z*) and all choices of Iy, s1,...,1,s; € N, uniformly in

t € [5,1], with Fi'y* given in (7.45).

The advantage of working with the average Agu in (7.59) is that we can exploit the
multilinear Weyl inequality (6.2) from Theorem 6.1 to produce an exponential decay in [ as
long as the underlying functions have Fourier transforms vanishing on suitable major arcs,
like in (7.59). Observe that for each fixed p € (2, 00), by Holder’s inequality and Lemma 7.39,
for all normalized f; € £P¢(ZF) and all choices of I1, s1,...,lx, sk € N one has

5 1,01, ki,
sup HV” (Agu(FN;,;l, . ’FN,t’quk) :N € ]D)l,s>
1/2<t<1
< H sup HV’O (F]ZVZQZZ :N € ID)LS)
i€lk] 1/2<i<1 o

’ép(zk)

(7.60)

LPi(ZF)

lloglogl

< (s+ 1)k (201’1 """ Pi (o1 )]1zz1o + ]11<10) .

Our aim will be to establish the following maximal theorem.

Theorem 7.61. Fix k € Z and let the exponents 1 < pi1,...,pr < o0 such that p% +
st pik = % < 1 be given. Then there exists a small constant § € (0,1) such that for all
normalized fi € (P1(ZF), ..., fr € (P*(ZF) we have

sup sup )AQu (Fﬁ,’ftl’fl, ce F]’ff’i’ff’c) S (s+ 1)k27él
1/2<t<1 || N€EDy s o (ZF)
for all choices of 11, s1,. .., ki, sp € N, with F;Vléil given in (7.45).

Fixing r € (2,00) and p € (2,7), interpolating the unnormalized V? bound from (7.60)
with the unnormalized maximal function bound from Theorem 7.61, and renormalizing, we
readily deduce (7.59), as desired.

7.3.6. Multiparamater norm interchanging inequality. Here we formulate a multipa-
rameter variant of the norm interchanging inequality from [62, Lemma 9.5, p. 1079]. The
norm interchanging inequality from [62] asserts that for any measure space (X, B(X),u),
any K € Z; and 1 < R <1 < oo, and for any sequence (fx)re(x)  L"(X) we have

V" (fe : k € [KD|lrx) Srr 1(F)rerlveqr)crx) (7.62)

where
J_

1
/
R
T = Su su . — . r
||(fk)ke[K]HVR([K],L (X)) JeZp+ k0<...likj (jzﬂ ||fkj+1 fk]HL (X))
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with the inner supremum taken over all increasing sequences from [K] of length J + 1.
Inequality (7.62) states that we can insert the L"(X) norm under the r-variation norm, at
the cost of worsening the r-variation parameter to R < r.

We begin with fixing some notation and terminology. Let J C Ry be an at most countable
set such that minJ € J. Let I(J) denote the set of all finite increasing sequences from J.
The elements of I(J) will be denoted by bold letters N.; = (N;);en_, for some J € Z,.

Fix k € Z4 and let Wh,..., Wy be linear normed spaces. Let d € Z4 and Ry, Ry € [1,00].
Suppose that B: Wy x --- x W, — £f1(Z%) is a multisublinear operator. By this we mean
that for every fi,g1 € Wi,..., fr,gx € Wy and any j € [k] we have the pointwise inequality

HB(fla-"7fj—1afj7fj+17"'7fk)‘ - ‘B(fla'“7fj—17gj7fj+17"'7fk)H
< ’B(f17"'afj—17fj _gjafj-‘rlv"'vfk)"

For any (Ji,...,J) € Z% and o = (071,...,0%) € {0,1}* define

oi . N<Jz if g; = 17
<Ji {1} ifo;=0.

Moreover, for every h; = (hin)nvey € Wi and N | = (N;)jENwi € I(J) for i € [k] define

o,R1,Ro
AN1<] Ni] (hl,‘..,hk) by
17 k

o o 1/R
(= [BART o AR ) Wit z)

J1€N<J1) 7]k€N<Jk

where we set N*| == minJ € J and

AhUz L= hZ7N;Z - h1,7N‘;L171 lf g; = 1,

NG, hini | if o; = 0.
Proposition 7.63. Let J C Ry be at most countable with N_; :=minJ € J. Fiz k € Z,
and linear normed spaces Wi,... Wy. Letd € Zy and 1 < R < r < oco. Suppose that
B: Wix---xWy, — (8(Z%) is a multisublinear operator. Then for every h; = (hin)ney C Wi
for i € [k], we have

H SIIp |B(h1,N17~ "7hk,Nk)|

Ni,...,N€J ZT‘(Zd)
7.64
NT R Z sup AJ’IE’R NF (h1, ceey hk) ( )
sef{011k Nog o WNE S ey STk
Proof. The proof follows from simple iterative applications of (7.62). O

The advantage of using Proposition 7.63 is that we do not distinguish between small and
large scales, which was an essential argument in [62]. This is another important simplification
of our method. Proposition 7.63 will be the key tool in our approach and will be applied
with d = k, B = Agu, and W; = ¢1(Z*) for i € [k], where & = R% +--+ R%'
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7.3.7. Uncertainty principle. We will need a smooth partition of unity (¢; : I € Zp,)
adapted to the partition Zy, := {[lh, (Il + 1)h) : | € Z} of R into disjoint intervals I of equal
length h € Ry. In fact, we can take

o1, () = p(h™H(z — (1)) (7.65)

for each I; == [lh, (I + 1)h) € T, where c¢(I}) :== (I + %)h is the center of I, and ¢: R — [0, 1]
is a suitable smooth bump function. Using (7.65) we define

¢}($) = ¢r(z - e;), zeZF, (7.66)

for every i € [k]. We will need two technical lemmas. Here, the symbol §p stands for the
Dirac delta distribution at the origin.

Lemma 7.67. Fizi € [k], e € (0,1), and an interval I of length comparable to 2%*. Then,
for M € N and x € ZF, one has

|67 *i (60 — Fg 'Ne—(di—eyu) (@)] Se s 27 (7.68)
and, for c(I) being the center of I, one also has
|67 % Fi < —(a—epu(@)| Sur 274z - e — (D). (7.69)

In particular, combining (7.68) and (7.69) one obtains
|67 *i (00 — Fi "< (di—epu) (@)] Seonr 271427 - e — (D). (7.70)

Proof. Regarding (7.68), by the Poisson summation formula, we have

Qdiu

| Fzo1(§)| = ‘Z}Eld)[(ngn)’ SN (24 |€HN

nez
for every N € N, with ||£|| :== minyez |£ + n|. Observe that
sup ‘(Zsl[ x4 (50 - ]:ilngf(difs)u)(x” < /JI‘ ‘FZ¢I(§)||1 - Ugf(drs)u(f)’df-

xC€Zk

Since 24i%[¢| > 2°% whenever 1 — N<—(di—e)u(§) # 0, applying the bound for [Fz$;(£)| with
some fixed N ~ (M +d;) /e, we can control the integral above by 2%  as desired. Regarding
(7.69), we can control its left-hand side by

-M —2M
S {2 ey — (D)) 2 ()
YEL
and use the fact that |z -e; — c()| <|z-e; —y — c(I)| + |y| for each y € Z. O

Lemma 7.71. Fizi € [k], e € (0,1), f € £2(Z%), and an interval I. Then
(97 % P 'n<—(di—eyu) T < poau(f) € C(Z") (7.72)

has its i-th Fourier transform supported on the major arcs M;l < (di—e)ut1-
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Proof. Our claim readily follows, since the integral

/I[‘ Z Ug—podm(f —¢— Q)E,Zkf(x(ifC))'FZQbI(g)nS*(difs)u(C)dC

96212.

is the i-th Fourier transform of the function from (7.72), evaluated at z ). O

7.3.8. All together: proof of Theorem 7.61. We now focus our attention on proving
Theorem 7.61. To simplify notation, we write

i . 2,03, i i,0i,8i ;
FN(fZ) = FN,t,u (fl) = Hli,g—podiu(FN,t (fz))7 (A= [k]a (773)
following (7.45). By Lemma 7.39, we have
I sup R ()l llems 2y S (5 + 1)207: 0 (7.74)

l,s
for all i € [k] and all normalized f; € €7 (ZF).

Proof of Theorem 7.61. Using notation from (7.73), we see that it suffices to prove that,
with some constant J, € (0, 1), we have

sup || sup [Agu(FN(f1), - FN(fi)llleo(zey S (s +1)% 27 (7.75)
1/2<t<1  NeDy,

for all normalized f; € ¢P(ZF),..., fi € P*(ZF). Since our argument is fairly intricate, it
will be divided into several steps.
Step 1. It suffices to prove that, with some constant v € (0,1), we have

sup || sup |Apu(Fy (f1),- - FN(F))llleszry S (s +1)"27 (7.76)
1/2<t<1 NeDy,
for all normalized f1,..., fi € (**(ZF), with Fi.(f;) as in (7.73) for all i € [k]. Any other

parameter p € (2,00) in place of 4 in inequality (7.76) would also work. However, using
the number 4 would reduce the number of parameters we need to declare later, making our
argument clearer. Note that inequality (7.76) implies inequality (7.75). To see this, suppose
that (7.76) holds. Combining inequality (6.24) from the proof of Theorem 6.1 with (7.74),
we obtain

< (s 4+ 1)k200 i@ (7.77)
00 (ZF)

sup |A2u(F]{[(f1), . aFJ%(fk)”
NeD; ¢

for all normalized f; € (V1(ZF), ..., fi € £°(ZF), where 1 < vy,...,v, < oo satisfy % +
e i = % with v < 1 close to 1. Interpolating the unnormalized bounds from (7.77) and
(7.76), using the multilinear interpolation result from [43, Theorem 1], and renormalizing
yields (7.75) for all 1 < py,...,pr < oo from Theorem 7.61 satisfying p% + -t pik = ]% <1.

By a simple density argument, it suffices to prove (7.76) for all normalized f1,..., fx €
¢**(ZF) that are also compactly supported. This additional assumption ensures that all
functions also belong to ¢?(Z*). Hence, from now on we assume that fi,..., fi € £*%(ZF)

are compactly supported.
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Step 2. By inequality (6.2) from Theorem 6.1, there exists a constant ¢ := ¢ € (0, 1) such
that for all g1,...,gx € 02k (7F), if g; € (2(ZF) for some i € [k] and the i-th Fourier transform

. 3 (2
of g; vanishes on ML, ;. 1., then

1A2u (g1, - gi)llezgzey S (27 0002d 127 TT | gill s - (7.78)
i€[k]

Thus, our aim is to establish (7.76) by reducing the matter to (7.78). For this purpose,
we choose r € (4, 00) such that

1 1 c
100kD <4 — 7") < 1000’ (7.79)

where ¢ := ¢ € (0,1) is the exponent from inequality (7.78).

Step 3. For each i € [k] we now fix a partition of unity (¢ : I* € T%) as in (7.65), where
It = 2d;u 15 the partition of R into disjoint intervals I i of equal length 2%%. Next, define
T :=7"x--- x IF and observe that for every I = I' x --- x I* € T we have

Agu(Gp FN (1), - O FN (fr)) = Azu (b FN (f), - O FR (D)1, (7.80)
with ¢%; defined in (7.66), I :=I' x --- x I* C R¥, and
=0 @1, @1ge 1, @ - @1p)fi, i€k, (7.81)

where I’ is an interval centered at ¢(I?) of length O(2%%) such that, whenever ¢;:(z; —
Pi(n)) # 0 for some = € R¥ and n € [2%], the arguments z; — P;(n) and z; both belong to
I'. Indeed, with this choice we have ¢ i1 7i = ¢ and we can also localize the operator to 1.

Finally, note that for each i € [k], the family of intervals {I? : I' € 7'} has bounded overlap.
For each ¢ € [k], define

Givp = Ghva(fi) = o Fx () (7.82)
with f as in (7.81). Moreover, for each w = (wy,...,w;) € {0, 1}, define

( } *i T N (di—eyu) Fi (FF) . if w; =1,
(0% *i (60 — Fr 'e—(@—eyu) ) Fi (f)  ifw; =0.

)

Gy =Gy (fi) = {
Note that

i i,0 i1 ‘

N71:GN,I+GN,I7 7,6[/{3]
Using (7.80) and (7.82), and the bounded overlap of {I : I € T}, we may write

| sup [Age(EY (). Sy
NGD[YS

T 1, k,
S Z ZH Sup ’AQ“(GN?""’GN(,UIk)H‘?‘l(Ith)'
wef{0,1}k I€T NeDu,s

(7.83)
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Step 4. We need a few properties of the functions G?Vw} We fix i € [k] and p; € (1,00).

Since Gi\’,l[ = G§V71 — G?{})I, we have
sup G < || sup |GY + || sup G
| NGID)ZJ Mg zry S NeDlJ Gy + 1 Nemsl Mg 2y

Observe that supyep, | |G’]'V7I| = ¢%, supyep, . [Fi(f])| by (7.82). Moreover, {I:1€7}has
bounded overlap. Thus, using Lemma 7.39 we obtain

H sup |GNI|||gpl (Zk) < Cl (l 57,)||f2|gpl (Zk) (7'84)

NEDZ s

lloglogl

with a constant C}, (I,s;) € Ry of the form (s; 4+ 1)P#(2 Or, (F9ee )]ll>10 + 1y<10)-
Next, taking M =11n (7.70) from Lemma 7.67, we have
sup |G (@) Se 2P wi(w - e — o(I')) sup [FR(fH) @), zeZF,
NeDy s NeDy s

where w;(y) = (27%%|y|)~Pi for y € Z. Since w;(z - ¢; — c(I?)) are summable over I’ € T*,
uniformly in = € ZF, we see that

>l S IG UG ey S 27PN sup [ER DG )
licTi NGDZS

and, since {I : I € T} has bounded overlap, using Lemma 7.39 we obtain

oI e IG MG gy S 277 C, (s s0) 1 fillos 0y (7.85)
1€l

Finally, by Lemma 7.71 with ¢ = -5 for each i € [k] the i-th Fourier transform of the

function G%',(f;) is supported on the major arcs M Thus, it vanishes on the
NI pp l;

<—(di—g)u+1"
. i
major arcs Mgli—l,g—diu%(li—l)'

Step 5. Fix w € {0,1}*\ {1}*. By the previous discussion, we have

W k,w —4u o
STI sup A (GR o G gy S 2 DB2RO
rex NeDus

for all normalized fi,...,fr € £**(Z*). Indeed, to prove inequality (7.86), we use the
boundedness of Ay« and Holder’s inequality, together with inequalities (7.84) and (7.85)
applied with p = 4 and p; = 4k for all 7 € [k].

Step 6. It remains to consider w = (1,...,1). We shall prove the bound

k cl
ST sup Ao (G- GRS (5 -+ 12002 (7.87)
IeT NGDlS
for all normalized fi,..., fi € ¢**(ZF). This is the main part of the argument, and once

inequality (7.87) is verified, the proof follows. Indeed, it suffices to combine inequalities
(7.83) and (7.86) for all w € {0,1}*\ {1}* (recall that now u = 100k(l + 1) by (7.58)), and
(7.87) to deduce (7.76) with ~ = ¢/50.
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By Hélder’s inequality (with 7 > 4 as in condition (7.79)), we obtain

k,1
ZH sup \A2u N[w-'?GN,I)’H;}‘l(fﬂZ’“)

rez Ne€Dus (7.88)
< 94uD(; sup |A u( , Gk’1 PR '
z; ” NeD, . ‘ 2 N[ N,I)H’é (ZF)
In view of condition (7.79), the bound (7.87) follows from (7.88) and
k, o 4cl
Yol sup [Aou(GRY o GRS (s + D26 02750 (7.89)
rez NeDis

Step 7. From now on we use the notation introduced above Proposition 7.63. By the norm
interchanging inequality from Proposition 7.63 with R = 4 < r applied to the ¢"(ZF) norm
n (7.89), followed by Holder’s inequality, we have

k,1
ZH sup ‘AQH Np---vGN,])Hu}r(Zk)

Ter NeEDi;
4 (7.90)
S Dl Z( sup AT (fl,...,fk)) ,
k NNy
oef0,1}k €T Ny NE; €l(Dys) 1 %
where for o = (01, ..., 0%) G{Oyl}k, we define ATT* 0 (f1,..., fi) by
<J1’ ’N<Jk
A L0 k, ,o 1/4
( > HAQu(AG}V}lj, L AGY ’“)Ilg%k ) ’

(J15-50k)EXq

and for each i € [k], setting N’ := minD; 5, we have

. . Ny ifoi=1,
X, = [[ N%, with N%, ::{ <o

ek {-1} ifo; =0,
and
. Gy (f) =G (f) ifoi=1,
AGH = AG“L‘“ W)= NGt _
fa G]ifil,l(fi) if o; = 0.

In view of the final remark in Step 4, for each i € [k], the i-th Fourier transform of
AG?VIJZU} is supported on the major arcs Miﬂ,gf(dﬁs)uﬂ with ¢ = 1—10. Thus, it vanishes

i :
on MLy o guyeq 1) and we may write

41,00 __ 1:1,0'1 % 27170'2
AGNZ_-_ T AG — ey, 1 < diures —1)AG I

Step 8. Fix o € {0,1}* and NL, ... Nk IID)lS,andletGU ={ielk]:0,=1}.
<J1 <.]k ’

We may assume, without loss of generahty, that &(o) = [m] for some m € N<j. In order to
simplify notation, for each i € [k], we define

(f) f 1_[<l —1,<—d;u+te(l; ,1),]1.
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and, assuming momentarily that I € 7 is fixed, we set
) ] '71?1 .. . '71
95 = 95,(fi) = AGR (i) and gii=gi(fi) = G (fi).
,77;7 —1>

Given p € [1, 00|, define @;ﬁ (h1,...,hpm, by, ..., hy) by setting

NE

<Jprt i< Iy
1 1 m V4 1/p
( Z HAQ“(Hl(hjl)?'"7Hm(hjm)7Hm+1(hm+1)7”'7Hk(hk))"gp(zk))
(G150 EX o
for all sequences of functions hy = (hjl-l)jleNdl, s b = (A] )jen.,,, and all functions
hm+1, - - -, by for which this formula makes sense. Note that
O (i) = [ Agu (Hy(ha), -, Hi(hi)) oz
NL, oNE
We also observe that AII\’Tij---yN]iJk (fis-o s fr) = @;ile---leiJk (915 -+, Gms Gm+1,- - -, gi) for
g1 = (9j,)ireNcyys - Gm = (9 )jmeN_,, and gmy1, ..., gk as before.
Given o € {0,1}* and N1<J1, e ,N’ijk € I(Dy 5), we will prove that
0% By R, honsts o B
N1<J17"'7N]2Jk( 1, ’ ) +1 k)
or(1)o— <k i 14\1/4 (791)
<2028 (T IO 1D Nezry) ( TT Wnillencas)).
1€6(0)  jieN 1€6(0)°
for every h; = (h;i)jieN € (% (ZF; 01(N)) for i € [m] and every h; € (4F(ZF) for i € [k] \ [m)].
If (7.91) holds, then we can control ALJ**  (f1,..., fx) by
NL, NE
or(D9—55 01,1 14y1/4 il
90k(1)9 30( I 1IC > 1a6 aJI“) / Hw(zk))( I1 HGNgl,IHE‘““(Z’“))
i€6(o)  Ji€Ncy, . i€6(0)°
Io4,4 .
so that SUPNLJl,.‘.,N’ng €1(Dy.,) AN1<J1’~~~’N'2Jk (f1,..., fr) is controlled by
o e i,1 0,1
90k (1) 9 30( H HV4(GN,I N € ID)Z’S)”ZZLIC(ZIC))( H HGNilJngxk(Zk)).
i€&(0) i€8(o)e

Inserting this bound into inequality (7.90) and applying Holder’s inequality, we sum over
I € 7. Since Z has bounded overlap, we can use Lemma 7.67 and proceed as in Step 4.
Additionally, invoking Lemma 7.39, we conclude that inequality (7.89) holds, as desired.
Step 9. It remains to establish (7.91). For this purpose, we first prove that

@;ijl,...,N’iJk(hl,-..,hm,hm+1,...,hk)
c ) 7.92
< zok(z)z—ré( IT 11> |h1-2.‘2)1/2"22k(zk)>( I1 ||hi||,£2k(Z,€)) (7.92)

1€6(o)  JieN 1€6(o)°

for every h; = (h;i)jieN € (?%(ZF; 2(N)) for i € [m] and every h; € (*(ZF) for i € [k] \ [m)].
To this end, we apply Khinchine’s inequality (see, for instance, [41, Section C.5, p. 589)]),
which allows us to linearize the ¢?(X,) square function that appears in the definition of
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@0’2
k
<J1’ ’N<Jk

ator Agu and applying Weyl’s inequality (7.78) with w; = [ —1 and wy = e(l—1) for e = %,
we obtain (7.92).
Similarly, we prove that

9;? Nk (hla'--ahm,hm+1a"'ahk)

<Jprt i<y

<90 l)( T IS 1) 1/8H€8k(Zk )( I th‘HeSk(zk)> (7.93)

i€6(o)  JieN i€S(o)°

(hi,... R, Pnit, - - -, hi). Inserting the summation over X, under the oper-

for every h; = (h;i)jieN € (85 (Z*; (3 (N)) for i € [m] and every h; € (3¥(ZF) for i € [k] \
[m]. This inequality readily follows by applying Minkowski’s integral inequality and the
boundedness of the operator Agu.

Then, noting that 3 = 2 g +12¢ 9 and S = % +1=8 =9 for § = %, we can interpolate (7.92) and
(7.93), using a multihnear Vector valued interpolation similar to a Riesz—Thorin argument,
to derive inequality (7.91). Specifically, we can adapt the proof of the multilinear complex
interpolation theorem [42, Theorem 7.2.9, p. 514] to the multilinear vector-valued setting,
following the approach in [41, Exercise 5.5.2, p. 339].

Now, the proof of Theorem 7.61 follows. O

Remark 7.94. Finally, we note that if one wants to use the method from [62], then the
argument in Step 6 would fail badly. In [62] the parameter u is exponential in [, while in our
case it is linear; see (7.58). This is because in [62] the bilinear Weyl inequality was proved

with the decay 6¢+ (log N)~¢C, which includes a logarithmic term that requires exponential
u = 290 However, thanks to the improvement in the Ionescu-Wainger theorem, our Weyl’s
inequality holds with §¢ 4+ N ¢ allowing us to have a linear dependence between [ and wu.
This is crucial in deriving inequality (7.87), which follows from choosing a parameter r in
condition (7.79). This choice renders the contribution of u in (7.88) negligible compared to
the size of ¢ arising in (7.78). If u were exponential in [, our approach in Step 6 would not
be feasible at all.
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