
more information  - www.cambridge.org/9781107035348

http://www.cambridge.org/9781107035348




CAMBRIDGE TRACTS IN MATHEMATICS

General Editors
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Princeton University

with the collaboration of
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Preface

In 1982 Shigefumi Mori outlined a plan – now called Mori’s program or the
minimal model program – whose aim is to investigate geometric and coho-
mological questions on algebraic varieties by constructing a birational model
especially suited to the study of the particular question at hand.

The theory of minimal models of surfaces, developed by Castelnuovo and
Enriques around 1900, is a special case of the 2-dimensional version of this
plan. One reason that the higher dimensional theory took so long in coming is
that, while the minimal model of a smooth surface is another smooth surface,
a minimal model of a smooth higher dimensional variety is usually a singu-
lar variety. It took about a decade for algebraic geometers to understand the
singularities that appear and their basic properties. Rather complete descrip-
tions were developed in dimension 3 by Mori and Reid and some fundamental
questions were solved in all dimensions.

While studying the compactification of the moduli space of smooth surfaces,
Kollár and Shepherd-Barron were also led to the same classes of singularities.

At the same time, Demailly and Siu were exploring the role of singular
metrics in complex differential geometry, and identified essentially the same
types of singularities as the optimal setting.

The aim of this book is to give a detailed treatment of the singularities that
appear in these theories.

We started writing this book in 1993, during the 3rd Salt Lake City summer
school on Higher Dimensional Birational Geometry. The school was devoted
to moduli problems, but it soon became clear that the existing literature did
not adequately cover many properties of these singularities that are necessary
for a good theory of moduli for varieties of general type. A few sections were
written and have been in limited circulation, but the project ended up in limbo.

The main results on terminal, canonical and log terminal singularities were
treated in Kollár and Mori (1998) and for many purposes of Mori’s original
program these are the important ones.

ix



x Preface

There have been attempts to revive the project, most notably an AIM confer-
ence in 2004, but real progress did not restart until 2008. At that time several
long-standing problems were solved and it also became evident that for many
problems, including the abundance conjecture, a detailed understanding of log
canonical and semi-log canonical singularities and pairs is necessary. In retro-
spect we see that many of the necessary techniques have not been developed
until recently, so the earlier efforts were rather premature.

Although the study of these singularities started only 30 years ago, the theory
has already outgrown the confines of a single monograph. Thus many of the
important developments could not be covered in detail. Our aim is to focus on
the topics that are important for moduli theory. Many other areas are developing
rapidly and deserve a treatment of their own.

Sections 6.1, 8.4, 8.5 and 10.6 were written by SK. Sections 2.5, 6.2 and the
final editing were done collaboratively.
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Introduction

In the last three decades Mori’s program, the moduli theory of varieties and
complex differential geometry have identified five large and important classes
of singularities. These are the basic objects of this book.

Terminal. This is the smallest class needed for running Mori’s program
starting with smooth varieties. For surfaces, terminal equals smooth. These sin-
gularities have been fully classified in dimension 3 but they are less understood
in dimensions ≥ 4.

Canonical. These are the singularities that appear on the canonical models of
varieties of general type. The classification of canonical surface singularities by
Du Val in 1934 is the first appearance of any of these classes in the literature.
These singularities are reasonably well studied in dimension 3, less so in
dimensions ≥ 4.

For many problems a modified version of Mori’s program is more appropri-
ate. Here one starts not with a variety but with a pair (X,D) consisting of a
smooth variety and a simple normal crossing divisor on it. These lead to the
“log” versions of the above notions.

Log terminal. This is the smallest class needed for running the minimal
model program starting with a simple normal crossing pair (X,D). There
are, unfortunately, many different flavors of log terminal; the above definition
describes “divisorial log terminal” singularities. From the point of view of
complex differential geometry, log terminal is characterized by finiteness of the
volume of the smooth locusX \ SingX; that is, for any top-degree holomorphic
form ω, the integral

∫
X
ω ∧ ω̄ is finite.

Log canonical. These are the singularities that appear on the log canonical
models of pairs of log general type. Original interest in these singularities came
from the study of affine varieties since the log canonical model of a pair (X,D)
depends only on the open variety X \D. One can frequently view log canonical
singularities as a limiting case of the log terminal ones, but they are technically

1



2 Introduction

much more complicated. They naturally appear in any attempt to use induction
on the dimension.

The relationship of these four classes to each other seems to undergo a
transition as we go from dimension 3 to higher dimensions. In dimension 3
we understand terminal singularities completely and each successive class is
understood less. In dimensions ≥ 4, our knowledge about the first three classes
has been about the same for a long time while very little was known about the
log canonical case until recently.

Semi-log-canonical. These are the singularities that appear on the stable
degenerations of smooth varieties of general type. The same way as stable
degenerations of smooth curves are non-normal nodal curves, stable degen-
erations of higher dimensional smooth varieties also need not be normal. In
essence “semi-log canonical” is the straightforward non-normal version of
“log canonical,” but technically they seem substantially more complicated.
The main reason is that the minimal model program fails for varieties with
normal crossing singularities, hence many of the basic techniques are not
available.

The relationship between the study of these singularities and the development
of Mori’s program was rather symbiotic. Early work on the minimal models
of 3-folds relied very heavily on a detailed study of 3-dimensional terminal
and canonical singularities. Later developments went in the reverse direction.
Several basic results, for instance adjunction theory, were first derived as con-
sequences of the (then conjectural) minimal model program. When they were
later proved independently, they provided a powerful inductive tool for the
minimal model program.

Now we have relatively short direct proofs of the finite generation of the
canonical rings, but several of the applications to singularity theory depend
on more delicate properties of minimal models in the non-general-type case.
Conversely, recent work on the abundance conjecture relies on subtle properties
of semi-log canonical singularities. In writing the book, substantial effort went
into untangling these interwoven threads.

The basic definitions and key results of the minimal model program are
recalled in Chapter 1.

Canonical, terminal, log canonical and log terminal singularities are defined
and studied in Chapter 2. As much as possible, we develop the basic theory for
arbitrary schemes, rather than just for varieties over C.

Chapter 3 contains a series of examples and classification theorems that show
how complicated the various classes of singularities can be.

The technical core of the book is Chapter 4. We develop a theory of higher-
codimension Poincaré residue maps and apply it to a uniform treatment of
log canonical centers of arbitrary codimension. Key new innovations are the
sources and springs of log canonical centers, defined in Section 4.5.



Introduction 3

These results are applied to semi-log canonical singularities in Chapter 5.
The traditional methods deal successfully with the normalization of a semi-
log canonical singularity. Here we show how to descend information from the
normalization of the singularity to the singularity itself.

In Chapter 6 we show that semi-log canonical singularities are Du Bois; an
important property in many applications. The log canonical case was settled
earlier in Kollár and Kovács (2010). With the basic properties of semi-log
canonical singularities established, the induction actually runs better in the
general setting.

Two properties of semi-log canonical singularities that are especially useful
in moduli questions are treated in Chapter 7.

Chapter 8 is a survey of the many results about canonical, terminal, log
canonical and log terminal singularities that we could not treat adequately.

Chapter 9 contains results on finite equivalence relations that were needed
in previous Chapters. Some of these are technical but they should be useful in
different contexts as well.

A series of auxiliary results are collected in Chapter 10.



1

Preliminaries

We usually follow the definitions and notation of Hartshorne (1977) and Kollár
and Mori (1998). Those that may be less familiar or are used inconsistently in
the literature are recalled in Section 1.1.

The rest of the chapter is more advanced. We suggest skipping it at first
reading and then returning to these topics when they are used later.

The classical theory of minimal models is summarized in Section 1.2. Min-
imal and canonical models of pairs are treated in greater detail in Section 1.3.
Our basic reference is Kollár and Mori (1998), but several of the results that
we discuss were not yet available when Kollár and Mori (1998) appeared. In
Section 1.4 we collect various theorems that can be used to improve the singu-
larities of a variety while changing the global structure only mildly. Random
facts about some singularities are collected in Section 1.5.

Assumptions Throughout this book, all schemes are assumed noetherian
and separated. Further restrictions are noted at the beginning of every
chapter.

All the concepts discussed were originally developed for projective varieties
over C. We made a serious effort to develop everything for rather general
schemes. This has been fairly successful for the basic results in Chapter 2, but
most of the later theorems are known only in characteristic 0.

1.1 Notation and conventions

Notation 1.1 The singular locus of a scheme X is denoted by SingX. It
is a closed, reduced subscheme if X is excellent. The open subscheme of
nonsingular points is usually denoted by Xns. For regular points we use Xreg.

The reduced scheme associated to X is denoted by redX.

4



1.1 Notation and conventions 5

Divisors and Q-divisors

Notation 1.2 Let X be a normal scheme. A Weil divisor, or simply divisor,
on X is a finite, formal, Z-linear combination D =∑i miDi of irreducible and
reduced subschemes of codimension 1. The group of Weil divisors is denoted
by Weil(X) or by Div(X).

Given D and an irreducible divisor Di , let coeffDi
D denote the coefficient

of Di in D. That is, one can write D = (coeffDi
D) ·Di +D′ where Di is not

a summand in D′. The support of D is the subscheme ∪iDi ⊂ X where the
union is over all those Di such that coeffDi

D �= 0.
A divisor D is called reduced if coeffDi

D ∈ {0, 1} for every Di . We some-
times identify a reduced divisor with its support. If D =∑i aiDi (where the
Di are distinct, irreducible divisors) then redD :=∑i:ai �=0 Di denotes the
reduced divisor with the same support. One can usually identify redD and
SuppD.

Linear equivalence of divisors is denoted by D1 ∼ D2.
For a Weil divisor D, OX(D) is a rank 1 reflexive sheaf and D is a Cartier

divisor if and only if OX(D) is locally free. The correspondence D �→ OX(D)
is an isomorphism from the group Cl(X) of Weil divisors modulo linear equiva-
lence to the group of rank 1 reflexive sheaves. (This group does not seem to have
a standard name but it can be identified with Pic(X \ SingX).) In this group the
product of two reflexive sheaves L1, L2 is given by L1⊗̂L2 := (L1 ⊗ L2)∗∗,
the double dual or reflexive hull of the usual tensor product. For powers we use
the notation L[m] := (L⊗m)∗∗.

One can think of the Picard group Pic(X) as a subgroup of Cl(X).
A Weil divisor D is Q-Cartier if and only if mD is Cartier for some m �= 0.

Equivalently, if and only if OX(mD) = (OX(D))[m] is locally free for some
m �= 0.

A normal scheme is factorial if every Weil divisor is Cartier and Q-factorial
if every Weil divisor is Q-Cartier. See Boissière et al. (2011) for some founda-
tional results.

Note further that if L is a reflexive sheaf and D =∑ aiDi a Weil divisor
then L(D) denotes the sheaf of rational sections of L with poles of multiplicity
at most ai along Di . It is thus the double dual of L⊗ OX(D).

More generally, let X be a reduced, pure dimensional scheme that satis-
fies Serre’s condition S2. Let Cl∗(X) denote the abelian group generated by
the irreducible Weil divisors not contained in SingX, modulo linear equiva-
lence. (Thus, if X is normal, then Cl∗(X) = Cl(X).) As before, D �→ OX(D)
is an isomorphism from Cl∗(X) to the group of rank 1 reflexive sheaves
that are locally free at all codimension 1 points of X. For more details,
see (5.6).



6 Preliminaries

Aside If X is not S2, then one should work with the group of rank 1 sheaves
that are S2. Thus OX(

∑
aiDi) should denote the sheaf of rational sections

of OX with poles of multiplicity at most ai along Di . Unfortunately, this is
not consistent with the usual notation OX(D) for a Cartier divisor D since
on a non-S2 scheme a locally free sheaf is not S2, hence we will avoid
using it.

Definition 1.3 (Q-Divisors) If in the definition of a Weil divisor
∑

i miDi we
allowmi ∈ Q (resp.mi ∈ R), we get the notion of a Q-divisor (resp. R-divisor).
We mostly work with Q-divisors. For singularity theory, (2.21) reduces every
question treated in this book from R-divisors to Q-divisors.

We say that a Q-divisor D is a boundary if 0 ≤ coeffDi
D ≤ 1 for every Di

and a subboundary if coeffDi
D ≤ 1 for every Di .

A Q-divisor D is Q-Cartier if mD is a Cartier divisor for some m �= 0.
Note the difference between a Q-Cartier divisor and a Q-Cartier Q-divisor.
Since the use of Q-divisors is rather pervasive in some parts of the book,

we sometimes call a divisor a Z-divisor to emphasize that its coefficients are
integers.

Two Q-divisors D1,D2 on X are Q-linearly equivalent if mD1 and mD2 are
linearly equivalent Z-divisors for some m �= 0. This is denoted by D1 ∼Q D2.

Let f : X → Y be a morphism. Two Q-divisors D1,D2 on X are relatively
Q-linearly equivalent if there is a Q-Cartier Q-divisor B on Y such that D1 ∼Q

D2 + f ∗B. This is denoted by D1 ∼Q,f D2.
For a Q-divisor D =∑i aiDi (where the Di are distinct irreducible divisors)

its round down is �D� :=∑i�ai�Di where �a� denotes the largest integer≤ a.
We will also use the notation D>1 =:

∑
i:ai>1 aiDi and similarly for D<0,D≤1

and so on.

Definition 1.4 Let f : X → S be a proper morphism and D a Q-Cartier Q-
divisor on X. Let C ⊂ X be a closed 1-dimensional subscheme of a closed
fiber of f . Choose m > 0 such that mD is Cartier. Then

(D · C) := 1
m

degC(OX(mD)|C)

is called the intersection number or degree of D on C.
We say that D is f -nef if (D · C) ≥ 0 for every such curve C. If S is the

spectrum of a field, we just say that D is nef.
We say that D is f -semiample if there are proper morphisms π: X → Y

and g: Y → S and a g-ample Q-divisor H on Y such that D ∼Q π∗H . Thus
f -semiample implies f -nef.

If S is a point, the difference between semiample and nef is usually minor,
but for dim S > 0 the distinction is frequently important; see Section 10.3.
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Pairs

Mori’s program was originally conceived to deal with smooth projective vari-
eties. Later it became clear that one needs to handle certain singular varieties,
schemes, algebraic or analytic spaces, and also add a divisor to the basic object.

Our main interest is in pairs (X,�) where

� X is either a normal variety over a field k or a normal scheme of finite type
over a regular, excellent base scheme B. (In practice, the most important
cases are when B is the spectrum of a field or a Dedekind ring.)

� � is a Q-divisor such that 0 ≤ coeffD � ≤ 1 for every prime divisor D.

However, in some applications we need to work with non-normal varieties,
with schemes that are not of finite type and with noneffective divisors �. Thus
we consider the following general setting.

Definition 1.5 (Pairs) We consider pairs (X,�) over a base scheme B satis-
fying the following conditions.

(1) B is regular, excellent and pure dimensional.
(2) X is a reduced, pure dimensional, S2, excellent scheme that has a canonical

sheaf ωX/B (1.6). (We will frequently simply write ωX instead.)
(3) The canonical sheaf ωX/B is locally free outside a codimension 2 subset.

(This is automatic if X is normal.)
(4) � =∑ aiDi is a Q-linear combination of distinct prime divisors none

of which is contained in SingX. We allow the ai to be arbitrary rational
numbers. (See (2.20) for some comments on real coefficients.)

Although we will always work with schemes, the results of Chapters 1–2 all
apply to algebraic spaces and to complex analytic spaces satisfying the above
properties.

Comments Assumption (1) is a very mild restriction since most base schemes
can be embedded into a regular scheme. However, changing the base scheme
B changes ωX/B .

If B itself is of finite type over a field k, then we are primarily interested in
the “absolute” canonical sheaf ωX of X and not in the relative canonical sheaf
ωX/B for p: X → B. There is, however, no “absolute” canonical sheaf on a
scheme; the above “absolute” canonical sheaf on a k-variety is in fact ωX/Spec k .
If B is a smooth k-variety then

ωX/B � ωX/Spec k ⊗ p∗ω−1
B

and p∗ωB is a line bundle which is trivial along the fibers of p. In defining the
singularities of Mori’s program for k-varieties, we use various natural maps
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between various “absolute” canonical sheaves. If we work over a smooth base
B, these maps just get tensored with the pull-back of ω−1

B ; the definitions and
theorems remain unchanged. This is the reason why one can work over a regular
base scheme in general.

It should be possible to define everything over a Gorenstein base scheme,
but we do not see any advantage to it.

Definition 1.6 (Canonical class and canonical sheaf) For most applications,
the usual definition of the canonical class and canonical sheaf given in Harts-
horne (1977) and Kollár and Mori (1998) is sufficient. More generally, if X

has a dualizing complex (Hartshorne (1966); Conrad (2000)), then its lowest
(that is, in degree − dimX/S ) cohomology sheaf is the dualizing sheaf ωX/S .
Unfortunately, the existence of a dualizing complex is a thorny problem for
general schemes. Instead of getting entangled in it, we discuss a simple special
case that is sufficient for most purposes. The uninitiated reader may also find
the discussion in Kovács (2012b, section 5) useful.

Let B be a regular base scheme and X → B be a pure dimensional scheme
of finite type over B that satisfies the following:

Condition 1.6.1 There is an open subscheme j: X0 ↪→ X and a (locally
closed) embedding ι: X0 ↪→ PN

B such that

(a) Z := X \X0 has codimension ≥ 2 in X, and
(b) ι(X0) is a local complete intersection in PN

B .

Let I denote the ideal sheaf of the closure of ι(X0). Then I/I 2 is a locally
free sheaf on ι(X0) and, as in Hartshorne (1977, II.8.20), we set

ωX0/B := ι∗(ωPN/B ⊗ det−1(I/I 2)). (1.6.2)

Finally define the canonical sheaf of X over B as

ωX/B := j∗ωX0/B . (1.6.3)

If ωX/B is locally free, it is frequently called the canonical bundle. We
frequently drop B from the notation.

If X0 is smooth over B, then one can define ωX using differentials, but in
general, differential forms give a different sheaf.

(We are mainly interested in three special cases and one extension of this
construction. First, if X is normal and quasi-projective then Z = SingX works.
Second, in dealing with stable varieties, we consider schemes X that have
ordinary nodes at some codimension 1 points. Third, we occasionally use
the dualizing sheaf for nonreduced divisors on a regular scheme. Finally, we
sometimes use that if p ∈ X is a point and X̂p the completion of X at p then
ω̂X/B is the canonical sheaf of X̂p.)
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If X is reduced, the corresponding linear equivalence class of Weil divisors
is denoted by KX.

Note that while Hartshorne (1977, II.8.20) is a theorem, for us (1.6.2–3) are
definitions. Therefore we need to establish that ωX/B does not depend on the
projective embedding chosen. This is easy to do by comparing two different
embeddings ι1, ι2 with the diagonal embedding

(ι1, ι2) : X0 ↪→ PN1
B ×B PN2

B ↪→ PN1N2+N1+N2
B .

We also need that ωX/B is the relative dualizing sheaf. If X itself is projective,
a proof is in Kollár and Mori (1998, section 5.5). For the general case see
Hartshorne (1966) and Conrad (2000).

Normal crossing conditions

Normal crossing means that something “looks like” the coordinate hyperplanes.
Depending on how one interprets “looking like,” one gets different notions. In
many instances, the difference between them is minor or merely a technical
annoyance. This is reflected by inconsistent usage in the literature. However, in
some applications, especially when the base field is not algebraically closed, the
differences are crucial. We have tried to adhere to the following conventions.

Definition 1.7 (Simple normal crossing for pairs) Let X be a scheme. Let
p ∈ X be a regular (not necessarily closed) point with ideal sheaf mp and
residue field k(p). Then x1, . . . , xn ∈ mp are called local coordinates if their
residue classes x̄1, . . . , x̄n form a k(p)-basis of mp/m

2
p.

Let D =∑ aiDi be a Weil divisor on X. We say that (X,D) has simple
normal crossing or snc at a (not necessarily closed) point p ∈ X if X is regular
at p and there is an open neighborhood p ∈ Xp ⊂ X with local coordinates
x1, . . . , xn ∈ mp such that Xp ∩ SuppD ⊂ (x1 · · · xn = 0). Alternatively, if for
each Di there is a c(i) such that Di = (xc(i) = 0) near p. We say that (X,D) is
simple normal crossing or snc if it is snc at every point. It is important to note
that being simple normal crossing is local in the Zariski topology, but not in
the étale topology.

This concept is frequently called strict normal crossing or, if X is defined
over an algebraically closed field, global normal crossing.

A stratum of an snc pair (X,
∑

i∈I aiDi) is any irreducible component
of an intersection ∩i∈JDi for some J ⊂ I . Sometimes X itself is allowed
as a stratum corresponding to J = ∅. All the strata of an snc pair are
regular.

We say that (X,D) has normal crossing or nc at a point p ∈ X if there is an
étale neighborhood π: (p′ ∈ X′) → (p ∈ X) such that (X′, π−1D) is snc at p′.
Equivalently, if (X̂K,D|X̂K

) is snc at p where X̂K denotes the completion at p
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and K is a separable closure of k(p). We say that (X,D) is normal crossing
or nc if it is nc at every point. Being normal crossing is local in the étale
topology.

If (X,D) is defined over a perfect field, this concept is also called log
smooth.

Examples Let p ∈ D be a nc point of multiplicity 2. If the characteristic
is different from 2, then, in suitable local coordinates, D can be given by an
equation x2

1 − ux2
2 = 0 where u ∈ Op,X is a unit. D is snc at p if and only if u

is a square in Op,X.
Thus (y2 − (1 + x)x2) ⊂ A2 is nc but it is not snc at the origin. Similarly,

(x2 + y2 = 0) ⊂ A2 is nc but it is snc only if
√−1 is in the base field k.

Given (X,D), the largest open set U ⊂ X such that (U,D|U ) is snc is called
the snc locus of (X,D). It is denoted by snc(X,D). Its complement is called
the non-snc locus of (X,D) and denoted by non-snc(X,D).

We also use the analogously defined nc locus, denoted by nc(X,D), or its
complement non-nc(X,D).

Finally, p ∈ D is called a double, triple, etc. snc (or nc) point if D has
multiplicity 2, 3, etc. at p. The double-snc locus (resp. the double-nc locus) of
(X,D) is the largest open set U ⊂ X such that (U,D|U ) is snc (resp. nc) and
each point of D has multiplicity ≤ 2.

Definition 1.8 (Simple normal crossing schemes) Let Y be a scheme. We
say that Y has simple normal crossing or snc at a point p ∈ Y if there is an
open neighborhood p ∈ Yp ⊂ Y and a closed embedding Yp ↪→ Xp of Yp into
a regular scheme Xp such that (Xp, Yp) has simple normal crossing (1.7). We
say that Y is snc or has simple normal crossings if it is snc at every point. As
before, being simple normal crossing is local in the Zariski topology, but not
in the étale topology.

Let X be an snc scheme with irreducible components X = ∪i∈IXi . A stra-
tum of X is any irreducible component of an intersection ∩i∈JXi for some
J ⊂ I .

We say that Y has normal crossing or nc at a point p ∈ Y if there is an
étale neighborhood π: (p′ ∈ Y ′

p) → (p ∈ Y ) and a closed embedding Y ′
p ↪→

X′
p such that (X′

p, Y
′
p) has simple normal crossing (1.7). Equivalently, if ŶK is

snc at p where ŶK denotes the completion at p and K is a separable closure of
k(p). We say that Y is normal crossing or nc if it is nc at every point. Being
normal crossing is local in the étale topology.

Note that, étale locally, snc schemes and nc schemes look the same. An nc
scheme is snc if and only if its irreducible components are regular.

If X is defined over a perfect field, this concept is also called log smooth.
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Given Y , the largest open set U ⊂ Y such that U is snc is called the snc
locus of Y . It is denoted by snc(Y ). Its complement is called the non-snc locus
of Y and denoted by non-snc(Y ). We sometimes use the analogously defined
nc locus, denoted by nc(Y ), or its complement non-nc(Y ).

Remark 1.9 Note that an snc scheme X of dimension n can locally every-
where be realized as an snc divisor on a regular scheme Y n+1 but usually X

itself cannot be an snc divisor on a regular scheme.
A simple obstruction arises from the following observation. Let Y be a

nonsingular variety and D1 +D2 an snc divisor on Y . Set Z := D1 ∩D2. Then
NZ,D2 � ND1,Y |Z where NX,Y denotes the normal bundle of X ⊂ Y .

Thus if X = X1 ∪X2 is an snc variety with Z := X1 ∩X2 such that NZ,X2

is not the restriction of any line bundle from X1 then X is not an snc divisor on
a nonsingular variety.

We do not know which snc varieties can be realized as an snc divisor on a
nonsingular variety. This explains some of the complications in Section 3.4.

A common generalization of (1.7) and of (1.8) is the following.

Definition 1.10 (Semi-snc pairs) Let W be a regular scheme and
∑

i∈I Ei an
snc divisor on W . Write I = IV ∪ ID as a disjoint union. Set Y :=∑i∈IV Ei as
a subscheme and DY :=∑i∈ID aiEi |Y as a divisor on Y for some ai ∈ Q. We
call (Y,DY ) an embedded semi-snc pair. A pair (X,D) is called semi-snc if it
is Zariski locally isomorphic to an embedded semi-snc pair. (We try to avoid
the long version “semi-simple normal crossing pair” since “semi-simple” is too
well established with other meanings.) Note that it follows from the definition
that DY ∩ Ei is a divisor for every i ∈ IV .

A stratum of a semi-snc pair (X,D) is a closure of a stratum of any of the
local charts (W,

∑
i∈I Ei) that is contained in X. The global strata are in fact

unions of local strata, hence they are regular subschemes of X.
A pair (X,D) is called semi-nc if it is étale locally isomorphic to an embedded

semi-snc pair.
There are three étale local models of semi-nc surface pairs (S,D) over C.

(1) S = (z = 0) ⊂ A3 and D = ax (x|S = 0) + ay(y|S = 0). This is the usual
normal case.

(2) S = (yz = 0) ⊂ A3 and D = ax(x|S = 0). Note that as a Weil divisor, D
has two irreducible components, namely D1 := (x = y = 0) and D2 :=
(x = z = 0). The support of the Q-divisor a1D1 + a2D2 is always snc, but
the pair (S, a1D1 + a2D2) is semi-snc only if a1 = a2. It is easy to see that
a1D1 + a2D2 is Q-Cartier only if a1 = a2.

(3) S = (xyz = 0) ⊂ A3 and D = 0.
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Note that, by our definition, neither of the following is semi-snc:

((xy = 0), (x = y = 0)) ⊂ A3 or ((xy = 0), (x = z = 0)) ⊂ A3.

Resolution of singularities

Definition 1.11 (Birational maps) A map of reduced schemes f : X ��� Y

is called birational if there are dense open subschemes UX ⊂ X and UY ⊂ Y

such that f |UX
: UX → UY is an isomorphism. Equivalently, if one can index the

irreducible components X = ∪iXi and Y = ∪iYi such that each f |Xi
: Xi ���

Yi is birational. Birational equivalence is denoted by X
bir∼ Y .

Among all such pairs {UX,UY } there is a unique maximal one {Um
X ,Um

Y }.
The complement Ex(f ) := X \ Um

X is called the exceptional set or locus of f .
Let Z ⊂ X be a closed subscheme such that Z ∩ Um

X is dense in Z. Then the
closure of f (Z ∩ Um

X ) ⊂ Y is called the birational transform of Z. It is denoted
by f∗Z.

Warning If f is not a morphism then f∗ need not preserve linear or algebraic
equivalence. Furthermore, if D := Z is a divisor, then OY (f∗D) and f∗OX(D)
agree on UY but can be quite different elsewhere. (The latter need not even be
coherent in general.)

Applying this toW ⊂ Y and f −1 we get the slightly unusual looking notation
f −1
∗ W := (f −1)∗W .
All birational maps of X to itself form a group, denoted by BirX.
Let X, Y be reduced schemes, proper over a base scheme S. A birational

map f : X ��� Y is called a birational contraction if Ex(f −1) has codimension
≥ 2. Note that if Y is normal and f is a morphism then it is a birational
contraction.

If f and f −1 are both birational contractions, we say that X and Y are
isomorphic in codimension 1.

There does not seem to be a good notion of birational equivalence for pairs
(Xi,Di). See (2.23–2.24) for some special cases and examples.

Definition 1.12 (Resolution and log resolution) Let X be a reduced scheme.
A resolution of X is a proper birational morphism f : X′ → X such that X′ is
regular.

Let X be a reduced scheme and D a Weil divisor on X. A log resolution
of (X,D) is a proper birational morphism f : X′ → X such that X′ is regular,
Ex(f ) has pure codimension 1 and (X′,D′ := Supp(f −1(D) + Ex(f ))) is snc.
We also say that f : (X′,D′) → (X,D) is a log resolution.
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The existence of log resolutions is proved in Section 10.4 over a field of
characteristic 0.

1.12.1 It is sometimes useful to know if there is an effective, f -exceptional
divisor F such that −F is f -ample. This is always the case if X is Q-
factorial (Kollár and Mori, 1998, 2.62) or if f is the composite of blow-ups
Xi+1 := BZi

Xi → Xi such that the image of Zi in X = X0 has codimen-
sion ≥ 2. Thus, in characteristic 0, every log resolution of a normal vari-
ety is dominated by another log resolution that carries such an exceptional
divisor.

Though the above definition makes sense for any scheme, we usually use it
for normal schemes. It is actually not clear what is the best notion of resolution
for non-normal schemes. The following variant is quite useful; see Section 10.4
for other versions and conjectures.

1.13 (Semi-resolutions) Let X be a reduced scheme over a field of char-
acteristic �= 2 and X0 ⊂ X an open subset that has only nonsingular points
(x1 = 0), double nc points (x2

1 − ux2
2 = 0) and pinch points (x2

1 = x2
2x3) such

that X \X0 has codimension ≥ 2. A semi-resolution of X is a projective bira-
tional morphism f : X′ → X such that

(1) X′ has only nonsingular points, double nc points and pinch points,
(2) f is an isomorphism over X0 and
(3) f maps SingX′ birationally onto the double normal crossing locus D ⊂

SingX.

Note that by (3), X′ is nonsingular at the generic point of any f -exceptional
divisor.

We show in (10.54) that semi-resolutions exist in characteristic 0. See
Section 10.4, especially (10.53) for more details. For semi-resolutions of pairs,
see (10.56).

1.2 Minimal and canonical models

This section is intended as a quick introduction to the theory of minimal and
canonical models. For more details see Kollár and Mori (1998, chapters 2–3).

1.14 (Canonical models) Let X be a nonsingular projective variety over a
field k. Its canonical ring is the graded ring

R(X) = R(X,KX) :=
∑
m≥0

H 0(X,OX(mKX)).



14 Preliminaries

The canonical ring depends only on the birational equivalence class of X.
Conversely, if X is of general type, that is, if |mKX| gives a birational map
for m � 1, then the canonical ring determines the birational equivalence class
of X.

If the canonical ring is finitely generated and X is of general type, then

Xcan := Projk R(X,KX)

is called the canonical model of X (or of its birational equivalence class).
For various reasons, we are also interested in minimal models of X. These

are varieties Xmin that are birational to X, have terminal singularities and nef
canonical class. More generally, Xw is a weak canonical model of X if Xw

has canonical singularities, nef canonical class and is birational to X. Thus
canonical and minimal models are also weak canonical models.

Theorem 1.15 (Reid, 1980) Let X be a nonsingular, proper variety of general
type such that its canonical ring R(X,KX) is finitely generated. Then

(1) its canonical model Xcan is normal, projective, birational to X,
(2) the canonical class KXcan is Q-Cartier and ample,
(3) Xcan has canonical singularities,
(4) H 0(X,OX(mKX)) � H 0(Xcan,OXcan (mKXcan )) for every m ≥ 0 and
(5) if KX is nef then X ��� Xcan is a morphism.

Proof Since
∑

m≥0 H
0(X,OX(mKX)) is finitely generated, there is an r > 0

such that
∑

m≥0 H
0(X,OX(mrKX)) is generated by H 0(X,OX(rKX)). Thus

D := rKX satisfies the assumptions of (1.16). Therefore, there is a birational
map φ: X ��� Z to a normal variety and a very ample Cartier divisor H on
Z such that H ∼ φ∗(D) and φ∗: H 0(Z,OZ(mH )) → H 0(X,OX(mD)) is an
isomorphism for every m > 0. Thus Z = Xcan.

Using (1.16.3) we see that the push-forward of the canonical class of X is
the canonical class of Z, thus

rKZ ∼ φ∗(rKX) ∼ φ∗(D) ∼ H.

Thus KZ is Q-Cartier and ample. Property (4) is exactly what led to the
definition of canonical singularities; see (2.17) where we also prove (3).

Proposition 1.16 Let X be a proper, normal variety and D a Cartier divisor
on X. Assume that

∑
m≥0 H

0(X,OX(mD)) is generated by H 0(X,OX(D)) and
that h0(X,OX(mD)) > cmdimX for some c > 0 and m � 1. Let φ : X ��� PN

denote the map given by |D|. Let Z be the closure of φ(X) and |H | the
hyperplane class on Z. Then
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(1) φ is birational,
(2) Z is normal,
(3) Z \ φ(X \ Bs |D|) has codimension ≥ 2 in Z,
(4) every divisor in Bs |D| is contracted by φ,
(5) φ∗|D| = |H | and
(6) if D is nef then |D| is base point free.

Proof Let X ← X′ → Z be the normalization of the closure of the graph
of φ with projections π and φ′. Set D′ := π∗D. Then X′ and D′ satisfy our
assumptions. Moreover, Bs |D′| = π−1 Bs |D| implies that it is enough to show
the conclusions for X′ and D′. Replacing X by X′ we may assume from now on
that φ is a morphism, |D| = φ∗|H | + F and F is the base locus of |D|. Since∑

m≥0 H
0(X,OX(mD)) is generated by H 0(X,OX(D)), we conclude that

H 0(Z,OZ(mH )) = H 0(X,OX(mD)) > cmdimX for m � 1.

In particular, dimZ = dimX and φ is generically finite.
Let p: Z′ → Z be the normalization of Z in X. For large m, m(p∗H ) is very

ample on Z′ and

H 0(Z,OZ(mH )) ⊂ H 0(Z′,OZ′ (m(p∗H )))

⊂ H 0(X,OX(mD)) = H 0(Z,OZ(mH )).

Thus Z = Z′ is normal, proving (1) and (2).
Let B be any irreducible divisor on X such that φ(B) is a divisor. We can

view OZ(φ(B)) as a subsheaf of the sheaf of rational functions. It has thus
an inverse image OZ(φ(B)) · OX which is a coherent subsheaf of the sheaf of
rational functions on X. Thus there is a φ-exceptional divisor E such that

OZ(φ(B)) · OX ⊂ OX(B + E).

Let H0 be a Cartier divisor on Z that vanishes along φ(E) but not along φ(B).
Then, for some m0 > 0,

OZ(φ(B) −m0H0) · OX ⊂ OX(B + E −m0φ
∗H0) ⊂ OX(B)

and these three sheaves agree generically along B.
Take now m � 1 such that OZ(mH + φ(B) −m0H0) is generated by global

sections. Then OX(mφ∗H + B) has a global section that does not vanish along
B. In particular, such a B is not in the base locus of |mφ∗H + B|. Since
|mD| = |mφ∗H | +mF , we see that B is not in F = Bs |D|.

Thus φ(Bs |D|) has codimension ≥ 2 in Z, which implies (3) and (4). There-
fore φ∗|D| = φ∗φ∗|H | + φ∗F = |H |, proving (5).

Finally, if D is nef then F is effective, φ-exceptional and φ-nef. Thus F = 0
by (1.17), proving (6).
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The next lemma is useful in many situations. (It is stated for varieties in
Kollár and Mori (1998, 3.39), but the proof applies for schemes once we use
that the Hodge index theorem holds for schemes (10.1).)

Lemma 1.17 (Kollár and Mori, 1998, 3.39) Let h: Z → Y be a proper bira-
tional morphism between normal schemes. Let −B be an h-nef Q-Cartier
Q-divisor on Z. Then

(1) B is effective if and only if h∗B is.
(2) Assume that B is effective. Then for every y ∈ Y , either h−1(y) ⊂ SuppB

or h−1(y) ∩ SuppB = ∅.

Thus if B is also h-exceptional then B is numerically h-trivial if and only if
B = 0.

1.3 Canonical models of pairs

We generalize the notions of canonical and minimal models to pairs (X,�)
and to the relative setting. We are mostly interested in the case when � is a
boundary, that is, the coefficient of every divisor in � is in the interval [0, 1],
but most of the basic results hold for any �.

We use the basic notions of singularities of pairs that are developed in
Section 2.1. Thus it makes sense to postpone reading various parts of this
section until they are actually needed.

The guiding principle is that the (log) canonical ring

R(X,KX +�) :=∑m≥0H
0(X,OX(mKX + �m��))

should play the role of the canonical ring.

Aside Note that �A+ B� ≥ �A� + �B� for any Q-divisorsA,B, thus, for any
Q-divisor D, R(X,D) :=∑m≥0 H

0(X,OX(�mD�)) is a ring. In particular, the
canonical ring is indeed a ring. On the other hand, using round-ups instead
of round-downs leads to Ru(X,D) :=∑m≥0 H

0(X,OX(�mD�)), which is, in
general, not a ring. However, �A+ B� ≥ �A� + �B�, thus Ru(X,D) is an
R(X,D)-module.

A new twist is that while it is straightforward to define when (Xc,�c) is a
canonical model, it is harder to pin down when is (Xc,�c) a canonical model
of another pair (X,�). The main reason is that (Xc,�c) carries no information
on those irreducible components of � that are exceptional for X ��� Xc.

Given a pair (X,�), what should its canonical model be?
First of all, it is a pair (Xc,�c) which is a canonical model (1.18). Second,

Xc should be birational to X. More precisely, there should be a birational map
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φ: X ��� Xc which is a birational contraction (1.11). Then the only sensible
choice is to set �c := φ∗�.

However, these conditions are not yet sufficient, as shown by the next
example.

Let (Y, 0) be log canonical with ample KY and f : X → Y a resolution with
exceptional divisors Ei . Write

f ∗KY ∼Q KX +∑ibiEi

where −bi = a(Ei, Y, 0) is the discrepancy as in (2.4). For some 0 ≤ ci ≤ 1,
set �X :=∑ ciEi . Then f∗�X = 0. As in (2.17) and (2.18), we see that the
two rings∑

m≥0H
0(Y,OY (mKY )) and

∑
m≥0H

0(X,OX(mKX + �m�X�))

agree only if �X ≥∑i biEi , that is, if ci ≥ bi for every i.
Note that this problem did not occur in the canonical case. Indeed, if (Y, 0)

is canonical then bi = −a(Ei, Y, 0) ≤ 0 and on X we take �X = 0. Thus
�X ≥∑i biEi is automatic.

By contrast, in the log canonical case, only bi = −a(Ei,X, 0) ≤ 1 is
assumed, hence the condition ci ≥ bi is nontrivial.

Keeping this example in mind, we see that we have to compare the discrep-
ancies of divisors with respect to the canonical model and the discrepancies
with respect to the original pair.

The discrepancy inequality should hold for all divisors, but it turns out (see
(1.22)) that it is enough to require it for φ-exceptional divisors (1.19.5).

Eventually we also need these concepts in the relative setting, that is, over
rather general base schemes.

Definition 1.18 Let (X,�) be a pair as in (1.5), � a boundary (1.3) and
f : X → S a proper morphism. We say that (X,�) is an

f -canonical
f -minimal
f -weak canonical

⎫⎬⎭ model if (X,�) is

⎧⎨⎩
lc
dlt
lc

⎫⎬⎭ and KX +� is

⎧⎨⎩
f -ample.
f -nef.
f -nef.

Minimal models are quite close to canonical models but they have milder
singularities. Weak canonical models form a convenient class that includes
canonical models, minimal models and everything in between them.

(Recall that, as in (1.6), we work over a regular base scheme B which we
suppress in the notation. In the classical theory of Section 1.2, S = B = Spec k
where k is a field. However, in many applications, S is quite different from B

and S is allowed to be singular. We will be careful to distinguish KX and KX/S ,
especially since the latter is frequently not defined.)
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Warning Note that a canonical model (X,�) has log canonical singularities,
not necessarily canonical singularities. This, by now entrenched, unfortunate
terminology is a result of an incomplete shift. Originally everything was defined
only for � = 0. When � was introduced, its presence was indicated by putting
“log” in front of adjectives. Later, when the use of � became pervasive, people
started dropping the prefix “log.” This is usually not a problem. For instance,
the canonical ring R(X,KX) is just the � = 0 special case of the log canonical
ring R(X,KX +�).

However, canonical singularities are not the � = 0 special cases of log
canonical singularities.

Definition 1.19 Let (X,�) be a pair as in (1.5) such that X is normal and
KX +� is Q-Cartier. Let f : X → S be a proper morphism. A pair (Xw,�w)
sitting in a diagram

X
φ ��������

f ���
��

��
��

Xw

f w

����
��

��
��

S

is called a weak canonical model of (X,�) over S if

(1) f w is proper,
(2) φ is a birational contraction (1.11),
(3) �w = φ∗�,
(4) KXw +�w is Q-Cartier and f w-nef and
(5) a(E,X,�) ≤ a(E,Xw,�w) for every φ-exceptional divisor E ⊂ X.

(We will see in (1.22) that if � is a boundary and (X,�) is lc then (Xw,�w) is
an f w-weak canonical model.) As in (2.6), write

KX + φ−1
∗ �w ∼Q φ∗(KXw +�w) +∑ia(Ei,X

w,�w)Ei, (1.19.6a)

where the Ei are φ-exceptional. Note that by (3), � = φ−1
∗ �w +�ex where

�ex is the φ-exceptional part of �. We can thus rewrite the above equation as

KX +�− φ∗(KXw +�w) ∼Q �ex +∑ia(Ei,X
w,�w)Ei. (1.19.6b)

We can thus restate (5) as

(5′) �ex +∑ia(Ei,X
w,�w)Ei is effective.

A weak canonical model (Xm,�m) = (Xw,�w) is called a minimal model
of (X,�) over S if in addition to (1–4), we have

(5m) a(E,X,�) < a(E,Xm,�m) for every φ-exceptional divisor E ⊂ X.
Equivalently, if �ex +∑ia(Ei,X

w,�w)Ei is effective and its support
contains all φ-exceptional divisors.
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(We will see in (1.22) that if � is a boundary and (X,�) is klt then (Xm,�m)
is an f m-minimal model. The dlt case is more delicate, see (1.23).)

A weak canonical model (Xc,�c) = (Xw,�w) is called a canonical model
of (X,�) over S if, in addition to (1–3) and (5) we have

(4c) KXc +�c is Q-Cartier and f c-ample.

(We will see in (1.22) that if � is a boundary and (X,�) is lc then (Xc,�c) is
an f c-canonical model.)

Comments For any (X,�) as above, its canonical model is unique (1.26) (but
it need not exist). Despite their names, minimal models are the largest among
the weak canonical models, see (1.21) and (1.36). Weak canonical models
should be thought of as intermediate objects between minimal models and
canonical models.

Warning 1.20 (Pull-back by rational maps) If g: X ��� Y is a dominant ratio-
nal map then one can define the pull-back maps g∗: CDiv(Y ) → WDiv(X) and
g∗: Pic(Y ) → Cl(X). Note, however, that if h: Y ��� Z is another dominant
rational map then usually (h ◦ g)∗ �= g∗ ◦ h∗.

A simple example is the following. Let Y = P2, h: Y ��� P1 the projec-
tion from a point y ∈ Y and g: X := ByY → Y the blow-up with exceptional
curve E.

Then h ◦ g: ByY → P1 is a morphism.
Let D ⊂ P1 be any effective divisor. Then (h ◦ g)∗D consists of the cor-

responding fibers of ByY → P1 and it never contains E. By contrast, h∗D
consists of a bunch of lines through y and so g∗(h∗D) contains E with multi-
plicity degD.

(1.20.1) If h is a morphism, then (h ◦ g)∗ = g∗ ◦ h∗.

The next result shows how similar the various minimal (resp. weak canonical)
models are to each other.

Proposition 1.21 Let (X,�) be a pair as in (1.19) and φw: (X,�) ���
(Xw,�w) a weak canonical model. Then

(1) a(E,Xw,�w) is independent of (Xw,�w) for any divisor E on any bira-
tional model of X.

(2) If φm: (X,�) ��� (Xm,�m) is a minimal model then φw ◦ φ−1
m : Xm ���

Xw is a birational contraction. In particular, any two minimal models of
(X,�) are isomorphic in codimension one.

Proof Let φi: (X,�) ��� (Xw
i , �

w
i ) for i = 1, 2 be two weak canonical mod-

els of (X,�). Choose g: Y → X such that hi: Y → Xw
i are both morphisms.
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Write

g∗(KX +�) ∼Q h∗i
(
KXw

i
+�w

i

)+ Zi

where the Zi are both effective by (1.19.5). Subtracting the two formulas we
get

h∗1
(
KXw

1
+�w

1

)− h∗2
(
KXw

2
+�w

2

) ∼Q Z2 − Z1.

Applying (1.17) to h1: Y → Xw
1 (resp. to h2: Y → Xw

2 ) we obtain that Z2 −
Z1 (resp. Z1 − Z2) is effective. Thus Z2 = Z1. This implies (1) since the
discrepancies are exactly the coefficients in Zi −�Y .

If (Xw
1 ,�

w
1 ) is a minimal model, then SuppZ1 contains all exceptional

divisors of φ1 by (1.19.5m). Thus every φ1-exceptional divisor also appears in
Z2 with positive coefficient, hence is also φ2-exceptional. Therefore φ2 ◦ φ−1

1 :
Xw

1 ��� Xw
2 is a birational contraction.

Finally, if (Xw
2 ,�

w
2 ) is also a minimal model then φ1 ◦ φ−1

2 is also a birational
contraction, giving (2).

Next we consider results that connect properties of (X,�) and of its weak
canonical models.

Proposition 1.22 Let φ: (X,�) ��� (Xw,�w) be a weak canonical model.
Then

(1) a(E,Xw,�w) ≥ a(E,X,�) for every divisor E,
(2) a(E,Xw,�w) > a(E,X,�) if (Xw,�w) is the canonical model and φ is

not a local isomorphism at the generic point of centerX E,
(3) totaldiscrep(Xw,�w) ≥ totaldiscrep(X,�),
(4) discrep(Xw,�w) ≥ min{discrep(X,�), a(Ei,X,�) : i ∈ I } where the

{Ei: i ∈ I } are the φ-exceptional divisors and
(5) if (X,�) is lc (resp. klt) then so is (Xw,�w).

Proof Fix E and consider any diagram

Y
g

����
��

��
�

h

���
��

��
��

�

X
φ ���������

f ���
��

��
��

Xw

f w

����
��

��
��

S

where (Xw,�w) is a weak canonical model and centerY E is a divisor. Write

KY ∼Q g∗(KX +�) + E1, and
KY ∼Q h∗(KXw +�w) + E2.
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Notice that a(E,Xw,�w) − a(E,X,�) is the coefficient of E in E2 − E1. Set

B := g∗(KX +�) − h∗(KXw +�w) ∼Q E2 − E1.

Then −B is g-nef and g∗B = g∗(E2 − E1) is effective by (1.19.5). Thus E2 −
E1 is effective by (1.17).

If (Xw,�w) is the canonical model and φ is not a local isomorphism at
the generic point of centerX E then centerX E ⊂ Supp g∗(E2 − E1), thus E ⊂
Supp(E2 − E1) by (1.17.2).

Since discrep(Y,D) is the minimum of all discrepancies of divisors which are
exceptional overY , we see that theφ-exceptionalEi are taken into account when
computing discrep(Xw,�w) but not in the computation of discrep(X,�).

A given pair (X,�) usually has many different minimal models, and so far
we have viewed them as essentially equivalent objects. In some applications
it is important to understand exactly when the inequality in (1.22.1) is strict.
There is a very clear answer for some minimal models.

Corollary 1.23 (Minimal models arising from MMP) Assume that a minimal
model (Xm,�m) is obtained from (X,�) by running an MMP as in Kollár
and Mori (1998, section 3.7), that is, φ is a composite of maps φi that sit in
diagrams

(Xi,�i)
φi ���������

fi ��	
								 (Xi+1,�i+1)

fi+1
��











Zi

where (X,�) = (X0,�0), (Xm,�m) = (Xj+1,�j+1) for some j ≥ 0 and each
(Xi+1,�i+1) is the canonical model of (Xi,�i) over Zi . Then

(1) a(E,Xm,�m) > a(E,X,�) iff φ : X ��� Xm is not a local isomorphism
at the generic point of centerX E.

(2) If (X,�) is dlt then so is (Xm,�m).

Proof (1.22.2) applies to each φi and hence to their composite φ, proving (1).
Assume next that a(E,Xm,�m) = −1. Then

−1 = a(E,Xm,�m) ≥ a(E,X,�) ≥ −1,

hence equality holds in both places and φ is a local isomorphism at the generic
point of centerX E by (1). Since (X,�) is dlt, it is snc at the generic point of
centerX E and so is (Xm,�m).

Next we consider a result that makes it easy to decide when two pairs have
the same canonical rings.
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Theorem 1.24 Let f1: X1 → S and f2: X2 → S be proper morphisms of
normal schemes and φ: X1 ��� X2 a birational map such that f1 = f2 ◦ φ. Let
�1 and �2 be Q-divisors such that KX1 +�1 and KX2 +�2 are Q-Cartier.
Then

f1∗OX1 (mKX1 + �m�1�) = f2∗OX2 (mKX2 + �m�2�) for m ≥ 0

if the following conditions hold:

(1) a(E,X1,�1) = a(E,X2,�2) if φ is a local isomorphism at the generic
point of E,

(2) a(E,X1,�1) ≤ a(E,X2,�2) if E ⊂ X1 is φ-exceptional and
(3) a(E,X1,�1) ≥ a(E,X2,�2) if E ⊂ X2 is φ−1-exceptional.

Proof Let Y be the normalization of the main component of X1 ×S X2 and
gi: Y → Xi the projections. We can write

KY ∼Q g∗1(KX1 +�1) +∑E a(E,X1,�1)E and
KY ∼Q g∗1(KX2 +�2) +∑E a(E,X2,�2)E.

Set b(E) := max{−a(E,X1,�1),−a(E,X2,�2)}. By (2.19), it is sufficient to
prove that

fi∗OXi
(mKXi

+ �m�i�) = (fi ◦ gi)∗OY (mKY +
∑

E�mb(E)�E) (1.24.4)

holds for i = 1, 2 and any sufficiently divisible m > 0. Observe that

KY +
∑

E b(E)E ∼Q g∗1 (KX1 +�1) +∑E(b(E) + a(E,X1,�1))E, and

KY +
∑

E b(E)E ∼Q g∗1 (KX2 +�2) +∑E(b(E) + a(E,X2,�2))E.

Note that
∑

E(b(E) + a(E,Xi,�i))E is effective by the definition of b(E).
Furthermore, if E is not g1-exceptional then either φ is a local isomorphism at
the generic point of E (and thus b(E) = −a(E,X1,�1) = −a(E,X2,�2)) or
E ⊂ X1 isφ-exceptional (and thus b(E) = −a(E,X1,�1) ≥ −a(E,X2,�2)).
A similar argument applies to g2. Therefore

∑
E(b(E) + a(E,Xi,�i))E is

effective and gi-exceptional for i = 1, 2, Thus, for sufficiently divisible m > 0,

(fi ◦ gi)∗OY (mKY +
∑

Emb(E)E)
= fi∗gi∗OY (g∗1(mKX1 +m�1) +∑E(mb(E) +ma(E,X1,�1))E)
= fi∗OXi

(mKXi
+m�i),

giving (1.24.4).

Applying (1.19) to X1 = X and X2 = Xw gives the following.

Corollary 1.25 Let f : (X,�) → S be a pair and f w: (Xw,�w) → S a weak
canonical model as in (1.19). Then

f∗OX(mKX + �m��) = f w
∗ OXw (mKXw + �m�w�) for every m ≥ 0.
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Thus if (X,�) has a canonical model f c: (Xc,�c) → S then∑
m≥0 f∗OX(mKX + �m��) =∑m≥0 f

c
∗OXc (mKXc + �m�c�)

is a finitely generated sheaf of OS-algebras.

Proof The only thing that remains to be established is that the last sheaf
of OS-algebras is finitely generated. We claim that, more generally, if g:
W → S is a proper morphism and D a g-ample Q-Cartier Q-divisor then∑

m≥0g∗OW (�mD�) is a finitely generated sheaf of OS-algebras.
Pick m0 such that H := m0D is Cartier. For 0 ≤ i < m0 set Di := �iD�

and note that rH +Di = �(rm0 + i)D�. Then
∑

r≥0g∗OW (rH ) is a finitely
generated sheaf of OS-algebras and each

∑
r≥0g∗OW (rH +Di) is a finitely

generated
∑

r≥0g∗OW (rH )-module (cf. Lazarsfeld (2004, section 1.8)). Thus∑
m≥0 g∗OW (�mD�) =∑0≤i<m0

∑
r≥0 g∗OW (rH +Di)

is a finitely generated sheaf of OS-algebras.

The following converse is a straightforward generalization of (1.15).

Theorem 1.26 Let X be an irreducible, regular scheme, f : X → S a proper
morphism and � an snc boundary on X. Assume that the (relative, log) canon-
ical sheaf of rings

R(X/S,KX +�) :=∑m≥0 f∗OX(mKX + �m��)
is a finitely generated sheaf of OS-algebras and KX +� is big on the generic
fiber of f . Then

(1) Xcan := ProjS R(X/S,KX +�) is normal, projective over S and there is
a natural birational map φ: X ��� Xcan.

(2) The class KXcan +�can is Q-Cartier and ample over S where �can := φ∗�.
(3) (Xcan,�can) is the unique canonical model of (X,�).
(4) Push-forward by φ gives an isomorphism∑

m≥0f∗OX(mKX + �m��) �∑m≥0f
can
∗ OXcan (mKXcan + �m�can�).

(5) If (X,�) is log canonical then so is (Xcan,�can).
(6) If KX +� is f -nef then φ: X ��� Xcan is a morphism.

Next we investigate when different choices of � lead to the same models.

Proposition 1.27 Letπ: X′ → X be a proper birational morphism. Let� and
�′ be Q-divisors onX andX′ such thatπ∗�′ = �. Assume that a(E,X′,�′) ≤
a(E,X,�) for every π -exceptional divisor E ⊂ X′. (This holds if (X,�) is
lc and coeffE �′ = 1 for every π -exceptional divisor E or if (X,�) is klt and
coeffE �′ ≥ 1 − ε for 0 < ε � 1.) Then



24 Preliminaries

(1) Every weak canonical (resp. canonical) model of (X,�) is also a weak
canonical (resp. canonical) model of (X′,�′).

(2) A canonical model of (X′,�′) is also a canonical model of (X,�).
(3) If a(E,X′,�′) < a(E,X,�) for every π -exceptional divisor E then every

weak canonical (resp. minimal) model of (X′,�′) is also a weak canonical
(resp. minimal) model of (X,�).

Proof Let (Xw,�w) be a weak canonical model of (X,�). If E is any divisor
on X′, then a(E,X′,�′) ≤ a(E,X,�) (and equality holds if E is not π -
exceptional). Thus, by (1.22.1), a(E,X′,�′) ≤ a(E,X,�) ≤ a(E,Xw,�w).
The other assumptions in (1.19) hold automatically, hence (Xw,�w) is also a
weak canonical model of (X′,�′).

Conversely, let (X′w,�′w) be a weak canonical model of (X′,�′) and
φ′: X′ ��� X′w the corresponding birational map. Set φ := φ′ ◦ π−1: X ���
X′w. Note that φ is a contraction if and only if the following assumption is
satisfied.

(4) Every π -exceptional divisor E ⊂ X′ is contracted by φ ′.

If this holds, then �′w = φ′
∗�

′ = φ∗�, thus the assumptions (1.19.1–4)
are satisfied. Furthermore, if F ⊂ X is φ-exceptional, then a(E,X,�) =
a(E,X′,�′) ≤ a(E,X′w,�′w), thus (1.19.5) also holds and so (X′w,�′w) is a
weak canonical model of (X,�).

We still need to show that either of the assumptions in (2) or (3) implies
(1.19.5). As in (1.19.6.b) we have

KX′ +�′ ∼Q φ′∗(KX′w +�′w) + F1,

whereF1 is effective and supported on theφ′-exceptional locus. By our assump-
tions

KX′ +�′ ∼Q π∗(KX +�) + F2,

where F2 is effective and supported on the π -exceptional locus. Subtracting
these two from each other, we obtain that

F1 − F2 ∼Q π∗(KX +�) − φ′∗(KX′w +�′w).

Note that π∗(F1 − F2) = π∗F1 is effective and −(F1 − F2) is π -nef since
KX′w +�′w is f ′w-nef. Thus, by (1.17), F1 − F2 is effective.

Assume to the contrary that (1.19.5) fails for E. Then E appears in F1

with coefficient 0 and in F2 with coefficient a(E,X,�) − a(E,X′,�′). Since
F1 − F2 is effective these imply that a(E,X,�) = a(E,X′,�′), which is
impossible if (3) holds. Furthermore, (1.17.2), shows that φ′∗(KX′w +�′w)|E
is numerically π -trivial. This is impossible if (2) holds.
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Lemma 1.28 Consider a diagram as in (1.19).

X
φ ��������

f ���
��

��
��

Xw

f w

����
��

��
��

S

Let �1,�2 be Q-divisors on X such that �1 ∼Q �2. Assume that (Xw, φ∗�1)
is an f -weak canonical (resp. f -canonical, f -minimal) model of (X,�1).

Then (Xw, φ∗�2) is also an f -weak canonical (resp. f -canonical, f -
minimal) model of (X,�2).

Proof By assumption there is an m ≥ 1 and a rational function h on X such
that �1 −�2 = 1

m
(h)X where (h)X denotes the divisor of h on X. Thus

φ∗�1 − φ∗�2 = 1
m

(h)Xw .

In particular, KXw + φ∗�2 is Q-Cartier (resp. f -nef or f -ample) if and only if
KXw + φ∗�2 is. As in (1.19.6.b), write

KX +�i − φ∗(KXw + φ∗�i) ∼Q �ex
i +∑j aijEj . (1.28.1.i)

By definition, (Xw, φ∗�i) is an f -weak canonical (resp. f -minimal) model of
(X,�i) if and only if the right hand side of (1.28.1.i) is effective (resp. effective
and with support Ex(φ)).

Subtracting the equations (1.28.1.i) from each other we obtain that

�ex
1 +∑j a1jEj ∼Q �ex

2 +∑j a2jEj .

Thus, a multiple of their difference is a function divisor (g)X. Since these
divisors are φ-exceptional, we see that (g)Xw = 0. Thus g is a regular function
on Xw, hence on S and also on X. Therefore

�ex
1 +∑j a1jEj = �ex

2 +∑j a2jEj . (1.28.2)

This completes the proof.

Existence of minimal and canonical models

Let us start with a very general form of the minimal model conjecture.

Conjecture 1.29 (Minimal model conjecture) Let f : X → S be a proper,
dominant morphism between normal, irreducible schemes (or algebraic spaces)
with generic fiber Xgen. Let � be an effective R-divisor on X such that (X,�)
is lc. Then

(1) (X,�) has a minimal model (Xm,�m) if and only if the restriction of KX +
� to the generic fiber Xgen is pseudo-effective (that is, it is numerically
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equivalent to a limit of effective Q-divisors). Furthermore, if X is dlt (resp.
Q-factorial) then one can choose Xm to be dlt (resp. Q-factorial).

(2) (X,�) has a canonical model if and only if the restriction of KX +� to
Xgen is big.

1.30 (Known special cases) The minimal model conjecture (1.29) is known
in the following instances.

1.30.1 (Surfaces) If X is a smooth surface over a field k, this is the classical
theory of minimal models, see Beauville (1983, chapter II) or Barth et al.
(1984, section III.4). The general case can be established along the same lines
using resolution of singularities (Shafarevich, 1966) and general contractibility
criteria for curves on surfaces (Lipman, 1969).

Assumption For (1.30.2–8), we always assume that S is essentially of finite
type over a field of characteristic 0.

1.30.2 (3-folds) dimX ≤ 3.
The case when X is terminal and � = 0 is due to Mori (1988). The first

part in the klt case was proved by Shokurov (1992). A different proof and a
seminar-style work out of both parts in the lc case is in Kollár (1992).

1.30.3 (4-folds) dimX ≤ 4 and KXgen +�gen is effective.
The first part is due to Shokurov (2006) and the second part to Fujino (2000).

See Corti (2007) for a detailed treatment.

1.30.4 (5-folds) dimX ≤ 5 and KXgen +�gen is effective.
The first part of the conjecture is proved in Birkar (2010).

1.30.5 (n-folds) (X,�) is klt and KXgen +�gen is big or �gen is big.
This is the main result of Birkar et al. (2010). It easily implies the case

(X,�+H ) where (X,�) is lc and H is an f -ample Q-divisor.
An analytic approach to the existence of the canonical model is outlined

in Siu (2008); see Păun (2010) and the references there for a more complete
treatment. A direct algebraic approach is developed in Cascini and Lazić (2010,
2012).

The following three results seem rather special, but they are tailor-made for
the applications in this book.

1.30.6 (n-folds) (Fujino, 2010) Assume that f : X → S is birational, (X,�)
is Q-factorial, dlt and KX +� ∼f,Q E where E is effective and f -exceptional.

Then (X,�) has a dlt, Q-factorial, minimal model over S.

Warning The proofs of the next two cases use some of the results that we
develop in Chapters 4–5. Thus we will avoid using them until Chapter 7.
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1.30.7 (n-folds) (Hacon and Xu, 2011a) Assume that f : X → S is projective,
(X,�) is dlt, there is a dense open S0 ⊂ S such that every log canonical
center (4.15) of (X,�) intersects f −1(S0) and (f −1(S0),�|f −1(S0)) → S0 has
a canonical model.

Then (X,�) has a dlt, Q-factorial, minimal model overS and also a canonical
model over S.

1.30.8 (n-folds) (Birkar, 2011; Hacon and Xu, 2011a) Assume that f : X → S

is projective and there is an effective divisor �′ such that (X,�+�′) is dlt
and KX +�+�′ ∼Q,f 0.

Then (X,�) has a dlt, Q-factorial, minimal model over S.

1.30.9 Positive and mixed characteristic Very little is known in general. The
first steps of the MMP for 3-folds in positive characteristic are treated in Kollár
(1991a). For semistable families of surfaces over Dedekind rings the existence
of minimal models is discussed in Kawamata (1994, 1999b).

1.4 Canonical models as partial resolutions

So far we have used the MMP to improve the global structure of a smooth variety
Y or of an snc pair (Y,�Y ) but have paid a price by introducing singularities.
Next we consider a quite different point of view. We start with a – possibly very
singular – variety X (or a pair (X,�)) and our aim is to find a proper birational
morphism g: X′ → X whose global structure is as simple as possible yet the
singularities of X′ (or of (X′,�′)) are better than before.

It would be interesting to have such a program as part of a resolution process,
but this seems completely out of reach for now. The proofs of the theorems
below work by taking first a resolution of X (or of (X,�)) and then running a
suitable MMP. Nonetheless, the end results are very useful.

Assumption The results in this section hold if X is proper over a scheme S

that is essentially of finite type over a field of characteristic 0.
For arbitrary S, the results would follow from the minimal model conjecture

(1.29) and the existence of log resolutions.

Canonical and log canonical modifications

Let X be a normal variety and � a boundary on X. Let f: X′ → X be a log
resolution of (X,�) such that the irreducible components of �′ := f −1

∗ � are
disjoint from each other. Then (X′,�′) is canonical hence it has a canonical
model over X. If ��� = 0 this follows from (1.30.5). The general case is
implied by (1.30.7). This gives the following.
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Theorem 1.31 (Canonical modification) Let X be a normal variety and � a
boundary (1.3) on X. Then there is a unique, projective, birational morphism
gcan: Xcan → X such that

(1) (Xcan, (gcan)−1
∗ �) is canonical and

(2) KXcan + (gcan)−1
∗ � is gcan-ample.

The above argument also has a log version. Let E′ be the sum of all
f -exceptional divisors with coefficient 1 and take the canonical model of
(X′,�′ + E′) overX. Its existence would follow directly from the still unknown
conjecture (1.29). If KX +� is Q-Cartier then Odaka and Xu (2012) showed
that one can use Hacon and Xu (2011a) instead of (1.29).

Theorem 1.32 (Log canonical modification) Let X be a normal variety and
� a boundary on X. Assume that KX +� is Q-Cartier. Then there is a unique
projective, birational morphism glc: Xlc → X such that

(1) (Xlc, (glc)−1
∗ �+ Elc) is log canonical, where Elc is the sum of all glc-

exceptional divisors with coefficient 1 and
(2) KXlc + (glc)−1

∗ �+ Elc is glc-ample.

A great advantage of the above models is their uniqueness, but their singular-
ities can still be rather complicated, especially in the lc case. We can improve
the singularities if in the above proofs we stop at a minimal model over X. The
price we pay is that we have to give up relative ampleness, hence uniqueness.
(Therefore, it is not clear that the existence of such models is a local question
on X, so we better assume that X is quasi-projective.) These results follow
from Birkar et al. (2010). The dlt case needs additional arguments as in Odaka
and Xu (2012).

Theorem 1.33 (Terminal modification) Let X be a normal, quasi-projective
variety and � a boundary on X such that ��� = 0. Then there is a non-unique,
projective, birational morphism gmin: Xmin → X such that

(1) (Xmin, (gmin)−1
∗ �) is terminal and

(2) KXmin + (gmin)−1
∗ � is gmin-nef.

Theorem 1.34 (Dlt modification) Let X be a normal, quasi-projective variety
and � a boundary on X. Assume that KX +� is Q-Cartier. Then there is a
non-unique, projective, birational morphism gdlt: Xdlt → X such that

(1) (Xdlt, (gdlt)−1
∗ �+ Edlt) is dlt, where Edlt is the sum of all gdlt-exceptional

divisors with coefficient 1, and
(2) KXdlt + (gdlt)−1

∗ �+ Edlt is gdlt-nef.

Next we turn the lack of uniqueness in (1.33)–(1.34) to our advantage.
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Cornucopia of dlt models

The following result gives us great flexibility in choosing a birational model.

1.35 (Picking birational models) Let (X,�) be lc, � a boundary and f : Y →
(X,�) a log resolution. Let {Ei: i ∈ I } be the f -exceptional divisors and pick
rational numbers ci such that

max{0,−a(Ei,X,�)} ≤ ci ≤ 1 for every i ∈ I .

Set �′ :=∑i∈I ciEi and run the (Y, f −1
∗ �+�′)-MMP. Note that

KY + f −1
∗ �+�′ ∼f,Q

∑
i∈I

(ci + a(Ei,X,�))Ei,

and the right hand side, call it F , is effective and f -exceptional. Furthermore
SuppF is the union of those Ei for which ci > −a(Ei,X,�). By (1.30.6), a
suitable MMP terminates with a Q-factorial, dlt, minimal model

f m: (Ym, (f m)−1
∗ �+�′

m) → X.

Note that F has ≥ 0 intersection with any curve not contained in SuppF and
it has negative intersection with some curve contained in F and contracted by
f by (1.17). This continues to hold after any number of steps of the MMP, thus
the MMP contracts all the divisors in SuppF and it does not contract any other
divisor.

In applications the key question is the choice of the coefficients ci . Varying
the ci gives different models Ym. Let us see how this works in some examples.

Corollary 1.36 (Thrifty dlt modification) Let (X,�) be lc and � a boundary.
Then there is a proper birational morphism g: Xdlt → X with exceptional
divisors Ei such that

(1) (Xdlt, g−1
∗ �+∑Ei) is dlt,

(2) Xdlt is Q-factorial,
(3) KXdlt + g−1

∗ �+∑Ei ∼Q g∗(KX +�) and
(4) g is an isomorphism over snc(X,�) (1.7).

Proof Start with a log resolution that is an isomorphism over snc(X,�) as
in (10.45.2), choose ci = 1 for every i and apply (1.35). The only excep-
tional divisors that survive in Xdlt are those divisors Ei ⊂ Y for which
a(Ei,X,�) = −1.

Corollary 1.37 (Small Q-factorial modification) Let (X,�) be dlt and � a
boundary. Then there is a proper birational morphism g: Xqf → X such that

(1) Xqf is Q-factorial,
(2) g is small, that is, without g-exceptional divisors,
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(3) (Xqf, g−1
∗ �) is dlt and

(4) discrep(Xqf, g−1
∗ �) = discrep(X,�). Thus if (X,�) is terminal (resp. ca-

nonical, resp. klt) then so is (Xqf, g−1
∗ �).

Proof By (10.45.2) we can take a log resolution f : Y → (X,�) such that
every f -exceptional divisor has discrepancy > −1. Pick all ci = 1 and apply
(1.35) to get g: Xqf → X. All the f -exceptional divisors get killed, hence
g: Xqf → X is small. The last claim follows from (2.23).

Cones over elliptic curves show that (1.37) fails in general if (X,�) is
only lc.

Even for 3-folds, Xqf depends subtly on the coefficients of the equations
defining X. For instance, if Xh is the analytic germ (0 ∈ (x1x2 + h(x3, x4) =
0)) ⊂ C4 then X

qf
h � Xh iff h(x3, x4) is irreducible (as a power series); see

Kollár (1991b, 2.2.7).

Corollary 1.38 (Extracting specific divisors) Let (X,�) be lc, � a boundary
and {Ei: i ∈ I } finitely many exceptional divisors over X such that −1 ≤
a(Ei,X,�) ≤ 0. Then there is a Q-factorial, dlt model g: (XE,�E) → (X,�)
such that

(1) the {Ei: i ∈ I } are among the exceptional divisors of g and
(2) every other exceptional divisor F of g has discrepancy −1.

If (X,�) is dlt and −1 < a(Ei,X,�) < 0 then we can arrange that the
{Ei: i ∈ I } are all the exceptional divisors of g.

Proof Pick any log resolution Y → X such that every Ei is a divisor on Y .
Choose all cj = 1 except ci = −a(Ei,X,�) for i ∈ I and apply (1.35). The
only divisors that survive are {Ei: i ∈ I } and those with discrepancy −1.

If (X,�) is dlt then by (1.37) we may assume that X is Q-factorial. Then
(X, (1 − ε)�) is klt and −1 < a(Ei,X, (1 − ε)�) < 0 still holds for 0 < ε �
1. Thus we get g: (XE,�E) → (X,�) such that the {Ei: i ∈ I } are all the
exceptional divisors of g.

We still need to prove that (XE,�E) is dlt. Let F be a divisor over (XE,�E)
with discrepancy−1. ThenX is smooth and� is Cartier at the generic point η of
centerX F . Thus there are no exceptional divisors with non-integral discrepancy
over η and Ex(g) has pure codimension 1 over η. Thus g is an isomorphism
over η.

If we allow (XE,�E) to be lc, most likely one can arrange that the
{Ei: i ∈ I } are exactly the exceptional divisors of g, but in the dlt case both
of the inequalities −1 < a(Ei,X,�) < 0 are necessary. As a simple example,
take (X,�) = (A2, (xy = 0)). Let E0 be obtained by blowing up the origin and
E1 by blowing up a point on E0. Depending on where the point is, a(E1, X,�)
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is either 0 or −1. The only model where E1 is the sole exceptional divisor is
obtained by contracting the birational transform of E0. We get a non-dlt point
this way.

If a(E,X,�) > 0 then (1.38) may fail, even if X is smooth and we allow
XE to have arbitrary singularities. Such examples are given in Cossart et al.
(2000) and Küronya (2003).

Corollary 1.39 (Extracting one divisor) Let (X,�) be dlt and E an excep-
tional divisor over X such that −1 < a(E,X,�) < 0. Then there is a model
g: (XE,�E) → (X,�) such that

(1) (XE,�E) is dlt,
(2) XE is Q-factorial,
(3) −E is g-nef,
(4) E = Supp g−1(g(E)),
(5) E is the sole exceptional divisor of g and
(6) E = Ex(g) iff X \ g(E) is Q-factorial.

The main advantage of this result is that if Z ⊂ X is a subvariety that
intersects g(E) then E cannot be disjoint from g−1

∗ Z.

Proof Let h : (X′,�′) → (X,�) be a Q-factorial, dlt model whose sole
exceptional divisor is E (1.38).

If (X,�) is klt, then so is (X′, h−1
∗ �), thus the latter has a Q-factorial minimal

model g: (XE, g−1
∗ �) → X by (1.30.5). Note that

KX′ + h−1
∗ � ∼Q h∗(KX +�) − cE ∼h,Q −cE, (1.39.7)

where c = −a(E,X,�) > 0.
We claim that X′ ��� XE does not contract E. Indeed, if φi: X′

i → X′
i+1

contracts E then E has negative intersection with some contracted curve by
(1.17), but this contradicts (1.39.7). Thus the MMP ends with −E becoming
g-nef. Since g has connected fibers, this implies (4–6).

If (X,�) is only dlt, then, by Kollár and Mori (1998, 2.43) or (3.71), it can
be approximated by klt pairs (X,�ε). We claim that the model constructed for
(X,�ε) also works for (X,�). The only question is to show that (XE,�E)
is dlt. To see this note that every divisor whose center intersects snc(X,�)
has integer discrepancy. Thus centerX E ⊂ non-snc(X,�) and so every divisor
whose center is contained in centerX E has discrepancy > −1. Thus every divi-
sor F such that centerXE F ⊂ E has discrepancy > −1 by (2.23) and therefore
(XE,�E) is dlt.

One can extend (1.39) to the lc case using (1.30.8). An even more general
result will be proved in (7.3).
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Non-normal cases

The minimal model program does not seem to work for non-normal varieties.
Kollár (2011e) gives examples of surfaces S with only normal crossing singu-
larities whose canonical ring

∑
m≥0 H

0(S, ωm
S ) is not finitely generated. Here

we construct similar examples for reducible 3-folds.

Example 1.40 (Nonexistence of slc modification) In the first example, X
will be a reducible 3-fold with two irreducible components X1, X2. There are
surfaces Di ⊂ Xi and X is obtained by gluing X1 and X2 using an isomorphism
σ: D1 � D2.

As we see in Chapter 5, the only way to get a (semi-)log canonical modifica-
tion of X is to construct the lc modification (Xlc

i , D
lc
i ) and glue them together

by an isomorphism σ lc: Dlc
1 � Dlc

2 .
In the example below, Dlc

1 �� Dlc
2 , thus the two components (Xlc

i , D
lc
i ) cannot

be glued together to a (semi-)log canonical modification of X.
Take (X1,D1) := (A3

uvw/
1
3 (1, 1, 1), (w = 0)/ 1

3 (1, 1) � A2
uv/

1
3 (1, 1)) (for

the notation used here see (3.19.2)). Then (X1,D1) is lc, even plt, hence its log
canonical modification is itself π1: (Xlc

1 ,D
lc
1 ) � (X1,D1).

Let D2 be the image of the embedding A2
uv/

1
3 (1, 1) ↪→ A3

xyzt given by σ:
(u, v) �→ (u3, u2v, uv2, v3) and set (X2,D2) := ((xt − yz = 0),D2) ⊂ A3

xyzt .

Use σ: D1 � D2 to glue (X1,D1) and (X2,D2) to obtain X.
To compute the log canonical modification of (X2,D2), note that D2 also

satisfies the equation xz = y2 and X2 ∩ (xz = y2) is the union of D2 and of a
residual plane P := (x = y = 0).

Let π2: Xlc
2 → X2 be the blow-up of the plane P and C ⊂ Xlc

2 the excep-
tional curve. Let Dlc

2 (resp. P lc) denote the birational transforms of D2 (resp.
P ). Then π∗

2 (D2 + P ) = Dlc
2 + P lc and (C · P lc) = −1. Thus (C ·Dlc

2 ) = 1
hence KXlc

2
+Dlc

2 is π2-ample. By explicit computation, Xlc
2 ,D

lc
2 are both

smooth, thus π2: (Xlc
2 ,D

lc
2 ) → (X2,D2) is indeed the log canonical modifi-

cation. Furthermore, π2: Dlc
2 → D2 is the blow-up of the origin, hence it is not

an isomorphism.
Thus the isomorphism σ: D1 � D2 gives a birational map σ lc: Dlc

1 ��� Dlc
2

that is not an isomorphism. Therefore (Xlc
1 ,D

lc
1 ) and (Xlc

2 ,D
lc
2 ) cannot be glued

together.

The following, more singular example applies in all dimensions.
Let Z ⊂ Pn−1 be a smooth hypersurface of degree n and D1 ⊂ X1 := An the

cone over Z. Then (X1,D1) is an lc pair by (3.1).
Fix a point p ∈ P1, embed Z × P1 into P2n−1 by the global sections of

OZ×P1 (1, 1) and let (X2,D2) be the cone over ((Z × P1), (Z × {p})).
One can glue (X1,D1) and (X2,D2) using the natural isomorphism D1 � D2

to obtain a demi-normal variety X. We claim that it has no slc modification.
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First note that (Xlc
1 ,D

lc
1 ) � (X1,D1).

One can describe (Xlc
2 ,D

lc
2 ) as follows. Resolve the cone X2 by blowing up

its vertex. The exceptional divisor is then Z × P1 and π2: Xlc
2 → X2 is obtained

by contracting the P1-factor of the exceptional divisor. Thus (π2)−1
∗ D2 is the

blow-up of the cone over Z at its vertex.
Thus we see that (Xlc

1 ,D
lc
1 ) and (Xlc

2 ,D
lc
2 ) cannot be glued together to an slc

modification of X.

It is not hard to construct many similar examples, but in all of them KX is
not Q-Cartier. It is proved in Odaka and Xu (2012) that the natural non-normal
version of (1.32) holds as long as KX +� is Q-Cartier.

1.5 Some special singularities

1.41 (Nodes) We say that a scheme S has a node at a point s ∈ S if its local ring
Os,S can be written as R/(f ) where (R,m) is a regular local ring of dimension
2, f ∈ m2 and f is not a square in m2/m3. If char k(s) �= 2 then a node is a
double nc point.

Claim 1.41.1 Let (A, n) be a 1-dimensional local ring with residue field k and
normalization Ā. Let n̄ be the intersection of the maximal ideals of Ā. Assume
that (A, n) is a quotient of a regular local ring. Then (A, n) is nodal if and only
if dimk(Ā/n̄) = 2 and n̄ ⊂ A.

Proof If (A, n) is nodal then blowing up n gives the normalization and these
properties are clear.

Conversely, if dimk(Ā/n̄) = 2 then dimk(n̄r/n̄r+1) = 2 for every r . Let x, y ∈
n̄ be a k-basis of n̄/n̄2. Then x2, xy, y2 are k-linearly dependent in n̄2/n̄3. The
relation is not a perfect square since

(n̄/n̄2) ⊗Ā/n̄ (n̄/n̄2) → (n̄2/n̄3) is an isomorphism.

Thus x, y generate n and and the resulting relation is not a square
modulo n3.

1.41.2 Deformation of nodes Let (B ′, n′) be a complete DVR with maximal
ideal n′ and (R,m) a complete, local B ′-algebra such that R is flat over B ′.

If B ′/n′ is perfect, or, more generally, if R/m is separably generated over
B ′/n′, then there is a complete DVR (B ′, n′) ⊂ (B, n) ⊂ (R,m) such that R is
a quotient of a formal power series ring B[[x1, . . . , xr ]] (cf. Matsumura, 1986,
section 29).
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If R/nR has a node at m, then R has dimension 2 and embedding dimension
≤ 3, hence we can write

R � B[[x, y]]/(G(x, y))

for someG ∈ B[[x, y]] that defines a node overB/n. That is, there is a quadratic
form q(x, y) := ax2 + bxy + cy2 with a, b, c ∈ B such that

( ∂q
∂x
, ∂q
∂y

) = (x, y) and G− q(x, y) ∈ nB[[x, y]] + (x, y)3.

Assume that there are coordinates (xr , yr ) such thatG− q(xr, yr ) ∈ mr(x, y) +
n. For suitable hx, hy ∈ mr , we can define new coordinates xr+1 := xr +
hx, yr+1 := yr + hy such that G− q(xr+1, yr+1) ∈ mr+1(x, y) + n. We repeat
this until, at the end, in suitable coordinates (x∞, y∞),

R�B[[x∞, y∞]]/(ax2
∞+ bx∞y∞+ cy2

∞+ d) where a, b, c ∈ B and d ∈ n.

If charB/n �= 2 then this can be further simplified to B[[x, y]]/(x2 + cy2 + d)
where c ∈ B \ n and d ∈ n. If, in addition, B/n is algebraically closed, then it
can be written as B[[x, y]]/(xy + d).

Finally, if B is a power series ring C[[z]] then we obtain the simplest forms

R � C[[x, y, z]]/(xy + zr) for r ≥ 1 or R � C[[x, y, z]]/(xy).

1.42 (cA-type singularities) Let Y be a smooth variety and X ⊂ Y a divisor.
At a singular point p ∈ X choose local coordinates yi and let

f (y1, . . . , yn+1) = 0 be a local equation of X. Since p is a singular
point, f ∈ (y1, . . . , yn+1)2 and we have a well-defined quadratic form f̄ ∈
(y1, . . . , yn+1)2/(y1, . . . , yn+1)3.

We say that X has cA-type singularities if rank f̄ ≥ 2 for every singular
point p ∈ X. Equivalently, if there are at least two linearly independent partials
∂f/∂yi modulo (y1, . . . , yn+1)2. Thus cA-type singularities form an open subset
of SingX.

Over an algebraically closed field, up-to formal or analytic coordi-
nate change, one can define a cA-type singularity by an equation y1y2 −
g(y3, . . . , yn+1) = 0. These are exactly the singularities of the total spaces
we get by deforming a node over a smooth base space.

By an easy computation, if X has cA-type singularities and Z ⊂ SingX is a
smooth subvariety then the blow-up BZX again has cA-type singularities. (By
contrast, for C := (x = y = z = 0) ⊂ (xy + ztn = 0) =: X the blow-up BCX

has a singular point with equation xyz+ tn = 0.)
An induction as in (2.10) shows that a normal cA-type singularity is canonical

and if codimX SingX ≥ 3 then X is terminal.
These singularities also appear in the following Bertini-type theorem of

Kollár (1997, 4.4): Let X be a smooth variety over a field of characteristic 0
and |H | a linear system. Assume that for every x ∈ X there is an Hx ∈ |H |
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such that either x �∈ Hx or Hx is smooth at x. Then the general H ∈ |H | has
only cA-type singularities.

Definition 1.43 (Pinch points) Let X be a nonsingular variety over a field
of characteristic �= 2 and D ⊂ X a divisor. We say that D has a pinch point
at p ∈ D if, in suitable local coordinates, D can be defined by the equation
x2

1 − x2
2x3 = 0.

Note that this notion is invariant under field extensions and even completion.
Indeed, if the singular set of D is a codimension 2 nonsingular subvariety, then
D can be locally given by an equation ax2

1 + bx1x2 + cx2
2 = 0 where a, b, c are

regular functions. If the quadratic part of the equation is a square times a unit,
then, after a coordinate change, we can write the equation as x2

1 + cx2
2 = 0.

This gives a pinch point after a field extension and completion if and only if
the linear term of c is independent of x1, x2. Thus we can take x3 = −c to get
the equation x2

1 − x2
2x3 = 0.

Let us blow-up Z := (x1 = x2 = 0). The normalization of D is contained
in the affine chart with coordinates x ′1 := x1/x2, x2, . . . , xn. If we introduce
x′3 := x3 − x ′1

2 then the normalization of D is given by (x ′3 = 0). The preimage
of Z is the nonsingular divisor (x2 = 0) and Z is the quotient of it by the
involution τ: (x ′1, 0, 0, x4, . . . , xn) �→ (−x′1, 0, 0, x4, . . . , xn).

A function f defines a τ -invariant divisor if and only if

f (x ′1, x2, x4, . . . , xn) =
{
g
(
x ′1

2
, x4, . . . , xn

)+ x2h(x ′1, x2, x4, . . . , xn), or
x ′1g
(
x′1

2, x4, . . . , xn
)+ x2h(x ′1, x2, x4, . . . , xn).

In the first case f is τ -invariant and descends to a regular function on D. In the
second case f is not τ -invariant, but f 2 descends to a regular function on D.

In particular, (x1 = x3 = 0) ⊂ (x2
1 = x2

2x3) is not a Cartier divisor but it is
Q-Cartier since 2(x1 = x3 = 0) = (x3 = 0) is Cartier.

Conversely, let Y be a nonsingular variety, B ⊂ Y a nonsingular divisor and
τ an involution on B whose fixed point set F ⊂ B has pure codimension 1 in
B. Let Z := B/τ and X the universal push-out of Z ← B ↪→ Y (9.30). Then
X has only nc and pinch points.

To see this, pick a point p ∈ F and local coordinates y1, . . . , yn such that
B = (y1 = 0), τ ∗y2|B = −y2|B and τ ∗yi |B = yi |B for i > 2. Then

x1 := y1y2, x2 := y1, x3 := y2
2 and xi := yi−1 for i > 3

give local coordinates on X with the obvious equation x2
1 − x2

2x3 = 0.

Definition 1.44 An excellent scheme Y is called unibranch or topologically
normal if the following equivalent conditions hold.
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(1) For every y ∈ Y the completion Ŷy is irreducible.
(2) For every y ∈ Y , every étale neighborhood (y′ ∈ Y ′) → (y ∈ Y ) is irre-

ducible.
(3) The normalization π: Ȳ → Y is a universal homeomorphism.
(4) The normalization π: Ȳ → Y is universally open.
(5) Let f : X → Y be a quasi-finite morphism such that every irreducible

component of X dominates an irreducible component of Y . Then f : X →
Y is universally open. (That is, for every Z → Y , the induced morphism
X ×Y Z → Z is open.)

(6) For every y ∈ Y , the field extension k(redπ−1(y)) ⊃ k(y) is purely insep-
arable.

The equivalence, especially (5), is called Chevalley’s criterion; see
Grothendieck (1960, IV.14.4.4).

By (3) normal schemes are unibranch. More precisely, Y is normal if and
only if it is unibranch and seminormal.

If f : X → Y is surjective, universally open and X is unibranch then so is Y .
Note that if Y is any irreducible curve then the normalization π: Ȳ → Y is

open. Thus in (4) it is not enough to assume that π: Ȳ → Y open.
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Canonical and log canonical singularities

In this chapter we introduce the singularities – terminal, canonical, log terminal
and log canonical – that appeared in connection with the minimal model
program.

Section 2.1 contains the basic definitions and their fundamental properties.
Whenever possible, we work with schemes, rather than just varieties over a
field of characteristic 0.

Section 2.2 starts a detailed study of log canonical surface singularities. Here
we focus on their general properties; a complete classification is postponed to
Section 3.3.

Ramified covers are studied in Section 2.3. This method gives a good the-
oretical framework to study log canonical singularities and their deformations
in all dimensions, as long as the degree of the cover is not divisible by the
characteristic.

Ramified covers have been especially useful in dimensions 2 and 3, lead-
ing to a classification of 3-dimensional terminal, canonical and log terminal
singularities in characteristic 0. A short summary of this approach is given in
Section 2.4. These topics are excellently treated in Reid (1980, 1987).

Divisorial log terminal singularities and their rationality properties are inves-
tigated in Section 2.5. Roughly speaking, these form the largest well-behaved
subclass of log canonical singularities. We prove that they are rational and
many important sheaves on them are Cohen-Macaulay (2.88), at least in
characteristic 0.

This section also shows the two, rather pervasive, problems that arise when
one tries to generalize results of birational geometry to positive and mixed
characteristics. The first is the lack of resolution of singularities and the second
is the failure of Kodaira-type vanishing theorems. Resolution of singularities is
expected to hold in general and in many cases one can get around it. For now,
the failure of vanishing theorems seems to present a bigger challenge.

37
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Assumptions In this chapter we work with arbitrary schemes as in (1.5–1.6).

2.1 (Log) canonical and (log) terminal singularities

While our eventual main interest is in varieties over a field of characteristic
zero, in this section we define and prove everything for general schemes as in
(1.5). The definitions and results are all local in the étale or analytic topology,
hence they carry over to algebraic and complex analytic spaces.

As motivation, we start with varieties over a perfect field.

Definition 2.1 (Discrepancy I) Let X be a normal variety over a perfect field
such that mKX is Cartier for some m > 0. Suppose f : Y → X is a birational
morphism from a normal variety Y . Let E ⊂ Y be an irreducible divisor and
e ∈ E a general point of E. Let (y1, . . . , yn) be a local coordinate system at
e ∈ Y such that E = (y1 = 0). Then, locally near e,

f ∗(local generator of OX(mKX) at f (e))

= y
c(E,X)
1 · (unit) · (dy1 ∧ · · · ∧ dyn)⊗m

for some integer c(E,X). The rational number a(E,X) := 1
m
c(E,X) is called

the discrepancy of E with respect to X. It is independent of the choice of m.
We refer to any such E as a divisor over X. The closure of f (E) ⊂ X is

called the center of E on X. It is denoted by centerX E.
If f : Y → X is a birational morphism then mKY is linearly equivalent to

f ∗(mKX) +∑i(m · a(Ei,X))Ei,

where the Ei are the f -exceptional divisors. We can formally divide by m and
write

KY ∼Q f ∗KX +∑ia(Ei,X)Ei.

Assume that f ′: Y ′ → X is another birational morphism and E′ ⊂ Y ′ an irre-
ducible divisor such that the rational map f −1 ◦ f ′: Y ′ → X ��� Y is a local
isomorphism mapping a general point e ∈ E to a general point e′ ∈ E′. Then we
see from the definition that a(E,X) = a(E′, X) and centerX E = centerX E′.
Because of this, in discrepancy considerations, we frequently do not distinguish
E from E′.

Warning While the discrepancy a(E,X) is independent of the choice of the
birational model Y that contains E, it is very sensitive to any changes of the
base variety X. It is, in fact, frequently useful to fix E ⊂ Y and study how
a(E,X) changes as we vary X in its birational equivalence class.

A basic property of discrepancy is that it is positive when X is smooth.



2.1 (Log) canonical and (log) terminal singularities 39

Proposition 2.2 Let X be a smooth variety defined over a perfect field k. Then
a(E,X) ≥ 1 for every exceptional divisor E over X.

Proof Let f : Y → X be a birational morphism, Y normal, E ⊂ Y an excep-
tional divisor and e ∈ E a general point. Choose local coordinates (y1, . . . , yn)
near e ∈ Y and (x1, . . . , xn) near f (e) ∈ X. Then

f ∗(dx1 ∧ · · · ∧ dxn) = Jac

(
x1, . . . , xn

y1, . . . , yn

)
· dy1 ∧ · · · ∧ dyn, (2.2.1)

thus a(E,X) is the order of vanishing of the Jacobian along E. Hence
a(E,X) ≥ 0 and a(E,X) = 0 if and only if f is étale over an open subset
of E. (Over C this is the inverse function theorem.) Thus a(E,X) ≥ 1 for
every exceptional divisor E.

2.3 (Discrepancies and sections of ωX) Let Y be a smooth variety over a field
of characteristic 0 and g: Y ′ → Y a proper, birational morphism. The above
computation gives a proof of the equality g∗ωY ′ = ωY . More generally, let X
be a normal variety and f : Y → X a resolution of singularities. By comparing
different resolutions using (2.2.1), we conclude that the image of

f∗ωY ↪→ ωX is independent of Y . (2.3.1)

How does this image compare with the discrepancies? The answer is very
simple if ωX is locally free but more complicated otherwise.

Claim 2.3.1 Assume that ωX is locally free. Then f∗ωY = ωX if and only if
a(E,X) ≥ 0 for every exceptional divisor E.

Proof We can write ωY = f ∗ωX(F ) where F =∑i a(Ei,X)Ei . Thus

f∗ωY = f∗(f ∗ωX(F )) = ωX ⊗ f∗OY (F ).

If a(E,X) ≥ 0 for every divisor E then F is effective and exceptional,
hence f∗OY (F ) = OX and so f∗ωY = ωX. Conversely, if f∗ωY = ωX then
f∗OY (F ) = OX hence the constant section 1X ∈ OX lifts to a section f ∗1X

whose zero divisor is F . Thus F is effective. Every exceptional divisor appears
on some resolution, hence a(E,X) ≥ 0 for every divisor E.

Claim 2.3.2 Assume that KX is Q-Cartier. If a(E,X) > −1 for every excep-
tional divisor E then f∗ωY = ωX . The converse usually does not hold.

Proof IfmKX is Cartier, we have an equality OY (mKY ) = f ∗OX(mKX)(mF )
where F =∑i a(Ei,X)Ei . Set G :=∑i Ei . Since ma(Ei,X) > −m is an
integer, we know that (m− 1)G+mF is effective. Thus the previous argument
yields that

f∗OY (mKY +mG)(−G) = OX(mKX). (2.3.4)
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Take any local section φ of OX(KX). Then f ∗φ is a rational section of OY (KY ),
so (f ∗φ)m is a rational section of OY (mKY ) and hence also of OY (mKY +mG).
On the other hand, φm is a section of OX(mKX), thus (2.3.4) shows that
(f ∗φ)m is a section of OY (mKY +mG) that vanishes along G. If an mth power
vanishes alongG, it vanishes with multiplicity≥ m. Thus (f ∗φ)m is a section of
OY (mKY +mG)(−mG) = OY (mKY ), hence f ∗φ is a section of OY (KY ).

Now we switch to the general case as in (1.5) and extend the definition (2.1)
to pairs (X,�) such that KX +� is Q-Cartier.

Definition 2.4 (Discrepancy II) Let (X,� =∑ aiDi) be a pair as in (1.5). (As
usual, we suppress the base schemeB in the notation.) Assume thatm(KX +�)
is Cartier for some m > 0. Equivalently, m� has integral coefficients and
ω

[m]
X (m�) is locally free.
Suppose f : Y → X is a (not necessarily proper) birational morphism from

a reduced scheme Y . Let E ⊂ Y denote the exceptional locus of f and Ei ⊂ E

the irreducible exceptional divisors. We assume that Y is regular at the generic
point of each Ei . (This is automatic if Y is normal.) Let

f−1
∗ � :=∑aif

−1
∗ Di

denote the birational transform of �. (The latter is well defined since the Di are
not contained in SingX.) There is a natural isomorphism of invertible sheaves

ιY\E: ω[m]
Y (mf −1

∗ �)|Y\E � f ∗(ω[m]
X (m�)

)∣∣
Y\E. (2.4.1)

Thus there are rational numbers a(Ei,X,�) such that m · a(Ei,X,�) are
integers, and ιY\E extends to an isomorphism

ιY : ω[m]
Y (mf −1

∗ �) � f ∗(ω[m]
X (m�))(

∑
im · a(Ei,X,�)Ei). (2.4.2)

This defines a(E,X,�) for exceptional divisors. Set a(D,X,�) :=
−coeffD � for nonexceptional divisors D ⊂ X.

The rational number a(E,X,�) is called the discrepancy of E with respect
to (X,�). As in the � = 0 case, a(Ei,X,�) depends only on Ei but not on f .

As we see in (2.7), for most cases of interest to us, a(E,X,�) ≥ −1. For
this reason, some authors use log discrepancies, defined as 1 + a(E,X,�).

We want to stress that this definition works for non-normal schemes as
well. For instance, let C be a curve with a single node p ∈ C. Let f : C ′ → C

denote the normalization and p′, p′′ the preimages of the node. Then p′, p′′ are
exceptional divisors of f and the definition gives that a(p′, C, 0) =
a(p′′, C, 0) = −1.

The discrepancies measure the singularities of a pair (X,�) together. Pos-
itive discrepancies indicate that (X,�) is mildly singular and negative values
indicate that (X,�) is more singular.
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When � = 0, we measure the singularities of X and when X is regular, we
measure the singularities of �, but the interplay between X an � is quite subtle.
In general, the discrepancies have the following obvious linearity property.

Lemma 2.5 With the above notation, assume that �′ is Q-Cartier and let
E ⊂ Y be a divisor. Then

a(E,X,�) = a(E,X,�+�′) + coeffE f ∗�′.

In particular, if �′ is effective then a(E,X,�) ≥ a(E,X,�+�′) for every
divisor E over X and strict inequality holds if and only if centerX E ⊂
Supp�′.

Notation 2.6 The pull-back and the discrepancies can be conveniently pack-
aged into any of the equivalent forms:

KY + f −1
∗ � ∼Q f ∗(KX +�) +∑Ei :exceptional a(Ei,X,�)Ei, or

KY ∼Q f ∗(KX +�) +∑Ei :arbitrary a(Ei,X,�)Ei, or

KY +�Y ∼Q f ∗(KX +�) where f∗�Y = � if X is normal, or

KY +�Y ∼Q f ∗(KX +�) where f∗(KY +�Y ) = KX +� in general.

Note, however, that these formulas do not show that the isomorphisms in
(2.4.1–2) are canonical.

We frequently refer to these formulas by saying, for instance: “write KY ∼Q

f ∗(KX +�) + A.” In this case it is understood that A is chosen as above. That
is, we have to make sure that A =∑i a(Ei,X,�)Ei .

It is easy to see that a(E, Y,�Y ) = a(E,X,�) for every divisor E (Kollár
and Mori, 1998, 2.30). A birational morphism satisfying these properties will
be called crepant; see (2.23).

The basic example is the following version of (2.2).

Proposition 2.7 Let X be a regular scheme and � =∑i∈I aiDi an snc
subboundary (1.3). For a divisor E over X set I (E) := {i ∈ I: centerX E ⊂
Di}. Then

a(E,X,�) ≥ −1 +∑i∈I (E)(1 − ai).

In particular, a(E,X,�) ≥ −1 and a(E,X, 0) ≥ 0.

Proof Assume first that we are over a perfect field and ai = 1 for every i.
Let f : Y → X be a birational morphism from a normal variety Y such that
E is an f -exceptional divisor. Let e ∈ E be a general point and choose local
coordinates (y1, . . . , yn) such that E = (y1 = 0).
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Let (x1, . . . , xn) be local coordinates in a neighborhood U � f (e) such that
� ∩ U = (x1 · · · xr = 0). A local generator of OU (KU +�) is given by

σU := dx1

x1
∧ · · · ∧ dxr

xr
∧ dxr+1 ∧ · · · ∧ dxn.

Near e, we can write f ∗xi = y
ai
1 · ui where ui is a unit. Thus

f ∗ dxi
xi

= d
(
y
ai
1 · ui

)
y
ai
1 · ui

= ai
dy1

y1
+ dui

ui

.

Since dy1 ∧ dy1 = 0, we obtain that

f ∗σU = dy1

y1
∧ ωn−1 + ωn,

where ωn−1 is a regular (n− 1)-form and ωn is a regular n-form. Thus f ∗σU is
a section of OY (KY + E) near E and so a(E,X,�) ≥ −1, as required.

The case when ai ≤ 1 follows from this and the equality (2.5). For regular
schemes we work out a more general formula in (2.10).

Next we define the six classes of singularities that are most important for the
minimal model program.

Definition 2.8 Let (X,�) be a pair as in (1.5) where X is a normal scheme
of dimension ≥ 2 and � =∑ aiDi is a subboundary, that is, a formal sum
of distinct prime divisors and ai are rational numbers, all ≤ 1. Assume that
m(KX +�) is Cartier for some m > 0. We say that (X,�) is

terminal
canonical

klt
plt
dlt
lc

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
if a(E,X,�) is

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

> 0 for every exceptional E,
≥ 0 for every exceptional E,
> −1 for every E,
> −1 for every exceptional E,
> −1 if centerX E ⊂ non-snc(X,�),
≥ −1 for every E.

Here klt is short for “Kawamata log terminal,” plt for “purely log termi-
nal,” dlt for “divisorial log terminal” and lc for “log canonical.” As in (1.7),
non-snc(X,�) denotes the set of points where (X,�) is not snc.

We usually say that X is terminal (canonical, . . . ) or that it has terminal
(canonical, . . . ) singularities if and only if (X, 0) is terminal (canonical, . . . ).

(The frequently used phrase “(X,�) has terminal, etc. singularities” may be
confusing since it could refer to the singularities of X instead.)

Each class contains the previous one, except canonical does not imply klt
if � contains a divisor with coefficient 1. The key point is to show that if
a(E,X,�) ≥ −1 for every exceptional E then a(E,X,�) ≥ −1 for every E

(Kollár and Mori, 1998, 2.31). This last claim fails if dimX = 1 since there are
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no exceptional divisors at all. If dimX = 1 then (X,
∑

aiDi) is terminal/klt
if and only if ai < 1 for every i; the other four concepts all coincide and they
hold if and only if ai ≤ 1 for every i.

Warning on effectivity In final applications, the above concepts are useful
only if � is an effective divisor, and frequently in the literature the definitions
assume that � ≥ 0. However, in some inductive proofs, it is very convenient
to allow � to contain some divisors with negative coefficients. (See (2.23) for
a typical example.) The usage is inconsistent in the literature, probably even in
this book.

Each of these six notions has an important place in the theory of minimal
models:

(1) Terminal: Assuming � = 0, this is the smallest class that is necessary to
run the minimal model program for nonsingular varieties. The � �= 0 case
appears less frequently.

(2) Canonical: Assuming � = 0, these are precisely the singularities that
appear on the canonical models of varieties of general type. This class
is especially important for moduli problems.

If KX +� is Cartier then the discrepancies are all integers, and so plt
implies canonical.

(3) Kawamata log terminal: The proofs of the vanishing theorems seem to run
naturally in this class but it is not suitable for inductive proofs.

If � = 0 then the notions klt, plt and dlt coincide and in this case we
say that X has log terminal (abbreviated as lt) singularities.

This class is also easy to connect to analysis. If M is a smooth complex
manifold and f is a meromorphic function and � := (f = 0) − (f = ∞),
then (M, c�) is klt if and only if |f |−c is locally L2, see (8.3) or Kollár
(1997, 3.2).

(4) Purely log terminal: This class was invented for inductive purposes. We
will see that (X,�) is plt if and only if it is dlt and ��� is normal (4.16).

(5) Divisorial log terminal: These are the singularities we obtain if we start
with an snc pair (X,�) and run the MMP. These are much better behaved
than log canonical pairs.

(6) Log canonical: This is the largest class where discrepancy still makes sense.
It contains many cases that are rather complicated from the cohomological
point of view, therefore it is quite hard to work with. However, these
singularities appear naturally on the stable varieties at the boundary of the
moduli spaces of varieties of general type and in many applications.

For basic examples illustrating the nature of these singularities see Chapter 3.
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Given (X,�), the most important value for us is the minimum of a(E,X,�)
as E runs through various sets of divisors. We use several versions:

Definition 2.9 The discrepancy of (X,�) is given by

discrep(X,�) := inf
E
{a(E,X,�) : E is an exceptional divisor over X}.

(That is, E runs through all the irreducible exceptional divisors of all birational
morphisms f : Y → X.)

The total discrepancy of (X,�) is defined as

totaldiscrep(X,�) := inf
E
{a(E,X,�) : E is a divisor over X}.

(That is, E ⊂ Y runs through all the irreducible exceptional divisors for all
birational morphisms f : Y → X and through all the irreducible divisors of X.)

If W ⊂ X is a subscheme, the minimal log discrepancy of (or over) W is
defined as

mld(W,X,�) := inf
E
{1 + a(E,X,�) : centerX E = W }.

(Using log discrepancies seems the usual variant here.) Let w ∈ W be the
generic point. Localizing at w we obtain w ∈ Xw and �w := �|Xw

. Then
mld(W,X,�) = mld(w,Xw,�w), thus any question about minimal log dis-
crepancies can be usually reduced to the case when W is a closed point.

For a reducible subscheme W ⊂ X with irreducible components Wi we set
mld(W,X,�) := maxi{mld(Wi,X,�)}.

The minimal log discrepancy is a refinement of the discrepancy since

totaldiscrep(X,�) = infW {mld(W,X,�) : W ⊂ X} − 1 and

discrep(X,�) = infW {mld(W,X,�) : W ⊂ X, codimX W ≥ 2} − 1.

One problem with the above definitions is that one needs to check discrepan-
cies on all possible birational maps to X. We start by computing mld(W,X,�)
for an snc pair (X,�). Then we use resolution of singularities to reduce the
general case to the snc case (2.23).

In particular, these imply that over a field of characteristic 0 all the infima in
(2.9) are minima; this is not known in general.

2.10 (Computing minimal log discrepancies) Let X be a regular scheme,
W ⊂ X a regular subscheme and π: BWX → X the blow-up with exceptional
divisor E ⊂ BWX. Then KBWX = π∗KX + (codimX W − 1)E. (This formula
is given in Hartshorne (1977, exercise II.8.5). The set-up there tacitly assumes
that X is over a perfect field, but the suggested proof works in general.) Thus

π∗(KX +�) ∼ KBWX + π−1
∗ �+ (1 − codimX W + multW �)E.
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If � =∑ aiDi is an snc divisor then multW � =∑i:Di⊃W coeffDi
�. As in

Kollár and Mori (1998, 2.31), we can use this inductively to compute discrep-
ancies in towers of blow-ups of regular subschemes.

Let now W ⊂ X be an arbitrary reduced subscheme. Since mld(W,X,�)
concerns only those divisors that dominate W , we can harmlessly replace X

with any open subscheme that contains the generic point of W . We can thus
replace X by X \ SingW and assume that we blow up a regular subscheme at
each step.

Finally we use (2.22) to see that such towers of blow-ups account for all
exceptional divisors over X. Thus we conclude that if � is a subboundary then

mld(W,X,�) = codimX W −∑i:Di⊃W coeffDi
�. (2.10.1)

In particular, if mld(W,X,�) < 1, then W is a stratum of �>0 (1.3). For such
W , we can rewrite the formula as

mld(W,X,�) =∑i:Di⊃W (1 − coeffDi
�) =∑i:Di⊃W mld(Di,X,�).

(2.10.2)
This method also gives a formula for all possible discrepancies that occur over
an snc pair (X,

∑
aiDi).

Claim 2.10.3 Let E be a divisor over X. Then one can write

1 + a(E,X,�) = m0 +
∑

imi(1 − ai)

where m0 ≥ 0,mi ≥ 1 are integers and the summation is over those i such that
centerX E ⊂ Di .

For a non-snc divisor � it is much harder to understand what happens
after several blow-ups and there is only one case with a simple answer. If
multp � ≤ 1 for every p ∈ X then the coefficient (1 − codimX W + multW �)
of the exceptional divisor E of the first blow-up is ≤ 0. Thus, by (2.23) and
(2.5) (X,�) is canonical (resp. terminal) if (BWX,π−1

∗ �) is canonical (resp.
terminal).

We have to be a little careful with induction, since in general π−1
∗ � can have

points of multiplicity > 1. However, as above, we can shrink X before each
blow-up and assume that � is equimultiple along W . Then π−1

∗ � has only
points of multiplicity ≤ multW � over W . Using (2.22) we get the following.

Claim 2.10.4 Let X be a regular scheme and � an effective Q-divisor. If
multp � ≤ 1 (resp. < 1) for every p ∈ X then (X,�) is canonical (resp. ter-
minal).

These imply the following global version (cf. Kollár and Mori, 1998, 2.31).
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Corollary 2.11 Let X be a regular scheme and � =∑ aiDi an snc sub-
boundary. Then

discrep(X,�) = min
{

1,min
i
{1 − ai}, min

Di∩Dj �=∅
{1 − ai − aj }

}
.

In particular, −1 ≤ discrep(X,�) ≤ 1 and discrep(X,�) = discrep(X,�>0).

We can put these results together to get the following.

Corollary 2.12 Let X be a normal scheme such that KX is Q-Cartier and
f : Y → X a resolution of singularities. Write KY ∼Q f ∗KX +∑ aiEi where
the sum runs over all f -exceptional divisors Ei . Then

(1) X is canonical if and only if ai ≥ 0 for every i.
(2) X is terminal if and only if ai > 0 for every i.
(3) If X is canonical then discrep(X) = min{1,mini{ai}}.
Proof Since a(Ei,X) = ai , the conditions are necessary. Conversely, assume
that ai ≥ 0. If F is an exceptional divisor of f then a(F,X) equals the coef-
ficient of F in

∑
aiEi , hence it is positive by assumption. If F is any divisor

that is exceptional over Y , then, by (2.23), a(F,X) = a(F, Y,−∑ aiEi) and,
using (2.5) and (2.7), we obtain that a(F, Y,−∑ aiEi) ≥ a(F, Y ) ≥ 1.

The proof of the version with boundary is the same:

Corollary 2.13 Let X be a normal scheme and � =∑ djDj a Q-divisor
such that KX +� is Q-Cartier. Let f : Y → X be a log resolution. Write
KY ∼Q f ∗(KX +�) +∑ aiEi . Then

(1) (X,�) is log canonical if and only if ai ≥ −1 for every i.
(2) (X,�) is klt if and only if ai > −1 for every i.

(Note that by our conventions the birational transforms f −1
∗ (Dj ) are among

the Ei with coefficient ai = −dj . Thus the restrictions on the ai imply that
dj ≤ 1 (resp. dj < 1) for every j . A formula for discrep(X,�) is in (2.11).)

The following basic result is easy if (X,�) has a log resolution, but takes
more work in general.

2.14 (Smooth base change and discrepancies) Let (X,�) be a pair as in
(1.5). Let p: Y → X be a smooth surjection and set �Y := p∗�. Our aim
is to compare the discrepancies occuring over (X,�) with the discrepancies
occuring over (Y,�Y ).

Let g: X′ → X be a birational morphism and FX ⊂ X′ a g-exceptional
divisor. Set Y ′ := Y ×X X′ with projections p′: Y ′ → X′, g′: Y ′ → Y and
FY := p′−1

FX. Then FY is a union of g′-exceptional divisors on Y ′ and
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a(FY , Y,�Y ) = a(FX,X,�) since KY ′/X′ = g′∗KY/X. We have thus proved
the following.

(1) The correspondence p∗: FX �→ {irreducible components of FY } is a multi-
valued map p∗: (divisors over X) → (divisors over Y ) which preserves
discrepancies.

(2) If p is étale then p∗ is surjective by (2.22). In particular discrep(Y,�Y ) =
discrep(X,�).

If dimY > dimX then the image of p∗ misses two types of divisors EY .
First, it can happen that EY dominates X. In this case centerY EY is a regular

point of Y hence a(EY , Y,�Y ) ≥ 1 by (2.7).
Second, it is possible that there is a divisorFX overX such that centerY ′ EY ⊂

FY dominates FX but is not one of the irreducible components of FY . In this
case again centerY ′ EY is a regular point of Y ′ and using (2.7) we see that
a(EY , Y,�Y ) ≥ 1 + a(FX,X,�). In particular

(3) discrep(Y,�Y ) = discrep(X,�).

To get a sharper result, let S ⊂ Y be a divisor such that p|S: S → X is smooth.
Then the above considerations also show that

(4) discrep(Y, S +�Y ) = totaldiscrep(X,�).

The most important special cases of these equalities are the following.

Proposition 2.15 Let (X,�) be a pair with � effective and p: Y → X a
smooth surjection. Then (X,�) is terminal (resp. canonical, klt, plt, lc) if and
only if (Y, p∗�) is terminal (resp. canonical, klt, plt, lc).

Warning By contrast, dlt is not an étale local notion since its definition
involves snc which is not étale local. If (X,�) is dlt then so is (Y, p∗�)
but the converse does not hold. For instance, the pair (A2, (x2 + y2 = 0)) is not
dlt over R but it is dlt over C.

2.16 (Local nature of discrepancy) Essentially by definition, the discrepancy
of a pair (X,�) is a local invariant. That is, if Xp denotes the spectrum of the
local ring of a point p ∈ X and �p is the restriction of � to Xp then

discrep(X,�) = inf{discrep(Xp,�p) : p ∈ X}.
By (2.14.2) discrepancies can be computed after an étale base change, hence

discrep(X,�) = inf
{

discrep
(
Xh

p,�
h
p

)
: p ∈ X

}
where Xh

p denotes the henselisation of Xp (4.38). By contrast, we do not know

how to prove the similar formula for the completions X̂p in general.
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If Xp has a log resolution Yp → Xp, then the completion gives a log resolu-
tion of X̂p and (2.11) shows that discrep(X̂p, �̂p) = discrep(Xp,�p). Thus, in
characteristic 0, discrep(X,�) = inf{discrep(X̂p, �̂p) : p ∈ X}. Furthermore,
every point p ∈ X has an open neighborhood p ∈ Up ⊂ X such that

discrep(X̂p, �̂p) = discrep(Up,�|Up
).

In particular, in characteristic 0, each pair (X,�) has a smallest closed sub-
scheme Z ⊂ X such that (X \ Z,�|X\Z) is lc. This Z is called the non-lc locus
of (X,�). It is denoted by non-lc(X,�).

Similarly, there is a smallest closed subscheme W ⊂ X called the non-
klt locus such that (X \W,�|X\W ) is klt. It is denoted by non-klt(X,�) or
nklt(X,�). (Some authors call this the “log canonical locus,” but this violates
standard usage.)

In (3.76) we give examples of singular rational surfaces whose canonical
class is ample. Thus, for singular varieties, the plurigenera are not birational
invariants. The following result shows that canonical singularities form the
largest class where the plurigenera are birational invariants. This was the ques-
tion that led to the classification of canonical singularities of surfaces in Du Val
(1934).

Proposition 2.17 Let X be a normal projective variety such that KX is Q-
Cartier and ample. Let f : Y ��� X be a birational map from a nonsingular
proper variety to X. Then X has canonical singularities if and only if

H 0(X,OX(mKX)) = H 0(Y,OY (mKY )) for every m ≥ 0.

Proof Let Y ′ be a normal, proper variety and Y ′ → Y a birational morphism
such that the composite g: Y ′ → X is a morphism.

Pick m such that mKX is Cartier and write mKY ′ ∼ g∗(mKX) + A where A

is g-exceptional. Then

H 0(Y,OY (mKY )) = H 0(Y ′,OY ′ (mKY ′ ))
= H 0(X, g∗(OY ′ (mKY ′)))
= H 0(X,OX(mKX) ⊗ g∗OY ′ (A)).

If A ≥ 0 then g∗OY ′ (A) = OX hence the last term equals H 0(X,OX(mKX)).
If A is not effective then g∗OY ′ (A) � OX, thus, for m � 1,

H 0(Y,OY (mKY )) = H 0(Y ′,OY ′(mKY ′)) � H 0(X,OX(mKX)).

This takes care of all sufficiently divisible values of m. The rest follows
from (2.19).

An essentially identical proof shows the following.
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Proposition 2.18 Let (X,�) be a normal pair and pX: X → S a proper
morphism. Assume that � is a boundary and KX +� is Q-Cartier and pX-
ample.

Let (Y,�Y ) be an snc pair and pY: Y → S a proper morphism. Assume that
�Y is a boundary. Finally let f : Y ��� X be a birational contraction such that
pY = pX ◦ f , f∗(�Y ) = � and every irreducible component of Ex(f ) appears
in �Y with coefficient 1. Then (X,�) is log-canonical if and only if

(pX)∗OX(mKX + �m��)
= (pY )∗OY (mKY + �m�Y �) for every m ≥ 0.

Lemma 2.19 Let X be a normal scheme, D a Q-divisor and m a positive
integer such that mD is an integral divisor. Let s be a rational section of
OX(�D�). Then s is a regular section of OX(�D�) if and only if sm is a regular
section of OX(mD).

Proof Since X is normal, it is enough to check this at the generic point of
every divisor. So pick a prime divisor E ⊂ X and assume that E has coefficient
r in D. Let s have a pole of order n along E. Then s is a regular section
of OX(�D�) along E if and only if n ≤ �r� and sm is a regular section of
OX(mD) along E if and only if mn ≤ mr . Since n is an integer, these are
equivalent.

2.20 (Real coefficients) One can also define discrepancies for pairs (X,�)
whereX is a normal scheme and� =∑ aiDi is a linear combination of distinct
prime divisors with real coefficients, as long as the pull-back f ∗(KX +�) can
be defined. The latter holds ifKX +� is a linear combination of Cartier divisors
with real coefficients. (Unlike in the rational case, this is weaker than assuming
that a real multiple of KX +� be Cartier.) All the results of this section work
for real divisors. See (2.21), Birkar et al. (2010) or Kollár (2010b, section 4)
for some foundational issues.

The following result can be used to reduce many problems from R-divisors
to Q-divisors directly.

Proposition 2.21 Let X be a normal scheme and � an R-divisor such that
KX +� is R-Cartier. Let {Ei : i ∈ I } be finitely many divisors over X. Fix
rational numbers ai ≤ a(Ei,X,�) ≤ bi and r ≤ discrep(X,�). Then there is
a Q-divisor �′ (depending on the Ei, ai, bi and r) such that

(1) KX +�′ is Q-Cartier,
(2) Supp�′ = Supp� and �′ is effective if � is,
(3) ai ≤ a(Ei,X,�′) ≤ bi for all i ∈ I and
(4) a(E,X,�′) = a(E,X,�) whenever the latter is rational.
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Moreover, if (X,�) has a log resolution (for instance, if we are over a field of
characteristic 0) then we can also guarantee that

(5) r ≤ discrep(X,�′).

Proof Fix a canonical divisor K ′
X ∈ |KX|. By assumption there are Cartier

divisors Dj and real numbers dj such that K ′
X +� =∑ djDj . (Actual equal-

ity, not just linear equivalence.) Set �x := −K ′
X +∑ xjDj . Let f : Y → X be

any birational morphism, Y normal. There is a unique canonical divisor K ′
Y

such that f∗K ′
Y = K ′

X. Then, by the definition of discrepancies,

K ′
Y −

∑
j xjf

∗Dj =
∑

F a(F,X,�x)F,

where F runs through all divisors on Y . This shows that each a(F,X,�x) is a
linear function of the xj with integral coefficients.

The conditions (2–4) represent a collection of linear rational equalities and
a finite collection of linear rational inequalities. The common solution set is
therefore a rational polyhedron P . By assumption P has a real point (corre-
sponding to �), hence P also has a rational point, giving �′.

If (X,�) has a log resolution g: X′ → X, we can add all exceptional divisors
of g and all irreducible components of Supp� to the Ei . We can further add all
divisors obtained by blowing up an irreducible component of the intersection
of 2 such divisors. Then, by Kollár and Mori (1998, 2.31),

discrep(X,�′) = min
i
{a(Ei,X,�′) : Ei is exceptional}.

We can also assume that r ≤ ai whenever Ei is exceptional. With these choices,
r ≤ mini{ai : Ei is exceptional} ≤ discrep(X,�′).

We have used the following result of Zariski and Abhyankar.

Lemma 2.22 (Blowing up centers of divisors) Let f : Y → X be a dominant
morphism of finite type of schemes. Let y ∈ Y be a codimension 1 regular point
that does not dominate any of the irreducible components of X.

Starting with X0 := X, f0 := f , we define a sequence of schemes and ratio-
nal maps as follows:

If we already have fi: Y ��� Xi and fi is defined at y, then let Zi ⊂ Xi be
the closure of xi := fi(y). Set Xi+1 = BZi

Xi and fi+1: Y ��� Xi+1 the induced
map. It is again defined at y.

Then eventually we get fn: Y ��� Xn such that xn := fn(y) is a codimension
1 regular point of Xn.

Proof If f is birational, the proof is given in Artin (1986, section 5) or Kollár
and Mori (1998, 2.45). (The latter assumes that X is a variety, but it is not
needed in the proof.) The proof in the general case is essentially the same, with
one small change that we explain below.
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Note that y defines a valuation ring R ⊂ k(X) with maximal ideal mR whose
center is x := x0 ∈ X. In the birational case the above mentioned proofs use
only that trdeg(R/mR : k(x)) ≥ dimx X − 1; we do not need equality.

The general case of relative dimension m ≥ 0 follows from these by noting
that

trdeg(R/mR : k(x)) ≥ trdeg(k(y) : k(x)) −m ≥ dimx X − 1.

Crepant morphisms and maps

Definition 2.23 A proper birational morphism f : (Y,�Y ) → (X,�X) sat-
isfying the assumptions of (2.6) is called crepant. (The word “crepant” was
coined by Reid as a back-formation of “discrepant.”) If f is crepant then
a(F, Y,�Y ) = a(F,X,�X) for any divisor F over X by (2.6). In particular, if
{Ei : i ∈ I } are the f -exceptional divisors then

totaldiscrep(X,�X) = totaldiscrep(Y,�Y ) and
discrep(X,�X) = min{discrep(Y,�Y ), a(Ei,X,�X) : i ∈ I }. (2.23.1)

Thus, if (X,�X) has a log resolution (Y,�Y ) then, in principle, any discrepancy
computation reduces to the snc case which we already treated in (2.10).

Note that even if we are interested in the �X = 0 case, �Y is almost always
nonzero and contains divisors both with positive and negative coefficients.

2.23.2 Let (Xi,�i) be normal pairs proper over a base scheme S and φ:
X1 ��� X2 a birational map. Then φ: (X1,�1) ��� (X2,�2) is called crepant
if the following equivalent conditions hold.

(a) a(E,X1,�1) = a(E,X2,�2) for every divisor E or
(b) there is a third pair (Y,�Y ) and crepant morphisms hi: (Y,�Y ) → (Xi,�i)

such that the following diagram is commutative

(Y,�Y )
h1

��










h2

		����������

(X1,�1)
φ ����������� (X2,�2).

Note that even if the �i are effective, usually one can not choose (Y,�Y )
such that �Y is effective. In the literature this concept is also called being K-
equivalent, see Kawamata (2002). We denote crepant birational equivalence
by

(X1,�1)
cbir∼ (X2,�2).

Example 2.23.3 It is a somewhat subtle condition for a birational map to be
crepant. As an example, for a0, a1, a2 consider the pair

(P2,�(a0, a1, a2, b) := b(x0 + x1 + x2 = 0) +∑iai(xi = 0)).
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Then (P2,�(a0, a1, a2, b)) is lc if and only if 0 ≤ ai, b ≤ 1 and KP2 +
�(a0, a1, a2, b) ∼Q 0 if and only if a0 + a1 + a2 + b = 3. Let φ: P2 ��� P2

be the standard quadratic transformation (x0:x1:x2) �→ (x−1
0 :x−1

1 :x−1
2 ). There is

a unique Q-divisor �∗(a0, a1, a2, b) such that

φ: (P2,�(a0, a1, a2, b)) ��� (P2,�∗(a0, a1, a2, b))

is crepant. The latter is lc if and only if, in addition, ai + aj ≥ 1 for every
i �= j . Let us now fix b, change the ai to a′i and consider the birational map

φ: (P2,�(a0, a1, a2, b)) ��� (P2,�∗(a′0, a
′
1, a

′
2, b)).

The only boundary divisor whose center on both sides is a divisor is (x0 + x1 +
x2 = 0) and it appears on both sides with the same coefficient. Despite this, φ
is crepant birational only if ai = a′i for every i.

The first characterization (2.23.2a) shows that all crepant, birational maps of
a pair (X,�) to itself form a group. It is denoted by Birc(X,�).

The following special cases of (2.23.2) are especially useful.

Claim 2.23.4 Let φ: (X1,�1) ��� (X2,�2) be a crepant, birational map. If
(X1,�1) is klt (resp. lc) then so is (X2,�2). If (X1,�1) is plt and none
of the irreducible components of ��1� are contracted by φ then (X2,�2) is
also plt.

Aside 2.24 There does not seem to be a good notion of when two proper
pairs (Xi,�i) should be birational. In the general type case one could declare
(X1,�1) and (X2,�2) to be “birational” if they have isomorphic canonical
models. This is quite sensible. Following (1.24) this implies that a mor-
phism g: (X1,�1) → (X2,�2) is “birational” if g∗(�1) = �2 and coeffE �1 ≥
−a(E,X2,�2) for every g-exceptional divisor E.

This, however, has some counterintuitive consequences for pairs that are
not of general type. As an example, consider a pair (P2, (1 − c)

∑
iLi) where

Li = (xi = 0). Blow up the three vertices to get g: S → P2 with exceptional
divisors Ei . Then

g: (S, (1 − c)
∑

iL
′
i + (1 − 2c)

∑
iEi) → (P2, (1 − c)

∑
iLi)

is crepant where L′
i denotes the birational transform of Li . We can now contract

the L′
i to get

h: (S, (1 − c)
∑

iL
′
i + (1 − 2c)

∑
iEi) → (P2, (1 − 2c)

∑
iLi)

where we can identifyLi = h(Ei). The map h is not crepant but it is “birational”
under the above rules. By iterating this, we get that every pair (P2,

∑
iai(xi =

0)) where 0 ≤ ai < 1 for every i is “birational” to (P2,∅).
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2.2 Log canonical surface singularities

In this section we study the surface singularities that appear in the minimal
model program. The arguments we present work in arbitrary characteristic and
even for excellent surfaces. Foundational theorems needed for this generality
are proved in Section 10.1.

Over C, the method of index 1 covers gives a quicker way to many of the
theorems. This is outlined in (2.53).

The results give a rather complete description of log canonical surface sin-
gularities in terms of the combinatorial structure of the exceptional curves on
the minimal resolution (2.25). In the theory of minimal models this seems to
be the most useful. Also, as it turns out, this form of the answer is independent
of the characteristic.

One can then go further and determine the completed local rings of the
singularities. Most of these have been worked out in characteristic 0 but subtle
differences appear in positive characteristic Lipman (1969). We will not discuss
this aspect here.

The starting point is the following.

Theorem 2.25 (Log minimal resolution for surfaces) Let Y be a 2-
dimensional, normal, excellent scheme, Bi ⊂ Y distinct, irreducible Weil
divisors and B :=∑ biBi a linear combination of them with 0 ≤ bi ≤ 1 for
every i.

Then there is a proper birational morphism f : X → Y such that

(1) X is regular,
(2) KX + f −1

∗ B is f -nef,
(3) multx f −1

∗ B ≤ 1 for every x ∈ X,
(4) f −1

∗ �B� =∑i:bi=1 f
−1
∗ Bi is regular and

(5) we can choose either of the following conditions to hold:
(a) the support of Ex(f ) + f −1

∗ �B� has a node (1.41) at every point of
Ex(f ) ∩ f−1

∗ �B�, or
(b) KX + (1 − ε)f −1

∗ B is f -nef for 0 ≤ ε � 1.

Proof Resolution is known for excellent surfaces (cf. Shafarevich, 1966),
hence there is a proper birational morphism f1: X1 → Y such thatX1 is regular,
the support of (f1)−1

∗ B is regular and the support of Ex(f1) + (f1)−1
∗ B has only

nodes.
IfKX1 + (f1)−1

∗ B is not f1-nef then there is an irreducible and reduced excep-
tional curve C ⊂ X1 such that C · (KX1 + (f1)−1

∗ B) < 0. Since C · (f1)−1
∗ B ≥

0, this implies that C ·KX1 < 0. By the Hodge Index theorem (10.1), (C · C) <
0, thus ωC is anti-ample.
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If we are in characteristic 0, then C is geometrically reduced and every
geometric irreducible component of C is a smooth rational curve with self-
intersection −1. Thus we can contract C by Castelnuovo’s theorem. Further-
more, (C · (f1)−1

∗ B) < −(C ·KX1 ) ≤ 1 which shows that we do not contract
any curve that meets (f1)−1

∗ �B� and the multiplicity of the birational transform
of B is still ≤ 1 at every point after contraction. Thus, after contracting C, we
get f2: X2 → Y and the conditions (3–4) still hold. We can continue until we
get f : X → Y as required.

There is only one case that forces us to choose between the two alternatives
in (5). If

C · (KXi
+ (fi)

−1
∗ B) = 0 but C · (KXi

+ (1 − ε)(fi)
−1
∗ B) < 0

then we can still contract C but the image of �B� may pass through a singular
point of Ex(fi+1). So we have to decide which alternative we want. Both have
some advantages.

Without assuming characteristic 0, we check in (10.5) that Castelnuovo’s
contraction theorem holds even if C is not geometrically reduced. The rest of
the argument then goes as before.

2.26 (Dual graphs) Let (y ∈ Y ) be a surface singularity and f : X → Y a
resolution with exceptional curve C = ∪Ci . It is frequently very convenient to
represent the curve C by a graph 
. The convention is to use the irreducible
components of C as vertices and to connect two vertices by an edge if and only
if the corresponding curves intersect.

Over an algebraically closed field, we use the negative of the self-intersection
number −(Ci · Ci) to represent a vertex and employ multiple edges or put the
intersection number (Ci · Cj ) over an edge. We add degωCi

as an extra datum.
In general, the Ci are k(y)-schemes and we compute degrees over k(y). Thus

dimk(y) OCi
∩ OCj

is the intersection number and degk(y) OY (−Ci)|Ci
represents

a vertex. We will also keep track of the number ri := dimk(y) H
0(Ci,OCi

).
As an example, let y3 − az3 be an irreducible cubic in k[y, z] and consider

the surface

Y := (x2 = y3 − az3 + y4 + z4) ⊂ A3
k.

(The 4th powers are there to make things work if char k = 3.) The dual graph
of the minimal resolution of the singularity at the origin is

C1 ≡ C2 or (2) ≡ (3·2)

This shows that (C1 · C2) = 3, (C2
1 ) = −2 and (C2

2 ) = −6. The curve C2 is
irreducible over k. Let K be the splitting field of y3 − a. If char k �= 3 then,
(C2)K splits into three disjoint copies of P1

K . If char k = 3 then (C2)K � P1
K ×

SpecK K[t]/(t3).
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These data satisfy the following.

Condition 2.26.1 (Ci · Cj ) is divisible by ri = dimk(y) H
0(Ci,OCi

) for every
i, j and degωCi

= ri(2pi − 2) for some pi ∈ N. We write −(Ci · Ci) = ri · ci .
This graph, with the extra data added, is called the dual graph of the reducible

curve C = ∪Ci . Note that ci ≥ 2 for every i if f : X → Y is a minimal resolu-
tion.

For log canonical singularities, most of the exceptional curves Ci are conics
(10.6) and the dual graphs have few edges, so the picture is rather transparent.

Let det(
) denote the determinant of the negative of the intersection matrix
of the dual graph. This matrix is positive definite for exceptional curves. For
instance, if 
 = {2 2 2} then

det(
) = det

⎛⎝ 2 −1 0
−1 2 −1

0 −1 2

⎞⎠ = 4.

Let B be another Q-divisor on X which does not contain any of the Ci .
The extended dual graph (
,B) has an additional vertex connected to Ci if
(B · Ci) �= 0. We write (B · Ci) on the edge if this value is different from ri .
The new vertices are usually represented by • if the corresponding curve has
coefficient 1 and by � in general.

One can also think of (extended) dual graphs as combinatorial objects, with-
out reference to any particular collection of curves. To preserve the geometric
origin, we always assume that the conditions (2.26.1) are satisfied.

(One can see that every (extended) dual graph satisfying this condition arises
from a collection of curves on a smooth projective surface over Q.)

Let f : X → Y be a resolution, y ∈ Y a point and 
 = 
(y ∈ Y ) the dual
graph of the curves red f −1(y) = ∪iCi . Since the intersection matrix (Ci · Cj )
is invertible (10.1), there is a unique � = �(y, Y, B) :=∑ djCj such that

(� · Ci) = −((KX + f −1
∗ B) · Ci) ∀i. (2.26.2)

Using the adjunction formula, we can rewrite these equations as

(� · Ci) = (Ci · Ci) − degωCi
− (f −1

∗ B · Ci) ∀i. (2.26.3)

Note that these equations make sense for any extended dual graph (
,B).
By (2.25.2) the right hand side of (2.26.2) is always ≤ 0 for a log minimal

resolution. Therefore, we call an extended dual graph (
,B) log minimal if the
right hand sides of (2.26.3) are all ≤ 0.

Following the terminology of curves on surfaces, a curve Ci in an extended
dual graph (
,B) is called a (−1)-curve if −(Ci · Ci) = ri (that is, ci = 1) and
degωCi

= −2ri . We see that (
,B) is log minimal if and only if (Ci · B) ≥ ri
for every (−1)-curve Ci .
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A simple linear algebra lemma (10.3.5) gives the following.

Claim 2.26.4 Let (
,B) be a connected, negative definite, log minimal
extended dual graph. Then the system (2.26.3) has a unique solution � =∑

djCj . Furthermore

(1) either dj = 0 for every j ,
(2) or dj > 0 for every j .

If KY + B is Q-Cartier (which will always be the case for us) then dj is
the negative of the discrepancy a(Cj , Y, B) defined in (2.4). Therefore, an
extended dual graph (
,B) is called numerically canonical (resp. numerically
log terminal or numerically log canonical) if it is connected, negative definite,
log minimal and dj ≤ 0 for every j (resp. dj < 1 for every j or dj ≤ 1 for
every j ).

2.27 (Numerically log canonical) Let Y be a normal, excellent surface and
B an effective Q-divisor. We say that (Y,B) is numerically log canonical at a
point y ∈ Y if there is a log minimal resolution f : X → Y as in (2.25) such
that the extended dual graph of f−1(y) = ∪iCi is numerically log canonical.

This is slightly more general than the terminology in Kollár and Mori (1998,
4.1). However, the notion of a numerically log canonical pair is only a temporary
convenience, so this should not cause any problems.

It is more general than the traditional notion of log canonical in two aspects.
We assume the discrepancy condition a(Ei, Y, B) ≥ −1 only for those curves

that appear on a given resolution. Even over C, this leads to a few extra cases
which are, however, easy to enumerate.

By working directly on X, we do not worry at the beginning whether KY + B

is Q-Cartier or not. This turns out to be automatic in the surface case.

First we show that most lc surface singularities are rational. This will be
generalized to higher dimensions in Section 2.5.

Proposition 2.28 Let (y ∈ Y,B) be a numerically log canonical surface germ
and f : X → Y a log minimal resolution with exceptional curves C = ∪Ci . Let
� := �(y ∈ Y,B) be the discrepancy divisor as in (2.26). Then

(1) either y �∈ SuppB and � =∑i Ci (see (3.27) for a list),
(2) or (y ∈ Y ) is a rational singularity (10.7).

Proof Note that KX + f −1
∗ B +� has zero intersection number with every

exceptional curve. Thus (10.4) applies to L = OX and gives (2), unless f −1
∗ B ·

Ci = 0 for every i (and hence y �∈ SuppB) and every exceptional curve appears
in � with coefficient 1.



2.2 Log canonical surface singularities 57

For the rest of the section we discuss those topics concerning surface singu-
larities that are most important for the general theory. A detailed classification
of lc surface pairs is postponed to Section 3.3.

Terminal and canonical pairs

Theorem 2.29 Let S be a normal, excellent surface, s ∈ S a closed point and
B a boundary. Then

(1) (s ∈ S,B) is numerically terminal ⇔ terminal ⇔ s ∈ S is regular and
mults B < 1.

(2) (s ∈ S,B) is numerically canonical ⇔ canonical ⇔
(a) either s ∈ S is regular and mults B ≤ 1,
(b) or s /∈ SuppB, KS is Cartier and there is a resolution f : T → S such

that KT ∼ f ∗KS . (See (3.26) for a complete list.)

Proof Let (s ∈ S,B) be numerically canonical with minimal resolution f :
T → S satisfying the alternative (2.25.5.b). Then � := �(s ∈ S,B) defined
by the equations (2.26.3) contains every exceptional curve with coefficient≤ 0.
On the other hand, by (2.26.4), � contains every curve with coefficient ≥ 0, so
� = 0.

Thus KT + f −1
∗ B is numerically f -trivial and KT + (1 − ε)f −1

∗ B is f -
nef. Thus −f −1

∗ B is f -nef. This can happen only in two degenerate ways:
either f is an isomorphism or B = 0. In the latter case, the isomorphism
OT (KT/S) � f ∗OS follows from (2.28) and (10.9.2).

Conversely, assume that s ∈ S is regular and mults B ≤ 1. Then
a(E1, S, B) = 1 − mults B ≥ 0 as above. If E is any other exceptional curve
over S then by (2.23) and (2.5)

a(E, S,B) = a(E, S1, π
−1
∗ B + (mults B − 1)E1) ≥ a(E, S1, π

−1
∗ B).

Since multp π−1
∗ B ≤ multπ (p) B ≤ 1, we are done by induction on the number

of blow-ups necessary to reach E.

This immediately implies the following higher dimensional version.

Corollary 2.30 Let X be a normal scheme as in (1.5) and � a boundary. Then
there is a closed subset W ⊂ X of codimension ≥ 3 such that the following
hold.

(1) If (X,�) is terminal then X \W is regular and multx � < 1 for every
x ∈ X \W .

(2) If (X,�) is canonical then X \W has rational singularities, KX\W
is Cartier and there is a resolution f : Y → (X \W ) such that KY ∼
f ∗KX\W .
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The reduced boundary

For a log canonical pair (S,B =∑ biBi), the singularities of SuppB can be
arbitrary if the coefficients bi are small. By contrast, if the bi are bounded from
below, we end up with a restricted class of singularities. In the extreme case,
when all the bi equal 1, we show that B has only ordinary nodes. The following
theorem is a more precise version of this assertion.

Theorem 2.31 Let (S,B + B ′) be numerically lc and B =∑Bi a sum of
curves, all with coefficients 1. Then, for any s ∈ S,

(1) either B is regular at s,
(2) or B has a node at s, SuppB ′ does not contain s and every exceptional

curve of the minimal log resolution has discrepancy −1.

This immediately implies the following higher dimensional version.

Corollary 2.32 Let (X,�) be an lc pair, � effective and x ∈ X a codimension
2 point. Then

(1) either ��� is regular at x,
(2) or ��� has a node at x and no other component of � contains x.

Proof The question is local on S. Fix a point s ∈ S and let f : T → S be a
log minimal resolution as in (2.25.5a).

Write KT + BT +�T + f −1
∗ B ′ ∼Q f ∗(KS + B + B ′) where BT := f −1

∗ B

is regular by (2.25.4). Note that �T =∑ diCi is effective by (2.26.4), f -
exceptional and thus 0 ≤ di ≤ 1 for every i. We can rewrite the linear equiva-
lence as

−BT ∼Q KT +�T + f −1
∗ B ′ − f ∗(KS + B + B ′). (2.32.3)

Pushing forward the exact sequence

0 → OT (−BT ) → OT → OBT
→ 0,

we get the exact sequence

OS � f∗OT → f∗OBT
→ R1f∗OT (−BT ).

By (10.4), either R1f∗OT (−BT ) = 0 or �T = C1 + · · · + Cn where the Ci are
all the exceptional curves and s /∈ SuppB ′. We consider these two possibilities
separately.

Case 1 If R1f∗OT (−BT ) = 0 then the composite

OS → OB ↪→ f∗OBT
is surjective.

Thus B � BT and so B is regular.
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Case 2 If �T = C1 + · · · + Cn then we prove that B has a node at s. We
can drop B ′ and rewrite (2.32.3) as

−BT −�T ∼Q KT − f ∗(KS + B). (2.32.4)

Then R1f∗OT (−BT −�T ) = 0 by (10.4) and, as above, we get that Is,S =
f∗OT (−�T ) → f∗OBT

(−�T |BT
) is surjective. By (2.25.5a), OBT

(−�T |BT
) is

the ideal of the closed points of BT . In particular,

OB(−s) = f∗OBT
(− red f −1(s)). (2.32.5)

Since (Ci · (KT + BT +∑Ci)) = 0 for every i, the adjunction formula gives
that

degωCi
= −∑j �=i(Ci · Cj ) − (Ci · BT ) ∀ i. (2.32.6)

Assume first that we are over an algebraically closed field. Then each Ci � P1

and the dual graph is

B1 C1 · · · Cn B2

Thus B has two irreducible components and, by (2.32.5), the two branches
intersect transversally.

Essentially the same argument works in general, but one has to be more
careful, especially over imperfect fields.

Let k(s) be the residue field of s ∈ S. We have already dealt with the second
condition of (1.41.1), thus it remains to show that

(BT ·�T ) = dimk(s)(OBT
/OBT

(−�T |BT
)) ≤ 2.

By (10.6), for each i, the right hand side of (2.32.6) has either 1 nonzero
term or two nonzero terms which are equal. This gives two possibilities for the
dual graph:

B1
r

C1
r · · · r

Cn
r

B2 (2.32.7)

where dimk(s) H
0(Ci,OCi

) = r for every i or

B1
2r

C1
2r · · · 2r

Cn−1
2r

Cn (2.32.8)

where dimk(s) H
0(Ci,OCi

) = 2r for 1 ≤ i < n and dimk(s) H
0(Cn,OCn

) = r .
Working through the exact sequences

0 → OCi
(−Ci ∩ Ci+1) → OCi+···+Cn

→ OCi+1+···+Cn
→ 0

we conclude thatH 0(OC1+···+Cn
) = H 0(OCn

). From (2.32.4) and (10.4) we infer
that R1f∗OT (−�T ) = 0, hence f ∗: OS → H 0(OC1+···+Cn

) is surjective. This
map factors through k(s), thus k(s) � H 0(OC1+···+Cn

) � H 0(OCn
). Therefore

r = 1 and, in both cases, (BT ·�T ) = 2.
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As a corollary, using the description of the deformations of nodes given in
(1.41.2) we obtain the following, which gives a complete description of the
codimension 1 behavior of fibers in locally stable families.

Corollary 2.33 Notation and assumptions as in (2.31). Assume in addition
that B is a Cartier divisor. Then either B and S are both regular at s, or B

has a node at s and S is either regular or has a double point of embedding
dimension 3 at s.

Furthermore, if S is defined over an algebraically closed field k of charac-
teristic 0, then the completion of Os,S is isomorphic to k[[x, y, z]]/(xy + zn)
and B̂ = (z = 0).

The different

Definition 2.34 (Different I) Let S be a regular surface and B ⊂ S a regular
curve. The classical adjunction formula says that KB ∼ (KS + B)|B . If S is
only normal, then each singularity of (S,B) leads to a correction term, called
the different. For later purposes, we also study the different when (S,B) is
not log canonical and we take into account the influence of another Q-divisor
B ′. Since the singularities of B can be now quite complicated, we compute
everything on the normalization B̄ → B.

Let S be a normal surface and B ⊂ S a reduced curve with normalization
B̄ → B. Let B ′ be a Q-divisor that has no components in common with B.

Let f : T → S be a log resolution of (S,B) with exceptional curves Ci

and BT ,B
′
T ⊂ T the birational transforms of B,B ′. Note that BT � B̄. As in

(2.26.2) there is a unique �(S, T , B + B ′) :=∑ djCj such that

(�(S, T , B + B ′) · Ci) = −((KT + BT + B ′
T ) · Ci) ∀i. (2.34.1)

Define the different as

DiffB̄ (B ′) := (B ′
T +�(S, T , B + B ′))|BT

. (2.34.2)

We see in (2.35.1) that this is independent of the choice of f . The different is
a Q-divisor on B̄ and we can write it as

DiffB̄ (B ′) =∑ δ(p̄, B ′)[p̄] (2.34.3)

where p runs through the points of B that are singular on B or on S or are
contained in B ′ and p̄ ∈ B̄ denotes any preimage of p. Our main interest
is in computing the coefficients δ(p̄, B ′) and relating them to properties of
(S,B + B ′).

Higher dimensional generalizations will be given in Section 4.1.

The fundamental properties of the different are summarized next.
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Proposition 2.35 The different has the following properties.

(1) DiffB̄(B ′) is independent of the choice of f .
(2) DiffB̄(B ′) = DiffB̄ (0) + (B ′ · B̄).
(3) DiffB̄(0) is effective and it is zero if and only if B is regular and S is regular

along B.
(4) If KS + B + B ′ is Cartier then DiffB̄ (B ′) is a Z-divisor.
(5) If (S,B + B ′) is numerically lc at p ∈ S, then δ(p̄, B ′) is the negative of

the smallest discrepancy of (S,B + B ′) above p.
(6) If (S,B + B ′) is not numerically lc at p then δ(p̄, B ′) > 1.

Proof Let q ∈ T be a point. If q �= p̄ then δ(p̄, B ′) is clearly unchanged if
we blow-up q. If q = p̄ then this is an easy computation, proving (1).

Define�(B ′) =∑ ciCi by the formulas (�(B ′) · Ci) = −(B ′
T · Ci) ∀i. Then

clearly �(S, T , B + B ′) = �(S, T , B) +�(B ′), thus

δ(p̄, B ′) = δ(p̄, 0) + (B̄ · (B ′ +�(B ′)))p̄.

If B ′ is Q-Cartier then the last term is the coefficient of p̄ in the pull-back of
B ′ to B̄. If B ′ is not Q-Cartier, this is the usual definition of this intersection
number of Mumford (1961), proving (2).

Let f : T → S be the minimal resolution of (S,B) as in (2.25). By (2.26.4)
then �(0) is effective, hence DiffB̄ (0) is effective and it is zero if and only if
(S,B) is canonical. Thus (2.29) implies (3).

If KS + B + B ′ is Cartier then KT + BT + B ′
T +�(B ′) ∼ f ∗(KS + B +

B) is a Z-divisor and so is DiffB̄ (B ′), proving (4).
Write � =∑ diCi , where di ≥ 0 by (2.26.4). Assume that (S,B + B ′) is

not log terminal (resp. not log canonical) at p ∈ S, that is, dr ≥ 1 (resp. dr > 1)
for some Cr ⊂ f −1(p). Let Cs be the exceptional curve passing through p̄. We
prove in (2.36) that ds ≥ 1 (resp. ds > 1) also holds. Since

(BT · (B ′
T +�))p̄ ≥ (BT · dsCs)p̄ ≥ ds · deg p̄,

this proves (6) and also (5) in case (S,B + B ′) is not log terminal.
Thus assume that (S,B + B ′) is log terminal and consider the extended

dual graph of the minimal resolution of (S, 0). Write �+ B + B ′ =∑(1 −
ε(Di))Di . Note that ε(Di) ≥ 0 for every i since (S,B + B ′) is log terminal
and ε(BT ) = 0. We prove in (2.37) that ε(∗) is a convex function on the dual
graph, hence its minimum on all exceptional curves is achieved at the curve
intersecting BT . This proves (5).

Higher dimensional versions of the following result play an important role
in the general theory, see Kollár and Mori (1998, section 5.4) or Section 4.4.
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Proposition 2.36 (Connectedness theorem for surfaces) Let (
,B) be an
extended dual graph and write �+ B =∑ diDi . Then the set of vertices
{Di : di ≥ 1} form a connected subgraph.

Proof Let D0, . . . , Dm be a connected chain of vertices such that d0, dm ≥
1. We prove that di ≥ 1 for all 0 < i < m. Let

∑∗ denote summation for
i = 1, . . . , m− 1. Write K + B +� = K +∑∗

diDi +�′ and compute the
following intersection numbers

((
∑∗(di − 1)Di) ·Dj ) = −((K +�′) ·Dj ) − ((

∑∗
Di) ·Dj )

= −((K +Dj ) ·Dj ) − ((�′ +∑∗
i �=jDi) ·Dj )

= − degωDj
− ((�′ +∑∗

i �=jDi) ·Dj ).

(2.36.1)

If 2 ≤ j ≤ m− 2, then Dj−1,Dj+1 intersect Dj , each contributing at least rj
(as in (2.26)) hence the last term is ≥ 2rj . For j = 1 the curve D2 contributes
≥ r1 and the curve d0C0 in �′ contributes ≥ d0r1 ≥ r1. Similarly for j = m.
Thus

((
∑m−1

i=1 (di − 1)Di) ·Dj ) ≤ 0 for j = 1, . . . , m− 1,

hence, by (3.29.1),
∑m−1

i=1 (di − 1)Di ≥ 0 and � 0 if d0 > 1 or dm > 1.

Proposition 2.37 (Convexity of discrepancies) Let (
,B) be an extended, log
canonical dual graph without (−1)-curves (2.26) and write �+ B =∑(1 −
εi)Di . Let D0,D1,D2 be any 3 curves such that (D0 ·D1) �= 0 and (D2 ·D1) �=
0. Then ε1 ≤ 1

2 (ε0 + ε2).

Proof Write (D0 ·D1) = a0r1 and (D2 ·D1) = a2r1. Then (2.36.1) gives that

ε0a0r1 − ε1a1r1 + ε2a2r1 = ((ε0D0 + ε1D1 + ε2D2) ·D1)
≥ −2r1 + a0r1 + a2r1.

This rearranges to

ε1 ≤ 1
c1

(ε0 + ε2) − 1
c1

((1 − ε0)(a0 − 1) + (1 − ε2)(a2 − 1)).

The last term is positive since 0 ≤ εi ≤ 1 and ai ≥ 1. If D1 is not a (−1)-curve
then c1 ≥ 2 and we are done.

Corollary 2.38 Let (S, b1B1 + b2B2) be a lc surface pair and s ∈ B1 ∩ B2 a
point. Then

(1) mld(s, S, b1B1 + b2B2) ≤ 1 − b1 + 1 − b2 and
(2) mld(s, S, b1B1 + b2B2) ≤ 1

2 (1 − b1 + 1 − b2) if s ∈ S is singular.
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Proof If s is a regular point, let E be the exceptional curve of the blow-up
BsS. Then

1 + a(E, S, b1B1 + b2B2)

= 2 − b1 mults B1 − b2 mults B2 ≤ 1 − b1 + 1 − b2.

If s is a singular point then mld(s, S, b1B1 + b2B2) is the minimum of the
εi defined in (2.37) on exceptional curves over s. Thus (2) follows from the
convexity property of the εi .

2.3 Ramified covers

In this section we study finite ramified morphisms between normal schemes
and investigate how the singularities of the source compare to the singularities
of the target.

For the purposes of Chapter 5 we also need to understand ramified morphisms
between demi-normal schemes; a concept to be defined in (5.1). For simplicity,
we consider only morphisms that are étale over codimension 1 generic points
of the singular locus. This restriction is satisfied in our applications, but the
general case is needed in some other contexts.

Anyone wishing to study the normal case first, should just ignore every
occurrence of “demi” in this section.

Definition 2.39 (Ramified covers) A finite morphism of (demi-)normal
schemes π: X̃ → X is called a ramified cover of degree m if there is a dense
open subset U ⊂ X that contains every codimension 1 point of SingX such
that the restriction πU: Ũ → U is étale and has degree m. In this case there is
an open subscheme j: X0 ↪→ X whose complement has codimension ≥ 2 such
that π is finite and flat of degree m over X0. Indeed, we can take X0 = U ∪Xreg

where Xreg ⊂ X is the open subset of regular points. Set X̃0 = π−1(X0) and
π 0: X̃0 → X0 the induced map. Since X̃ is S2,

j∗(π0
∗OX̃0 ) = π∗OX̃.

In particular, π: X̃ → X is uniquely determined by the finite, flat morphism
π0: X̃0 → X0.

If πU: Ũ → U is Galois with Galois group G then the G action on Ũ extends
to a G-action on X̃. The action is free on Ũ .

Conversely, let X̃ be a (demi-)normal scheme with the action of a finite
group G. The geometric quotient X := X̃/G exists by (9.29). Let Ũ ⊂ X̃ be
the largest open set on which the G-action is free. Then Ũ → Ũ/G is étale.
(We could take this as the definition of a free action.) Thus if Ũ contains every
codimension 1 point of SingX then X̃ → X = X̃/G is a ramified cover of X.
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Let g: Y → X be a morphism with Y (demi-)normal. The pull back X̃ ×X

Y → Y defines a finite, flat, ramified cover over g−1(X0). Thus, if Y \ g−1(X0)
has codimension ≥ 2, then there is a unique ramified cover Ỹ → Y that agrees
with X̃ ×X Y → Y over g−1(X0). There is always a morphism Ỹ → X̃ ×X Y

which is an isomorphism if and only if X̃ ×X Y is S2.

2.40 (Pull-back and norm of divisors) The pull-back of a Weil divisor by π

can be defined as follows.
Take any Weil divisor B on X, restrict it to X0 as in (2.39), pull it back and

then extend uniquely to a Weil divisor B̃ =: π∗B on X̃. If B is Cartier, then
π∗B is Cartier on X̃ and agrees with the usual pull-back.

To go the other way, for a Weil divisor B̃ on X̃, its push-forward π∗B̃ or
norm normπ B̃ is a Weil divisor on X. To define the norm, assume first that B̃
is a Cartier divisor. Choose an open cover X = ∪iXi such that B̃ ∩ π−1(Xi)
is a principal divisor defined by the local equation (gi = 0). Then normπ B̃

is defined by the local equations (normπ gi = 0). In general, there is a closed
subset Z ⊂ X of codimension ≥ 2 such that B̃ is a Cartier divisor on X̃ \
π−1(Z). Thus normπ B̃ is defined as a Cartier divisor on X \ Z, which then
uniquely extends to a Weil divisor on X.

Note that normπ π∗B = (deg X̃/X) · B. We have thus proved the following.

Claim 2.40.1 The pull-back and the norm take Q-Cartier Z-divisors (resp.
Q-divisors) to Q-Cartier Z-divisors (resp. Q-divisors).

2.41 (Hurwitz formula) (cf. Hartshorne, 1977, section IV.2) Let g: X′ → X

be a ramified cover of a (demi-)normal scheme.
The ramification divisor of g is defined as

R(g) =
∑
F⊂X′

R(F )[F ] :=
∑
F⊂X′

lengthk(F )(�X′/X)F [F ], (2.41.1)

where the summation is over all prime divisors of X′ and �X′/X denotes
the sheaf of relative differentials. If r(F ) denotes the ramification index of g
along F then R(F ) ≥ r(F ) − 1. The ramification is called tame along F if
R(F ) = r(F ) − 1. The latter holds if and only if char k(F ) does not divide
r(F ).

The support of g(R(g)) is called the branch divisor of g. The Hurwitz
formula compares the canonical class of X with the canonical class of X′.
If ωX is locally free, the formula says that ωX′ is canonically isomorphic to
g∗ωX(R). Note that ωX is locally free outside a codimension 2 subset Z ⊂ X,
so the locally free case gives a general isomorphism ωX′ � (g∗ωX)∗∗(R) which
is frequenty written additively as KX′ ∼ g∗KX + R. The latter form, however,
hides the canonical isomorphism.
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More generally, if � is any Q-divisor on X, then the Q-divisor g∗�− R

makes sense and then we have a canonical Q-linear equivalence

KX′ + g∗�− R ∼Q g∗(KX +�). (2.41.2)

Thus KX +� is Q-Cartier if and only if KX′ + g∗�− R is.
In general g∗�− R need not be effective, but there are three important

special cases when it is effective and the pull-back formula is very simple.
The first is when R = 0, that is, when g is unramified in codimension 1.

Then

KX′ + g∗� ∼Q g∗(KX +�). (2.41.3)

The second is when g is tamely ramified and � = B +�1 where B is a
reduced divisor whose support contains the branch divisor of g. Then g∗(B)
contains the support of R and g∗B = R + red g∗B. Thus we obtain the pull-
back formula

KX′ + red g∗B + g∗�1 ∼Q g∗(KX + B +�1). (2.41.4)

More generally, assume that for every Di ⊂ X, the coefficient of Di in� is at
least 1 − 1

ri
for some ri ≥ supj {eij } where D′

ij are the irreducible components
of g∗Di and eij denotes the ramification index along D′

ij . We can then write

� =∑i(1 − 1
ri

)Di +�′ where �′ ≥ 0. This gives the formula

KX′ +∑ij

(
1 − eij

ri

)
D′

ij + g∗�′ ∼Q g∗
(
KX +∑i

(
1 − 1

ri

)
Di +�′).

(2.41.5)
In particular, if �′ = 0 and eij |ri for every i, j then every coefficient of the

pull-back also has the form 1 − 1
rij

for some integer rij .
This is even nicer if Y → X is Galois with group G ⊂ Aut(Y,�Y ) where

�Y =∑i(1 − 1
mi

)DY
i . Then

KY +
∑

i

(
1 − 1

mi

)
DY

i ∼Q q∗
(
KX +∑j

(
1 − 1

ejmj

)
DX

j

)
(2.41.6)

where 1 − 1
mj

is the coefficient of any preimage DY
i of DX

j and ej is the

ramification index of q along DY
i .

2.42 (Discrepancies and finite morphisms) (Reid, 1980) Let g: X′ → X be a
ramified cover of degree m of (demi-)normal schemes. Let � be a Q-divisor on
X and �′ a Q-divisor on X′ such that there is a canonical Q-linear equaivalence
KX′ +�′ ∼Q g∗(KX +�) as in (2.41).

Let f : Y → X be a proper birational morphism and E ⊂ Y an exceptional
divisor such that Y is normal at the generic point of Y . Let Y ′ → Y be the
normalization of Y in the function field of X′ and F ⊂ Y ′ a divisor dominating
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E. We have a diagram

F ⊂ Y ′




h




f ′
�� X′

g




E ⊂ Y
f �� X.

(2.42.1)

Near the generic point of F we compute that

KY ′ ∼Q f ′∗(KX′ +�′) + a(F,X′,�′)F

∼Q f ′∗g∗(KX +�) + a(F,X′,�′)F

∼Q h∗f ∗(KX +�) + a(F,X′,�′)F, and

KY ′ ∼Q h∗KY + R(F )F

∼Q h∗f ∗(KX +�) + a(E,X,�)h∗E + R(F )F

∼Q h∗f ∗(KX +�) + (r(F )a(E,X,�) + R(F ))F.

All these are canonical Q-linear equaivalences, which shows that

a(F,X′,�′) + 1 = r(F )(a(E,X,�) + 1) + (R(F ) + 1 − r(F )). (2.42.2)

Since R(F ) + 1 ≥ r(F ) this implies that

a(F,X′,�′) + 1 ≥ r(F )(a(E,X,�) + 1). (2.42.3)

Conversely, if R(F ) + 1 = r(F ) then

a(E,X,�) + 1 = 1

r(F )
(a(F,X′,�′) + 1) ≥ 1

deg g
(a(F,X′,�′) + 1).

(2.42.4)
Finally note that these considerations apply to all possible divisors E and F .
Given any divisor E over X, we get a divisor F over X′ from the diagram
(2.42.1). The converse follows from (2.22).

We can summarize these estimates as follows.

Corollary 2.43 Notation and assumptions as above. Then

(1) discrep(X′,�′) ≥ discrep(X,�). In particular, if (X,�) is klt (resp. lc)
then so is (X′,�′).

(2) Assume in addition that char k = 0 (or deg g < char k, or X′/X is Galois
and char k � deg g). Then

discrep(X′,�′) + 1 ≥ discrep(X,�) + 1 ≥ 1

deg g
(discrep(X′,�′) + 1).

In particular, (X,�) is klt (resp. plt, lc) if and only if (X′,�′) is klt (resp. plt,
lc).

Warning Neither implication holds for dlt pairs.
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Next we consider ramified covers with cyclic Galois group. These are easy
to construct and especially useful in the study of slc pairs.

2.44 (μm-covers) Let π: X̃ → X be a ramified cover with Galois group μm

(9.49) where m is invertible on X.
Since μm is reductive, its action decomposes π∗OX̃ into a sum of eigen-

sheaves Li , each of rank 1. Multiplication gives maps L⊗i
1 → Li , hence there

are divisors Di such that

π∗OX̃ =
m−1∑
i=0

L
[i]
1 (Di) (2.44.1)

where L
[i]
1 denotes the reflexive ith power (1.2). The i ≡ 0 mod m eigensub-

sheaf is isomorphic to OX, hence we get an isomorphism γ : L[m]
1 (Dm) � OX.

Since L1 tends to be negative, we usually choose L := L
[−1]
1 as our basic

sheaf and D := Dm as the key divisor. Then γ corresponds to a section s of
L[m] whose zero divisor is D.

Conversely, let X be a (demi-)normal scheme, L a divisorial sheaf on X and
s a section of L[m] for some m > 0 that does not vanish along any codimension
1 point of SingX. Set D := (s) and � := 1

m
D. The section s can be identified

with an isomorphism

γs: L
[−m](m�) = L[−m](D) � OX. (2.44.2)

This in turn defines an algebra structure on

OX + L[−1] + · · · + L[−(m−1)],

where, for i + j < m the multiplication L[−i] × L[−j ] → L[−(i+j )] is the tensor
product and for i + j ≥ m we compose the tensor product with the isomor-
phisms

L[−(i+j )] = L[−(i+j−m)] ⊗ L[−m] 1⊗γs−→ L[−(i+j−m)] ⊗ OX = L[−(i+j−m)].

The spectrum of this algebra gives X̃ over X \D, but it is usually quite singular
over D since we have not yet found the correct divisors Di . By the universal
property of the normalization,Di is the largest divisor such that (L[−i](Di))[m] ⊂
OX. That is, Di = � i

m
D� = �i�� and so

X̃ = SpecX(OX + L[−1](���) + · · · + L[−(m−1)](�(m− 1)��)). (2.44.3)

We frequently write X̃ =: X[L, m
√
s] to emphasize its dependence on L and

s. Alternatively, let Is be the ideal sheaf in
∑∞

i=0 L
[−i](�i��) generated by

φ − γs(φ) where φ is any local section of L[−m](�m��). Then

X[L, m
√
s] = SpecX(

∑∞
i=0L

[−i](�i��))/Is. (2.44.4)
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Duality for finite morphisms (cf. Kollár and Mori (1998, 5.68)) now gives that

π∗ωX̃ = ωX + ωX⊗̂L(−���) + · · · + ωX⊗̂L[m−1](−�(m− 1)��). (2.44.5)

Note also that the double dual of π∗π∗(L(−���)) equals

L(−���) + OX + L[−1](���) + · · · + L[−(m−2)](�(m− 2)��),
which shows that

(π∗(L(−���)))∗∗ � OX̃. (2.44.6)

2.45 (Normal forms of μm-covers) There are several ways to change L and s

without changing the corresponding μm-cover.
First of all, if (i, m) = 1 then the same cover is constructed if we think of

the ith summand as the basic divisorial sheaf. That is using Li(�−i��) and the
isomorphism

(L[i](�−i��))[m] = L[mi](m�−i��) � OX(mi�+m�−i��). (2.45.1)

Second, if D0 is any divisor then replacing L by L(−D0) and � by �−D0

gives the same μm-cover. Thus we can always assume that ��� = 0.
Finally, there is the choice of the isomorphism s: OX � L[m](−m�). Given

two such isomorphisms si , their quotient u := s1/s2 is a unit in OX. If u = vm

is an mth power, then acting by v on L shows that the two μm-covers are
isomorphic. Thus we should think of s as an element

s̄ ∈ H 0(X,OX)⊗m\ IsomX(OX(m�), L[m]). (2.45.2)

Different choices of s̄ can result in different covers. For instance, if C =
A1 \ {0}with coordinate x thenC[OC,

m
√

1] is the reducible plane curve ym = 1
while C[OC,

m
√
x] is the irreducible plane curve ym = x.

If the residue characteristics do not divide m, then X[OX,
m
√
s1/s2] → X is

étale and the two μm-covers X[L, m
√
s1] and X[L, m

√
s2] become isomorphic

after pulling back to X[OX,
m
√
u]. In particular, they have isomorphic étale

covers.
However, they can be quite different if the characteristic divides m. For

m = p the above example gives C[OC,
p
√

1] which is the nonreduced plane
curve yp = 1 while C[OC,

p
√
x] is the smooth plane curve yp = x.

We can summarize these discussions as follows.

Corollary 2.46 Let X be a (demi-)normal scheme and U ⊂ X an open subset
which contains every codimension 1 point of SingX. Assume thatm is invertible
on X. Then there is a natural one-to-one correspondence between the following
3 sets.

(1) Étale Galois covers Ũ → U plus an isomorphism Gal(Ũ/U ) � μm.
(2) Ramified Galois covers X̃ → X whose branch divisor is in X \ U plus an

isomorphism Gal(X̃/X) � μm.
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(3) Triples (L,�, s̄) where
(a) L is a divisorial sheaf on X,
(b) � is a Q-divisor whose support is in X \ U such that ��� = 0 and

m� is a Z-divisor and
(c) s̄ ∈ H 0(X,OX)⊗m\ IsomX(OX(m�), L[m]).

Example 2.47 The description of cyclic covers can be made even more
explicit if L � OX. We can write the isomorphism (2.44.2) as L−m �
OX(−m�). Let w be a generating section of L−1 � OX and f ∈ OX a defining
equation for m�. Then we get the equation (wm = f ). It defines a μm-cover
of X and we are interested in its normalization. It is, however, not always easy
to compute the normalization of a hypersurface. Here are some examples with
X := A2

uv , for simplicity in characteristic 0.

(1) Take � = a
m

(u = 0) + b
m

(v = 0) where (a, b,m) = 1. The map (x, y) �→
(xm, ym, xayb) shows that the cyclic quotient singularity A2

xy/
1
m

(b,−a)
(3.17) is the normalization of (wm = uavb).

(2) Take�1 = 1
2 (u = 0) + 2

3 (v = 0) + 4
5 (u+ v = 0). We need to compute the

normalization of (w30 = u15v10(u+ v)6). We claim that it is (x2 + y3 =
z5) ⊂ A3 with μ30 action 1

30 (15, 10, 6). This is seen by setting u = x2, v =
y3, w = xyz. (This looks like a degree 6 cover, but it is birational.) Here
(X,�1) is klt and the cover is the Du Val singularity of type E8 (3.26),
hence canonical.

(3) Take�2 = 1
2 (u = 0) + 2

3 (v = 0) + 5
6 (u+ v = 0). We need to compute the

normalization of (w6 = u3v2(u+ v)). We claim that it is the quotient of
(x2 + y3 = z6) ⊂ A3 by the μ6 action 1

6 (3, 2, 1). This is seen by setting
u = x2, v = y3, w = xyz.

Note that A3/ 1
6 (3, 2, 1) can be thought of as the cone over P2(3, 2, 1) ⊂

P6 embedded by |O(6)|. Thus our normalization is a cone over a degree 6
elliptic curve in P5. Here (X,�2) is lc but not klt and the cover is a simple
elliptic singularity (3.27) hence log canonical but not klt.

(4) Let π: X → An be a μm-cover ramified only along the coordinate hyper-
planes Di := (xi = 0) with ramification index ri . Note that ri|m and X is
irreducible if the lcm of the ri is m. Then KX = π∗(KAn +∑(1 − 1

ri
)Di),

hence (X, 0) is klt by (2.43). It is also clear that the mth power map
τm: An → An given by (x1, . . . , xn) �→ (xm

1 , . . . , xm
n ) factors through π .

Since τm is Galois with group μn
m, we see that X is also a quotient of An

by an action of μn
m/μm (which is non-canonically isomorphic to μn−1

m ).

2.48 (Local properties of μm-covers) Given X and (L,�, s̄) as in (2.46.3),
let π: X̃ → X be the corresponding μm-cover. Write � =∑(ai/mi)Di where
(ai,mi) = 1, mi|m and assume that m is invertible on X.
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By (9.52), for x ∈ X the evaluation of the product

L[−i](�i��) × L[i−m](�(m− i)��) → L[−m](�m��) ⊗ k(x) � k(x)

is zero, unless i� is a Z-divisor near x and L[−i](�i��) is locally free.
This implies the following:

(1) The number of preimages of x equals the number of indices 0 ≤ j < m

such that j� is a Z-divisor near x and L[−j ](j�) is locally free at x.
(2) π is étale at x ∈ X if and only if L is locally free at x and x �∈ Supp�.
(3) The ramification index of π over Di is mi .

Definition 2.49 (Index 1 covers) Let (X,�) be a (demi-)normal pair.
The index of (X,�) at a point x ∈ X, denoted by indexx(X,�) is the smallest

positive integer m such that m� is a Z-divisor and ω
[m]
X (m�) is locally free at

x. (If there is no such m, set indexx(X,�) = ∞.) If � = 0 then indexx(X, 0)
is also called the index of KX at x.

For a subset Z ⊂ X, let indexZ(X,�) be the least common multiple of
indexx(X,�) for all x ∈ Z. We write index(X,�) := indexX(X,�)

Thus KX +� is Q-Cartier if and only if index(X,�) < ∞.
Pick a point x ∈ X and set m = indexx(X,�). After replacing X with an

open neighborhood of x, we may assume that there is an isomorphism s: OX �
ω

[m]
X (m�). Write � = B +�′ where B is a Z-divisor and ��′� = 0. Then

L := ω
[−1]
X (−B), �′ and s determine a μm-cover π: X̃ → X. Since m is the

smallest, (2.48.1) implies that π−1(x) consists of a single point x̃, hence we get
a pointed scheme (x̃ ∈ X̃). Note that (x̃ ∈ X̃) depends on s if we work Zariski
locally, but it does not depend on s if we work étale locally and char k(x) � m.
Thus, in the latter case, we can talk about the index 1 cover (x̃ ∈ X̃, �̃) of
(x ∈ X,�). Here �̃ is a Z-divisor, but it need not be effective unless one of the
conditions of (2.41.3–5) holds. From (2.44) we get that

π∗OX̃ =
m−1∑
i=0

ω
[i]
X (iB + �i�′�) and π∗ωX̃(B̃)

=
m−1∑
i=0

ω
[1−i]
X ((1 − i)B − �i�′�).

As in (2.44.6), the i = 1 summand shows that ωX̃(B̃) � OX̃. Furthermore, the
μm-action on ωX̃(B̃) ⊗ k(x̃) is the standard representation, hence it is faithful.

While the index 1 cover of a (demi-)normal pair (X,�) exists near any point
x ∈ X, it seems to be useful only if the resulting divisor �̃ is effective. The
main cases are enumerated below.
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Proposition 2.50 In each of the following four cases, taking the index 1 cover
gives a natural one-to-one correspondence between the sets described in (a)
and (b). Local is understood in the étale topology and m is always assumed
invertible.

(1) (a) Local (demi-)normal schemes (x ∈ X) such that indexx X = m.
(b) Local (demi-)normal schemes (x̃ ∈ X̃) such that ωX̃ is locally free with

a μm-action that is free outside a codimension ≥ 2 subset and the
induced action on ωX̃ ⊗ k(x̃) is faithful.

(2) (a) Local (demi-)normal pairs (x ∈ X,B) such that indexx(X,B) = m.
(b) Local (demi-)normal pairs (x̃ ∈ X̃, B̃) such that ωX̃(B̃) is locally free

with a μm-action that is free outside a codimension ≥ 2 subset and the
induced action on ωX̃(B̃) ⊗ k(x̃) is faithful.

(3) (a) Local (demi-)normal pairs (x ∈ X,�) where � =∑i(1 − 1
ri

)Di with
ri ∈ N such that indexx(X,�) = m.

(b) Local (demi-)normal schemes (x̃ ∈ X̃) such that ωX̃ is locally free with
a μm-action that is free on a dense open subset that contains every
codimension 1 point of Sing X̃ and the induced action on ωX̃ ⊗ k(x̃) is
faithful.

(4) (a) Local (demi-)normal pairs (x ∈ X,B +�) where � =∑i(1 − 1
ri

)Di

with ri ∈ N such that indexx(X,B +�) = m.
(b) Local (demi-)normal pairs (x̃ ∈ X̃, B̃) such that ωX̃(B̃) is locally free

with a μm-action that is free on a dense open subset that contains all
generic points of B̃ (or of B̃ +DX̃ in the demi-normal case where DX̃

is the conductor (5.2.2)) and the induced action on ωX̃(B̃) ⊗ k(x̃) is
faithful.

Moreover, in all cases the pair (X, 0) (resp. (X,B), (X,�), (X,B +�)) is klt
(or plt or lc or slc (5.10)) if and only if the index 1 cover (X̃, 0) (resp. (X̃, B̃),
(X̃, 0), (X̃, B̃)) is klt (or plt or lc or slc).

Proof Starting with (X,B +�), the construction of (X̃, B̃) was done in
(2.49) and we also saw that ωX̃(B̃) is locally free and induced μm-action on
ωX̃(B̃) ⊗ k(x̃) is faithful.

The pull-back of the canonical class is computed in (2.41) and (2.42) shows
the last claim about the properties klt, plt, lc or slc.

The following two special cases are especially important.

Corollary 2.51 Let X be a normal variety over a field of characteristic 0.

(1) The singularity (x ∈ X) is log terminal if and only if it is a quotient of an
index 1 canonical singularity (x̃ ∈ X̃) by a μm-action that is free outside
a codimension ≥ 2 subset.
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(2) The singularity (x ∈ X,�) where � =∑i(1 − 1
ri

)Di with ri ∈ N is klt if

and only if it is a quotient of an index 1 canonical singularity (x̃ ∈ X̃) by
a μm-action.

Two special aspects of the above covering constructions are worth mention-
ing.

Remark 2.52
(1) Let (x ∈ X,

∑
i aiDi) be a klt pair such that ai ≥ 1

2 for every i. Then we can
write

∑
i aiDi = �′ + 1

2

∑
i Di where �′ is effective. If KX + 1

2

∑
i Di is

Q-Cartier, then one can take the index 1 cover of (x ∈ X, 1
2

∑
i Di). We

get π: X̃ → X such that

KX̃ + π∗�′ = π∗(KX +�′ + 1
2

∑
iDi).

Moreover, X̃ is canonical and has index 1.
We stress, again, that this construction works only if KX + 1

2

∑
i Di is

Q-Cartier. We do not know what could replace (2.51.2) in general when
the coefficients in � are not of the form 1 − 1

ri
.

(2) Another interesting aspect of the covering construction is the extra freedom
we get by replacing a projective pair with a suitable cone. For instance,
consider a pair (Pn,

∑
(1 − 1

ri
)Di). Usually there is no global covering

g: Y → Pn such that KY = g∗(KPn +∑(1 − 1
ri

)Di).

By contrast, take the cone (An+1,
∑

(1 − 1
ri

)Bi) where Bi is the

cone over Di . Then there is a covering h: X → An+1 such that KX =
h∗(KAn+1 +∑(1 − 1

ri
)Bi). One sees that X \ {0̃} is a Seifert bundle (9.50)

over Pn.

In some cases this gives us enough freedom to derive interesting global
results by going through a local construction; see Kollár (1992, 18.24).

2.4 Log terminal 3-fold singularities

Here we study how index 1 covers can be used to study log canonical sin-
gularities of surfaces and log terminal singularities of 3-folds. The tradi-
tional classification of log canonical surface singularities over C proceeds as
follows.

2.53 (Log canonical surface singularities II) Let (0 ∈ S) be a lc surface sin-
gularity over C. If KS is a Cartier divisor, then every curve appears in the
discrepancy divisor � (2.26) of its minimal resolution with integral coefficient.
Thus, by (2.26.4), either � = 0 (and hence 
 is Du Val (3.26)), or � =∑Ci ,
the sum of all curves in 
. Thus the system of equations (2.26.3) becomes

#(neighbors of Ci) = 2 − 2pa(Ci) ∀i.
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We have two possibilities. Either
 consists of a single elliptic or nodal/cuspidal
rational curve (as in (3.27)) or 
 consists of smooth rational curves, each with
two neighbors (as in (3.27.3)).

By (2.50.1) and (2.43) every lc surface singularity is a cyclic group quotient
of a lc surface singularity whose canonical class is Cartier. Thus one can
classify all lc surface singularities by describing all cyclic group actions on the
singularities listed in (3.26) and (3.27). There are two cases over C:

(1) Log terminal. Since every Du Val singularity is the quotient of C2 by a finite
subgroup of SL(2,C), we see that every log terminal surface singularity
is the quotient of C2 by a finite subgroup of GL(2,C). The classification
was carried out in Brieskorn (1968). These singularities are traditionally
named after the corresponding subgroup of PGL(2,C). Thus we have the
following cases.
(a) Cyclic, with dual graph as in (3.31.1).
(b) Dihedral, with dual graph as in (3.40.2).
(c) Tetrahedral, octahedral or icosahedral with dual graph as in (3.40.3).

(2) Log canonical (but not log terminal). These were worked out in Kawamata
(1980). We have two cases.
(a) Cusp quotients. The group is Z/2 with dual graph as in (3.28).
(b) Simple elliptic quotients. The group is Z/2,Z/3,Z/4 or Z/6 with dual

graph as in (3.28) for Z/2 or (3.39.4) for the other groups.

In positive characteristic this approach has problems when the characteristic
divides the index of the canonical class KS since then the cyclic covering
method gives an inseparable cover S̃ → S. For partial results, see Kawamata
(1994) and Kawamata (1999b). Note that quotients of A2 by Z/p can be very
pathological in characteristicp, see (3.25) and Artin (1975, 1977) for examples.

The main steps of this approach work in any dimension and the construction
of the index 1 cover (0 ∈ X̃) → (0 ∈ X) as in (2.49) reduces the problem to
two distinct steps.

� Classification of those log terminal singularities (0 ∈ X) for which KX is
Cartier. Note that these singularities are in fact canonical (2.8.2).

� Classification of cyclic group actions on the above singularities.

Using this, Reid (1980) developed a fairly complete description of terminal,
canonical and log terminal singularities in dimension 3. We discuss this next.

Canonical singularities with KX Cartier

Toward the first step of the classification, we have the following.
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Lemma 2.54 (Reid, 1980) Let (0 ∈ X) be a canonical singularity such that
KX is Cartier. Let 0 ∈ H ⊂ X be a general hypersurface section and g: H ′ →
H any resolution. Then

m0,H · ωH ⊂ g∗ωH ′ ⊂ ωH .

Proof If dimX = 2 then H is an isolated curve singularity and H ′ is its
normalization.

If dimX ≥ 3 then we use that X is CM (2.88), so H is also CM. Since H is
a general hypersurface section, H is smooth in codimension 1, hence normal.
There is always an injection g∗ωH ′ ↪→ ωH whose image is independent of the
choice of H ′ (2.3). Thus we are allowed to make a convenient choice of H ′.

Let B0X → X be the blow-up of the origin and f : Y → X a resolution
dominating B0X. Then f ∗m0,X ⊂ OY is an ideal sheaf which defines a Cartier
divisor E ⊂ Y . Let H ′ := f −1

∗ H ⊂ Y be the birational transform of H by f .
Then H ′ + E = f ∗H and H ′ is smooth since the linear system |H ′| is free.
Since (0 ∈ X) is canonical, ωY = f ∗ωX(F ), where F is effective. Thus, by
adjunction,

ωH ′ = ωY (H ′)|H ′ = f ∗(ωX(H ))(F − E)|H ′ ⊃ f ∗ωH ⊗ OY (−E).

Therefore f∗ωH ′ ⊃ ωH · f∗OY (−E) = m0,H · ωH .

Note that (2.54) encompasses only two possibilities:
Case 2.54.1 g∗ωH ′ = ωH . That is, H itself is canonical by (2.3.2).
If dimH = 1 then H is smooth and so X is smooth. If dimH ≥ 2 then we

can apply (2.54) to H and continue until we end up with the next case.
If dimH = 2, we can also use the classification of Du Val singularities

(3.26). We obtain that H has multiplicity 2 and embedding dimension 3, hence
X has multiplicity 2 and embedding dimension 4 (or X is smooth). Such a
singularity (0 ∈ X) is called a compound Du Val or cDV singularity. It follows
from (2.56) that the pair (X,H ) is canonical.

If (0 ∈ X) is an isolated singularity, then (2.5) implies that (0 ∈ X) is in
fact terminal. If (0 ∈ X) is not an isolated singularity, the situation is more
complicated. It was analyzed in Reid (1983) using a detailed knowledge of
deformations of Du Val singularities. Higher dimensional generalizations of
this method seem unlikely.

Case 2.54.2 g∗ωH ′ = m0,H · ωH .
Let us start with the case dimH = 1. From the exact sequence

0 → OH → OH ′ → OH ′/OH → 0

we get

0 → ωH ′ → ωH → Ext 1(OH ′/OH , ωH ) → 0.
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By local duality on the Gorenstein curve H we see that

1 = dimk ωH/ωH ′ = dimk Ext 1(OH ′/OH , ωH ) = dimk OH ′/OH .

Thus H has either a node or a cusp at the origin. If H has a node then X has a
type A Du Val singularity. If H has cusp then H can be a type D or E Du Val
singularity, but it could be worse. For instance (x2 + y3 + zr = 0) is not even
lc if r ≥ 7. Thus the method comes close to giving the correct answer but needs
extra work at the end.

The situation is similar if dimH = 2. Write KH ′ = f ∗KH + EH . Then
f∗OH ′(EH ) = m0,H . If H is log canonical, that is, every exceptional divi-
sor appears in EH with coefficient ≥ −1, then clearly f∗OH ′ (EH ) ⊃ m0,H .
Our problem is that the converse fails: there are many singularities for which
f∗OH ′(EH ) = m0,H yet E contains an exceptional divisor with large negative
coefficient.

Nonetheless, for surfaces, Laufer (1977) and Reid (1976) developed a rather
complete classification of these so-called elliptic singularities.

Using this, Reid (1980) shows how to construct a minimal model of a 3-fold
X from the canonical model ofX. Later development turned this picture around:
Mori’s program constructs the minimal model first; we get the canonical model
from the minimal model. However, the method of Siu (2008) and Cascini and
Lazić (2010) yields the canonical model first.

Group actions on canonical singularities

Let (0 ∈ X) be a canonical singularity with ωX locally free and G a finite group
acting on X. We are interested in reversing the index 1 cover construction,
hence we assume that the action is fixed point free outside a codimension ≥ 2
subset. From (2.42) we see that the quotient X/G is log terminal.

It seems harder to tell when a quotient is canonical or terminal. To analyze
this question, observe that the G-action on X gives a G-action on ωX. (Note
that if one thinks of OX(KX) as a sheaf associated to a linear equivalence class
then one naturally gets a G-action only up to multiplication by constants. It
is crucial here that ωX is more functorial than OX(KX).) This then induces an
action of G on ωX ⊗ k(0), hence a character χ: G → Gm.

If χ is trivial, then any nonzero vector v gives a G-invariant element in
ωX ⊗ k(0). Pick any section φ of ωX such that φ(0) = v. Then

� := 1
|G|
∑

g∈Gg
∗φ

is a G-invariant section of ωX such that �(0) = v. Thus � is a local generator
of ωX and it descends to a local generator of ωX/G. Thus X/G is canonical by
(2.3.2).
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If χ is nontrivial, let H = kerχ . By the above argument X/H is canonical,
its canonical class is Cartier and X/G = (X/H )/(G/H ).

We are thus reduced to the most interesting case when χ: G → Gm is injec-
tive. Thus G is cyclic; the very case we started with.

There does not seem to be an easy way to decide which quotients by cyclic
groups are canonical or terminal. The case when X is smooth is treated in
Section 3.2.

Example 2.55 Let f (z, t) be a power series without multiple factors and not
divisible by z. Fix natural numbers n, a with (a, n) = 1. We claim that, using
the notation of (3.19.2),

X := (xy + f (zn, t) = 0)/ 1
n

(1,−1, a, 0)

is a terminal 3-fold singularity such that KX has index n (2.49).
It turns out that the above examples give the sole infinite series of terminal

3-fold singularities. There are five other cases, each having index≤ 4. For their
construction and proofs that there are no other cases see Mori (1985), Reid
(1987) and Kollár and Mori (1998). More generally, 3-dimensional canonical
quotients of hypersurfaces are classified in Hayakawa and Takeuchi (1987).

By assumption f (zn, t) = 0 defines an isolated curve singularity, hence
(xy + f (zn, t) = 0) is an isolated 3-fold singularity. Thus if E is an excep-
tional divisor over X and centerX E is not the origin, then a(E,X) > 0.

In order to understand what happens over the origin, set H := (xy +
f (0, t) = 0)/ 1

n
(1,−1, 0). By assumption (xy + f (0, t) = 0) is a Du Val singu-

larity and a local generator of its dualizing sheaf is y−1dy ∧ dt . This is invariant
under the μn-action, hence H is canonical.

A local generator of the dualizing sheaf of (xy + f (zn, t) = 0) is y−1dy ∧
dz ∧ dt , hence z−1y−1dy ∧ dz ∧ dt is μn-invariant. Thus it descends to a local
generator of ωX(H ). By (2.56) we conclude that (X,H ) is canonical.

By (2.5) this implies that a(E,X) > 0 if centerX E ⊂ H and we are done.

The following result of Stevens (1998) was the first general theorem about
inversion of adjunction. Now this is a special case of the theory in Section 4.1,
but its simple proof is worth seeing.

Proposition 2.56 Let (0 ∈ X) be a normal singularity. Let 0 ∈ H ⊂ X be a
divisor such that H ∼ −KX and H is canonical. Then (X,H ) is canonical.

Proof By adjunction (cf. Hartshorne (1977, II.8.20)), we have an exact
sequence

0 → ωX → ωX(H )
r→ ωH .

(We know that r is surjective over the open set where H is Cartier; we will
prove that it is everywhere surjective.)
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Let f : Y → X be a log resolution of (X,H ) and set H ′ = f −1
∗ H . On Y we

have the exact sequence

0 → ωY → ωY (H ′) → ωH ′ → 0.

Push this forward by f∗. Since R1f∗ωY = 0 (cf. (10.32)), we obtain the fol-
lowing commutative diagram with exact rows:

0 �� f∗ωY
��

δ





f∗ωY (H ′) ��

β





f∗ωH ′ ��

γ





0

0 �� ωX �� ωX(H ) r �� ωH

Since H is canonical, γ is an isomorphism. Thus r is surjective and by
Nakayama’s lemma we conclude that f∗ωY (H ′) = ωX(H ). Arguing as in
(2.3.2) we conclude that (X,H ) is canonical.

2.5 Rational pairs

One of the early encouraging results about canonical singularities was the quite
subtle proof by Elkik (1981) that they are rational.

The aim of this section is two-fold. First, we give rather general results that
connect CM sheaves and rationality on X with various vanishing results on a
resolution of X (2.72) and (2.74). Then we start to develop a notion of rational
pairs (2.80). This concept seems to capture the rationality properties of dlt pairs
(2.88).

The proofs rely on general Grothendieck duality theory. Readers who are
not familiar with it and are willing to believe (2.88) can skip the rest of this
section.

Note that everything before (2.86) works in arbitrary characteristic.

2.57 (Rational and Cohen–Macaulay singularities) Being Cohen–Macaulay,
or CM, is a somewhat technical but very useful condition for schemes and
coherent sheaves; see Matsumura (1986, section 17) and Hartshorne (1977,
pp. 184–186). Roughly speaking the basic cohomology theory of CM coherent
sheaves works very much like the cohomology theory of locally free sheaves
on a smooth variety. Indeed, let X be a projective scheme of pure dimension
n over a field k and F a coherent sheaf on X. By the Noether normalization
theorem, there is a finite morphism π: X → Pn. Then

• Hi(X,F ) = Hi(Pn, π∗F ) and
• F is CM if and only if π∗F is locally free.
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One can use these to develop the duality theory for projective schemes, see
Kollár and Mori (1998, section 5.5).

Let X be a normal variety over a field of characteristic 0. We say that
X has rational singularities if and only if Rif∗OY = 0 for i > 0 for every
resolution of singularities and f : Y → X. It is actually enough to check this
for one resolution, or even for one proper birational f : Y → X such that Y
has rational singularities. Rational implies CM by (2.82). See Kollár and Mori
(1998, section 5.1) for an introduction to rational singularities. In positive
characteristic one also needs to assume that Rif∗ωY = 0 for i > 0, see (2.76).

If X has rational singularities, using the Leray spectral sequence

Hi(X,Rjf∗OY ) ⇒ Hi+j (Y,OY )

we obtain that Hi(X,OX) = Hi(Y,OY ). More generally, for any vector bundle
E on X

Hi(X,E ) = Hi(Y, f ∗E ). (2.57.1)

Thus cohomology computations on a variety with rational singularities can be
reduced to computations on a smooth variety.

In particular, if X is a projective variety over a field of characteristic 0 with
rational singularities and L is an ample line bundle on X then a variant of
Kodaira’s vanishing theorem (Kollár and Mori, 1998, 2.64) implies that

Hi(X,L −1) = 0 for i < dimX. (2.57.2)

CM sheaves

Definition 2.58 Let X be a noetherian scheme, x ∈ X a (not necessarily
closed) point, and F a coherent sheaf on X. The dimension and codimension
of the closed subscheme {x} ⊆ X will be denoted by dim x and codimX x

respectively. The dimension of F is the dimension of its support: dim F :=
dim Supp F . The local dimension, denoted by dimx is understood on the local
scheme (X, x) and it is equal to dim Fx , the dimension of Fx as an OX,x-
module. The depth of F at x, denoted by depthx F , is defined as the depth of
Fx as an OX,x-module. Recall that the depth of a finitely generated module M

over a noetherian local ring (A,m) is the maximal length of a regular sequence,
that is, a sequence x1, . . . , xr ∈ m such that x1 is not a zero divisor on M and
xi is not a zero divisor on M/(x1, . . . , xi−1)M for all i = 2, . . . , r .

A non-zero coherent sheaf F is said to satisfy Serre’s condition Sm if

depthx F ≥ min(m, dimx F ) for all x ∈ X.
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Notice that if X is contained in another noetherian scheme Y , then F satisfies
Serre’s condition Sm regarded as a sheaf on X if and only if it satisfies Sm

regarded as a sheaf on Y .
Let x ∈ X be a closed point. A coherent sheaf F is called Cohen–Macaulay

(CM for short) at x if Fx is a Cohen–Macaulay module over OX,x (Matsumura,
1986, section 17), that is, the depth of Fx as an OX,x-module is equal to its
dimension. Similarly, F is Cohen–Macaulay (CM for short) if it is CM at x for
all closed points x ∈ Supp F . In particular, X is CM if so is OX. Also, as with
the Sm property above, if X is a closed subscheme of Y then F is CM as an
OX-sheaf if and only if it is CM as an OY -sheaf. Finally, X is called Gorenstein
if OX is CM and ωX is an invertible sheaf.

Recall that according to Grothendieck’s vanishing theorem (see
Grothendieck (1967, section 3) or Bruns and Herzog (1993, 3.5.7))

Hi
x(X,F ) = 0 for all i > dimx F or i < depthx F .

In particular, F is CM at x if and only if

Hi
x(X,F ) = 0 for all i �= dimx F .

Lemma 2.59 If F is CM at x, then Supp F is equidimensional in a neigh-
borhood of x. In particular, if F is CM and Supp F is connected, then Supp F

is equidimensional.

Proof Let dmin and dmax denote the smallest and largest dimension of the
components of Supp F containing x. Then by Bruns and Herzog (1993, 1.2.13),

depth Fx ≤ dmin ≤ dmax = dimx Supp F = dim Fx .

If Fx is CM, then the two sides of this inequality are equal, forcing that
dmin = dmax.

Lemma 2.60 Let x ∈ X be a point and

0 → F ′ → F → F ′′ → 0

a sequence of coherent sheaves on X which is exact at x. Let r ∈ N,

(1) If depth F ′
x ≥ r and depth F ′′

x ≥ r at x, then depth Fx ≥ r at x.
(2) If depth Fx ≥ r and depth F ′′

x ≥ r − 1 at x, then depth F ′
x ≥ r at x.

(3) If depth Fx ≥ r and depth F ′
x ≥ r + 1 at x, then depth F ′′

x ≥ r at x.

Proof Follows from the long exact sequence of local cohomology at x.

Corollary 2.61 Let D ⊂ X be a subscheme of pure codimension 1. If X is
Sm, then OD is Sm−1 if and only if OX(−D) is Sm.
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Corollary 2.62 Let x ∈ X be a closed point and

0 → F ′ → F → F ′′ → 0

a sequence of coherent sheaves on X which is exact at x. Assume that Supp F ′

and Supp F are equidimensional of dimension d in a neighborhood of x.

(1) If F ′ and F ′′ are CM at x, and dimx F ′′ = d, then F is also CM at x.
(2) If F and F ′′ are CM at x, and d − 1 ≤ dimx F ′′ ≤ d, then F ′ is also

CM at x.
(3) If F ′ and F are CM and dimx F ′′ < d, then F ′′ is also CM at x. It

follows that in this case dimx F ′′ = d − 1.

Corollary 2.63 Assume that X is CM and let D ⊂ X be a subscheme of pure
codimension 1. Then OD is CM if and only if OX(−D) is CM.

CM criteria and the ω-dual

Assumption 2.64 In this section we need to use the dualizing complex ω
�

X of
a scheme X and Grothendieck duality theory. See Hartshorne (1966), Altman
and Kleiman (1970) and Conrad (2000) for introductions to duality theory in
derived categories.

For the rest of this section every scheme we work with will be assumed to
admit a dualizing complex. This applies, for instance, if X is of finite type over
a field. More generally, by Kawasaki (2002, 1.4), this holds if and only if X

can be locally embedded as a closed subscheme into a Gorenstein scheme.
A scheme X is CM if and only if ω

�

X �qis ωX[n] where �qis denotes quasi-
isomorphism, see Conrad (2000, 3.5.1). Thus for CM schemes we can essen-
tially identify the dualizing complex with the dualizing sheaf. Thus the dual-
izing complex is mostly useful for schemes that are not (or are not known to
be) CM.

It is possible to prove the main theorem (2.88) without using Grothendieck
duality (cf. Kollár (1997, section 11)), but the proof below is shorter, more
general, and we feel that it shows the essential features more clearly.

The (total) right derived functor of a left exact functor F : A → B between
abelian categories, if it exists, is denoted by RF : D(A) → D(B) and RiF is
short for hi ◦ RF compare (6.1).

Grothendieck’s duality theory is very powerful and concise, but this makes it
sometimes difficult to see how special cases follow from the general theory. We
need the following three results that are discussed in Kovács (2011b, section 3).
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Lemma 2.65 Let X be as in (2.64) and let Xx � Spec OX,x denote the local
scheme of X at x. Then Xx admits a dualizing complex and

ω
�

Xx
� ω

�

X ⊗ OX,x[− dim x].

Proof As the statement is local we may assume that X is embedded into
a Gorenstein scheme as a closed subscheme by Kawasaki (2002, 1.4). Let
j: X ↪→ Y be such an embedding, N = dim Y and m = codimY x = dim OY,x .
Then by Grothendieck duality and because Y is CM and j is a closed embed-
ding,

ω
�

X �qis RHomX(OX, ω
�

X)�qis Rj∗RHomX(OX, ω
�

X)

�qis �qis︸ ︷︷ ︸
Grothendieck duality

RHomY (Rj∗OX, ω
�

Y︸︷︷︸
dualizing complex

)�qis RHomY (OX, ωY︸︷︷︸
dualizing sheaf

)[N ].

Then taking cohomology and localizing at x gives that

ω
�

X ⊗ OX,x[− dim x]�qis (ω
�

X)x[− dim x]

�qis (RHomY (OX, ωY )[N − dim x])x �qis RHomYx
(OX,x, ωY,x[m])

�qis RHomYx
(R(jx)∗OX,x, ω

�

Y,x)�qis R(jx)∗RHomXx
(OX,x, ω

�

X,x)�qis ω
�

X,x

The following is essentially Grothedieck’s vanishing theorem in a somewhat
different presentation than usual.

Proposition 2.66 Let x ∈ X be a point and F a coherent sheaf on X. Let
d = dimx F + dim x and t = depthx F + dim x. Then(

Ext−i
X (F , ω

�

X)
)
x
= 0 for i > d and i < t .

Furthermore, if Fx �= 0, then(
Ext−d

X (F , ω
�

X)
)
x
�= 0, and

(
Ext−t

X (F , ω
�

X)
)
x
�= 0,

Proof We may obviously assume that F �= 0. Localization is exact and com-
mutes with the Hom functor, so (Ext−i

X (F , ω
�

X))x � Ext−i
Xx

(Fx, (ω
�

X)x) and
then the latter group is isomorphic to Ext dim x−i

Xx
(Fx, ω

�

Xx
) by (2.65). This is

the Matlis dual of Hi−dim x
x (Y,F ) by Hartshorne (1966, V.6.2). Therefore we

obtain that (
Ext−i

X (F , ω
�

X)
)
x
= 0 ⇔ Hi−dim x

x (Y,F ) = 0

and since both depthx F and dimx F remain the same over Y , the statement
follows from Grothendieck’s theorem (Bruns and Herzog, 1993, 3.5.7).
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Corollary 2.67 Under the same conditions and using the same notation as in
(2.66) one has that F is CM at x ∈ X if and only if(

Ext−i
X (F , ω

�

X)
)
x
= 0 for i �= d = dimx F + dim x.

Next we will apply the above general statements in somewhat more special
situations.

Definition 2.68 Let F be a coherent sheaf onX with equidimensional support
of dimension d = dim F . Note that in this case dimx F + dim x = d for any
x ∈ X. We define the ω-dual of F to be the coherent sheaf

d(F ) = dX(F ) := Ext−d
X (F , ω

�

X) = h−d (RHomX(F , ω
�

X)).

Notice that if X is CM and F is locally free, then this agrees with the usual
dual of F twisted by the dualizing sheaf: d(F ) � Hom(F , ωX) � F ∗ ⊗ ωX.
In fact, something similar holds in general as shown in the next lemma.

Lemma 2.69 Let F be a coherent sheaf on X with equidimensional support
of dimension d = dim F . Further let Z ⊆ X be a subscheme that contains the
support of F . Then d(F ) = dX(F ) � dZ(F ) = Ext−d

Z (F , ω
�

Z). In particular,
d(F ) is coherent and if dimZ = d, then d(F ) � HomZ(F , ωZ). (This is ωZ

and not ω
�

Z!)

Proof By Grothendieck duality and the definition of ωZ ,

d(F ) � Ext−d
X (F , ω

�

X) � h−d(RHomX(F , ω
�

X))

� h−d(RHomZ(F , ω
�

Z)) � Ext−d
Z (F , ω

�

Z).

If dimZ = d, then Ext−d
Z (F , ω

�

Z) � HomZ(F , ωZ). Since F is coherent, this
also implies that so is d(F ).

The following is a direct consequence of (2.67).

Corollary 2.70 Let F be a sheaf as in (2.68). Then F is CM at x ∈ X if and
only if

(RHomX(F , ω
�

X))x �qis d(F )x[ d ].

Corollary 2.71 Let F be a CM sheaf. Then d(F ) is also CM, and

RHomX(F , ω
�

X)�qis d(F )[d].

Furthermore, Supp d(F ) = Supp F and d(d(F )) � F .

A special case of this was proved in Kollár and Mori (1998, 5.70). The fact
that it is indeed a special case follows from (2.69).
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Proof It follows directly from (2.70) that RHomX(F , ω
�

X)�qis d(F )[d] and
then since ω

�

X is dualizing, it also follows that

RHom(d(F ), ω
�

X)�qis RHom(RHom(F , ω
�

X)[−d], ω
�

X)�qis F [d].

This in turn implies that Supp d(F ) = Supp F and d(d(F )) � F , and, by
(2.70) again, that d(F ) is CM.

Theorem 2.72 Let f : X̃ → X be a proper morphism and G a CM sheaf with
equidimensional support of dimension d = dim G on X̃. Assume that there exist
two integers a, b ∈ Z such that Rif∗G = 0 for i �= a and Rjf∗(d(G )) = 0 for
j �= b. Then F := Raf∗G is a CM sheaf on X of dimension d + a − b with
d(F ) � Rbf∗(d(G )).

Proof By assumption,

RHomX(F , ω
�

X)�qis RHomX(Rf∗G [−a], ω
�

X)

� Rf∗RHom X̃(G , ω
�

X̃
)[a] � Rf∗(d(G ))[d + a] � Rbf∗(d(G ))[d + a − b].

Then the statement follows from Theorem 2.70.

Corollary 2.73 Let f : X̃ → X be a proper morphism and G a CM sheaf with
equidimensional support of dimension d = dim G on X̃ such that Rif∗G =
0 and Rif∗(d(G )) = 0 for i > 0. Then F := f∗G is a CM sheaf on X of
dimension d with d(F ) � f∗(d(G )).

Vanishing theorems

The following is a generalization of Kovács (2000a, theorem 1).

Theorem 2.74 Letf : Y → X be a proper birational morphism of pure dimen-
sional schemes and G a CM sheaf on Y . Assume that

(1) Supp G = Y ,
(2) Rif∗d(G ) = 0 for i > 0 and
(3) the natural map �: f∗G → Rf∗G admits a left-inverse �′: Rf∗G → f∗G ,

that is, �′ ◦ � is the identity of f∗G .

Then f∗G is a CM sheaf on X and Rif∗G = 0 for i > 0.

(Strictly speaking the automorphism �′ ◦ � lives in the derived category of
coherent OX-modules, and so it is an auto-quasi-isomorphism, but since f∗G is
a sheaf, h0 of the derived category auto-quasi-isomorphism induces an honest
sheaf automorphism of f∗G .)
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Proof Consider the morphisms � and �′:

f∗G
� ��

�
��Rf∗G

�′ �� f∗G ,

and apply the functor RHom( , ω
�

X);

RHom(f∗G , ω
�

X) ��

�
��RHom(Rf∗G , ω

�

X) �� RHom(f∗G , ω
�

X).

(2.74.4)
Applying Grothendieck duality, (2.71) and (2) to the middle term yields that

RHomX(Rf∗G , ω
�

X)�qis Rf∗RHomY (G , ω
�

Y )

�qis Rf∗d(G )[n]�qis f∗d(G )[n].

This implies that the automorphism of hi(RHom(f∗G , ω
�

X)) induced by (4)
factors through 0 for i �= d. Therefore

RHomX(f∗G , ω
�

X)�qis H [n]

for some sheaf H and we obtain that the induced automorphism of H factors
through f∗(d(G )):

H
α ��

�
��f∗(d(G ))

β �� H .

Since f∗(d(G )) is torsion-free and both α and β are generically isomorphisms,
it follows that they are isomorphisms everywhere. In other words, we conclude
that

RHomX(f∗G , ω
�

X)�qis H [n] � f∗d(G )[n]�qis Rf∗d(G )[n].

Finally consider the following sequence of isomorphisms:

f∗G �qis RHomX(RHomX(f∗G , ω
�

X), ω
�

X)

�qis RHomX(Rf∗d(G )[n], ω
�

X)�qis Rf∗RHomY (d(G )[n], ω
�

Y )

�qis Rf∗RHomY (RHomY (G , ω
�

Y ), ω
�

Y )�qis Rf∗G .

It follows that Rif∗G = 0 for i > 0. Finally, the statement that f∗G is CM
follows from (2.73).

We will only use the following special case of (2.74) in the sequel.

Corollary 2.75 Let f : Y → X be a proper birational morphism and L an
invertible sheaf on Y . Assume that

(1) Y is Gorenstein of dimension n,
(2) Rif∗(ωY ⊗L −1) = 0 for i > 0 and
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(3) the natural morphism �: f∗L → Rf∗L admits a left-inverse �′:
Rf∗L → f∗L , that is, �′ ◦ � is the identity of f∗L .

Then f∗L is a CM sheaf and Rif∗L = 0 for i > 0.

It is through the condition (2) that the characteristic 0 assumption enters into
many of the applications. See Section 10.3 for many known cases.

Rational pairs

First we recall the definition of rational singularities and then define an analo-
gous notion for pairs.

Definition 2.76 Let X be a variety. A resolution of singularities φ: Y → X is
called a rational resolution if

(1) OX � φ∗OY , that is, X is normal,
(2) Riφ∗OY = 0 for i > 0 and
(3) Riφ∗ωY = 0 for i > 0.

X is said to have rational singularities if it has a rational resolution.
It turns out that if X has a rational resolution then every resolution is rational.

In characteristic 0 this is relatively easy (cf. Kollár and Mori (1998, section 5.1))
but quite hard in positive characteristic Chatzistamatiou and Rülling (2009).

In characteristic 0 (3) follows from the Grauert-Riemenschneider vanishing
theorem; a special case of (10.32) with f birational and L = � = 0. Thus it is
enough (and customary) to define rational singularities by assuming only (1)
and (2).

The following alternative description is due to Kempf et al. (1973), see also
Kollár and Mori (1998, 5.10).

Proposition 2.77 Let X be a variety and φ: Y → X a resolution of singular-
ities. Then φ is a rational resolution if and only if the following conditions are
satisfied:

(1) X is CM,
(2) φ∗ωY � ωX and
(3) Riφ∗ωY = 0 for i > 0.

As in (2.76), in characteristic zero (3) always holds, so it is enough to assume
(1) and (2). In particular, using (2.3), in characteristic zero CM + canonical
implies rational. One of our main aims is to show that in fact canonical implies
CM, hence canonical implies rational (2.88).
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Proof of (2.77) Let n = dimX. The condition that X is CM is equivalent to
ω

�

X �qis ωX[n], while (2) and (3) together are equivalent to ωX �qis Rφ∗ωY . As
Y is also CM, we obtain that the conditions (1–3) are equivalent to (3) and

ω
�

X �qis Rφ∗ω
�

Y .

Applying RHomX( , ω
�

X) and Grothendieck duality shows that this is equiv-
alent to (3) and

OX �qis Rφ∗OY .

These in turn are the conditions (2.76.1–3).

Next we generalize the notion of rational singularities to pairs.

Definition 2.78 Let X be a normal variety and D ⊂ X a reduced divisor.
Let φ: Y → X be a resolution such that (Y,DY := φ−1

∗ D) is snc. Then φ:
(Y,DY ) → (X,D) is called a rational resolution if

(1) OX(−D) � φ∗OY (−DY ),
(2) Riφ∗OY (−DY ) = 0 for i > 0
(3) Riφ∗ωY (DY ) = 0 for i > 0.

Formally this is very much like (2.76) but there are significant differences.
Consider an snc pair (X0,D0) and observe that it has many non-rational

resolutions. To find these, let Z0 ⊂ X0 be any stratum (1.7). By explicit com-
putation we see that BZ0X0 → X0 is not a rational resolution. In fact, as a
very special case of (2.87), we see that a resolution φ0: (Y 0,D0

Y ) → (X0,D0)
is rational if and only if φ0 is an isomorphism over the generic point of every
stratum of (X0,D0). To get the best notion, we need to add one more property.

Definition 2.79 Let X be a normal variety and D ⊂ X a reduced divisor.
A resolution f : Y → X is called thrifty if (Y,DY := f −1

∗ D) is snc and the
following equivalent conditions hold.

(1) f is an isomorphism over the generic point of every stratum of snc(X,D)
and f is an isomorphism at the generic point of every stratum of (Y,DY ).

(2) Ex(f ) does not contain any stratum of (Y,DY ) and f (Ex(f )) does not
contain any stratum of snc(X,D).

In characteristic 0, thrifty resolutions exist and any two of them can be dom-
inated by a third thrifty resolution (10.45.2). If (X,D) is dlt then the first
requirement in (1) implies the second. The concept of thrifty resolutions may
seem artificial, but it is dictated by (2.87).

Definition 2.80 Let X be a normal variety and D ⊂ X a reduced divisor. The
pair (X,D) is called rational if it has a thrifty rational resolution.
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In characteristic 0 this implies that every other thrifty resolution is rational
(2.86). In positive characteristic this is not known.

Remark 2.81

(1) Our definition is different from the one in Schwede and Takagi (2008) in
several ways. A key point is that we want snc pairs to be rational.

(2) It can happen that (X,D) is rational but X is not. This may appear strange
at first but it is frequently an advantage. To get such examples, let Z be
a smooth projective variety and L a sufficiently ample line bundle on
Z × P1. Let X be the affine cone Ca(Z × P1, L) and D ⊂ X the cone over
Z × (point). Then (X,D) is rational but in general X is not even CM. We
see, however, that OX(−D) is CM (2.82).

(3) By our definition, the pair (A3, (x2 = y2z)) is not rational but Kollár and
Shepherd-Barron (1988) argues that it should be considered “rational.” It
would be very useful to extend our definition to cover such cases. Also,
a really good notion of rationality should be preserved by quotients by
finite groups. Finding the correct definition is very much connected with
the resolution problem (10.51).

Our definition of rational pairs includes all dlt pairs, as we will see in (2.87).
(Note that (A3, (x2 = y2z)) is not dlt and being dlt is not preserved by quotients
by finite groups.)

Next we consider various versions of (2.77) for pairs. The situation is more
complicated in general but it becomes very similar if D is a Cartier divisor.

Proposition 2.82 (Kovács, 2011b) Let φ: (Y,DY ) → (X,D) be a rational
resolution. Then OX(−D) is CM.

Proof Apply (2.73) to G = OY (−DY ). Then Riφ∗G = 0 by (2.78.2) and
Rif∗(ωY (DY )) = 0 for i > 0 by (2.78.3) since ωY (DY ) = d(G ). Therefore
OX(−D) = φ∗G is a CM sheaf.

Proposition 2.83 Let (X,D) be a reduced pair and φ: Y → X a resolution
such that (Y,DY := φ−1

∗ D) is snc. Then φ is a rational resolution if and only
if

(1) RHom(OX(−D), ω
�

X)�qis φ∗ωY (DY )[n] and
(2) Riφ∗ωY (DY ) = 0 for i > 0.

Proof As (2) is the same as (2.76.3), we may assume that it holds. Let
n = dimX. Assuming (2) φ is a rational resolution if and only if

RHomX(OX(−D), ω
�

X)�qis RHomX(Rφ∗OY (−DY ), ω
�

X),
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and (1) is equivalent to

RHom(OX(−D), ω
�

X)�qis Rφ∗ωY (DY )[n].

On the other hand, Grothendieck duality (2.80) implies that

RHomX(Rφ∗OY (−DY ), ω
�

X)

�qis Rφ∗RHomY (OY (−DY ), ω
�

Y )�qis Rφ∗ωY (DY )[n], (2.83.3)

so the desired equivalence follows.

Proposition 2.84 Let (X,D) be a reduced pair and φ: Y → X a resolution
such that (Y,DY := f −1

∗ D) is snc. Assume that D is a Cartier divisor. Then φ

is a rational resolution if and only if the following conditions are satisfied.

(1) X is CM,
(2) ωX(D) � φ∗ωY (DY ) and
(3) Riφ∗ωY (DY ) = 0 for i > 0.

Proof Let n = dimX. By (2.83),

ω
�

X �qis RHom(OX(−D), ω
�

X) ⊗ OX(−D)�qis (φ∗ωY (DY ) ⊗ OX(−D))[n],

so hi(ω
�

X) = 0 for i �= −n and hence X is CM. Then (2.83.1) implies (2) and
therefore it follows that if φ is a rational resolution, then the conditions (1–3)
hold.

Conversely, if D is Cartier and X is CM, then (1–3) trivially implies (2.83.1),
so the statement follows.

Remark 2.85 Let φ: (Y,DY ) → (X,D) be a thrifty rational resolution. By
looking at the higher direct images of the sequences

0 �� OY (−DY ) �� OY
�� ODY

�� 0 and

0 �� ωY �� ωY (DY ) �� ωDY
�� 0

we see that if two of the following three statements hold, then so does the third:

(1) (X,D) is a rational pair.
(2) X has rational singularities.
(3) Rφ∗ODY

= OD and Riφ∗ωDY
= 0 for i > 0.

Note that φ|DY
: DY → D is what one should call a thrifty semi-resolution of

D (10.59) and then (3) should be the definition of semi-rational singularities.
One can then also define semi-rational pairs. As we noted before, it would

be more useful to develop this theory by working with the nc locus, not just the
snc locus.
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Rational pairs in characteristic zero

For the rest of the section everything is defined in characteristic 0.

Corollary 2.86 If (X,D) has a thrifty rational resolution then every thrifty
resolution is rational.

Proof Assume first that (X,D) is snc. Then the identity is a thrifty rational
resolution. Let φ: (Y,DY ) → (X,D) be a thrifty resolution. Then φ∗(KX +
D) ∼ KY +DY − B where B is effective and exceptional, hence (2.84.2) is
clear. Since φ is birational on every stratum of (Y,DY ), (2.84.3) is implied by
(10.38.1). Thus φ is rational by (2.84).

Now to the general case. Let φi: (Yi,Di) → (X,D) be two thrifty resolutions
and assume that φ1 is rational. By (10.45.2) there is a third thrifty resolution
φ3: (Y3,D3) → (X,D) that dominates both, that is, we have morphisms gi:
Y3 → Yi . Since (Yi,Di) are snc, we know that the gi are rational. The Leray
spectral sequence

R(φi ◦ gi)∗ = R(φi)∗ ◦ R(gi)∗

shows that φi is rational if and only if φi ◦ gi is. Applying this in one direction
we see that φ1 ◦ g1 is rational. Since φ2 ◦ g2 = φ1 ◦ g1, using the same in the
reverse direction shows that φ2 is also rational.

The following theorem ties together the three concepts of “especially nice”
resolutions of dlt pairs.

Theorem 2.87 Let (X,�) be dlt and f : Y → X a resolution such that
(Y, f −1

∗ ���) is snc. The following are equivalent:

(1) Every exceptional divisor of f has discrepancy > −1.
(2) f is a thrifty resolution of (X, ���).
(3) f is a rational resolution of (X, ���).
Proof Assume (2) and let E be an exceptional divisor. If a(E,X,�) = −1
then centerX E is a stratum of (X, ���) by definition of dlt and (2.10). There
is no such E if f is thrifty, proving (1).

Still assuming (2) we will show that it implies (3). By (2.86) it is enough
to show that there is a thrifty and rational resolution. Thus let f : (Y,�Y ) →
(X,�) be a thrifty log resolution. Since (2) ⇒ (1), every exceptional divisor
appears in �Y with coefficient < 1, so we can write �Y = DY + A− B where
A is exceptional with �A� = 0 and B is exceptional and integral. Since

B −DY ∼Q KY − f ∗(KX +�) + A,

we see that Rif∗OY (B −DY ) = 0 for i > 0 by (10.32).
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B is an effective exceptional divisor, so that the composition,

OX(−D) ��

�qis

��Rf∗OY (−DY ) �� Rf∗OY (B −DY )
�qis �� f∗OY (B −DY )

is a quasi-isomorphism. This shows that (2.75.3) holds.
Since f is thrifty, it is birational on all strata of (Y,DY ), hence

Rif∗ωY (DY ) = 0 for i > 0 by (10.38.1), proving (2.75.2). Since Y is
smooth, (2.75.1) holds. Thus (2.75) implies that Rif∗OY (−DY ) = 0 for i > 0,
proving (3).

Next we show that (3) implies (1). Choose a rational resolution f and
assume to the contrary that E ⊂ Y , the union of all exceptional divisors with
discrepancy −1, is not empty. By localizing at a generic point of f (E) we may
assume that f (E) is a closed point. Since (X,�) is dlt, f (E) is a smooth point
and we may assume that X is smooth, D := � is a reduced snc divisor and
KX +D ∼ 0. Thus we can write

KY +DY + E − B ∼ f ∗(KX +D) ∼ 0

where B is an effective Z-divisor. Thus OY (−DY ) � ωY (E − B) and for
n = dimX we get surjections

Rn−1f∗OY (−DY ) = Rn−1f∗ωY (E − B) � Hn−1(E,ωE(−B|E))

� Hn−1(E,ωE).

The last term is nonzero which contradicts the assumption that f is a rational
resolution. Thus (3) implies (1).

Finally we show that (1) implies (2). Since (X�) is dlt, being thrifty is a
property of the snc locus snc(X, ���), thus we may assume that � =∑n

i=1 Di

is a Z-divisor and (X,
∑

Di) is snc. We use induction on n, the number of
irreducible components of ���. By induction and localization we may assume
that dimX = n, x := ∩iDi is a closed point and f is thrifty over X \ {x}. We
need to prove that f is an isomorphism near x ∈ X.

If n = dimX = 2 then every resolution is either an isomorphism over x =
D1 ∩D2 (hence thrifty) or it factors through the blow-up of x (giving an
exceptional divisor with discrepancy −1).

Assume next that n = dimX ≥ 3. Set D′
i := f −1

∗ Di and fi := f |D′
i
. Then

fi: D′
i → Di is a resolution and (D′

i , (fi)−1
∗
∑

j �=i Di ∩Dj ) is snc.

Claim 2.87.1 fi has no exceptional divisors of discrepancy −1.

Proof By the adjunction formula, the fact that f has no exceptional divi-
sors of discrepancy −1, and (2.10.1), such divisors would arise as irre-
ducible components of D′

i ∩D′
j for some j �= i, hence we need to show that

(fi)−1
∗ (Di ∩Dj ) = D′

i ∩D′
j . Since D′

i ∩D′
j is smooth, the latter holds if and
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only if D′
i ∩D′

j → Di ∩Dj has connected fibers. Equivalently, if and only
if ODi∩Dj

= f∗OD′
i∩D′

j
. To see the last equality, consider the exact Koszul

sequence

0 → OY (−D′
i −D′

j ) → OY (−D′
i) ⊕ OY (−D′

j ) → OY → OD′
i∩D′

j
→ 0.

By induction on the number of irreducible components and since we are in the
case n ≥ 3, we see that f is a thrifty resolution of (X,Di +Dj ) and (X,Di)
for all i, j . Since we have already proved that (2) implies (3) it follows that

Rrf∗OY (−D′
i −D′

j ) = Rrf∗OY (−D′
i) = 0 for r > 0.

Thus the push-forward is an exact sequence

0 → OX(−Di −Dj ) → OX(−Di) ⊕ OX(−Dj ) → OX
∂→ f∗OD′

i∩D′
j
→ 0.

Note that ∂ factors as ∂: OX � ODi∩Dj
↪→ f∗OD′

i∩D′
j
, thus ODi∩Dj

=
f∗OD′

i∩D′
j

as needed. (Alternatively, we could have applied the Connectedness
theorem (Kollár and Mori, 1998, 5.48) to D′

i → (Di,Di ∩Dj ).)

Thus, by induction, fi: D′
i → Di is an isomorphism over a neighborhood of

x ∈ Di and hence
∑

i D
′
i →

∑
i Di is an isomorphism over the same neigh-

borhood.
Set y := ∩iD

′
i . The tangent space Ty,Y is isomorphic to the tangent space

of
∑

i D
′
i . Thus f∗: Ty,Y → Tx,X is an isomorphism and hence so is f . This

shows that f is an isomorphism near x ∈ X and therefore (2) follows.

The main application of the results of this section is the following; see Kollár
and Mori (1998, 5.25) and Fujino (2009b, 4.14)).

Corollary 2.88 Let X be a scheme of finite type over a field of characteristic
0, D a reduced Z-divisor and L a Q-Cartier Z-divisor. Assume that (X,�) is
dlt for some effective Q-divisor � and D ≤ ���. Then

(1) OX is CM,
(2) OX(−D − L) is CM,
(3) ωX(D + L) is CM,
(4) if D + L is effective then OD+L is CM and
(5) (X,D) is rational.

Proof Let us start with the cases when L = 0. Then (2) is a restatement of
(2.82) and (1) is the D = 0 special case. These imply (3) by duality (2.71). The
exact sequence

0 → OX(−D) → OX → OD → 0,

and (2.62) imply (4).
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By (3.71) there exists an effective Q-divisor �′ such that ��′� = 0 and
(X,D +�′) is dlt. Replacing � with D +�′ we may assume that D = ���.
Thus (5) follows from (2.87).

Finally we consider the case when L �= 0. First assume that mL ∼ 0 for
some m > 0. Let π: X′ → X be the corresponding cyclic cover (2.44). Then
(X′, π∗(D)) is dlt (cf. Kollár and Mori (1998, 5.20)) and OX(−D − L) is a
direct summand of π∗OX′ (−π∗D). Thus OX(−D − L) is CM if OX′(−π∗D) is
(by Kollár and Mori, 1998, 5.4) (cf. (2.73)). Now observe that the assumption
mL ∼ 0 always holds locally on X and being CM is a local property. Thus
everything reduces to the L = 0 case.



3

Examples

We studied log canonical surface singularities in Section 2.2 and gave examples
of typical log terminal 3-fold singularities in Section 2.4. In Section 2.5 we
proved that dlt singularities are rational in any dimension.

The aim of this chapter is to show, by many examples, that the above results
are by and large optimal: log canonical singularities get much more complicated
in dimension 3 and even terminal singularities are likely non-classifiable in
dimension 4.

A first set of examples of the various higher dimensional singularities occur-
ring in the minimal model program are given in Section 3.1. These are rather
elementary, mostly cones, but they already illustrate how subtle log canonical
pairs can be.

We consider in greater detail quotient singularities in Section 3.2. This is
a quite classical topic but with many subtle aspects. These are some of the
simplest log terminal singularities in any dimension but they are the most
likely to come up in applications.

Section 3.3 gives a rather detailed classification of log canonical surface
singularities. Strictly speaking, not all of Section 3.3 is needed for the general
theory, but it is useful and instructive to have a thorough understanding of a
class of concrete examples. Our treatment may be longer than usual, but it
applies in positive and mixed characteristics as well.

More complicated examples of terminal and log canonical singularities are
constructed in Section 3.4. The treatment closely follows Kollár (2011b).

In Section 3.5 we study perturbations of the boundary � of an lc pair
(X,�). We show that in some cases the singularity cannot be improved by
changing �. We also give examples of flat deformations {Xt : t ∈ C} where
(X0,�0) is klt for some �0 but (Xt,�t ) is not klt for t �= 0, no matter how one
chooses �t .

Assumptions In Section 3.3. we work with arbitrary excellent surfaces, in
the other sections with varieties over perfect fields. The examples of Section
3.4 are worked out only over C.
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3.1 First examples: cones

The simplest examples of terminal, canonical, etc. singularities are given by
cones. (See (3.8) for our conventions on cones.) Cones are rather special,
but illustrate many of the difficulties that appear when dealing with these
singularities.

In most of the subsequent examples we use the next lemma when X is
smooth. Then the assumptions that X be terminal (resp. canonical . . . ) are all
satisfied. The proof is also much easier in this case.

Lemma 3.1 Let X be normal, projective, L an ample Cartier divisor on X

and Ca(X,L) the corresponding affine cone (3.8). Let � be an effective Q-
divisor on X and �Ca (X,L) the corresponding Q-divisor on Ca(X,L). Assume
that KX +� ∼Q r · L for some r ∈ Q. Then (Ca(X,L),�Ca (X,L)) is

(1) terminal if and only if r < −1 and (X,�) is terminal,
(2) canonical if and only if r ≤ −1 and (X,�) is canonical,
(3) klt if and only if r < 0 (that is, −(KX +�) is ample) and (X,�) is klt,
(4) dlt if and only if either r < 0 and (X,�) is dlt or (X,�) � (Pn, (

∏
xi = 0))

and the cone is (An+1, (
∏

xi = 0)),
(5) lc if and only if r ≤ 0 (that is, −(KX +�) is nef) and (X,�) is lc.

If we allow X to be non-normal, then (Ca(X,L),�Ca (X,L)) is

(6) semi-dlt (5.19) if and only if either r < 0 and X is semi-dlt or, for some
m ≤ n, the cone is ((x0 · · · xm = 0) ⊂ An+1, (xm+1 · · · xn = 0)).

(7) semi-log-canonical (5.10) if and only if r ≤ 0 andX is semi-log-canonical.

Proof We see in (3.14.4) that KCa (X,L) +�Ca (X,L) is Q-Cartier if and only if
KX +� ∼Q r · L for some r ∈ Q.

As in (3.8), let p: BCa(X,L) → Ca(X,L) be the blow-up of the vertex of
the cone with exceptional divisor E � X. Then, by (3.14.4),

KBCa (X,L) +�BCa (X,L) + (1 + r)E ∼Q 0 ∼Q p∗(KCa (X,L) +�Ca (X,L)).

Thus, by (2.23),

discrep(Ca(X,L),�Ca (X,L))

= min{1 + r, discrep(BCa(X,L),�Ca (X,L)+(1+r)E)}.
The various conditions on r are now clear. Next note that the projection

π : (BCa(X,L),�BCa (X,L)) → (X,�)

is smooth and E is a section. Thus, by (2.14),

discrep(BCa(X,L),�Ca (X,L)+E) ≥ discrep(X,�).

The rest of the assertions (1–5) are clear.
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The non-normal cases (6–7) are equivalent with the corresponding assertions
about their normalizations.

Both of the next two results are proved by an easy case analysis.

Corollary 3.2 Let B be a smooth curve and L an ample line bundle on B.
Then Ca(B,L) is

(1) terminal if and only if g(B) = 0 and degL = 1 (Ca(B,L) is an affine
plane),

(2) canonical if and only if g(B) = 0 and degL ≤ 2 (Ca(B,L) is an affine
plane or a quadric cone),

(3) log terminal if and oly if g(B) = 0 (Ca(B,L) is a cone over a rational
normal curve) and

(4) log canonical if and only if g(B) = 1 or (3) holds.

The easiest higher dimensional case is the following:

Corollary 3.3 LetX ⊂ Pn be a smooth complete intersection of hypersurfaces
of degrees (d1, . . . , dm). Then Ca(X) = Ca(X,OX(1)) and it is

(1) terminal if and only if
∑

di < n,
(2) canonical if and only if

∑
di ≤ n,

(3) log canonical if and only if
∑

di ≤ n+ 1.

In many applications, one needs to pay special attention to two properties.
It is easy to decide when a cone considered in (3.1) is CM:

Corollary 3.4 Let X be a smooth, projective variety over a field of charac-
teristic 0 and L an ample line bundle on X.

(1) If −KX is ample (that is, X is Fano) then Ca(X,L) is CM and has rational
singularities.

(2) If −KX is nef (for instance, X is Calabi–Yau), then
(a) Ca(X,L) is CM if and only if Hi(X,OX) = 0 for 0 < i < dimX, and
(b) Ca(X,L) has rational singularities iff Hi(X,OX) = 0 for 0 < i ≤

dimX.

Proof By assumption ωX ⊗ L−m is anti-ample for m ≥ 1, and even for
m = 0 if −KX is ample. Hence, by Kodaira vanishing and by Serre dual-
ity, Hi(X,Lm) = 0 for i > 0 and m ≥ 0 in case (1) and m > 0 in case (2).
Thus in (3.11) we only need the vanishing of Hi(X,L0) = Hi(X,OX) for
0 < i < dimX. This proves (1) and (2a) while (2b) follows from (3.13).

Remark 3.5 Kodaira’s vanishing theorem does not hold in positive charac-
teristic, but it is possible that it holds for Fano varieties. That is, we do not
know any example of a smooth projective variety X and an ample line bundle
L on X such that −KX is ample and Hi(X,L−1) �= 0 for some i < dimX.
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Partial results for i = 1 are in Kollár (1996, section II.6) and Biswas and dos
Santos (2012).

The following examples are proved by a straightforward application of (3.4).

Example 3.6 (Log canonical but not CM) The following examples show that
log canonical singularities need not be rational, not even CM. By (2.88), none
of these are log terminal. The claims below follow directly from (3.4) and hold
for every ample line bundle L.

(1) A cone over an Abelian variety A is CM if and only if dimA = 1.
(2) A cone over a K3 surface is CM but not rational.
(3) A cone over an Enriques surface is CM and rational.
(4) A cone over a smooth Calabi–Yau complete intersection is CM but not

rational.

While not related to any of our questions, the following example shows that
one of the standard constructions, the taking of the index 1 cover, can also lead
to more complicated singularities.

Example 3.7 (Index 1 covers) Let x ∈ X be a normal singularity over C and
assume that KX is Q-Cartier. Then there is a smallest m > 0 such that mKX

is Cartier near x. By replacing X with a smaller neighborhood of x, we may
assume that mKX ∼ 0. As in Kollár and Mori (1998, 2.49) or (2.49), there is a
corresponding (ramified) finite, cyclic cover π: X̃ → X, called the canonical
cover or index 1 cover of X such that KX̃ = π∗KX is Cartier.

For the singularities of the MMP, X̃ is usually simpler than the original
singularity X. Nonetheless, here are four examples to show that X̃ can be
cohomologically more complicated than X; see also Singh (2003).

1. Let S be a K3 surface with a fixed point free involution τ . Thus T := S/τ is
an Enriques surface. A cone Ca(T ) over the Enriques surface T is CM and
rational. By (3.14) the canonical class of Ca(T ) is not Cartier but 2KCa (T )

is Cartier. Its canonical cover is a cone over the K3 surface S which is CM
but not rational.

2. Let S be a K3 surface with a fixed point free involution τ as above. Then τ

acts as multiplication by −1 on H 2(S,OS). By the Künneth formula, (τ, τ )
acts as multiplication by −1 on H 2(S × S,O) and as multiplication by 1 =
(−1) · (−1) on H 4(S × S,O). Set X := (S × S)/(τ, τ ). Then hi(X,OX) =
0 for 0 < i < 4, hence a cone over X is CM. Its canonical cover is a cone
over S × S which is not CM.

3. Let A be the Jacobian of the hyperelliptic curve y2 = x5 − 1 and τ the auto-
morphism induced by (x, y) �→ (εx, y) where ε is a 5th root of unity. The
space of holomorphic 1-forms is spanned by dx/y, xdx/y. Thus τ acts on
H 1(A,OA) with eigenvalues ε, ε2 and on H 2(A,OA) = ∧2H 1(A,OA) with
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eigenvalue ε3. Thus τ has only isolated fixed points. Set S := A/〈τ 〉. Then
Hi(S,OS) = 0 for i = 1, 2, hence a cone over S is a rational singularity. Its
canonical cover is a cone over A, which is not CM.

4. LetSm be a K3 surface andσm an automorphism of ordermwhose fixed point
set is finite and such that σm acts as multiplication by εm on H 2(Sm,OSm

)
where εm is a primitive mth root of unity. (Such Sm and σm exist for m ∈
{5, 7, 11, 17, 19} by Kondō (1992).) By the Künneth formula, (σm, σm) acts
as multiplication by εm on H 2(Sm × Sm,O) and as multiplication by σ 2

m on
H 4(Sm × Sm,O). Set Xm := (Sm × Sm)/(σm, σm). Then hi(Xm,OXm

) = 0
for 0 < i ≤ 4, hence a cone over Xm is rational.

By (3.14) the canonical class of Ca(Xm) is not Cartier but mKCa (Xm) is
Cartier. Its canonical cover is a cone over Sm × Sm which is not even CM.

Auxiliary results on cones

3.8 (Cones) LetX ⊂ Pn be a projective scheme over a field k and f1, . . . , fs ∈
k[x0, · · · , xn] generators of its homogeneous ideal.

The classical affine cone over X is the variety Ca(X) ⊂ An+1 defined
by the same equations (f1 = · · · = fs = 0). The closure of the classical
affine cone is the classical projective cone over X, denoted by Cp(X) ⊂
Pn+1(x0: · · · :xn:xn+1). It is defined by the same equations (f1 = · · · = fs = 0)
as X. (Thus xn+1 does not appear in any of the equations.)

Assume that X is normal (resp. S2). Then Ca(X) is normal (resp. S2) if
and only if H 0(Pn,OPn(d)) → H 0(X,OX(d)) is onto for every d ≥ 0 (cf.
Hartshorne (1977, exercise II.5.14)). Therefore, it is better to define cones
for any ample line bundle as follows.

Let X be a projective scheme with an ample line bundle L. The affine cone
over X with conormal bundle L is

Ca(X,L) := Speck
∑

m≥0H
0(X,Lm),

and the projective cone over X with conormal bundle L is

Cp(X,L) := Projk
∑
m≥0

(
∑m

r=0H
0(X,Lr ) · xm−r

n+1 ).

Note that if X ⊂ PN and L = OX(1) then there is a natural finite morphism
Cp(X,OX(1)) → Cp(X) which is an isomorphism away from the vertex. IfX is
normal then Cp(X,OX(1)) is the normalization of Cp(X) but Cp(X,OX(1)) →
Cp(X) is an isomorphism only if

H 0(PN,OPN (m)) � H 0(X,OX(m)) is onto ∀ m.

In particular, the m = 0 case shows that X has to be connected.
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An advantage of the general notion is that if X is normal (resp. S2) then
Ca(X,L) and Cp(X,L) are also normal (resp. S2).

In the affine case a natural partial resolution (a weighted blow-up of the
vertex) is given by

p: BCa(X,L) := SpecX
∑

m≥0L
m → Ca(X,L).

It is an isomorphism over the punctured affine cone C∗
a (X,L) := Ca(X,L) \

{vertex}. The exceptional divisor of p is E � X and C∗
a (X,L) � BCa(X,L) \

E. In the projective case we have

p: BCp(X,L) := ProjX
∑
m≥0

(
∑m

r=0L
r ⊗ Om−r

X )

= ProjX S(L+ OX) → Cp(X,L).

Aside Assume that we have a flat family of varieties Xt ⊂ Pn. Flatness is
equivalent to requiring that h0(Xt,OXt

(d)) be independent of t for d � 1; see
Hartshorne (1977, III.9.9). On the other hand, the projective cones Cp(Xt ) form
a flat family if and only if

∑d
i=0h

0(Xt,OXt
(i)) is independent of t for d � 1.

Since the h0(Xt,OXt
(i)) are upper semi continuous functions of t , this implies

that h0(Xt,OXt
(i)) is independent of t for every i ≥ 0. This is a source of many

interesting examples.

3.9 (Deformation to the cone over a hyperplane section) Let X be projective,
L ample with a nonzero section s ∈ H 0(X,L) and zero set H := (s = 0).
Consider the deformation π: Y → A1

t where

Y := (s − txn+1 = 0) ⊂ Cp(X,L) × A1
t .

If t �= 0 then we can use xn+1 = t−1s to eliminate xn+1 and obtain that Yt � X.
If t = 0 then the extra equation becomes (s = 0), thus we get the fiber Y0 =
Cp(X,L) ∩ (s = 0). How does this compare with the cone Cp(H,L|H )?

The answer is given by the m = 1 case of the next result.

Proposition 3.10 Let X be a projective scheme over a field k with ample
line bundle L and H ⊂ X a Cartier divisor such that OX(H ) � Lm for some
m > 0. The following are equivalent

(1) Cp(H,L|H ) is a subscheme of Cp(X,L).
(2) H 1(X,Ld ) = 0 for every d ≥ −m.

Proof Let s ∈ H 0(X,Lm) be a section defining H and consider the beginning
of the exact sequence

0 → H 0(X,Ld−m)
s→ H 0(X,Ld )

rd→ H 0(H,Ld |H )
→ H 1(X,Ld−m) → H 1(X,Ld ).

(3.10.3)
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The restriction maps rd: H 0(X,Ld ) → H 0(H,Ld |H ) give a natural morphism
Cp(H,LH ) → Cp(X,L) which is an embedding if and only if the rd are all
surjective.

If H 1(X,Ld−m) = 0 for every d then the rd are all surjective.
Conversely, assume that H 1(X,Ld−m) �= 0 for some d ≥ 0. By Serre van-

ishing, the set of such values d is bounded from above. Thus we can find a
d ≥ 0 such that H 1(X,Ld−m) �= 0 but H 1(X,Ld ) = 0. Then (3.10.3) shows
that rd is not surjective hence Cp(H,L|H ) is not a subscheme of Cp(X,L).

By iterating this argument, we obtain the following.

Corollary 3.11 Let X be a projective, CM variety and L an ample line bundle
on X. Then Ca(X,L) is CM if and only if Hi(X,Lm) = 0 ∀ m, ∀ 0 < i <

dimX.

Remark 3.12 A sheaf version in terms of local cohomologies is the following.
As in (3.15) let F be a coherent sheaf on X without 0-dimensional embedded
points and Ca(F,L) the corresponding sheaf on Ca(X,L). Let v ∈ Ca(X,L)
be the vertex. Then, for i ≥ 2,

Hi
v(Ca(X,L), Ca(F,L)) �

∑
m∈Z

Hi−1(X,F ⊗ Lm).

Thus Ca(F,L) satisfies Serre’s condition Sr if and only if Hi(X,F ⊗ Lm) = 0
for all m ∈ Z and 0 < i ≤ r − 2. For F = OX we recover (3.11).

Proposition 3.13 Let X be projective variety with rational singularities and
L an ample line bundle on X. Then the cone Ca(X,L) has rational singularities
if and only if Hi(X,Lm) = 0 ∀ m, ∀ 0 < i ≤ dimX.

Proof Let p: BCa(X,L) → Ca(X,L) be the blow-up of the vertex with
exceptional divisor E � X. Since BCa(X,L) is a P1-bundle over X, it has
rational singularities. As noted in (2.57), Ca(X,L) has rational singularities if
and only if Rip∗OBCa (X,L) = 0 and Rip∗ωBCa (X,L) = 0 for i > 0.

Let I ⊂ OBCa (X,L) be the ideal sheaf of E. By construction,

OBCa (X,L)/I
m � OX + L+ · · · + Lm−1,

hence, by the Theorem on Formal Functions,

Rip∗OBCa (X,L) =
∑

m≥0H
i(X,Lm) for i > 0. (3.13.1)

By (3.14.4) KBCa (X,L) ∼ π∗KX − E, hence a similar argument and Serre dual-
ity show that, for i > 0

Rip∗ωBCa (X,L) =
∑

m>0H
i(X,ωX ⊗ Lm) =∑m<0H

dimX−i(X,Lm)
(3.13.2)

Now (3.13.1) and (3.13.2) together complete the proof.
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Proposition 3.14 Assume that X is normal, projective and L is an ample line
bundle on X. Then

(1) Pic(Ca(X,L)) = 0 and
(2) Cl(Ca(X,L)) = Cl(X)/〈L〉.
Let �X be a Q-divisor on X. By pull-back, we get Q-divisors �C∗

a (X,L) on
the punctured affine cone C∗

a (X,L), �Ca (X,L) on Ca(X,L) and �BCa (X,L) on
BCa(X,L). Assume that KX +�X is Q-Cartier. Then

(3) KBCa (X,L) +�BCa (X,L) ∼ π∗(KX +�X) − E where π: BCa(X,L) → X

is projection from the vertex and E � X is the exceptional divisor of
p: BCa(X,L) → Ca(X,L).

(4) m(KCa (X,L) +�Ca (X,L)) is Cartier iff OX(mKX +m�X) � Lrm for some
r ∈ Q. If this holds then

KBCa (X,L) +�BCa (X,L) + (1 + r)E ∼Q 0.

Proof By construction, π: BCa(X,L) → X is an A1-bundle over E � X,
hence Cl(BCa(X,L)) = Cl(X) and Pic(BCa(X,L)) = Pic(X). If M is any line
bundle on Ca(X,L) then p∗M|E is trivial, hence p∗M is trivial and so is M ,
proving (1).

The class group of Ca(X,L) is the same as the class group of the punctured
affine cone C∗

a (X,L) � BCa(X,L) \ E. The latter is computed by the exact
sequence

Z[E] → Cl(BCa(X,L)) → Cl(C∗
a (X,L)) → 0.

Since OBCa (X,L)(E)|E � L−1, we obtain (2).
The projection π: C∗

a (X,L) → X is a Gm-bundle. If t is a coordinate on
Gm = Spec k[t, t−1] then the 1-form dt/t is independent of the choice of t

since d(ct)/ct = dt/t . Thus there is a natural linear equivalence

KBCa (X,L)(E) ∼ π∗KX.

Therefore KBCa (X,L) +�BCa (X,L) + E ∼ π∗(KX +�X).
Combining with the earlier results, we see that mKCa (X,L) +m�Ca (X,L) is

Cartier if and only ifmKC∗
a (X,L) +m�C∗

a (X,L) is trivial if and only if OX(mKX +
m�X) � Lrm for some r ∈ Q. Then π∗(KX +�X) ∼Q −rE, proving (4).

3.15 (Cones of sheaves) LetF be a coherent sheaf onX without 0-dimensional
embedded points. Then ∑

m∈Z

H 0(X,F ⊗ Lm)

is a coherent module over
∑

m≥0 H
0(X,Lm). Thus it corresponds to a coherent

sheaf Ca(F,L) on the affine cone Ca(X,L).
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As before, it is easy to see that Ca(F,L) is CM if and only if

Hi(X,F ⊗ Lm) = 0 ∀ m, ∀ 0 < i < dimX. (3.15.1)

As an example, consider the case when S := (xy − zt = 0) ⊂ P3. The affine
cone is X := Ca(S,OS(1)) = (xy − zt = 0) ⊂ A4, Let A := (x = z = 0) and
B := (x = t = 0) be two planes on X.

Claim 3.15.2 OX(nA+mB) is CM if and only if either n = m (and then
OX(nA+mB) is locally free) or |n−m| = 1 (in which case OX(nA+mB)
is not locally free).

Proof Let LA := (x = z = 0) and LB := (x = t = 0) the corresponding
lines. Then OX(nA+mB) is the cone over OS(nLA +mLB ) and OS(1) ∼
LA + LB . By (3.15.1) we need to check when

H 1(S,OS((n− r)LA + (m− r)LB)) = 0 ∀r.
By the Künneth formula,

H 1(S,OS((n− r)LA + (m− r)LB))

= H 1(P1,O(n− r)) ⊗H 0(P1,O(m− r))

⊕H 0(P1,O(n− r)) ⊗H 1(P1,O(m− r)).

If |n−m| ≥ 2 then we get a nonzero term for r = max{n,m}. Otherwise we
always get zero.

3.16 (Singularities of Cox rings) An interesting generalization of cones is
given by the Cox rings of varieties. Let X be a projective variety and assume
for simplicity that Pic(X) is torsion free. Then the Cox ring of X is defined as

Cox(X) :=
∑

L∈Pic(X)

H 0(X,L),

where multiplication is given by the natural multiplication maps H 0(X,L1) ×
H 0(X,L2) → H 0(X,L1 ⊗ L2). If Pic(X) = Z[L] then the spectrum of the
Cox ring is exactly the cone Ca(X,L).

In general, Cox(X) is not even finitely generated. However, if (X,�) is Q-
Fano and klt then Cox(X) is finitely generated and its spectrum has log terminal
singularities Brown (2011). For the converse and for generalizations see Fujino
and Takagi (2011), Gongyo et al. (2012) and Kawamata and Okawa (2012).

3.2 Quotient singularities

The singularities (0 ∈ Cn/G) for some finite subgroup G ⊂ GL(n,C) form
an interesting subclass of log terminal singularities. In dimension 2 every
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log terminal singularity is a quotient and in dimension 3 one can still view
quotient singularities as “typical” among terminal singularities, (though not
any more among canonical or log terminal singularities). For instance, every
3-dimensional terminal singularity can be deformed to 3-dimensional terminal
quotient singularities (Reid, 1987, 9.4) while terminal quotient singularities are
rigid in all dimensions Schlessinger (1971). Another good illustration of this is
Reid’s plurigenus formula (Reid, 1987, section 10).

In higher dimensions quotient singularities are rather special, but they occur
frequently in applications.

3.17 (Quotient singularities) Let G be a finite group acting on a schemeX and
X/G the corresponding quotient (9.29). Let x̄ ∈ X/G be a point, x1, . . . , xm
its preimages in X and Gi ⊂ G the stabilizer of xi . The subgroups Gi are
conjugate to each other and the natural map X/Gi → X/G is étale at the
image of xi . Thus, as far as the singularities of X/G are concerned, we need to
understand only neighborhoods of fixed points.

Assume now that we are over a field k and x ∈ X(k) is a G-fixed point.
Ôx,X is a complete local k-algebra with maximal ideal m and with a G-action.
If char k � |G| then G-representations are completely reducible, thus m →
m/m2 has a G-equivariant splitting. This gives a G-equivariant map from the
polynomial ring k[m/m2] to R. (The simplest example of a nonlinearizable
action is t �→ t

1+t
which has order p in characteristic p. See (3.25) and Artin

(1975, 1977) for more examples when char k divides |G|.)
We claim that if x ∈ X(k) is a nonsingular point then we get a G-equivariant

isomorphism k[[m/m2]] � Ôx,X. Indeed, the homomorphism k[m/m2] → R

gives surjections Si(m/m2) � mi/mi+1. If R is regular, then the two sides
have the same dimension, so the maps are isomorphisms.

Furthermore, a power series is G-invariant if and only if each of its homoge-
neous parts are G-invariant. Thus we get that taking invariants commutes with
completion. This implies the following.

Claim 3.17.1 Over a field k of characteristic zero every quotient singularity
(x ∈ X) where x ∈ X(k) is formally isomorphic to (0 ∈ An

k/G) for some G ⊂
GL(n, k).

It is not hard to see that (x ∈ X) and (0 ∈ An
k/G) have isomorphic Henseliza-

tions (4.38). A special case is treated in (3.32).

Remark 3.17.2 One should note that a subgroup G ⊂ GL(n, k) gives two
natural actions on the affine space An

k and on the polynomial ring k[x1, . . . , xn].
If g = (gij ) ∈ G, then one action is matrix multiplication

(x1, . . . , xn)t �→ (gij ) · (x1, . . . , xn)t .
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On the other hand, if we think of k[x1, . . . , xn] as functions on An
k , then the

natural action is pulling back by the G-action. This corresponds to

(x1, . . . , xn)t �→ (gij )−1 · (x1, . . . , xn)t ,

which is not an action of G but of the opposite group.

3.18 (Classification of quotient singularities) For general introductions, see
Benson (1993) or Smith (1995).

Let G ⊂ GL(n, k) be a finite group, again assuming char k � |G|. An element
1 �= g ∈ GL(n, k) is called a pseudo-reflection if all but one of its eigenvalues
are 1.

By a theorem proved originally via a classification by Shephard and Todd
(1954) and later more conceptually by Chevalley (1955), if G ⊂ GL(n, k) is
generated by pseudo-reflections then An/G � An.

For any G ⊂ GL(n, k), the subgroup Gpr ⊂ G generated by pseudo-
reflections is normal, and so

An/G = (An/Gpr )/(G/Gpr) � An/(G/Gpr ).

Thus it is enough to classify quotients by subgroups containing no pseudo-
reflections. In this case G acts freely outside a codimension 2 subset F ⊂ An

(and F is a union of linear spaces). Thus π: An → An/G is unramified in
codimension 1 hence

KAn = π∗KAn/G. (3.18.1)

By (2.43) this implies that quotient singularities are log terminal. So, by (2.88),
quotient singularities are rational in characteristic 0. (For a simple direct proof
of the latter see Brieskorn (1968).) The positive characteristic cases are treated
in Chatzistamatiou and Rülling (2009, theorem 2).

Furthermore, An \ F is simply connected by (3.58), hence An \ F is the
universal cover of An/G \ π (F ). (If char k = p then we restrict ourselves to
prime-to-p covers and if k is not algebraically closed, we restrict to those étale
covers whose normal extension over An has no residue field extension over
0 ∈ An.) Thus we obtain the following.

Theorem 3.18.1 Let k be a field and G1,G2 ⊂ GL(n, k) two subgroups con-
taining no pseudo-reflections. If char k � |Gi |, then the following are equivalent:

(a) An/G1 � An/G2,
(b) Ân/G1 � Ân/G2,
(c) G1 and G2 are conjugate in GL(n, k).

3.19 (Cyclic quotients) If G � μm is cyclic of order m, k is algebraically
closed and char k � m then the G-action can be diagonalized. Fixing a generator
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ε, a primitive mth root of unity , we can write it as

(x1, . . . , xn) �→ (εa1x1, . . . , ε
anxn) (3.19.1)

where ε is a primitive mth root of unity. The ai are determined modulo m and
there are no pseudo-reflections if and only if for every prime �|m, at most n− 2
of the ai are divisible by �. We usually abbreviate the quotient by this action as

An/ 1
m

(a1, . . . , an). (3.19.2)

If (b,m) = 1 then this singularity is isomorphic to An/ 1
m

(ba1, . . . , ban). Thus
it is very easy to decide when two cyclic quotient singularities are isomorphic.

The description can be simplified if n = 2. In this case m is relatively prime
to both a1, a2. We can thus choose ba1 ≡ 1 mod m to get the normal form

A2/ 1
m

(1, q) where (q,m) = 1. (3.19.3)

Two such singularities A2/ 1
m

(1, q) and A2/ 1
m

(1, q ′) are isomorphic if and only
if q ≡ q ′ mod m or qq ′ ≡ 1 mod m.

Algebraically, a μm-action is a Z/mZ-valued grading of k[x1, . . . , xn] given
by

w
(
x
i1
1 · · · xin

n

) = a1i1 + · · · + anin ∈ Z/mZ. (3.19.4)

Then the μm-invariants are spanned by the monomials M with w(M) = 0. Thus

An/ 1
m

(a1, . . . , an) = Speck k[x1, . . . , xn](w=0). (3.19.5)

Note that the right hand side of (3.19.5) makes sense even if char k divides m;
we adopt it as the definition of the left hand side in this case. It is consistent
with the usual definition of μm as the subgroup scheme of mth roots of unity.

In any given case it is easy to work out the minimal generators of the
algebra of invariants, but it seems impossible to do it in a systematic way. If
n = 2 and we use the normal form (3.19.3) then three of the invariants are
u := xm

1 , v := xm
2 and w = x

m−q
1 x2. These show that

A2/ 1
m

(1, q) is the normalization of (wm = um−qv) ⊂ A3. (3.19.6)

Note that (wm = um−qv) is normal if and only if m− q = 1, that is, when we
have a Du Val singularity of type Am−1 (3.26).

Definition 3.20 For g ∈ U(n) ⊂ GL(n,C), its eigenvalues (with multiplicity)
can be written as e2πir1 , . . . , e2πirn where 0 ≤ ri < 1. Following Ito and Reid
(1996) and Reid (2002), we define the age of g as age(g) := r1 + · · · + rn.

If k is a field of characteristic 0 and g ∈ GL(n, k) has finite order, we can
choose an embedding k ↪→ C and conjugate g into U(n) to obtain its age. If g
has order m, the value we get actually depends on which mth root of unity we
identify with e2πi/m. However, changing to another root of unity has the same
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effect as changing to a power of g. Thus if ε is a primitive mth root of unity and
the eigenvalues of g are εc1 , . . . , εcn for 0 ≤ ci < m then

∑
ci = m age(gr) for

some (r,m) = 1.
Thus the set {age(g) : g ∈ G} is well defined, even in positive characteristic.
Note that t �→ diag(e2πitr1 , . . . , e2πitrn) is a geodesic connecting the identity

to g in the natural invariant metric of U(n). Thus the age is essentially the
distance of g from the identity. (More precisely, the usual distance is 2π ·
min{age(g), age(g−1)} corresponding to the shorter of two ways going around
the circle to get to g and it is more natural to take the shortest circle t �→
diag(e2πit , 1, . . . , 1) to have length 2π .)

Thus the element of smallest age in a group G ⊂ U(n) is the (non-identity)
element in G that is closest to the identity. If G ⊂ SU(n), it is also the length
of the shortest closed geodesic in SU(n)/G.

Theorem 3.21 (Reid–Tai criterion) (Reid, 1980) Let G ⊂ GL(n, k) be a finite
group that contains no pseudo-reflections such that char k � |G|. The following
are equivalent.

(1) An/G is canonical (resp. terminal).
(2) An/C is canonical (resp. terminal) for every cyclic subgroup C ⊂ G.
(3) age(g) ≥ 1 (resp. age(g) > 1) for every 1 �= g ∈ G.

Proof Let E be an exceptional divisor over An
x that is point-wise fixed by a

(necessarily) cyclic subgroup Fix(E). Using (2.22), there is a unique excep-
tional divisor F over An/G dominated by E and every exceptional divisor over
An/G arises this way. We compute in (2.42.4) that

a(F,An/G) + 1 = a(E,An) + 1

| Fix(E)| .

Thus An/G is canonical (resp. terminal) if and only if a(E,An) ≥ |Fix(E)| − 1
(resp. ≥ |Fix(E)|) for every E. Since this involves only cyclic subgroups of G,
we see that (1) and (2) are equivalent.

To see that (3)⇒ (1) letE be an exceptional divisor over An
x that is point-wise

fixed by a cyclic subgroup 〈g〉 of order m. At a general point of E choose local
coordinates y1, . . . , yn such thatE = (y1 = 0), g∗y1 = εy1 is a g-eigenfunction
and the yi are g-invariant. We can thus write g∗xi = y

bi
1 ui where the ui are

units. Thus g∗(dx1 ∧ · · · ∧ dxn) vanishes to order≥ −1 +∑ bi alongE, hence
a(E,An

x) ≥ −1 +∑ bi . If g∗xi = εci xi and 0 ≤ ci < m then bi ≡ ci mod m.
Thus

∑
bi ≥

∑
ci = m age(g).

The above proof also gives the converse once we show that for every g

there is an exceptional divisor Fg that is fixed by g such that a(Fg,An
x) ≤

−1 +m age(g).
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To see this, consider the cyclic subgroup 1
m

(a1, . . . , an). Assume that
a1, . . . , an have a common prime divisor �. If �|m then the action is not faithful
and if (�,m) = 1 then 1

m
(a1/�, . . . , an/�) has smaller age. Thus we may assume

that a1, . . . , an are relatively prime.
Consider the weighted blow-up An

x with weights (a1, . . . , an). (See Kollár
et al. (2004, 6.38) for a quick introduction to weighted blow-ups.) A local chart
is

g: An
y/

1
a1

(1,−a2, . . . ,−an) → An
x with g∗x1 = y

a1
1 , g∗xi = y

ai
1 yi (i > 1).

Here An
y is a degree a1 ramified cover of the chart, but, if the a1, . . . , an are

relatively prime, the covering is generically unramified along the exceptional
divisor (y1 = 0). Hence we can compute the discrepancy of F := (y1 = 0) on
An

y instead of on the quotient. Since

g∗(dx1 ∧ · · · ∧ dxn) = a1y
(−1+∑ ai )
1 · dy1 ∧ · · · ∧ dyn,

we conclude that a(F,An
x) = −1 +∑ ai .

For any given representation it is relatively easy to decide if the Reid–Tai
condition is satisfied or not. It is, however, difficult to get a good understanding
of all representations that satisfy it. For instance, it is quite tricky to determine
all 3-dimensional representations of cyclic groups that satisfy the Reid–Tai
condition (Morrison and Stevens (1984); Morrison (1985); Reid (1987)) and
the analogous question in dimension 4 is still open (Mori et al., 1988).

By contrast, it seems that a “typical” representation of a “typical” nonabelian
group satisfies the Reid–Tai condition, and hence defines a terminal qutient
singularity. In order to make this precise, let G ⊂ GL(V ) be a finite subgroup
and g ∈ G an element such that 0 < age(g) < 1. If the conjugacy class of g

does not generate the full group G, it must generate a normal subgroup H of
G. After classifying the cases for which the conjugacy class of g generates
H , all finite subgroups intermediate between H and its normalizer give further
examples.

If V is reducible, then for every irreducible factor Vi of V on which g

acts nontrivially, 0 < age(g|Vi
) < 1. Motivated by these reduction steps, G ⊂

GL(V ) is called a basic non-RT subgroup if the conjugacy class of any g ∈ G

with 0 < age(g) < 1 generates G. (And there is at least one element with
0 < age(g) < 1.)

The following result was proved in Kollár and Larsen (2009) when the
dimension is large enough. The optimal form was proved in Guralnick and
Tiep (2010, theorem 1.7). For examples and related questions see Kollár and
Larsen (2009, section 5).
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Theorem 3.22 Let G ⊂ GL(V ) be a basic non-RT subgroup. If dimV ≥ 5
then G is projectively equivalent to a reflection group.

That is, there is a subgroup G′ ⊂ GL(V ′) generated by pseudo-reflections
and an isomorphism PGL(V ) → PGL(V ′) mapping the image of G in PGL(V )
isomorphically to the image of G′ in PGL(V ′).

The reflection groups are classified in Shephard and Todd (1954), but it is
not always easy to decide if a group is projectively equivalent to a reflection
group or not. The following gives a more precise answer.

Theorem 3.23 (Guralnick and Tiep, 2010, corollary 1.6) Let G ⊂ GL(V )
be a finite irreducible, primitive, tensor indecomposable subgroup containing
no pseudo-reflections. Assume that n = dimV ≥ 11 and V/G is not terminal.
Then one of the following holds.

(1) G contains Z(G) × An+1 as a subgroup of index ≤ 2, with An+1 acting on
Cn+1

x by permutations and V = (
∑

xi = 0) ⊂ Cn+1
x .

(2) All elements of age < 1 are central.

Note that for anyG ⊂ GL(V ) andmth root of unity ε, the subgroup 〈G, ε1〉 ⊂
GL(V ) is finite and the quotient is not terminal if m ≥ dimV . These explain
the second possibility in (3.23).

3.24 (Isolated quotient singularities) Let G ⊂ GL(n,C) be a finite subgroup
without pseudo-reflections. Then Cn/G is an isolated singularity if and only if
1 is not an eigenvalue of g for every 1 �= g ∈ G.

This turns out to be a surprisingly restrictive condition that was much studied
in connection with the Clifford–Klein space form problem.

Every finite subgroup of GL(n,C) is conjugate to a subgroup of U(n), hence
we may assume that G ⊂ U(n). Thus G acts on the unit sphere S2n−1 ⊂ Cn by
isometries and Cn/G is an isolated singularity if and only if the G-action has
no fixed points.

Conversely, by a theorem of Frobenius–Schur (Wolf, 1967, 4.7.3), any finite,
fixed point free subgroup of isometries of an odd-dimensional sphere arises
this way.

The full classification, due mostly to Zassenhaus and Vincent, is lengthy
(Wolf, 1967, chapter 6) and the resulting groups turn out to be quite special.
Most of them are solvable; the only such simple group is the icosahedral one.

Quotient singularities are much more complicated when the characteristic
divides the order of the group. The only case that is fully understood is Z/2Z-
quotients of surfaces in characteristic 2, but this is already quite subtle.
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3.25 (Z/2Z-quotients in characteristic 2) (Artin, 1975) Let k be a field of
characteristic 2 and consider the ring

k[[x, y, z]]/(z2 + abz+ a2y + b2x)

where a, b ∈ (x, y)k[[x, y]] are relatively prime. It is obtained as the ring of
invariants of the regular local ring

k[[x, y, u, v]]/(u2 + au+ x, v2 + bv + y)

by the Z/2Z-action σ (x, y, u, v) = (x, y, u+ a, v + b) by setting z =
u(v + b) + v(u+ a).

Even when a, b are powers of the variables x, y, these singularities are
quite complicated. For instance (z2 + xyz+ x2y + y2x = 0) is of type D4 and
(z2 + yx2z+ y3 + x5 = 0) is of type E8. (z2 + x2y2z+ x4y + y4x = 0) is a
cusp singularity and (z2 + xiyj z+ x2iy + y2j x = 0) is not even log canonical
for i, j ≥ 3.

The main result of Artin (1975) says that every Z/2Z-action with an isolated
fixed point arises this way.

3.3 Classification of log canonical surface singularities

Instead of giving a direct classification of germs of log canonical pairs (y ∈
Y,B), we aim to develop a description of numerically log canonical extended
dual graphs.

This approach is independent of the characteristic. A disadvantage is that
it is not always easy to go from the dual graph to the actual surface germ
(y ∈ Y ). Fortunately, it turns out that for our applications the extended dual
graph contains all the necessary information.

First we classify dual graphs of canonical singuarities and list key examples
of lc singularities. Then we study the dual graphs combinatorially, essentially
by trying to solve the system of equations (2.26.3). We are able to get a
good understanding of how the solutions change if we change the dual graph.
Ultimately, we end up with a short list.

Example 3.26 (Du Val singularities) Consider case (2.29.2) when the residue
field k(s) is algebraically closed. If the exceptional curves areEi , then their self-
intersections are computed from (Ei · Ei) = (KT + Ei) · Ei = 2pa(Ei) − 2.
By (10.1), (Ei · Ei) < 0, hencepa(Ei) = 0,Ei � P1 and (Ei · Ei) = −2. Since
the intersection form is negative definite, this implies that (Ei · Ej ) ∈ {0, 1} for
i �= j .

The classification of such dual graphs is easy to do by hand and it has been
done many times from different points of view. The first time probably as part
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of the classification of root systems of simple Lie algebras; giving rise to their
names.

The corresponding singularities are called Du Val singularities or ratio-
nal double points or simple surface singularities. See Kollár and Mori (1998,
section 4.2) or Durfee (1979) for more information. (The dual graphs are correct
in every characteristic. The equations below are correct in characteristic zero;
see Artin (1977) about positive characteristic.)

An: x2 + y2 + zn+1 = 0, with n ≥ 1 curves in the dual graph:

2 2 · · · 2 2

Dn: x2 + y2z+ zn−1 = 0, with n ≥ 4 curves in the dual graph:

2

2 2 · · · 2 2

E6: x2 + y3 + z4 = 0, with 6 curves in the dual graph:

2

2 2 2 2 2

E7: x2 + y3 + yz3 = 0, with 7 curves in the dual graph:

2

2 2 2 2 2 2

E8: x2 + y3 + z5 = 0, with 8 curves in the dual graph:

2

2 2 2 2 2 2 2

If k(s) is not algebraically closed, we have a few more twisted forms. These
can be classified by the same method, as in Lipman (1969, section 24), or one
can use the general results of (3.31).

Bn or twisted An: 2 (2·2) · · · (2·2)

Cn or twisted Dn: 2 · · · 2 (2 · 2)

G2 or twisted D4: 2 (3 · 2)

F4 or twisted E6: 2 2 (2 · 2) (2 · 2)
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First examples of log canonical singularities

Next we discuss the main examples of surface singularities that are lc but not
lt.

Example 3.27 (Numerically elliptic/cusp singularities) By definition, these
are the singularities (s ∈ S,B) where B = 0 and every exceptional curve
appears in � := �(s ∈ S,B) with coefficient 1.

These are the only lc surface singularities that are not rational (2.28).
One should treat elliptic/cusp singularities as one class, but traditionally they

have been viewed as two distinct types. For these singularities one can write
the equations (2.26.1) as

degωCi
= −∑i �=j (Ci · Cj ).

The usual approach distinguishes two solutions:

(1) 
 consists of a single curve C with degωC = 0. These are called numer-
ically (simple) elliptic. If we are over an algebraically closed field, then
there are three possibilities for C:
(a) a smooth elliptic curve (called a simple elliptic singularity),
(b) a nodal rational curve, or
(c) a cuspidal rational curve (three more blow-ups show that this is not lc).

(2) 
 consists of at least two curves Ci with degωCi
< 0 for every i. If C

has only nodes then these, together with the case (1b), are called cusp1

singularities. There are two degenerate cases: two curves can be tangent at
a point or three curves can meet in one point. These are numerically log
canonical but not log canonical.

The distinction between the two cases is made mostly for historic reasons,
and over a nonclosed field k the two concepts are mixed together. Indeed, we
can have a cusp over k̄ where the Galois group of k̄/k acts transitively on the
exceptional curves. In that case, we have a numerically elliptic singularity over
k but a cusp over k̄.

For a cusp the dual graph is a circle of conics

(r·cn) r · · · r (r·cm+1)

r

���������

(r·c1)

r











r ��
��

��
��

� (r·cm)

(r·c2) r · · · r (r·cm−1)

r

���������

(3.27.3)

1 Cusps of curves and cusps of surfaces are quite unrelated. Usually there is no danger of
confusion.
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where n ≥ 3. The n = 1, 2 cases are somewhat special. For n = 2 we have two
curves which intersect at two distinct points. For n = 1 we get a nodal rational
curve; this was already considered above.

There is also a further degeneration when the circle folds on itself, giving
the dual graph

(r·c1) 2r (2r·c1) 2r · · · 2r (2r·cn−1) 2r (r·cn) (3.27.4)

In both cases, the intersection form is negative definite if at least one of the
ci ≥ 3, as shown by the vector

∑
Ci (10.3.4.2).

If the residue field k(s) is algebraically closed then r = 1. If k(s) is perfect,
then passing to the algebraic closure we still have a cusp. Its dual graph is now
a circle of smooth rational curves of length rn.

Example 3.28 Here we list the dual graphs of those lc pairs (s ∈ S,B) that
are not plt, B is reduced and S has a rational singularity at s. The main series
is constructed as follows.

We start with a chain c1 · · · cn and at both end we attach one
of the following

2

��
��

��
��

• c1 or (2·2) c1 or c1

2.

��������

Here c1 = 1 is allowed. We get six different types all together. For any
c1, . . . , cn ≥ 2, with at least one ci ≥ 3, the resulting graphs are negative
definite.

The main examples are

2

��
��

��
�� 2

c1 · · · cn

��������

��
��

��
��

2

��������
2.

(3.28.1)

(When the characteristic is different from 2, the corresponding singularity is
a Z/2-quotient of a cusp (for n ≥ 2) or of a simple elliptic singularity (for
n = 1).)
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Over nonclosed fields, there is one more series obtained from the above by
a left-right symmetry of order 2. We start with a chain

(2·c1) · · · (2·cn−1) (cn) =
and at the left end we attach one of the following

(2 · 2)

���������

���������

• (2·c1) or (4·2) 4 (2·c1) or (2 · c1)

(2 · 2).

���������

���������

(3.28.2)
In all of these cases, the original curves Ci appear in � with coeffcient 1, the
newly added curves with coeffcient 1

2 .

Plan of the classification

In what follows, we classify lc surface germs (s ∈ S,B). We focus on the
dual graph, following the method of Alexeev (Kollár, 1992, section 3). Besides
working for arbitrary excellent schemes, this approach is also better at dealing
with the boundary B.

3.29 (Classification method) Let (s ∈ S,B) be a surface singularity, f : T →
S a resolution as in (2.25) with exceptional curves Ci and 
 = 
(s ∈ S,B) the
extended dual graph (2.26) of the curves

∑
Ci and f −1

∗ B. More generally, we
consider all connected, numerically log canonical extended dual graphs (
,B).

In what follows, we consider the equations (2.26.3)

(� · Ci) = (Ci · Ci) − degωCi
− (f −1

∗ B · Ci) ∀i.
where � =∑j djCj and try to find conditions on the right hand side which
force dj > 1 for some j . This would then show that (
,B) is not lc.

We will identify various small subsets of the equations which lead to a
contradiction, no matter what the remaining equations are. After four such
steps we are left with only a handful of cases. These will then be studied more
carefully.

We use the following form of (10.3.4):

Claim 3.29.1 If (�′ · Ci) ≤ (�′′ · Ci) for every i then �′ ≥ �′′. Furthermore,
if one of the inequalities is strict then �′ � �′′. (That is, �′ −�′′ contains
every curve with positive coefficient.)

We use three applications of this claim.
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3.29.2 (Estimating �) If we have �′ =∑ d ′jCj such that

(�′ · Ci) ≥ (Ci · Ci) − degωCi
− (f −1

∗ B · Ci) (3.29.2i)

for every i then �(
,B) ≥ �′ and �(
,B) � �′ if one of the inequalities
(3.29.2i) is strict.

Next we see how �(
,B) changes if we change B. Note that changing B

changes the notion of minimality, but this does not matter for the inequalities.

3.29.3 (Changing B) If B ′ � B then �(
,B ′) � �(
,B).

The most important comparison is the following.

3.29.4 (Passing to a subgraph) Let (�,B) be a graph obtained from (
,B) by
deleting some vertices and edges. Set �(
,B) =∑j∈
 djCj and let (Ci · Cj )�
denote the intersection number in �. Then(∑

j∈� djCj · Ci

)
�
≤ (Ci · Ci) − degωCi

− (B · Ci) −
(∑

j �∈� djCj · Ci

)
.

Thus if (
,B) is log minimal then �(�,B) ≤∑j∈� djCj and in fact

�(�,B) �∑
j∈� djCj ,

unless dj = 0 for every j �∈ �. By (2.26.4) this happens iff (
,B) is canonical,
in which case (�,B) is also canonical.

In particular, if (�,B) is not log terminal then (
,B) is not log canonical.

3.30 (First steps of the classification) Let (
,B) be a connected, negative
definite, log minimal, log canonical extended dual graph. We develop a rough
classification in a series of steps.

Claim 3.30.1 Assume that (
,B) contains a curve Ci such that degωCi
≥ 0.

Then degωCi
= 0 and (
,B) = ({Ci}, 0). These are the numerically simple

elliptic singularities (3.27).

Proof The coefficient of Ci in �({Ci}, 0) equals 1 − degωCi

(Ci ·Ci )
. If degωCi

> 0
this is bigger than 1. If degωCi

= 0 then ({Ci}, 0) is lc but not lt. Thus, by
(3.29.3–4), adding new vertices or increasing B yields a non-lc graph.

Reduction 3.30.2 From now on we assume that degωCi
= −2ri for every i

where ri := h0(Ci,OCi
). That is, each Ci is a conic (10.6).

Claim 3.30.3 Assume that (
,B) contains two curves Ci, Cj such that (Ci ·
Cj ) > max{ri , rj }. Then (Ci · Cj ) = 2ri = 2rj and (
,B) = ({Ci, Cj }, 0).
These are cusp singularities with two curves (3.27).
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Proof Note that (Ci · Cj ) ≥ 2 · max{ri , rj } since ri, rj divide (Ci · Cj ). Thus

((Ci + Cj ) · Ci) = (Ci · Ci) + (Cj · Ci) ≥ (Ci · Ci) + 2ri

= (Ci · Ci) − degωCi

and similarly for ((Ci + Cj ) · Cj ). Thus, by (3.29.2), ({Ci, Cj }, 0) is not lt
and lc only if (Ci · Cj ) = 2ri = 2rj . By (3.29.3–4), adding new vertices or
increasing B yields a non-lc graph.

Reduction 3.30.4 From now on we assume that, for every i �= j , the intersec-
tion number (Ci · Cj ) is either 0 or max{ri , rj }.
Claim 3.30.5 Assume that (
,B) contains a subgraph (�, 0) consisting of
vertices C1, . . . , Cn such that all the intersection numbers (Ci · Ci+1) (subscript
modulo n) are nonzero. Then (�, 0) is not log terminal hence (
,B) = (�, 0).
Furthermore, (�, 0) is lc if and only if all the other intersection numbers are 0
and r1 = · · · = rn. These are the cusp singularities (3.27.3).

Proof Choose �′ =∑Cj . Then, since (Ci · Ci+1) = max{ri, ri+1},
(� · Ci) ≥ (Ci · Ci) + (Ci · Ci−1) + (Ci · Ci+1) ≥ (Ci · Ci) + 2ri.

Thus (3.29.2) shows that (
, 0) is not log terminal and it is lc if and only if
equality holds in both places.

Reduction 3.30.6 From now on we assume that the dual graphs are trees.

Claim 3.30.7 Assume that (
,B) contains a subgraph (�,B ′) built up as
follows. We start with a chain

(r·c1) · · · (r·cn)

of length n ≥ 1 and at both ends we attach one of the following

(r·c′0)

���������

• (r · c1) or (s·c0) (r·c1) or (r · c1)

(r·c′′0)

���������

(3.30.8)
where s �= r and c0, c

′
0, c

′′
0 ≥ 2. Then the resulting graph is not log terminal

hence (
,B) = (�,B ′). Furthermore, (�,B ′) is lc if and only if both ends are
among the following: (i) the first type, (ii) the second type with s = 2r and
c0 = 2 or with s = 1

2 r , (iii) the third type where c′0 = c′′0 = 2.
These are the dual graphs enumerated in (3.28) and in (3.27.4).



3.3 Classification of log canonical surface singularities 115

Proof We use a �′ whose coefficients are 1 for the curves C1, . . . , Cn. For
the new curves we choose the coefficient 1 if s < r and 1

2 if s > r or we are in
the last case.

Conclusion 3.30.9 The remaining dual graphs contain at most one copy of
the three configurations listed in (3.30.8). By (10.10) there is at least one curve
for which ri = 1.

We can summarize our results as follows:

Corollary 3.31 Let S be a normal, excellent surface, s ∈ S a closed point and
B a reduced boundary. Assume that (s ∈ S,B) is numerically log canonical
and let (
,B) be its extended dual graph. The either (
,B) is listed in (3.27)
and (3.28) or one of the following holds.

(1) (Cyclic quotient) �B� is regular and (
, �B�) is

• ◦ · · · ◦ or ◦ ◦ · · · ◦.
Furthermore, Ci � P1

k(s) for every i, save when B = 0 and there is only
one exceptional curve which can be a k(s)-irreducible conic.

(2) (Other quotient) �B� = 0, Ci � P1
k(s) for every i and 
 is a tree with three

branches:

◦ · · · ◦ · · · ◦

...

◦.
(3) (Twisted quotient) �B� = 0 and, for some 1 ≤ i < n and r ≥ 2, 
 is

c1 · · · ci
r (r·ci+1) r · · · r (r·cn).

For the higher dimensional theory the cyclic quotients are the most important,
especially when �B� �= 0. We describe them in detail next. A full description
of the other two classes is given afterwards.

Cyclic quotients

The following theorem explains the name of cyclic quotient singularities.

Theorem 3.32 Let Y be a normal surface over a field k, B a reduced curve
and y ∈ Y a k-point such that the dual graph of (y ∈ Y,B) is

� c1 c2 · · · cn−1 cn �
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where � denotes either the empty set or a local branch ofB. Then the completion
of (y ∈ Y ) is isomorphic to the cyclic quotient singularity (3.19)

Â2
k /

1
dn

(1, dn−1)

where the dr are computed as in (3.33). B is contained in the image of the
coordinate axes.

We stress that we allow char k to divide dn. The result also holds for the
Henselization (4.38).

Definition 3.33 Given a sequence c1, c2, . . . , let Mr = Mr (c1, . . . , cr ) denote
the intersection form of the dual graph

c1 c2 · · · cr−1 cr .

For instance, for r = 5 we get

M5(c1, . . . , c5) =

⎛⎜⎜⎜⎜⎜⎝
c1 −1 0 0 0
−1 c2 −1 0 0

0 −1 c3 −1 0
0 0 −1 c4 −1
0 0 0 −1 c5

⎞⎟⎟⎟⎟⎟⎠
Set d0 := 1 and dr (c1, . . . , cr ) := detMr (c1, . . . , cr ) for r ≥ 1. Expanding by
the last column we see that the dr satisfy the recurrence relation

dr = crdr−1 − dr−2. (3.33.1)

These in turn imply that

Mr · (d0, d1, . . . , dr−1)t = (0, . . . , 0, dr )
t . (3.33.2)

By induction one also sees that gcd(dr , dr−1) = 1 for every r and that the dr
are also computed by the following continued fraction

dr

dr−1
= cr − 1

cr−1 −
1

cr−2 −
1

...

c3 −
1

c2 −
1

c1.

(3.33.3)

This makes it possible to enumerate all chains with a given determinant
d. For any 0 < e < d with (d, e) = 1, compute the above continued fraction
expansion of d/e. These give all such chains.
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For instance, the cases det(
) ∈ {2, 3, 4, 5, 6} give the possibilities

det(
) = 2 ⇔ 
 is 2
det(
) = 3 ⇔ 
 is 3 or 2 − 2,
det(
) = 4 ⇔ 
 is 4 or 2 − 2 − 2,
det(
) = 5 ⇔ 
 is 5 or 2 − 2 − 2 − 2 or 2 − 3 or 3 − 2,
det(
) = 6 ⇔ 
 is 6 or 2 − 2 − 2 − 2 − 2.

3.34 Proof of (3.32) Let f : X → Y be the minimal resolution with excep-
tional curves C1, . . . , Cn ⊂ X. As in (3.33), set

dr := detMr (c1, . . . , cr ) and d∗r := detMr (cn, . . . , cn+1−r ).

Note that the Ci are geometrically integral rational curves over k that have a
k-point (the intersection point with the adjacent curve). Thus in fact Ci � P1

k .
By working in a suitable étale neighborhood of (y ∈ Y ) with the same residue
field (4.38.1), we can pick (nonproper) curves C0, Cn+1 such that C0 intersects
only C1 and Cn+1 intersects only Cn, both with multiplicity 1. If there are such
local branches of B, we choose them to be the C0, Cn+1. Set d−1 = d∗−1 = 0.
By (3.33.2), both of the line bundles

OX(−∑n+1
i=0 di−1Ci) and OX(−∑n+1

i=0 d
∗
n−iCi) (3.34.1)

have degree zero on the exceptional curves C1, . . . , Cn. Hence, by (10.9), in a
neighborhood of Ex(f ) they are both trivial. Thus, as subsheaves on OX, they
are generated by functions v (resp. u) such that

(v) =∑n+1
i=0 di−1Ci and (u) =∑n+1

i=0 d
∗
n−iCi .

Set b := dn − dn−1 and consider

(ubv) =∑n+1
i=0 ai−1Ci where ai−1 = (di−1 + bd∗n−i).

Note that the two highest coefficients are an = dn + bd−1 = dn and an−1 =
dn−1 + bd0 = dn. Using (3.33.1) for both sequences, we get a recursion

ar−2 = crar−1 − ar

which shows that all the coefficients in (ubv) are divisible by dn. Thus, as
before, there is a function w such that

(w) =
n+1∑
i=0

ai−1

dn
Ci.

Since wdn and ubv have the same divisors, the functions u, v,w are related by
an equation wdn = (invertible)ubv. We can set v′ := (invertible)v to obtain the
simpler equation wdn = ubv′. Thus we obtain a morphism

(u, v′, w): Y → Spec k[u, v′, w]/(wdn = ubv′)
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which factors through the normalization (3.19.6)

π: Y → A2/ 1
dn

(1, dn−1).

We are left to prove that π is étale at y. Since k[u, v′, w]/(wdn = ubv′) has
degree dn over k[u, v′], it is enough to prove that (u, v′): Y → Spec k[u, v′]
also has degree dn at y. Equivalently, that the intersection number of their
divisors is

(u) · (v) = (
∑n+1

i=0 di−1Ci) · (
∑n+1

i=0 d
∗
n−iCi) = dn.

As we noted, Cn+1 intersects only Cn and (v) has 0 intersection with the curves
C1, . . . , Cn. Thus

(
∑n+1

i=0 di−1Ci) · (
∑n+1

i=0 d
∗
n−iCi) = dn(Cn+1 ·

∑n+1
i=0 d

∗
n−iCi)

= dn(Cn+1 · Cn) = dn.

This completes the proof of (3.32).

Cyclic quotients play a key role in the adjunction formulas in Chapter 4. For
now, let us examine in detail what we have for surfaces.

3.35 (Adjunction) Let S be a normal, excellent surface and B ⊂ S a curve
such that (S,B) is lc. By (2.31), B is a nodal curve and by (2.31) and the
classification (3.30) and (3.31), there are three types of singularities of the pair
(S,B):

(1) (Cyclic, plt) (S,B) is plt at p, B is regular at p and the dual graph of the
minimal resolution is

• c1 · · · cn.

(2) (Cyclic, lc) (S,B) is lc but not plt at p, B has a node at p and the dual
graph of the minimal resolution is

• c1 · · · cn •

or

• (2·c1) · · · (2·cn−1) (cn) .
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(3) (Dihedral) (S,B) is lc but not plt at p, B is regular at p and the dual graph
of the minimal resolution is

2

• c1 · · · cn

��������

��
��

��
��

2

or

• c1 · · · cn−1 (2·2) .

Assume next for simplicity that B is proper. (See (2.34) for the general case.)
Let f : T → S be a minimal log resolution of (S,B) as in (2.25) and BT ⊂ T

the birational transform of B. Write

f ∗(KS + B) ∼Q KT + BT +∑p�p,

where �p is supported on f −1(p). By the projection formula,

((KS + B) · B) = (f ∗(KS + B) · BT )
= ((KT + BT +∑p �p) · BT )
= degωBT

+∑p(�p · BT ).

For the cases (3.35.2–3), the divisor �p was computed in (3.30). For both of
these, the curves intersecting BT have coefficient 1 in �p. Next we compute
the discrepancy divisor for (3.35.1).

Claim 3.35.1 Consider a pair (S,B + b′B ′) whose dual graph is

• c1 · · · cn
b′ �,

where the birational transfrom of B ′ is denoted by �. Then the discrepancy
divisor is

� =
n∑

i=1

(
1 − (1 − b′)

di−1

det(
)

)
Ci and BT ·� = 1 − 1 − b′

det(
)
.

Proof By the adjunction formula,

((KT + BT + C1 + · · · + Cn + b′B ′
T ) · Cj ) =

{
0 if j < n, and

−(1 − b′) if j = n.

Thus, using (3.33.2), we conclude that((
KT + BT + C1 + · · · + Cn − 1 − b′

det(
)

n∑
i=1

di−iCi

)
· Cj

)
= 0 ∀i.
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This gives the formula for �. The only curve in � that intersects BT is C1 and
its coefficient is 1 − (1 − b′) d0

det(
) = 1 − 1−b′
det(
) .

Putting these together, we obtain that ((KS + B) · B) equals the expected
term degωBT

plus a correction term which is of the form
∑

p δp deg[p] where

the sum is over the singular points of (S,B). Furthermore, δp = 1 − 1
det(
p)

for cyclic, plt points, δp = 2 for cyclic lc points and δp = 1 for dihe-
dral points. Since f |BT

: BT → B is the normalization, degωBT
= degωB −

deg(preimages of the nodes) and the nodes of B correspond to the cyclic lc
points. Thus we have proved the following general adjunction formula:

Theorem 3.36 (Adjunction formula I) Let S be a normal, excellent surface
and B ⊂ S a reduced, proper curve such that (S,B) is lc. Then

((KS + B) · B) = degωB +
∑

p cyclic, plt

(
1 − 1

det(
p)

)
deg[p]

+
∑

p dihedral

deg[p].

As stated, (3.36) is only an equality of two numbers. However, by looking
at its proof, we see that we have computed the different

DiffB(0) =
∑

p cyclic, plt

(
1 − 1

det(
(p))

)
[p] +

∑
p dihedral

[p]. (3.36.1)

One fork case

We continue our investigations by working out the remaining two cases of
(3.31). We start with (3.31.2), when we have a a tree with one fork.

3.37 Let (
,B) be a tree with one fork and all the ri = 1 (hence we drop it
from the notation). We further assume that the components of B intersect only
the leaves. That is, the dual graph is

B1 
1 c0 
2 B2


3

B3.

(3.37.1)

The fork is denoted by C0 and for i = 1, 2, 3, the curves on the branches are
indexed as

(C0 
i Bi) = (
C0 Ci

1 · · · Ci
n(i) Bi

)
.
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The curves Ci
n(i) are called leaves and the curves Ci

j for 0 < j < n(i) are
called intermediate. Set cij = −(Ci

j · Ci
j ) and βi = (Ci

n(i) · Bi). We allow two
degenerate cases:

(2) some of the 
i can be empty and
(3) the self-intersection of the fork C0 can be −1.

Theorem 3.38 Notation as above. Then (3.37.1) is numerically log canonical
(resp. numerically log terminal) if and only if

1 − β1

det(
1)
+ 1 − β2

det(
2)
+ 1 − β3

det(
3)
≥ 1 (resp. > 1). (3.38.1)

Proof Let �i :=∑j C
i
j denote the sum of all curves in 
i with coefficient 1

and �
 := C0 +
∑

i �
i the sum of all curves in 
.

Write the discrepancy divisor as � = a0C0 +
∑

i �i where �i involves only
the curves in 
i . Thus �
 −� ∼Q K
 +�
 + B and for every exceptional
curve C we have by (2.26.3)

((�
 −�) · C) = −2 + #{neighbors of C} + (B · C).

In particular,

((�
 −�) · C) =

⎧⎪⎪⎨⎪⎪⎩
1 if C = C0 is the fork

0 if C = Ci
j is intermediate and

βi − 1 if C = Ci
n(i) is a leaf.

Using di
j = detM(ci1, . . . , c

i
j ), consider the Q-divisor

Di := 1

det(
i)

(
di

0C
i
1 + · · · + di

n(i)−1C
i
n(i)

)
,

where det(
i) = di
n(i) is the determinant of 
i . Therefore, by (3.33.2),((

�
 −�−
3∑

i=1

(1 − βi)D
i

)
· C
)
=
{

1 −∑3
i=1

1−βi

det(
i )
if C is the fork

0 if C is any other curve.
(3.38.2)

Thus, if (3.38.1) holds then �
 −�−∑3
i=1(1 − βi)Di has ≤ 0 intersection

with every curve. Hence, by (3.29.1),

� ≤ �
 −
3∑

i=1

(1 − βi)D
i ≤ �
,

showing that (
,B) is numerically lc.
If (3.38.1) fails then �
 −�−∑3

i=1(1 − βi)Di has ≥ 0 intersection with
every curve, hence, by (3.29.1), it is a negative vector. Thus C0 appears in �

with coefficient > 1, hence (
,B) is not numerically lc.
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List of log canonical surface singularities

Here is a summary of the results proved so far where (s ∈ S,B) is an lc germ
and k(s) is algebraically closed.

3.39 ((s ∈ S, 0) not log terminal) Thus B = 0.

3.39.1 (Simple elliptic) 
 = {E} has a single vertex which is a smooth elliptic
curve with self-intersection ≤ −1.

3.39.2 (Cusp) 
 is a circle of smooth rational curves, ci ≥ 2 and at least one
of them with with ci ≥ 3. The cases n = 1, 2 are somewhat special.

cn · · · cr+1

��
��

��
��

c1

��������

��
��

��
��

cr

c2 · · · cr−1

��������

3.39.3 (Z/2-quotient of a cusp or simple elliptic) 
 has two forks and each
branch is a single (−2)-curve. We have ci ≥ 2.

2

��
��

��
�� 2

c1 · · · cn

��������

��
��

��
��

2

��������
2

3.39.4 (Other quotients of a simple elliptic) These are coming from (3.38).
Since βi = 0, the inequalities (3.38.1) give

1

det(
1)
+ 1

det(
2)
+ 1

det(
3)
= 1.

If det(
i) ≥ 2 for every i, there are only three possibilities for (det(
1),
det(
2), det(
3)):

(Z/3-quotient) (3,3,3)
(Z/4-quotient) (2,4,4)
(Z/6-quotient) (2,3,6).

The names reflect that, at least in characteristic 0, these are obtained as the
quotient of a simple elliptic singularity by the indicated group (2.53).
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3.40 ((s ∈ S, 0) log terminal) Here B can be nonzero.

3.40.1 (Cyclic quotient)

c1 · · · cn.

3.40.2 (Dihedral quotient) Here n ≥ 2 with dual graph

2

c1 · · · cn

��������

��
��

��
��

2.

3.40.3 (Other quotients) The dual graph is as in (3.37.1) with three possibili-
ties for (det(
1), det(
2), det(
3)):

(Tetrahedral) (2,3,3)
(Octahedral) (2,3,4)
(Icosahedral) (2,3,5).

The names reflect that, at least in characteristic 0, these are obtained as the
quotient of C2 by the indicated type of group (2.53). See Brieskorn (1968) for
details.

Twisted quotients

Let (s ∈ S) be an lc surface singularity over a perfect field k and f : Y → S a
minimal resolution with dual graph 
. By passing to the algebraic closure, we
get fk̄: Yk̄ → Sk̄ ; let 
k̄ be the dual graph of the exceptional curves. Then 
k̄ is
a (possibly disconnected) log canonical dual graph. The Galois group Gal(k̄/k)
acts on the vertices of 
k̄ and its orbits are exactly the vertices of 
. If C ⊂ Y

is an exceptional curve then dimk H
0(C,OC) equals the number of connected

components of Ck̄ . Thus, over a perfect field k, we can obtain all twisted
dual graphs by first describing all dual graphs over k̄ and then classifying all
possible group actions on them. (It is not obvious that every abstract possibility
is actually realized, but in our case this turns out to be easy.)

These geometric arguments do not apply for non-perfect residue fields. One
can, however, follow this method with abstract dual graphs.

3.41 (Classification of twisted quotients) Start with a twisted quotient

c1
r · · · r ci

r (r·ci+1) r · · · r (r·cn).

Create a new graph by replacing each of the vertices Ci+1, . . . , Cn with r

new vertices Ca
i+1, . . . , C

a
n for a = 1, . . . , r . The new intersection numbers are



124 Examples

all zero except (Ci · Ca
i+1) = 1 and (Ca

j · Ca
j+1) = 1 for j > i. The symmetric

group on r letters acts on the new dual graph.
It is easy to see that if � =∑ djCj is the discrepancy divisor of the old

graph then

�′ :=
i∑

j=1

djCj +
n∑

j=i+1

dj (
∑r

a=1C
a
j )

is the discrepancy divisor of the new graph. In particular, the new graph is lc if
and only if the old one is.

Thus we need to look at all non-twisted lc singularities that we have just
classified and list all possible symmetric group actions on them. This is quite
easy to do, hopefully we have not missed any. Besides the cases already listed
in (3.27.4) and (3.28.2), we get the following.

3.41.1 (Twisted Z/2-quotients of simple elliptic)

(c0) 4 (4·2) or 2 (c0)
3

(3·2).

3.41.2 (Twisted Z/3-quotients of simple elliptic) With a triple twist we get

(c0) 3 (3·3) or (c0) 3 (3·2) 3 (3·2).

With a double twist we get

3 (c0) 2 (2·3) or 3 (c0) 2 (2·2) 2 (2·2) or

2 2 (c0) 2 (2·3) or 2 2 (c0) 2 (2·2) 2 (2·2).

3.41.3 (Twisted Z/4-quotients of simple elliptic)

2 (c0) 2 (2·2) 2 (2·2) 2 (2·2) or 2 (c0) 2 (2·4).

3.41.4 (Twisted tetrahedral)

2 (c0) 2 (2·3) or 2 (c0) 2 (2·2) 2 (2·2).

3.41.5 (Twisted D4)

(c0) 3 (3·2).

3.41.6 (Twisted dihedral)

(2·2) 2 c1 · · · cn.

3.41.7 (Twisted cyclic)

(c0) 2 (2·c1) 2 · · · 2 (2·cn).
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Boundary with coefficients ≥ 1
2

Here we classify all log canonical surface pairs (S,B) where B =∑βiBi and

� either βi ∈ {1, 1
2 } for every i,

� or βi ≥ 2
3 for every i.

This method essentially also classifies all pairs (S,B) such that βi ≥ 1
2 for every

value of i. Indeed, in this case we can replace (S,
∑

βiBi) by (S,
∑

β∗
i Bi)

where β∗
i = 1

2�2βi� is the “half integral round down.”
The main remaining issue is the following. Given a lc pair (S,

∑
β∗
i Bi),

for which values of βi ≥ β∗
i is (S,

∑
βiBi) also log canonical? In almost all

instances our formulas give the answer, but some case analysis is left undone.
As before, we consider the dual graph of the log minimal resolution, and we

show that the Bi can be replaced by (−2)-curves such that the resulting new
dual graph is still lc. We then read off the classification of the pairs (S,B) from
the classification of all lc dual graphs.

We consider the case when all the exceptional curves are geometrically
integral. The general case can be obtained from this by listing all symmetric
groups actions on such dual graphs as in (3.41).

The problems with small coefficients already appear in dimension 2. Let S
be a smooth or log terminal surface and C an arbitrary effective curve on S.
It is easy to see from the definition that (S, εC) is klt for all 0 ≤ ε � 1. Thus
a classification of all possible lc pairs (S,B) would include a classification of
all curve singularities on smooth or log terminal surfaces. This is an interesting
topic in its own right but not our main concern here.

For a pair (S,C), the optimal bound on ε depends on S and C in a quite
subtle way. See Kollár et al. (2004, section 6.5) for the case when S is smooth.
The general case has not yet been worked out.

For several reasons, the most important fractional coefficients are 1 and 1 − 1
n

(4.4). These are all ≥ 1
2 , exactly the value where our classification works.

3.42 (Replacing B by (−2)-curves) Let (
,B = 1
2

∑
j Bj ) be an extended lc

dual graph where we do not assume that the Bj are distinct.
Usually Bj intersects exactly one curve Ca(j ) and the intersection is trans-

verse. However, Bj may intersect
∑

Ci at a singular point or it may be tangent
to some Ci . Keeping these in mind, we construct a new dual graph (
∗, B∗) as
follows.

For each i, write 2(Ci · B) = 2m(i) + b(i) where b(i) ∈ {0, 1}. We introduce
m(i) new vertices Bi1, . . . , Bi,m(i) and, if b(i) = 1, another new vertex Ci1.
The intersection numbers are unchanged for the old vertices, (Ci · Bij ) = 1,
ci1 = −(C2

i1) = 2 and (Ci · Ci1) = 1. No other new intersections.

Claim 3.42.1 If (
,B) is lc and minimal then (
∗, B∗) is also lc and minimal.
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Proof Let � =∑n
i=1 diCi be the discrepancy divisor and set �∗ := �+

1
2

∑
Ci1. Then

(�∗ · C) =
{

(� · Ci) + 1
2b(i) if C = Ci , and

di + 1
2 (C2

i1) ≤ 1 + 1
2 (−2) = 0 if C = Ci1.

Note that (� · Ci) = 2 − ci − (Ci · B) is a half integer. If it is negative, then
(� · Ci) + 1

2 ≤ 0 and if (� · Ci) = 0 then b(i) = 0 hence (� · Ci) + 1
2b(i) = 0.

Thus �∗ has negative intersection with every curve so 
∗ is negative definite by
(10.3.4). If 
 contains a (−1)-curve Cj then (Cj · B) ≥ 1. Thus (Cj · B∗) ≥ 1
and so (
∗, B∗) is minimal. Furthermore, by (3.29.1), �(
∗, B∗) ≤ �∗ and so
(
∗, B∗) is also lc.

3.43 (Log canonical, B contains a half integral divisor) We distinguish two
main cases.

3.43.1 (Two fork or bullet case) The extended dual graph is a chain where at
both ends we attach one of the following

�

��
��

��
��

c1 or • c1 or � c1

�

��������

where � can be a (−2)-curve, a component of B with coefficient ≥ 1
2 or it can

be missing. Here c1 = 1 is allowed if all the � are components of B.

3.43.2 (One fork case) In all other cases without triple intersections, the dual
graph is

B1 
1 c0 
2 B2


3

B3

where Bi appears in B with coefficient βi . We allow the degenerate possibility
that some 
i is empty. In the triple intersection point case, we blow-up the
triple intersection point to get the above graph with c0 = 1.

Next we enumerate these possibilities by the number of components of B.
We use the inequality (3.38.1) where, for every i, either βi ≥ 1

2 or det(
i) ≥ 2.
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3.43.2.1 (One component) Here β3 ≥ 1
2 and det(
1), det(
2) ≥ 2.

(a) If det(
3) = 1 then (3.38.1) gives β3 ≤ 1
det(
1) + 1

det(
2) . Depending on what
(det(
1), det(
2)) is, we get the following cases.
(i) (2,2): We have a dihedral point as in (3.35); these are log canonical

for any β3 ≤ 1.
(ii) (2,3): Then β3 ≤ 5

6 . There are two dual graphs:

3 c0 �

2

and 2 2 c0 �

2.

The one on the left with c0 = 1 gives the embedded resolution of the
planar cusp. Note that these two cases have no symmetries, hence we
do not get any new such cases when the residue field is not algebraically
closed.

(iii) (2,4): Then β3 ≤ 3
4 .

(iv) (2,5): Then β3 ≤ 7
10 .

(v) (2,6) or (3,3): Then β3 ≤ 2
3 .

(vi) In all other cases β3 ≤ 9
14 < 2

3 .
(b) ((det(
1), det(
2)) = (2, 2). For any det(
3), we have a dihedral point as

in (3.35); these are log canonical for any β3 ≤ 1.
(c) det(
1) ≥ 3 and det(
2), det(
3) ≥ 2. This implies that β3 ≤ 2

3 .

3.43.2.2 (Two components) We have β1, β3 ≥ 1
2 and det(
2) ≥ 2. Again there

are three cases.

(a) (det(
1), det(
2), det(
3)) = (1, d2, 1) with d2 ≥ 2. This implies that β1 +
β2 ≤ 3

2 and the dual graph is

� c0 �

2.

(b) (det(
1), det(
2), det(
3)) = (1, d2, d3) with d2, d3 ≥ 2. If βi ≥ 2
3 then

d2 = d3 = 2 and the dual graph is

� c0 2 �

2.
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(c) If det(
i) ≥ 2 for every i then β1 + β3 ≤ 1 and the dual graph is

� 2 c0 2 �

2.

3.43.2.3 (Three components) All βi ≥ 1
2 . There are three possibilities.

(a) (det(
1), det(
2), det(
3)) = (1, 1, 1). Then β1 + β2 + β3 ≤ 2 and the
dual graph is

� c0 �

�.

The case when c0 = 1 corresponds to 3 smooth curves meeting at a smooth
point of the surface.

(b) (det(
1), det(
2), det(
3)) = (1, 1, d3) with d3 ≥ 2. This replicates part of
(3.43.1).

(c) (det(
1), det(
2), det(
3)) = (2, 1, 2). Thenβ1 = β2 = β3 = 1
2 . This gives

the dual graph

� 2 c0 2 �

�.

3.43.2.4 (Triple intersection) These are the cases when B passes through
the intersection point of two curves Cj . The procedure of (3.42) tells us to
attach (−2)-curves to both of these Cj . This is a strong restriction, and all
such cases have been enumerated above. We just need to look at the cases
when the components of B are attached to a pair of intersecting curves. This
can happen in only a few cases. A separate treatment of these possibilities is
needed, however, since not all these cases are lc. We have encountered a similar
problem in (3.27).

It is better to blow-up the intersection point and view this as a one fork case
with c0 = 1. We get only the following possibilities

2

��
��

��
b

�

������

or 3

��
��

��
��

3

�

��������

or 2 2

��
��

��
��

2

�

��������

where 2 ≤ b ≤ 5. The largest value for β2 is 2
3 which appears only for the

configuration on the left with b = 2.
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The following consequences of this classification will be very useful.

Corollary 3.44 Let (s ∈ S) be a normal, excellent surface singularity and
C,Ci curve germs passing through s.

(1) If (S, cC) is lc for some c > 5
6 then (S,C) is also lc. In particular, C is

either regular or has a node at s. For c = 5
6 the only exceptions are listed

in (3.43.2.1aii).
(2) If (S, c1C1 + c2C2) is lc for some c1 + c2 > 3

2 then (S,C1 + C2) is also lc.
In particular, C1 + C2 has a node at s. For c1 + c2 = 3

2 the only exceptions
are listed in (3.43.2.2a), (3.43.1) and (3.43.2.2b).

Corollary 3.45 Let (s ∈ S) be a normal, excellent surface singularity and
C,Ci curve germs passing through s. Assume that (S,C +∑m

i=1 ciCi) is lc
and ci ≥ 1

2 for every i. Then we have one of the following cases.

(1) (S,C) not cyclic or not plt (3.35.1). Then m = 0 and DiffC = [s].
(2) m = 2. Then c1 = c2 = 1

2 and DiffC( 1
2C1 + 1

2C2) = [s].
(3) (S,C) cyclic, plt and m = 1. Then

DiffC(c1C1) =
(

1 − 1 − c1

det


)
[s].

Note that, at least in characteristic 0, these can be proved quicker by using
the index 1 cover as in (2.53) and then a simple analysis of curve singularities
on a smooth surface. (See, for instance, Kollár et al. (2004, section 6.5).)

3.4 More examples

In Section 3.1 we used a very simple recipe to construct log canonical singu-
larities: take a cone over a variety with lc singularities whose canonical class
is either negative or trivial.

Here we introduce a slight twist as in Kollár (2011b). We start with a reducible
variety Z with snc singularities and construct a smooth (or mildly singular)
variety Y that contains Z as a Cartier divisor with negative normal bundle L−1.
A theorem of Artin (1970) says that Z can be contracted (analytically or as an
algebraic space) and we get a singular point (0 ∈ X). One can also think of
(0 ∈ X) as a deformation of the affine cone Ca(X,L). If the canonical class
of Z is sufficiently negative (resp. trivial), we get new examples of terminal
(resp. log canonical) singularities. It turns out that reducible varieties with
snc singularities can be much more involved than smooth varieties, thus we
get substantially more complicated examples of terminal and log canonical
singularities.
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In principle this method is not surprising since every singularity (0 ∈ X)
can be thought of as a deformation of its tangent cone (0 ∈ T C0X) (maybe
with some embedded points), but frequently the tangent cone T C0X has much
worse singularities than X. (For example, for canonical surface singularities
(3.26), the tangent cone is a smooth conic for A1, a pair of lines for An : n ≥ 2
and a double line for the Dn,En cases.)

First we discuss the general method and then work out in detail the following
two series of examples whose proofs are given in (3.67) and (3.64).

Theorem 3.46 For every r ≥ 4 there exist germs of isolated terminal 4-
fold singularities (0 ∈ Xr ) over C such that KXr

is Cartier, Xr \ {0} is simply
connected, the class group Cl(Xr ) is trivial and the embedding dimension of
Xr is r .

Theorem 3.47 Let F be a connected 2-manifold without boundary. Then
there are germs of isolated log canonical 3-fold singularities (0 ∈ X = X(F ))
over C such that for any resolution p: Y → X we have R1p∗OY � H 1(F,C),
π1(Y ) � π1(F ) and π1(X \ {0}) is an extension of π1(F ) by a cyclic group.

3.48 (Previous examples) By Reid (1980), every 3-fold terminal singular-
ity is a quotient of a hypersurface double point by a cyclic group action.
This description can be developed into a complete list; see Reid (1987) or
Section 2.4.

For some time it has been an open question whether, in some sense, terminal
singularities in higher dimensions also form an essentially bounded family. The
first relevant counter examples are in an unpublished note of Brown and Reid
(2010).

In the log canonical examples of Section 3.1 we had dimR1p∗OY ≤ dimX −
1 and π1(Y ) contained a finite index Abelian subgroup.

It is also worthwhile emphasizing the difference between the log canonical
and the dlt cases. Let (0 ∈ X,�) be a germ of a dlt pair and p: Y → X any
resolution of singularities. ThenRip∗OY = 0 for i > 0 by (2.88) andπ1(Y ) = 1
by Kollár (1993b) and Takayama (2003).

Singularities with prescribed exceptional divisors

Every smooth variety Z can be realized as the exceptional set of a resolution
of an isolated singular point (0 ∈ X); one can simply take X to be a cone over
Z. More generally, given any scheme Z of dimension n, one can ask if there is
a normal, isolated singularity (0 ∈ X) of dimension n+ 1 with a resolution

Z ⊂ Y



 


0 ∈ X

such that Y \ Z � X \ {0}.



3.4 More examples 131

An obvious restriction is that Z should have only hypersurface singularities, but
this is not sufficient. For instance, considerZ = (xy = 0) ⊂ P3 and let Y be any
smooth 3-fold containing Z. Then the normal bundle of the line L := (x = y =
0) ⊂ Z in Y is OP1 (1) + OP1 (1), thus L ⊂ Y deforms in every direction. Hence
Z is not contractible; it cannot even be a subscheme of the exceptional set of a
resolution of an isolated 3-fold singularity. Other obstructions are discussed in
(1.9).

It turns out, however, that if we allow Y to be (very mildly) singular, then
one can obtain such a (0 ∈ X). The final construction is in (3.53), but the key
ingredient is the following.

Proposition 3.49 Let P be a smooth variety over a field of characteristic 0
and Z ⊂ P a subscheme of codimension n that is a local complete intersection.
Let L be a line bundle on P such that L(−Z) is generated by global sections.
Let Z ⊂ Y ⊂ P be the complete intersection of (n− 1) general sections of
L(−Z). Set

π: B(−Z)Y := ProjY
∑∞

m=0OY (mZ) → Y.

(The non-standard notation indicates that we blow up not the ideal sheaf of Z
but its inverse in the class group.) Then:

(1) π−1
∗ Z is isomorphic to Z and it is a Cartier divisor in B(−Z)Y .

(2) The exceptional set of π has codimension 2 in B(−Z)Y .
(3) ωB(−Z)Y � π∗ωY � π∗(ωP ⊗ Ln−1|Y ) and the normal bundle of π−1

∗ Z in
B(−Z)Y is ωZ ⊗ ω−1

P ⊗ L1−n.

Proof The claims (1–2) are étale local and, once they are established, (3)
follows from the adjunction formula. Thus we may assume that P =: A is
affine and Z ⊂ A is a complete intersection of codimension n defined by
f1 = · · · = fn = 0. Y is defined by a system of equations

h1,1f1 + · · · + h1,nfn = 0
...

...
hn−1,1f1 + · · · + hn−1,nfn = 0.

(3.49.4)

Let H = (hij ) be the matrix of the system and Hi the submatrix obtained by
removing the ith column. Let Ỹ ⊂ A× P1

st be the subscheme defined by the
equations

s · fi = (−1)i · t · detHi for i = 1, . . . , n. (3.49.5)

Set Y0 := Ỹ ∩ (s �= 0) and Y ′ ⊂ A× P1
st the closure of Y0.

We claim that Y0 is a complete intersection, there is a natural map
σ: B(−Z)Y → Y ′ and σ is an isomorphism over Y0. (In fact, Y ′ is CM by
Kollár (2011b), hence σ is an isomorphism, but we do not need this.)
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Let p̃: Ỹ → Y and p: Y ′ → Y be the projections. Let (x, s, t) ∈ Ỹ be a point
such that rankH (x) = n− 1 and s �= 0. Then the fi(x) are the (unique up to
scalar) solutions of the equations (3.49.4). Thus p̃: Y0 → Y is an isomorphism
outside the set Z ∩ (rankH (x) < n− 1).

Thus the exceptional set Ex(p) is a P1-bundle overZ ∩ (rankH (x) < n− 1).
By (3.52) we conclude that dim Ex(p) = dimZ − 1 = dim Y − 2. Thus Y ′

has codimension n in A× P1
st . Therefore Y0 ⊂ Y ′ is a complete intersection,

hence CM.
From the equations (3.49.5) we see that Z′ := Y ′ ∩ (t = 0) � Z and Z′ is a

p-ample Cartier divisor. This gives injections p∗OY ′(mZ′) ↪→ OY (mZ) hence
a morphism σ: B(−Z)Y → Y ′ which is an isomorphism over the points where
Y ′ is S2.

If Z has hypersurface singularities, then, possibly after shrinking A, we
may assume that df2, . . . , dfn are independent at every point of Z. Thus the
equations (3.49.5) can be used to eliminate (n− 1) variables and we end up
with one local equation for B(−Z)Y :

f1 = −t · detH1 (3.49.6)

where H1 is a general (n− 1) × (n− 1) matrix in the x-variables.
Assume next that Z has simple normal crossing singularities and let W ⊂ Z

be any stratum. Then detH1 is nonzero at a general point of W and vanishes
with multiplicity 1 outside a codimension 4 subset of W by (3.52). We have
thus proved the following.

Proposition 3.50 Notation and assumption as in (3.49). Assume in addition
that Z has snc singularities and L is sufficiently ample. Then

(1) At a general point of every stratum of Z, the local equation of π−1
∗ Z ⊂

B(−Z)Y is (x1 · · · xm = t = 0) ⊂ (x1 · · · xm = t).
(2) Every positive dimensional stratum of Z contains a point where the

local equation of π−1
∗ Z ⊂ B(−Z)Y is (x1 · · · xm = t = 0) ⊂ (x1 · · · xm =

txm+1).
(3) If dimZ ≤ 3 then these are the only singular points along π−1

∗ Z. In
particular, B(−Z)Y has only terminal singularities along π−1

∗ Z and
B(−Z)Y \ π−1

∗ Z is smooth.

Remark 3.51 For dimZ ≥ 4 a complete description of the singularities of
B(−Z)Y is given in Kollár (2012a). One can choose local coordinates, denoted
by (xi, yij , t), such that the local equation of B(−Z)Y is

x1 · · · xm = t · det

⎛⎜⎝ y11 · · · y1n
...

...
yn1 · · · ynn

⎞⎟⎠ . (3.51.1)
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From this we conclude the folowing.

(2) B(−Z)Y has terminal singularities along π−1
∗ Z.

(3) If dimZ ≥ 4 then SingB(−Z)Y has codimension 5 in B(−Z)Y \ π−1
∗ Z and

(4) If dimZ ≤ 10 then B(−Z)Y \ π−1
∗ Z has only cA-type singularities.

3.52 (Determinantal varieties) We have used the following properties of deter-
minantal varieties. These are quite easy to prove directly; see Harris (1995, 12.2
and 14.16) for a more general case.

Let V be a smooth, affine variety over a field of characteristic 0, Vi ⊂ V a
finite set of smooth, affine subvarieties and L ⊂ OV a finite dimensional base
point free linear system. Let Hn,m = (hij ) be an n×m matrix whose entries
are general elements in L. Then for every i

(1) the singular set of Vi ∩ (detHn,n = 0) has codimension 4 in Vi and
(2) the set Vi ∩ (rankHn,m ≤ r) has codimension (n− r)(m− r) in Vi .

Let now Z be a projective, connected, local complete intersection scheme
of pure dimension n and L an ample line bundle on Z. A large multiple of L
embeds Z into P := PN for some N . Applying (3.49) we get Z � π−1

∗ Z ⊂
B(−Z)Y where the normal bundle of π−1

∗ Z is very negative. Thus π−1
∗ Z can be

contracted (analytically or as an algebraic space) and we get a singular point
(0 ∈ X) Artin (1970). Its properties are summarized next.

Theorem 3.53 Let Z be a projective, connected, local complete intersection
scheme of pure dimension n and L an ample line bundle on Z. Then for m � 1
there are germs of normal singularities (0 ∈ X = X(Z,L,m)) with a partial
resolution

Z ⊂ Y




π




0 ∈ X

where Y \ Z � X \ {0}

such that

(1) Z is a Cartier divisor in Y ,
(2) the normal bundle of Z in Y is ωZ ⊗ L−m,
(3) if Z is snc then

(a) Y has only terminal singularities and (3.50.1–2) hold,
(b) if dimZ ≤ 4 then (0 ∈ X) is an isolated singular point.

Next we consider various properties of these (0 ∈ X).
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Proposition 3.54 Let (0 ∈ X) be a normal singularity with a partial resolution

Z ⊂ Y




π




0 ∈ X

where Y \ Z � X \ {0}.

Let Ŷ denote the completion of Y along Z and X̂ the completion of X at 0.
Assume that Z is a reduced Cartier divisor with normal bundle L−1 where

L is ample and that either −KZ is nef or L is sufficiently ample. Then:

(1) Riπ∗OY � Hi(Z,OZ).
(2) The restriction Pic(Ŷ ) → Pic(Z) is an isomorphism.
(3) If Y is smooth then Cl(X̂) = Pic(Ŷ )/〈[Zi] : i ∈ I 〉 where the {Zi : i ∈ I }

are the irreducible components of Z.
(4) Assume in addition that Z is snc, Y is smooth at the generic point of every

stratum of Z and KZ ∼Q −rL for some r > 0. Then
(a) KX is Q-Cartier and (0 ∈ X) is lc.
(b) If r ≥ 1 then (0 ∈ X) is canonical.
(c) If r > 1 and X \ {0} is terminal then (0 ∈ X) is terminal.

Proof Let IZ ⊂ OY be the ideal sheaf of Z ⊂ Y . Then the completion of
Riπ∗OY equals the inverse limit of the groups Hi(Y,OY /I

m
Z ), hence it is

enough to prove that the maps

Hi
(
Y,OY /I

m+1
Z

)→ Hi
(
Y,OY /I

m
Z

)→ · · · → Hi(Z,OZ)

are all isomorphisms. For each of these we have an exact sequence

Hi(Z,Lm) → Hi
(
Y,OY /I

m+1
Z

)→ Hi
(
Y,OY /I

m
Z

)→ Hi+1(Z,Lm)

and Hi(Z,Lm) = 0 by Kodaira vanishing (10.42) or by Serre vanishing.
A similar argument proves (2) using the exact sequence

0 → Lm → (
OY /I

m+1
Z

)∗ → (
OY /I

m
Z

)∗ → 1.

which gives

H 1(Z,Lm) → Pic
(

SpecY OY

/
Im+1
Z

)→ Pic
(

SpecY OY

/
ImZ
)
.

If Y is smooth then Cl(Ŷ ) = Pic(Ŷ ) which implies (3).
Finally, by adjunction, (KY − (r − 1)Z)|Z ∼Q 0, hence KY − (r − 1)Z ∼Q

0 by (2). Thus KX ∼ π∗(KY − (r − 1)Z) is Q-Cartier, KY ∼Q π∗KX +
(r − 1)Z and the rest of (4) follows from (1.42).

Proposition 3.55 Let Z be a connected, reduced, proper, local complete
intersection variety that is a Cartier divisor in a normal analytic space Y such
that Z is a deformation retract of Y . For each irreducible component Zi ⊂ Z

let γi ⊂ Y \ Z be a small loop around Zi .
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(1) Assume that codimZ(Z ∩ Sing Y ) ≥ 2. Then the γi (and their conjugates)
generate ker[π1(Y \ Z) → π1(Y )].

(2) Assume in addition that Z is a normal crossing variety and every codi-
mension 1 stratum of Z contains a node of Y as in (3.50.2). Then
ker[π1(Y \ Z) → π1(Y )] is cyclic and is generated by any of the γi .

Proof Let �0 : (Y \ Z)∼ → Y \ Z be an étale cover that is trivial on all the
γi . This means that �0 extends to an étale cover of Y \ (Z ∩ SingY ). It then
extends to an étale cover of Y by (3.58). This proves (1).

Next let �0 : (Y \ Z)∼ → Y \ Z be an étale cover and � : Y∼ → Y its largest
étale extension.

Assume that there is at least one point z ∈ Z such that � has a section over a
neighborhood of z. We claim that then � has a global section, hence it is trivial.

First we use the existence of nodes. In local coordinates we have

(Z ⊂ Y ) � (t = 0) ⊂ (x1x2 = tx3) ⊂ Cn+1
(x1,...,xn,t)

.

Note that (x1x2 = tx3) \ (t = 0) ∼ C∗ × Cn−1, thus, in this neighborhood, the
two loops γ1 around (t = x1 = 0) and γ2 around (t = x2 = 0) are homotopic.
Thus any étale cover of (x1x2 = tx3) \ (t = 0) that is locally trivial along (t =
x1 = 0) is trivial. Hence � is an étale cover outside the codimension ≥ 2 strata
of Z.

Finally, since Y has hypersurface singularities, if W ⊂ Y has codimension
≥ 3 then any étale cover of Y \W extends to an étale cover of Y by (3.58).

Remark 3.56 Note that the seemingly artificial condition (3.55.2) is necessary
and (3.55) may fail if Y is smooth.

As an example, let S be a resolution of a rational surface singularity (0 ∈ T )
with exceptional curve E ⊂ S. Take Z := E × P1 ↪→ S × P1 =: Y .

Then Y is simply connected but π1(Y \ Z) � π1(S \ E) is infinite, non-
abelian as soon as T is not a quotient singularity (Brieskorn, 1968).

The presence of nodes along the double locus of Z (3.49.10), which at first
seemed to be a blemish of the construction, thus turned out to be of great
advantage to us.

3.57 The kernel of [π1(Y \ Z) → π1(Y )] in (3.55) can be infinite cyclic; for
instance this happens if Z is an abelian variety.

However, if π1(Z) = 1 and there is an (analytic or algebraic) morphism
that contracts Z to a point then π1(Y \ Z) is finite. To see this note that since
π1(Y \ Z) is abelian, it is enough to show that γi has finite order inH1(Y \ Z,Z).
We can now repeatedly cut Y by hyperplanes until it becomes a smooth surface,
hence a resolution of a normal surface singularity. The latter case is computed
in Mumford (1961).
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An especially simple situation is when ωZ � Lr for some r . We can choose
L to be non-divisible in Pic(Z). Then the normal bundle of Z in Y is Lr−m,
thus OY (−Z) is divisible by (m− r) in Pic(Y )/

〈
[Zi] : i ∈ I

〉
. As in Section 2.3

we can thus take a degree (m− r) cyclic cover of X \ {0} and replace Z ⊂ Y

with another diagram

Z ⊂ Ỹ




π




0 ∈ X̃

where Ỹ \ Z � X̃ \ {0}, the normal bundle of Z is L−1 and X̃ \ {0} is simply
connected.

The singularities of Ỹ are, however, a little worse than before. At double
points of Z, the original local equations (x1x2 = t) or (x1x2 = tx3) become

(x1x2 = sm−r ) or (x1x2 = sm−rxr).

We have used the following result due to Grothendieck (1968, X.3.4) in the
algebraic case and Hamm (1971) in the topological case; see also Goresky and
MacPherson (1988, section II.1.3).

Theorem 3.58 Let Y be a scheme and W ⊂ Y a closed subscheme. Then the
natural map π1(Y \W ) → π1(Y ) is an isomorphism in both of the following
cases.

(1) (Zariski–Nagata purity theorem) Y is regular and codimY W ≥ 2.
(2) Y is a local complete intersection and codimY W ≥ 3.

Construction of log canonical 3-fold singularities

We start by constructing certain reducible snc surfaces. Clearly the construction
and its properties were known to the authors of Friedman and Morrison (1983),
though only some of it is there explicitly.

Proposition 3.59 For every connected 2-manifold without boundary F there
are (many) connected algebraic surfaces Z = Z(F ) with snc singularities such
that

(1) KZ ∼ 0 if F is orientable and 2KZ ∼ 0 if F is not orientable,
(2) hi(Z,OZ) = hi(F,C) and
(3) π1(Z) � π1(F ).

We first describe the irreducible components of these surfaces and then
explain how to glue them together.
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3.60 (Rational surfaces with an anticanonical cycle) Fix m ≥ 1 and let Z be
a rational surface such that −KZ is linearly equivalent to a length m cycle of
rational curves C1, . . . , Cm. One can get such surfaces by starting with three
lines in P2, then repeatedly blowing up an intersection point and adding the
exceptional curve to the collection of curves {Cj }.

Let L be an ample line bundle on Z and consider the sequence

0 → L(−∑Cj ) → L → L|∑Cj
→ 0.

Since −∑Cj ∼ KZ , we see that H 1(Z,L(−∑Cj )) = 0. Thus we have a
surjection

H 0(Z,L) � H 0(
∑

Cj, L|∑Cj
).

Since Pic0(
∑

Cj ) � Gm, L|∑Cj
has a section which has exactly one zero on

each Cj (not counting multiplicities). Thus there is a divisor AL ∈ |L| such
that AL ∩ Cj is a single point for every j .

We would like to choose L such that deg(L|Cj
) is independent of j . This is

not always possible, but it can be arranged as follows.
Assume that the self intersections (Cj · Cj ) are ≤ −2 for every j . (This can

be achieved by blowing up points on the Cj if necessary.) Then, for any j , the
intersection form of the other curves is negative definite. Thus, as in (10.3), if
Hj is any ample divisor on Z then there is an effective linear combination

H ′
j := Hj +

∑
i �=j aiCi

such that (H ′
j · Ci) = 0 for i �= j and (H ′

j · Cj ) > 0. Set

H :=∑j
1

(H ′
j ·Cj ) ·H ′

j .

H is an ample Q-divisor that has degree 1 on every Cj . A suitable multiple
gives the required line bundle L.

Let next P ⊂ R2 be a convex polygon with vertices v1, . . . , vm and sides
Si = [vi, vi+1]. We map P into the algebraic surface Z as follows.

We map the vertex vi to the point Ci ∩ Ci−1. We can think of Ci � CP1 as
a sphere with Ci ∩ Ci+1 as north pole, Ci ∩ Ci−1 as south pole and the unique
point AL ∩ Ci as a point on the equator. We map the side Si to a semicircle in
Ci � CP1 ∼ S2 whose midpoint is AL ∩ Ci . Since π1(Z) = 1, this mapping
of the boundary of P extends to τ: P → Z(C) (whose image could have self-
intersections).

3.61 (Gluing rational surfaces with anticanonical cycles) Let F be a (con-
nected) topological surface and T a triangulation of F .

Dual to T is a subdivision of F into polygons Pi such that at most three
polygons meet at any point.
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For each polygon Pi with sides Si
1, . . . , S

i
mi

(in this cyclic order) choose a
rational surface Zi with an anticanonical cycle of rational curves Ci

1, . . . , C
i
mi

(in this cyclic order) and a map Pi ↪→ Zi(C) as in (3.60).
If the sides Si

j and Sl
k are identified on F by an isometry φil

jk: S
i
j → Sl

k , then
there is a unique isomorphism �il

jk: C
i
j → Cl

k extending φil
jk.

These gluing data define a surface Z = ∪iZi (this is a very simple special
case of (9.21)) and the maps τi glue to τ: F → Z(C). Since only three polygons
meet at any vertex, we get an snc surface. The curvesHi glue to an ample Cartier
divisor H on Z.

We claim that τ induces an isomorphism π1(F ) → π1(Z(C)). This is clear
for the 1-skeleton where each 1-cell in F is replaced by a CP1 ∼ S2.

As we attach each polygon Pi to the 1-skeleton, we kill an element of the
fundamental group corresponding to its boundary. On each rational surface Zi

with anticanonical cycle
∑

j C
i
j we have a surjection

π2(Zi,
∑

jC
i
j ) � π1(

∑
jC

i
j ),

thus as we attach Zi we kill the same element of the fundamental group.
Thus π1(F ) � π1(Z(C)). The statement about the homology groups is proved
in (3.63).

Definition 3.62 Let X be an snc veriety over C with irreducible compo-
nents {Xi : i ∈ I }. The combinatorics of X is encoded in its dual complex (or
dual graph). It is a CW-complex whose vertices are labeled by the irreducible
components of X and for every stratum Z ⊂ ∩i∈JXi we attach a (|J | − 1)-
dimensional cell. Note that for any j ∈ J there is a unique irreducible com-
ponent of ∩i∈J\{j}Xi that contains Z; this specifies the attaching map. (The
dual complex is usually not a simplicial complex since the intersection of two
simplices could be a union of several faces but it is an unordered �-complex
in the terminology of Hatcher (2002, p. 534).)

Lemma 3.63 (Friedman and Morrison, 1983, pp. 26–27) Let X = ∪i∈IXi

be an snc scheme over C with dual complex T . For J ⊂ I set XJ := ∩i∈JXi .
Assume that Hr (XJ ,OXJ

) = 0 for every r > 0 and for every J ⊂ I . Then
Hr (X,OX) = Hr (T ,C) for every r .

Proof Fix an ordering of I . It is not hard to check that there is an exact
complex

0 → OX →∑
iOXi

→∑
i<jOXij

→ · · ·

where the kth term is
∑

|J |=kOXJ
. If i ∈ J then the map OXJ\i → OXJ

is the
natural restriction with a plus (resp. minus) sign if i is in odd (resp. even)
position in the ordering of J .
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Thus the cohomology of OX is also the hypercohomology of the rest of the
complex

∑
iOXi

→∑
i<jOXij

→ · · · . This is computed by a spectral sequence
whose E1 term is ∑

|J |=qH
p(XJ ,OXJ

) ⇒ Hp+q(X,OX).

By assumption the only nonzero terms have p = 0, hence Hq (X,OX) is iden-
tified with the qth homology group of

· · · →∑
|J |=qH

0(XJ ,OXJ
) →∑

|J |=q+1H
0(XJ ,OXJ

) → · · · . (3.63.1)

Dual to the triangulation of T there is an open cover {TJ : J ⊂ I } where TJ

is the union of the open stars of the simplices corresponding to XJ . With the
previous sign conventions, the complex

0 → CT →∑
iCTi

→∑
i<jCTij → · · ·

is exact, hence Hq (T ,CT ) is identified with the qth homology group of

· · · →∑
|J |=qH

0(TJ ,C) →∑
|J |=q+1H

0(TJ ,C) → · · · . (3.63.2)

The complexes (3.63.1) and (3.63.2) agree, proving the claim.

3.64 Proof of (3.47) Start with a connected 2-manifold F and construct Z =
Z(F ) as in (3.59). Then use (3.53) to obtain Z ⊂ Y and (0 ∈ X). The required
properties of (0 ∈ X) are verified in (3.54–3.55), the only slight problem is that
Y is not smooth. Rather, by (3.50), at finitely many points the local equation of
Z ⊂ Y is

(x1x2 = t = 0) ⊂ (x1x2 = tx3) ⊂ A4.

This can be resolved without changing either R1p∗O or the fundamental group
by blowing up either of the local irreducible components of Z. Globally such
a resolution can be obtained by ordering the irreducible components of Z and
then blowing them up in that order.

Construction of terminal 4-fold singularities

Let W be a smooth Fano 3-fold of index 2. That is, W is smooth and there is
an ample line bundle L such that −KW ∼ L2. Then the cone Ca(W,L) is a
terminal singularity by (3.1).

Such smooth Fano 3-folds have been classified; they give examples only up
to embedding dimension 10.

As a generalization, one can try to look for Fano 3-folds of index 2 with
normal crossing singularities. Thus the irreducible components of its normal-
ization are normal crossing pairs (Wi, Si) with an ample divisor Hi such that
−(KWi

+ Si) ∼ 2Hi .
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The first examples of such pairs that come to mind are (P3,P2 + P2),
(P3,P1 × P1) and (Q3,P1 × P1). These are all the examples where the under-
lying variety W is also Fano with Picard number 1. A general classification was
started in Maeda (1986) and extended to higher dimensions in Fujita (2011).
We are mainly interested in an infinite sequence of index 2 log Fano pairs
(Pr,P1 × P1) where Pr is a P2-bundle over P1.

Any 2 of these examples can be glued together to get infinitely many families
of Fano 3-folds of index 2 with normal crossing singularities. Then we apply
(3.49) and (3.53–3.55) to conclude the proof of (3.46).

Example 3.65 For r ≥ 0 set

π: Pr := PP1 (Er ) → P1 where Er := OP1 ⊕ OP1 ⊕ OP1 (r).

Write OPr
(a, b) := OPr

(a) ⊗ π∗OP1 (b). Since π∗OPr
(a, b) = SaEr ⊗ OP1 (b),

we see that OPr
(a, b) is ample if and only if a > 0 and b > 0. Let Sr ⊂ Pr

be the surface corresponding to the unique section of OPr
(1,−r). Note that

KPr
∼ OPr

(−3, r − 2), Sr � PP1 (OP1 + OP1 ) � P1 × P1 and

−(KPr
+ Sr ) ∼ OPr

(2, 2) is ample on Pr .

For any a, b ≥ 0 there are natural isomorphisms

H 0(Pr,OPr
(a, b)) = H 0(P1, SaEr ⊗ OP1 (b))

and SaEr ⊗ OP1 (b) naturally decomposes as the sum of line bundles of the
form OP1 (cr + b) where 0 ≤ c ≤ a. This makes it easy to compute the spaces
H 0(Pr,OPr

(a, b)) and to show the following.

(1) For a, b ≥ 0 the restriction maps

H 0(Pr,OPr
(a, b)) → H 0(Sr,OS(a, b)) are surjective.

(2) For ai, bi ≥ 0 the multiplication maps

H 0(Pr,OPr
(a1, b1)) ⊗H 0(Pr,OPr

(a2, b2))

→H 0(Pr,OPr
(a1 + a2, b1 + b2))

are surjective.

3.66 (Fano 3-folds of index 2) We consider in detail two series of examples.
1. Fix r ≥ 0 and let Zr be obtained from (Pr, Sr ) and (P3, S0) by an isomor-

phism Sr � P1 × P1 � S0. Then ωZr
is ample and isomorphic to L−2

r where
Lr is ample.

One can check that h0(Zr, Lr ) = r + 6 and the algebra
∑

m≥0 H
0(Zr, L

m
r )

is generated by H 0(Zr, Lr ).
2. Fix r, s ≥ 0 and let Zrs be obtained from (Pr, Sr ) and (Ps, Ss) by an

isomorphism Sr � P1 × P1 � Ss . Then ωZrs
is ample and isomorphic to L−2

rs
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where Lrs is ample. Using (3.65.1–2) we compute that h0(Zrs, Lrs) = r +
s + 8 and the algebra

∑
m≥0 H

0(Zrs, L
m
rs) is generated by H 0(Zrs, Lrs).

For r ∈ {0, 1}, the (Zr, Lr ) series should give degenerations of smooth Fano
3-folds. The simplest is r = 0. Take P1 × P2 and embed it into P5 by O(1, 1).
Under this embedding, P1 × P1 ⊂ P1 × P2 becomes a quadric; it is thus con-
tained in a 3-plane H 3. The union of P1 × P2 and of the 3-plane gives Z0. It is
a (2, 2) complete intersection.

The construction of Xr (as in (3.53)) can also be realized by taking the
cone over Zr and then deforming the (reducible) cone by taking high-order
perturbations of the two quadratic defining equations.

Putting these together with (3.53) and (3.57) we get the following more
precise version of (3.46).

Proposition 3.67 Let (Z,L) be any of the pairs from (3.66). Then there are
4-dimensional, normal, isolated singularities (0 ∈ X) with a partial resolution
π: (Z ⊂ Y ) → (0 ∈ X) such that

(1) Y has only canonical singularities of type cA.
(2) Z ⊂ Y is a Cartier divisor and its normal bundle is L−1.
(3) (0 ∈ X) is terminal, KX is Cartier, X \ {0} is simply connected.
(4) The embedding dimension of (0 ∈ X) is h0(Z,L).
(5) Cl(Xr ) = 0 for the series Xr and Cl(Xrs) � Z for the series Xrs .

Proof Everything was already done save the computation of the class group
of X. We apply (3.54.3), which needs a resolution of singularities of Y . Our
set-up is simple enough that this can be done explicitly.

3.68 (Explicit resolution) Let Y be a 4-fold and Z ⊂ Y a Cartier divisor.
Assume that Z is the union of two smooth components Z = Z1 ∪ Z2 and along
the intersection S := Z1 ∩ Z2 in suitable local analytic coordinates [Z1 ∪ Z2 ⊂
Y ] is isomorphic to

[(x1 = s = 0) ∪ (x2 = s = 0) ⊂ (x1x2 = sm)] ⊂ A5 or
[(x1 = s = 0) ∪ (x2 = s = 0) ⊂ (x1x2 = smx3)] ⊂ A5.

Let C ⊂ S be the curve defined locally by (x1 = x2 = x3 = s = 0).
We can resolve the singularities by iterating the following steps.

(1) If m ≥ 3, we blow-up S. We get two exceptional divisors, both are P1-
bundles over S with two disjoint sections. In the above local coordinates
the equation changes to (x1x2 = sm−2) or (x1x2 = sm−2x3).

(2) If m = 2, we blow up S; the resulting 4-fold is smooth. We get one excep-
tional divisor, which is a conic bundle over S with two disjoint sections. It
is isomorphic to a P1-bundle over S blown up along C (contained in one
of the sections).
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(3) If m = 1, we blow-up the component, call it N , that intersects Z1. (This
component is Z2 if and only if there are no previous blow-ups.) The
birational transform of Z1 is isomorphic to Z1 and the birational transform
of N is isomorphic to N blown up along C.

Thus at the end we have a chain of smooth 3-folds

E0 := Z1, E1, . . . , Em−1, Em := Z2

such that

(4) the only intersections are Si := Ei ∩ Ei+1 � S for 0 ≤ i < m.
(5) E2, . . . , Em−1 are P1-bundles over S with two disjoint sections.
(6) E1 is a P1-bundle over S blown up along C if m ≥ 2 and Z2 blown up

along C if m = 1.

By taking the cohomology of the exact sequence

0 → Z∪iEi
→∑m

i=0ZEi
→∑m−1

i=0 ZSi → 0

we get an exact sequence∑m−1
i=0 H 1(Si,Z) → H 2(∪iEi,Z) →∑m

i=0H
2(Ei,Z) →∑m−1

i=0 H 2(Si,Z).

Assume now that

H 1(S,Z) = 0 and H 2(Z2,Z) → H 2(S,Z) is surjective. (3.68.7)

Setting hi( ) := rankHi( ,Z) we get that

h2(∪iEi) =
∑m

i=0h
2(Ei) −

∑m−1
i=0 h2(Si)

= h2(Z1) + h2(Z2) − h2(S) + h2(C) + (m− 1).

In (3.66) S � P1 × P1 and C is connected, thus the formula becomes

h2(∪iEi) = h2(Z1) + h2(Z2) + (m− 2).

Therefore, by (3.54.3), the class group of X, obtained by contracting Z ⊂ Y to
a point, satisfies

rank Cl(X) ≤ h2(Z1) + h2(Z2) + (m− 2) − (m+ 1) = h2(Z1) + h2(Z2) − 3.

(3.68.8)

Thus we see that for the series (0 ∈ Xr ) we get Cl(Xr ) = 0 but for the series
(0 ∈ Xrs) we get Cl(Xrs) � Z.

Remark 3.69 The series Xrs can also be constructed as follows. Set

Yrs := PP1 (OP1 ⊕ OP1 ⊕ OP1 (r) ⊕ OP1 (s)).
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This visibly contains both Pr, Ps as divisors and KYrs
+ Pr + Ps ∼

OYrs
(−2,−2). We can now take the affine cone Ca(Yrs,OYrs

(1, 1)) and inside
it the cone Ca(Pr + Ps). Perturbing the equation of the cone Ca(Pr + Ps) as in
Kollár and Mori (1998, 2.43) we get our varieties Xrs .

Since Cl(Xrs) = Z, the singularities Xrs have a small modification; now we
can see this explicitly. The cone Ca(Yrs) has a small resolution determined by
the pencil of the 4-planes that are the cones over the fibers of Yrs → P1.

By contrast, we believe that one cannot realize the series Zr as hypersurfaces
in a cone over a smooth variety.

Remark 3.70 Although these examples show that terminal 4-fold singularities
do not form an “essentially bounded family” in the most naive sense, it should
not be considered a final answer.

There are several ways to “simplify” a given terminal singularity (0 ∈ X).
First, if X \ {0} has finite fundamental group, one can pass to the universal

cover. Since finite group actions on a given singularity are frequently not too
hard to understand, it makes sense to concentrate on those singularities (0 ∈ X)
for which X \ {0} is simply connected.

Another simplification is given by the Q-factorial model Xqf → X (1.37).
Note that Xqf = X if and only if Cl(X) = 0.

This suggests that the most basic terminal singularities (0 ∈ X) of dimension
n are those that satisfy both π1(X \ {0}) = 1 and Cl(X) = 0.

Finally, one might argue that any collection of examples constructed in a
simple uniform way forms an “essentially bounded family.” The complete
list of snc Fano 3-folds of index 2 (and also many higher dimensional cases)
is in Fujita (2011). Thus these examples do form an “essentially bounded
family.”

3.5 Perturbations and deformations

Starting with an lc pair (X,�), we would like to understand ways of changing
X or �, and hopefully improving the singularities of the pair in the process.

First we look at perturbations of �. By (2.5), we need to decrease � if
we want to increase the discrepancy. This is not possible if � = 0 to start
with, but for most lc pairs (X,�) such that (X, 0) is klt outside Supp�,
there is a divisor �′ such that (X,�′) is klt. (If � is Q-Cartier then �′ :=
(1 − ε)� works.) However, the examples (3.72) show that this is not always the
case.

Then we ask if every deformation {Xt : t ∈ C} of X0 = X is again lc. If
the boundary � moves in a “sufficiently nice” family {�t : t ∈ C}, then this
is indeed the case by (4.10). Here we are interested in cases where � does
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not move with Xt . The examples (3.75) show that usually one cannot choose
any �t that makes (Xt,�t ) lc, not even if we do not assume any relationship
between � and the �t .

In fact, we get flat families of 3-fold singularities {Yt : t ∈ C} such that Y0

is log terminal but, for t �= 0, there is no effective Q-divisor �t on Yt such that
(Yt ,�t ) is lc.

Perturbing the boundary

We start with a positive result.

3.71 (Perturbation method (cf. Kollár and Mori (1998, 2.43))) Let X be an
affine variety over a field of characteristic 0 and D an effective Weil divisor.
Then the linear system |D| is infinite dimensional and its base locus is exactly
the set of points where D is not Cartier.

Choose a finite dimensional subsystem D ∈ |L| ⊂ |D|. Let f : X′ → X be
a log resolution such that f ∗|L| = B + |L′| where |L′| is base point free and
the base locus B is snc.

Pick any m > 0 and general members D′
1, . . . , D

′
m ∈ |L′|. Then mD ∼

f (D′
1) + · · · + f (D′

m).
Assume that we have a pair (X,�) and write � = �′ +�′′ as the sum of

two effective Q-divisors. Choose r such that r�′′ is a Z-divisor. Applying the
above method to D := r�′′, we get a divisor

�′′
rm := 1

rm
f (D′

1) + · · · + 1
rm

f (D′
m) ∼Q �′′.

As we go from (X,�) to (X,�′ +�′′
rm), the discrepancies of the f -exceptional

divisors can only increase since rm�′′ is a special member of the linear system
|L′|, thus its support may contain f -exceptional divisors.

Hence, if (X,�) is lc or klt then so is (X,�′ +�′′
rm). If (X,�) is dlt and

��′� = 0 then choose |L| such that its base locus does not contain any stratum
of snc(X,�). Then (X,�′ +�′′

rm) is klt.
If (X,�) is quasi-projective, we can apply the same method to (X, (1 −

ε)�+ ε�+H ) where H is a general very ample divisor and 0 < ε � 1.

This way we can move the support of the boundary away from any smooth
point and make the coefficients of the boundary as small as we wish. However,
as the next examples show, it is not always possible to eliminate lc centers by
perturbations.

Example 3.72 (No klt perturbations) Let (X,�X) be an affine cone over any
of the following surfaces (S,�S). Then (X,�X) is lc but there is no effective
Q-divisor �′ such that (X,�′) is klt.
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(1) Let E3 ⊂ P2 be a smooth cubic and Q ⊂ E3 a set of at least 10 points.
Set S := BQP2 and let �S = E be the birational transform of E3. Then
KS +�S ∼ 0 and E2 < 0.

(2) LetC6 ⊂ P2 be a rational sextic with 10 nodes andQ ⊂ C6 the set of nodes.
Set S := BQP2 and let �S := 1

2E where E is the birational transform of
C6. Then KS + 1

2�S ∼ 0 and E2 = −4.

We prove these claims in two steps. First we check a special property of
S (3.73) and then we see in (3.74) that the latter implies that there are no klt
perturbations.

Proposition 3.73 Let Y be a smooth, proper variety andE ⊂ Y an irreducible
Q-Cartier divisor such that KY + cE ∼Q 0 for some 0 < c ≤ 1 and E|E is not
Q-linearly equivalent to an effective divisor.

Let � be an effective Q-divisor on Y such that KY +� ∼Q 0. Then � = cE.
In particular, −KY is not Q-linearly equivalent to an effective divisor plus an
ample divisor.

Proof Write � = (c − γ )E +�′ where �′ is effective, its support does not
contain E and γ ∈ Q. Then �′ ∼Q γE which shows that γ ≥ 0. Restricting
to E we get γ (E|E) ∼Q �′|E . This is a contradiction, unless γ = 0 and
� = cE.

Lemma 3.74 Let L be an ample line bundle on a normal variety Y and
Ca(Y,L) the affine cone over Y . Let � be an effective Q-divisor on Y .

(1) If (Ca(Y,L),�) is lc then −KY is Q-linearly equivalent to an effective
divisor.

(2) If (Ca(Y,L),�) is klt then −KY is Q-linearly equivalent to an effective
divisor plus an ample divisor.

Proof Blowing up the vertex gives a partial resolution π: BCa(Y,L) →
Ca(Y,L) (3.8) whose exceptional divisor is E � Y with normal bundle L−1.
We can write

KBCa (Y,L) + (1 − c)E +�′ ∼Q π∗(KCa (Y,L) +�) ∼Q 0

where c = 1 + a(E,Ca(Y,L),�) ≥ 0 if (Ca(Y,L),�) is lc and c > 0 if
(Ca(Y,L),�) is klt. Thus KBCa (Y,L) + E ∼Q cE −�′ and, restricting to E

we obtain that

KY = KE ∼Q −cL− (�′|E).
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Non-lc deformations

Example 3.75 1. Take cones over the two families {X5,t } and {X6,t} from
(3.76.1–2).

We get flat families of 3-fold singularities {Ca(Xn,t ): t ∈ C} such that
Ca(Xn,0) is log terminal for n = 5 and log canonical for n = 6 but, for t �= 0,
there is no effective Q-divisor �t on Ca(Xn,t ) such that (Ca(Xn,t ),�t ) is lc.
This follows from (3.74.1) and (3.76.1–2).

2. Let S be a smooth, projective surface and E ∼ −KS a smooth, irreducible
curve such that (E2) < 0. (For instance, (S,E) can be as in (3.72.1).) Let
p ∈ S be a point, Sp := BpS the blow-up with projection πp: Sp → S and
Ep ⊂ Sp the birational transform of E. If p ∈ E then (Sp,Ep) is still lc and
KSp + Ep ∼ 0.

On the other hand, if p is not on E, we claim that there is no effective Q-
divisor�p on Sp such thatKSp +�p ∼Q 0. Indeed, this would imply thatKS +
(πp)∗�p ∼Q 0 hence (πp)∗�p = E by (3.73). But p �∈ E, a contradiction.

By taking cones over these surfaces, we get a flat family of 3-fold singularities
Ca(Sp,Hp) such that

(Ca(Sp,Hp), Ca(Ep,Hp|Ep
)) is lc if p ∈ E,

but if p �∈ E, then (Ca(Sp,Hp),�p) is not lc, no matter what �p is.

Example 3.76 For n ≥ 4 we construct projective, rational surfaces with quo-
tient singularities Xn = Xn,0 whose minimal resolution is the blow-up of P2 in(
n
2

)
points in special position. Then we describe flat deformations {Xn,t : t ∈ C}

where, for t �= 0, Xn,t is the blow-up of P2 in
(
n
2

)
points in general position.

These give several interesting examples.

(1) (n = 5 case): X5 = X5,0 is a del Pezzo surface with quotient singularities,
butX5,t is not del Pezzo for t �= 0. Even more, for t �= 0 there is no effective
Q-divisor �t on X5,t such that −(KX5,t +�t ) is nef.

(2) (n = 6 case): Here 2KX6,0 ∼ 0 but KX6,t �≡ 0 for t �= 0. Even more, there
is no effective Q-divisor �t on X6,t such that −(KX6,t +�t ) is nef.

(3) (n ≥ 7 case): Here KXn,0 is ample but Xn,t is a smooth rational surface for
t �= 0. Thus KXn,t

is not even pseudo-effective.
(4) (n = 4 case): The deformation is not very interesting. X4,0 is a cubic

surface with four singular points and X4,t is a smooth cubic surface.

We start with the surfaces Xn,0.

Construction 3.76.1 For n ≥ 3 let Ln ⊂ P2 be the union of n general lines.
Let P ⊂ P2 be the

(
n
2

)
intersection points and p: BPP2 → P2 the blow-up. Let

En denote the sum of all exceptional curves and L′
n ⊂ BP P2 the birational
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transform of Ln. We check that p∗OP2 (n− 1)(−En) is generated by global
sections and

Hi(BPP2, (p∗OP2 (n− 1)(−En))⊗m) = 0 for i, m > 0.

The Stein factorization of the map given by the global sections of p∗OP2 (n−
1)(−En) gives a morphism q: BPP2 → Xn. Furthermore,

a) Xn has n cyclic quotient singularities of the form A2/ 1
n−2 (1, 1) (3.19.2),

b) X3 � P2 and X4 is a cubic surface in P3,
c) X5 is a log Del Pezzo surface,
d) 2KX6 ∼ 0 and
e) Xn has ample canonical class for n ≥ 7.

Proof Note that L′
n ⊂ BP P2 is a union of n disjoint smooth rational curves,

each with self-intersection 2 − n and p∗OP2 (n− 1)(−En) has zero intersection
number with L′

n.
The sum of any (n− 1) lines in Ln pulls back to a divisor in |p∗OP2 (n− 1)|

which contains En, giving a divisor in |p∗OP2 (n− 1)(−En)|. The intersection
of all these divisors is empty, thus the linear system |p∗OP2 (n− 1)(−En)|
is base point free. Thus (the Stein factorization of) the map given by
|p∗OP2 (n− 1)(−En)| gives a morphism q: BP P2 → Xn such that
p∗OP2 (n− 1)(−En) � q∗Mn for some ample line bundle Mn on Xn.

The sum of all these sections of p∗OP2 (n− 1)(−En) is supported on En +
L′

n = p−1(Ln). Thus if C ⊂ BP P2 is any irreducible curve different from the
lines in L′

n then degC p∗OP2 (n− 1)(−En) > 0. Thus q is birational, and the
lines L′

n are the only q-exceptional curves. For n ≥ 4 we get n singular points
which are cyclic quotient singularities of the form A2/ 1

n−2 (1, 1) (3.32). Using
the theorem of formal functions, we see that Riq∗OBP P2 = 0 for i > 0.

Since KP2 ∼Q − 3
n
Ln, we can write

KBP P2 ∼Q − 3
n
L′

n +
(
1 − 6

n

)
En.

Thus

KXn
= q∗KBP P2 ∼Q

(
1 − 6

n

)
q∗En.

We can further write

q∗KXn
∼Q (1 − 6

n
)
[
En + n−1

n−2L
′
n

]
∼Q

n−6
n−2 · [p∗OP2 (n− 1)(−En)] ∼Q

n−6
n−2 · q∗Mn.

This shows that KXn
is ample for n ≥ 7, numerically trivial for n = 6 and

anti-ample for n < 6.
As we saw, Riq∗OBP P2 = 0 for i > 0, thus

Hi(BP P2, (p∗
0OP2 (n− 1)(−EQ0 ))⊗m) = Hi(Xn,M

⊗m
n ).
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Since Mn ∼Q KXn
+ 4

n−2Mn the Kodaira vanishing theorem (10.32) implies
that Hi(Xn,M

⊗m
n ) = 0 for i, m > 0.

Next we study the blow-up of P2 at points in general position r: BRP2 → P2.
We need to understand ample line bundles on these surfaces. The conjecture
of Nagata (1965) says that, for |R| ≥ 9, the line bundle r∗OP2 (m0)(−m1ER) is
ample if and only if its self-intersection is positive; that is, when m2

0 −m2
1|R| >

0. This is still open but we need only some special cases.

Claim 3.76.2 Let R ⊂ P2 be points in general position and r: BRP2 → P2

the blow-up with exceptional curve ER. Then

a) r∗OP2 (m)(−ER) is ample if |R| < m2,
b) r∗OP2 (30)(−9ER) is ample if |R| ≤ 10.

Proof In order to prove (a) it is enough to find one point set R ⊂ P2 such that
r∗OP2 (m)(−ER) is ample. Pick general degree m curves C1, C2 such that every
member of the pencil |C1, C2| is irreducible and choose R ⊂ C1 ∩ C2.

We can then write

r∗OP2 (m)(−ER) ∼Q
1
2 (C′

1 + C ′
2),

where C ′
i denotes the birational transform of Ci . Note that the C′

i lie in a pencil
with m2 − |R| > 0 base points all of whose members are irreducible. Using the
Nakai–Moishezon criterion of ampleness we conclude that r∗OP2 (m)(−ER) is
ample.

To see (b) note that for any point pi ∈ R there is a cubic Ci passing through
the other nine points. The sum of their birational transforms gives a divisor in
|r∗OP2 (30)(−9ER)|. The self-intersection is 10. If the points are very general,
then there is no effective curve D in P2 such that Supp(C ∩D) ⊂ R. Using the
Nakai–Moishezon criterion of ampleness we conclude that r∗OP2 (30)(−9ER)
is ample.

Corollary 3.76.3 Let R ⊂ P2 be ≥ 10 points in general position and
r: BRP2 → P2 the blow-up. Then minus the canonical class of BRP2 is not
pseudo-effective.

Proof It is enough to prove this for the blow-up of 10 points. We compute
that KBRP2 · (r∗OP2 (30)(−9ER)) = 0. By Kleiman’s ampleness criterion this
implies that KBRP2 is not pseudo-effective.

Next we construct a deformation of Xn,0 by moving the set of intersection
points P ⊂ P2 into general position.

Fix n ≥ 4 and let Qt ⊂ P2 be a flat family of
(
n
2

)
points such that Q0 = P

as in (3.76.5) and Qt is general for t �= 0. Note that
(
n
2

)
< (n− 1)2 holds thus
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p∗
t OP2 (n− 1)(−EQt

) is ample for t �= 0 by (3.76.6a) where pt: BQt
P2 → P2

denotes the blow-up.
We saw that (p∗

0OP2 (n− 1)(−EQ0 ))
⊗m is generated by global sections and

has no higher cohomologies. Thus the same holds for t in an open neighborhood
of 0 ∈ C. Therefore

h0(BQt
P2, (p∗

t OP2 (n− 1)(−EQt
))⊗m)

is independent of t for m � 1. Using Hartshorne (1977, III.9.9) we obtain:

Claim 3.76.4 For n ≥ 4 there is a flat family of surfaces {Xn,t : t ∈ C} such
that Xn,0 � Xn and Xn,t � BQt

P2.
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Adjunction and residues

This chapter starts the main part of the book where we aim to understand the
difference between klt pairs and general lc pairs.

Once the machinery of Mori’s program was developed, it became clear that
while klt pairs behave nearly as well as smooth varieties, many of the theorems
and methods fail for lc pairs. Thus a separate, detailed study of lc pairs became
necessary.

Furthermore, lc pairs turn out to be very useful in applications. Time and
again, the solution to a question involving a smooth variety X relied on intro-
ducing an auxiliary Q-divisor � such that (X,�) is lc but not klt and then
using the resulting exceptional divisor with discrepancy −1 to solve the origi-
nal problem; see (8.29–8.34) for such examples.

The key advantage of lc pairs is that divisors with discrepancy −1 allow
induction on the dimension. This relies on what was classically called adjunc-
tion or the Poincaré residue map. The study of these forms the technical core
of the book and a good understanding of the origins and aims of these methods
is very helpful.

Let S be a smooth hypersurface in a smooth variety X. The classi-
cal adjunction theorem computes the canonical class of S by the formula
KS ∼ (KX + S)|S . It is even better to view this linear equivalence as a compu-
tation of residues, which gives a canonical isomorphism

R : ωX(S)|S � ωS.

We call it the Poincaré residue isomorphism. It has been long understood that,
if X, S are singular, one should add a correction term, called the different, to
these formulas. Then the classical adjunction, extended to pairs (X, S +�),
becomes

KS + DiffS � ∼Q (KX + S +�)|S.

150
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For a pair (X,�X) a divisor with discrepancy −1 may appear only on a suitable
modification g: (Y,�Y ) → (X,�X). Thus adjunction naturally takes place for
a pair S ⊂ Y where a(S,X,�) = −1, but we would need to understand it as a
relationship for the pairZ := centerX S ⊂ X. These are called the log canonical
centers of (X,�X). There are only finitely many log canonical centers on any
given lc pair and the study of these lc centers holds the key to understanding lc
pairs.

There are three intertwined topics running through the theory.

� Understanding adjunction for divisors.
� Studying the geometry of log canonical centers.
� Relating adjunction on exceptional divisors to properties of the log canonical

centers.

The first of these topics is treated in Section 4.1. It was realized by Shokurov
(1992) that there is a very close relationship between the singularities of the
pairs (X, S +�) and (S,DiffS �). For example, Kawakita (2007) proved that
(X, S +�) is lc in a neighborhood of S if and only if (S,DiffS �) is lc. The
optimal version (4.9) is an important tool that allows induction on the dimension
in many cases.

We show in Section 4.2 that, with minor modifications, the divisorial case is
sufficient to deal with all log canonical centers in the dlt case.

The case when (X,�) is not dlt is much harder; it occupies the rest of the
chapter. After an overview in Section 4.3, we discuss in detail the two new
concepts that help us understand adjunction and log canonical centers. These
are crepant log structures and sources of log canonical centers.

Recall, (1.36), that for any lc pair (X,�) there is a proper birational morphism
g: (Xdlt,�dlt) → (X,�) such that (Xdlt,�dlt) is dlt and

KXdlt +�dlt ∼Q g∗(KX +�).

Then we start with a log canonical center Z ⊂ X, find a divisor S ⊂ Xdlt that
dominates Z, use adjunction for S ⊂ Xdlt and finally employ the resulting map
g|S: S → Z to relate adjunction on S ⊂ Xdlt to properties of Z ⊂ X.

Axiomatizing the properties of (the Stein factorization of) the maps g|S:
S → Z leads to the concept of crepant log structures. These were introduced
in Kollár and Kovács (2010), building on earlier work of Ambro (2003). They
are studied in Section 4.4.

The approach above can be considerably improved by replacing S with a
minimal lc center of (Xdlt,�dlt) that dominates Z. Usually there are many
different choices, but they turn out to be birational to each other. This leads
to the concepts of sources and springs of log canonical centers, introduced in
Kollár (2011d). These are discussed in Section 4.5.
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Assumptions In Section 4.1 we work with arbitrary schemes. Starting with
Section 4.2 we work with schemes (or algebraic spaces) that are of finite type
over a base scheme S that is essentially of finite type over a field of characteristic
0. One would like to allow more general base schemes, for instance spectra of
complete local rings, but there are some technical difficulties, primarily with
the vanishing theorems of Section 10.3.

4.1 Adjunction for divisors

Adjunction is a classical method that relates the canonical class of a variety
and the canonical class of a divisor. It is a very useful tool that allows lifting
information from divisors to the ambient variety and facilitates induction on
the dimension.

Definition 4.1 (Poincaré residue map I) Let X be a smooth variety (or a
regular scheme as in (1.5)) and S ⊂ X a smooth (or regular) divisor. Let

RS : ωX(S) → ωS

(or RX→S if the choice of X is not clear) denote the Poincaré residue map. It
can be defined in two equivalent ways.

(Local definition.) If X is a smooth variety then at a point s ∈ S ⊂ X choose
local coordinates x1, . . . , xn such that S = (x1 = 0). Then

dx1

x1
∧ dx2 ∧ · · · ∧ dxn

is a local generator of ωX(S) = �n
X(log S). Set

RS

(
f · dx1

x1
∧ dx2 ∧ · · · ∧ dxn

)
:= f |S · dx2 ∧ · · · ∧ dxn. (4.1.1)

It is easy to check that RS is independent of the local coordinates.
(Global definition.) If X is a regular scheme, we view ωX and ωS as dualizing

sheaves as in (1.6). Then ωS = Ext 1
X(OS, ωX). By applying Hom( , ωX) to the

exact sequence

0 → OX(−S) → OX → OS → 0

we get a long exact sequence

HomX(OX, ωX)→HomX(OX(−S), ωX)→Ext 1
X(OS, ωX)→Ext 1

X(OX, ωX)

and the last term is zero since OX is locally free. Thus we get the usual short
exact sequence

0 → ωX → ωX(S)
RS→ ωS → 0. (4.1.2)
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Note that this sequence is exact whenever X is CM and S ⊂ X has pure
codimension 1. If, in addition, ωX(S) is locally free near S then

ωX(S)|S = ωS. (4.1.3)

(Note that ωS can be locally free even if ωX(S) is not locally free. As an
example, take X = (xy − zt = 0) ⊂ A4 and S = (x = z = 0).) In many of our
applications KX + S and KS are not Cartier but m(KX + S) and mKS are
Cartier for some m > 0. By taking tensor powers, we get maps

R⊗m
S : (ωX(S))⊗m → ω⊗m

S ,

but we really would like to get a corresponding map between locally free
sheaves

ω
[m]
X (mS) := ((ωX(S))⊗m)∗∗

?���
(
ω⊗m
S

)∗∗ =: ω[m]
S . (4.1.4)

As we saw in (2.34), no such map exists in general, not even if X is a normal
surface. One needs a correction term, called the different.

Our next aim is to extend the definition of the different (and of the Poincaré
residue map) to singular schemes in all dimensions. This does not seem always
possible and in (4.2) we tried to list the minimal set of assumptions. They
are somewhat numerous, but rather mild and satisfied in two important special
cases: if X is normal and S ′ → S is the normalization of a divisor and if
(X, S +�) is lc and S′ = S.

Definition 4.2 (Different II) Consider schemes and divisors as in (1.5) satis-
fying the following additional conditions.

(1) X is a reduced, pure dimensional scheme.
(2) S ⊂ X is a reduced subscheme of pure codimension 1 and X is regular at

all generic points of S.
(3) � is a Q-divisor on X such that X is regular at all generic points of � and

no irreducible component of S is contained in Supp�.
(4) For some m > 0, the rank 1 sheaf ω

[m]
X (mS +m�) is locally free at all

codimension 1 points of S.
(5) S′ is a reduced, pure dimensional scheme such that ωS′ is locally free in

codimension 1.
(6) π: S ′ → S is a finite birational morphism (1.11).

By assumption, there is a closed subscheme Z ⊂ S of codimension 1 such
that S and X are both regular at every point of S \ Z, π: (S ′ \ π−1Z) → (S \ Z)
is an isomorphism, ωS ′ is locally free on S ′ \ π−1Z and Supp� ∩ S ⊂ Z.
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Thus the Poincaré residue map (4.1) gives an isomorphism

RS : ωX(S)|(S\Z) � ω(S\Z).

Since � ∩ (S \ Z) = ∅, taking mth power gives an isomorphism

Rm
S : π∗ω[m]

X (mS +m�)|(S ′\π−1Z) � ω
[m]
S ′ |(S′\π−1Z).

By (4–5) there is a dense, open subset S0 ⊂ S′ such that codimS ′(S ′ \ S0) ≥ 2
and both ω

[m]
X (mS +m�)|S ′ and ω

[m]
S ′ are locally free on S0. Therefore

HomS ′
(
π∗ω[m]

X (mS +m�), ω[m]
S′
)

is a rank 1 sheaf, locally free on S0 and Rm
S defines a rational section. Hence

there is a unique (not necessarily effective) divisor �S′ which is Cartier on S0

such that

Rm
S0 : (π∗ω[m]

X (mS +m�))|S0 � ω
[m]
S0 (�S ′ |S0 ). (4.2.7)

We formally divide by m and define the different of � on S ′ as the Q-divisor

DiffS ′(�) := 1
m
�S′ . (4.2.8)

We write the formula (4.2.7) in terms of Q-divisors as

(KX + S +�)|S′ ∼Q KS ′ + DiffS′ (�). (4.2.9)

As in (2.6), the formula (4.2.9) has the disadvantage that it indicates only
that the two sides are Q-linearly equivalent, whereas (4.2.7) is a canonical
isomorphism.

Note that if KX + S and � are both Q-Cartier, then DiffS′ (0) is defined and

DiffS′ (�) = DiffS′ (0) +�|S, (4.2.10)

but in general the individual terms on the right do not make sense.

Example 4.3 As an illustration we compute the case X = (xy − zn = 0) ⊂
A3 and S = (y = z = 0). Note that y vanishes along S with multiplicity n

while z vanishes along S with multiplicity 1 (but it also vanishes along the
(x = z = 0)-line).

A local generator of ωX is given by x−1dx ∧ dz. Thus ωn
X(nS) is locally free

and a local generator is

1

y
· (dx ∧ dz)n

xn
= (dx ∧ dz)n

xn−1zn
= (−1)n · (dz)n

zn
∧ (dx)n

xn−1
.

Thus, up to sign, the residue of this form is x−(n−1)(dx)n, hence

DiffS(0) = (1 − 1
n

)
[0].

This is consistent with (3.36).
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4.4 (Coefficients 1 − 1
m

) If we start with the classical case, that is with lc pairs
(X, S +D) where S,D are reduced Z-divisors, then DiffS D contains divisors
whose coefficient is either 1 or 1 − 1

m
for some m ∈ N by (3.36.1).

Remarkably, if we allow � to have coefficients of the form 1 − 1
m

for some
m ∈ N, then DiffS � has coefficients 1 − 1

mn
for some n ∈ N by (3.45). This

makes it very pleasant and important to work with pairs (X,�) where the
coefficients of � are in the set

T := {1 − 1
2 , 1 − 1

3 , 1 − 1
4 , . . . , 1

}
.

As an added benefit, if (X,�) is such and G ⊂ Aut(X,�) is a finite subgroup
then the boundary divisor of the quotient (X,�)/G also has coefficients in T
by (2.41.6).

Proposition 4.5 Notation and assumptions as in (4.2). Let π: S̄ → S be the
normalization and V ⊂ S̄ a prime divisor. Then:

(1) If � is effective then Diff S̄(�) is effective and coeffV DiffS̄(�) = 0 if and
only if X, S are both regular at the generic point of V and V �⊂ Supp�.

(2) If � is effective then coeffV DiffS̄(�) ≤ 1 if and only if (X, S +�) is lc at
the generic point of π (V ).

(3) If (X, S +�) is lc and � is effective then DiffS̄(�) is a boundary.
(4) If S is Cartier outside a codimension 3 subset then DiffS(�) = �|S .
(5) If KX + S and D are both Cartier outside a codimension 3 subset then

DiffS D is a Z-divisor and (KX + S +D)|S ∼ KS + DiffS D.
(6) If (X, S +�) is lc and� is effective then DiffS̄(�) +KS̄/S = π∗ DiffS(�).

Proof Note that the different involves only divisors on X and on S̄, hence its
computation involves only points of codimension 2 on X. Therefore we can
localize at the generic point of π (V ) and assume that dimX = 2.

For surfaces the different was computed in (2.35) and (1–5) all hold. If
(X, S +�) is an lc surface and � is effective then, by (2.31), at any point
s ∈ S, the curve S is either regular or it has a node and s �⊂ Supp�. In the
first case π is an isomorphism near s and (6) is clear. If S has a node then
coeffs DiffS(�) = 0 and DiffS̄(�) is the sum of the two preimages of the node
(2.35). Thus DiffS̄(�) = −KS̄/S , proving (6).

Proposition 4.6 (Crepant maps and the different) Let φ: (X1, S1 +�1) ���
(X2, S2 +�2) be a crepant birational map (2.23) such that φ induces a bira-
tional map S1 ��� S2. Then the induced map

φ|S̄1
: (S̄1,DiffS̄1

�1) ��� (S̄2,DiffS̄2
�2) is also crepant.



156 Adjunction and residues

Proof By assumption there is a pair (Y, SY +�Y ) and a commutative diagram

(Y, SY +�Y )
h1



������������
h2

��������������

(X1, S1 +�1)
φ ������������� (X2, S2 +�2)

where the hi are crepant. It is thus enough to show that the morphisms

hi |S̄Y
: (S̄Y ,DiffS̄Y

�Y ) → (S̄i ,DiffS̄i �i)

are crepant. Since KY + SY +�Y ∼Q h∗i (KXi
+ Si +�i), by restriction we

obtain that

KS̄Y
+ DiffS̄Y (�Y ) ∼Q (hi |S̄Y

)∗(KS̄i
+ DiffS̄i

(�i)).

It remains to show that

(hi|S̄Y
)∗ DiffS̄Y

(�Y ) = DiffS̄i (�i).

This can be checked at codimension 1 points of S̄i . By localization we can thus
assume that dimXi = 2 and this case was done in (2.35.1).

4.7 (Different and discrepancies) Let (X, S +�) be a pair and f : (Y, SY +
�Y ) → (X, S +�) a log resolution. Then (4.6) gives that

KSY +�Y |SY ∼Q f ∗
S (KS̄ + DiffS̄(�)) and DiffS̄(�) = (f̄S)∗(�Y |SY

).

(4.7.1)

If the existence of a log resolution is not known, we can still use (4.7.1) if we
focus on finitely many divisors at a time. Indeed, let ES be any divisor over S̄.
By (2.22), there is a sequence of blow-ups f : Y → X such that centerSY

ES is a
divisor on SY and both SY and Y are regular at the generic point of centerSY ES .

(4.7.2) In order to get additional information, note that by further blowing
up we may assume that f −1

∗ � is disjoint from SY and if Ei is an exceptional
divisor of f that intersects SY then centerX Ei ⊂ S. (Note, however, that if Ei

is f -exceptional, Ei ∩ SY need not be fS-exceptional.) Then (2.35) and (4.7.1)
give the following.

Claim 4.7.3 Let f : Y → X be a birational morphism and SY := f −1
∗ S the

birational transform of S.

a) Let E ⊂ Y be a divisor and ES any irreducible component of E ∩ SY . Then
a(ES, S̄,DiffS̄(�Y )) ≤ a(E,X, S +�).

b) Let F ⊂ SY be a divisor such that SY is regular at the generic point
of F . Let FX be the divisor obtained by blowing up F ⊂ Y . Then
a(F, S̄,DiffS̄(�Y )) = a(FX,X, S +�) and centerS F = centerX FX.
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c) If f : Y → (X, S +�) is a log resolution then

totaldiscrep(S̄,DiffS̄(�))
= mini{a(Ei,X, S +�) : Ei is f -exceptional and Ei ∩ SY �= ∅}.

The condition Ei ∩ SY �= ∅ in (4.7.3c) is rather difficult to control since it is
not birationally invariant. In order to get something that is visibly birational in
nature, we consider the following variants of the discrepancy (2.9).

Definition 4.7.4 Let (X,�) be a pair and Z ⊂ X a closed subscheme. Define

discrep(center ⊂ Z,X,�) := infE{a(E,X,�) : centerX E ⊂ Z}, and
discrep(center∩Z �= ∅, X,�) := infE{a(E,X,�) : centerX E ∩ Z �= ∅},
where, in both cases, E runs through the set of all exceptional divisors over X
satisfying the indicated restrictions. Both of these have a totaldiscrep version.

Finally, if E is a set of divisors over X then inserting the conditions E �∈ E
means that we take the infimum over all divisors that are not in E . For instance,
if [S] denotes the set of divisors corresponding to the irreducible components
of some S ⊂ X, then

totaldiscrep(E �∈ [S], center∩S �= ∅, X,�)

denotes the infimum of all a(E,X,�), where E runs through all divisors
over X, save the irreducible components of S, whose center has nonempty
intersection with S.

Using this notation, the above arguments established the following:

Lemma 4.8 (Easy adjunction) Let X be a normal scheme as in (1.5) and S a
reduced divisor on X. Let � be an effective Q-divisor that has no irreducible
components in common with S. Assume that KX + S +� is Q-Cartier and let
S̄ → S denote the normalization.

Then for every divisor ES over S̄ there is a divisor EX over X such that

a(EX,X, S +�) = a(ES, S̄,DiffS̄(�)) and centerX EX = centerS ES.

In particular,

totaldiscrep(S̄,DiffS̄(�)) ≥ discrep(center ⊂ S,X, S +�)
≥ totaldiscrep(E �∈ [S], center∩S �= ∅, X, S +�).

Note that if (X, S +�) is plt then S is normal in codimension 1 by (2.31)
hence normal in characteristic 0 by (2.88). Thus, in these cases, we do not
worry about the normalization and write (S,DiffS(�)) instead.

The above lemma (or similar results and conjectures) is frequently referred
to as adjunction if we assume something about X and obtain conclusions about
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S, or inversion of adjunction if we assume something about S and obtain
conclusions about X.

The main theorem in the subject (4.9) asserts that the inequalities in (4.8) are
equalities, at least in characteristic 0. It was conjectured in Shokurov (1992,
3.3) and extended to the current form in Kollár (1992, 17.3). The hard part is to
establish the converse: we assume something about the lower dimensional pair
(S,DiffS(�)) and we want to conclude something about the higher dimensional
pair (X, S +�).

The surface case was proved in (2.35).
For applications the following two special cases are especially important.

(1) Kollár (1992, 17.4) If totaldiscrep(S,DiffS(�)) > −1 then
totaldiscrep(E �∈ [S], center∩S �= ∅, X, S +�) > −1.

(2) Kawakita (2007) If totaldiscrep(S̄,DiffS̄(�)) ≥ −1 then
totaldiscrep(center∩S �= ∅, X, S +�) ≥ −1.

Both of these have been proved in characteristic 0 without using any form of
the MMP and these have been important tools in higher dimensional birational
geometry. The simplest proof of (1) is in Kollár et al. (2004, section 6.4).

It was also observed in Kollár (1992, 17.9–12) that (4.9) is implied by the
full MMP for dlt pairs and this is essentially the proof that we present below.

Theorem 4.9 (Adjunction) Let X be a normal variety over a field of charac-
teristic 0 and S a reduced divisor on X with normalization S̄ → S. Let � be
an effective Q-divisor that has no irreducible components in common with S.
Assume that KX + S +� is Q-Cartier. Then

totaldiscrep(S̄,DiffS̄(�)) = discrep(center ⊂ S,X, S +�)
= totaldiscrep(E �∈ [S], center∩S �= ∅, X, S +�).

In particular,

(1) If (S̄,DiffS̄(�)) is klt then (X, S +�) is plt in a neighborhood of S.
(2) If (S̄,DiffS̄(�)) is lc then (X, S +�) is lc in a neighborhood of S.

Furthermore, the following more precise result holds.

(3) Assume that (X, S +�) is lc and let E be a divisor over X such
that a(E,X, S +�) < 0. Let ZS ⊂ S̄ be an irreducible subvariety that
dominates an irreducible component of S ∩ centerX E. Then there is a
divisor ES over S̄ such that a(ES, S̄,DiffS̄(�)) ≤ a(E,X, S +�) and
centerS̄ ES = ZS .

Warning

1. If (S̄,DiffS̄(�)) is terminal (canonical, plt or dlt) then (X, S +�) is usually
not terminal (canonical, plt or dlt) in a neighborhood of S.
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2. The assumption that KX + S +� be Q-Cartier is quite important. Let C
be a smooth projective curve. By taking a cone over C × Pn, we get a
normal variety Xn+2 which contains a smooth divisor S � An+1. There is
only an isolated singular point at the vertex and, for n ≥ 1, DiffS(0) is the
zero divisor. In particular, (S,DiffS(0)) is even terminal. Nonetheless, if
g(C) ≥ 2 then (X, S) is not lc. In fact, (X,�) is never lc, no matter how we
choose a Q-divisor �.

3. In (4.9.3) the assumption a(E,X, S +�) < 0 may not be necessary but
our method of proof definitely fails in general. This is connected with the
conjecture on the lower semi-continuity of minimal log discrepancies (7.13).

As a first application of (4.9) we obtain that discrepancies behave well in
flat families. The last claim was originally proved in Kawamata (1999a) and
Nakayama (1986) without using MMP.

Corollary 4.10 LetX be a normal variety over a field of characteristic 0 and�

an effective Q-divisor on X such that KX +� is Q-Cartier. Let f : X → B be a
flat, proper morphism to a smooth curve such that every irreducible component
of � dominates B. Set Xb := f −1(b) with normalization X̄b → Xb. Then:

(1) The function b �→ totaldiscrep(X̄b,DiffX̄b
(�)) is lower semi-continuous.

(2) The set {b ∈ B : (X̄b,DiffX̄b
(�)) is lc} is open in B.

(3) The set {b ∈ B : (Xb,�b) is klt} is open in B.
(4) The set {b ∈ B : (Xb,�b) is canonical (resp. terminal)} is open in B.

Proof Fix 0 ∈ B and set c = totaldiscrep(X0,DiffX̄0
(�)). By (4.9), there is

an open neighborhood X0 ⊂ U ⊂ X such that totaldiscrep(E �∈ [X0], U,X0 +
�|U ) ≥ c.

Let f : Y → X be a log resolution of (X,X0 +�) and write KY +�Y ∼Q

f ∗(KX +X0 +�). For general b ∈ B, Xb is contained in U and, by Bertini’s
theorem, Yb := f −1(Xb) → Xb is a log resolution of (Xb,�|Xb

) and KYb
+

�Y |Yb
∼Q f ∗(KXb

+�|Xb
). Thus totaldiscrep(X̄b,DiffX̄b

(�)) ≥ c, proving (1)
and (2).

In the klt cases Xb is normal and by (4.5), the restriction of � is the same as
the different. This shows (3).

A more delicate argument is needed for (4). By (3) we may assume that,
possibly after shrinking B, (X,Xb +�) is plt for every b ∈ B.

Assume that (X,�) is not terminal (resp. canonical). Then there is an ex-
ceptional divisor E over X such that a(E,X,�) ≤ 0 (resp. < 0). If centerX
E ⊂ Xb then a(E,X,Xb +�) ≤ −1 which is impossible. Thus E dominates
B and so a(E,X,Xb +�) = a(E,X,�). By (1.38) there is a Q-factorial dlt
model π: X′ → X whose sole exceptional divisor is E. Since π−1(Xb) is a
Cartier divisor, π−1(Xb) ∩ E is a divisor in π−1(Xb); let Eb be any of its
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irreducible components. By (4.7.3a)

a(Eb,Xb,�b) ≤ a(E,X,Xb +�) = a(E,X,�).

Since E is exceptional over X and dominates B, dimXb ∩ centerX E ≤
dimXb − 2 for every b ∈ B, hence Eb is exceptional over Xb. Thus (X0,�0)
is also not terminal (resp. canonical).

4.11 Proof of (4.9) All assertions concern a neighborhood of S in X, thus
we may assume from now on that every irreducible component of � intersects
S and we can ignore all exceptional divisors whose center in X is disjoint
from S.

Note that totaldiscrep(S̄,Diff S̄(�)) ≤ 0 (since every divisor on S̄ has dis-
crepancy ≤ 0) and totaldiscrep(E �∈ [S], X, S +�) ≤ 0 as shown by blowing
up a divisor on S along which S and X are smooth. Thus both sides in (4.9) are
in {−∞} ∪ [−1, 0].

Assume next that (X, S +�) is plt and let E be a divisor over X such that
−1 < a(E,X, S +�) < 0. By (1.39) there is a projective, birational morphism
g: XE → X such that E is an exceptional divisor on XE and E = g−1(g(E)).
In particular, every irreducible component of S ∩ g(E) is dominated by an
irreducible component of g−1

∗ S ∩ E. Since XE is Q-factorial, the latter are
divisors over S and by (4.7.3a) their discrepancy is ≤ a(E,X, S +�). This
proves the main equalities and also (4.9.3) in the plt case.

It remains to show that

(1) if (X, S +�) is not plt then (S̄,DiffS̄(�)) is not klt,
(2) if (X, S +�) is not lc then (S̄,Diff S̄(�)) is also not lc and
(3) if (X, S +�) is lc then (4.9.3) holds.

We could try to argue as above, but this would need (1.39) in the non-dlt case
(which is known but we have not proved yet) or in the non-lc case (which does
not hold in general). There are two ways to go around this problem. First we
see what a small modification of the above method gives. Then we prove an
even more general result that includes (4.9.2).

Special case 4.11.4 Assume that S is Q-Cartier. (This is the only case that
we used in (4.10) and will use later in this book.)

Apply (1.34) to get g: X′ → X where all exceptional divisors have disrep-
ancy ≤ −1. Since S is Q-Cartier, so is g∗S. If g∗S �= g−1

∗ S then there is a
g-exceptional divisor E ⊂ g∗S such that E ∩ g−1

∗ S �= ∅. As before we see that
(S̄,DiffS̄(�)) is not klt.

If g∗S = g−1
∗ S then g−1

∗ S intersects every divisor, and again we conclude
that (S̄,Diff S̄(�)) is not klt. This completes (4.11.1).

Next assume that (X, S +�) is not lc. Pick 0 < η � 1 and apply (1.36) to
(X, (1 − η)S +�) with c = 1 to get g: Xη → X with g-exceptional divisors
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Ei . Note that as we replace S by (1 − η)S, we increase the discrepancy of every
exceptional divisor whose center is contained in S. Thus we can choose η such
that no g-exceptional divisor with center in S has discrepancy −1 and some
have discrepancy < −1.

Now we argue as before. If g∗S �= g−1
∗ S then there is a g-exceptional divisor

with center in S that intersects g−1
∗ S and we are done.

If g∗S = g−1
∗ S then g−1

∗ S intersects every divisor. Since (X, S +�) is not
lc, there is at least one divisor whose discrepancy is < −1 and we are again
done.

General case 4.11.5 If S is not Q-Cartier, the above proofs do not work.
However, both (4.11.1–2) were proved without using minimal models. The
proof of (4.11.1) given in Kollár and Mori (1998, 5.50) is short and quite self-
contained. The proof of (4.11.2) in Kawakita (2007) is an elementary but quite
mysterious computation.

Finally, the proof of (4.11.3) will be completed in (7.5).

The following result of Hacon (2012) is a generalization of (4.9.2). In order
to state it, recall the notation �>1,�≤1 introduced in (1.3).

Theorem 4.12 Let X be a normal variety over a field of characteristic 0
and �X a boundary on X such that KX +�X is Q-Cartier. Let f : (Y,�Y ) →
(X,�X) be a log resolution where KY +�Y ∼Q f ∗(KX +�X).

Assume that there is an irreducible divisor E ⊂ Y such that coeffE �Y = 1
and E is disjoint from Supp((�Y )>1). Then

(1) (X,�X) is lc in a neighborhood of f (E), equivalently,
(2) f (E) is disjoint from f (Supp(�Y )>1).

If �Y is effective, then we can be even more general.

Theorem 4.13 Let (Y,�) be a pair over a field of characteristic 0 such that
� is effective and (Y,�≤1 + red�>1) is dlt. Let f : Y → X be a projective
morphism with connected fibers such that KY +� ∼f,Q 0. Let Z ⊂ Y be an lc
center (4.15) of (Y,�≤1 + red�>1) that is disjoint from Supp (�>1). Then

(1) (Y,�) is dlt in a neighborhood of f −1(f (Z)), equivalently,
(2) f (Z) is disjoint from f (Supp (�>1)).

Proof Assume to the contrary that there is a point x ∈ f (Z) ∩ f (Supp (�>1)).
The problem is étale local on X, thus we may assume that k(x) is algebraically
closed and Di ∩ f −1(x) is connected for every irreducible component Di of
�≥1 (4.38).

If f −1(x) ∩∑Di is disconnected then we apply (4.37) to (Y,�− ���) with
D := ���. Thus (Y,�) is plt in a neighborhood of f−1(x) and we are done.
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If f −1(x) ∩∑Di is connected then, up to reindexing, let D1, . . . , Dr be a
shortest chain of divisors such that

(3) each Di has coefficient 1 in �,
(4) �>1 ∩D1 ∩ f −1(x) �= ∅,
(5) Di ∩Di+1 ∩ f −1(x) �= ∅ for i = 1, . . . , r − 1 and
(6) Dr ∩ Z ∩ f −1(x) �= ∅.

We claim that (the Stein factorization of) (D1,Diff∗D1
�) → X gives a lower

dimensional counter example to (4.13). The only question is to find an lc center
Z1 of (D1,Diff∗D1

�) that is disjoint from D1 ∩�>1.
Note that if i ≥ 2 then �>1 ∩Di ∩ f −1(x) = ∅ since otherwise we could

omit D1 from the chain. Thus if r ≥ 2 then any irreducible component of
D1 ∩D2 gives such a Z1. If r = 1 then any irreducible component of D1 ∩ Z

works.
We complete the proof by induction on dimY .

4.14 Proof of (4.13) ⇒ (4.12) If �Y is effective then f : (Y,�Y ) → X satis-
fies the assumptions of (4.13) with Z := E. We will run a suitable MMP to get
rid of the negative part of �Y while keeping track of E.

We can replace Y by any other log resolution dominating it, thus, by (1.12.1),
we may assume that there is an effective f -exceptional divisor F such that −F

is f -ample. The conclusions are local on X, thus we may assume that X is
quasi-projective. Choose HX ample on X such that −F + f ∗HX is ample
on Y and let H be an effective Q-divisor such that H ∼Q −F + f ∗HX and
(Y,�Y +H ) is also snc. Write �Y = �h +�v where �h := f −1

∗ �X is the
horizontal part and �v is f -exceptional. Let � =∑i Ei be the sum of all
f -exceptional divisors. Note that � = �v − A+ B where A,B are effec-
tive, SuppA = Supp (�v)>1 and SuppB = Supp (�v)<1. Choose 0 < ε to be
smaller than any of the coefficients appearing in B.

By (1.30.5) we can run an MMP for (Y,�h +�+ εH ) over X. We get
a series of contractions and flips φi: Y i ��� Y i+1 starting with Y 0 = Y and
ending with a minimal model

f m:
(
Ym,�m

h +�m + εHm
)→ X.

We prove by induction on r that

(1.r) Er is disjoint from �r
>1 and

(2.r) Er is not contracted by φr .

We start with (1.0) which is our assumption. Assume that (1.r) holds. Note that

KYr +�r
h +�r + εHr ∼f r ,Q Br + εH r − Ar,
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the divisors Br,H r,Ar are effective, none of them contains Er and SuppAr =
Supp (�r

v)>1 is disjoint from Er by (1.r). Thus

(KYr +�r
h +�r + εHr )

∣∣
Er ∼f r ,Q (effective divisor),

hence Er is not contracted by φr , proving (2.r).
Assume that (2.r-1) holds, thus Er is a divisor on Xr . By our assumption

(E,Diff∗E �Y ) is lc, hence (Ēr ,Diff∗̄
Er �

r
Y ) is also lc by (4.6) and (2.23.4) where

π: Ēr → Er is the normalization. Since Y r is Q-factorial, if Er is not disjoint
from �r

>1 then there is a divisor V r ⊂ Ēr such that π (V r ) ⊂ �r
>1. Thus V r

appears in Diff∗̄
Er �

r
Y with coefficient > 1, unless π (V r ) is also contained in

�<0 (2.32). This is, however, impossible since the irreducible components of
Er +�r

>1 +�r
<0 all appear in �r with coefficient = 1. The latter is dlt, hence

at most two of its irreducible components can contain π (V r ) (2.32).
At the end we get that

KYm +�m
h +�m + εHm ∼f m,Q Bm + εHm − Am ∼f m,Q Bm − εFm − Am

is f m-nef and f m-exceptional. Thus Am + εFm − Bm is effective by (1.17).
Since ε is smaller than any of the coefficients appearing in B, this implies that
Bm = 0.

Thus f m: (Ym,�m
Y ) → X satisfies the assumptions of (4.13) with

Z := Em.

4.2 Log canonical centers on dlt pairs

For an lc pair (X,�) it is especially interesting and useful to study exceptional
divisors with discrepancy −1. These divisors, and their centers on X, play a
crucial role in the inductive treatment of lc pairs.

Definition 4.15 Let (X,�) be a pair with � not necessarily effective. We say
that an irreducible subvariety Z ⊂ X is a log canonical center or lc center of
(X,�) if (X,�) is lc at the generic point of Z and there is a divisor E over X
such that a(E,X,�) = −1 and centerX E = Z.

We sometimes call a (not necessarily closed) point an lc center if its closure
is an lc center.

Let f : Y → X be a proper birational morphism and write KY +�Y ∼Q

f ∗(KX +�) as in (2.6). If (X,�) is lc, then, by (2.23), the lc centers of (X,�)
are exactly the images of the lc centers of (Y,�Y ).

If X is smooth and � is snc, then the lc centers of (X,�) are exactly the
strata of �=1. This follows from (2.11), or see (4.16) for a more general case.

Warning Traditionally X was not considered to be a log canonical cen-
ter of (X,�). However, in many contexts it is very convenient to view X
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itself as a log canonical center, thereby avoiding trivial exceptions to many
theorems.

Log canonical centers in the dlt case

The lc centers of a dlt pair behave very much like lc centers of an snc pair.

Theorem 4.16 (Fujino, 2007, section 3.9) Let (X,�) be a dlt pair and
D1, . . . , Dr the irreducible divisors that appear in � with coefficient 1.

(1) The s-codimensional lc centers of (X,�) are exactly the irreducible com-
ponents of the various intersections Di1 ∩ · · · ∩Dis for some {i1, . . . , is} ⊂
{1, . . . , r}.

(2) Every irreducible component of Di1 ∩ · · · ∩Dis is normal and of pure
codimension s.

(3) Let Z ⊂ X be any lc center. Assume that Di is Q-Cartier for some i and
Z �⊂ Di . Then every irreducible component of Di |Z is also Q-Cartier.

Proof Let E be a divisor over X such that a(E,X,�) = −1 and Z =
centerX E. By localizing at the generic point of Z, we may assume that Z

is a closed point of X. By the dlt assumption, X is smooth at Z and � is
snc. If dimZ X = n, there are snc divisors B1, . . . , Bn through Z such that
� =∑ aiBi for some 0 ≤ ai ≤ 1 (where we can ignore the components of �
that do not pass through Z). Set �′ :=∑Bi . Then a(E,X,�′) ≥ −1 by (2.7)
and a(E,X,�) > a(E,X,�′) ≥ −1 by (2.5) unless ai = 1 for every i. Thus
every Bi appears in � with coefficient = 1 – hence is one of the Dj – and Z

is an irreducible component of the intersection of the corresponding Dj . This
proves one direction of (1).

By (2.31) each Di is smooth in codimension 1 and S2 (even CM) by (2.88).
Thus each Di is normal. We use induction on s to prove the rest, building on
the following result.

Claim 4.16.4 Assume that (X,�) is dlt and let D ⊂ ��� be an irreducible
component. Then (D,DiffD(�−D)) is dlt. (The converse fails, for instance
for (A3, (z = 0) + (xy = zm)).)

Proof By (4.8), (D,DiffD(�−D)) is lc. LetZ ⊂ D be a log canonical center
of (D,DiffD(�−D)). Then there is a divisor ED over D whose center is Z

and whose discrepancy is−1. Thus, by (4.8) there is a divisor EX over X whose
center is Z and whose discrepancy is −1. Since (X,�) is dlt this implies that
(X,�) is snc at the generic point of Z. Thus DiffD(�−D) = (�−D)|D and
(D,DiffD(�−D)) is snc at the generic point of Z.

By (2.62), the support of ODi
+ ODj

/ODi+Dj
has pure codimension 2 in X,

hence Di ∩Dj has pure codimension 2 in X. By localizing at a generic point



4.2 Log canonical centers on dlt pairs 165

of Di ∩Dj , we see from (2.35) that each irreducible component of Di ∩Dj is
an lc center. This shows the s = 2 case of (2). For s > 2 we use induction and
the equality

Di1 ∩ · · · ∩Dis = (Di1 |Dis
) ∩ · · · ∩ (Dis−1 |Dis

).

Finally, assume that Di is Q-Cartier and i �= s. Then Di|Ds
is also Q-Cartier,

and, since Di ∩Ds is normal, every irreducible component of Di|Ds
is also

Q-Cartier; proving (3).

The following result compares the fields of definitions of various lc centers.

Proposition 4.17 Let (X,�) be a dlt pair over a field k. Let K ⊃ k be a field
extension and W1 ⊂ W2 ⊂ XK lc centers of (XK,�K ).

Then, if W1 is defined over k, so is W2.

Proof Let Di ⊂ ��� be the irreducible components that contain W1. By
(4.16) each Di is smooth at the generic point of W1, hence the K-irreducible
component D′

i ⊂ (Di)K that contains W1 is also defined over k. By (4.16), W2

is a K-irreducible component of the intersection of some of the D′
i . Since W2

is also smooth at the generic point of W1, it is also defined over k.

4.18 (Higher codimension Poincaré residue maps) First, let X be a smooth
variety and D1 + · · · +Dr an snc divisor on X. We can iterate the codimension
1 Poincaré residue maps (4.1) to obtain higher codimension Poincaré residue
maps

RX→D1∩···∩Dr
: ωX(D1 + · · · +Dr )|D1∩···∩Dr

� ωD1∩···∩Dr
(4.18.1)

defined by

RX→D1∩···∩Dr
:= RD1∩···∩Dr−1→D1∩···∩Dr

◦ · · · ◦RD1→D1∩D2 ◦RX→D1 .

These maps are defined up to sign. It is enough to check this for two divisors.
As a local model, take X := An and Di := (xi = 0). For any 1 ≤ r ≤ n, a
generator of ωX(D1 + · · · +Dr) is given by

σ := 1

x1 · · · xr dx1 ∧ · · · ∧ dxn.

If we restrict first to D1 and then to D2, we get

RX→D1∩D2 (σ ) = 1

x3 · · · xr dx3 ∧ · · · ∧ dxn.

If we restrict first to D2 and then to D1, then we need to interchange dx1 and
dx2 in the computation, hence we get

RX→D1∩D2 (σ ) = −1

x3 · · · xr dx3 ∧ · · · ∧ dxn.
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Note also that, if W = D1 ∩ · · · ∩Dr and Z = W ∩Dr+1 ∩ · · · ∩Ds then, by
construction,

RX→Z = ±RW→Z ◦RX→W (4.18.2)

Assume next that X is a normal variety and � is a Q-divisor which can be
written as

� = D1 + · · · +Dr +�′

where Di ⊂ X are irreducible divisors not contained in Supp�′. Let Z0 ⊂
snc(X,

∑
Di) ∩D1 ∩ · · · ∩Dr be an open subset and πZ: Z → X the normal-

ization of its closure. We may assume that Z0 is disjoint from Supp�′.
Assume that m(KX +�) is a Cartier Z-divisor where m > 0 is even. We can

apply (4.18.1) to the snc locus of (X,D1 + · · · +Dr ) to obtain an isomorphism

Rm
X→Z0 : ω[m]

X (m�)|Z0
�−→ ω

[m]
Z0 . (4.18.3)

As in (4.2), this gives a rational section of

HomZ

(
π∗
Zω

[m]
X (m�), ω[m]

Z

)
There is thus a unique Q-divisor Diff∗Z �, called the different such that (4.18.3)
extends to an isomorphism

Rm
X→Z : ω[m]

X (m�)|Z �−→ ω
[m]
Z (m · Diff∗Z �). (4.18.4)

Note that this formula simultaneously defines Rm
X→Z and Diff∗Z � and that

Rm
X→Z is defined only for those even values of m for which m(KX +�) is

Cartier.

Remark on the notation In (2.34) the original DiffD is set up so that if
� = D +D′ then the restriction of KX +� = KX +D +D′ to D is KD +
DiffD D′ = KD + DiffD(�−D). That is, we first remove D from � and then
take the different. For higher codimension lc centers Z ⊂ X, it does not make
sense to “first remove Z from �.” Thus we need the new notation Diff∗. In the
classical case, Diff∗D � = DiffD(�−D).

Applying this to the dlt case, we obtain the following.

Theorem 4.19 Let (X,�) be dlt, � effective and Z ⊂ X an lc center. Then:

(1) Diff∗Z � is an effective Q-divisor and (Z,Diff∗Z �) is dlt.
(2) If m > 0 is even and m(KX +�) is Cartier then the Poincaré residue map

gives an isomorphism

Rm
X→Z: ω[m]

X (m�)|Z �−→ ω
[m]
Z (m · Diff∗Z �).
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(3) If W ⊃ Z is another lc center of (X,�) then Z is also an lc center of
(W,Diff∗W �) and

Diff∗Z � = Diff∗Z(Diff∗W �).

Proof If Z is a divisor, (1) was proved in (4.5).
By the definition, (4.18.4) and (4.18.2), (3) holds if Z is a divisor on X and

W a divisor on Z. Thus, by induction, (3) also holds whenever Z and W are
irreducible components of complete intersections of divisors in ���. By (4.16)
this covers all cases. Now (3) and induction gives (1) and (2) was part of the
definition of Diff∗Z �.

Complement 4.19.1 The above results also hold for any pair (X,�), provided
it is dlt at the generic point of Z. The different is then defined on the normal-
ization Z̄. If � is effective then so is Diff∗̄

Z
� and if (X,�) is lc then so is

(Z̄,Diff∗̄
Z
�).

There are two ways to obtain these. First, one can go back and see that
the only part of dlt we used was that (X,�) is snc at the generic point of Z.
Second, we can use (1.36) to get a dlt model g: (Xm,�m) → (X,�) that is an
isomorphism over the generic point of Z. We have already proved (1–3) for
(Xm,�m); by push-forward we get (1–3) for (X,�).

4.3 Log canonical centers on lc pairs

Next we aim to generalize (4.19) to lc pairs. This is a quite lengthy project.
The key observation is that that one needs to look behind lc centers in order
to understand lc pairs. This leads first to the notion of hereditary lc centers
and then to sources and springs of lc centers. Here we give an outline of the
arguments, gathered into six main topics.

4.20 (Lc centers as subvarieties) We saw in (4.16) that the lc centers of a
dlt pair are normal and by (4.19) and (2.88) they have rational singularities.
Neither of these hold for general lc pairs, but they do not fail by much. We will
prove four special properties of lc centers of arbitrary lc pairs.

(1) (Normality) Every minimal (with respect to inclusion) lc center is normal
(9.26).

(2) (Intersection) Any intersection of lc centers is also a union of lc centers
(4.41.2).

(3) (Seminormality) Every union of lc centers is seminormal (9.26, 10.11).
(4) (Du Bois) Every union of lc centers is Du Bois (6.10).

Originally, (4.20.1–3) were proved directly by rather subtle arguments in
Ambro (2003, 2011) and Fujino (2009b). We take a more roundabout approach.
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First we show much weaker versions of these assertions. For instance, in
(4.41) we show that every minimal lc center is unibranch and that the union of
all lc centers is seminormal. These are much easier to prove than (1) or (3).
Then we set up an inductive framework and use these weaker versions to get
the general results.

A disadvantage of this method is that one needs to wait for the general theory
to get the basic results on lc centers. For example, (4.20.1) and (4.20.3) will be
proved as special cases of (9.26) and (4.20.4) is established in (6.32).

On the other hand, we find this approach shorter at the end and it also works
well for semi-log canonical pairs and for the proof of the Du Bois property.

4.21 (Hereditary lc centers) If all lc centers are normal (as in the dlt case), then
they show everything. In general, however, one should start with the lc centers,
then look at the lc centers on their normalizations and iterate this process if
necessary. These are called hereditary lc centers (5.30).

This concept is illustrated by the examples

(A3,D1 := (x2 = y2z)) and (A3,D2 := (x3 + x2z = y2z)).

The 2-dimensional lc centers are D1 (resp. D2)). In both cases, the sole 1-
dimensional lc center is the line (x = y = 0). The normalization of D1 is
π: A2

st → D1 given by x = st, y = s, z = t2 and the preimage of the line (x =
y = 0) is the line (s = 0). It is smooth and there are no more lc centers. The nor-
malization ofD2 is the cone over the twisted cubic Spec C[s3, s2t, st2, t3] ⊂ A4

and the map is given by x = s(t2 − s2), y = t(t2 − s2), z = s2. The preimage
of the line (x = y = 0) is the pair of intersecting lines (s ± t = 0). This shows
that the origin has to be an lc center. Of course we could easily have seen this
by blowing up the origin, but now the underlying geometry reveals it.

Hereditary lc centers play a key role in Chapter 9. They seem to be the right
concept to use in the study of finite equivalence relations.

A problem with the above definition of hereditary lc centers is that if we start
with an lc pair (X,�), then the normalization of an lc center cannot be made
into an lc pair in a natural way. We come back to this in (4.23).

4.22 (Sources of lc centers) Let us start with an example. Consider the lc pair
(X, 0) where

X := (s(x3 + y3 + z3) + t(3xyz) = 0) ⊂ P1
st × A3

xyz. (4.22.1)

There is only one lc center Z := P1 × {(0, 0, 0)}. We compute that ωX|Z �
OP1 (−1). This is larger than ωP1 � OP1 (−2) and the different should compen-
sate for this.

Since both ωX and ωP1 are locally free, (4.5.5) would suggest that there
should be a special point p ∈ Z such that the residue map is an isomorphism
ωX|Z � ωZ(p). At first sight it looks like (0 : 1) might be a special point, where
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the elliptic curve E(s, t) := (s(x3 + y3 + z3) + t(3xyz) = 0) ⊂ P2 becomes
reducible.

A closer inspection reveals that there are three other points where E(s, t)
becomes reducible; this also happens when t3 + s3 = 0. Moreover, these four
points play a completely symmetric role; the automorphism group of X acts
like S4 on these four points and it has no fixed point on Z. For instance, if ε is
a primitive 3rd root of unity then

(x, y, z, s, t) �→ (x + y + z, x + εy + ε2z, x + ε2y + εz, s + t, 2s − t)

is an automorphism of X which interchanges E(0, 1) with E(1,−1). (See
Artebani and Dolgachev (2009) for details about this so called Hesse pencil.)

To find the correct solution, we blow-up Z to get p: BZX → X. Note that
BZX is a dlt modification of X. Let E ⊂ BZX denote the exceptional divisor.
Then

E � (s(x3 + y3 + z3) + t(3xyz) = 0) ⊂ P1
st × P2

xyz

and the first projection p|E: E → Z is a family of elliptic curves. Then one
gets natural maps

p∗ωX � ωBZX(E) and RBZX→E : ωBZX(E) → ωE. (4.22.2)

These in turn give natural isomorphisms

ωX|Z � p∗ωE � ωZ ⊗ p∗ωE/Z. (4.22.3)

There are two ways to think about the formulas (4.22.2–3). For the traditional
approach, see (4.26).

Our choice is to think of p|E: E → Z as the basic object naturally associated
to the lc center Z of the pair (X,�); we call it the source of Z and denote it by
Src(Z,X,�). Its key properties are established in Section 4.5.

Before we can study these sources, we need to study the abstract properties
of fiber spaces similar to p|E: E → Z.

4.23 (Crepant log structures) In general, the above constructions lead to a
compound object p: (X,�) → Z where p is a proper morphism with con-
nected fibers, (X,�) is lc and KX +� ∼p,Q 0. These crepant log structures
are studied in Section 4.4.

Especially when � = 0, these fiber spaces p: X → Z have been intensely
studied in connection with Iitaka’s classification program, see Ueno (1975)
and Mori (1987) for surveys. These works almost exclusively focused on the
postivity properties of the sheaves p∗ω

[m]
X/Z . By contrast, here we are mainly

interested in the log canonical centers of (X,�).
Crepant log structures also provide the right level of generality to define

hereditary lc centers.
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So far we have studied individual lc centers. Now it is time to put all the
information together.

4.24 (Log canonical stratification) For an lc pair (X,�) let S∗i (X,�) be the
union of all ≤ i-dimensional lc centers and set

Si(X,�) := S∗i (X,�) \ S∗i−1(X,�).

Thus Si(X,�) is a locally closed subscheme of X of pure dimension i and X

is the disjoint union of the Si(X,�). (Eventually we prove that the Si(X,�)
are normal and the S∗

i (X,�) are seminormal and Du Bois.) The collection of
all the Si(X) is called the log canonical stratification of X. The boundary of
the stratification is the closed subscheme

B(X,�) := S∗dimX−1(X,�).

Our main interest is in understanding the log canonical stratification but for
most arguments one needs two additional structures.

4.24.1 (Hereditary structure) Frequently one needs information not just about
the stratification of X, but also about the preimages of the lc stratification on
the normalization of the boundary B̄(X) → B(X) ↪→ X, on the normalization
of the boundary of the normalization of the boundary

B̄(B̄(X)) → B(B̄(X)) ↪→ B̄(X) → B(X) ↪→ X

and so on. This is the theme of Sections 5.5 and 9.1.

4.24.2 (Source structure) For some questions, besides the hereditary structure
we also need to keep track of the sources of the lc centers. These considerations
play a key role in Sections 5.6 and 5.7.

These topics complete the basic structure theory of lc (and slc) pairs. They
focused entirely on divisors with discrepancy −1. Next we study centers of
divisors with negative discrepancy.

4.25 (Log centers) Let E be a divisor over X such that a(E,X,�) < 0.
Then centerX E is called a log center of (X,�). Note that every irreducible
component of � is a log center of (X,�), thus the log centers give a much
fuller picture of (X,�) than the log canonical centers alone.

The main properties of log centers are proved in Sections 7.1 and 9.2. The
guiding principle is that if a(E,X,�) is close to −1 then centerX E behaves
very much like a log canonical center but as a(E,X,�) gets close to 0 there is
less and less to say.

4.26 (Historical remark I) The first approach defining the different and the
Poincaré residue map in general was developed in Kawamata (1998) and Kollár
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(2007c). Looking at (4.22.3) we accept that the different is zero and think of
p∗ωE/Z as a secondary correction term.

Let (X,�) be an lc pair and Z ⊂ X an lc center. The aim is to define the
different and a new divisor class JZ such that we get a (weaker) Poincaré
residue isomorphism

WRm
X→Z: ω[m]

X (m�)|Z �−→ ω
[m]
Z (mJZ +mDiff∗Z �). (4.26.1)

A major difficulty is that while Diff∗Z � is an actual divisor, JZ is only a Q-
linear equivalence class and there does not seem to be any sensible way to pick
a divisor corresponding to JZ . Correspondingly, WRX→Z is not as canonical
as one would wish.

There have been several attempts to correct these shortcomings. A natural
candidate is to work with the variation of Hodge structures R1p∗CE since
p∗ωE/Z is the bottom piece of its Hodge filtration. This works quite well for
families of elliptic curves. The higher dimensional case is discussed in Hacon
and Xu (2011b).

Also, with this formulation, the two sides of (4.26.1) are not symmetric. It
should be possible to work out a symmetric variant, but this seems to involve
several technical issues about variations of mixed Hodge structures that are not
yet settled.

4.27 (Historical remark II) Let (X,�) be an lc pair and g: (Y,�Y ) → (X,�)
a log resolution. Let E ⊂ Y be the union of all divisors that appear in �Y with
coefficient 1. Set �E := (�Y − E)|E .

Note that E dominates the boundary B(X,�) and

g|E: (E,�E) → B(X,�)

acts as a non-normal version of a resolution. Its properties were axiomatized
by Ambro (2003) to arrive at the notion of a quasi-log structure. Working with
quasi-log structures requires subtle use of mixed Hodge structures, but they
were used to prove several important properties of lc centers (Ambro, 2003,
2011; Fujino, 2009b).

It was observed in Kollár and Kovács (2010) that many of the technical
difficulties involving quasi-log structures go away if instead of an arbitrary log
resolution we start with a Q-factorial dlt modification g: (Xdlt,�dlt) → (X,�)
as in (1.36).

Our current treatment is a further simplification. Instead of keeping track of
the whole reducible variety (E,�E), we first understand the minimal lc centers
of (Xdlt,�dlt) and then the hereditary lc centers of (X,�).

Of course, this approach relies on (1.36) and thus on the MMP, which was
not available for Ambro (2003).
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4.4 Crepant log structures

Definition 4.28 Let Z be a normal variety. A weak crepant log structure on Z

is a normal pair (X,�) together with a proper, surjective morphism f : X → Z

such that

(1) f∗OX = OZ , hence f has connected fibers, and
(2) KX +� ∼f,Q 0.

It is called a crepant log structure if, in addition,

(3) (X,�) is lc and � is effective.

Any lc pair (Z,�Z) with �Z effective has a trivial crepant log structure
where (X,�) = (Z,�Z). Conversely, if f is birational then (Z,�Z := f∗�)
is lc.

An irreducible subvariety W ⊂ Z is a log canonical center or lc center of
a weak crepant log structure f : (X,�) → Z if and only if it is the image of
an lc center WX ⊂ X of (X,�). We sometimes call a point an lc center if its
closure is an lc center. By (4.15), a crepant log structure has only finitely many
lc centers.

As in (4.15), it is sometimes convenient to view Z itself as an lc center.
For birational maps, the definitions of log canonical centers etc. give the

same for the lc pair (Z, f∗�) and for the crepant log structure f : (X,�) → Z.

4.29 (Calabi–Yau pairs) An lc pair (X,�) defined over a field k such that �
is effective and KX +� ∼Q 0 is called a Calabi–Yau pair or a log Calabi–Yau
variety. (This is probably the most general definition, many authors use a more
restrictive variant.)

Each Calabi–Yau pair can be viewed as a crepant log structure f : (X,�) →
Spec k. Conversely, if f : (X,�) → Z is a crepant log structure then there
is an open set Z0 ⊂ Z such that the fiber (Xz,�z) is a Calabi–Yau pair for
all z ∈ Z0. Thus a crepant log structure can be viewed as an especially nice
compactification of a family of Calabi–Yau pairs over Z0.

Let (X,�) be a dlt Calabi–Yau pair over C and Wi ⊂ X the minimal (with
respect to inclusion) lc centers. It turns out that

(1) every (Wi,�i := Diff∗Wi
�) is a klt Calabi–Yau pair,

(2) the various (Wi,�i) are birational to each other and
(3) for sufficiently divisible m there are canonical isomorphisms

H 0
(
X,ω

[m]
X (m�)

) � H 0
(
Wi, ω

[m]
Wi

(m�i)
)
.

Here (1) is easy, (2–3) were proved for surfaces in Shokurov (1992) and then
extended and used in many papers (Kollár, 1992; Keel et al., 1994; Fujino,
2000; Kollár and Kovács, 2010; Fujino, 2011). Our results generalize these to
arbitrary crepant log structures.
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4.30 (Key examples of crepant log structures) Let (Z,�Z) be an lc pair. By
(1.36), there is a crepant log structure f : (X,�X) → (Z,�Z) such that X is
Q-factorial and (X,�X) is dlt.

Let Y ⊂ X be an lc center. Consider the Stein factorization

f |Y : Y
fY−→ ZY

π−→ Z

and set �Y := Diff∗Y �X. By (4.16.4), (Y,�Y ) is dlt and fY : (Y,�Y ) → ZY is
a crepant log structure. In general, fY is not birational.

A key result of this section (4.42) establishes a very close relationship
between lc centers of fY : (Y,�Y ) → ZY and lc centers of f : (X,�X) → Z.

4.31 (Birational weak crepant log structures) Let f : (X,�) → Z be a (weak)

crepant log structure. If f factors as X
g→ X′ f ′

→ Z where g is birational, then
f ′: (X′,�′ := g∗�) → Z is another (weak) crepant log structure. We say that
f : (X,�) → Z dominates f ′: (X′,�′) → Z.

Conversely, let f ′: (X′,�′) → Z be a (weak) crepant log structure and g:
X → X′ a proper birational morphism. WriteKX +� ∼Q g∗(KX′ +�′). Then
f := f ′ ◦ g : (X,�) → Z is a (weak) crepant log structure.

By (1.36), every crepant log structure f : (X,�) → Z is dominated by
another crepant log structure f ∗: (X∗,�∗) → Z such that (X∗,�∗) is dlt and
Q-factorial.

Crepant, birational maps between two (weak) crepant log structures are
defined in (2.23).

Let f : (X,�) → Z be a weak crepant log structure and f ′: X′ → Z a proper
morphism. Assume that there is a birational map φ: X ��� X′ such that f ′ ◦
φ = f . Then there is a unique Q-divisor �′ such that f ′: (X′,�′) → Z is a
weak crepant log structure that is birational to f : (X,�) → Z. If φ−1 has no
exceptional divisors, then �′ = φ∗� and hence �′ is effective if � is. Thus we
have proved the following.

Claim 4.31.1 Let f : (X,�) → Z be a (weak) crepant log structure. Let
f ′: X′ → Z be a proper, normal Z-scheme and φ: X ��� X′ a birational con-
traction such that f = f ′ ◦ φ. Then f ′: (X′, φ∗�) → Z is a (weak) crepant log
structure and φ is crepant.

The following is a weak version of the (semi)normality properties of lc
centers discovered by Ambro (2003). The general case will be derived from it
in Section 5.5. See (4.41) for other partial results.

Proposition 4.32 Let f : (X,�) → Z be a crepant log structure. Let W ⊂ Z

be the union of all lc centers (except Z itself) and B(W ) ⊂ W the union of
all non-maximal (with respect to inclusion) lc centers. Then W is seminormal
(10.11) and W \ B(W ) is normal.
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(For the future we note that the seminormality of W gives us conditions (SN)
and (HSN) in (9.18).)

Proof We may assume that (X,�) is dlt and Q-factorial.
Let us start with the special case when ��� does not dominate Z. Then

W = f (���). Write � = ��� +�′ and consider the exact sequence

0 → OX(−���) → OX → O��� → 0

and its push-forward

OZ = f∗OX → f∗O���
δ→ R1f∗OX(−���).

Note that −��� ∼f,Q KX +�′ and (X,�′) is klt. Hence by (10.40.1),
Rif∗OX(−���) is torsion free for every i. On the other hand, f∗O��� is
supported on W , hence it is a torsion sheaf. Thus the connecting map δ is
zero, hence OZ � f∗O��� is surjective. Since this map factors through OW , we
conclude that OW � f∗O��� is also surjective, hence an isomorphism.

Note that ��� has only nodes at codimension 1 points and it is S2 by
(2.88). Thus ��� is seminormal by (10.14) and (10.15) implies that W is also
seminormal.

To see the normality claim, let V ⊂ ��� be an irreducible component of its
non-normal locus. By (4.16.2),V is an irreducible component of the intersection
of two irreducible components of ���, hence an lc center of (X,�). Thus
f (V ) ⊂ X is an lc center. Hence either f (V ) is an irreducible component of
W or f (V ) ⊂ B(W ). Thus (10.15.1) implies that W \ B(W ) is normal.

There are two ways to extend this method to the general case.

First variant We deal with the dominant components of ��� directly.
Write � = ��� +�′ and ��� = D1 +D2 where D1 is the sum of those

components that dominate Z and D2 is the sum of those components that do
not dominate Z. By (1.38), we may assume that every irreducible component
of W is dominated by an irreducible component of D2, that is, W = f (D2). As
before, we use the exact sequence

0 → OX(−D2) → OY → OD2 → 0

and its push-forward

OZ = f∗OX → f∗OD2

δ→ R1f∗OX(−D2).

Note that −D2 ∼f,Q KX +D1 +�′ and (X,D1 +�′) is dlt. We can finish the
proof as before if R1f∗OY (−D2) is torsion free. This is not true in general,
but (10.40.2) applies if every lc center of (X,D1 +�′) dominates Z. Using
(10.45.2) this can be achieved if we replace (X,�) by a suitable other model.
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Second variant Here we restrict to a dominant component of ��� and use
induction.

Let E ⊂ ��� be an irreducible component that dominates Z. Let fE: E →
ZE andπ: ZE → Z be the Stein factorization of f |E . Set�E := Diff∗E �. Then
fE: (E,�E) → ZE is a dlt, crepant log structure. Let WE ⊂ ZE be the union
of its lc centers and B(WE) ⊂ WE the union of its non-maximal lc centers. By
induction on the dimension, WE is seminormal and WE \ B(WE) is normal.
Thus,

if WE = π−1(W ) and B(WE) = π−1(B(W )) (4.32.1)

both hold, then (10.26) implies that W is seminormal and W \ B(W ) is normal.
We prove (4.32.1) in (4.42).

As we see there, WE ⊂ π−1(W ) is clear, but the converse is not. Every
irreducible component Wi ⊂ W is dominated by an lc center V i of (X,�),
but if V i is disjoint from E then we do not get any obvious lc center on E.
The Connectedness theorem (Kollár, 1992, 17.4) is designed to deal with such
issues. Here we need a non-birational version of it. Once that is done in (4.42),
the second variant of the proof will also be complete.

Connectedness theorems

Letf : (X,�) → Z be a dlt, crepant log structure. It is quite useful to understand
the connected components of ��� and, more generally, connected components
of the fibers of f : ��� → Z.

If f is birational, a complete answer is given by the Connectedness theorem
proved in Kollár (1992, 17.4). For somewhat simpler proofs see Kollár and
Mori (1998, 5.48) or Kollár et al. (2004, section 6.7).

Theorem 4.33 (Connectedness theorem) Let g: Y → Z be a proper, bira-
tional morphism, Y smooth and �Y an snc Q-divisor on Y such that g∗�Y is
effective and −(KY +�Y ) is g-nef. Write �Y = �+

Y −�−
Y where �+

Y ,�
−
Y are

effective and without common irreducible components. Then

g|��+
Y �: ��+

Y � → Z has connected fibers.

Two easy consequences for crepant log structures are the following.

Corollary 4.34 Let (X,�X) be pair with �X effective and g: (Y,�Y ) →
(X,�X) a crepant log resolution (2.23). Then

g|��+
Y �: ��+

Y � → non-klt(X,�X)

is surjective and has connected fibers.
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Corollary 4.35 Let fi: (Xi,�i) → Z be weak crepant log structures with �i

effective and φ: (X1,�1) ��� (X2,�2) a crepant, birational map.

(1) There is a bijection between the connected components of the
non-klt(Xi,�i).

(2) If the (Xi,�i) are dlt then there is a bijection between the connected
components of the ��i�.

(3) If (X1,�1) is klt (resp. lc) then (X2,�2) is also klt (resp. lc).
(4) If (X1,�1) is plt and φ does not contract any irreducible component of

��1� then (X2,�2) is also plt.

Proof We can choose (Y,�Y ) in (4.31.1) to be snc. Let �+
Y be the effective

part of �Y . By (4.34) the fibers of hi: ��+
Y � → non-klt(Xi,�i) are connected.

Thus the preimage of a connected component of non-klt(Xi,�i) is a connected
component of ��+

Y � proving (1). If the (Xi,�i) are dlt then non-klt(Xi,�i) =
��i�, thus (1) implies (2). Finally (3–4) follow from (2.23.4).

If a crepant log structure f : (X,�) → Z is not birational, the fibers of
f : ��� → Z need not be connected. An easy example is given by f : (P1, [0] +
[∞]) → Spec k. Surprisingly, this is essentially the only one. First we give the
examples and then we show that there are no other cases.

Definition 4.36 A standard P1-link is a Q-factorial pair (X,D1 +D2 +�)
plus a proper morphism π: X → S such that

(1) KX +D1 +D2 +� ∼Q,π 0,
(2) (X,D1 +D2 +�) is plt (in particular, D1 and D2 are disjoint),
(3) π: Di → S are both isomorphisms and
(4) every reduced fiber redXs is isomorphic to P1.

Let F denote a general smooth fiber. Then ((KX +D1 +D2) · F ) = 0, hence
(� · F ) = 0. That is,� is a vertical divisor, the projection gives an isomorphism
(D1,DiffD1 �) � (D2,DiffD2 �) and these pairs are klt by (4.9).

The simplest example of a standard P1-link is a product

(S × P1, S × {0} + S × {∞} +�S × P1) → S

for some Q-divisor �S . More generally, assume that the cyclic group μm acts
on (S,�S) such that its fixed point set has codimension ≥ 2. If ε is a primitive
mth root of unity then (x : y) �→ (εx : y) generates a μm action on P1. Then

(S × P1, S × {0} + S × {∞} +�S × P1)/μm → S/μm

is a standard P1-link which is not a product. We see at the end of the proof of
(4.37) that every standard P1-link is locally the quotient of a product (Kollár,
2011d).
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For later applications, in the following result we need to keep careful track
of the residue fields.

Proposition 4.37 Let (X,�) be a klt pair with � effective, D an effective Z-
divisor on X and f : X → Z a proper morphism such that KX +�+D ∼Q,f

0. Fix a point z ∈ Z and assume that f −1(z) is connected but f −1(z) ∩D is
disconnected (as k(z)-schemes).

(1) There is an étale morphism (z′ ∈ Z′) → (z ∈ Z) and a proper morphism
S ′ → Z′ such that k(z) = k(z′) and (X,�+D) ×Z Z′ is birational to a
standard P1-link over S′.

(2) (X,�+D) is plt in a neighborhood of f −1(z).
(3) f −1(z) ∩D has 2 connected components and there is a crepant, birational

involution of (D,DiffD �) that interchanges these two components.

Proof By (1.37) we may assume that X is Q-factorial. By passing to an
étale neighborhood of (z ∈ Z) with the same residue field k(z) we may assume
that different connected components of f−1(z) ∩D are contained in different
connected components of D (4.38.1).

First we show that D dominates Z. Indeed, consider the exact sequence

0 → OX(−D) → OX → OD → 0

and its push-forward

f∗OX → f∗OD
δ→ R1f∗OX(−D).

Since −D ∼Q,f KX +�, the sheaf R1f∗OX(−D) is torsion free by (10.40.1).
If D does not dominate Z, then f∗OD is a torsion sheaf, hence δ = 0. Therefore
f∗OX � f∗OD is surjective. This is, however, impossible since OD has a
section that is 0 on one connected component of f −1(z) ∩D and 1 on the
other, but every section of OX that vanishes at a point of red f −1(z) vanishes
identically on red f −1(z).

Since D dominates Z, KX +� is not pseudo-effective on the generic fiber
of f and so, by Birkar et al. (2010, 1.3.2), the (X,�)-MMP over Z terminates
with a Fano contraction p: (X∗,�∗) → S . We prove that the latter is a standard
P1-link.

By (4.35) p−1(z) ∩D∗ is still disconnected. By assumption there is an irre-
ducible component, say D∗

1 ⊂ D∗ that has positive intersection with the con-
tracted ray. Therefore D∗

1 is p-ample. Furthermore, there is another irreducible
component, say D∗

2 ⊂ D∗ that is disjoint from D∗
1 . Let Fs ⊂ X∗ be any fiber

of p that intersects D∗
2 . Since D∗

2 is disjoint from D∗
1 , we see that D∗

2 does
not contain Fs . Thus D∗

2 also has positive intersection with the contracted ray,
hence D∗

2 is also p-ample.
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Thus D∗
1 and D∗

2 both intersect every curve contracted by p and they are
disjoint. Thus every fiber of p has dimension 1 and a general fiber Fg is a
smooth rational curve. Since (Fg · (�∗ +D∗)) = 2, we see that D∗

1 and D∗
2 are

sections of p, they both appear in D with coefficient 1 and the rest of �∗ +D∗

consists of vertical divisors. Since f −1(z) ∩D∗ is disconnected, the vertical
components of D∗ are disjoint from f −1(z). Thus, by shrinking Z, we may
assume that D∗ = D∗

1 +D∗
2 .

Since p is an extremal contraction, R1p∗OX∗ = 0 hence H 1(Fs,OFs
) = 0

and so redFs is a tree of smooth rational curves for every s ∈ S. Both of
D∗

i ∩ redFs are points that are common to all irreducible components of redFs .
This is only possible if redFs � P1

k(s) for every s ∈ S.
Note that D∗

1 ∼p,Q D∗
2 , hence, working locally on S we may assume that

D∗
1 ∼Q D∗

2 . If D∗
1 ∼ D∗

2 then these two sections of OX∗ (D∗
1) � OX∗ (D∗

2) give
an isomorphism X∗ � S × P1. Thus there is a Q-divisor �S on S such that

(X∗,�∗ +D∗) � (S × P1,�S × P1 + S × {(0:1)} + S × {(1:0)}).

Since (X∗,�∗) is klt, so is (S,�S) and thus (4.9.1) implies that (X∗,�∗ +D∗)
is plt. Thus (X,�+D) is also plt by (4.35.4).

Otherwise pick the smallest m > 0 such that m(D∗
1 −D∗

2) ∼ 0. This gives a
cyclic cover π: X̃∗ → X∗ that ramifies along the locus where D∗

1 +D∗
2 is not

Cartier. Thus the preimage of a general fiber Fg consists of m disjoint copies
of Fg but the preimage of Fz is the unique degree m cyclic cover ramified
at Fz ∩ (D∗

1 +D∗
2 ). The previous argument shows that X̃∗ � S̃ × P1 where

S̃ → S is the Stein factorization of X̃∗ → S. Thus (X∗,�∗ +D∗) is a cyclic
quotient of a plt pair hence plt (2.43).

4.38 A useful subclass of morphisms of pointed schemes is given by those
étale morphisms π: (z′ ∈ Z′) → (z ∈ Z) such that π∗ induces an isomorphism
k(z) � k(z′). They do not seem to have acquired a standard name. They are
called étale neighborhoods in Milne (1980, p. 36), strongly étale in Kurke et al.
(1975, p. 108) and strictly étale by some authors. None of these names became
generally accepted and in fact they are used with different meaning by others,
so we leave them nameless.

The Henselization (Milne, 1980, p. 36) of the local ring OZ,z is the direct
limit of these local rings OZ′,z′ . Thus the basic characterization of Henselian
rings (Milne, 1980, I.4.2) implies the following.

Claim 4.38.1 Let p: W → Z be a proper morphism. Then there is an étale
morphism π: (z′ ∈ Z′) → (z ∈ Z) such that k(z) = k(z′) and taking the fiber
induces a one-to-one correspondence between connected components of W ×Z

Z′ and connected components of p−1(z) � p′−1(z′).
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P1-linked lc centers

Definition 4.39 (P1-linking) (Kollár, 2011d) Let g: (X,�) → S be a crepant,
dlt log structure and Z1, Z2 ⊂ X two lc centers. We say that Z1, Z2 are directly
P1-linked if there is an lc center W ⊂ X containing the Zi such that g(W ) =
g(Z1) = g(Z2) and (W,Diff∗W �) is birational to a standard P1-link (4.36) with
Zi mapping to Di . (As in (4.15), we allow W = X.)

We say that Z1, Z2 ⊂ X are P1-linked if there is a sequence of lc centers
Z′

1, . . . , Z
′
m such that Z′

1 = Z1, Z
′
m = Z2 and Z′

i is directly P1-linked to Z′
i+1

for i = 1, . . . , m− 1 (or Z1 = Z2). Every P1-linking defines a birational map
between (Z1,Diff∗Z1

�) and (Z2,Diff∗Z2
�).

Note that Z1 is a minimal lc center if and only if (Z1,Diff∗Z1
�) is klt. By

(4.35) the latter holds if and only if (Z2,Diff∗Z2
�) is klt, hence when Z2 is also

a minimal lc center.

The following theorem, which is a strengthening of Kollár and Kovács (2010,
1.7), plays an important role in the study of lc centers in the non-dlt case.

Theorem 4.40 (Kollár, 2011d) Let k be a field of characteristic 0 and S

essentially of finite type over k. Let f : (X,�) → S be a proper morphism such
that KX +� ∼Q,f 0 and (X,�) is dlt. Let s ∈ S be a point such that f −1(s) is
connected (as a k(s)-scheme). LetZ ⊂ X be minimal (with respect to inclusion)
among the lc centers of (X,�) such that s ∈ f (Z). Let W ⊂ X be an lc center
of (X,�) such that s ∈ f (W ).

Then there is an lc center ZW ⊂ W such that Z and ZW are P1-linked.
In particular, all the minimal (with respect to inclusion) lc centers Zi ⊂ X

such that s ∈ f (Zi) are P1-linked to each other.

Proof First we show that the conclusions hold over an étale neighborhood
(s ′ ∈ S ′) → (s ∈ S) such that k(s) � k(s ′) (4.38). We use induction on dimX

and on dimZ.
If f −1(s) ∩ ��� is disconnected then by (4.37), after an étale base change

there are exactly two lc centers intersecting f−1(s) and they are P1-linked; thus
we are done.

If f −1(s) ∩ ��� is connected, write ��� =∑Di . By passing to an étale
neighborhood of s ∈ S without changing k(s), we may assume that each Di

has connected fiber over s and every lc center of (X,�) intersects f−1(s)
(4.38.1).

By suitable indexing we may assume that Z ⊂ D1, W ⊂ Dr and f −1(s) ∩
Di ∩Di+1 �= ∅ for i = 1, . . . , r − 1.

By induction, we can apply (4.40) to D1 → S with Z as Z and D1 ∩D2

as W . We get that there is an lc center Z2 ⊂ D1 ∩D2 such that Z and Z2 are
P1-linked. As we noted in (4.39), Z2 is also minimal (with respect to inclusion)
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among the lc centers of (X,�) such that s ∈ f (Z2). Note that Z2 is an lc center
of (D1,Diff∗D1

�). By adjunction, it is an lc center of (X,�) and also an lc
center of (D2,Diff∗D2

�).
Next we apply (4.40) to D2 → S with Z2 as Z and D2 ∩D3 as W , and so

on. At the end we work on Dr → S with Zr as Z and W as W to get an lc
center ZW ⊂ W such that Z and ZW are P1-linked.

Finally let us show that the étale base change was not necessary.
Let f̃ : (X,�) → S̃ be the Stein factorization and s̃ ∈ S̃ the unique preimage

of s. Let Zi ⊂ X be the minimal lc centers (with respect to inclusion) satisfying
s ∈ f (Zi). Since lc centers commute with étale base change, we see that there
is a unique irreducible subvariety s̃ ∈ Ṽ ⊂ S̃ such that Ṽ = f̃ (Zi) for every i.

Let ṽ ∈ Ṽ be the generic point and apply (4.40) to f̃ : (X,�) → S̃ and ṽ ∈ S̃.
(The fibers of f̃ are connected; this is why we took the Stein factorization.)
We already proved that the conclusions hold after an étale base change π̃: (ṽ′ ∈
S̃ ′) → (ṽ ∈ S̃) that induces an isomorphism of the fibers

π̃ : (f̃ ′)−1(ṽ′) � f̃ −1(ṽ).

Thus the Zi canonically lift to Z′
i � Zi and the P1-links between the Z′

i descend
to P1-links between the Zi .

There are two immediate consequences about lc centers.

Corollary 4.41 f : (X,�X) → S be a crepant log structure. Then

(1) Every point s ∈ S is contained in a unique smallest (with respect to inclu-
sion) lc center Ws ⊂ S. This Ws is unibranch (1.44) at s.

(2) Any intersection of lc centers is also a union of lc centers.

(The unibranch property gives us conditions (U) and (HU) in (9.18). We will
also prove in Section 5.5 that Ws is in fact normal.)

Proof Ws = f (Zi) where Zi is any minimal lc center as in (4.40). Thus Ws

is unique. Uniqueness continues to hold in every étale neighborhood of s ∈ S,
thus Ws is unibranch at s. If W1,W2 are lc centers, let s ∈ W1 ∩W2 be any
point. Then Ws ⊂ W1 ∩W2, proving (2).

Corollary 4.42 Let f : (X,�X) → Z be a dlt, crepant log structure. Let
Y ⊂ X be an lc center. Consider the Stein factorization

f |Y : Y
fY−→ ZY

π−→ Z

and set �Y := Diff∗Y �X. Then

(1) fY : (Y,�Y ) → ZY is a dlt, crepant log structure.
(2) Let WY ⊂ ZY be an lc center of fY : (Y,�Y ) → ZY . Then π (WY ) ⊂ Z is

an lc center of f : (X,�X) → Z.
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(3) Let W ⊂ Z be an lc center of f : (X,�X) → Z. Then every irreducible
component of π−1(W ) is an lc center of fY : (Y,�Y ) → ZY .

Proof (1) follows from (4.16.4). To see (2), note that WY is dominated by an
lc center VY of (Y,Diff∗Y �). Thus, by (4.9), VY is also an lc center of (X,�),
hence π (WY ) = f (VY ) is an lc center of Z.

Finally let W ⊂ Z be an lc center of f : (X,�X) → Z and s ∈ W the generic
point. Let VX ⊂ X be a minimal lc center that dominates W . By (4.40), there
is an lc center VY ⊂ Y that is P1-linked to VX. By (4.9), VY is also an lc center
of (Y,Diff∗Y �). Thus fY (VY ) ⊂ ZY is an lc center of fY : (Y,�Y ) → ZY and it
is also one of the irreducible components of π−1(W ).

In order to get (3), after replacing Z by an étale neighborhood of s, we
may assume that Y = ∪Yj such that each f −1(s) ∩ Yj is connected. By the
previous argument, each Yj yields an lc center fYj

(VYj
) ⊂ ZYj

and together
these show that every irreducible component of π−1(W ) is an lc center of
fY : (Y,�Y ) → ZY .

Note that in (4.40) we do not assume that f has connected fibers; this is
useful over non-closed fields. The following example illustrates some of the
subtler aspects.

Example 4.43 Set X = A3 and D1,D2,D3 planes intersecting only at the
origin. Let π: B0X → X denote the blow-up of the origin with exceptional
divisor E. Then KB0X + E +∑D′

i ∼ π∗(KX +∑Di) where D′
i := π−1

∗ Di .
There are three minimal lc centers over 0, given by pi := E ∩D′

i−1 ∩D′
i+1

(with indexing modulo 3).
Assume now that we are over Q, D1 is defined over Q and Gal(Q̄/Q)

interchanges D2,D3. Now there are two minimal lc centers over 0. One is p1

the other is the irreducible Q-scheme p2 + p3. Thus p1 and p2 + p3 cannot
be P1-linked. This is not a contradiction since (B0X,E +∑D′

i) is not dlt; the
divisor D′

2 +D′
3 (which is irreducible over Q) is not normal. We get a dlt model

by blowing up the curve D′
2 ∩D′

3. Now there are two minimal lc centers over
0, both isomorphic to p2 + p3.

Similarly, if Gal(Q̄/Q) permutes the three planes Di , then we need to blow-
up all three intersections D′

i ∩D′
j to get a dlt model. Over Q̄, there are six

minimal lc centers over 0. Over Q there is either only one (if Gal(Q̄/Q) acts
on the planes as the symmetric group S3) or two, both consisting of three
conjugate points and isomorphic as Q-schemes to each other (if Gal(Q̄/Q)
permutes cyclically).

Finally let us see what happens with lc centers for birational morphisms
between dlt pairs.
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Lemma 4.44 Let (X,�) be dlt and f : (Y,�Y ) → (X,�) a log resolution.
Let T ⊂ X be an lc center of (X,�) and S ⊂ Y a minimal lc center of (Y,�Y )
dominating T . Then f : S → T is birational.

Proof It is enough to prove that Y → X is dominated by a Y ′ → X that
satisfies the conclusion. We construct such Y ′ → X in two steps.

As we see in (10.45.2), there is a log resolution g: X′ → X of (X,�) such
that every lc center of (X′,�′) maps birationally to an lc center of (X,�). This
reduces us to the case when � is a snc divisor. Then, by induction, it is sufficient
to show that (4.44) holds for one blow-up pZ: BZX → X where Z ⊂ X has
snc with �.

If T �⊂ Z then pZ is an isomorphism over the generic point of T and
the birational transform of T is the only lc center of (BZX,�BZX) that
dominates T .

It remains to consider the case when T ⊂ Z. Let D1, . . . , Dr be the compo-
nents of ��� such that T is an irreducible component of D1 ∩ · · · ∩Dr . Since
Z has snc with Supp�, we see that Z is the intersection of some of the Di , say
Z = D1 ∩ · · · ∩Dj .

The exceptional divisor EZ of pZ is a Pj−1-bundle over Z and it appears in
�BZX with coefficient 1. There are r different minimal lc centers that dominate
Z, obtained by intersecting EZ with j − 1 of the birational transforms of the
D1, . . . , Dj and with the birational transforms of the Dj+1, . . . , Dr . Each of
these centers maps isomorphically to Z. (Note that this step could fail if � is
only nc but not snc.)

4.5 Sources and springs of log canonical centers

Let (X,�) be an lc pair and S ⊂ X a codimension 1 lc center, that is, an
irreducible component of ���. The main assertion of adjunction theory is
that the pair (S,Diff∗S �) encodes most of the important characteristics of a
neighborhood of S in (X,�). One would like to find similar results for higher
codimension lc centers.

For inductive purposes one should switch from pairs to crepant, dlt, log
structures f : (X,�) → Y and work with lc centers Z ⊂ Y .

When Y = Spec C, we have the theory of Calabi–Yau pairs (4.29). The
following theorem is thus a generalization of their properties (4.29.1–3). Note,
however, that the Galois property (4.45.5), which is key to many applications,
has no analog in the classical setting.

Theorem–Definition 4.45 (Kollár, 2011d) Let f : (X,�) → Y be a crepant,
dlt, log structure and Z ⊂ Y an lc center with normalization n: Zn → Z.



4.5 Sources and springs of log canonical centers 183

Let S ⊂ X be a minimal (with respect to inclusion) lc center of (X,�) that
dominates Z. Set �S := Diff∗S � and let f n

S : S → ZS → Zn denote the Stein
factorization. Then:

(1) (Uniqueness of sources) The crepant-birational equivalence class of
(S,�S) does not depend on the choice of S. It is called the source of
Z and denoted by Src(Z,X,�).

(2) (Uniqueness of springs) The isomorphism class of ZS does not depend on
the choice of S. It is called the spring of Z and denoted by Spr(Z,X,�).

(3) (Crepant log structure) (S,�S) is dlt, KS +�S ∼Q,f 0 and (S,�S) is klt
on the generic fiber of f |S .

(4) (Poincaré residue map) For m > 0 sufficiently divisible, there are well
defined isomorphisms

ω
[m]
X (m�)|S � ω

[m]
S (m�S) and

n∗
(
f∗(ω[m]

X (m�))
) � (

(f n
S )∗ω

[m]
S (m�S)

)inv

where the exponent inv denotes the invariants under the action of the group
of crepant, birational self-maps Birc

Z(S,�S).
(5) (Galois property) The extension ZS → Z is Galois and Birc

Z(S,�S) �
Gal(ZS/Z) is surjective.

(6) (Adjunction) Let W ⊂ X be an lc center; fW: W → WY and nW: WY → Y

the Stein factorization of f |W . Let ZW ⊂ WY be an irreducible subvariety
such that nW (ZW ) = Z. Then ZW is an lc center of (W,Diff∗W �) and

Src(ZW,W,Diff∗W �)
cbir∼ Src(Z,X,�) and

Spr(ZW,W,Diff∗W �) � Spr(Z,X,�).

(7) (Birational invariance) Let fi: (Xi,�i) → Y be birational crepant, dlt,
log structures for i = 1, 2. Then

Src(Z,X1,�1)
cbir∼ Src(Z,X2,�2) and

Spr(Z,X1,�1) � Spr(Z,X2,�2).

We emphasize that the source is a pair (up to birational equivalence) but the
spring is a variety (up to isomorphism).

Both the source and the spring localize in the obvious way in the Zariski
topology but they both vary with base field extensions. In fact, the spring carries
rather interesting arithmetic information about the lc center Z.

Proof By (4.40), different choices of S are P1-linked to each other, hence they
are birational, proving (4.45.1). This implies (4.45.2) while (4.45.3) is clear.

Next consider the Poincaré residue map

Rm
X→S: ω[m]

X (m�)|S �−→ ω
[m]
S (m · Diff∗S �)
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as defined in (4.18). Choose m > 0 even such that ω[m]
X (m�) ∼ f ∗L for some

line bundle L on Y . We can then view the Poincaré residue map as

Rm
X→S: f ∗L|S � ω

[m]
X (m�)|S �−→ ω

[m]
S (m · Diff∗S �).

Let S1, S2 be minimal lc centers of (X,�) such that f (S1) = f (S2). We claim
that there is a birational map φ: S2 ��� S1 such that the following diagram
commutes

ω
[m]
X (m�)

Rm
X→S1





� �� f ∗L � �� ω[m]
X (m�)

Rm
X→S2




ω

[m]
S1

(mDiff∗S1
�)

φ∗
�� ω[m]

S2
(mDiff∗S2

�)

(4.45.8)

By (4.40) it is sufficient to prove this in case S1, S2 are directly P1-linked
(4.39) in (W,Diff∗W �) for some lc center W ⊂ X. By definition we have a
map W → U whose generic fiber is P1 with S1, S2 as sections. Thus projection
to U provides a birational isomorphism φ: S2 ��� S1.

Since Rm
X→Si

= Rm
W→Si

◦Rm
X→W , we may assume that X = W . The sheaves

in (4.45.8) are torsion free, hence it is enough to check commutativity after
localizing at the generic point of U . This reduces us to the case when
W = P1

L with coordinates (x:y), S1 = (0:1) and S2 = (1:0). A generator of
H 0(P1, ωP1 (S1 + S2)) is dx/x which has residue 1 at S1 and −1 at S2. Thus
(4.45.8) commutes for m even and anti-commutes for m odd.

This gives a Poincaré residue map as stated in (4.45.4) but it is not yet com-
pletely canonical. We think of (S,�S) as an element of a birational equivalence
class, thus so farRm is defined only up to the action of Birc

Y (S,�S). However, by
(10.61), the image of this action is a finite group of rth roots of unity for some
r . Thus the Birc

Y (S,�S) action is trivial on ω
[mr]
S (mr�S) = (ω[m]

S (m�S))⊗r

hence

Rmr : ω[mr]
X (mr�)|S � ω

[mr]
S (mr�S) (4.45.9)

is completely canonical. Assume next that ω[mr]
X (mr�) ∼ f ∗L. Let us factor

f |S: S → f (S) using g: S → W and the normalization n: W → f (S). Then
we can push-forward (4.45.9) to get an isomorphism

n∗L � (g∗ω[m]
S (m�S)

)inv
. (4.45.10)

This shows the second isomorphism in (4.45.4).
In order to see (4.45.6), note that ZW is an lc center by (4.42) and we can

actually choose representatives such that

Src(ZW,W,Diff∗W �) = Src(Z,X,�);

the rest then follows from (4.45.1–2).
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Applying (4.44) to a common crepant log resolution of the (Xi,�i) gives
(4.45.7).

Finally, in order to prove (4.45.5) we may localize at the general point of
Z. Thus we may assume that Z is a point and then prove the following more
precise result.

Lemma 4.46 Let g: (X,�) → Y be a crepant log structure over a field k and
z ∈ Y an lc center. Assume that (X,�) is dlt and X is Q-factorial. Then there
is a unique smallest finite field extension K(z) ⊃ k(z) such that

(1) Every lc center of (Xk̄,�k̄) that intersects g−1(z) is defined over K(z).
(2) Let Wz̄ ⊂ Xk̄ be a minimal lc center contained in g−1(z). Then K(z) =

kch(Wz̄), the field of definition of Wz̄.
(3) K(z) ⊃ k(z) is a Galois extension.
(4) Let Wz be a minimal lc center contained in g−1(z). Then

Birc
k(z)(Wz,Diff∗Wz

�) → Gal(K(z))/k(z)) is surjective.

Proof It may be helpful to keep in mind the examples in (4.43).
There are only finitely many lc centers and a Galois conjugate of an lc

center is also an lc center. Thus the field of definition of any lc center is a
finite extension of k. Since K(z) is the composite of some of them, it is finite
over k(z).

Let Wz̄ ⊂ Xk̄ be a minimal lc center contained in g−1(z) and kch(Wz̄) its
field of definition. By (4.17) every lc center of (Xk̄,�k̄) containing Wz̄ is also
defined over kch(Wz̄). Therefore, any lc center that is P1-linked to Wz̄ is defined
over kch(Wz̄). By (4.40) this implies that every lc center of (Xk̄,�k̄) that inter-
sects g−1(z) is defined over kch(Wz̄), hence kch(Wz̄) ⊃ K(z). By construction,
kch(Wz̄) ⊂ K(z), thus kch(Wz̄) = K(z).

A conjugate of Wz̄ over k(z) is defined over the corresponding conjugate
field of kch(Wz̄). By the above, every conjugate of the field kch(Wz̄) over k(z) is
itself, hence kch(Wz̄) = K(z) is Galois over k(z).

Finally, in order to see (4), fix σ ∈ Gal(K(z)/k(z)) and let Wσ
z̄ be the cor-

responding conjugate of Wz̄. By (4.40), Wσ
z̄ and Wz̄ are P1-linked over K(z);

fix one such P1-link. The union of the conjugates of this P1-link over k(z)
defines an element of Birc

k(z)(Wz,Diff∗Wz
�) which induces σ on K(z)/k(z).

(The P1-link is not unique, hence the lift is not unique. Thus in (4) we only
claim surjectivity, not a splitting.)

Example 4.47 The Galois extension K(z)/k(z) can be arbitrary. To see this,
pick a Galois extension K = k(α)/k of degree n. In An

k consider the divisor
(
∑

i α
i−1xi = 0) and its n conjugates D1, . . . , Dn. Then (An

k ,
∑

Di) is lc, the
origin is an lc center and its spring gives the Galois extension K/k.
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From the classification of 2-dimensional lc pairs we see that if codimX Z = 2
then Gal(Spr(Z,X,�)/Z) is cyclic or dihedral.

The examples in Section 3.4 can be used to show that if codimX Z = 3 then
Gal(Spr(Z,X,�)/Z) can be arbitrary.

Let us reformulate the most important special case of (4.45.6).

Lemma 4.48 Let (Y,D +�) be lc, D a reduced divisor and Z ⊂ D an lc
center. Let nD: Dn → D be the normalization and ZD ⊂ Dn an irreducible
subvariety such that nD(ZD) = Z. Then ZD is an lc center of (Dn,DiffDn �)
and there is a commutative diagram

Src(ZD,D
n,DiffDn �1)

cbir∼ �����





Src(Z, Y,D +�)




ZD

nD �� Z.



5

Semi-log canonical pairs

It was discovered by Kollár and Shepherd-Barron (1988) that in order to com-
pactify the moduli theory of higher dimensional varieties we need stable pairs.
That is, pairs (X,�) with semi-log canonical singularities and ample log canon-
ical class KX +�. The aim of this chapter is to study these semi-log canonical
singularities.

In general X is neither normal nor irreducible. Such varieties can be studied
either using semi-log resolutions or by focusing on their normalization. Both
of these approaches have difficulties.

A stable curve C has ordinary nodes, and we can encode C by giving a triple
(C̄, D̄, τ ) where C̄ is the normalization of C, D̄ ⊂ C̄ is the preimage of the
nodes and τ: D̄ → D̄ is a fixed point free involution which tells us which point
pairs are identified in C.

Correspondingly, a higher dimensional stable variety has ordinary self-inter-
section in codimension 1, and we encode (X,�) by a quadruple (X̄, D̄, �̄, τ )
where π: X̄ → X is the normalization, D̄ the preimage of the double normal
crossing locus of X, �̄ the preimage of � and the involution τ tells us which
point pairs are identified in X. Since X can have complicated self-intersections
in higher codimensions, τ is an actual involution only on the normalization D̄n

of D̄ and it is generically fixed point free, that is, its fixed point set does not
contain any irreducible components of D̄n.

It is easy to see that (X̄, D̄, �̄, τ ) uniquely determines (X,�). Our principal
aim is to understand which quadruples come from an slc pair (X,�).

Semi-log canonical pairs are not normal, but normality fails in the mildest
possible way. This leads to the class of “demi-normal” schemes, to be intro-
duced in Section 5.1.

Section 5.2 gives the precise definition of semi-log canonical and states our
main theorems. We work out the complete theory for surfaces in Section 5.3
and for semi-dlt pairs in Section 5.4.

187
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The log canonical stratification of lc and slc pairs is studied in Section 5.5.
Our inductive methods make it easier to investigate the normal and non-normal
cases together.

A structure theorem on gluing relations is proved in Section 5.6; this leads to
the main finiteness property. These rely on the sources of log canonical centers
introduced in Section 4.5.

Even if (X,�) exists, KX +� may not be Q-Cartier. It is easy to see that
if KX +� is Q-Cartier then the Poincaré residue map ωX̄(D̄) → ωD̄ has to
be compatible with the involution τ (5.12). If (X̄, D̄ + �̄) is lc, we show in
Section 5.7 that the converse also holds (5.38). Again the key ingredient is the
study of sources in Section 4.5.

The treatment of Chapter 5 is very much intertwined with the topics in
Chapter 9. Our aim is to treat questions about abstract stratified schemes in
Chapter 9 and the geometric properties and applications in Chapter 5. This
separation is not always clear cut and it leads to some repetitions.

Assumptions In Sections 5.1–5.2 we work with excellent schemes. Starting
with Section 5.5 we work with schemes (or algebraic spaces) that are of finite
type over a base scheme S that is essentially of finite type over a field of
characteristic 0. See (5.24) for further clarification.

5.1 Demi-normal schemes

In this section we introduce demi-normal schemes and study their basic prop-
erties.

Definition 5.1 Recall that, by Serre’s criterion, a scheme X is normal if and
only if it is S2 and regular at all codimension 1 points. As a weakening of
normality, it is natural to consider schemes that are S2 and whose codimension
1 points are either regular points or nodes (1.41). Such schemes will be called
demi-normal. The initial “d” is supposed to remind us that they have double
normal crossings in codimension 1. (We really would like to call these schemes
“seminormal,” but that name is already taken.)

Using the classification of seminormal curve singularities (5.9.3) one sees
that X is demi-normal if and only if it is S2 and its codimension 1 points are
seminormal with locally free canonical sheaf.

The demi-normalization of a scheme is usually not defined. (What should the
demi-normalization of (xn = yn) ⊂ A2 be for n ≥ 3?) However, if j: U ↪→ X

is an open subscheme with only regular points and nodes such that X \ U
has codimension ≥ 2, then SpecX j∗OU is the smallest demi-normal scheme
dominating X. It is called the demi-normalization of X.
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Roughly speaking, the concept of semi-log canonical is obtained by replacing
“normal” with “demi-normal” in the definition of log canonical (2.8), but some
basic definitions and foundational results need to be in place first.

5.2 (Normalization of demi-normal schemes) Let X be a reduced scheme and
π: X̄ → X its normalization. The conductor ideal

condX := HomX(π∗OX̄,OX) ⊂ OX (5.2.1)

is the largest ideal sheaf on X that is also an ideal sheaf on X̄. We write it
as condX̄ when we view the conductor as an ideal sheaf on X̄. The conductor
subschemes are defined as

D := SpecX(OX/condX) and D̄ := SpecX̄(OX̄/condX̄). (5.2.2)

If OX is S2, so is the conductor ideal (2.62) and so D ⊂ X and D̄ ⊂ X̄ are both
of pure codimension 1 and without embedded points. If X has only nodes at its
codimension 1 points then D and D̄ are generically reduced.

Assume that X is demi-normal. Then D and D̄ are both reduced subschemes
of pure codimension 1. Let xi ∈ D be a generic point. Then OX,xi is a node,
thus, if char k(xi) �= 2, π: D̄ → D is an étale double cover in a neighborhood
of xi . (We discuss the general case in (5.9).)

In general, D̄ → D is not everywhere étale and not even flat, but the map
between the normalizations n: D̄n → Dn has degree 2 over every irreducible
component. Thus it defines a Galois involution τ: D̄n → D̄n. Note that τ is
generically fixed point free, that is, its fixed point set does not contain any
irreducible components of D̄n.

Note that in general, τ does not define an involution of D̄, not even set-
theoretically. As a simple example, consider X := (xyz = 0) ⊂ A3. Here D ⊂
A3 is the three coordinate axes with a triple point at the origin. X̄ is the disjoint
union of three planes each containing a pair of intersecting lines D̄i and D̄ is
their disjoint union. The origin 0 ∈ D has three preimages in D̄ and they would
all have to be in the same τ -orbit.

Proposition 5.3 Let X be a demi-normal scheme such that 1
2 ∈ OX. Then the

triple (X̄, D̄n, τ ) defined in (5.2) uniquely determines X.

Proof Note that π: X̄ → X is a finite surjection and π ◦ n: D̄n → X is τ -
invariant. Assume that π ′: X̄ → X′ is another finite surjection such that π ′ ◦ n:
D̄n → X is τ -invariant. We prove that there is a unique g: X → X′ such that
π ′ = g ◦ π ; this gives a characterization of X.

Let X∗ ⊂ X ×X′ be the image of (π, π ′). Let x ∈ X be a codimension 1
point. Then either X is regular at x, hence X̄ → X∗ → X are isomorphisms
near x, or X has a node at x with preimage x̄ ∈ X̄. By assumption x̄ → X∗
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factors through x → X∗, hence again X∗ → X is an isomorphism near x. Since
X is S2, this implies that the first projection X∗ → X is an isomorphism. Thus
the second projection X∗ → X′ gives the required g.

Note that (5.3) asserts uniqueness, but it does not claim existence nor does
it describe the points of X explicitly in terms of (X̄, D̄n, τ ). The latter will be
accomplished in Section 9.1. The question of existence turns out to be quite
difficult, and we have to deal with two main problems.

Question 5.4 Let X̃ be a normal scheme, D̃ ⊂ X̃ a reduced divisor with nor-
malization ñ: D̃n → D̃ and τ̃: D̃n → D̃n an involution. Under what conditions
does there exist a demi-normal variety X with normalization (X̄, D̄, τ ) as in
(5.2) such that (X̃, D̃, τ̃ ) = (X̄, D̄, τ )?

Question 5.5 Assume thatX is demi-normal andKX̄ + D̄ is Q-Cartier. Under
what conditions is KX also Q-Cartier?

In order to answer (5.4), first we aim to describe the closed fibers of the
putative π: X̃ → X. Since D̃n → X is τ̃ -invariant, we see that for any closed
point q ∈ D̃n, the points ñ(q) ∈ X̃ and ñ(τ̃ (q)) ∈ X̃ must be in the same fiber
of π . The relation ñ(q) ∼ ñ(τ̃ (q)) generates an equivalence relation R(τ ) on
the closed points of X̃, called the gluing relation. A necessary condition for the
existence of X is that the gluing relation should have finite equivalence classes.

Even assuming finiteness, the first question seems rather intractable in gen-
eral, as shown by the examples in Kollár (20012c, section 2). Thus we consider
the case when (X̃, D̃) is assumed lc. The main result of Section 5.5 gives a
positive answer to (5.4) when τ̃ is compatible with the lc structure in a weak
sense (5.33).

The second question (5.5) may at first seem puzzling in view of the formula
π∗KX ∼Q KX̄ + D̄ (5.7.5). However, as the examples (5.16) show, in general
KX need not be Q-Cartier, not even if KX̄ + D̄ is Cartier. We show in (5.12)
that a necessary condition is that the different (5.11) be τ -invariant. We prove
in Section 5.7 that the converse holds if (X̃, D̃) is lc (5.38), but not in general
(5.17). An explicit study of the surface case is in (5.18).

5.6 (Divisors and divisorial sheaves on demi-normal schemes) LetX be demi-
normal. Z-divisors whose support does not contain any irreducible component
of the conductor D ⊂ X (5.2.2) form a subgroup

Weil∗(X) ⊂ Weil(X). (5.6.1)

A rank 1 reflexive sheaf that is locally free at the generic points of DX is
called a divisorial sheaf on X. Divisorial sheaves form a subgroup

Cl∗(X) ⊂ Cl(X). (5.6.2)
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As in (1.2), in this group the product of two divisorial sheaves L1, L2 is given
by L1⊗̂L2 := (L1 ⊗ L2)∗∗, the double dual or reflexive hull of the usual tensor
product. For powers we use the notation L[m] := (L⊗m)∗∗.

Let B be a Z-divisor whose support does not contain any irreducible compo-
nent of the conductor. Then there is a closed subset Z ⊂ X of codimension ≥ 2
such that X0 := X \ Z has only regular and double nc points and B0 := B|X0 is
regular. Thus B0 is a Cartier divisor on X0 and OX0 (B0) is an invertible sheaf.
Let j: X0 ↪→ X denote the natural injection and set

OX(B) := j∗OX0 (B0). (5.6.3)

This establishes a surjective homomorphism Weil∗(X) → Cl∗(X) whose kernel
consists of divisors linearly equivalent to 0.

Similarly,KX0 is a Cartier divisor onX0 andωX0 � OX0 (KX0 ) is an invertible
sheaf. For every m ∈ Z, we get the rank 1 reflexive sheaves

ωX := j∗ωX0 and ω
[m]
X (B) := j∗

(
ωm
X0 (B0)

)
. (5.6.4)

Thus it makes sense to talk about KX or B being Cartier or Q-Cartier. (Even on
a nodal curve it is ill advised to view a node p as a Weil divisor such that 2[p]
is Cartier. Fortunately, in the slc case, we mostly need to deal with divisors in
Weil∗(X).)

Let π: X̄ → X be the normalization. For any B in Weil∗(X), let B̄ denote
the divisorial part of π−1(B), as a divisor on X̄. This establishes a one-to-one
correspondence between Z-divisors (resp. Q-divisors) on X whose support
does not contain any irreducible component of the conductor DX ⊂ X and Z-
divisors (resp. Q-divisors) on X̄ whose support does not contain any irreducible
component of D̄X ⊂ X̄.

5.7 Let Y be a scheme and π: Ȳ → Y its normalization. Assume that Y is S2,
ωY is locally free and Ȳ is regular. From

π∗ωȲ = HomY (π∗OȲ , ωY )

we conclude that π∗ωȲ = ωY (−D). (Note that D is not a Cartier divisor on Y .)
Since the conductor ideals OY (−D) = OȲ (−D̄) agree, the latter is equivalent
to ωȲ = (π∗ωY )(−D̄). Since D̄ is a Cartier divisor, we can take it to the other
side to obtain the natural isomorphism

π∗ωY = ωȲ (D̄). (5.7.1)

If X is an arbitrary demi-normal scheme, we can apply the above consideration
to an open subset X0 ⊂ X such that X \X0 has codimension ≥ 2. By pushing
forward from X0 (resp. X̄0) to X (resp. X̄) we obtain that

π∗ωX̄ = ωX(−D) and (π∗ωX)∗∗ = ωX̄(D̄), (5.7.2)
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where the double dual is necessary in general since the pull-back of an S2 sheaf
need not be S2. Similarly, for any Z-divisor B and integer m we obtain a natural
isomorphism (

π∗ω[m]
X (B)

)∗∗ � ω
[m]
X̄

(mD̄ + B̄). (5.7.3)

If � is a Q-divisor, m� is integral and m(KX +�) is Cartier, this simplifies to

π∗(ω[m]
X (m�)

) � ω
[m]
X̄

(mD̄ +m�̄), (5.7.4)

which we frequently abbreviate as

π∗(KX +�) ∼Q KX̄ + D̄ + �̄. (5.7.5)

It is more interesting to study which sections of ω[m]
X̄

(mD̄ +m�̄) descend to a

section of ω[m]
X (m�). The only question is at the generic points of D, hence we

can work on X0 and ignore �.
Assume first that we are over a perfect field whose characteristic is �= 2. We

give an answer in terms of the Poincaré residue map (4.1)

RX̄0→D̄0 : ωX̄0 (D̄0) → (ωX̄0 (D̄0))|D̄0 = ωD̄0 .

By taking tensor powers, we get

R⊗m
X̄0→D̄0 : (ωX̄0 (D̄0))⊗m → ωm

D̄0 .

As an étale local model, we can take X := (xy = 0) ⊂ A2. A generator of ωX

is given by σ := RA2→X((xy)−1dx ∧ dy). Note that

RA2→X

(
dx ∧ dy

xy

) ∣∣∣
(y=0)

= dx

x
and RA2→X

(
dx ∧ dy

xy

) ∣∣∣
(x=0)

= −dy

y
.

Note that dx/x has residue 1 at the origin and −dy/y has residue −1. The two
residues differ by a minus sign, thus we obtain the following.

Proposition 5.8 Let X be a demi-normal variety over a perfect field whose
characteristic is �= 2. A section φ of ω[m]

X̄
(mD̄ +m�̄) descends to a section

of ω[m]
X (m�) if and only if R⊗m

X̄→D̄
(φ) is τ -invariant if m is even and τ -anti-

invariant if m is odd.

5.9 (Demi-normal schemes in characteristic 2) In general, let X be a demi-
normal scheme, π: X̄ → X its normalization, D ⊂ X and D̄ ⊂ X̄ the conduc-
tors.

If k(D) has characteristic 2 then there is no Galois involution τ in general.
Note that if τ exists then Dn = D̄n/(τ ), thus instead of using τ we can encode
the normalization as

(X̄, σ: D̄n → Dn) (5.9.1)
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where σ has degree 2 over every irreducible component of Dn. If 2 is invertible,
this carries the same information as (X̄, D̄, τ ).

The results of this section all work in general, only (5.8) needs some thought.
Assume that X is CM, seminormal and X̄ is regular. (As in (5.7), these condi-
tions hold outside a codimension ≥ 2 subscheme of any demi-normal scheme.)
We have an exact sequence

0 → OX(−D) → OX → OD → 0.

Mapping it to ωX we get

0 → ωX → HomX(OX(−D), ωX) → Ext 1
X(OD, ωX) � ωD → 0.

Note that

HomX(OX(−D), ωX) � Hom X̄(OX(−D),HomX(OX̄, ωX))

� Hom X̄(OX̄(−D̄), ωX̄) � ωX̄(D̄).

Thus we get an exact sequence

0 → ωX → π∗ωX̄(D̄)
∂→ ωD → 0 (5.9.1)

which tells us which sections of ωX̄(D̄) descend to X. We can also obtain ∂ as
the composition

ωX̄(D̄)
R �� ωD̄

tr(σ ) �� ωD (5.9.2)

of the residue map R with the trace map tr(σ ).

Aside 5.9.3 It is instructive to compute the dualizing sheaf of a seminormal
curve singularity p ∈ C. Let p̄ ⊂ C̄ be the (reduced) preimage of p in the
normalization. Then (5.9.1–2) show that

ωC |p � ker[ωp̄→ωp] � ker[k(p̄)
tr→ k(p)]

where tr is the trace map of the field extension k(p̄) ⊃ k(p). In particular, we see
that ωC is locally free at p ⇔ k(p̄) ⊃ k(p) has degree 2 ⇔ C has a node at p.

5.2 Statement of the main theorems

In this section we define semi-log canonical pairs (X,�) and state three main
theorems describing their properties. The rest of the book is essentially devoted
to their proofs.

Definition–Lemma 5.10 Let X be a demi-normal scheme with normalization
π: X̄ → X and conductors D ⊂ X and D̄ ⊂ X̄ (5.2.2). Let � be an effective
Q-divisor whose support does not contain any irreducible component of D and
�̄ the divisorial part of π−1(�),
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The pair (X,�) is called semi-log canonical or slc if

(1) KX +� is Q-Cartier, and
(2) one of the following equivalent conditions holds:

(a) (X̄, D̄ + �̄) is lc, or
(b) a(E,X,�) ≥ −1 for every exceptional divisor E of a birational mor-

phism f : Y → X such that Y is regular at the generic point of E.

Note that (2.b) is the exact analog of the definition of log canonical given
in (2.8).

In order to see that the conditions (2.a) and (2.b) are equivalent, pick any
f : Y → X and let Ȳ → Y be the normalization. Then we have a commutative
diagram

Ȳ
πY ��

f̄





Y

f




X̄

π �� X

and π∗(KX +�) ∼Q KX̄ + D̄ + �̄ by (5.7.5).
Since Y is regular at the generic points of Ex(f ), we see that πY is an

isomorphism over the generic points of Ex(f ). Thus

a(E,X,�) = a(E, X̄, D̄ + �̄) (5.10.3)

for every exceptional divisor E. Thus (2.a) ⇒ (2.b) and, using (2.13), the
converse also follows from (1.13.4); see also (10.56).

The discrepancy a(E,X,�) is not defined if KX +� is not Q-Cartier, thus
(5.10.2.b) does not make sense unless (5.10.1) holds. By contrast, (5.10.2.a)
makes sense if KX̄ + D̄ + �̄ is Q-Cartier, even if KX +� is not. The point of
Question (5.5) is to understand the difference between these two versions.

The answer to Question (5.5) is given in terms of the different (4.2), which
we recall next.

5.11 Let (Y,D +�) be a pair where Y is normal, D a reduced divisor and �

a Q-divisor whose support does not contain any irreducible component of D.
Assume that 1

2 ∈ OY . Let n: Dn → D be the normalization. Assume that m�

is an integral divisor and m(KY +D +�) is a Cartier divisor. By (4.2) there
is a unique Q-divisor DiffDn � on Dn such that

(1) m · DiffDn � is integral and m(KDn + DiffDn �) is Cartier, and
(2) for m even, the mth tensor power of the Poincaré residue map (4.1) extends

to a natural isomorphism

n∗
(
ω

[m]
Y (mD +m�)

) � ω
[m]
Dn (m · DiffDn �).
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Note that the Poincaré residue isomorphism is defined over the snc locus of
(Y,D +�) and the different is then chosen as the unique Q-divisor for which
the extension is an isomorphism.

Let us now apply the above to (X̄, D̄, �̄) obtained as the normalization of a
pair (X,�). Using (5.7.5), for m sufficiently divisible, we have isomorphisms

σ ∗π∗(ω[m]
X (m�)

) � σ ∗(ω[m]
X̄

(mD̄ +m�̄)
) � ω

[m]
D̄n (m · DiffD̄n �̄). (5.11.3)

Note that the composite D̄n → X̄ → X is τ -invariant, hence the composite
isomorphism in (5.11.3) is also τ -invariant. As noted above, the isomorphism

σ ∗π∗(ω[m]
X (m�)

) � ω
[m]
D̄n (m · DiffD̄n �̄).

uniquely determines the different DiffD̄n �̄. Thus we have proved the following:

Proposition 5.12 Let X be a demi-normal scheme such that 1
2 ∈ OX and �

a Q-divisor whose support does not contain any irreducible component of the
conductor D ⊂ X. Let (X̄, D̄, �̄) and τ: D̄ → D̄ be as in (5.2) and (5.6). If
KX +� is Q-Cartier then DiffD̄n �̄ is τ -invariant.

Note that the τ -invariance of DiffD̄n �̄ depends only on the codimension 2
points of X and we prove in (5.18) that the converse of (5.12) holds outside
a codimension ≥ 3 subset of X. Thus the key question is whether there are
further conditions at higher codimension points or not.

The following theorem gives a complete answer in the projective, lc case.
The examples (5.17) show that there are further conditions if (X̄, D̄, �̄) is
not lc.

Theorem 5.13 (Kollár, 2011d) Over a field of characteristic 0, normalization
gives a one-to-one correspondence:

⎧⎨⎩
Proper slc pairs
(X,�) such that
KX +� is ample.

⎫⎬⎭ ←→

⎧⎪⎪⎨⎪⎪⎩
Proper lc pairs (X̄, D̄ + �̄) plus

a generically fixed point free
involution τ of (D̄n,DiffD̄n �̄)

such that KX̄ + D̄ + �̄ is ample.

⎫⎪⎪⎬⎪⎪⎭
Here the arrow → is quite easy but establishing ← is surprisingly difficult.

We obtain it as a combination of (5.32), (5.36) and (5.38). Most of Chapters 5
and 9 are devoted to proving it.

As we noted in Section 4.3, lc centers play a key role in understanding lc
pairs and the same holds for slc pairs. The main structure theorems also hold
in general.

Theorem 5.14 Let (X,�) be an slc pair that is essentially of finite type over
a field of characteristic 0. Then:
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(1) (Intersection) Any intersection of lc centers is also a union of lc centers.
(2) (Seminormality) Every union of lc centers is seminormal.
(3) (Normality) Every minimal (with respect to inclusion) lc center is normal.
(4) (Du Bois) Every union of lc centers is Du Bois (6.10).

IfX is normal, (5.14.1–3) are due to Ambro (2003, 2011) and Fujino (2009b).
We prove the normal and non-normal versions together as special cases of
(9.26). If X is normal, (5.14.4) is due to Kollár and Kovács (2010). The general
case is established in (6.32).

The above result investigates centers of divisors whose discrepancy equals
−1, but it is also of interest to study those divisors whose discrepancy is
negative. As in (2.9), we use mld := 1 + discrepancy in the statement. Thus
W ⊂ X is a union of lc centers if and only if mld(W ) = 0.

Theorem 5.15 Let (X,�) be an slc pair that is essentially of finite type over
a field of characteristic 0. Let W,W1,W2 be closed, reduced subschemes. Then

(1) (Intersection) mld(W1 ∩W2, X,�) ≤ mld(W1, X,�) + mld(W2, X,�)
provided mld(W1, X,�) < 1 for i = 1, 2.

(2) (Seminormality) If mld(W,X,�) < 1
6 then W is seminormal.

(3) (Normality) Let W norm ⊂ W denote the set of normal points of W . Then
mld(W \W norm, X,�) ≤ 2 · mld(W,X,�) if mld(W,X,�) < 1.

(4) W1 ∩W2 is reduced if mld(W1, X,�) + mld(W2, X,�) < 1
2 .

If X is normal, these results are proved in Kollár (2011c). The general ver-
sions are all special cases of (7.18) and of (7.19). The assertions (5.15.1–3) are
generalizations of (5.14.1–3). There should be a corresponding variant of the
Du Bois version (5.14.4) as well, but the bound on mld(W,X,�) depends on
the dimension and converges to 0 very rapidly; see (8.6) or Kollár (2011c) for
details. If W1 ∪W2 is seminormal, then W1 ∩W2 is reduced by (10.21), thus
(5.15.2) implies (5.15.4) if mld(Wi,X,�) < 1

6 for i = 1, 2. For the applica-
tions in Section 8.8 the most interesting case is when mld(W1, X,�) = 0 and
mld(W2, X,�) < 1

2 .

5.3 Semi-log canonical surfaces

In this section we work out by hand (5.13) for surfaces, but first we consider a
series of examples that seem quite close to being slc yet (5.13) fails for them.
The results of this section are superseded by the general methods of Chapter 9,
but it is useful to get a good feeling for how the proof works in some concrete
cases.
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Example 5.16 In A4 consider the surface S that consists of three planes,
Pxy := (z = t = 0), Pyz := (x = t = 0), Pzt := (x = y = 0). Its normaliza-
tion is the disjoint union S̄ = Pxy ' Pyz ' Pzt and, correspondingly, the con-
ductor D has three pieces L1 := (x = 0) ⊂ Pxy , L′

1 + L′
2 := (yz = 0) ⊂ Pyz

and L2 := (t = 0) ⊂ Pzt . Its normalization D̄n is the disjoint union of the 4
lines Li, L

′
i . Thus (S̄, D̄) is dlt and both KS̄ and D̄ are Cartier.

We see that the origin appears with coefficient 0 in the different on L1 and
L2 but with coefficient 1 on L′

1 and L′
2. The involution τ interchanges L1 with

L′
1 and L2 with L′

2. Thus DiffD̄(0) is not τ -invariant, hence ωS is not Cartier
and not even Q-Cartier.

Note that S is a cone over a curve C ⊂ P3 which is a chain of three lines,
ωC has degree −1 on the two ends and 0 on the middle line. Thus ωC is not
Q-linearly equivalent to a rational multiple of the hyperplane class and (3.14)
also implies that ωS is not Q-Cartier.

The next example shows that in the non-lc case there is no numerical condi-
tion that decides whether a demi-normal surface has Q-Cartier canonical class
or not.

Example 5.17 We describe a flat family of demi-normal surfaces
parametrized by C∗ × C∗ such that the canonical class of the fibers is Q-
Cartier for a Zariski dense set of pairs (λ,μ) ∈ C∗ × C∗ and not Q-Cartier for
another Zariski dense set of pairs.

Start with a cone S over a hyperelliptic curve and two rulings Cx,Cy ⊂ S.
Take two copies of S and glue them together by the isomorphisms C1

x → C2
x

and C1
y → C2

y which are multiplication by λ ∈ C∗ (resp. μ ∈ C∗) to get a non-
normal surface T (λ,μ). We show that its canonical class is Q-Cartier if and
only if λ/μ is a root of unity.

To get concrete examples, fix an integer a ≥ 0 and set

S := (z2 = xy(x2a + y2a)) ⊂ A3 and C := Cx + Cy

where Cx = (y = z = 0) and Cy = (x = z = 0). Note that C is not Cartier but
2C = (xy = 0) is. Furthermore, ωS is locally free with generator z−1dx ∧ dy

and so ω2
S(2C) is locally free with generator

1

xyz2
(dx ∧ dy)⊗2 = 1

x2y2(x2a + y2a)
(dx ∧ dy)⊗2.

The restriction of ω2
S(2C) to Cx is thus locally free with generator

RS→Cx

(
1

x2(x2a + y2a)

(
dx ∧ dy

y

)⊗2
)
= 1

x2+2a
(dx)⊗2.

Hence the different on Cx is the origin with coefficient 1 + a. Similarly, the
restriction of ω2

S(2C) to Cy is locally free with generator y−2−2a(dy)⊗2.
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Take now two copies Si with coordinates (xi, yi, zi) for i ∈ {1, 2}.
Let τ (λ,μ): C1 → C2 be an isomorphism such that τ (λ,μ)∗x2 = λx1 and
τ (λ,μ)∗y2 = μy1. Let T (λ,μ) be obtained by gluing C1 ⊂ S1 to C2 ⊂ S2

using τ (λ,μ).
Assume that ω2m

T (λ,μ) is locally free with generator σ . Then the restriction of
σ to Si is of the form

σ |Si =
1

x2m
i y2m

i

(
x2a
i + y2a

i

)m (dxi ∧ dyi)
⊗2m · fi(xi, yi, zi)

for some fi such that fi(0, 0, 0) �= 0. Furthermore,

τ ∗(σ |S2 )|C2 = (σ |S1 )|C1 .

Further restricting to the x-axis, this gives

1

(λx1)2m+2am
(λdx1)⊗2mf2(λx1, 0, 0) = 1

x2m+2am
1

(dx1)⊗2mf1(x1, 0, 0).

which implies that f2(0, 0, 0) = λ2amf1(0, 0, 0). Similarly, computing on the y-
axis we obtain that f2(0, 0, 0) = μ2amf1(0, 0, 0). If λ2am �= μ2am, these imply
that f1(0, 0, 0) = f2(0, 0, 0) = 0, hence ω

[2m]
T (λ,μ) is not locally free. If λ2am =

μ2am then f1(x1, y1, z1) ≡ 1 and f2(x2, y2, z2) ≡ λ2am give a global generator
of ω[2m]

T (λ,μ).
For a ≥ 1, we have our required examples. As λ,μ vary in C∗ × C∗, we get

a flat family of demi-normal surfaces T (λ,μ). The set of pairs (λ,μ) such that
λ/μ is a root of unity is a Zariski dense subset of C∗ × C∗ whose complement
is also Zariski dense.

Note, however, that for a = 0, ω[2]
T (λ,μ) is locally free for every λ,μ. In this

case, S := (z2 = xy) ⊂ A3 is a quadric cone and T (λ,μ) is slc. (In fact T (λ,μ)
is isomorphic to the reducible quartic cone (x2 + y2 + z2 + t2 = xy = 0) ⊂ A4

for every λ,μ.)

We are now ready to prove (5.13) for surfaces.

Proposition 5.18 Let X be a demi-normal scheme such that 1
2 ∈ OX and �

a Q-divisor whose support does not contain any irreducible component of the
conductor D ⊂ X. Let (X̄, D̄, �̄) and τ: D̄n → D̄n be as in (5.2) and (5.6).
The following are equivalent.

(1) DiffD̄n �̄ is τ -invariant.
(2) There is a codimension 3 set W ⊂ X such that (X \W,�|X\W ) is slc.

Proof We already saw in (5.12) that (2) ⇒ (1).
The converse is étale local near codimension 2 points of X. We can thus

localize at such a point p ∈ X and assume from now on that X is 2-dimensional
and local. By passing to a suitable étale neighborhood of p we may assume
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that the irreducible components of the conductor D̄ ⊂ X̄ are regular. (This will
make book-keeping easier.)

It is easiest to use case analysis, relying on some of the classification results
in Section 2.2, but we use only (2.31).

(5.18.3) Plt normalization case Assume that there is an irreducible compo-
nent X̄1 ⊂ X̄ such that (X̄1, D̄1 + �̄1) is plt. By (2.31), D̄1 is a regular curve,
��̄1� = 0, and (D̄1,DiffD̄1

�̄1) is klt by adjunction (2.35).
There are 2 cases:

(a) If τ is an involution of D̄1 then X̄ = X̄1 is the only component and X = X1

is not normal.
(b) If τ maps D̄1 to another double curve D̄2, then, by the τ -invariance of the

different (5.18.1), DiffD̄1
�̄1 = DiffD̄2

�̄2 and so (X̄2, D̄2 + �̄2) is also plt
by inversion of adjunction (2.35). Thus X̄ = X̄1 + X̄2 has 2 irreducible
components, both plt and the X̄i are also irreducible components of X.

In the first case, choose m ∈ N such that mDiffD̄1
�̄1 is a Z-divisor and let

σ be a τ -invariant generator of ω2m
D̄1

(2m · DiffD̄1
�̄1). Since

H 0
(
X̄, ω

[2m]
X̄

(2mD̄1 + 2m�̄)
)

� H 0
(
D̄1, ω

2m
D̄1

(2m · DiffD̄1
�̄1)

)
is surjective, we can lift σ to a generator φ ∈ H 0(X̄, ω

[2m]
X̄

(2mD̄1 + 2m�̄)),
and by (5.8), φ descends to a nowhere zero section

�0 ∈ H 0
(
X \ p,ω[2m]

X (2m�)|X\p
)

which then extends to a local generator � ∈ H 0(X,ω
[2m]
X (2m�)).

In the second case, for i = 1, 2, pick local generators

σi ∈ H 0(D̄i, ω
2m
D̄i

(2mDiffD̄i
�̄i)
)

that are interchanged by τ and lift them to sections

φi ∈ H 0
(
X̄i, ω

[2m]
X̄i

(2mD̄i + 2m�̄i)
)
.

As before, the pair (φ1, φ2) descends to a section

�0 ∈ H 0
(
X \ p,ω[2m]

X (2m�)|X\p
)

which then extends to a section � ∈ H 0(X,ω
[2m]
X (2m�)). Then � is a local

generator of ω[2m]
X (2m�), thus 2m(KX +�) is Cartier at P .

(5.18.4) Key point of the proof
Let (pj ∈ D̄j ) be the irreducible components of D̄n. In the remaining cases

(X̄, D̄ + �̄) is lc but not plt at any of the preimages of p, thus we know that
DiffD̄j

(
D̄ − D̄j + �̄) = 1 · [pj ] for every j . Therefore

H 0
(
D̄j , ω

2m
D̄j

(2mDiffD̄j
(D̄ − D̄j + �̄))

) = H 0
(
D̄j , ω

2m
D̄j

(2m[pj ])
)
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and the Poincaré residue of a section σj lies in

R(σj ) ∈ ω⊗2m
pj

= k(pj )⊗2m = k(pj ) (5.18.5)

where the = signs are canonical isomorphisms. Thus it makes sense to ask if
a section has residue = 1 or not.

(5.18.6) Non-plt normalization case
Pick local generators

σj ∈ H 0
(
D̄j , ω

2m
D̄j

(2mDiffD̄j
(D̄ − D̄j + �̄))

)
that have residue 1 at pj (under the identifications (5.18.5)) and such that
together they give a τ -invariant section of ω2m

D̄n (2mDiffD̄n �̄). Since the σj all
have the same residue, by (5.8), they descend to a section

σ ∈ H 0
(
D̄, ω2m

D̄
(2mDiffD̄ �̄)

)
.

As before, σ lifts back to φ ∈ H 0(X̄, ω
[2m]
X̄

(2mD̄ + 2m�̄)) and then descends
to

� ∈ H 0
(
X,ω

[2m]
X (2m�)

)
.

(5.18.7) Comments on higher dimensions
A difficulty in higher dimensions is that the residues at a point p ∈ X lie in

a 1-dimensional k(p)-vector space that cannot be identified with k(p).
For instance, if X is a cone with vertex v over an Abelian variety A then

there is a natural isomorphism

ω
[m]
X |v = ωm

X|v � H 0(A,ωA)⊗m

and the latter does not have a canonical isomorphism with C. (Indeed, as A

moves in the moduli space of Abelian varieties, the H 0(A,ωA)⊗m are fibers of
an ample line bundle on the moduli space.) We return to this in Section 5.7.

5.4 Semi-divisorial log terminal pairs

In this section we establish (5.13) for semi-dlt pairs (5.19). Dlt pairs play a
crucial role in our treatment of lc pairs, mostly through the use of (1.34). The
analog of the latter is not known for slc pairs; see (5.22).

Definition 5.19 An slc pair (X,�) is semi-divisorial log terminal or semi-dlt
if a(E,X,�) > −1 for every exceptional divisor E over X such that (X,�) is
not snc (1.10) at the generic point of centerX E.
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By (5.10.3), this implies that (X̄, D̄ + �̄) is dlt. The converse is not quite
true, for instance S := (xy = zt = 0) ⊂ A4 is not semi-dlt but its normaliza-
tion is dlt. We see, however, in (5.20) that this difference appears only in
codimension 2.

If (Y,B +�) is dlt and B is reduced, then (B,DiffB �) is semi-dlt, and this
is the main reason for our definition. However, if (B,DiffB �) is semi-dlt then
(Y,B +�) need not be dlt. For instance, take Y := (x1 · · · xn + xm

n+1 = 0) ⊂
An+1 and B := (xn+1 = 0). Then B is simple normal crossing but (Y,B) is not,
hence (Y,B) is not dlt.

It might be useful to develop a variant of dlt/semi-dlt that is compatible
both with adjunction and inversion of adjunction. There are, however, enough
flavors of “log terminal” floating around, so we will not do this.

In the dlt case, we have the following positive answer to (5.5).

Proposition 5.20 Let (X,�) be a demi-normal pair over a field of char-
acteristic 0. Assume that the normalization (X̄, D̄, �̄) is dlt and there is a
codimension 3 set W ⊂ X such that (X \W,�|X\W ) is semi-dlt. Then

(1) the irreducible components of X are normal,
(2) KX +� is Q-Cartier and
(3) (X,�) is semi-dlt.

Proof We may assume that X is affine. At a codimension 2 point p ∈ X,
the pair (X,�) is either snc, and hence the irreducible components of X are
regular near p, or (X̄, D̄, �̄) is plt above p and we are in case (5.18.3b). Thus
the irreducible components of X are normal in codimension 2.

Let X1, . . . , Xn be the irreducible components of X with normalization
X̄j → Xj . Let W̄ ⊂ X̄ be the preimage of W .

Set Bj := Xj ∩ (X1 ∪ · · · ∪Xj−1), as a divisor on Xj . Note that Xj \W �
X̄j \ W̄ and under this isomorphism Bj is identfied with a sum of certain
irreducible components of D̄|X̄j

. Since (X̄, D̄, �̄) is dlt, (2.88) implies that
OX̄j

(−B̄j ) is a CM sheaf. In particular, depthX̄j∩W̄ OX̄j
(−B̄j ) ≥ 3. By (2.58),

this implies that

H 1(Xj \W,OXj
(−Bj )|Xj\W ) = H 1(X̄j \ W̄ ,OX̄j

(−B̄j )|X̄j \W̄ ) = 0.

Hence, by (5.21.2), each Xj is S2 and hence normal. Thus X and X̄ have the
same irreducible components.

There is an m > 0 such that m(KX +�)|Xj
is locally free for every j . We

can now apply (5.21.3) to L := ωm
X(m�)|X\W to conclude that KX +� is

Q-Cartier.
Let E be an exceptional divisor over X such that a(E,X,�) = −1. We need

to prove that (X,�) is snc at the generic point of centerX E. By localizing, we



202 Semi-log canonical pairs

may assume that centerX E =: p ∈ X is a closed point and (X,�) is dlt outside
p. By assumption, we are done if codimX p ≤ 2.

Thus assume that dimX ≥ 3 and let (Xi,Di +�i) denote the irreducible
components of (X̄, D̄ + �̄). By permuting the indices, we may assume that
E is an exceptional divisor over X1. Then (X1,D1 +�1) is snc at p. If Xi is
any other irreducible component such that dimp(X1 ∩Xi) ≥ dimX − 1, then
adjunction and inversion of adjunction shows that there is an exceptional divisor
Ei over Xi with discrepancy −1 whose center is p ∈ Xi . Thus (Xi,Di +�i)
is also snc at p. Since X is S2, the complement of any codimension ≥ 2 subset
is still connected, thus every (Xj,Dj +�j ) is snc at p.

We claim that dim TpX = dimX + 1. Note that dim TpX1 = dimX

and for any i �= 1, dim Tp(X1 +Xi) = dimX + 1. Thus we are done if
Tp(X1 +Xi) = Tp(X1 +Xj ) for every i �= 1 �= j . For this it is enough to
find a tangent vector

v ∈ (Tp(X1 +Xi) ∩ Tp(X1 +Xj )) \ TpX1.

Note that (X1 ∩Xi) and (X1 ∩Xj ) are divisors in X1, hence their intersection
has dimension ≥ dimX − 2. Since dimX ≥ 3, we conclude that Xi ∩Xj is
strictly larger thanp. Thus dimp(Xi ∩Xj ) ≥ dimX − 1. In particular,Xi ∩Xj

has a tangent vector v which is not a tangent vector to X1 ∩Xi ∩Xj .
Thus X has embedding dimension dimX + 1 and so it is snc.

Proposition 5.21 Let X be affine, pure dimensional and X1, . . . , Xm the
irreducible components of X. Let W ⊂ X be a closed subset of codimension
≥ 3. Let F be a coherent sheaf on X and set

Ij := ker[F |X1∪···∪Xj
→ F |X1∪···∪Xj−1 ].

Assume that H 1(Xj \W, Ij |Xj\W ) = 0 for j ≥ 2. Then

(1) The restriction maps

H 0(X \W,F |X\W ) → H 0(X1 ∪ · · · ∪Xj \W,F |X1∪···∪Xj\W )

are surjective.
(2) If depthW F ≥ 2 then depthW F |X1∪···∪Xj

≥ 2 for every j .
(3) If F |Xj \W � OXj \W for every j then F � OX.

Proof The first claim follows from the cohomology sequence of

0 → Ij+1 → F |X1∪···∪Xj+1 → F |X1∪···∪Xj
→ 0

and induction on j . If depthW F |X1∪···∪Xj
< 2 then F |X1∪···∪Xj \W has a section

φ that does not extend to a section of F |X1∪···∪Xj
. By lifting φ back to a section

of F |X\W , we would get a contradiction. This proves (2).
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Finally, we prove by induction on j that, under the assumptions of (3),
F |X1∪···∪Xj \W has a nowhere zero section. For j = 1 we have assumed this.
Next we lift the section, going from j − 1 to j .

Since H 1(Xj \W, Ij |Xj\W ) = 0, we have a surjection

H 0(X1 ∪ · · · ∪Xj \W,F |X1∪···∪Xj \W )

� H 0(X1 ∪ · · · ∪Xj−1 \W,F |X1∪···∪Xj−1\W ).

Thus F |X1∪···∪Xj \W has a section σj which is nowhere zero on X1 ∪ · · · ∪
Xj−1 \W . Note that σj |Xj \W is the section of a trivial line bundle. Thus, if it
vanishes at all, then it vanishes along a Cartier divisor Dj on Xj .

Since depthW F |X1∪···∪Xj
≥ 2, Xj ∩ (X1 ∪ · · · ∪Xj−1) has pure codimen-

sion 1 in Xj . Thus, if Dj �= 0 then Dj ∩ (X1 ∪ · · · ∪Xj−1) is a nonempty
codimension 2 set of X1 ∪ · · · ∪Xj−1. On the other hand, W has codimension
3 and σj does not vanish on X1 ∪ · · · ∪Xj−1 \W .

This implies that Dj = 0 and so σj is nowhere zero on X1 ∪ · · · ∪
Xj \W .

5.22 (Semi-dlt models) In the study of lc pairs (X,�) it is very useful that there
is a dlt model, that is, a projective, birational morphism f : (X′,�′) → (X,�)
such that (X′,�′) is dlt, KX′ +�′ ∼Q f ∗(KX +�) and every f -exceptional
divisor has discrepancy −1 (1.36).

It would be convenient to have a similar result for slc pairs. An obvious
obstruction is given by codimension 1 self-intersections of the irreducible
components of X. Indeed, this is not allowed on a semi-dlt pair but a semi-
resolution cannot remove such self-intersections.

Every demi-normal scheme has a natural double cover that removes such
codimension 1 self-intersections (5.23), thus it is of interest to ask for semi-dlt
models assuming that every irreducible component of X is normal in codimen-
sion 1.

Question 5.22.1 Let (X,�) be slc such that every irreducible component of
X is normal in codimension 1. Is there a projective, birational morphism f :
(X′,�′) → (X,�) such that (X′,�′) is semi-dlt, f maps SingX′ birationally
on the double normal crossing locus D ⊂ SingX, KX′ +�′ ∼Q f ∗(KX +�)
and every f -exceptional divisor has discrepancy −1?

5.23 (A natural double cover) Every demi-normal scheme has a natural double
cover, constructed as follows. (For a normal schemeX, one just gets two disjoint
copies of X.)

Let X0 be a scheme whose singularities are double nc points only.
First let us work over C. Let γ : S1 → X0(C) be a path that intersects the

singular locus only finitely many times. Let c(γ ) ∈ Z/2Z be the number of
those intersection points where γ moves from one local branch to another. It is
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easy to see that c: π1(X0, p) → Z/2Z is a well defined group homomorphism.
Let π0: X̃0 → X0 be the corresponding double cover.

For instance, if Cm is a cycle of smooth rational curves of length m (as in
the diagram (3.27.3)), then C̃m is a cycle C2m of length 2m if m is odd and the
disjoint union of two copies of Cm if m is even.

Let now X be a demi-normal scheme and j: X0 ↪→ X an open subset with
double nc points only and such that X \X0 has codimenson≥ 2. Let π0: X̃0 →
X0 be as above. Then j∗π0

∗OX̃0 is a coherent sheaf of algebras on X. Set

X̃ := SpecX j∗π0
∗OX̃0

with projection π: X̃ → X.
By construction, X̃ is S2, π is étale in codimension 1 and the normalization

of X̃ is a disjoint union of two copies of the normalization of X. Furthermore,
the irreducible components of X̃ are smooth in codimension 1.

Note that even if X is nc, usually X̃ is not nc. For instance, take X3 :=
(xyz = 0) ⊂ A3. It is also a cone over the length 3 cycle of smooth rational
curves C3. We see that X̃3 is a cone over C6, the length 6 cycle of smooth
rational curves.

As shown by the examples (9.57), (9.58) and (9.59), in general the irreducible
components of X̃ need not be normal.

For a general scheme, we can construct X̃0 as follows. Let π0: X̄0 → X0

denote its normalization with conductors D0 ⊂ X0, D̄0 ⊂ X̄0 and Galois invo-
lution τ: D̄0 → D̄0. Take two copies X̄0

1 ' X̄0
2 and on D̄0

1 ' D̄0
2 consider the

involution

�(p, q) = (τ (q), τ (p)).

Note that (D̄0
1 ' D̄0

2)/� � D̄0 but the isomorphism is non-canonical. Let X̃0

be the universal push-out (9.30) of(
D̄0

1 ' D̄0
2

)
/� ← (

D̄0
1 ' D̄0

2

)
↪→ (

X̄0
1 ' X̄0

2

)
.

Then π0: X̃0 → X0 is an étale double cover and the irreducible components of
X̃0 are smooth. The normalization of X̃0 is a disjoint union of two copies of
the normalization of X0.

Another way to construct π0: X̃0 → X0 is the following. There is a natural
quotient map q: π∗OX̄0 → π∗OD̄0 and τ decomposes the latter as the τ -invariant
part OD and the τ -anti-invariant part, call it LD . Then q−1OD ⊂ π∗OX̄0 is
naturally OX andLX := q−1(LD) ⊂ π∗OX̄0 is also an invertible sheaf. Its tensor
square is OX, since LD · LD = OD (multiplication as in π∗OD̄0 ). Thus LX is
2-torsion in Pic(X0) and X̃0 = SpecX0 (OX + LX).
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5.5 Log canonical stratifications

In this section we answer Question 5.4 for semi-log canonical pairs. Or, rather,
here we establish fundamental properties of log canonical centers of lc pairs
and then refer to the abstract theorems of Chapter 9 on geometric quotients by
finite set-theoretic equivalence relations to complete the proofs. First we need
some discussion on algebraic spaces.

5.24 Warning on schemes versus algebraic spaces Recall that from now on
we work with schemes (or algebraic spaces) that are of finite type over a base
scheme S that is essentially of finite type over a field of characteristic 0.

Given such an X, let π: X̄ → X be its normalization. If X is quasi-projective
over S then so is X̄ and if X is a scheme then so is X̄. However, it can happen
that X̄ is quasi-projective but X is not or that X̄ is a scheme but X is only an
algebraic space. There are two ways to go around these problems.

The most natural is to work with algebraic spaces. Thus we will talk about
“stratified spaces” instead of “stratified schemes.”

Those who wish to stay with schemes can work with schemes X such
that every finite subscheme is contained in an open affine subscheme. We
call this the Chevalley–Kleiman property. These include all quasi-projective
schemes. We prove in (9.28–9.31) that all our constructions stay within this
class.

In the main application (5.13), bothX and X̄ are projective, so these subtleties
do not matter much.

Definition 5.25 (Log canonical stratification) Letf : (X,�) → Z be a crepant
log structure. Let S∗i (Z,X,�) ⊂ Z be the union of all ≤ i-dimensional lc
centers (4.15, 4.28) of f : (X,�) → Z and set

Si(Z) := S∗i (Z,X,�) \ S∗i−1(Z,X,�).

Thus Si(Z) is a locally closed subspace of Z of pure dimension i and Z is the
disjoint union of the Si(Z). We call SdimZ(Z) the open stratum.

The collection of all the Si(Z) is called the log canonical stratification or lc
stratification of Z. It is denoted by (Z, S∗).

The boundary of (Z, S∗) is the closed subspace

B(Z, S∗) := Z \ SdimZ(Z) = ∪i<dimZSi(Z).

In Section 9.1 we study abstract stratified spaces (X, S∗), where the Si(X) ⊂ X

are locally closed of pure dimension i. We always assume that ∪i≤jSi(X) is
closed for every j . The notion of open stratum and boundary are as above. In
analogy with lc centers, an lc center of (X, S∗) is the closure of an irreducible
component of some stratum Si(X).
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The next two properties of log canonical stratifications are especially impor-
tant for us. The first, summarizing (4.41.1) and (4.32), describes the local
structure of (Z, S∗). The second, which is a restatement of (4.42), shows the
compatibility of log canonical stratifications with the different.

Lemma 5.26 Let f : (X,�) → Z be a crepant log structure and (Z, S∗) the
corresponding log canonical stratification. Then

(1) the Si(Z) are unibranch (1.44) for every i and
(2) the boundary B(Z, S∗) is seminormal.

Lemma 5.27 Let f : (X,�) → Z be a dlt, crepant log structure and (Z, S∗)
the corresponding log canonical stratification. For an lc center Y ⊂ X con-

sider the Stein factorization (Y,�Y := Diff∗Y �)
fY−→ W

π−→ Z. Then fY :
(Y,�Y ) → W is a crepant log structure; let (W,S∗) be the corresponding
log canonical stratification.

Then Si(W ) = π−1(Si(Z)) for every i.

Formalizing the conclusion in (5.27) we get:

Definition 5.28 Let (Zj, S
j
∗ ) be two stratified spaces. A finite morphism

π: Z1 → Z2 is stratified if the following equivalent conditions hold.

(1) S1
i (Z1) = π−1S2

i (Z2) for every i,
(2) for every irreducible component Wij ⊂ S1

i (Z1), its image π (Wij ) is an
irreducible component of S2

i (Z2).

Definition 5.29 We say that a seminormal stratified space (Y, S∗) is of log
canonical origin if

(1) the Si(Y ) are all unibranch,
(2) there are crepant log structures fj: (Xj ,�j ) → Zj with log canoni-

cal stratifications (Zj, S
j
∗ ) and a finite, surjective, stratified morphism

π: 'j (Zj, S
j
∗ ) → (Y, S∗).

The identity map shows that every log canonical stratification is of log canonical
origin. More importantly, let f : (X,�) → W be a crepant log structure and
Y ⊂ W any union of lc centers. Set Si(Y ) := Y ∩ Si(W ). We can apply (5.27)
to each lc center separately to conclude that the seminormalization of (Y, S∗)
is of log canonical origin. (We prove in (9.26) that Y is in fact seminormal.)

5.29.3 If Y itself is normal, then condition (1) follows from (2). Indeed,
there is a Zj such that πj: Zj → Y is surjective. By assumption πj is stratified,
henceπ−1

j (Si(Y )) = Si(Zj ). Since Y is normal,πj is universally open, hence its
restriction Si(Zj ) → Si(Y ) is also universally open. Since Si(Zj ) is unibranch
(5.26), so is Si(Y ) (1.44).
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Similarly, since the boundary B(Zj, S∗) is seminormal by (5.26), the bound-
ary B(Y, S∗) is seminormal by (10.26). The latter also holds if Y is not normal,
but the proof is more complicated (9.26).

Definition 5.30 Let (Y, S∗) be a stratified space of log canonical origin, shown
by the maps fj: (Xj,�j ) → Zj and πj: Zj → Y . Using Noetherian induction,
we define the hereditary lc centers of (Y, S∗) as follows.

(1) Let W ⊂ Y be an lc center with normalization τ: W n → Y . Set Si(W n) =
τ−1(Si(Y )). Then (W n, S∗) is a hereditary lc center of (Y, S∗).

For some j there is an lc center Y ⊂ Xj such that πj ◦ fj (Y ) = W .
Thus πj ◦ fj lifts to gY : (Y,Diff∗Y �j ) → W n. Together with (5.29.3) this
shows that (W n, S∗) is also of log canonical origin.

(2) If W �= Y then every hereditary lc center of (W n, S∗) is also a hereditary
lc center of (Y, S∗).

Each hereditary lc center (W,S∗) is a normal, stratified space of log canonical
origin and comes with a finite stratified morphism τ: (W,S∗) → (Y, S∗). As
noted in (5.29.3), the strata Si(W ) are unibranch (5.26) and the boundary
B(W,S∗) is seminormal.

The last two properties are crucial to the approach in Section 9.1.

We saw in Section 5.2 that a demi-normal pair (X,�) can be described by
a quadruple (X̄, D̄ + �̄, τ ). Furthermore, if (X,�) is slc, then (X̄, D̄ + �̄) is
lc and τ is an involution of (D̄n,DiffD̄n �̄) (5.12). Note that each irreducible
component of D̄ is a log canonical center of (X̄, D̄ + �̄), thus each irreducible
component of D̄n is a hereditary lc center of (X̄, D̄ + �̄).

The next definition generalizes this setting by working with arbitrary heredi-
tary lc centers (not just D̄n) and with any isomorphisms of hereditary lc centers
(not just involutions). Also, although τ is an automorphism of (D̄n,DiffD̄n �̄),
for now we only need that it is an automorphism of the lc stratification. (The
invariance of the full DiffD̄n �̄ will be important in Section 5.7.) To simplify
notation, we drop the bars.

Definition 5.31 (Gluing relation) Let (Y, S∗) be a stratified space of log
canonical origin and πj: (Wj, S∗) → (Y, S∗) its hereditary lc centers. Let

τ := {τijk : (Wi, S∗) → (Wj, S∗)}

be a collection of stratified isomorphisms. The corresponding gluing relation
is the equivalence relation R(τ ) ⇒ Y on the geometric points of Y generated
by the relations

πi(w̄) ∼ πj (τijk(w̄)): ∀i, j, k, ∀ w̄ →'iWi.
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The geometric quotient of (Y, S∗) by R(τ ) is a seminormal stratified space
(X, S∗) together with a finite, surjective, stratified morphism q: (Y, S∗) →
(X, S∗) such that the geometric fibers of q are exactly the R(τ )-equivalence
classes. (For more details see Section 9.1.) We frequently call X := Y/R(τ )
the geometric quotient.

In Section 9.1 we develop an abstract theory of stratified relations of stratified
spaces. For now we need the following special case of (9.21).

Theorem 5.32 Assumptions as in (5.24). Let (Y, S∗) be a stratified space of
log canonical origin and R(τ ) a gluing relation on (Y, S∗). Assume that the
R(τ )-equivalence classes are all finite. Then the geometric quotient

q: (Y, S∗) → (Y/R(τ ), q∗S∗)

exists and (Y/R(τ ), q∗S∗) is also a stratified space of log canonical origin.

Now we are ready to answer question (5.4) for slc pairs.

Corollary 5.33 Assumptions as in (5.24). Let X̃ be normal, D̃ ⊂ X̃ a reduced
divisor, �̃ an effective Q-divisor on X̃ and τ̃: D̃n → D̃n an involution on the
normalization ñ: D̃n → D̃. Assume that

(1) (X̃, D̃ + �̃) is lc,
(2) τ̃ maps lc centers of (D̃n,DiffD̃n �̃) to lc centers and
(3) the gluing relation R(τ̃ ) ⇒ X̃ has finite equivalence classes.

Then there is a demi-normal pair (X,�) with normalization (X̄, D̄ + �̄, τ ) as
in (5.2) such that

(4) (X̃, D̃ + �̃, τ̃ ) = (X̄, D̄ + �̄, τ ) and
(5) R(τ̃ ) = red(X̃ ×X X̃).

As noted after (5.5), assumption (3) is obviously necessary. The theorem
can fail without (1); in the examples of Holmann (1963, p. 342) and Kollár
(20012c, 10), X̃ is a smooth 3-fold, D̃ has cusps along a curve, (2) and (3) both
hold yet X does not exist. Here (X̃, D̃) is not lc but it is not far from it; (X̃, 5

6D̃)
is lc.

Proof The assumptions of (5.32) are satisfied and so the geometric quotient
X̃/R̃ exists. Set X := X̃/R̃. Then X̃ → X is the normalization and the equality
(X̃, D̃, τ̃ ) = (X̄, D̄, τ ) holds if and only if it holds in codimension 1.

Outside a codimension 2 set W̃ ⊂ X̃, we realize τ̃ as an involution on D̃ \ W̃ ,
and the universal push-out of

(D̃ \ W̃ )/τ̃ ← (D̃ \ W̃ ) ↪→ (X̃ \ W̃ )

gives the appropriate open chart of X. Thus (X̃, D̃, τ̃ ) and (X̄, D̄, τ ) agree
outside W̃ , hence everywhere. Finally set � to be the image of �̃.
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5.6 Gluing relations and sources

We formulate and prove a structure theorem for log canonical gluing relations:
they are groupoids on the springs of every stratum of the log canonical strati-
fication (5.36). If the log canonical class is ample, these groupoids are finite,
giving a basic finiteness result (5.37).

It seems that (5.37) is a rather special property of log canonical gluing
relations. A pre-relation that is compatible with an ample line bundle does
not always generate a finite set-theoretic equivalence relation. Bogomolov and
Tschinkel (2009) give examples of étale pre-relations RC ⇒ C on smooth
curves C of genus ≥ 2 that generate non-finite equivalence relations. These
are even compatible with the ample canonical line bundle. For a more concrete
example, see (9.61).

The examples (9.56–9.60) show that if KX +� is not ample, non-finiteness
can occur in high codimension, even for dlt pairs. In all of these examples, the
restriction of the gluing relation to any stratum is given by a group action.

In order to know where the groups come from, we need the concepts of
source and spring of an lc center (4.45).

Definition 5.34 (Source-automorphism group) Let (X,�) be lc and Zi ⊂ X

lc centers with springs Spr(Zi,X,�). An isomorphism φ: Spr(Z1, X,�) �
Spr(Z2, X,�) is called a source-isomorphism if it can be lifted to a crepant,

birational map of the sources φ̃: Src(Z1, X,�)
cbir∼ Src(Z2, X,�).

Correspondingly, we define its source-automorphism group as

Auts Spr(Z,X,�) := im[Birc Src(Z,X,�) → Aut Spr(Z,X,�)].

Note the dual nature of this definition. For us the true invariant is the source,
which is a crepant-birational equivalence class. The easy-to-describe part is
the spring, which is an isomorphism class. Thus we study birational maps
of the source but we see then as automorphisms of the spring. Usually
Aut Spr(Z,X,�) is much bigger than Auts Spr(Z,X,�).

Recall that Gal(Spr(Z,X,�)/Z) ⊂ Auts Spr(Z,X,�) by (4.45.5).

Definition 5.35 (Open springs) Let (X,�) be lc and Z ⊂ X an lc cen-
ter. Set Z0 := Z \ (lower dimensional lc centers), or, equivalently, Z0 := Z ∩
SdimZ(X,�) (5.25). Z has a spring pZ: Spr(Z,X,�) → Z (4.45). The open
spring of Z is

Spr0(Z,X,�) := p−1
Z (Z0) ⊂ Spr(Z,X,�).

Their disjoint union

Spr0(X,�) := 'Z Spr0(Z,X,�),

where Z runs through all lc centers, is called the open spring of (X,�). Note
that the natural projection p: Spr0(X,�) → X is surjective and quasi-finite,
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but not finite. However, p factors as

p : Spr0(X,�)
q→'iSi(X,�) → X

and q is finite and universally open.

Theorem 5.36 Assumptions as in (5.24). Let (X,D +�) be lc, τ an involution
of (Dn,DiffDn �) and R(τ ) ⊂ X ×X the corresponding gluing relation (5.31).
Let p: Spr0(X,D +�) → X be the open spring of (X,D +�). Then

(1) every irreducible component of (p × p)∗R is the graph of an isomorphism,
that is, (p × p)∗R is a groupoid (9.32) and

(2) for every log canonical center Z ⊂ X, the stabilizer of its open spring
Spr0(Z,X,D +�) is a subgroup of Auts Spr(Z,X,�).

Proof We need to describe how the generators of R(τ ) pull-back to the open
spring Spr0(X,D +�).

First, for any lc center Zj ⊂ X, the preimage of the diagonal of Z0
j × Z0

j is
a union of the graphs of the natural Gj := Gal(Spr(Zj ,X,D +�)/Zj )-action
and Gj is a subgroup of Auts Spr(Zj ,X,D +�) by (5.34).

Second, let Zjk ⊂ Dn be an irreducible component of the preimage of Zj .
Then Zjk is an lc center of (Dn,DiffDn �) and

Src(Zjk,D
n,DiffDn �)

cbir∼ Src(Zj,X,D +�)

by (4.48). Thus, for each jk, the isomorphism τ: Dn � Dn lifts to crepant,
birational maps

τ̃jkl : Src
(
Z0

j , X,D +�
) cbir∼ Src

(
Z0

l , X,D +�
)
.

Given jk, the value of l is determined by Zl := n(τ (Zjk)), but the lifting
is defined only up to left and right multiplication by crepant-birational self-
maps of Src(Z0

j , X,D +�) → Z0
j and Src(Z0

l , X,D +�) → Z0
l . Thus the

τ̃jkl descend to source-isomorphisms

τjkl : Spr
(
Z0

j , X,D +�
) � Spr

(
Z0

l , X,D +�
)

defined up to left and right multiplication by Gj and Gl .
Thus (p × p)∗R is the groupoid generated by the Gj and the τjkl , hence

the stabilizer of Spr(Z0
j , X,D +�) is generated by the groups τ−1

jklGlτjkl . The
latter are all subgroups of Auts Spr(Zj,X,D +�).

Corollary 5.37 Let S be a scheme that is essentially of finite type over a field
of characteristic 0. Let (X̄, D̄ + �̄) be an lc pair such that X is proper over S
and KX̄ + D̄ + �̄ is ample on the generic fiber of Z̄ → S for every lc center
Z̄ ⊂ X̄. Let τ be an involution of (D̄n,DiffD̄n �̄).

Then the gluing relation R(τ ), defined in (5.31), is finite.
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Proof We apply (5.36) to (X̄, D̄ + �̄).
Since Spr0(X̄, D̄ + �̄) has finitely many irreducible components, the

groupoid is finite if and only if the stabilizer of Spr0(Z̄, X̄, D̄ + �̄) is finite for
every lc center Z̄ ⊂ X̄. By (5.36) this holds if the groups AutsS Spr(Z̄, X̄, D̄ +
�̄) of source-automorphisms over S are finite. We have a sequence of proper
morphisms

Src(Z̄, X̄, D̄ + �̄)
σ→ Spr(Z̄, X̄, D̄ + �̄) → S (5.37.1)

where σ is a crepant log structure. From now on we forget that (5.37.1) arose
as the source of Z̄. Thus we have a crepant log structure

(Y,�Y )
σ→ W

g→ S (5.37.2)

where g is proper and KY +�Y ∼Q σ ∗L for some Q-divisor L that is ample
on the generic fiber of g. We need to prove that the image of

σ∗: Birc
S(Y,�Y ) → AutS W is finite. (5.37.3)

The automorphism group of a variety W over a base scheme S injects into the
automorphism group of the generic fiber W . We can thus replace S with the
image of the generic point of W .

Finally we have a crepant log structure σ: (Yk,�Yk
)→Wk where Wk is proper

over a field k and KYk
+�Yk

∼Q σ ∗Lk where Lk is ample on Wk . Then (10.69)
implies that im[Birc

k(Yk,�Yk
) → Autk Wk] is finite.

5.7 Descending the canonical bundle

In this Section we answer Question 5.5 for slc pairs.

Theorem 5.38 Assumptions as in (5.24). Let X be demi-normal and � a
Q-divisor on X. As in (5.2), let (X̄, D̄, �̄) be the normalization of (X,�) and
τ: D̄n → D̄n the corresponding involution. The following are equivalent:

(1) (X,�) is slc.
(2) (X̄, D̄ + �̄) is lc and DiffD̄n �̄ is τ -invariant.

Proof We saw in (5.12) that (1) ⇒ (2).
By (5.10), for the converse we only need to prove that KX +� is Q-Cartier.

The set of points where KX +� is Q-Cartier is open. After localizing at a
generic point of the locus where KX +� is not Q-Cartier, we may assume that
X is local with closed point x ∈ X, k(x) is algebraically closed and KX +� is
Q-Cartier on X0 := X \ {x}.
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Choose m > 0 even such that m� is a Z-divisor, ω[m]
X̄

(mD̄ +m�̄) is locally

free and ω
[m]
X (m�) is locally free on X0. Consider the A1-bundle

X̄L := SpecX̄
∑

r≥0ω
[rm]
X̄

(rmD̄ + rm�̄) with projection p: X̄L → X̄.

Set D̄L := p−1D̄ and �̄L := p−1�̄. Then (X̄L, D̄L + �̄L) is lc. The normal-
ization D̄n

L of D̄L can be obtained either as the fiber product D̄n ×D̄ D̄L or
as SpecD̄

∑
r≥0 ω

[rm]
D̄n (rmDiffD̄n �̄). In particular, DiffD̄n

L
�̄L = p∗ DiffD̄n �̄

and the lc centers of (D̄n
L,DiffD̄n

L
�̄L) are the preimages of the lc centers

of (D̄n,DiffD̄n �̄).
The τ -invariance of DiffD̄n �̄ is equivalent to saying that τ lifts to an invo-

lution τL: D̄n
L → D̄n

L and DiffD̄n
L
�̄L is τL-invariant.

Thus we have an lc pair (X̄L, D̄L + �̄L) and an involution τL: D̄n
L → D̄n

L that
maps log canonical centers of (D̄n

L,DiffD̄n
L
�̄L) to log canonical centers. We

are in a situation considered in (5.33). We have just established that (5.33.1–2)
both hold.

5.38.3 In order to apply (5.33), we need to check the assumption (5.33.3).
That is, we need to prove that (nL, τL ◦ nL): D̄n

L → X̄L × X̄L generates a finite
set theoretic equivalence relation R̄L ⇒ X̄L.

Note that finiteness holds over X0. Indeed, we assumed that ω[m]
X (m�) is

locally free on X0; let X0
L → X0 denote the total space of ω

[m]
X (m�|X0 ). Set

X̄0
L := p−1(X0) ⊂ X̄L. There is a natural finite morphism X̄0

L → X0
L and in fact

X0
L = X̄0

L/R̄
0
L where R̄0

L denotes the restriction of R̄L to X̄0
L. Thus R̄0

L ⇒ X̄0
L

is finite and therefore R̄L ⇒ X̄L is finite if and only if it is finite over X̄L \ X̄0
L.

In order to study the latter, let x̄1, . . . , x̄r ∈ X̄ be the preimages of x. If none
of the x̄i are lc centers of (X̄, D̄ + �̄) then every lc center of (X̄L, D̄L + �̄L)
intersects X̄0

L, hence R̄L ⇒ X̄L is finite by the easy (9.55).
Thus we are left with the case when at least one of the x̄i is an lc center.

Then, by (5.38.2) and adjunction (4.8), all the x̄i are lc centers of (X̄, D̄ + �̄).
The fiber of p: X̄L → X̄ over x̄i is the 1-dimensional k(x)-vectorspace

Vi := ω
[m]
X̄

(mD̄ +m�̄) ⊗X̄ k(x̄i).

Thus X̄L \ X̄0
L = V1 ∪ · · · ∪ Vr and τL gives a collection of isomorphisms τijk:

Vi → Vj . (A given x̄i can have several preimages in D̄n and each of these
gives an isomorphism of Vi to some Vj .) As in (5.36), the τijk generate a
groupoid and R̄L ⇒ X̄L is a finite set theoretic equivalence relation if and only
if stab(Vi) ⊂ Aut(Vi) = k(x)∗, the group of all possible composites τij2k2 ◦
τj2j3k3 ◦ · · · ◦ τjnikn: Vi → Vi is a finite for every i.

In the surface case (5.18.4) the Poincaré residue map gives canonical iso-
morphisms

Rm: Vi � H 0
(
x̄i , ω

m
x̄i

) = k(x̄i).
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With these choices, τijk is the canonical isomorphism τijk: k(x̄i) = k(x) =
k(x̄j ), thus stab(Vi) is the identity.

As noted in (5.18.7), in the higher dimensional case theVi are not canonically
isomorphic to k(x̄i).

A replacement for this isomorphism is provided by the source (4.45)

(Si,�i) := Src(x̄i , X̄, D̄ + �̄).

We are in the simplest, Calabi–Yau, case when Si is proper over k(x̄i) and
KSi +�i ∼Q 0 (4.29). We proved in (4.45.4) and (4.45.8) that:

5.38.4 The Poincaré residue map gives a canonical isomorphism

Rm : Vi � H 0
(
Si, ω

[m]
Si

(m�i)
)

and

5.38.5 Each τijk: Vi → Vj becomes the pull-back by a crepant, birational
map φjik: (Sj ,�j ) ��� (Si,�i).

From these we conclude that

stab(Vi) ⊂ im
[

Birc(Si,�i) → Autk(x) H
0(Si, ω

[m]
Si

(m�i))
]
. (5.38.6)

We prove in (10.61) that, although Birc(Si,�i) itself can be infinite, the right
hand side of (5.38.6) is finite, hence the stabilizers stab(Vi) ⊂ Aut(Vi) = k(x)∗

are finite.
Thus R̄L ⇒ X̄L is a finite set theoretic equivalence relation and the geometric

quotient X̄L/R̄L exists by (5.33).
We prove in (9.48) that the complement of the zero section X̄S/R̄S ⊂ X̄L/R̄L

is a Seifert bundle over X = X̄/R̄ (9.50). By (9.53) this implies that, for
sufficiently divisible m, ω[m]

X (m�) is a line bundle over X.

Corollary 5.39 Let (X,�) be slc with normalization π: X̄ → X. Let B be a
Q-divisor on X such that B is Q-Cartier at the generic point of every lc center
of (X,�). Then B is Q-Cartier if and only if B̄ := π∗B is.

Proof It is clear that if B is Q-Cartier then so is B̄. The converse is a local
question, hence we may assume that X is affine. We are allowed to replace
B by any other divisor Q-linearly equivalent to it. Thus we may assume that
B is effective and it does not contain the generic point of any lc center. Then
(X̄, D̄ + �̄+ εB̄) is lc for 0 < ε � 1. By (5.38) KX +�+ εB is also Q-
Cartier hence so is B.

A more elementary proof can be obtained using (7.20) and the method of
(5.20).
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Du Bois property

Hodge theory of smooth projective varieties is a very powerful tool. For many
applications the most important piece is the surjectivity of the natural map

Hi(Xan,C) � Hi
(
Xan,Oan

X

)
.

This surjectivity continues to hold for certain mildly singular varieties. Steen-
brink identified the correct class and dubbed them Du Bois singularities.

One should think of Du Bois as a weakening of rationality. If a pair (X,�)
is dlt then X has rational singularities (2.88). If (X,�) is lc or slc, in gen-
eral it does not have rational singularities, but we prove in (6.32) that X is
Du Bois.

A crucial advantage of the concept of Du Bois singularities is that, on the
one hand, a normal Du Bois singularity is quite close to being rational or CM,
and, on the other hand, Du Bois makes sense even for non-equidimensional
schemes. This makes it possible to use induction on the union of log canonical
centers, which is usually not equidimensional.

A disadvantage of Du Bois singularities is that their definition is rather
complicated, relying on a technical generalization of the De Rham complex,
the Deligne–Du Bois complex (6.4). However, once these technical difficulties
are settled, the theory is very powerful.

The definition and the basic properties of Du Bois singularities are discussed
in Section 6.1. The construction of the Deligne–Du Bois complex relies on cubic
hyperresolutions; their theory is recalled in Section 10.6. The applications to lc
and slc pairs are proved in Section 6.2. The main result of Kollár and Kovács
(2010) shows that lc singularities are Du Bois. Here we extend this to show
that slc singularities are Du Bois. The inductive proof works best with stratified
schemes of log canonical origin (5.29).

Assumptions In this chapter we work over a field of characteristic 0. It is not
even known how to define Du Bois singularities in positive characteristic.

214
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6.1 Du Bois singularities

The starting point is Du Bois’s construction, following Deligne’s ideas, of the
generalized de Rham complex, which we call the Deligne Du Bois complex.
Recall that if X is a smooth complex algebraic variety of dimension n, then
the sheaves of differential p-forms with the usual exterior differentiation give
a resolution of the constant sheaf CX. That is, one has a complex of sheaves,

OX
d �� �1

X

d �� �2
X

d �� �3
X

d �� . . . d �� �n
X � ωX,

which is quasi-isomorphic to the constant sheaf CX in the euclidean topology
via the natural map CX → OX given by considering constants as holomor-
phic functions on X. The sheaves in the complex are quasi-coherent, but the
maps between them are not OX-module homomorphisms. (As CX is not quasi-
coherent, it can not have a quasi-coherent resolution.)

The Deligne–Du Bois complex is a generalization of the de Rham complex
to singular varieties. It is a complex of sheaves on X that is quasi-isomorphic to
the constant sheaf CX. The terms of this complex are harder to describe but its
properties, especially cohomological properties, are very similar to the de Rham
complex of smooth varieties. In fact, for a smooth variety the Deligne–Du Bois
complex is quasi-isomorphic to the de Rham complex, so it is indeed a direct
generalization.

The original construction of this complex is based on simplicial hyperres-
olutions. The reader interested in the details is referred to the original article
Du Bois (1981). Note also that simplified constructions were later obtained in
Carlson (1985) and Guillén et al. (1988) via the general theory of polyhedral
and cubic hyperresolutions. A brief review of cubic hyperresolutions is included
in (10.6). Other useful references are Steenbrink (1985), Peters and Steenbrink
(2008) and Kovács and Schwede (2011b). For alternative definitions of Du Bois
singularities see Schwede (2007) and Kovács (2012a).

The word “hyperresolution” will refer to a cubic hyperresolution, although
we will not make any use of its special properties. Formally, the construction
is the same regardless of the type of hyperresolution used.

Definition 6.1 Let X be a a scheme of finite type over C of dimension n. Let
Dfilt(X) denote the derived category of filtered complexes of OX-modules and
Dfilt,coh(X) the subcategory of Dfilt(X) of complexes K

�

such that for all i, the
cohomology sheaves of GrifiltK

�

are coherent; compare Du Bois (1981) and
Guillén et al. (1988). Let D(X) and Dcoh(X) denote the derived categories with
the same definition except that the complexes are assumed to have the trivial
filtration. The superscripts +,−, b carry the usual meaning (bounded below,
bounded above, bounded). Isomorphism in these categories is denoted by �qis .
A sheaf F is also considered as a complex F

�

with F 0 = F and F i = 0 for
i �= 0. If K

�

is a complex in any of the above categories, then hi(K
�

) denotes
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the i-th cohomology sheaf of K
�

. We will also use simply K to denote K
�

if
confusion is unlikely.

The (total) right derived functor of a left exact functor F : A → B between
abelian categories, if it exists, is denoted by RF : D(A) → D(B) and RiF is
short for hi ◦ RF . Furthermore, Hi , Hi

c, Hi
Z , and Hi

Z will denote Ri
, Ri
c,
Ri
Z , and RiHZ respectively, where 
 is the functor of global sections, 
c is
the functor of global sections with proper support, 
Z is the functor of global
sections with support in the closed subset Z and HZ is the functor of the sheaf
of local sections with support in the closed subset Z. Note that according to
this terminology, if φ : Y → X is a morphism and F is a coherent sheaf on Y ,
then Rφ∗F is the complex whose cohomology sheaves give rise to the usual
higher direct images of F .

We will often use the notion that a morphism f : A → B in a derived category
has a left inverse. This means that there exists a morphism f �: B → A in the
same derived category such that f � ◦ f : A → A is the identity morphism of
A. That is, f � is a left inverse of f .

Finally, we will also make the following simplification in notation. First
observe that if ι: � ↪→ X is a closed embedding of schemes then ι∗ is exact
and hence Rι∗ = ι∗. This allows one to make the following harmless abuse of
notation: If A ∈ ObD(�), then, as usual for sheaves, we will drop ι∗ from the
notation of the object ι∗A. In other words, we will, without further warning,
consider A an object in D(X).

The Deligne–Du Bois complex of a pair

Definition 6.2 A reduced pair is a pair (X,�) where X is a reduced scheme
of finite type over C and � is a reduced, closed subscheme of X. Neither X
nor � is assumed pure dimensional.

A hyperresolution (X � , � � ) → (X,�) is a good hyperresolution ifX � → X

is a hyperresolution (10.79), and using the notation U � = X � ×X (X \�) and
� � = X � \ U � , we have that for all α, either �α is a divisor with simple normal
crossings on Xα or �α = Xα . Notice that it is possible that X � has components
that map into �, and then these components are contained in � � . For more
details and the existence of such hyperresolutions see Du Bois (1981, 6.2) and
Guillén et al. (1988, IV.1.21, IV.1.25, IV.2.1). For a primer on hyperresolutions
see (10.6).

Notation 6.3 Let X be a smooth complex variety and � an snc divisor on X.
We will use the following notation:

�
p
X,� := �

p
X(log�)(−�) � �

p
X(log�) ⊗I�⊆X.
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Using the differentials dp: �p
X(log�) → �

p+1
X (log�) and the identity map on

I�⊆X these sheaves form a complex which will be denoted by �
�

X,� .
Let j: X \� ↪→ X denote the natural embedding and recall that j!CX\�

denotes the extension of CX\� by zero outside of X \�. It is part of the short
exact sequence

0 �� j!CX\� �� CX
�� C�

�� 0.

A straightforward local computation shows that the natural morphism mapping
constants to regular functions induces a quasi-isomorphism.

j!CX\�
�−→ �

�

X,�.

Using the usual de Rham resolution of the constant sheaf one obtains the filtered
distinguished triangle, cf. Friedman (1983)

�
�

X,�
�� �

�

X
�� �

�

�

+1 �� . (6.3.1)

Next, we will extend this construction to arbitrary pairs.

Definition 6.4 (Steenbrink, 1985, section 3) Let (X,�) be a reduced pair
of finite type over C. Consider an embedded hyperresolution of � ⊆ X, cf.
(10.79):

� �

� �

��

ε �





X �

ε �




� �

�� X.

Then the Deligne–Du Bois complex of the reduced pair (X,�) is defined as

�
�

X,� := Rε �∗�
�

X � ,� �
, (6.4.1)

an object in Dfilt(X) cf. (10.86). This definition is independent of the hyper-
resolution chosen by (6.5.2). The associated graded quotients of �

�

X,� will be
denoted by

�
p
X,� := Gr

p
filt�

�

X,�[p]. (6.4.2)

It follows that

�
p
X,� �qis Rε �∗�

p
X � ,� �

. (6.4.3)

Taking � = ∅ in (6.4.1) one obtains the definition of the Deligne–Du Bois
complex of the scheme X:

�
�

X := �
�

X,∅ (6.4.4)
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and similarly

�
p
X := Gr

p
filt�

�

X[p]�qis Rε �∗�
p
X �

. (6.4.5)

Theorem 6.5 (Du Bois, 1981; Kovács, 2011a) Let (X,�) be a reduced
pair of finite type over C. Then �

�

X,� ∈ ObDfilt(X) satisfies the following
properties

(1)

�
�

X,� �qis j!CX\�.

(2) If ε �: X � → X is any embedded hyperresolution of � ⊆ X, then

�
�

X,� �qis Rε �∗�
�

X � ,� �
.

In particular, hi(�p
X,�) = 0 for i < 0.

(3) If X is smooth and � is a normal crossing divisor, then

�
�

X,� �qis �
�

X,�,

and hence,

�
p
X,� �qis �

p
X,�.

(4) �
�

( ),( ) is functorial, that is, if φ : (Y, 
) → (X,�) is a morphism of
reduced pairs of finite type, then there exists a natural map φ∗ of filtered
complexes

φ∗ : �
�

X,� → Rφ∗�
�

Y,
.

Furthermore, �
�

X,� ∈ Ob(Db
filt,coh(X)), in particular, for any p, the coho-

mology sheaves hi(�p
X,�) are coherent, and if φ is proper, then φ∗ is a

morphism in Db
filt,coh(X).

(5) Let U ⊆ X be an open subscheme of X. Then

�
�

X,�

∣∣
U
�qis �

�

U,U∩�.

In particular,

�
�

X,�

∣∣
X\� �qis �

�

X\�.

(6) Let (X,�) be a reduced pair and let H ⊂ X be a general member of a
base point free linear system. Then

�
�

H,H∩� �qis �
�

X,� ⊗L OH .

(7) There exists a distinguished triangle,

�
�

X,�
�� �

�

X
�� �

�

�

+1 �� ,
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and for each p there exists a distinguished triangle,

�
p
X,�

�� �p
X

�� �p
�

+1 �� .

(8) There exists a natural map I�⊆X → �0
X,� compatible with (4) and (5).

(9) If X is proper, then there exists a spectral sequence degenerating at E1

and abutting to the singular cohomology with compact support of X \�:

E
pq
1 = Hq

(
X,�

p
X,�

)⇒ Hp+q
c (X \�,C).

(10) Let π: X̃ → X be a projective morphism and � ⊆ X a reduced closed
subscheme such that π is an isomorphism outside of �. Set E =
π−1(�)red. Then there exists a distinguished triangle,

�
�

X
α �� �

�

� ⊕ Rπ∗�
�

X̃

β �� Rπ∗�
�

E

+1 �� ,

where α is the sum and β is the difference of the natural maps from (4).
Similarly, for each p there exists a distinguished triangle,

�
p
X

αp �� �p
� ⊕ Rπ∗�

p

X̃

βp �� Rπ∗�
p
E

+1 �� .

(11) Suppose X = Y ∪ Z is the union of two closed subschemes and denote
their intersection by W := Y ∩ Z. Then there exists a distinguished tri-
angle,

�
�

X
�� �

�

Y ⊕�
�

Z

− �� �
�

W

+1 �� ,

and for each p there exists a distinguished triangle,

�
p
X

�� �p
Y ⊕�

p
Z

− �� �p
W

+1 �� .

Proof Here we only indicate how to obtain the stated results for pairs assuming
the same in the absolute case, which was already included in Du Bois (1981).
In particular, (5) is simply Du Bois (1981, 3.9) and (6) is Du Bois (1981, 3.8).
Next, consider an embedded hyperresolution of � ⊆ X:

� �

� �

��

ε �





X �

ε �




� �

�� X

By (6.3.1) there exists a distinguished triangle for all i

�
�

Xi ,�i
�� �

�

Xi
�� �

�

�i

+1 �� ,

and these are compatible with respect to the morphisms induced by ε � . Applying
Rε �∗ and Du Bois (1981, 3.17) implies (7). Then (7) along with Du Bois (1981,
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4.5, 3.17, 3.6, 3.10) imply (1), (2), (4), and (5), and then (3) follows from (2).
By Du Bois (1981, 2.11) and (2) (again) there exists a commutative diagram

I�⊆X
��

α



�
�
� OX

��





O�
+1 ��




�0

X,�
�� �0

X
�� �0

�

+1 �� ,

which implies the existence of the morphism α and proving (8). To prove (6)
observe that since H is general, the fiber product X � ×X H → H provides a
hyperresolution of H . Then the special case of the statement with � = ∅, that
is, �

�

H �qis �
�

X ⊗L OH , follows easily from (2) and then (6) follows from (7)
applying the special case to both X and � individually.

Finally, (9) is essentially a direct consequence of Deligne (1974, 8.1, 8.2,
9.3). See (6.8) for more details on this.

Vanishing of the top cohomology

Proposition 6.6 (cf. Guillén et al., 1988, III.1.17; Greb et al., 2011a, 13.7 and
Kovács et al., 2010, 4.9) Let X be a positive dimensional reduced scheme.
Then the i th cohomology sheaf of �p

X vanishes for all i ≥ dimX, i.e., hi(�p
X) =

0 for all p and for all i ≥ dimX.

Proof Let ε �: X � → X be a cubic hyperresolution of X such that dimXα ≤
dimX − |α| + 1,∀α ∈ �n cf. (10.80).

It follows from the definition that there exists a Grothendieck spectral
sequence

Er,s
1 =

⊕
|α|=r+1

Rsεα∗�
�

Xα
⇒ hr+s

(
�

p
X

)
and for |α| = r + 1 we have dim SuppRsε �∗�

�

Xα
≤ dimX − r − s, so it fol-

lows that

dim Supp hr+s(�p
X) ≤ dimX − (r + s).

Hence the statement follows for i > dimX or p > 0, so only the case of p = 0
and i = n := dimX is left to be proven. Let S := SingX and π: X̃ → X a log
resolution with exceptional divisor E such that X̃ \ E � X \ S. Consider the
distinguished triangle given by (6.5(10)),

�0
X

�� �0
S ⊕ Rπ∗�0

X̃
�� Rπ∗�0

E

+1 �� . (6.6.1)

Notice that X̃ is smooth and E is an snc divisor, so they are both DB and
hence �0

X̃
� OX̃ and �0

E � OE . Next, consider the long exact sequence of
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cohomology sheaves induced by the above distinguished triangle,

. . . �� hn−1(�0
S) ⊕ Rn−1π∗OX̃

ς �� Rn−1π∗OE

�� hn(�0
X) �� hn(�0

S) ⊕ Rnπ∗OX̃.

Since dim S < n, the case we have already proven implies that hn(�0
S) = 0.

Furthermore, as π is birational, the dimension of any fiber of π is at most n− 1
and hence Rnπ∗OX̃ = 0. This implies that hn(�0

X) � coker ς .
On the other hand, it follows from the construction of the distinguished

triangle (6.6.1) that ς (0, ) is the map Rn−1π∗OX̃ → Rn−1π∗OE induced by
the short exact sequence

0 → OX̃(−E) → OX̃ → OE → 0.

Again, the same dimension bound as above implies that Rnπ∗OX̃(−E) = 0, so
we obtain that ς (0, ) is surjective, and then so is ς . Therefore, as desired,
hn(�0

X) � coker ς = 0.

It follows easily from the definition and (6.6) that we have the following
bounds on the nonzero cohomology sheaves of �p

X,� .

Proposition 6.7 Let X be a positive dimensional variety. Then the i th coho-
mology sheaf of �p

X,� vanishes for all i ≥ dimX, that is, hi(�p
X,�) = 0 for all

p and for all i ≥ dimX.

Proof This follows directly from (6.6) using the long exact cohomology
sequence associated to (6.5.7).

Cohomology with compact support

Let (X,�) be a pair of finite type over C. Deligne’s Hodge theory applied in
this situation gives the following theorem:

Theorem 6.8 (Deligne, 1974) Let (X,�) be a pair of finite type over C and
set U = X \�. Then

(1) The natural composition map j!CU → I�⊆X → �
�

X,� is a quasi-isomor-
phism, that is, �

�

X,� is a resolution of the sheaf j!CU .
(2) The natural map H

�

c (U,C) → H
�

(X,�
�

X,�) is an isomorphism.
(3) If in addition X is proper, then the spectral sequence,

E
p,q
1 = Hq

(
X,�

p
X,�

)⇒ Hp+q
c (U,C)

degenerates at E1 and abuts to the Hodge filtration of Deligne’s mixed
Hodge structure.
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Proof Consider an embedded hyperresolution of � ⊆ X:

� �

� �

��

ε �





X �

ε �




� �

�� X

Then by (6.5(2)) �
�

X,� �qis Rε �∗�
�

X � ,� �
. The statements follow from Deligne

(1974, 8.1, 8.2, 9.3). See also Guillén et al. (1988, IV.4).

Corollary 6.9 Let X be a proper complex scheme of finite type, ι: � ↪→ X a
closed subscheme. Then the natural map

Hi(X,I�⊆X) → Hi
(
X,�0

X,�

)
is surjective for all i ∈ N.

Proof Let j: U := X \� ↪→ X be the natural embedding. By (6.8(3)) the
natural composition map

Hi
c (U,C) → Hi(X,I�⊆X) → Hi

(
X,�0

X,�

)
is surjective. This implies the statement.

DB pairs and the DB defect

Definition 6.10 (Kovács, 2011a) A reduced pair (X,�) is called a DB pair
at x ∈ X if the natural morphism (I�⊆X)x → (�0

X,�)x of stalks induced by
the morphism in (6.5.8) is a quasi-isomorphism. We define the non-DB, or
non-Du Bois locus as the set containing those points where this condition fails.

The pair (X,�) is called a DB pair if the above quasi-isomorphism holds
for every x ∈ X, or equivalently the non-DB locus is empty.

In the special case when � = ∅, this reduces the original definition of
Du Bois singularities: a reduced complex scheme of finite type X is said
to have Du Bois or DB singularities if the pair (X,∅) is a DB pair, that is, if the
natural morphism OX → �0

X is a quasi-isomorphism. Note that just like the
notion of a rational pair, the notion of a DB pair describes the “singularity” of
the relationship between X and �.

As one expects from a good notion of singularity, smooth points are DB. For
pairs, being smooth is replaced by being snc.

Example 6.11 Let (X,�) be an snc pair or more generally let X be smooth
and � a normal crossing divisor. Then (X,�) is a DB pair by (6.5.3).

We also introduce the notion of the DB defect of the pair (X,�):



6.1 Du Bois singularities 223

Definition 6.12 (Kovács, 2011a) The DB defect of the pair (X,�) is the
mapping cone of the morphism I�⊆X → �0

X,� . It is denoted by �×
X,� . By

definition one has a distinguished triangle,

I�⊆X
�� �0

X,�
�� �×

X,�

+1 �� (6.12.1)

and then another one using (6.5.7):

�×
X,�

�� �×
X

�� �×
�

+1 �� . (6.12.2)

It follows that

h0(�×
X,�

) � h0(�0
X,�

)
/I�⊆X, and (6.12.3)

hi
(
�×

X,�

) � hi
(
�0

X,�

)
for i > 0. (6.12.4)

Remark 6.13 By definition, the non-Du Bois locus of (X,�) is exactly the
support of �×

X,� , that is, the union of the supports of its cohomology sheaves.
By (6.5.2), (6.6), and (6.5.4) this set consists of finitely many coherent sheaves
and hence the non-Du Bois locus is Zariski closed.

Lemma 6.14 Let (X,�) be a reduced pair. Then the following are equivalent:

(1) The pair (X,�) is DB.
(2) The DB defect of (X,�) is acyclic, that is, �×

X,� �qis 0.
(3) The induced natural morphism �×

X → �×
� is a quasi-isomorphism.

(4) The induced natural morphism hi(�×
X) → hi(�×

�) is an isomorphism for
all 0 ≤ i ≤ dimX.

(5) The induced natural morphism hi(�0
X) → hi(�0

�) is an isomorphism for
all 0 < i ≤ dimX and a surjection with kernel isomorphic to I�⊆X for
i = 0.

Proof The equivalence of (1) and (2) follows from (6.12.1), the equivalence
of (2) and (3) follows from (6.12.2), the equivalence of (3) and (4) follows from
the definition of quasi-isomorphism, and the equivalence of (4) and (5) follows
from the definition of the DB defect �×

X,� (6.12) and the distinguished triangle
(6.12.1).

Proposition 6.15 Let (X,�) be a reduced pair. If two of {X,�, (X,�)} are
DB then so is the third.

Proof Consider the exact triangle (6.12.2):

�×
X,�

�� �×
X

�� �×
�

+1 �� .

Clearly, if one of the objects in this triangle is acyclic, then it is equivalent that
the other two are acyclic. Then the statement follows by (6.14.2)
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Corollary 6.16 If X has snc singularities, then it is DB.

Proof Follows from (6.11) and (6.15).

We also have the following excision type statement.

Proposition 6.17 Let X = (Y ∪ Z)red be a union of closed reduced sub-
schemes with intersection W = (Y ∩ Z)red. Then the DB defects of the pairs
(X, Y ) and (Z,W ) are quasi-isomorphic. That is,

�×
X,Y �qis �

×
Z,W .

Proof Consider the following diagram of distinguished triangles,

�×
X,Y

α





�� �×
X

β





�� �×
Y

γ





+1 ��

�×
Z,W

�� �×
Z

�� �×
W

+1 �� ,

where β and γ are the natural restriction morphisms and α is the morphism
induced by β and γ on the mapping cones. Then by Kollár and Kovács (2010,
2.1) there exists a distinguished triangle

Q �� �×
Y ⊕�×

Z
�� �×

W

+1 ��

and a map σ: �×
X → Q compatible with the above diagram such that α is

an isomorphism if and only if σ is one. On the other hand, σ is indeed an
isomorphism by (6.5.6) and so the statement follows.

General hyperplane cuts and taking roots

Lemma 6.18 Let (Z,�) be a reduced pair of finite type and φ �: Z � → Z an
embedded hyperresolution of � ⊆ Z. Let π: (W,�) → (Z,�) be a morphism
of pairs such that ψ �: W � := W ×Z Z � → W is an embedded hyperresolution
of � ⊆ W . Let πi: Wi → Zi be the morphisms induced by π and assume that
the natural transformation Lπ∗Rφ �∗ → Rψ �∗Lπ∗

� induces an isomorphism

Lπ∗Rφ �∗I� �⊆Z � � Rψ �∗Lπ∗
�I� �⊆Z � .

Then

Lπ∗�0
Z,� � �0

W,�.

In particular, if (Z,�) is a DB pair then (W,�) is a DB pair.
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Proof The hyperresolutions φ � and ψ � fit into the commutative diagram:

Z �

φ �





W �

ψ �





π ���

Z W,
π

��

and we obtain the following representations of the Deligne–Du Bois complexes
of (Z,�) and (W,�):

�0
Z,� � Rφ �∗I� �⊆Z � and �0

W,� � Rψ �∗I� �⊆W � .

Then by assumption

Lπ∗�0
Z,� � Lπ∗Rφ �∗I� �⊆Z � � Rψ �∗Lπ∗

�I� �⊆Z �

� Rψ �∗I� �⊆W � � �0
W,�.

Proposition 6.19 Let (Z,�) be a DB pair and π: W → Z a smooth mor-
phism. Let � := π∗�. Then (W,�) is a DB pair.

Proof Let φ �: Z � → Z be an embedded hyperresolution of � ⊆ Z. Since π

is smooth, it follows that ψ �: W � := W ×Z Z � → W is an embedded hyper-
resolution of � ⊆ W . Since π is flat, the functors Lπ∗Rφ �∗ and Rψ �∗Lπ∗

�

are naturally isomorphic, so the statement follows by (6.18).

It easily follows that DB defects are invariant under restriction to a general
hyperplane section the same way as the Deligne–Du Bois complex is:

Proposition 6.20 Let (X,�) be a reduced pair and let H ⊂ X be a general
member of a base point free linear system. Then

�×
H,H∩� �qis �

×
X,� ⊗L OH .

Thus (X,�) is a DB pair in a (Zariski) neighborhood of H if and only if
(H,H ∩�) is a DB pair.

Proof This follows easily from (6.5.6), (6.12.1), and (6.13).

Corollary 6.21 Let (Z,�) be a DB pair and M a semi-ample line bundle on
Z. Let π: W → Z be the cyclic cover associated to a general section of Mm

for some m � 0, compare Kollár and Mori (1998, 2.50) and � = π∗�. Then
(W,�) is a DB pair.

Proof One can easily prove that π satisfies the conditions of (6.18) or argue
as follows: Let M denote the total space of M and μ: M → Z the associated
natural map. Then (M,μ∗�) is a DB pair by (6.19) and then the statement
follows by (6.20) applied to the divisor W ⊆ M , compare Kollár (1995, 9.4).
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A DB criterion

Du Bois singularities play an important role in dealing with deformations of
stable varieties. The main result of this section is a sufficient condition for
Du Bois singularities. This was first proven in Kollár and Kovács (2010, 1.6).
The proof here is a somewhat streamlined version using DB pairs compare
Kovács (2012c, 3.3).

We start with a meta-theorem which is a key ingredient in various criteria that
guarantee that a scheme or a pair have DB singularities. The main point of this
statement is to relay the surjectivity we get for projective schemes from Hodge
theory (cf. (6.9)) to quasi-projective ones. In order to avoid losing important
information this is done by using local cohomology.

Theorem 6.22 (Kovács, 2000b, 1.4; Kovács, 2012c, 2.4) LetX be a scheme of
finite type over C and � and P ⊂ X two closed subschemes of X. Assume that
P is proper and that Supp�×

X,� ⊆ P . Then Hi
P (X,I�⊆X) � Hi

P (X,�0
X,�) is

surjective for all i.

Proof Let X be a proper scheme that contains X as an open subscheme.
Further let Q = X \X, Z = P

�

∪Q, and observe that U := X \ P = X \ Z.
Consider the distinguished triangle of functors,

H
�

Z(X, ) �� H
�

(X, ) �� H
�

(U, )
+1 �� (6.22.1)

and apply it to the morphism I�⊆X → �0
X,�

. One obtains a morphism of two
long exact sequences:

Hi−1(U,I�⊆X)

αi−1





��Hi
Z(X,I�⊆X)

βi





��Hi(X,I�⊆X)

γi





��Hi(U,I�⊆X)

αi




Hi−1(U,�0

X,�) ��Hi
Z(X,�0

X,�
) ��Hi(X,�0

X,�
) ��Hi(U,�0

X,�).

By assumption, αi−1, αi are isomorphisms and by (6.9) γi is surjective for all
i. Then by the 5-lemma, βi is also surjective for all i.

By construction P ∩Q = ∅ and hence

Hi
Z(X,I�⊆X) � Hi

P (X,I�⊆X) ⊕ Hi
Q(X,I�⊆X)

Hi
Z

(
X,�0

X,�

) � Hi
P

(
X,�0

X,�

)⊕ Hi
Q

(
X,�0

X,�

)
.

It follows that the natural map (which is also the restriction of βi),

Hi
P (X,I�⊆X) → Hi

P

(
X,�0

X,�

)
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is surjective for all i. Since P ⊆ X, by excision on local cohomology one has
that

Hi
P (X,I�⊆X) � Hi

P (X,I�⊆X) and Hi
P

(
X,�0

X,�

) � Hi
P

(
X,�0

X,�

)
,

and so the desired statement follows.

Theorem 6.23 (Kovács, 2012c, 2.5) Let (X,�) be a reduced pair. If for any
general complete intersection H ⊆ X and any closed subscheme Z ⊆ H \ U ,

Hi
Z(H,I�⊆X ⊗L OH ) ↪→ Hi

Z

(
H,�0

X,� ⊗L OH

)
(6.23.1)

is injective for all i, then I�⊆X
�−→ �0

X,� is a quasi-isomorphism.

Proof We need to prove that �×
X,� �qis 0. Let P = Supp�×

X,� . By assump-
tion X is reduced and hence P �= X. It follows that if H ⊂ X is a gen-
eral complete intersection of X of the appropriate codimension, then Z :=
X ∩ P is a finite closed subset and if P �= ∅, then Z is nonempty. Then
�×

H,H∩� �qis �
×
X,� ⊗L OH by (6.5.6), so Z = Supp�×

H,H∩� . This implies that
by replacing X by H we may assume that P is a finite set. Then we may also
assume that X is affine and hence that it is contained as an open subset X ⊆ X

in a projective scheme X. Again by P being a finite set, it is proper and then it
follows by (6.22) and the assumption in (6.23.1) that

Hi
P (X,I�⊆X)

�−→ Hi
P

(
X,�0

X,�

)
(6.23.2)

is an isomorphism for all i. In turn, it follows that Hi
P (X,�×

X,�) = 0 for all
i. Since Supp�×

X,� = P it also follows that Hi(X \ P,�×
X,�) = 0 for all i as

well, and therefore

Hi
(
X,�×

X,�

) = 0 (6.23.3)

for all i by the long exact sequence induced by (6.22.1) and applied with
X ↔ X.

Since X is affine, the spectral sequence that computes hypercohomology
from the cohomology of the cohomology sheaves of the complex �×

X,� degen-
erates and gives that Hi(X,�×

X,�) = H 0(X, hi(�×
X,�)) for all i. It follows by

(6.23.3) that hi(�×
X,�) = 0 for all i, and hence �×

X,� is acyclic which implies
the desired statement.

Theorem 6.23 implies a number of DB criteria that have been proven earlier,
some with somewhat different methods.

Corollary 6.24 (Kovács, 1999, 2.3; Kovács, 2011a, 5.4) Let (X,�) be a
reduced pair. Assume that the natural morphism I�⊆X → �0

X,� has a left
inverse. Then (X,�) is a DB pair. In particular, if the natural map OX → �0

X

admits a left inverse, then X has DB singularities.
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Proof If I�⊆X → �0
X,� has a left inverse, then the condition in (6.23.1) is

easily satisfied and hence the statement follows.

Corollary 6.25 (Kovács, 1999, 2.6; Kovács, 2011a, 5.6) Let (X,�) be a ratio-
nal pair. Then (X,�) is a DB pair. In particular, if X has rational singularities,
then it has DB singularities.

Proof Let π: (Y, 
) → (X,�) be a log resolution. Consider the commutative
diagram induced by the natural morphisms (cf. (Kovács, 2011a, 3.15)):

I�⊆X

β ��

α





Rπ∗I
⊆Y

γ




�0

X,� δ
�� Rπ∗�0

Y,
.

Since (X,�) is a rational pair, β is a quasi-isomorphism. Since (Y, 
) is an snc
pair, γ is a quasi-isomorphism. Therefore, β−1 ◦ γ−1 ◦ δ is a left inverse to α,
and hence the statement follows by (6.24)

Corollary 6.26 (Kovács, 1999, 2.4) Let σ: (Y, 
) → (X,�) be a finite dom-
inant morphism of normal pairs and assume that σ |
 dominates �. If (Y, 
)
is a DB pair, then so is (X,�). In particular, if σ: Y → X is a finite dominant
morphism of normal varieties and Y has DB singularities, then so does X.

Proof Consider the natural morphisms,

I�⊆X → �0
X,� → Rσ∗I
⊆Y �qis σ∗I
⊆Y

and observe that the normalized trace map (10.27) splits the composition.

The following is a slight improvement of Kollár and Kovács (2010, 1.6).

Theorem 6.27 (Kovács, 2012c, 3.3) Let f : Y → X be a proper surjective
morphism between reduced schemes of finite type over C, W ⊆ X an arbitrary
subscheme and F := f−1(W ) equipped with the reduced subscheme structure.
Assume that the natural map �

IW⊆X �
�� Rf∗IF⊆Y

�′

�� �
��

�
�

admits a left inverse �′. Then if (Y, F ) is a DB pair, then so is (X,W ). In
particular, if (Y, F ) is a DB pair, then X is DB if and only if W is DB.
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Proof By functoriality one obtains a commutative diagram

IW⊆X

� ��

α





Rf∗IF⊆Y

γ �qis




�0

W⊆X β
�� Rf∗�0

Y,F .

Since (Y, F ) is assumed to be a DB pair, it follows that γ is a quasi-isomorphism
and hence �′ ◦ γ−1 ◦ β is a left inverse to α. Then the statement follows by
(6.24).

Corollary 6.28 (Kollár and Kovács, 2010, 1.6) Let f : Y → X be a proper
morphism between reduced schemes of finite type over C, W ⊆ X an arbitrary
subscheme, andF := f −1(W ), equipped with the reduced subscheme structure.
Assume that the natural map �

IW⊆X �
�� Rf∗IF⊆Y

�′

�� �
��

�
�

admits a left inverse �′, that is, �′ ◦ � = idIW⊆X
. Then if Y, F and W all have

DB singularities, then so does X.

As a straightforward consequence of (6.29) we get that Du Bois singularities
are invariant under (small) deformation.

Theorem 6.29 (Kovács and Schwede, 2011a) Let X be a scheme of finite
type over C and H a reduced effective Cartier divisor. If H has Du Bois
singularities, then X has Du Bois singularities near H .

Thus if f : X → S is a proper flat family of varieties over a smooth curve S

and the fiber Xs has Du Bois singularities for some s ∈ S, then so do all the
fibers near s (in a Zariski open set).

Remark 6.30 The second statement of the theorem follows from the first
by (6.20).

6.2 Semi-log canonical singularities are Du Bois

The main theorem of Kollár and Kovács (2010) says that log canonical singu-
larities are Du Bois. Here we prove this, and extend it to the semi-log canonical
case at the same time.

Theorem 6.31 Let (X, S∗) be a stratified scheme of log canonical origin
(5.29). Then X is Du Bois.
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Corollary 6.32 Let (X,�) be slc. Then any union of lc centers ofX is Du Bois.
In particular, X is Du Bois.

Proof Let W ⊂ X be a union of lc centers of X. Then W is a stratified
subscheme of the log canonical stratification (5.25), hence it is of log canonical
origin by (5.29) and (9.26). Thus (6.31) implies (6.32).

Proof of (6.31) We use induction on the dimension.
Let π: (Xn, Sn

∗) → (X, S∗) denote the normalization. Let B(X) ⊂ X and
B(Xn) ⊂ Xn denote the union of all lc centers (5.25). By (9.15.1), we have a
universal push-out diagram

B(Xn) � � ��





Xn

π




B(X) � � �� X.

Here B(X) and B(Xn) are of log canonical origin by (5.29) and (9.26), hence
Du Bois by induction.

Since π is finite it follows that Rπ∗IB(Xn)⊆Xn = π∗IB(Xn)⊆Xn . Furthermore,
π∗IB(Xn)⊆Xn = π∗IB(X)⊆X is a basic property of universal push-out diagrams
(9.30). Thus (6.27) applies and therefore X is Du Bois if Xn is.

By assumption, for each irreducible component Xn
i ⊂ Xn there is a crepant

log structure fi: (Yi,�i) → Zi and a finite surjection Zi → Xn
i . By (6.26), if

Zi is Du Bois then so is Xn
i .

Finally, let B(Zi) ⊂ Zi be the boundary of the log canonical stratification of
Zi . Then B(Zi) is of log canonical origin by (5.29) and (9.26), hence Du Bois
by induction. By (6.33) the pair (Zi, B(Zi)) is DB, this implies that Zi is
Du Bois.

The following theorem shows that the DB criterion (6.27) applies to crepant
log structures.

Theorem 6.33 Let f : (Y,�) → X be a crepant log structure with klt general
fiber and W ⊂ X the union of all of its lc centers. Then (X,W ) is a DB pair.

Proof Let π: Ỹ → Y be a proper birational morphism and F := f̃ −1(W )red,
where f̃ := f ◦ π . We claim that the natural map

�: IW⊆X � f̃∗IF⊆Ỹ → Rf̃∗IF⊆Ỹ has a left inverse. (6.33.1)

If we choose π: Ỹ → Y such that Ỹ is smooth and F ⊂ Ỹ is a snc divisor, then
(Ỹ , F ) is a DB pair. Thus (6.27) implies that (X,W ) is a DB pair.

Now to the proof of (6.33.1). First, observe that if τ: Ŷ → Ỹ is a log resolu-
tion of (Ỹ , F ) that factors through π , then it is enough to prove the statement
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for σ = π ◦ τ instead of π . Indeed let F̂ = τ−1(F )red, an snc divisor, and
f̂ = f ◦ σ . Suppose that the natural map

�̂ : IW⊆X � f̂∗OŶ (−F̂ ) → Rf̂∗OŶ (−F̂ )

has a left inverse, δ̂ : Rf̂∗OŶ (−F̂ ) → IW⊆X such that δ̂ ◦ �̂ = idIW⊆X
. Then,

as f̂ = f̃ ◦ τ , one has that Rf̂∗OŶ (−F̂ ) � Rf̃∗Rτ∗OŶ (−F̂ ) and applying the
functor Rf̃∗ to the natural map �: IF⊆Ỹ � τ∗OŶ (−F̂ ) → Rτ∗OŶ (−F̂ ) shows
that �̂ = Rf̃∗(�) ◦ �:

�̂: IW⊆X � f̃∗IF⊆Ỹ

� �� Rf̃∗IF⊆Ỹ

Rf̃∗(�) �� Rf̂∗OŶ (−F̂ ).

Therefore, δ = δ̂ ◦ Rf̃∗(�) is a left inverse to � showing that it is indeed enough
to prove the statement for σ . In particular, we may assume that F is an snc
divisor and may replace π with its composition with any further blow-up. Next
write

π∗(KY +�) ∼Q KỸ + E + �̃− B,

whereE is the sum of all (not necessarily exceptional) divisors with discrepancy
−1,B is an effective exceptional integral divisor and ��̃� = 0. By the argument
above we may also assume that f̃ −1f̃ (E) is an snc divisor. SinceB − E ≥ −F ,
we have natural maps

f̃∗OỸ (−F ) → Rf̃∗OỸ (−F ) → Rf̃∗OỸ (B − E).

Note that B − E ∼Q,f̃ KỸ + �̃, hence by (10.41)

Rf̃∗OỸ (B − E)�qis

∑
i

Ri f̃∗OỸ (B − E)[−i].

Thus we get a morphism

f̃∗OỸ (−F ) → Rf̃∗OỸ (−F ) → Rf̃∗OỸ (B − E) → f̃∗OỸ (B − E).

Note that π∗OỸ (B − E) = IB(Y ), the ideal of the union of all lc centers of
(Y,�). Furthermore, for anyU ⊆ X open subset with preimageUY := f −1(U ),
a global section of OUY

vanishes along a fiber of f if and only if it vanishes at
one point of that fiber. Thus

f̃∗OỸ (−F ) = f∗IB(Y ) = f̃∗OỸ (B − E),

and so the statement follows.
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Log centers and depth

In this chapter we study two topics that have important applications to flips and
to moduli questions.

In Section 4.1 we studied the log canonical centers of an lc pair (X,�); these
are centers of divisors of discrepancy −1.

Here we study a larger class of interesting subvarieties called log centers,
which are centers of divisors of negative discrepancy. As a general principle,
the closer the discrepancy is to −1, the more a log center behaves like a log
canonical center. Thus log canonical centers are the most special among the
log centers.

The case when X is normal is treated in Section 7.1 and the general semi-log
canonical version is derived from it in Section 7.2.

The depth of the structure sheaf and of the dualizing sheaf of a semi-log
canonical pair is studied in Section 7.3.

Assumptions In this chapter we work with schemes (or algebraic spaces)
that are of finite type over a base scheme S that is essentially of finite type over
a field of characteristic 0.

7.1 Log centers

Definition 7.1 Let f : (X,�) → Z be a weak crepant log structure and W ⊂
Z an irreducible subvariety. The minimal log discrepancy of (or over) W is
defined as the infimum of the numbers 1 + a(E,X,�) where E runs through
all divisors over X such that f (centerX(E)) = W . It is denoted by

mld(W,X,�) or by mld(W ) (7.1.1)

if the choice of f : (X,�) → Z is clear. We set mld(Z,X,�) = 0. If f is
birational, then (Z, f∗�) is lc and mld(W,Z, f∗�) = mld(W,X,�) (2.9).

232
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We say that a divisor E over X computes mld(W,X,�) if f (centerX(E)) =
W and mld(W,X,�) = 1 + a(E,X,�). We see below that for crepant log
structures the infimum is a minimum, hence each mld(W,X,�) is computed
by some divisor.

We can also write mld(W,X,�) as the infimum of all mld(WX,X,�) where
WX runs through all irreducible subvarieties of X such that f (WX) = W .

If (X,�) is lc, a(E,X,�) ≥ −1, hence mld(W,X,�) ≥ 0. Furthermore,
W ⊂ Z is a lc center of (X,�) if and only if mld(W,X,�) = 0.

If W ⊂ Z is a closed subscheme with irreducible components Wi then set

mld(W,X,�) := max
i
{mld(Wi,X,�)}.

By (2.23), birational weak crepant log structures give the same minimal log
discrepancies. Thus in order to compute them, we may use a weak crepant log
structure h: (Y,�Y ) → Z where (Y,�Y ) is snc. If (Y,�Y ) is lc, then, by (2.10),
for an irreducible subvariety WY ⊂ Y ,

mld(WY , Y,�Y ) = codimY WY −
∑

i:Di⊃WY
coeffDi

�Y .

Thus the infimum in the definition of mld is a minimum.

Definition 7.2 Let f : (X,�) → Z be a crepant log structure. An irreducible
subvariety W ⊂ Z is a log center of (X,�) if mld(W,X,�) < 1. By (2.23),
birational crepant log structures have the same log centers.

Every log center on Z is the image of a log center of (X,�), thus a crepant
log structure has only finitely many log centers. To focus on these further, we
set

mld(W,X,�) :=
{

mld(W,X,�) if mld(W,X,�) < 1, and
+∞ otherwise.

The following is a very powerful result which allows us to reduce many
questions about log centers first to the divisorial case and then to dimension
2. After a remark, we derive several consequences, and then prove (7.3) at the
end of the section.

Theorem 7.3 Let f : (X,�) → Z be a crepant log structure and Wi ⊂ Z

log centers, none of which is contained in another. Set W := ∪iWi . Then
f : (X,�) → Z is crepant birational to another crepant log structure f m:
(Xm,�m) → Z such that

(1) Xm is Q-factorial,
(2) there are divisors Dm

i such that f m(Dm
i ) = Wi and mld(Dm

i ,X
m,�m) =

mld(Wi,X,�) for every i,
(3) (Xm,�m − ηDm) is dlt for every η > 0 where Dm :=∑i D

m
i ,

(4) −Dm is f m-nef,
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(5) SuppDm = Supp(f m)−1(W ),
(6) f m

∗ ODm = OW and
(7) X ��� Xm is an isomorphism over Z \W .

7.4 (Note on vicious circles) Many of the results about log canonical centers
proved in Section 4.1 are special cases of the results in this section. There are
three reasons why we chose not to treat them together.

Log canonical centers are essential building blocks of log canonical and
semi-log canonical pairs, whereas log centers are merely useful additional
structures. Thus it makes sense to treat them separately.

Most arguments in this section rely on (1.30.8) whose proof uses various
properties of log canonical centers. Thus the two stage treatment is logically
necessary.

We also use (10.39) which we have not proved.

The next result can be viewed as a generalization of inversion of adjunction.

Theorem 7.5 (Kollár, 2011c) Let f : (X,�) → Z be a crepant log structure
and W1,W2 log centers on Z. Then

mld(W1 ∩W2, X,�) ≤ mld(W1, X,�) + mld(W2, X,�).

Proof Let us consider first the very special case when X = Z and
the Wi := Di are reduced Q-Cartier divisors. Then mld(Wi,X,�) = 1 −
maxj {coeffDij

�} where Dij are the irreducible components of Di .
Note that every irreducible component of D1 ∩D2 has codimension 2. Thus,

by localizing at a generic point of D1 ∩D2, we are reduced to the case when
dimX = 2. The latter is proved in (2.38).

In the general case we apply (7.3) to get fm: (Xm,�m) → Z. Note that
by (7.3.5) and the connectedness of the fibers, every irreducible component
VZ ⊂ W1 ∩W2 is dominated by an irreducible component VY ⊂ Dm

1 ∩Dm
2 .

Thus

mld(VZ,X,�) ≤ mld(VY ,X
m,�m)

≤ mld(Dm
1 , Xm,�m) + mld(Dm

2 , X
m,�m)

= mld(W1, X,�) + mld(W2, X,�),

where the second ≤ follows from the already established divisorial case.

The next three results of Kollár (2011c) investigate seminormality of log
centers.

Theorem 7.6 Let f : (X,�) → Z be a crepant log structure and W ⊂ Z a
reduced subscheme. If mld(W,X,�) < 1

6 then W is seminormal.

Proof We again start with the special case when (X,�) is dlt, Q-factorial
and W is a divisor. Then X is CM and so is any divisor on X by (2.88). Thus,
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by (10.14), W is seminormal if and only if it is seminormal at its codimension
1 points. By localization at codimension 1 points we are reduced to the case
when dimX = 2. This was settled in (3.44).

In the general case we apply (7.3) with W = ∪iWi to get f m: (Xm,�m) →
Z. By (7.3.6), f m

∗ ODm = OW and Dm is seminormal by the above divisorial
case. Thus W is seminormal by (10.15).

A slight variant of the proof yields a normality condition.

Proposition 7.7 Let f : (X,�) → Z be a crepant log structure. Let W ⊂ Z

be a reduced subscheme and W norm ⊂ W the open subset of normal points. If
mld(W,X,�) < 1 then mld(W \W norm, X,�) ≤ 2 · mld(W,X,�).

Proof The reduction to the case dimX = 2 goes as before. Next use (2.43)
and (2.53.1) to reduce to the case when X is smooth and D is a singular curve.
Blowing up the singular point gives the exceptional divisor with discrepancy
≤ −1 + 2 · (1 − (coefficient of D)).

Theorem 7.8 Let f : (X,�) → Z be a crepant log structure and W1,W2 ⊂ Z

reduced subschemes. If mld(W1, X,�) + mld(W2, X,�) < 1
2 then W1 ∩W2 is

reduced. Equivalently, W1 ∪W2 is seminormal in W1 'W2 (10.20).

Proof As before, we start with the special case when (X,�) is dlt, Q-factorial
and W1,W2 are divisors. Then X is CM and so is OW1∪W2 . So, by (10.14),
W1 ∪W2 is seminormal in W1 'W2 if and only if this holds at all codimension
1 points. By localization at codimension 1 points we are reduced to the case
when dimX = 2. This was settled in (3.44).

In the general case we apply (7.3) to get f m: (Xm,�m) → Z. Write
Dm = Dm

1 ∪Dm
2 where f m(Dm

i ) = Wi . We already know that Dm
1 ∪Dm

2 is
seminormal in Dm

1 'Dm
2 . Since f m

∗ ODm = OW , by (10.15) this implies that
W1 ∪W2 is seminormal in W1 'W2.

Example 7.9 The following examples show that the numerical conditions of
(7.6) and (7.8) are sharp.

(1) (A2, 5
6 (x2 = y3)) is lc, the minimal log discrepancy of the curve (x2 = y3)

is 1
6 but it is not seminormal.

(2) Consider (A3, 11
12 (z− x2 − y3) + 11

12 (z+ x2 + y3)). One can check that
this is lc. The irreducible components of the boundary are smooth, but
their intersection is a cuspidal curve, hence not seminormal. It again has
minimal log discrepancy 1

6 .
(3) Let Z ⊂ C4 be the image of C2

uv by the map x = u, y = v3, z = v2, t =
uv. Z is defined by the equations xy − zt = yt − xz2 = y2 − z3 = t2 −
x2z = 0. Set X := (xy = zt) ⊂ C4 and let D ⊂ X be the divisor defined
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by

(y2 − z3) − (t2 − x2z) = (y2 − t2) + z(x2 − z2) = 0.

From this we see that D has three irreducible components: D1 := Z,
D2 := (y − t = x − z = 0) and D3 := (y + t = x + z = 0).

We claim that (X, 5
6D1 + 5

6D2 + 5
6D3) is lc. Here D1 has minimal log

discrepancy 1
6 but seminormality fails in codimension 3 on X. In order

to check the claim, blow-up the ideal (x, z). On C2
uv this corresponds to

blowing up the ideal (u, v2).
On one of the charts we have coordinates x1 := x/z, y, z and the bira-

tional transform D′
1 of D1 is given by (y2 = z3). On the other chart we

have coordinates x, z1 := z/x, t and D′
1 is given by (z1x

3 = t2). Thus we
see that (B(x,z)X, 5

6D
′
1) is lc. The linear system |(y = z = 0)| becomes base

point free on the blow-up, hence (B(x,z)X, 5
6D

′
1 + 5

6D
′
2 + 5

6D
′
3) is lc and so

is (X, 5
6D1 + 5

6D2 + 5
6D3).

(4) (A2, ( 3
4 − c)(x − y2 = 0) + ( 3

4 + c)(x + y2 = 0)) is lc for any 0 ≤ c ≤ 1
4 ,

the sum of the minimal log discrepancies is 1
2 but (x − y2 = 0) ∪ (x +

y2 = 0) is not seminormal in (x − y2 = 0) ' (x + y2 = 0).
(5) (A2, (x = 0) + 1

2 (y2 = x2 + x3)) is lc, the sum of the minimal log dis-
crepancies is 1

2 but (x = 0) ∪ (y2 = x2 + x3) is not seminormal in (x =
0) ' (y2 = x2 + x3).

(6) Let X be a cone over Z × P1 where Z is smooth and KZ ∼ 0. Pick points
p1, p2, p3 ∈ P1. Let D1 ⊂ X be the cone over Z × {p1} and D2 ⊂ X the
cone over Z × {p2, p3}. Then (X,D1 + 1

2D2) is lc, the sum of the minimal
log discrepancies is 1

2 but D1 ∪D2 is not seminormal in D1 'D2. Here
seminormality fails only at the vertex of the cone, thus in high codimension.

The following result is another generalization of (4.42).

Theorem 7.10 (Precise inversion of adjunction) Let f : (X,�) → Z be a
crepant log structure on Z with (X,�) dlt. Let Y ⊂ X be an lc center, f |Y :
Y

g→ ZY
π→ Z the Stein factorization and V ⊂ ZY an irreducible subvariety.

Then g: (Y,�Y ) → ZY is a crepant log structure on ZY and

mld(V, Y,Diff∗Y �) = mld(π (V ), X,�). (7.10.1)

Proof By induction and (4.16) it is enough to prove this when Y is a divisor
on X.

Set �Y := Diff∗Y (�). Let EY be a divisor over Y with a(EY , Y,�Y ) < 0.
By (4.8), there is a divisor E over X such that centerX E = centerY (EY )
and a(E,X,�) = a(EY , Y,�Y ). This shows that mld(V, Y,�Y ) ≥
mld(π (V ), X,�).

The reverse inequality is interesting only if mld(π (V ), X,�) < 1. Let E be
a divisor over X that computes mld(π (V ), X,�). By (1.38) we may assume
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that E is a Q-Cartier divisor on X. If V = ZY then mld(π (ZY ), X,�) = 0 is
computed by Y . By definition, mld(ZY , Y,�Y ) = 0 hence the equality (7.10.1)
holds.

Thus assume that V �= ZY , hence f (E) does not contain π (ZY ). Apply (7.3)
with W = f (E). We get f m: (Xm,�m) → Z such that Dm := (f m)−1(f (E))
is in irreducible divisor and coeffDm �m ≤ coeffE �. (In fact, we can choose
Dm to be the birational transform of E, so equality holds.)

By the usual adjunction (4.9), each irreducible component Vj of Ym ∩Dm

is dominated by a divisor Fj such that

a(Fj , Y
m,Diff∗Ym (�m)) ≤ a(Dm,Xm,�m) = a(E,X,�).

Since (Ym,Diff∗Ym (�m)) is crepant-birational to (Y,Diff∗Y �) (4.6), these divi-
sors show that mld(V, Y,�Y ) ≤ mld(π (V ), X,�).

Proof of (7.3) By (1.38) we may assume that X is Q-factorial and there
are divisors Di such that f (Di) = Wi and mld(Di,X,�) = mld(Wi,X,�)
for every i. Fix 0 < c < mini{mld(Wi,X,�)} and set D :=∑i Di , �′ :=
�− cD, �′′ := cD and run an (X,�′)-MMP over Z. The assertions (7.3.1–5)
are checked in (7.11) and (7.3.6) is proved in (7.12).

Lemma 7.11 Let f : (X,�) → Z be a crepant log structure on Z. Write �

as a sum of effective divisors � = �′ +�′′ where �′′ is Q-Cartier and run an
(X,�′)-MMP over Z.

(1) Every step of the MMP is an isomorphism over Z \ f (�′′).
(2) If �′′ dominates Z then the MMP terminates with a Fano contraction

φi: (Xi,�
′
i) → Xi+1.

(3) If �′′ does not dominate Z then the MMP terminates with a minimal model
fm: (Xm,�

′
m) → Z. Furthermore,

(a) f (�′′) = fm(�′′
m) and

(b) Supp�′′
m = Supp f −1

m

(
fm(�′′

m)
) = Supp f −1

m (f (�′′)).

Proof As we run an (X,�′)-MMP, at each step KXi
+�′

i ∼fi ,Q −�′′
i . Thus

any curve that is contained in a fiber of fi and has negative intersection with
KXi

+�′
i is contained in f −1

i (fi(�′′
i )), proving (1).

Conversely, if Supp�′′
i �= Supp f −1

i (fi(�′′
i )) then there is such a curve, hence

KXi
+�′

i is not fi-nef. The termination is assured by (1.30.8). Thus we have
(2) and the first equality in (3.b).

Finally we claim that at every intermediate step of the MMP we have
f (�′′) = fi(�′′

i ). This is clear for i = 0. As we go from i to i + 1, the image
fi(�′′

i ) is unchanged if Xi ��� Xi+1 is a flip. Thus let φi: Xi → Xi+1 be a
divisorial contraction with exceptional divisor Ei and let Fi ⊂ Ei be a general
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fiber of Ei → X. It is clear that

fi+1(�′′
i+1) ⊂ fi(�

′′
i )

and equality fails only if Ei is an irreducible component of �′′
i but no other

irreducible component of �′′
i intersects Fi . Since φi contracts a (KXi

+�′
i)-

negative extremal ray,−�′′
i ∼Q,fi

KXi
+�′

i shows that �′′
i is φi-nef. However,

an exceptional divisor has negative intersection with some contracted curve; a
contradiction. This proves (3.a).

Lemma 7.12 Let Y,Z be normal varieties and g: Y → Z a proper morphism
such that g∗OY = OZ . Let D be a reduced divisor on Y and �′ an effective
Q-divisor on Y . Fix some 0 < c ≤ 1. Assume that

(1) (Y,�′) is dlt,
(2) KY + cD +�′ ∼Q,g 0,
(3) (Y, ηD +�′) is lc for some η > 0 and
(4) −D is g-nef and hence SuppD = Supp g−1(g(D)).

Then g∗OD = Og(D).

Proof By pushing forward the exact sequence

0 → OY (−D) → OY → OD → 0

we obtain

OZ = g∗OY → g∗OD → R1g∗OY (−D).

Note that

−D ∼Q,g KY +�′ + (1 − c)(−D)

and the right hand side is of the form K +�′ + (g-nef). Let W ⊂ Y be an lc
center of (Y,�′). Then W is not contained in D since then (Y, ηD +�′) would
not be lc along W . In particular, D is disjoint from the general fiber of W → X

by (4). Thus from (10.39) we conclude that none of the associated primes of
R1g∗OY (−D) are contained in g(D). On the other hand, g∗OD is supported on
g(D), hence g∗OD → R1g∗OY (−D) is the zero map.

This implies that OZ → g∗OD is surjective. This map factors through Og(D),
hence g∗OD = Og(D).

7.13 (The conjectures of Shokurov and Ambro) So far we have studied small
values of the minimal log discrepancy. In defining mld we chose to ignore all
values that were at least 1. However, there are two interesting conjectures about
larger minimal log discrepancies.
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First, one can ask about the largest possible value of mld(p,X,�). If p

is a smooth point not contained in Supp� then mld(p,X,�) = dimX and a
conjecture of Shokurov (1988a) says that mld(p,X,�) ≤ dimX should always
hold. This was extended by Ambro (1999a,b) to the conjecture that p �→
mld(p,X,�) is a lower semi-continuous function.

Both of these are open already in dimension 4.

7.2 Minimal log discrepancy functions

In Section 7.1 we studied log centers of lc pairs and of crepant log structures.
Here we extend these results to log centers of semi-log canonical pairs. Since
we are especially interested in the minimal log discrepancy values < 1, we use
the truncated minimal log discrepancy function mld(W ) defined in (7.2).

Definition 7.14 A minimal log discrepancy function – abbreviated as an
mld-function – on a scheme X is a function

mldX: {irreducible subvarieties of X} −→ [0, 1) ∪ {∞}. (7.14.1)

Alternatively, we can think of mldX as a function from the set of (not necessarily
closed) points of X to [0, 1) ∪ {∞}. If W ⊂ X is reducible with irreducible
components Wi then set mldX(W ) := maxi{mldX(Wi)}.

An irreducible subvariety W ⊂ X is called a log center if mldX(W ) < 1 and
a log canonical center (or an lc center) if mldX(W ) = 0. We are only interested
in the cases when there are only finitely many log centers.

As in (5.25), we define the log canonical stratification (or lc stratification)
of (X,mldX) as follows. Let S∗i ⊂ X be the union of all ≤ i-dimensional lc
centers and set Si := S∗i \ S∗i−1. Note that the definition of the lc stratification
involves only the log canonical centers, but not the log centers.

As our main example, any crepant log structure f : (Y,�) → X defines a
minimal log discrepancy function mld(Y,�)(∗) := mld(∗, Y,�) on X as in (7.1–
7.2). It is convenient to set mld(Y,�)(X) = 0. As noted in (7.1), there are only
finitely many log centers. The above definitions give the same log canonical
centers and log canonical stratification as defined earlier (4.15, 5.25).

Definition 7.15 (Maps and mld-functions) Let (Xi,mldi) be two schemes with
mld-functions. A finite morphism g: X1 → X2 is said to be compatible with
the mld-functions if mld1(W1) = mld2(g(W1)) for every subvariety W1 ⊂ X1.

Since lc centers are exactly the subvarieties with mld = 0, such a g is also a
stratified morphism g: (X1, S

1
∗) → (X2, S

2
∗).

Precise adjunction, as stated in (7.10), gives our first main example of maps
compatible with mld-structures.
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Proposition 7.16 Let f : (Y,�) → X be a dlt, crepant log structure. For

an lc center Z ⊂ Y consider the Stein factorization (Z,�Z := Diff∗Z �)
fZ−→

W
π−→ X. Then fZ: (Z,�Z) → W is a crepant log structure and π:

(W,mld(Z,�Z )) → (X,mld(Y,�)) is compatible with the mld-functions.

In close parallel with (5.29) we make the following definition.

Definition 7.17 We say that a seminormal scheme Y with a function mldY is
of log canonical origin if

(1) the Si(Y ) are all unibranch,
(2) there are crepant log structures fj: (Xj ,�j ) → Zj and a finite, surjective

morphism

π : 'j (Zj,mld(Xj ,�j )) → (Y,mldY )

that is compatible with the mld-functions.

As in (5.29), the key example is the following.
Let f : (X,�) → W be a crepant log structure and V ⊂ W any union of

lc centers. We can apply (7.16) to each lc center separately to conclude that
(V,mld(X,�)|V ) is of log canonical origin. More generally, if (Y,mldY ) is of log
canonical origin and V ⊂ Y is any union of lc centers then (V,mldY |V ) is also
of log canonical origin.

Iterating this procedure, we obtain that if (Y,mldY ) is of log canonical origin
and τ: W → Y is a hereditary lc center (5.30) then W also has a natural mld-
function and τ is compatible with the mld-functions.

LetR(τ ) be a gluing relation (5.31) on a pair (Y,mldY ) that is of log canonical
origin such that all the defining isomorphisms τijk are compatible with mldY .
It is clear that in this case there is a unique minimal log discrepancy function
mldY/R(τ ) on Y/R(τ ) such that the quotient map q: Y → Y/R(τ ) is compatible
with mldY and Y/R(τ ). Thus (Y/R(τ ),mldY/R(τ )) is also of log canonical
origin.

The three main properties (7.5–7.8) of minimal log discrepancies of lc pairs
(X,�) continue to hold for (Y,mldY ) of log canonical origin. We are mainly
interested in the case when (Y,�) is slc and mld := mld(Y,�), but the inductive
proof uses general pairs of log canonical origin.

Theorem 7.18 Let Y be a seminormal scheme and mld a minimal log dis-
crepancy function such that (Y,mld) is of log canonical origin. Let W,W1,W2

be closed, reduced subschemes. Then

(1) mld(W1 ∩W2) ≤ mld(W1) + mld(W2).
(2) If mld(W ) < 1

6 then W is seminormal.
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(3) If mld(W1) + mld(W2) < 1
2 then W1 ∩W2 is reduced, equivalently, W1 ∪

W2 is seminormal in W1 'W2 (10.20).

Proof Let V ⊂ W1 ∩W2 be an irreducible component. We need to prove that
mldY (V ) ≤ mldY (W1) + mldY (W2). We use induction on the dimension of Y .

By assumption there is a crepant log structure f : (X,�) → Z and a finite
morphism π: Z → Y that is compatible with the mld-functions, where, to
simplify notation, we allow Z to be disconnected.

Assume first that V is not contained in the boundary of the induced lc
stratification of Y (7.14). Then π is universally open over the generic point of
V (1.44), hence there are irreducible components WZ

i ⊂ π−1(Wi) and V Z ⊂
WZ

1 ∩WZ
2 such that V Z dominates V . Thus, using (7.5) on Z, we get that

mldY (V ) = mldZ(V Z) ≤ mldZ(WZ
1 ) + mldZ(WZ

2 )

= mldY (W1) + mldY (W2).

We are left with the case when V ⊂ B(Y ). In this case V is also an irreducible
component of

(B(Y ) ∩W1) ∩ (B(Y ) ∩W2).

Since π is surjective, there are subvarieties WZ
i ⊂ Z such that π: WZ

i → Wi

is surjective. Since B(Z) = π−1B(Y ) and mldZ(B(Z)) = 0, we see that

mldY (B(Y ) ∩Wi) = mldZ(B(Z) ∩WZ
i ) ≤ mldZ(WZ

i ) = mldY (Wi).

Since dimB(Y ) < dim Y , we can use induction to see that

mldY (V ) ≤ mldY (B(Y ) ∩W1) + mldY (B(Y ) ∩W2)

≤ mldY (W1) + mldY (W2).

This proves (1). Most of the proof of (2–3) will be done in Section 9.2; here
we note two special instances.

7.18.4 (Normal case) Assume that Y is normal. Then there is a crepant log
structure f : (X,�) → Z and a finite morphism π: Z → Y that is compatible
with the mld-functions.

LetW ⊂ Y be a log center with mldY (W ) < 1
6 . Then mld(X,�)(π−1(W )) < 1

6 ,
hence π−1(W ) is seminormal by (7.6). Thus W is seminormal by (10.26). This
shows (2) while (3) is obtained similarly using (10.30).

7.18.5 (Hereditary case) Let τ: Z → Y be any hereditary lc center. For a log
center W ⊂ Y , set WZ := red τ−1(W ). As we noted in (7.17), mldZ(WZ) =
mldY (W ). Since the boundary has mld = 0, we conclude that

mldZ(WZ ∪ B(Z)) = mldY (W ).

By the already established normal case we conclude the following.
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Claim 7.18.6 With the above notation, let W ⊂ Y be a log center with
mldY (W ) < 1

6 and τ: Z → Y be any hereditary lc center. Then red τ−1(W ) ∪
B(Z) is seminormal.

We prove in (9.38–9.40) that the conclusion of (7.18.6) implies that W is
seminormal. This will complete the proof of (2).

Similarly, using (7.8), we get the following.

Claim 7.18.7 With the above notation, let W1,W2 ⊂ Y be log centers
with mldY (W1) + mldY (W2) < 1

2 and τ: Z → Y be any hereditary lc cen-
ter. Then red τ−1(W1) ∪ red τ−1(W2) ∪ B(Z) is seminormal in red τ−1(W1) '
red τ−1(W2) ' B(Z).

We prove in (9.43–9.45) that the conclusion of (7.18.7) implies that W1 ∪W2

is seminormal in W1 'W2. By (10.21) this will complete the proof of (3).

Remark 7.19 The analog of (7.7) also holds but the original proof covers all
cases. Indeed, assume that (Y,mld) is of log canonical origin and let W ⊂ Y be
a closed, reduced subscheme with mld(W ) < 1. We are allowed to discard log
centers V ⊂ W with mld(V ) ≤ 2 · mld(W ) without changing the conclusion.

IfWi ⊂ W are the irreducible components then mld(Wi ∩Wj ) ≤ 2 · mld(W )
by (7.18) thus it is enough to consider one Wi at a time. Let Yi be the smallest
lc center that contains Wi . If Y ′

i � Yi is another lc center, then mld(Wi ∩ Y ′
i ) ≤

mld(Wi). Thus we are reduced to the case when Yi is normal. Then we conclude
by (7.7) and (10.26).

7.3 Depth of sheaves on slc pairs

If (X,�) is dlt, then OX is a CM sheaf (2.88), but if (X,�) is lc or slc, then in
general OX is not even S3 (3.6). However, it was noticed by Alexeev (2008),
that OX fails to be S3 only at the lc centers. Here we generalize this to certain
divisorial sheaves on slc pairs.

While going from S2 to S3 seems like a small step, these results are very
important in the deformation theory of slc pairs.

Theorem 7.20 (Kollár, 2011a) Let (X,�) be slc and x ∈ X a point that
is not an lc center. Let D be a Z-divisor such that none of the irreducible
components of D are contained in SingX. Assume that there is an effective
Q-divisor �′ ≤ � such that D ∼Q �′. Then

depthx OX(−D) ≥ min{3, codimX x}.
Note that OX(−D) is reflexive, hence S2, for any D. Thus the only interesting

part is the claim that depthx OX(−D) ≥ 3 if codimX x ≥ 3.
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Before giving a proof, let us derive several consequences. First, the D = 0
and �′ = 0 case gives the above mentioned result of Alexeev (2008) and Fujino
(2009b). (For stronger results, see Alexeev and Hacon, 2011.)

Corollary 7.21 Let (X,�) be slc and x ∈ X a point that is not an lc center.
Then depthx OX ≥ min{3, codimX x}.

As another application, take D = −KX. By passing to an open neighbor-
hood of x ∈ X we may assume that KX +� ∼Q 0, hence −KX ∼Q �. Since
OX(−(−KX)) � ωX, we get the following.

Corollary 7.22 Let (X,�) be slc and x ∈ X a point that is not an lc center.
Then depthx ωX ≥ min{3, codimX x}.

Note that while OX is CM if and only if ωX is CM (see Kollár and Mori
(1998, 5.70)), it can happen that OX is S3 but ωX is not; see Patakfalvi (2010).
Thus (7.22) is not a formal consequence of (7.21). These two corollaries imply
that restrictions of OX and of ωX to certain Cartier divisors are well behaved.

Corollary 7.23 Let (X,�) be slc and S ⊂ X a Cartier divisor that does not
contain any lc centers. Then OS is S2 and ωS � ωX(S)|S .

Corollary 7.24 Let (X,�) be slc and x ∈ X a point that is not an lc center.
Assume that � =∑(1 − 1

mi
)Di with mi ∈ N ∪ {∞}. Then, for any r ≥ 0,

depthx OX(rKX + �r��) ≥ min{3, codimX x}.
Proof As before, we may assume that KX +� ∼Q 0, thus

−rKX − �r�� ∼Q −r(KX +�) + (r�− �r��) ∼Q r�− �r��.
Note that r�− �r�� =∑i

ci
mi
Di for some ci ∈ N where 0 ≤ ci < mi for every

i. Thus ci ≤ mi − 1 for every i, that is, r�− �r�� ≤ �. Thus, we can take
�′ := r�− �r�� and (7.20) applies.

The assumption in (7.24) that the coefficients of � =∑ aiDi be of the
form ai = 1 − 1

mi
seems artificial. It is not clear what the optimal form of

(7.24) should be, but the following examples show that some strong numerical
assumptions are necessary.

Example 7.25 Set X := (xy − uv = 0) ⊂ A4 and let B1, B2 ∈ |B| be two
members of one family of planes on X and A1, A2, A3 ∈ |A| three members of
the other family.

(1) Fix a natural number m ≡ −1 mod 3 and consider the klt pair(
X,� := ( 2

3 − 1
m

)
(A1 + A2 + A3) + (1 − 3

2m

)
(B1 + B2)

)
.
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Then �2m�� ∼ (4m− 8)A+ (4m− 6)B. Thus

OX(2mKX + �2m��) � OX(−2A)

has only depth 2 at the origin by (3.15.2).
(2) Fix m ≥ 3 and consider the klt pair(

X,� := (1 − 1
m

)
(A1 + A2) + 2

m(m+1)A3 +
(
1 − 1

m+1

)
(B1 + B2)

)
.

Then �(m+ 1)�� = (m− 1)A1 + (m− 1)A2 +mB1 +mB2 involves
only those divisors with coefficients of the form 1 − 1

mi
, but OX((m+

1)KX + �(m+ 1)��) � OX(−2A) is not S3.

7.26 Proof of (7.20) As we noted, the only interesting part of (7.20) is the
assertion that codimX x ≥ 3 implies depthx OX(−D) ≥ 3. By (2.58), the latter
is equivalent to Hi

x(X,OX(−D)) = 0 for i ≤ 2. Since OX(−D) is reflexive, the
i = 0, 1 cases are clear. Thus we only need to prove that H 2

x (X,OX(−D)) = 0.
To show this, we use the method of two spectral sequences introduced in

Kollár and Mori (1998, 5.22). In our case, we need to use local cohomology
and exploit a special property of the second cohomology group; these variants
were developed in Alexeev (2008) and Fujino (2009b).

7.27 (The method of two spectral sequences) Let f : Y → X be a proper
morphism, V ⊂ X a closed subscheme and W := f −1V ⊂ Y . Let F be a
coherent sheaf on Y . Our aim is to prove the vanishing of certain cohomology
groups Hi

V (X, f∗F ) using some information about Y and F , where Hi
V denotes

cohomology with supports in V ; see Grothendieck (1968, chapter 1).
The basic tool is the Leray spectral sequence

Hi
V (X,Rjf∗F ) �� Hi+j

W (Y, F ). (7.27.1)

If Rjf∗F = 0 for every j > 0 then the spectral sequence degenerates and we
get isomorphisms Hi

V (X, f∗F ) � Hi
W (Y, F ). Thus if the Rjf∗F and Hi

W (Y, F )
both vanish for i, j ≥ 1, then Hi

V (X, f∗F ) = 0 for all i ≥ 1. However, in most
applications, one cannot achieve both vanishings simultaneously. We get around
this problem by arranging for the Hi

W (Y, F ) to vanish for F and the Rjf∗F ′ to
vanish for some other sheaf F ′.

Given a map of sheaves F → F ′ we get, for each i, a commutative diagram

Hi
V (X, f∗F ′)

α′i �� Hi
W (Y, F ′)

Hi
V (X, f∗F )

��

αi �� Hi
W (Y, F ).

��
(7.27.2)
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Assume that

i) f∗F = f∗F ′,
ii) Hi

W (Y, F ) = 0 for i > 0 and
iii) Rjf∗F ′ = 0 for i > 0.

Then α′
i is an isomorphism and, by easy diagram chasing, Hi

V (X, f∗F ) = 0 for
i > 0.

For the cases i = 1, 2, weaker hypotheses suffice. H 1
V (X, f∗F ) ↪→

H 1
W (Y, F ) is injective, thus H 1

W (Y, F ) = 0 alone yields H 1
V (X, f∗F ) = 0.

The i = 2 case is more interesting. If H 2
W (Y, F ) = 0 then α2 = 0. Together

with f∗F = f∗F ′ this implies that α′
2 = 0. On the other hand, α′2 sits in the

exact sequence

H 0
V (X,R1f∗F ′) → H 2

V (X, f∗F ′)
α′2−→ H 2

W (Y, F ′),

hence we get the following.

Proposition 7.28 With the above notation, assume that

(1) f∗F = f∗F ′,
(2) H 2

W (Y, F ) = 0 and
(3) H 0

V (X,R1f∗F ′) = 0.

Then H 2
V (X, f∗F ) = 0.

7.29 Proof of (7.20), continued We need to prove that H 2
x (X,OX(−D)) = 0

if codimX x ≥ 3.
First consider the case when X is normal. We may assume that X is affine

and ��� = 0 (3.71). Let f : Y → X be a log resolution of (X,�) and write

KY + f −1
∗ � ∼Q f ∗(KX +�) + B − A− E, (7.29.1)

where A,B,E are effective, f -exceptional, B,E are Z-divisors, E is reduced
and �A� = 0. Write

f ∗(D −�′) = f −1
∗ D − f −1

∗ �′ − F, (7.29.2)

where F is f -exceptional. Set DY := f −1
∗ D − �F �. Then

DY = f−1
∗ �′ + {F } + f ∗(D −�′) ∼Q,f f −1

∗ �′ + {F }. (7.29.3)

We apply (7.28) with F := OY (−DY ) and F ′ := OY (BY −DY ) where BY is
an effective and f -exceptional divisor to be specified later.

First, (7.30) applies to DY (we can take Dh = 0 and Dv = f −1
∗ �′ + {F })

hence OX(−D) = f∗OY (−DY ) = f∗OY (BY −DY ). This shows (7.28.1).
Next apply (10.44) with M = OY (KY +DY ). By (7.29.3) and (10.32),

Rn−if∗M = 0 for i < dimX, hence alsoHi
W (Y,OY (−DY )) = 0 for i < dimX,

giving (7.28.2).
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It remains to check (7.28.3), that is, the vanishing of H 0
x (X,R1f∗OY (BY −

DY )). To this end choose BY ,AY ,EY such that

BY − AY − EY = B − A− E + {F },
whereAY ,BY ,EY are effective, f -exceptional,BY ,EY are Z-divisors,EY ≤ E

is reduced and �AY � = 0. Set �′′ := �−�′. With these choices,

BY −DY ∼Q B − A− E + {F } + AY + EY − f −1
∗ �′ − {F } − f ∗(D −�′)

∼Q KY + f −1
∗ �+ AY + EY − f −1

∗ �′ − f ∗(KX +�+D −�′)
∼Q KY + f −1

∗ �′′ + AY + EY − f ∗(KX +�+D −�′).
(7.29.4)

Since EY ≤ E, every lc center W of (Y, f −1
∗ �′′ + AY + EY ) is also an

lc center of (Y,E), hence f (W ) is an lc center of (X,�). Thus x ∈ X is
not the f -image of any lc center of (Y, f −1

∗ �′′ + AY + EY ). We can apply
(10.39) to conclude that x is not an associated prime of Rif∗OY (BY −DY ).
Equivalently, H 0

x (X,Rif∗OY (BY −DY )) = 0, thus (7.28.3) also holds and so
H 2

x

(
X,OX(−D)) = 0.

The above proof works with little change if X is not normal. By (5.23)
there is a double cover π: (X̃, �̃) → (X,�) that is étale in codimension 1 such
that every irreducible component of (X̃, �̃) is smooth in codimension 1. Set
D̃ := π−1(D). Then OX(−D) is a direct summand of π∗OX̃(−D̃), hence it is
enough to prove the depth bounds for OX̃(−D̃).

By (10.56) there is a semi-resolution f̃ : (Ỹ , �̃Y ) → (X̃, �̃). The rest of the
proof works as before.

During the proof we have used the following.

Lemma 7.30 (Fujita, 1985) Let f : Y → X be a proper, birational morphism.
Let D be a Z-divisor on X and assume that D ∼Q,f Dh +Dv where Dv is
f -exceptional, �Dv� = 0 and Dh is effective without exceptional components.
Let B be any effective, f -exceptional divisor. Assume that

(1) either X and Y are normal,
(2) orX andY are S2, f is an isomorphism outside a codimension 2 subscheme

of X and Y is normal at the generic point of every exceptional divisor.

Then OX(−f∗D) = f∗OY (−D) = f∗OY (B −D).

Proof Note that in general f∗OY (−D) ⊂ OX(−f∗D) and there is an effective,
f -exceptional divisor B ′ such that OX(−f∗D) ⊂ f∗OY (B ′ −D). Thus it is
enough to prove that f∗OY (−D) = f∗OY (B −D).

For some B1, fix a section s ∈ H 0(X, f∗OY (B1 −D)) and then take 0 ≤
B ≤ B1 as small as possible such that s ∈ H 0(X, f∗OY (B −D)) still holds.
We need to prove that B = 0.
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By assumption, there is a Q-Cartier Q-divisorM onX such thatD + f ∗M =
Dh +Dv . Choose n ∈ N such that nDh, nDv, f

∗(nM) are all Z-divisors. Then

(f ∗s)n ∈ H 0(Y,OY (nB − nD))
= H 0(Y,OY (nB − nDh − nDv + f ∗(nM))
⊂ H 0(Y,OY (nB − nDv + f ∗(nM)).

Adding exceptional divisors to a pull-back never creates new sections. By
assumption, every irreducible component of B appears in nB − nDv with
positive coefficient. Thus (f ∗s)n vanishes along every irreducible component
of B and so does f ∗s, contradicting the minimality of B. Thus B = 0 and so s

is a section of f∗OY (−D).

Let us also note that (7.20) becomes much stronger in the dlt case.

Theorem 7.31 (Kollár, 2011a) Let (X,�) be semi-dlt, D a (not necessarily
effective) Z-divisor and�′ ≤ � an effective Q-divisor onX such thatD ∼Q �′.
Then OX(−D) is CM.

The proof is actually simpler than (7.29). The main difference is that in
(7.29.4) EY = 0, hence Rif∗OY (BY −DY ) = 0 for i > 0 by (10.32). See
Kollár (2011a) for details.

Remark 7.32 Note that while the assumptions of (7.20) and (7.31) depend
only on the Q-linear equivalence class of D, being CM is not preserved by
Q-linear equivalence in general. For instance, let X be a cone over an Abelian
variety A of dimension ≥ 2. Let DA be a Z-divisor on A such that mDA ∼ 0
for some m > 1 but DA �∼ 0. Let DX be the cone over DA. Then DX ∼Q 0,
OX(DX) is CM by (3.15) but OX is not CM by (3.11).
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Survey of further results and applications

The aim of this chapter is to give a short summary of further results about
the singularities we have been studying, without going into the details of the
definitions and results. Some of the topics are covered in recent books or
surveys; for these our treatment is especially cursory.

The main topics are

� Linear systems and ideal sheaves.
� Connections with complex analysis.
� Log canonical thresholds.
� The ACC conjecture.
� Arc spaces of lc singularities.
� F -regular and F -pure singularites.
� Differential forms on lc singularities.
� The topology of lc singularities.
� Applications to the abundance conjecture and to moduli problems.
� Unexpected applications of lc pairs.

Assumptions With the exception of Section 8.4, the results in this chapter
have been worked out for varieties over fields of characteristic 0. Most of them
should hold in more general settings.

8.1 Ideal sheaves and plurisubharmonic funtions

In Section 2.1 we defined discrepancies of divisors and related concepts for
pairs (X,�) where � is a Q-divisor. It is straightforward and useful to define
these notions when divisors are replaced by linear systems or ideal sheaves.

Definition 8.1 (Discrepancies for linear systems) Let X be a normal scheme,
|Mi | linear systems and ci ∈ Q. Assume that KX and the Mi are Q-Cartier.

248
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Let f : Y → X be a proper morphism with exceptional divisors Ej . Write
f ∗|Mi | = |Fi| + Bi where |Fi| has no fixed divisors and Bi is the base locus
of f ∗|Mi |. Thus we can formally write

f ∗(KX +∑ici|Mi |) ∼Q KY +
∑

ici |Fi| + (
∑

iciBi +
∑

j a(Ej,X, 0)Ej ).

The coefficient of a divisor E in the last term is called its discrepancy. It is
denoted by

a(E,X,
∑

ici |Mi|) := a(E,X, 0) +∑ici coeffE Bi.

If the |Mi | are 0 dimensional, that is, when they can be identified with divisors,
this is the same as the usual discrepancy.

If X is affine, one can more or less identify linear subsystems of |OX| with
ideal sheaves. This leads to the following variant.

Definition 8.2 (Discrepancies for ideal sheaves) Let X be a normal scheme,
Ii ⊂ OX ideal sheaves and ci ∈ Q. Assume thatKX is Q-Cartier. Let f : Y → X

be a proper morphism and f −1Ii · OY the inverse image ideal sheaves. IfE ⊂ Y

is a divisor, we define its discrepancy by the formula

a
(
E,X,

∏
I
ci
i

)
:= a(E,X, 0) +∑ ci multE(f −1Ii · OY ).

(Here
∏

I
ci
i is a formal symbol. Adding divisors corresponds to multiplying

their ideals, hence the change to multiplicative notation.)
For principal ideals we again recover the usual divisor version.

While both of these notions are more general than (2.4), in most theorems
and proofs it is quite easy to go between the different versions. For instance,
let X be a variety over C and Ej countably many divisors over X. If Di ∈ |Mi|
are very general then

a(Ej ,X,
∑

ci|Mi |) = a(Ej,X,
∑

ciDi) ∀Ej .

However, equality always fails for some divisors if at least one of the |Mi| is
positive dimensional. Indeed, if D is an irreducible component of Di ∈ |Mi|
that is not in the base locus then

a(D,X,
∑

ci |Mi|) = 0 but a(D,X,
∑

ciDi) = −ci.

As a rule, one can easily switch between the linear system/ideal sheaf and the
divisor versions as long as the ci are small. As in (3.71), this can frequently
be achieved by the simple trick of replacing c|M| by c

m
|mM| for some m ∈

N. However, in some questions the ideal sheaf version is a more convenient
language and many formulas end up more natural, see, for example, (8.4.3–4).
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The ideal sheaf version is especially well suited to asymptotic constructions.
See Lazarsfeld (2004, chapters 9–11) for an excellent treatment.

Connections with complex analysis

This is a vast subject. Here we explain how the klt condition can be translated
into an analytic statement and show the first connections between singular
Hermitian metrics defined using plurisubharmonic funtions and singularities
of algebraic pairs. For detailed introductions to these topics see Demailly (2001)
and McNeal and Mustaţă (2010).

Proposition 8.3 Let f be a holomorphic function on an open set U ⊂ Cn

and D := (f = 0). Then (U, cD) is klt if and only if |f |−c is locally L2.

Proof Set ω = dz1 ∧ · · · ∧ dzn. Then |f |−c is locally L2 if and only if, on
any compact K ⊂ U , the integral∫

K

(f f̄ )−c ω ∧ ω̄ is finite. (8.3.1)

(We can ignore the power of
√−1 that makes this integral real.) Let π: Y → U

be a proper bimeromorphic morphism. We can rewrite the above integral as∫
K

(f f̄ )−c ω ∧ ω̄ =
∫
π−1(K)

((f ◦ π )(f ◦ π ))−c π∗ω ∧ π∗ω̄. (8.3.2)

If π is a log resolution of (U,D) then at any point q ∈ X we can choose local
coordinates x1, . . . , xn such that

f ◦ π = (invertible)
∏

ix
m(i,q)
i and

π ∗ω = (invertible)
∏

ix
a(i,q)
i · dx1 ∧ · · · ∧ dxn.

Thus the integral (8.3.2) is finite near q ∈ X if and only if∫
π−1(K)

∏
i(xix̄i)

a(i,q)−c·m(i,q) dV is finite.

As in (10.68.2) this holds if and only if a(i, q) − c ·m(i, q) > −1 for every i.
Let Ei be the exceptional divisor locally defined by (xi = 0). Then m(i, q) =
multEi

f ∗D and a(i, q) = a(Ei,U, 0), thus by (2.5), a(i, q) − c ·m(i, q) =
a(Ei,U, cD).

In complex analysis it is customary to view (8.3) as a statement about
the singularities of plurisubharmonic functions. In the notation of (8.3), φ :=
log |f | is plurisubharmonic and we ask whether e−cφ is locally L2.

Conversely, if ψ is an arbitrary plurisubharmonic funtion, then one can
reasonably well approximate it with functions of the form

∑m
i=1 ci log |fi|
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where the fi are holomorphic functions or even polynomials (Demailly and
Kollár, 2001). This allows one to go between questions about singular Hermitian
metrics and singularities of algebraic pairs.

Note, however, that the analytic approach allows certain operations that are
difficult to perform algebraically. For instance, one can work with infinite sums
ψ :=∑∞

i=1 ci log |fi | and then e−ψ carries information about infinitely many
divisors (fi = 0). Since polynomial rings are Noetherian, the algebraic variants
(8.1–8.2) capture information only about finitely many divisors or polynomials
at a time.

8.2 Log canonical thresholds and the ACC conjecture

Definition 8.4 Let f be a holomorphic function and D := (f = 0) its divisor
of zeros. The log canonical threshold or complex singularity exponent of f or
of D at a point p ∈ Cn is the number denoted by cp(f ) or by lcthp(D) such
that the following equivalent conditions hold.

(1) |f |−s is L2 in a neighborhood of p if and only if s < cp(f ).
(2) (Cn, sD) is klt near p if and only if s < cp(f ).

The second variant defines the log canonical threshold for any effective Q-
Cartier divisor on a scheme. For instance, one can compute Kollár (1997, 8.15)
that

lcth
(
An,

(
x
a1
1 + · · · + xan

n = 0
)) = min

{
1,
∑ 1

ai

}
. (8.4.3)

One can also define the log canonical thresholds for ideal sheaves in the natural
way. As an example we see that

lcth
(
An,

(
x
a1
1 , . . . , xan

n

)) =∑ 1
ai
. (8.4.4)

This concept first appears in connection with the “division problem for
distributions,” see Schwartz (1950), Hörmander (1958), Łojasiewicz (1958)
and Gel′fand and Šilov (1958). The general question is considered in Atiyah
(1970) and Bernšteı̆n (1971). Applications to singularity theory are summarized
in Arnol′d et al. (1985).

The log canonical threshold is a very interesting function on the space of
power series that vanish at the origin. It is lower semicontinuous (Varčenko,
1976; Demailly and Kollár, 2001) and it is a metric, that is, c0(f + g) ≤
c0(f ) + c0(g) (Demailly and Kollár (2001) theorem 2.9). Applying this to the
Taylor polynomials tm(f ) of f and to f − tm(f ) gives the following uniform
approximation result.
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Corollary 8.5 Let f ∈ C[[x1, . . . , xn]] be a power series and tm(f ) its degree
m Taylor polynomial. Then

|c0(f ) − c0(tm(f ))| ≤ n
m+1 .

An open problem about log canonical thresholds with applications to (8.32)
is the following.

8.6 (Gap conjecture (Kollár, 1997, 8.16)) Consider the sequence defined
recursively by ck+1 = c1 · · · ck + 1 starting with c1 = 2. (It is called Euclid’s
or Sylvester’s sequence, see Graham et al. (1989, section 4.3) or Sloane (2003,
A00058).) It starts as

2, 3, 7, 43, 1807, 3263443, 10650056950807, . . .

The gap conjecture asserts that c0(zc1
1 + · · · + zcnn ) = 1 − 1

c1···cn is an extremal
example. That is, if f (z1, . . . , zn) is holomorphic near the origin then c0(f )
can not lie in the open interval (1 − 1

c1···cn , 1).
This example is also expected to be extremal for the Du Bois property. That

is, we conjecture the following. Let (X,�) be an n-dimensional slc pair and
W ⊂ X a closed, reduced subscheme such that mld(W,X,�) < 1

c1···cn . Then
W is Du Bois.

The n = 1, 2 cases are easy to check by hand; for n = 3 this is proved in
Kollár (1994, 5.5.7).

Next we consider a far reaching generalization of the gap conjecture.
Shokurov realized that while every rational number is the log canonical

threshold of some polynomial, for each fixed dimension n the set of log canon-
ical thresholds of all n-variable functions has remarkable properties (Shokurov,
1988b). Let us start with the most general case.

Definition 8.7 LetSn(local) be the set of all sequences (b1, . . . , bm) of positive
real numbers such that there is an n-dimensional Q-factorial log canonical pair(
X,
∑m

i=1 biDi) that has an lc center contained in ∩m
i=1Di . (Note that these are

precisely the pairs which are maximally lc, that is, increasing any one of the bi
results in a non-lc pair.)

Define a partial ordering of these sequences by (b1, . . . , bm1 ) ≥ (b′1, . . . , b
′
m2

)
if and only if either m1 < m2 or m1 = m2 and bi ≥ b′i for every i.

We can now state two of the most general conjectures, due to Shokurov
(1988b) and Kollár (1992, 1997), as follows.

Conjecture 8.8 (ACC conjecture) For each n, the set Sn(local) does not
contain any infinite increasing subsequences.
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Conjecture 8.9 (Accumulation conjecture) For each n, the limit points of the
set Sn(local) are exactly Sn−1(local) \ {1}.1

Even very special cases of this are quite interesting and difficult. For instance,
fix n and let f be a holomorphic function that vanishes at the origin. Then
(Cn, c0(f )(f = 0)) is maximally lc, hence the length 1 sequence (c0(f )) is in
Sn(local). In particular, we see that the set

{c0(f ) : f ∈ C[[z1, . . . , zn]]} ⊂ [0, 1] ∩ Q

does not contain any infinite increasing subsequences. This was proved in the
series of papers of de Fernex and Mustaţă (2009), Kollár (2008b) and de Fernex
et al. (2010, 2011); see Totaro (2010) for a survey.

There are many interesting ways of associating numerical sequences to an
lc pair and there is a whole series of conjectures connecting these and their
properties, see Shokurov (1988b) and Kollár (1992, section 18).

8.3 Arc spaces of log canonical singularities

Let X be a variety over a field k. For m ≥ 0, let Xm := Mor(Spec k[t]/
(tm+1), X) be the space of mth order jets on X as a k-scheme of finite type.
There are natural projection maps Xm+1 → Xm and passing to the inverse limit
we get the space of arcs X∞ := Mor(Spec k[[t]], X) which is a non-noetherian
k-scheme.

For example a morphism Spec k[t]/(tm+1) → An is given by n polynomials
φi(t) =

∑m
j=0 aij t

j , thus

An
m := Mor(Spec k[t]/(tm+1),An) � An(m+1).

More generally, if X is smooth then the projection Xm → X0 = X is a bundle
with fibers Anm. (It is, however, not a vector bundle since the transition functions
between charts are not linear.) Thus interesting local behavior of Xm comes
from the singularities of X.

Assume that X ⊂ An is defined by the equations f�(x1, . . . , xn) = 0. Then
Xm ⊂ An

m is defined by the equations

f�(
∑m

j=0a1j t
j , . . . ,

∑m
j=0 anj t

j ) ≡ 0 mod (tm+1).

In general these give rather complicated systems of equations, but in some
simple examples their structure is transparent. The reader may enjoy verifying
(8.10) by hand in the examples X := (xd

1 + · · · + xd
n = 0).

1 (8.8) and (8.9) were recently proven in Hacon et al. (2012).
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It was discovered by Mustaţǎ (2002) that, at least for local complete inter-
section varieties, there is a close relationship between the properties of the jet
spaces and discrep(X, 0). The main cases can be summarized as follows.

Theorem 8.10 (Mustaţǎ, 2002; Ein and Mustaţǎ, 2004; Ein et al., 2003) Let
X be a normal, local complete intersection variety over a field of chara-
cteristic 0.

(1) Xm has pure dimension (m+ 1) dimX for every m if and only if X is log
canonical.

(2) Xm is irreducible for every m if and only if X is canonical.
(3) Xm is normal for every m if and only if X is terminal.

One can also prove inversion of adjunction (again for local complete inter-
section varieties) using arc spaces (Ein and Mustaţǎ, 2004). For a summary of
further results see Ein and Mustaţă (2009).

8.4 F-regular and F-pure singularites

There is an interesting and somewhat surprising and deep connection between
singularities of the minimal model program and singularities defined via the
behavior of the Frobenius morphism in characteristic p > 0.

This section is a brief overview of this growing subject.

Definition 8.11 A reduced ring of characteristic p > 0 is called F -finite if
R1/p is a finite R-module. Every ring essentially of finite type over a perfect
field is F -finite. A scheme over a field of characteristic p > 0 is F -finite if all
of its local rings are F -finite.

Definition 8.12 Let R be a reduced F -finite ring of characteristic p > 0 and
I ⊆ R an ideal. Then I [pe] denotes the ideal generated by the peth powers of
elements of I . It is called the eth Frobenius power of I . The tight closure of I
is defined as follows:

I ∗ := {z ∈ R|there exists a nonzero divisor c∈R, so that czp
e∈I [pe],∀e ≥ 0}.

The ideal I is called tightly closed if I = I ∗.

Definition 8.13 Let R be a local ring which is essentially of finite type over
a perfect field of characteristic p > 0 with maximal ideal m ⊆ R. Then R is
called
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weakly F -regular if all ideals in R are tightly closed,
F -regular if all localizations of R are weakly F -regular,
F -rational if all ideals generated by a full system of parameters are

tightly closed,
F -pure if for every R-module M , the map M → M ⊗R R1/p is

injective (if R is of finite type over a perfect field, then
this is equivalent to the condition that R → R1/p splits
as an R-module homomorphism), and

F -injective if Hi
m(R) → Hi

m(R1/p) is injective for all i ≥ 0.

Let Z be an irreducible, reduced essentially of finite type scheme over a
perfect field of characteristic p > 0. Then Z is called F -regular, F -rational,
F -pure, respectivelyF -injective if all of its local rings satisfy the corresponding
notion for rings.

Let X be an irreducible, reduced essentially of finite type scheme over a field
of characteristic 0. Then X is called (open) F -regular type, (open) F -rational
type, (open) F -pure type, respectively (open) F -injective type if the reduction
of X mod p (cf. Kollár and Mori (1998, p. 14); Kollár (1996, II.5.10)) satisfies
the corresponding condition for an open and dense set of primes. Similarly,
X is called dense F -regular type, dense F -rational type, dense F -pure type,
respectively dense F -injective type if Xp satisfies the corresponding condition
for a dense set of primes. It is relatively easy to see that these definitions are
independent of the way one reduces X mod p.

The connection between singularities of the minimal model program and
these F -singularities uses F -(. . . ) type singularities. The following diagram
shows the currently known implications.

log terminal
�� ��

��

��

��

+ Gorenstein

rational

��

�� ��
F -regular type ��

����

��

+ Gorenstein

F -rational type

��

log canonical ��
��

⇒conjecturally

��

+ Gorenstein & normal

Du Bois��

⇒conjecturally

dense
F -pure type

��
��

+ Gorenstein

dense
F -injective type

Most of these implications are highly nontrivial. For details see Elkik (1981),
Kovács (1999), Kovács (2000a), Kovács (2000b), Saito (2000), Kollár and
Kovács (2010), Fedder and Watanabe (1989), Mehta and Srinivas (1991), Smith
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(1997), Mehta and Srinivas (1997), Hara (1998a), Hara (1998b), Smith (2000),
Hara and Watanabe (2002), Hara and Yoshida (2003), Takagi and Watanabe
(2004), Takagi (2004), Hara (2005), Takagi (2008), Schwede (2009), Shibuta
and Takagi (2009), Mustaţǎ and Srinivas (2010), Mustaţǎ (2010), Hernández
(2011) and Takagi (2011).

The connection between these sets of seemingly unrelated classes of sin-
gularities runs deep. Many notions defined in one of these theories have been
identified in the other.

An important notion in higher dimensional geometry is the multiplier ideal
(Lazarsfeld, 2004, II.9.3.G) a similarly important notion in tight closure theory
is the test ideal (Hochster and Huneke, 1990). It turns out that these two
notions are not entirely equivalent, but morally they should be considered so:
Blickle et al. (2011) gave a characteristic free description of an ideal that in
characteristic 0 gives the multiplier ideal while in characteristic p > 0 gives
the test ideal. Interestingly, one may define the multiplier ideal in characteristic
p > 0 which will be different from the test ideal (and hence the above remark
that the multiplier and test ideals are not entirely equivalent), but the mentioned
result suggests that in characteristic p > 0 the test ideal may be a better object
to consider than the multiplier ideal and it may end up playing a role there that
is similar to the role the multiplier ideal plays in characteristic 0.

There are many more interesting results and open conjectures in this intrigu-
ing connection. For more on this and related issues the reader is invited to
consult the recent surveys of Schwede and Tucker (2012) and Blickle and
Schwede (2012).

8.5 Differential forms on log canonical pairs

Let X be a normal, affine variety of dimension n over a field a characteristic
0, Xns ⊂ X the smooth locus and π: X̃ → X a log resolution. Since ωX is
reflexive, H 0(X,ωX) = H 0(Xns, ωXns ). If X has log terminal singularities then
H 0(X̃, ωX̃) = H 0(X,ωX) by (2.3.3) hence the natural restriction map

restn: H
0(X̃, ωX̃) → H 0(Xns, ωXns )

is an isomorphism. It is interesting to consider the analogous restriction maps
for other differential forms

restp: H 0(X̃,�
p

X̃

)→ H 0(Xns,�
p
Xns

)
.

The connecting role of ωX is played not by the sheaves �
p
X – which can be

rather complicated – but by the push-forward sheaves π∗�
p

X̃
.

The main results are the following.
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Theorem 8.14 (Extension theorem for differential forms) (Greb et al., 2011a,
1.4) Let X be a variety with log terminal singularities over a field of charac-
teristic 0 and π: X̃ → X a log resolution. Then, for all p ≤ dimX,

(1) H 0(X̃,�
p

X̃
)

�−→ H 0(Xns,�
p
Xns ) and

(2) π∗�
p

X̃
is reflexive.

Theorem 8.15 (Extension theorem on lc pairs) (Greb et al., 2011a, 1.5) Let
(X,D) be a log canonical pair over a field a characteristic 0 and π: X̃ → X

a log resolution. Set D̃ := Suppπ−1(non-klt(X,D)). Then, for all p ≤ dimX,

(1) H 0(X̃,�
p

X̃
(log D̃))

�−→ H 0(Xns,�
p
Xns (log�D�)) and

(2) π∗�
p

X̃
(log D̃) is reflexive.

The extension problem has been studied in the literature in many special
cases. For a variety X with only isolated singularities, reflexivity of π∗�

p

X̃
was

shown by van Straten and Steenbrink (1985, theorem 1.3) for p ≤ dimX − 2
without any further assumption on the singularities. This was extended to
normal varieties by Flenner (1988), assuming p ≤ codimX SingX − 2. The
p ∈ {1, 2} cases were treated in Namikawa (2001, theorem 4) for canonical
Gorenstein singularities. For quotient singularities similar results were obtained
in de Jong and Starr (2004). For a log canonical pair with reduced boundary
divisor, the cases p ∈ {1, dimX − 1, dimX} were settled in Greb et al. (2010,
theorem 1.1).

A related setup where the pair (X,D) is snc, and where π: X̃ → X is the
composition of a finite Galois covering and a subsequent resolution of singu-
larities has been studied in Esnault and Viehweg (1982) with additional results
on the vanishing of higher direct image sheaves.

For applications to rational connectedness, the Lipman–Zariski conjecture
and Bogomolov–Sommese type results see Greb et al. (2011a) and Greb et al.
(2011b). The main theorem (8.15) is also an important ingredient in the proof of
several Shafarevich-type hyperbolicity theorems (Kebekus and Kovács, 2010).

The following examples illustrate (8.15) and show that its statement is sharp.

Example 8.16 (Non-log canonical singularities) This example shows that the
log canonical assumption on (X,D) is necessary to obtain any extension result
allowing no worse than log poles along the exceptional divisor.

Let X be the affine cone over a smooth curve C of degree 4 in P2. Observe
that X is a normal hypersurface singularity, in particular, KX is Cartier. Let X̃
be the total space of the line bundle OC(−1). Then, the contraction of the zero
section E of X̃ yields a log resolution π: X̃ → X. An elementary computation
shows that the discrepancy of E with respect to X is equal to −2 cf. (Reid,
1987, p. 351, exercise (1)). Hence, X has worse than log canonical singularities.
If τ is a local generator of the locally free sheaf �[2]

X near the vertex P ∈ X, the
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discrepancy computation implies that τ acquires poles of order 2 when pulled
back to X̃. By abusing notation we denote the rational form obtained on X̃

by π∗τ .
Next, let ξ be the vector field induced by the natural C∗-action on X̃ coming

from the cone structure. By contracting π∗τ by ξ we obtain a regular 1-form
on X̃ \ E that does not extend to an element of H 0(X̃, �1

X̃
(logE)). For further

details see Greb et al. (2010, 6.3) and Greb et al. (2011a, 3.1).

Example 8.17 (Non-klt locus and discrepancies (Greb et al., 2011a, 3.2)) It
is easy to see that for, p = dimX, one can replace D̃ in (8.15) by the smaller
divisor D̃(−1) which is the sum of all divisors whose diecrepancy equals −1.
The next example shows that this does not work in general for p < n.

Let X = {uw − v2} ⊂ C3
u,v,w be the quadric cone, and let D = {v = 0} ∩X

be the union of two rays through the vertex. The pair (X,D) is log canonical.
Let X̃ ⊂ Bl(0,0,0)(C3) ⊂ C3

u,v,w × P2
[y1:y2:y3] be the strict transform of X in the

blow-up of C3 at (0, 0, 0) and π: X̃ → X the corresponding resolution. The
intersectionU of X̃ with {y1 �= 0} is isomorphic to C2 and choosing coordinates
x, z on this C2, the blow-up is given by ϕ: (x, z) �→ (z, xz, x2z). In these
coordinates the exceptional divisor E is defined by the equation {z = 0}. The
form d log v := 1

v
dv defines an element in H 0(X, �

[1]
X (logD)). Pulling back

we obtain

ϕ∗(d log v) = d log x + d log z,

which has log-poles along the exceptional divisor. If f : X̃′ → X̃ is the blow-up
at a point p ∈ E \ π−1

∗ (D), we obtain a further resolution π ′ = π ◦ f of X.
This resolution has an additional exceptional divisor E′ ⊂ X̃′ with discrepancy
0. Note however that the pull-back of d log v via π ′ has logarithmic poles along
E ′. To be explicit we compute on f −1(U ): we have

f ∗ϕ∗(d log v) = d log(f ∗x) + d log(f ∗z),

and we note that f ∗z vanishes along E′ since we have blown up a point in
E = {z = 0}.
Example 8.18 (Other tensor powers (Greb et al., 2010, exercise 3.1.3)) This
example shows that the statement of (8.15) fails for other reflexive tensor
powers of �1

X, even when X is canonical.
Let X̃ be the total space of OP1 (−2), andE the zero-section. ThenE contracts

to a Du Val singularity π: X̃ → X. It is reasonably easy to write down a section

σ ∈ H 0(X̃, Sym2 �1
X̃

(logE)
) \H 0(X̃, Sym2 �1

X̃

)
,

which implies that π∗ Sym2 �1
X(logE) is not reflexive.

For an explicit example for σ , consider the standard coordinate cover of X̃
with open sets U1, U2 � A2, where Ui carries coordinates xi, yi and coordinate
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change is given as

φ1,2: (x1, y1) �→ (x2, y2) = (x−1
1 , x2

1y1
)
.

In these coordinates the bundle map Ui → P1 is given by (xi, yi) → xi , and
the zero-section E is given as E ∩ Ui = {yi = 0}. Now take

σ2 := y−1
2 (dy2)2 ∈ H 0

(
U2, Sym2

(
�1

X̃
(logE)

))
and observe that φ∗

1,2(σ2) extends to a section in H 0(U1, Sym2(�1
X̃

(logE))).

8.6 The topology of log canonical singularities

Question 8.19 Let (X,�) be a dlt or lc pair over C. What can be said about
the local topological properties of X(C)?

Let X be an algebraic variety over C and x ∈ X a closed point. Choose
an affine neighborhood x ∈ X0 and an embedding X0 ⊂ CN . Let S2N−1

x (ε)
be the (2N − 1)-sphere of radius ε centered at x and B2N

x (ε) the closed 2N -
ball of radius ε centered at x. Up to homeomorphism, the intersection X0 ∩
S2N−1
x (ε) does not depend on 0 < ε � 1 and on the embedding. It is called

the link of x ∈ X and is denoted by link(x ∈ X). The intersection X ∩ B2N
x (ε)

is homeomorphic to the cone over link(x ∈ X), thus the link carries all the
information about the local topology ofX near x. See Goresky and MacPherson
(1988, p. 41) for details. Thus we can reformulate (8.19) as follows.

Question 8.20 Let (X,�) be a dlt or lc pair over C. What can be said about
the topological properties of its links?

In some ways links, especially links of isolated singularities, are quite similar
to smooth projective varieties. For instance, the Lefschetz hyperplane theorems
all hold for links, see Goresky and MacPherson (1988). It was realized only
recently that links are quite different from quasi-projective varieties in some
respects. The most striking difference is in their fundamental groups.

8.21 There are at least four natural ways to attach a fundamental group to
a normal singularity (x ∈ X). Let p: Y → X be a resolution such that Ex :=
p−1(x) is an snc divisor. For 0 < ε � 1 set Y (ε) := p−1(X ∩ B2N

x (ε)). The
following 4 groups are all independent of the resolution and of ε.

(1) π1(link(x ∈ X)).
(2) π1(Y (ε) \ Ex) = π1(p−1 link(x ∈ X)).
(3) π1(R(x ∈ X)) := π1(Y (ε)) = π1(Ex). These groups were first studied in

Kollár (1993b) and Takayama (2003).
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(4) π1(DR(x ∈ X)) := π1(D(Ex)) where D(Ex) denotes the dual complex
of Ex (3.62). The homotopy type DR(x ∈ X) of D(Ex), and hence the
fundamental group, are independent of the resolution, see Thuillier (2007),
Stepanov (2008) and Arapura et al. (2011).

There are natural surjections between these groups:

π1(link(x ∈ X)) � π1(Y (ε) \ Ex) � π1(R(x ∈ X)) � π1(DR(x ∈ X)).
(8.21.5)

Even for isolated 3-fold singularities, these groups can be arbitrary.

Theorem 8.22 (Kapovich and Kollár, 2011) Let 
 be a finitely presented
group. Then there is a 3-dimensional isolated singularity (x ∈ X
) such that
the 4 groups in (8.21) are all isomorphic to 
.

Usually none of the maps in (8.21.5) is an isomorphism but in the dlt case,
two of these groups are trivial.

Theorem 8.23 (Kollár, 1993b; Takayama, 2003) If (X,�) is dlt then

π1(R(x ∈ X)) = π1(DR(x ∈ X)) = 1.

This implies that if (X,�) is dlt and p: Y → X is a resolution of singularities
then for any connected open subset U ⊂ X(C) the induced map

π1(p−1(U )) → π1(U ) is an isomorphism.

In particular, π1(link(x ∈ X)) � π1(Y (ε) \ E), so the only remaining open
question about fundamental groups associated to dlt singularities is the fol-
lowing.

Conjecture 8.24 If (X,�) is dlt then π1(link(x ∈ X)) is finite.2

If dimX = 2 then (8.24) holds, but the answer is not known already when
dimX = 3. The kernel of π1(link(x ∈ X)) � π1(R(x ∈ X)) is generated by
loops around the irreducible components of Ex , but the relations between these
loops are not well understood; see Mumford (1961) for some computations in
the 2-dimensional case.

We saw in (3.47) that the four groups in (8.21) can be very large if (X,�) is
lc, but the following is wide open.

Question 8.25 What can one say about the above four groups if (X,�) is lc?

2 The algebraic version was recently proven in Xu (2012).
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Even the homotopy type of the dual complex is quite well understood for
general singularities.

Theorem 8.26 (Kollár, 2012a) Let T be a finite, connected cell complex.

(1) There is a normal singularity (0 ∈ X) whose dual complex DR(0 ∈ X) is
homotopy equivalent to T .

(2) There is a rational singularity (0 ∈ X) whose dual complex DR(0 ∈ X) is
homotopy equivalent to T if and only if Hi(T ,Q) = 0 for i > 0.

Thus, if (X,�) is dlt then DR(0 ∈ X) is simply connected and its cohomol-
ogy groups with Q-coefficient are zero. If they are zero with Z-coefficient, then
DR(0 ∈ X) is contractible.

Question 8.27 Let (X,�) be dlt. Is it true that DR(0 ∈ X) is contractible?3

More speculatively, it is possible that if (X,�) is dlt then DR(0 ∈ X) has a
natural contraction to a “specific stratum” of the exceptional divisor described
in some way by algebraic geometry. The results of Kollár (2007a) and Hogadi
and Xu (2009) give some indication that such a special stratum should exist.
See also (2.37).

8.7 Abundance conjecture

The abundance conjecture says that if X is a projective variety with terminal
singularities and KX is nef then it is semi-ample, that is, |mKX| is base point
free for some m > 0. More generally, this is conjectured to hold for lc pairs
(X,�): IfKX +� is nef then it is semi-ample. See Kollár (1992, sections 9–15)
for a detailed treatment.

An approach, initiated by Miyaoka (1988) and Kawamata (1992), is to find
another divisor D ∈ |m′KX| for some m′ > 0 such that KX +�+ redD is nef
and then use restriction to D, adjunction and induction on the dimension to
conclude. Finding such D is already quite difficult. Another problem is that
usually D is reducible, and one needs a method to piece together a section over
D = ∪iDi from sections over the irreducible Di . It is in this context that the
problems studied in Chapter 5 first appeared.

These ideas were developed in a series of papers by Kollár (1992), Keel
et al. (1994), Fujino (2000), Kollár and Kovács (2010), Gongyo (2010), Fujino
(2011), Kollár (2011d) and Fujino and Takagi (2011). For further applications
see Birkar (2011) and Hacon and Xu (2011b).

3 This was recently proven in de Fernex et al. (2013).



262 Survey of further results and applications

8.8 Moduli spaces for varieties

As we already mentioned, slc surfaces were defined by Kollár and Shepherd-
Barron (1988) in order to compactify the moduli space of surfaces of general
type. Similarly, slc varieties (with ample canonical class) are needed to com-
pactify the moduli space of higher dimensional varieties of general type. Much
of the theory in this book was developed with these applications in mind. A
thorough treatment will be given in Kollár (2013); see also Kollár (2012b). For
now let us just outline three of the main applications.

Existence of stable limits The stable reduction theorem for curves says that if
π0: S0 → B0 is a smooth family of genus g ≥ 2 curves over a curve B0 then
there is a finite surjection p: A0 → B0 and a smooth compactification A0 ⊂ A

such that S0
A := S0 ×B0 A0 → A0 uniquely extends to a flat family of genus g

stable curves SA → A.
The proof consists of two steps. First we use the semistable reduction theorem

of Kempf et al. (1973) to get S̃A → A whose fibers are reduced nodal curves
and then run the minimal model program overA to get SA → A as the canonical
model of S̃A → A.

As pointed out in Kollár and Shepherd-Barron (1988), this recipe works in
higher dimensions, as long as we start with a family π0: X0 → B0 of smooth
varieties of general type.

Observe that, already for curves, one should prove stable reduction not just
for smooth families, but also for flat families of stable curves. The semistable
reduction part works in all dimensions and we get X̃A → A whose fibers are
reduced, snc varieties. However, it was discovered in Kollár (2011e) that the
minimal model program does not work for snc varieties.

This led to an alternate approach. We normalize X̃A, run the minimal model
program on each irreducible component separately and then try to glue to
canonical models together to get XA → A. The gluing is ensured by (5.13).
For details see Kollár (2013).

Constancy of numerical invariants In a proper, flat family of schemes f :
X → S, the Euler characteristic of the fibers χ (Xs,OXs

) is a locally constant
function on S, but the individual cohomologies hi(Xs,OXs

) are usually not.
The Du Bois condition was essentially invented to ensure that if f : X → S is
a flat, proper morphism and Xs is Du Bois for some s ∈ S then there is an open
neighborhood s ∈ S0 ⊂ S such that

(a) Rif∗OX is locally free and compatible with base change over S0 and
(b) s �→ hi(Xs,OXs

) is a locally constant function on S0.

Together with (6.32) we have the following consequences. For proofs see
Kollár and Kovács (2010) and Kollár (2013).
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Let f : X → S be a proper and flat morphism with slc fibers over closed
points; S connected.

(1) Let L be an f -semi-ample line bundle on X. Then, for all i,
(a) Rif∗(L−1) is locally free and compatible with base change and
(b) hi(Xs,L

−1
s ) is independent of s ∈ S.

(2) If one fiber of f is CM then all fibers of f are CM.
(3) ωX/S exists and is compatible with base change. Furthermore, for all i,

(a) Rif∗ωX/S is locally free and compatible with base change and
(b) hi(Xs, ωXs

) is independent of s ∈ S.

Absence of embedded points In analogy with the moduli of pointed curves,
one is interested in the moduli space of slc pairs. Assume that we have a
morphism f : (X,�) → C to a smooth curve. We would like to view this as a
family whose fiber over a point c ∈ C is the pair (Xc,�c) where�c = DiffXc

�.
If � =∑i aiDi then �c =

∑
i aiDic where Dic is the divisor-theoretic

restriction. That is, the divisor corresponding to the scheme-theoretic inter-
section Di ∩Xc. Examples due to Hassett (cf. Kollár (2012b, section 6)) show
that in general the scheme-theoretic restriction can have embedded points.
There are even examples where the log canonical rings of the fibers are not flat
over the base.

If ai > 1
2 for every i, then Di ∩Xc is reduced by (7.8, 7.18), thus in this case

the divisor-theoretic and scheme-theoretic viewpoints agree with each other
and the various proposed definitions of the moduli functor agree with each
other. If we allow ai ≤ 1

2 , then different definitions do yield different moduli
functors and their relationship is not yet fully understood.

8.9 Applications of log canonical pairs

Here we discuss several results whose statement does not even mention singu-
larities but lc pairs appear unexpectedly in their proofs. For more examples see
Kollár (1997).

8.29 (Effective base point freeness) Let X be a smooth projective variety of
dimension n and H an ample divisor on X. It is interesting to find explicit
very ample or free divisors on X. Fujita (1987) conjectured what seems to be
the optimal form: KX + (n+ 1)H is free and KX + (n+ 2)H is very ample.
This is known in dimension 3 (Ein and Lazarsfeld, 1993) and in dimension 4
(Kawamata (1997)) but is open in higher dimensions.

An approach developed to attack this question relies on finding effective
Q-divisors D ∼Q mH such that (X,D) has an lc center at a given point. The
smaller one can make m, the closer we get to the conjecture. After exponential
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bounds in Demailly (1993) and Kollár (1993a) the method of Tsuji (1994) and
Angehrn and Siu (1995) obtained freeness of KX + ( n+1

2 )H . This was later
improved to roughly KX + n4/3H by Heier (2002).

8.30 (Theta divisors of Abelian varieties) Understanding the theta divisor of a
principally polarized Abelian variety (A,�) has been a long standing problem.
For instance, it was conjectured in Arbarello and De Concini (1987) that � is
normal, save when (A,�) is a product of two lower dimensional principally
polarized Abelian varieties.

A rather short application of the ideas used in (8.29) allows one to prove that
the pair (A,�) is lc (Kollár, 1995, 17.13). In particular,

dim{x ∈ A : multp � ≥ k} ≤ dimX − k.

A subtler argument shows that (A,�) is plt if and only if it is indecomposable
(Ein and Lazarsfeld, 1997); see also Smith and Varley (1996). Thus, if (A,�)
is indecomposable then � has rational singularities, hence it is also normal.

8.31 (Birational maps of Fano varieties) Let X be a smooth projective Fano
variety; that is, −KX is ample. It is usually quite hard to decide whether X

is birational to another Fano variety or not. In our language, a theorem going
back to M. Noether and G. Fano says the following.

Theorem 8.31.1 Every birational map φ: X ��� X′ to another Fano variety is
an isomorphism if the following holds:

Let |H | ⊂ | −mKX| be any pencil for somem ≥ 1. Then (X, 1
m
Hc) is canon-

ical for general Hc ∈ |H |. Equivalently, (X, 1
m
|H |) is canonical, compare (8.1).

Most theorems on the birational classification of Fano varieties rely on
this approach. For an introduction to these questions, see Kollár et al. (2004,
chapter 5). For further results along this direction see Corti (1995), Corti et al.
(2000), Pukhlikov (2007, 2010) and Hacon and McKernan (2012).

8.32 (Kähler–Einstein metrics on Fano varieties) The question of existence
of Kähler–Einstein metrics on smooth Fano varieties over C is a large topic;
one part of it has to do with log canonical singularities.

Let X be a smooth Fano variety of dimension n over C. By Nadel (1990), X
has a Kähler–Einstein metric if there is an ε > 0 such that for every effective
Q-divisor D ∼Q −KX the pair(

X, n+ε
n+1D

)
is klt. (8.32.1)

In this form, the criterion is very rarely applicable directly. To get a truly useful
criterion, one needs to work with orbifolds. These are pairs (X,�) that are
locally (analytically) of the form Cn/G for some finite group G ⊂ GL(n,C).
The pseudo-reflections in G give rise to the boundary � as in (2.41.6). By
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Demailly and Kollár (2001), (X,�) has an orbifold Kähler–Einstein metric if
there is an ε > 0 such that for every effective Q-divisor D ∼Q −(KX +�) the
pair (

X,�+ n+ε
n+1D

)
is klt. (8.32.2)

The latter criterion applies in many cases, see for instance Nadel (1990),
Chel′tsov and Shramov (2009), Demailly and Kollár (2001) and Johnson and
Kollár (2001a,b).

Note that in spirit these criteria are quite similar to (8.31.1) since 1
m
Hc ∼Q

−KX. However, in (8.31.1) we want the pair to be canonical, whereas in (8.32.1)
(X,D) is allowed to be log canonical (or slightly worse).

8.33 (Einstein metrics on odd dimensional manifolds) Let L be a line bundle
over a complex variety X. Fixing a Hermitian metric on L, we can talk about
the corresponding unit circle bundle L ⊃ M → X. By Kobayashi (1963), if
X is Fano then a Kähler–Einstein metric on X lifts to an Einstein metric
on M .

We again have many more such cases where X is only an orbifold. It happens
frequently that X is an orbifold (of complex dimension n) and we can use a
Seifert bundle L → X (9.50) to get a smooth manifold (of real dimension
2n+ 1) as a Seifert S1-bundle over X. (Seifert originally studied these when
dimX = 1.) Furthermore, the criterion (8.32.2) can be used to produce an
orbifold Kähler–Einstein metric on X and then lift this to an Einstein metric
on M .

This approach was used to produce Einstein metrics with positive Ricci
curvature on spheres and exotic spheres (Boyer et al., 2005b,a) and on many
5-manifolds (Kollár, 2005, 2007b, 2009).

8.34 (Ax’s conjecture) The conjecture says that if k is a field and X ⊂ Pn
k

is a hypersurface of degree ≤ n then X contains a subvariety Z ⊂ X that is
geometrically irreducible (Ax, 1968). If X is geometrically irreducible then
Z = X works, so this is really a conjecture about hypersurfaces with many
irreducible components over k̄.

This is proved in characteristic 0 in Kollár (2007a). The proof essentially
constructs a terminal singularity from X as in Section 3.4 and then solves
a special case of (8.27) to get Z as the image of the “special stratum” of a
resolution.
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Finite equivalence relations

In this chapter we study general questions about geometric quotients by the
finite set theoretic equivalence relations that were used in Chapter 5. These
results are somewhat technical and probably the best introduction is to study
the examples (9.7) and (9.61). While they do not help with the proofs, they
show that the questions are quite subtle and that the theorems are likely to be
optimal.

Section 9.1 studies the existence question for geometric quotients. Usually
they do not exist, but we identify some normality and seminormality properties
of stratified spaces that ensure the existence of quotients (9.21).

The finiteness of equivalence relations is studied in Section 9.4.
The seminormality of subvarieties of geometric quotients is investigated in

Section 9.2.
In Section 9.3 we give necessary and sufficient conditions for a line bundle

to descend to a geometric quotient. This makes it possible to decide when such
a quotient is projective.

Assumptions The quotient theorems in this chapter hold for quasi-excellent
algebraic spaces in characteristic 0. See (9.5) for remarks about schemes.

We do not study the positive characteristic case for two reasons: there are
much stronger quotient theorems (9.6) and the assumptions (HN) and (HSN)
are not known to hold. Our method crucially relies on the descent of normality
of subschemes by finite, generically étale morphisms (10.26) which fails in
positive characteristic (10.28).

9.1 Quotients by finite equivalence relations

In this section we study finite set theoretic equivalence relations and the exis-
tence of the corresponding geometric quotients. Here we focus on the abstract

266
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theory, but the definitions and theorems are all set up to work well for slc pairs
and log centers on them. The resulting theory may seem artificial at first, but it
works very well for our purposes. In addition, these conditions seem to define
the largest reasonable and flexible class where geometric quotients exist.

The applications to slc pairs and log centers were given in Chapter 5.

Finite equivalence relations

Definition 9.1 Let X and R be S-schemes. A pair of morphisms σ1, σ2: R ⇒
X, or equivalently a morphism σ: R → X ×S X is called a pre-relation. A
pre-relation is called finite (resp. quasi-finite) if the σi are both finite (resp.
quasi-finite) and a relation if σ is a closed embedding.

To any finite pre-relation σ: R → X ×S X one can associate a finite relation
i: σ (R) ↪→ X ×S X. For the purposes of this section, there is no substantial
difference between σ: R → X ×S X and i: σ (R) ↪→ X ×S X. (By contrast, a
key idea of Abramovich and Hassett (2011) is to exploit this difference using
stacks.)

Definition 9.2 (Set theoretic equivalence relations) Let X and R be reduced
S-schemes. We say that a morphism σ: R → X ×S X is a set theoretic equiv-
alence relation on X if, for every geometric point SpecK → S, we get an
equivalence relation on K-points

σ (K): MorS(SpecK,R) ↪→ MorS(SpecK,X) × MorS(SpecK,X).

Equivalently,

(1) σ is geometrically injective.
(2) (reflexive) R contains the diagonal �X.
(3) (symmetric) There is an involution τR on R such that τX×X ◦ σ ◦ τR = σ

where τX×X denotes the involution which interchanges the two factors
of X ×X.

(4) (transitive) For 1 ≤ i < j ≤ 3 set Xi := X and let Rij := R when it maps
to Xi ×S Xj . Then the coordinate projection of red(R12 ×X2 R23) to X1 ×S

X3 factors through R13:

red(R12 ×X2 R23) → R13
π13−→ X1 ×S X3.

Note that the fiber product need not be reduced, and taking its reduced structure
is essential.

9.3 (Equivalence closure) Let R ↪→ Y × Y be a finite relation, R reduced.
There is a smallest set theoretic equivalence relation generated by R which is
constructed as follows.
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First we have to add the diagonal of Y × Y to R and make R symmetric
with respect to the interchange of the two factors. Then we have R1 ↪→ Y × Y

which is reflexive and symmetric.
Achieving transitivity may be an infinite process. Assume that we have

already constructed Ri ↪→ Y × Y with projections σ i
1, σ

i
2: Ri → Y . Ri+1 is

obtained by replacing Ri by the image

Ri+1 := (σ i
1 ◦ πi

1, σ
i
2 ◦ πi

2

)
(Ri ×Y Ri) ⊂ Y × Y, (9.3.1)

where the maps are defined by the following diagram.

Ri ×Y Ri

πi
1

��









πi

2

���
��������

Ri

σ i
1

����
��

��
��

�
σ i

2

����
���

���
�� Ri

σ i
1

�����
���

���
�

σ i
2

���
��

��
��

��

Y Y = Y Y

(9.3.2)

At the end we obtain a countable union of reduced subschemes

R ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Y × Y

and finite projections σ
j
1 , σ

j
2 : Rj ⇒ Y . In general we obtain pro-finite set the-

oretic equivalence relations.

Definition 9.4 (Geometric quotients) Let σ1, σ2: R ⇒ X be a set theoretic
equivalence relation. We say that q: X → Y is a categorical quotient of X by
R (or the coequalizer of σ1, σ2: R ⇒ X) if

(1) q ◦ σ1 = q ◦ σ2, and
(2) q: X → Y is universal with this property. That is, given any q ′: X →

Y ′ such that q ′ ◦ σ1 = q ′ ◦ σ2, there is a unique π: Y → Y ′ such that
q ′ = π ◦ q.

If σ1, σ2: R ⇒ X is finite, we say that q: X → Y is a geometric quotient of X
by R if, in addition,

(3) q: X → Y is finite and
(4) for every geometric point SpecK → S, the fibers of qK: XK (K) → YK (K)

are the σ (RK (K))-equivalence classes of XK (K). The last condition is
equivalent to the equality R = red(X ×Y X).

Somewhat sloppily, we refer to the last property by saying that “the geometric
fibers of q are the R-equivalence classes.”

The geometric quotient is denoted by X/R.
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It is not hard to see (Kollár, 20012c, 17) that the assumptions (1–3) imply
(4), but in our applications we check (4) directly.

Even in very simple situations, it can happen that X is projective and X/R is
only proper or thatX is proper butX/R exists only as an algebraic space (Kollár,
20012c). To handle these complications we need to choose an appropriate
category to work in.

Condition 9.5 For the rest of the section, we work in one of the following
categories.

(1) Schemes of finite type over a base scheme such that every finite subscheme
is contained in an open affine subscheme. We call the latter the Chevalley–
Kleiman property (9.28).

(2) Algebraic spaces of finite type over a base scheme.
(3) Quasi-excellent schemes over a base scheme over Q such that every finite

subscheme is contained in an open affine subscheme.
(4) Quasi-excellent algebraic spaces over a base scheme over Q.

For more details on the choice of these classes see (9.28–9.31) or Kollár
(20012c).

It turns out that geometric quotients by finite set theoretic equivalence rela-
tions rarely exist in characteristic 0. By contrast, geometric quotients usually
exist in positive characteristic.

Theorem 9.6 (Kollár, 20012c) Let S be a Noetherian Fp-scheme and X an
algebraic space that is essentially of finite type over S. Let R ⇒ X be a finite,
set theoretic equivalence relation. Then the geometric quotient X/R exists.

Example 9.7 (cf. Holmann, 1963, p. 342 or Kollár, 20012c, examples 9–11)
Set Y1 � Y2 := A3

xyz, Z := A2
uv and let pi: Z → Yi be given by p1(u, v) =

(u, v2, v3) and p2(u, v) = (u+ v, v2, v3). By a direct computation, in charac-
teristic zero, the universal push-out of

Z ��





Y1

Y2

is given by the spectrum of the ring

B := k + (y1, z1) + (y2, z2) ⊂ k[x1, y1, z1] + k[x2, y2, z2],

where (yi, zi) denotes the ideal (yi, zi) ⊂ k[xi, yi, zi]. The problem is that
(yi, zi) is not finitely generated as an B-ideal. A minimal generating set of B
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is given by

y1x
m
1 , z1x

m
1 , y2x

m
2 , z2x

m
2 : m = 0, 1, 2, . . .

In particular, we see that the natural maps Yi → SpecB are not finite; the x-axis
in Yi is mapped to a point in SpecB.

We can construct an equivalence relation on Y1 ' Y2 by letting R be the
union of the diagonal with two copies of Z, one of which maps as

(p1, p2): Z → Y1 × Y2 ⊂ (Y1 ' Y2) × (Y1 ' Y2),

and the other as its symmetric pair. The categorical quotient ((Y1 ' Y2)/R)cat

equals the universal push-out SpecB.
Thus the geometric quotient (Y1 ' Y2)/R does not exist.

Basic properties

Elementary properties of seminormal schemes (10.16) imply that geometric
quotients are even simpler for seminormal spaces.

Lemma 9.8 Let R ⇒ X be a set theoretic equivalence relation.

(1) If X is seminormal then so is X/R.
(2) Let q: X → Y be a morphism that satisfies conditions (1), (3) and (4) of

(9.4). If Y is seminormal and the characteristic is 0 then it also satisfies
(2), hence Y = X/R.

Definition 9.9 Let R ⇒ X be a finite relation and g: Y → X a finite (resp.
quasi-finite) morphism. Then

g∗R := R ×(X×X) (Y × Y ) ⇒ Y

defines a finite (resp. quasi-finite) relation on Y . It is called the pull-back of
R ⇒ X. (Strictly speaking, it should be denoted by (g × g)∗R.) When Y is a
locally closed subscheme of X, we also call it the restriction of R to Y and
denote it by R|Y . Usually R|Y is only quasi-finite but if Y is R-invariant then
R|Y is finite.

Note that if R is a set theoretic equivalence relation then so is g∗R and the
g∗R-equivalence classes on the geometric points of Y map injectively to the
R-equivalence classes on the geometric points of X.

If X/R exists then, by (9.10), Y/g∗R also exists and the natural mor-
phism jY : Y/g∗R → X/R is injective on geometric points. (We study in
Section 9.2 the case when jY is an embedding.) If, in addition, g is surjec-
tive then Y/g∗R → X/R is finite and an isomorphism on geometric points.
Thus, if X is seminormal and the characteristic is 0, then Y/g∗R � X/R.

Let h: X → Z be a finite morphism and R a finite relation. Then the compos-
ite R ⇒ X → Z defines a finite pre-relation. If, in addition, R is a set theoretic
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equivalence relation and the geometric fibers of h are subsets of R-equivalence
classes, then R ⇒ X → Z corresponds to a set theoretic equivalence
relation

h∗R := (h× h)(R) ⊂ Z × Z,

called the push-forward of R ⇒ X. If Z/h∗R exists, then, by (9.10), X/R also
exists and the natural morphism X/R → Z/h∗R is finite and an isomorphism
on geometric points.

The next three lemmas describe cases when the construction of the geometric
quotient is easy.

Lemma 9.10 Let σ1, σ2: R ⇒ X be a finite, set theoretic equivalence relation
and assume that there is a finite morphism q ′: X → Y ′ such that q ′ ◦ σ1 =
q ′ ◦ σ2. Set

OY := ker
[
q ′∗OX

σ ∗
1 −σ ∗

2 �� (q ′ ◦ σi)∗OR

]
.

Then Y = X/R.

Proof Y clearly satisfies the assumptions (9.4.1–3) and the geometric fibers
of X → Y are finite unions of R-equivalence classes. As we noted above, by
Kollár (20012c, 17), Y also satisfies the assumption (9.4.4).

Since push-forward commutes with flat base change, we conclude from
(9.10) that the geometric quotient commutes with flat base change:

Corollary 9.11 Let R → X ×S X be a finite, set theoretic equivalence rela-
tion such that X/R exists. Let h: Y → X/R be a flat morphism. Then

Y ×X/R R ×X/R Y → (Y ×X/R X) ×S (X ×X/R Y )

is a finite, set theoretic equivalence relation and the corresponding geometric
quotient is Y . In particular, the construction of a geometric quotient is local in
the Zariski topology.

Lemma 9.12 Let R ⇒ X be a finite, set theoretic equivalence relation with
X,R reduced and over a field of characteristic 0. Let π: X′ → X and q ′: X′ →
Z be finite surjections. Assume that one of the following holds:

(1) X,Z are seminormal and the geometric fibers of q ′ are exactly the preim-
ages of R-equivalence classes, or

(2) Z,X are normal, the σi: R → X are open and, over a dense open subset
of Z, the geometric fibers of q ′ are exactly the preimages of R-equivalence
classes.

Then Z = X/R.
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Proof Let X∗ ⊂ Z ×X be the image of X′ under the diagonal map (q ′, π ).
In the first case, every geometric fiber ofπ is contained in a geometric fiber of

q ′, thus we see that the projection X∗ → X is one-to-one on geometric points.
Since X is seminormal, this implies that X∗ � X. Thus we get a morphism
q: X → Z whose geometric fibers are exactly the R-equivalence classes.

Therefore, q ◦ σ1 agrees with q ◦ σ2 on geometric points. Since R is reduced,
this implies that q ◦ σ1 = q ◦ σ2. Define p: Y → Z as in (9.10). Since X is
reduced, so is Y . The geometric fibers of X → Y are finite unions of R-
equivalence classes. On the other hand, every geometric fiber of X → Y is
contained in a geometric fiber of X → Z which is a single R-equivalence
class. Thus X → Z and X → Y have the same fibers, hence Y → Z is an
isomorphism on geometric points. Since Z is seminormal, this implies that
Y � Z.

In the second case, the same argument gives that X∗ → X is birational. Since
it is also finite, X∗ � X since the latter is normal. We know that q ◦ σ1 = q ◦ σ2

holds over a dense open subset of X, hence over a dense open subset of R.
Thus q ◦ σ1 = q ◦ σ2 everywhere. Construct p: Y → Z as before. Here p is
birational and finite, hence an isomorphism since X is normal.

Corollary 9.13 Let R ⇒ X be a finite, set theoretic equivalence relation with
X,R reduced and Y ⊂ X a closed, reduced subscheme. Assume that R is the
identity on X \ Y and the geometric quotient Y/(R|Y ) exists. Then X/R is given
by the universal push-out diagram (9.30)

Y
� � ��





X

π




Y/(R|Y ) �� X/R

In particular, every irreducible component of the normalization ofX/R is either
an irreducible component of the normalization of X or of the normalization of
Y/(R|Y ).

Furthermore, if X is in one of the classes (9.5) then so is X/R.

Proof Note that the geometric fibers of π are exactly the R equivalence
classes. On Y this holds since Y → Y/(R|Y ) is the geometric quotient and π is
an isomorphism on X \ Y . By the universality of the push-out Y equals X/R.
The last claim follows from (9.31).

Lemma 9.14 Let X be a normal scheme of pure dimension d. Let R ⇒ X

be a finite, set theoretic equivalence relation. Let R(d) ⊂ R denote the purely
d-dimensional part of R.

(1) R(d) ⇒ X is a finite, set theoretic equivalence relation (Białynicki-Birula,
2004, 2.7).
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(2) If X is in one of the classes (9.5) then X/R(d) exists and it is in the same
class.

(3) X/R(d) is normal.

Proof Let us prove first that R(d) ⇒ X is a set theoretic equivalence rela-
tion. The only question is transitivity. (Easy examples show that transitivity
can fail if X is not normal (Kollár, 20012c, 29).) Note that σi: R(d) → X is
finite with normal target. Hence, by (1.44), R(d) ×X R(d) → R(d) is open. In
particular, R(d) ×X R(d) has pure dimension d. Thus the image of the finite
morphism R(d) ×X R(d) → R in (9.2.3) lies in R(d). Therefore R(d) ⇒ X is
a set theoretic equivalence relation. It is then necessarily finite.

Next assume that X/R(d) exists and let Y → X/R(d) be the normalization.
Since X is normal, the quotient morphism X → X/R(d) lifts to τ: X → Y .
Thus τ ◦ σ1 = τ ◦ σ2 on a dense open set, hence equality holds everywhere. By
the universal property of geometric quotients (9.4.2), X/R(d) = Y is normal.

The existence of X/R(d) is shown in (9.33).

Stratified equivalence relations

We saw in (9.14) that pure dimensional equivalence relations behave well on
normal schemes. Our next aim is to show that R ⇒ X is still well behaved if X
and R can be decomposed into normal and pure dimensional pieces and some
strong seminormality assumptions hold about the closures of the strata. To do
this, we need the concept of a stratification.

Definition 9.15 Let X be a scheme. A stratification of X is a decomposition
of X into a finite disjoint union of reduced and locally closed subschemes.
We will deal with stratifications where the strata are pure dimensional and
indexed by the dimension. Then we write X = ∪iSiX where SiX ⊂ X is the
i-dimensional stratum. Such a stratified scheme is denoted by (X, S∗). We also
assume that ∪i≤jSiX is closed for every j .

The boundary of (X, S∗) is the closed subscheme

BX := ∪i<dimXSiX = X \ SdimXX

and SdimXX is the open stratum. (Thus, if Xj ⊂ X is an irreducible component
such that dimXj < dimX then Xj ⊂ BX.)

Let (X, S∗) and (Y, S∗) be stratified schemes. We say that f : X → Y is
a stratified morphism if f (SiX) ⊂ SiY for every i. Equivalently, if SiX =
f −1(SiY ) for every i.

Let (Y, S∗) be a stratified scheme andf : X → Y a quasi-finite morphism such
that f −1(SiY ) has pure dimension i for every i. Then SiX := f −1(SiY ) defines
a stratification of X, denoted by (X, f −1S∗). We say that f : X → (Y, S∗) is
stratifiable.
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Let (X, S∗) be a stratified scheme and f : X → Y a surjective, quasi-finite
morphism such that f −1(f (SiX)) = SiX for every i. Then SiY := f (SiY )
defines a stratification of Y , denoted by (Y, f∗(S∗)). We say that f : (X, S∗) → Y

is stratifiable.
Let (X, S∗) be a stratified scheme such that X is seminormal and X \ B(X)

is normal. Let Xn → X be the normalization and B(Xn) ⊂ Xn the reduced
preimage of B(X). We frequently use the following universal push-out diagram

B(Xn) � � ��





Xn

π




B(X) � � �� X.

(9.15.1)

Definition 9.16 Let (X, S∗) be stratified. A relation σi: R ⇒ (X, S∗) is called
stratified if each σi is stratifiable and σ−1

1 S∗ = σ−1
2 S∗. Equivalently, there is a

stratification (R, σ−1S∗) such that

r ∈ σ−1SiR ⇔ σ1(r) ∈ SiX ⇔ σ2(r) ∈ SiX.

(Note that this is much stronger than just assuming that σ1(r) ∈ SiX ⇔ σ2(r) ∈
SiX for every r ∈ R, as shown by the relation g∗RC below.)

Let σi: R ⇒ (X, S∗) be a stratified set theoretic equivalence relation and
f : (X, S∗) → Y a stratifiable morphism. If the geometric fibers of f are subsets
of R-equivalence classes then the push-forward (9.9)

f∗R ⇒ (Y, f∗(S∗))

is also a stratified set theoretic equivalence relation.
By contrast, the pull-back of a stratified relation by a stratified morphism is

not always stratified. (Sufficient conditions are given in (9.17).) As an example,
letC be a nodal curve withS1 = C,RC ⇒ C the identity relation andg: C̄ → C

the normalization. Then (g−1S)1 = C̄ but g∗RC has three components. Besides
the diagonal, it has 0 dimensional components showing that the two preimages
of the node are equivalent.

Lemma 9.17 Assume that the strata of (Y, S∗) are all unibranch (1.44).

(1) Let fi: Xi → (Y, S∗) be stratifiable quasi-finite morphisms. Then the
induced maps X1 ×Y X2 ⇒ Xi ⇒ Y are all stratifiable.

(2) Let f : X → (Y, S∗) be a stratifiable, finite surjection. Then RY/X := X ×Y

X ⇒ X is a stratified equivalence relation. If Y is seminormal and the
characteristic is 0 then Y = X/RY/X.

(3) Let R ⇒ (Y, S∗) be a stratified relation. Then the pull-back g∗R ⇒
(X, g−1S∗) by a stratified morphism g is also a stratified relation.

(4) Let R ⇒ (Y, S∗) be a stratified relation. Then its equivalence closure (9.3)
is a stratified pro-finite relation.
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Proof The conditions need to be checked one stratum at a time. Hence we
may assume that Y is unibranch and of pure dimension d.

By (1.44), the fi are universally open and the Xi also have pure dimension
d. Thus Xi ×Y X2 → Y is also open hence Xi ×Y X2 has pure dimension d,
proving (1). This implies that RY/X is a stratified equivalence relation and the
rest of (2) follows from (9.8.2).

Similarly, g∗R := R ×(Y×Y ) (X ×X) → R is also open. Thus g∗R has pure
dimension d and so g∗R ⇒ (X, g−1S∗) is stratifiable.

To see (4), we need to show that all the pre-relations Ri constructed in (9.3)
are stratified. By induction on i, assume that the maps σ i

j: R
i ⇒ Y are stratified.

By (1), the fiber products τ i
j: R

i ×Y Ri ⇒ Ri are also stratified. Hence all
arrows in the diagram (9.3.2) are stratified, and so the composites along the
outer edges of the triangle are also stratified. Thus all the σ i+1

1 : Ri+1 ⇒ Y are
also stratified.

The following definitions are the main results of this section. By Ambro
(2003), any union of lc centers is seminormal and every lc center is normal
away from lower dimensional lc centers. These are axiomatized (more or less)
by the conditions (N) and (SN) below. We have proved so far only that the union
of all lc centers is seminormal (4.32) and every lc center is unibranch away
from lower dimensional lc centers (4.41). The former accounts for the weaker-
than-expected formulation of (SN) and the latter for the unibranch version (U)
of the condition (N). The proofs seem to go better with the present choices, but
it would have been possible to ignore condition (U) and work with a stronger
form of (SN).

The hereditary versions (HN) and (HSN) are much more delicate. It seems
that they are dictated by the needs of the proofs; at least we do not know other
variants that would work.

We eventually prove that (HU) and (HSN) imply (HN), in fact they imply
even stronger normality and seminormality results; see (9.26).

As we noted in (4.20), it would have been possible to prove stronger proper-
ties of lc centers first and then obtain a variant of (9.21) without using hereditary
lc centers.

Definition 9.18 Let X be a scheme and S∗ a stratification as in (9.15). We
consider three normality conditions on stratifications. We say that

(N) (X, S∗) has normal strata if each SiX is normal,
(U) (X, S∗) has unibranch strata if each SiX is unibranch,

(SN) (X, S∗) has seminormal boundary if X and the boundary BX =
∪i<dimXSiX are both seminormal.

We often say “(X, S∗) satisfies (N),” etc.
If the hereditary normalization HN(X, S∗) of (X, S∗) – defined in (9.19) –

exists, we say that
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(HN) (X, S∗) has hereditarily normal strata if HN(X, S∗) satisfies (N),
(HU) (X, S∗) has hereditarily unibranch strata if HN(X, S∗) satisfies (U),

(HSN) (X, S∗) has hereditarily seminormal boundary if HN(X, S∗) satisfies
(SN).

Definition 9.19 (Hereditary normalization) For certain stratified spaces
(X, S∗) we define inductively the hereditary normalization HN(X, S∗) as fol-
lows.

Assume that the normalization π: (Xn, Sn
∗) → (X, S∗) is stratifiable and its

boundary B(Xn) has a hereditary normalization. Then set

HN(X, S∗) = (Xn, Sn
∗) ' HN(B(Xn), B(Sn

∗)).

(In order to get a correct inductive definition, we should add that HN(∅) = ∅.)
In practice it may be quite hard to decide if the normalization π: Xn → X

is stratifiable or not and we do not know any easy criterion that guarantees
the existence of the hereditary normalization. We see in (5.30) that for lc
stratifications arising from crepant log structures, the hereditary normalization
exists. This is the only case that we will use.

By construction, the hereditary normalization comes with a finite stratified
morphism π: HN(X, S∗) → (X, S∗). The image of the (≤ i)-dimensional irre-
ducible components of HN(X, S∗) is the union of all (≤ i)-dimensional strata.
The map π is birational over the open stratum but can have high degree over
the lower dimensional strata.

The boundary of HN(X, S∗) is called the hereditary boundary and is denoted
by HB(X, S∗).

Let g: X → Y be a finite morphism such that every irreducible component of
X dominates an irreducible component of Y . Then g lifts to the normalizations
gn: Xn → Y n. Furthermore, if g: (X, SX

∗ ) → (Y, SY
∗ ) is also stratified, then the

above property holds for the boundary B(g): B(X) → B(Y ). Thus, for these
maps we get

HN(g): HN(X, SX
∗ ) → HN(Y, SY

∗ )

which is also a surjection.

Remark 9.20 Condition (N) and (HN) are quite reasonable and usually easy
to satisfy.

Let X be a reduced scheme and σ1, σ2: R ⇒ X a finite set theoretic equiv-
alence relation on X. There is a unique coarsest stratification S∗ that satisfies
(HN) such that R is a stratified equivalence relation with respect to S∗.

To construct S∗, let B(X) ⊂ X be the union of the equivalence class of the
non-normal locus of X and of the image by σ1 of all the irreducible components
of R whose dimension is < dimX. The maximal dimensional stratum will be
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X \ B(X). By induction on the dimension, the required stratification exists on
B(Xn). Pushing it forward to B(X) we get our stratification on X.

Nonetheless, (HN) is a quite subtle condition. As an example, take

X = (x2 = y2(y + z3)) ⊂ A3 (9.20.1)

with S1X = (x = y = 0). Then S1X and S2X are both smooth. The normaliza-
tion of X is

Xn = (x2
1 = y + z3

) ⊂ A3

where x1 = x/y and the preimage of S1X is (y = x2
1 − z3 = 0) which is not

seminormal.
Actually, one of the trickiest parts of (HN) is to know when the normalization

π: Xn → X is stratifiable. For example, let

X := (x = y = 0) ∪ (z = t = 0) ⊂ A4 (9.20.2)

with S1X = (x = y = z = 0). As before, S1X and S2X are both smooth but
π: Xn → X is not stratifiable since the preimage of S1X has a 0-dimensional
irreducible component.

By contrast, the conditions (SN) and (HSN) are usually impossible to satisfy
since they pose restrictions on the closures of strata.

The following is the main theorem of this section.

Theorem 9.21 Let (X, S∗) be a scheme or algebraic space over a field of
characteristic 0 with a stratification as in (9.15). Assume that (X, S∗) satisfies
the conditions (HU) and (HSN). Let R ⇒ X be a finite, set theoretic, stratified
equivalence relation. Then

(1) if X is in one of the classes (9.5) then the geometric quotient X/R exists
and it is in the same class,

(2) π: X → X/R is stratifiable,
(3) Si(X)/(R|Si (X)) → (π∗Si)(X/R) is an isomorphism and
(4) (X/R, π∗S∗) satisfies the conditions (HN) and (HSN).

(The change from (HU) to (HN) in (4) is not a typo. In particular, the identity
relation shows that (HU) and (HSN) imply (HN). Even stronger consequences
are proved in (9.26).)

Various special cases of the next Corollary will be established by hand during
the proof of (9.21), but it is easiest to derive the general form from (9.21).

Corollary 9.22 Let (X, S∗) and (Y, S∗) be seminormal stratified spaces with
unibranch strata over a field of characteristic 0. Let f : X → Y be a finite,
surjective, stratified morphism. If (X, S∗) satisfies the conditions (HN) and
(HSN), then so does (Y, S∗).
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Proof By (9.17), R := X ×Y X ⇒ X is a finite, set theoretic, stratified equiv-
alence relation on (X, S∗). Since Y is seminormal, Y = X/R. Thus (9.22)
follows from (9.21.)

9.23 Proof of (9.21) The proof is by induction on dimX. We follow the
inductive plan in Kollár (20012c, 30).

For applications it is important that the construction of X/R is obtained by
repeated use of the following steps.

(1) Let (Xn, Sn
∗) → (X, S∗) be the normalization of X and Rn ⇒ Xn the pull-

back of R. By (9.17), Rn is also a finite, set theoretic, stratified equivalence
relation. Then X/R = Xn/Rn by (9.12).

(2) Assume that there are disjoint closed subsets Xi ⊂ X and finite, set
theoretic, equivalence relations Ri ⇒ Xi such that X = X1 'X2 and
R = R1 ' R2. Then X/R = X1/R1 'X2/R2.

(3) Assume that X is normal of pure dimension d and that R also has pure
dimension d. Then X/R exists by (9.14). We see in (9.24) that (9.21.3)
also holds in this case.

(4) Assume that R is the identity on X \ B(X) and B(X)/B(R) exists. By
(9.13) X/R is given by the universal push-out diagram

B(X) � � ��





X

π




B(X)/B(R) �� X/R

As we noted in (9.13), the normalization of X/R is an open and closed
subscheme of the normalization of X ' (B(X)/B(R)). Thus if (X, S∗) and
B(X)/B(R) satisfy (HU) and (HSN) then (X/R, π∗S∗) also satisfies (HU)
and (HSN).

Now to the actual construction.
Let π: Xn → X be the normalization. By (9.17.2), B(X) is a geometric

quotient of B(Xn). Thus, by induction, B(X) satisfies (HN). The open stratum
X \ B(X) is unibranch and seminormal, hence normal (1.44). Thus (X, S∗)
satisfies (HN).

Using (1) we may replace R ⇒ X by Rn ⇒ Xn.
Let Xn(d) ⊂ Xn (resp. Rn(d) ⊂ Rn) be the union of all dimX-dimensional

irreducible components. By (9.14) Rn(d) is a finite, set theoretic, stratified
equivalence relation on Xn(d), the geometric quotient Xn(d)/Rn(d) is normal
and the quotient map Xn(d) → Xn(d)/Rn(d) is stratifiable. We check in (9.24)
that the push-forward of Rn|Xn(d) to Xn(d)/Rn(d) satisfies the conditions (HN)
and (HSN). This establishes (9.21.3).
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Let Xn(<d) be the union of all lower dimensional irreducible components of
Xn. By a slight abuse of notation, we can view Rn(d) as an equivalence relation
on Xn which is the identity on Xn(<d). Thus

Xn/Rn(d) = (Xn(d)/Rn(d)) ' Xn(<d).

Let q: Xn → Xn/Rn(d) denote the quotient map. Then q∗Sn
∗ is a stratification

which agrees with the push-forward of Rn|Xn(d) on Xn(d)/Rn(d) and with
Rn|Xn(<d) on Xn(<d). Thus (Xn/Rn(d), q∗Sn

∗) also satisfies the conditions (HN)
and (HSN).

Furthermore, Rn descends to a stratified equivalence relation q∗Rn on
Xn/Rn(d) which is the identity outside the boundary

B(Xn/Rn(d)) = B(Xn(d)/Rn(d)) ' Xn(<d).

By induction on the dimension, the geometric quotient of B(Xn/Rn(d)) by
the restriction of q∗Rn exists. Let us denote it by B(Xn/Rn(d))/q∗Rn.

We are now in a position to use (4). By (9.30) we get a universal push-out
diagram

B(Xn(d)/Rn(d)) ' Xn(<d) = B(Xn/Rn(d))





� � �� Xn/Rn(d)




B(Xn/Rn(d))/q∗Rn �� Y.

Observe that Y = Xn/Rn by (9.13) and, as we noted in (9.9), X/R = Xn/Rn.
The open stratum of X/R is also the open stratum of Xn/Rn(d) which is nor-

mal. The lower dimensional strata ofX/R are also strata ofB(Xn/Rn(d))/q∗Rn.
These are normal by induction. Thus (X/R, π∗S∗) satisfies condition (N). We
have seen that both Y = X/R and its boundary B(Xn/Rn(d))/q∗Rn are semi-
normal. Thus (X/R, π∗S∗) also satisfies condition (SN).

Note that Xn/Rn(d) is normal and Xn/Rn(d) → Y = X/R is an isomor-
phism at all d-dimensional generic points. Hence the normalization of X/R is
an open and closed subscheme of Xn/Rn(d). We have seen during the proof
that (Xn/Rn(d), q∗Sn

∗) satisfies the conditions (HN) and (HSN), hence the same
holds for the normalization ofX/R. Together with the previous comments, these
show that X/R satisfies the conditions (HN) and (HSN).

Lemma 9.24 Let (X, S∗) and (Y, S∗) be normal stratified spaces over a field of
characteristic 0 and f : X → Y a finite stratified morphism. If (X, S∗) satisfies
one of the conditions (N), (SN), (HN), (HSN) then so does (Y, S∗).

Proof (N) and (HN) follow from (10.26) and the hereditary cases are obtained
by induction using the maps B(X)n → B(Y )n.
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Next we show that if (X, S∗) satisfies (HN) and (HSN) then every stratified
subscheme of X is seminormal.

Definition 9.25 Let (X, S∗) be a stratified scheme. Following (9.15) a sub-
scheme j: Z ↪→ X is called stratified if j is a stratifiable morphism. Equiv-
alently, if Z is the union of some of the irreducible components of the strata
SiX.

We say that (X, S∗) satisfies the stratified closure property if for every irre-
ducible component W ⊂ SiX, the injection of its closure j: W̄ → X is strati-
fied. (The example in (9.20.2) does not have the stratified closure property.)

Theorem 9.26 Assume that (X, S∗) satisfies (HU) and (HSN). Then (X, S∗)
satisfies the stratified closure property and every stratified subscheme is semi-
normal.

Proof The proof is by induction on the dimension. By (9.21) we know that
(X, S∗) also satisfies (HN).

Let W ⊂ X be an irreducible component of a stratum. Let π: Xn → X be
the normalization and set W n := redπ−1(W ).

If dimW = dimX then the closure W̄ n of W n is an irreducible component
of Xn, hence a union of irreducible components of strata. Thus W̄ = π (W̄ n) is
also a union of irreducible components of strata.

If dimW < dimX then W n ⊂ B(X̄n). By induction on the dimension, W̄ n

is a union of irreducible components of strata, and so is its image W̄ . Thus
(X, S∗) satisfies the stratified closure property.

To see the second assertion, let Z ⊂ X be a closed, reduced subscheme that
is a union of irreducible components of strata.

Let π: Xn → X be the normalization with irreducible components Xn
i and

set Zn := redπ−1(Z). Then Zn is also a union of irreducible components of
strata. Note that an intersection Xn

i ∩ (Zn ∪ B(Xn)) either equals Xn
i ∩ B(Xn)

(which is seminormal by induction on the dimension) or equals Xn
i (which is

normal, hence seminormal). Thus Zn ∪ B(Xn) is seminormal.
Z ∩ B(X) is also a union of irreducible components of strata, hence semi-

normal by induction on the dimension.
Using the universal push-out diagram (9.15.1) and (10.29), these two imply

that Z is seminormal.

Corollary 9.27 Assume that (X, S∗) satisfies (HN) and (HSN) and let j: Z ↪→
X be a stratified subscheme. Then (Z, j∗S∗) also satisfies (HN) and (HSN).

Proof We use induction on the dimension of X. Let j n: Zn ↪→ Xn be the
preimage of Z in the normalization Xn of X. Then Zn is the disjoint union of
some of the irreducible components Xn

i of Xn (these satisfy (HN) and (HSN))
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and of a stratified subscheme Z′ ⊂ B(Xn) (this satisfies (HN) and (HSN) by
induction). Thus (Zn, (j n)∗Sn

∗) satisfies (HN) and (HSN).
Z is seminormal by (9.26), thus Z = Zn/(Rn|Zn ). Thus (Z, j∗S∗) also satis-

fies (HN) and (HSN) by (9.22).

General quotient theorems

Here we recall some general results about quotients by finite group actions and
gluing (or pinching) along subvarieties. An inconvenient feature of these oper-
ations is that the usual categories we work with (for instance, quasi-projective
varieties or schemes) are not well adapated to these constructions. There are
two reasonable ways to deal with this problem.

Aiming at full generality, one can work with algebraic spaces Knutson
(1971). The only problem is that many references are missing or are rather
vague.

To be conservative, one can work with a good subclass of schemes. One such
subclass is given by the following.

Definition 9.28 We say that a scheme (or an algebraic space) X has the
Chevalley–Kleiman property or that X is CK if every finite subscheme is
contained in an open affine subscheme. In particular, X is necessarily a scheme.

These schemes appeared in Kleiman (1966) and were later studied in Ferrand
(2003) and Kollár (20012c).

9.29 (Quotients by finite group actions) Quotients by finite group actions are
discussed in many places. The quasi-projective case is quite elementary; see,
for instance Shafarevich (1974, section I.2.3) or the more advanced Mumford
(1970, section 12). For general schemes and algebraic spaces, the quotients are
constructed in some unpublished notes of Deligne. See Knutson (1971, IV.1.8)
for a detailed discussion of this method.

The reduction to the affine case is especially easy if X is CK. To see this, let
P ⊂ X be a finite subscheme. If a finite group G acts on X, then the orbit G · P
is still finite, hence, by assumption, it is contained in an open, affine subscheme
U1 ⊂ X. Then U := ∩g∈Gg(U1) is an open, affine, G-invariant subscheme
which contains G · P . Thus U/G = Spec k[U ]G exists and commutes with
localization. So X/G exists and it is also CK.

In general, if X is of finite type over S then X/G exists, it is of finite type
over S and X → X/G is finite.

If X is not of finite type, the same results hold as long as |G| is invertible on
X. See Kollár (20012c) for a summary of the results, proofs and examples.
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About gluing (or pinching) along subvarieties we have the following theorem
of Artin (1970), Ferrand (2003) and Raoult (1974). For elementary proofs see
Kollár (20012c, section 6).

Theorem 9.30 Let X be an algebraic space, Z ⊂ X a closed subspace and
g: Z → V a finite morphism. Then there is a universal push-out diagram of
algebraic spaces

Z
� � ��

g





X

π




V

� � �� Y := X/(Z → V ).

Furthermore, π is finite, V → Y is a closed embedding, Z = π−1(V ) and the
natural map between the ideal sheaves IV⊂Y → π∗IZ⊂X is an isomorphism.

It is also useful to know which properties of X,Z, V descend to Y . More
generally, it is interesting to know which properties are inherited by images of
finite morphisms.

9.31 (Descent for finite morphisms) Let f : X → Y be a finite morphism of
schemes or algebraic spaces. There are many properties P such that if Y satisfies
P then so does X. One cannot expect the converse unless f is surjective, and
these implications are usually much harder to prove.

Let f : X → Y be a finite surjection of schemes or algebraic spaces. For any
of the following properties P, if X satisfies P then so does Y :

(1) finite type,
(2) Noetherian (Eakin–Nagata theorem, (Matsumura, 1986, theorem 3.7)),
(3) Chevalley–Kleiman (Kollár, 20012c, corollary 48),
(4) quasi-excellent (Bellaccini, 1983; Ogoma, 1983).

Some properties that do not descend for finite surjections are:

(5) projective (see, for example, Kollár (20012c, example 14)),
(6) catenary (Grothendieck, 1960, IV.7.8.4),
(7) excellent (this follows from the previous).

However, being excellent (or catenary) descends if the codimension function
has the following property:

(8) codimx1 x2 = dim x1 − dim x2 for every x1 ∈ X and x2 ∈ {x1}.
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Almost group actions

The simplest equivalence relations are given by group actions. Here we consider
those equivalence relations that become group actions on a finite cover.

Definition 9.32 Let Y be an irreducible variety and G a countable (discrete)
group acting on Y . For g ∈ G, let 
(g) ⊂ Y × Y be the graph of g. As a set,

(g) = {(y, g(y)) : y ∈ Y }. Their union 
(G) := ∪g
(g) is a pro-finite set-
theoretic equivalence relation on Y . Note that 
(G) is finitely generated (that
is, it is the equivalence closure of finite relation) if and only if G is a finitely
generated group.

Somewhat imprecisely, we say that a pro-finite equivalence relation R ⊂
Y × Y is a group action if R = 
(G) for some group G.

Let X be an irreducible variety and R ⊂ X ×X a pro-finite set-theoretic
equivalence relation. We say that R is almost a group action if there is an
irreducible variety Y , a finite surjection p: Y → X and an (at most) countable
group G acting on Y such that red(p × p)−1R = 
(G). In this case red(p ×
p)−1(diagonal of X ×X) ⊂ 
(G) corresponds to a finite subgroupH ⊂ G and
Y/X is Galois with Gal(Y/X) = H . Thus an almost group action is essentially
a group action modulo a finite (non-normal) subgroup.

Similarly, if X, Y are reducible, one can define the notion of R being almost
a groupoid action. This holds if and only if every irreducible component of
red(p × p)−1R is the graph of an isomorphism between two irreducible com-
ponents of Y .

Note that not every pro-finite equivalence relation is almost a group action.
First of all, 
(G) is pure dimensional of dimension dim Y , thus if R is almost

a group action then R is pure dimensional of dimension dimX. We prove in
(9.33) that every finite and pure dimensional equivalence relation is almost a
group action. This fails for pro-finite equivalence relations, see (9.35), but the
problem seems to be entirely field-theoretic.

9.33 (Finite, pure dimensional equivalence relations) Let X be a scheme
of pure dimension d and R ⇒ X a set-theoretic equivalence relation of pure
dimension d. Assume thatR → X has the same degreem over every irreducible
component.

Consider them-fold productX × · · · ×X with coordinate projectionsπi . Let
Rij (resp. �ij ) denote the preimage of R (resp. of the diagonal) under (πi, πj ).
A geometric point of ∩ijRij is a sequence of geometric points (x1, . . . , xm)
such that any 2 are R-equivalent and a geometric point of ∩ijRij \ ∪ij�ij is a
sequence (x1, . . . , xm) that constitutes a whole R-equivalence class. Let X′ be
the closure of ∩ijRij \ ∪ij�ij . Note that every π�: ∩ijRij → X is finite, hence
the projections π ′

�: X
′ → X are finite.
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The symmetric group Sm acts on X × · · · ×X by permuting the factors and
this gives an Sm-action on X′. By construction, the pull-back of R to X′ equals
this Sm-action, at least over the dense open subset ∩ijRij \ ∪ij�ij . If X is
normal then equality holds everywhere by (9.14), hence we have proved the
following.

Claim 9.33.1 Let X be a normal scheme of pure dimension d and R ⇒ X a
set-theoretic equivalence relation of pure dimension d. Assume that R → X

has the same degree over every irreducible component. Then R is an almost
group action.

As we discussed in (9.29), the geometric quotient X′/Sm exists under mild
conditions. Over a dense open subset of X, the Sm-orbits on the geometric
points of X′ are exactly the R-equivalence classes. If X is normal, then, by
(9.12), X′/Sm � X/R, at least in characteristic 0. Hence the construction of
X/R is reduced to the construction of X′/Sm.

Proposition 9.34 Let X be an irreducible, normal variety and R = ∪i∈IRi

a set-theoretic equivalence relation of pure dimension dimX. Assume that R
is generated by the subrelation RJ := ∪i∈JRi for some subset J ⊂ I . The
following are equivalent.

(1) R is almost a group action.
(2) There is a field K such that for every i ∈ I there are embeddings ji:

k(Ri) ↪→ K where the composites

k(X)
π∗

1−→ k(Ri)
ji−→ K and k(X)

π∗
2−→ k(Ri)

ji−→ K

are finite degree Galois extensions.
(3) There is a field K such that for every i ∈ J there are embeddings ji:

k(Ri) ↪→ K as above.

Proof Assume that p: Y → X and the group G show that R is almost a
group action. We noted above that K := k(Y ) is Galois over k(X). Thus (1) ⇒
(2) ⇒ (3).

Assume (3) and letY be the normalization ofX inK . SinceK/k(X) is Galois,
K ⊗k(X) k(Ri) is a direct sum of copies of K for both inclusions π∗

j : k(X) ↪→
k(Ri). Thus the irreducible components of red(p × p)−1(Ri) have degree 1 over
Y for both projections. They are also finite, hence graphs of automorphisms.
Thus the equivalence relation they generate is a group action.

Example 9.35 Let R ⊂ P1 × P1 be the equivalence relation generated by the
graph of (x : y) �→ (x2 : y2) and by any curve C ⊂ P1 × P1 of geometric genus
at least 2.

We claim that R is not almost a group action; it is not even a subrelation of
an almost group action.
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Assume to the contrary that there is a finite morphismp: D → P1 and a group
G acting on D such that (p × p)−1R ⊂ 
(G). Note first that (x : y) �→ (x2 :
y2) generates a pro-algebraic equivalence relation most of whose equivalence
classes are infinite. Thus the group G has to be infinite. On the other hand,
one of the components of 
(G) dominates C, hence g(D) ≥ g(C) ≥ 2. Thus
Aut(D) is finite and so is G, a contradiction.

9.2 Descending seminormality of subschemes

Assumption 9.36 In this section, all schemes are over a field of characteristic
0. All the results fail in positive characteristic, even for separable morphisms,
see (10.28).

Let (X, S∗) be a stratified space with a stratified equivalence relation R ⇒ X.
Let j: Z ↪→ X be a reduced R-invariant subscheme. By (9.10), Z/j ∗R exists
and the natural map jZ/R: Z/j∗R → X/R is a finite monomorphism. Thus
Z/j ∗R is the seminormalization of the image jZ/R(Z/j ∗R). We would like to
understand when jZ/R is a closed embedding, that is, when jZ/R(Z/j ∗R) is
seminormal.

Example 9.37 Let Y be the reducible surface (xy = 0) ⊂ A3. Let π: X → Y

be its normalization and R := X ×Y X. Note that X is the disjoint union of two
affine planes A2

xz ' A2
yz and R ⇒ X satisfies the conditions (HN) and (HSN).

Let j: Z ↪→ X be the disjoint union of the curves Zx := (z = x2) ⊂ A2
xz and

Zy := (z = y2) ⊂ A2
yz. Then j∗R also satisfies the conditions (HN) and (HSN)

and Z/j ∗Z is the reducible nodal curve obtained by identifying the two origins
(0, 0) ∈ Zx and (0, 0) ∈ Zy .

The natural map jZ/R: Z/j∗Z → X/R = Y is not a closed embedding. Its
image is the curve Zx ∪ Zy ⊂ A3 whose two branches are tangent to each other
at the origin.

It is clear that in this example the problem stems from the tangency between
Z and the boundary of X. The next definition, which is modeled on (9.18),
takes care of this.

Definition 9.38 Assume that (X, S∗) satisfies the conditions (HN) and (HSN)
and let π: HN(X, S∗) → (X, S∗) denote the hereditary normalization (9.19).
A closed, reduced subscheme Z ⊂ X is called hereditarily seminormal if
redπ−1(Z) ∪ B(HN(X, S∗)) is seminormal.

We prove in (9.41) that this definition answers our question but first we
summarize its basic properties.
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Lemma 9.39 Assume that (X, S∗) and (X′, S ′∗) satisfy (HN) and (HSN). Let
g: (X′, S ′∗) → (X, S∗) be a finite stratified surjection and Z ⊂ X a closed,
reduced subscheme. If red g−1(Z) is hereditarily seminormal then so is Z.

Proof The conditions concern only the normalization of X, hence we may
assume that X,X′ are both normal. In this case every irreducible component
of HN(X, S∗) is dominated by an irreducible component of HN(X′, S ′∗). Thus
(9.38) follows from (10.26).

Lemma 9.40 Assume that (X, S∗) satisfies (HN) and (HSN). Then a heredi-
tarily seminormal subscheme of X is seminormal.

Proof Assume first that X is normal and let Z ⊂ X be a closed, reduced,
hereditarily seminormal subscheme. Then Z ∪ B(X) is seminormal since
(X, S∗) is an irreducible component of HN(X, S∗). Similarly, Z ∩ B(X)
is hereditarily seminormal since HN(B(X), S∗|B(X)) ⊂ HN(X, S∗). Hence
Z ∩ B(X) is seminormal by induction on the dimension. These two imply
that Z is seminormal by (10.25).

Next we use the usual push-out diagram (9.15.1). Note that π: B(Xn) →
B(X) is a stratified morphism and redπ−1Z ∩ B(Xn) is hereditarily semi-
normal. Thus Z ∩ B(X) = π (redπ−1Z ∩ B(Xn)) is hereditarily seminormal
by (9.39), hence seminormal by induction on the dimension. Furthermore,
redπ−1Z ∪ B(Xn) is seminormal by assumption, hence Z is seminormal by
(10.29).

Proposition 9.41 Assume that (X, S∗) satisfies (HN) and (HSN). Let j: Z ↪→
X be a closed, reduced R-invariant hereditarily seminormal subscheme. Then
jZ/R: Z/j ∗R → X/R is a closed embedding.

Proof Set W := π (Z) ⊂ X/R. Then Z = redπ−1(W ), hence W is heredi-
tarily seminormal by (9.39) and so seminormal by (9.40). As we noted at the
beginning, this implies that jZ/R: Z/j∗R → W is an isomorphism.

The following relative variant of the above results is especially important for
moduli questions, see (7.8, 7.18), Section 8.8 and Kollár (2011c, corollary 3).

Definition 9.42 Assume that (X, S∗) satisfies the conditions (HN) and (HSN)
and let π: HN(X, S∗) → (X, S∗) denote the hereditary normalization (9.19)
with hereditary boundary HB(X, S∗). We say that Z1 ∪ · · · ∪ Zr is hereditarily
seminormal in Z1 ' · · · ' Zr if, in the terminology of (10.13),

HB(X, S∗) ∪
⋃
i

redπ−1(Zi) is seminormal in

HB(X, S∗) '
∐
i

redπ−1(Zi).
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The next two lemmas summarize the basic properties.

Lemma 9.43 Assume that (X, S∗) and (X′, S ′∗) satisfy (HN) and (HSN). Let g:
(X′, S ′∗) → (X, S∗) be a finite stratified surjection and Zi ⊂ X closed, reduced
subschemes. If ∪i red g−1(Z1) is hereditarily seminormal in 'i red g−1(Z1)
then ∪iZi is hereditarily seminormal in 'iZi .

Proof Arguing as in (9.39), this follows from (10.30).

Lemma 9.44 Assume that (X, S∗) satisfies (HN) and (HSN). Let Zi ⊂ X be
closed, reduced subschemes such that∪iZi is hereditarily seminormal in'iZi .
Then ∪iZi is seminormal in 'iZi .

Proof We follow the proof of (9.40). Assume first that X is normal. Then
B(X) ∪⋃i Zi is seminormal in B(X) ' ('iZi) by assumption and we show
by induction that ∪i red(Zi ∩ B(X)) is seminormal in'i red(Zi ∩ B(X)). Thus
∪iZi is seminormal in 'iZi by (10.29) (applied with v = identity).

Next we use the usual push-out diagram (9.15.1). Note that π: B(Xn) →
B(X) is a stratified morphism and ∪i red(π−1(Z1) ∩ B(Xn)) is hereditar-
ily seminormal in 'i red(π−1(Z1) ∩ B(Xn)). Thus ∪i red(π−1(Z1) ∩ B(Xn))
is seminormal in 'i red(π−1(Z1) ∩ B(Xn)) by (9.43). Therefor ∪i red(Zi ∩
B(X)) is seminormal in 'i red(Zi ∩ B(X)) by induction on the dimension.

Furthermore, ∪i redπ−1(Zi)) is seminormal, hence Z1 ∪ · · · ∪ Zr is semi-
normal in Z1 ' · · · ' Zr by (10.29).

Proposition 9.45 Assume that (X, S∗) satisfies (HN) and (HSN). Let Zi ⊂
X be a closed, reduced R-invariant subscheme such that Z1 ∪ · · · ∪ Zr is
hereditarily seminormal in Z1 ' · · · ' Zr .

Let π : X → X/R be the geometric quotient and Wi := π (Zi). Then W1 ∪
· · · ∪Wr is seminormal in W1 ' · · · 'Wr .

Proof Zi = redπ−1(Wi), hence W1 ∪ · · · ∪Wr is hereditarily seminormal in
W1 ' · · · 'Wr by (9.43) and so W1 ∪ · · · ∪Wr is seminormal in W1 ' · · · '
Wr by (9.44).

9.3 Descending line bundles to geometric quotients

We investigate the following problem in one of the four categories considered
in (9.5).

Question 9.46 Let R ⇒ X be a finite, set-theoretic equivalence relation with
geometric quotient q: X → X/R.

Let L be a line bundle on X. Under what conditions does there exist a line
bundle LX/R on X/R such that L � q∗LX/R? How to classify these LX/R?
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The following example shows that descending line bundles to geometric
quotients is rather subtle in some cases.

Example 9.47 (Triangular pillows) Take two pairs

(P2
i := P2(xi : yi : zi), Ci := (xiyizi = 0)).

Given cx, cy, cz ∈ C∗ define φ(cx, cy, cz) : C1 � C2 by (0 : y1 : z1) �→ (0 : y1 :
czz1), (x1 : 0 : z1) �→ (cxx1 : 0 : z1) and (x1 : y1 : 0) �→ (x1 : cyy1 : 0) and glue
the P2

i using φ(cx, cy, cz) to get the surface S(cx, cy, cz).
We claim that S(cx, cy, cz) is projective if the product cxcycz is a root of

unity but otherwise the only line bundle on S(cx, cy, cz) is the trivial one.
To see this note that Pic0(Ci) � C∗ and Picr(Ci), the set of degree r line

bundles, is a principal homogeneous space under C∗ for every r ∈ Z. We can
identify Pic3(Ci) with C∗ using the restriction of the ample generator Li of
Pic(P2

i ) � Z as the base point.
The key observation is that φ(cx, cy, cz)∗ : Pic3(C2) → Pic3(C1) is multipli-

cation by cxcycz. Thus if cxcycz is an rth root of unity then Lr
1 and Lr

2 glue
together to an ample line bundle but not otherwise.

We give a geometric treatment of (9.46); one can no doubt work out a
cohomological version as well.

Let p: XL → X denote the total space of the line bundle L. That is,p∗OXL
=∑

m≥0 L
−m. It is more convenient to use instead the complement of the zero

section YL ⊂ XL with projection p: YL → X. Note that p: YL → X is a Gm-
bundle (9.49) and p∗OYL

=∑m∈Z L−m.
Our main result says that, up to replacing L by a suitable power, there

is a one-to-one correspondence between Gm-equivariant finite, set theoretic
equivalence relations on YL and answers to the descent problem (9.46).

This correspondence becomes more natural if we work with Seifert Gm-
bundles instead of Gm-bundles. The relevant definitions and proofs are given
at the end of the section.

Proposition 9.48 Let (X, S∗) be a stratified space satisfying (HN) and (HSN).
Let f : Y → X be a Gm-bundle; then (Y, f ∗S∗) also satisfies (HN) and (HSN).
Let RX ⇒ X and RY ⇒ Y be finite, set theoretic, stratified equivalence rela-
tions. Assume that RY ⇒ Y is Gm-equivariant and RY → RX is surjective.
Then

(1) The induced map f/R: Y/RY → X/RX is a Seifert Gm-bundle and
(2) for sufficiently divisible m, the mth power (Y/RY )(m) → X/RX (9.53) is a

Gm-bundle whose pull-back to X is Y (m) → X.
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Proof The geometric quotients X/RX and Y/RY exist by (9.21).
It remains to prove that f/R: Y/RY → X/RX is a Seifert Gm-bundle. Since

Y → X is affine and X → X/RX is finite, Y → X/RX is also affine.
Since Y → Y/RY is finite, Y/RY → X/RX is affine by Chevalley’s theorem.
Since RY ⇒ Y is Gm-equivariant, the Gm action descends to Y/RY , again by
the universal property of geometric quotients.

The only remaining question is about the fibers of Y/RY → X/RX. Pick a
point x̄ ∈ X/RX, let xi ∈ X be its preimages and Yi ⊂ Y the reduced Seifert
fiber over xi . Then

red(f/R)−1(x̄) = ('iYi)/(RY |'i Yi
).

Thus red(f/R)−1(x) is a union of Gm-orbits and it is irreducible if and only if
for every i, j , every point of Yi is RY -equivalent to some point of Yj . Using
the Gm-action, this holds if and only if for every i, j , some point of Yi is
RY -equivalent to some point of Yj . The latter holds if and only if RY → RX is
surjective.

Seifert bundles

Seifert bundles were introduced to algebraic geometry in the works of Orlik and
Wagreich (1975), Dolgachev (1975) and Pinkham (1977). The main emphasis
has been on the case of smooth varieties and orbifolds. We need to study Seifert
bundles over non-normal bases, so we go through the basic definitions.

Notation 9.49 Gm denotes the multiplicative group scheme GL(1). As a
scheme over SpecA, it is SpecA A[t, t−1]. For any natural number r > 0, the
rth roots of unity form the subgroup scheme

μr := SpecA A[t, t−1]/(t r − 1).

These are all the subgroup schemes of Gm. (Note that μr is nonreduced when
the characteristic divides r .)

Every linear representation �: Gm → GL(W ) is completely reducible, and
the same holds for μr ⊂ Gm (see, for instance, (SGA3, 1970, I.4.7.3)). The
set of vectors {v : �(λ)(v) = λiv} is called the λi-eigenspace. We use this
terminology also for μr -actions. In this case i is determined modulo r .

This implies that every quasi-coherent sheaf with a Gm-action is a direct sum
of eigensubsheaves.

If a group G acts on a scheme X via �: G → Aut(X), we get an action
on rational functions on X given by f �→ f ◦ �(g−1). (The inverse is needed
mostly for noncommutative groups only.)
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Thus if Gm acts on itself by multiplication, we get an induced action
on A[t, t−1] where λ ∈ Gm(k̄) acts as t i �→ λ−i t i . Thus t i spans the λ−i-
eigenspace.

A Gm-action on an A-algebra R is equivalent to a Z grading R =∑i∈Z Ri

where Ri is the λ−i -eigenspace.
The natural Gm-action on Gm/μr corresponds to

∑
i∈rZ A � A[t r , t−r ].

Definition 9.50 Let X be a seminormal scheme (or algebraic space) over
S. A Seifert bundle (or a Seifert Gm-bundle) over X is a reduced scheme (or
algebraic space) Y together with a morphism f : Y → X and a Gm-action on
Y satisfying the following conditions.

(1) f is affine and Gm-equivariant (with the trivial Gm-action on X).
(2) The natural map OX → (f∗OY )Gm is an isomorphism.
(3) For every point x ∈ X, the Gm-action on the reduced fiber redYx is iso-

morphic to the natural Gm-action on Gm/μm(x) for some m(x) ∈ N, called
the multiplicity of the fiber over x.

There are two points where this definition differs from the standard ones.

(4) If X is normal, one usually assumes that m(x) = 1 at the generic point. One
can assume this without any loss of generality as long as X is irreducible,
but for X reducible this is not a natural condition.

(5) If X is normal, one usually assumes that Y is also normal and one could
assume in our case that Y is also seminormal. For applications, this is the
natural setting, but it would make (9.51) more complicated.

One can thus view the theory of Seifert bundles as a special chapter of the
study of algebraic Gm-actions. The emphasis is, however, quite different.

Theorem 9.51 Let X be a Noetherian seminormal scheme (or algebraic
space). There is a one-to-one correspondence between

(1) Seifert Gm-bundles f : Y → X and
(2) graded OX-algebras

∑
i∈Z Li such that

(a) each Li is a torsion free, coherent sheaf on X whose rank is 1 or 0 at
the generic points,

(b) Li ⊗ Lj → Li+j are isomorphisms at the generic points,
(c) LM is locally free for some M > 0 and
(d) Li ⊗ LM → Li+M is an isomorphism for every i.

Proof Let f : Y → X be a Seifert bundle. Since f : Y → X is affine, f∗OY

is a quasi-coherent sheaf with a Gm-action. Thus it decomposes as a sum of
quasi-coherent Gm-eigensubsheaves (9.49)

f∗OY =∑j∈Z Lj , (9.51.3)
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where Lj is the λ−j eigensubsheaf, with multiplication maps mij: Li ⊗ Lj →
Li+j . Note that L0 = OX by (9.50.2).

Pick any point x ∈ X. By assumption redYx � Gm/μm(x), thus t−m(x) on Gm

descends to an invertible function hx on Yx which is a Gm-eigenfunction with
eigencharacter m(x). There is an affine neighborhood x ∈ U ⊂ X such that hx

lifts to an invertible function hU on f −1(U ) which is a Gm-eigenfunction with
eigencharacterm(x). This hU is a generator ofLm(x) onU and the multiplication
maps Li ⊗ Lm(x) → Li+m(x) are isomorphisms over U for every i.

Setting M = m(X) := lcm{m(x) : x ∈ X}, we see that LM is locally free
on X and the multiplication maps Li ⊗ LM → Li+M are isomorphisms for
every i.

If x is a generic point, then Li ⊗ k(x) � k(x) if m(x) divides i and Li ⊗
k(x) = 0 otherwise.

We still need to prove that the Li are torsion free and coherent. Any torsion
section ofLi is killed byL⊗M

i → LMi , hence it would give a nilpotent section of
OY , a contradiction. Thus every Li is torsion free. Coherence is a local question,
thus assume that X is affine. For a generic point xg ∈ X, Li ⊗ k(xg) �= 0 if
and only if m(xg)|i if and only if L−i ⊗ k(xg) �= 0. Thus there is a section s ∈
H 0(X,L−i) that is a generator at all generic points xg such that Li ⊗ k(xg) �= 0.
Then the composite

Li � Li ⊗ OX
(1,s)−→ Li ⊗ L−i → L0 � OX

is an isomorphism at the generic points, hence an injection. Thus every Li is a
coherent sheaf on X.

Conversely, if
∑

i∈Z Li satisfies (9.51.2.a–d) then
∑

i∈Z Li is generated by
the coherent submodule

∑
−M≤i≤M Li . ThusY := SpecX

∑
i∈Z Li is affine over

X. The grading gives a Gm-action.
Pick any x ∈ X, then the fiberYx over x is Specx(

∑
i∈Z Li ⊗ k(x)). By (9.52),

Li ⊗ k(x) is nilpotent unless Li is locally free at x and L⊗r
i → Lri is an iso-

morphism near x for every r . Hence the reduced fiber is Specx
∑

i∈m(x)Z k(x) �
k(x)[t, t−1] for some m(x) ∈ N.

Lemma 9.52 Let L,M be rank 1 torsion free sheaves and assume that there
is a surjective map h: L⊗M � OX. Then L,M are both locally free.

Proof Pick x ∈ X. By assumption there is an affine neighborhood x ∈ U and
sections α ∈ H 0(U,L), β ∈ H 0(U,M) such that h(α ⊗ β) is invertible.

Let γ ∈ H 0(U,L) be arbitrary. Then h(γ ⊗ β) = f · h(α ⊗ β) for some
f ∈ OU , thus h((γ − f α) ⊗ β) = 0. Thus γ − f α is 0 on the open set where
M is locally free, hence it is 0 since L is torsion free. Thus α generates L|U
and so L is locally free.
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9.53 (Power maps) There are two ways to think of the mth power of a line
bundle in the context of Seifert bundles.

Let p: Y → X be a Seifert bundle. For any m ∈ N the group μm ⊂ Gm acts
on Y ; set Y (m) := Y/μm. Algebraically, by looking at the μm-action on p∗OY ,
we see that if

p∗OY =∑i∈ZLi then p∗OY (m) =∑i∈mZLi.

In particular, if all the fiber multiplicities m(x) divide m then p(m): Y (m) → X

is a Gm-bundle.
This way we can think of every Seifert Gm-bundle as a finite cyclic cover of

a Gm-bundle.

9.54 (Descending ampleness) Let q: Y → X be a finite, dominant morphism
and LX a line bundle on X. If X is proper and q∗LX is ample, then LX is ample,
hence X is projective, compare Hartshorne (1977, exercise III.5.7).

Note, however, that this fails if X is not proper. Kollár (2011e) gives an
example of a surface T with normal crossing singularities such that ωT is not
ample, yet its pull-back to the normalization T̄ → T is ample.

9.4 Pro-finite equivalence relations

In general it is quite hard to see when a finite pre-relation R ⇒ Y generates a
finite set theoretic equivalence relation.

We start with the following obvious finiteness condition which turns out to
be quite useful. Note that its assumptions are satisfied if (X,�) is lc, S∗ is the
stratification by lc centers as in (5.25) and Z does not contain any lc centers.

Then we give a series of examples of non-finite gluing relations.

Lemma 9.55 Let (X, S∗) be a stratified space and Z ⊂ X a closed subspace
which does not contain any of the irreducible components of the SiX. Let
σi: R ⇒ (X, S∗) be a pro-finite, stratified, set theoretic equivalence relation.
Assume that R|X\Z is a finite, set theoretic equivalence relation. Then R is also
a finite, set theoretic equivalence relation.

Proof Since R is a union of finite relations, it is enough to check that R has
finitely many irreducible components. The latter can be checked one stratum at
a time, hence we may assume that X and R are pure dimensional. Then every
irreducible component of R dominates an irreducible component of X, hence
finiteness over the dense open set X \ Z implies finiteness.

Example 9.56 Fix two points a, b ∈ A1 and consider two involutions τ1: x �→
a − x and τ2: x �→ b − x. The composite τ1 ◦ τ2 is translation by b − a. Thus
it has infinite order if a �= b and the characteristic is 0.
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Example 9.57 Let X := A3 with coordinates (x, y, t) and D1 := (y =
0),D2 := (x = 0) two hyperplanes. Let L := (x = y = 0) be the t-axis. For
a, b ∈ C define involutions on Di by

τ1(x, 0, t) �→ (x, 0, a − t) and τ2(0, y, t) �→ (0, y, b − t).

Note that D1/(τ1) = Spec C[x, t(a − t)] and D2/(τ2) = Spec C[y, t(b − t)].
Thus on X \ L the τi generate a finite equivalence relation and we obtain a
finite morphism

π0 : (X \ L) → (X \ L)/(τ1, τ2).

Both involutions act on L. Note that τ2|L ◦ τ1|L is translation by b − a, hence
has infinite order if a �= b and the characteristic is 0.

This shows that π0 cannot be extended to a finite morphism on X.

Example 9.58 Pick involutions r1, r2, r3 ∈ PGL(2,C) such that any two of
them generate a finite subgroup but the three together generate an infinite
subgroup.

Consider X = A3 × P1. Let xi be the coordinates on A3 and Di := (xi =
0) × P1. On Di consider the involution τi which is the identity on Di and ri on
the P1-factor. Let R ⇒ X be the set theoretic equivalence relation generated
by the τi : i = 1, 2, 3. Note that

π1: (X \D1) × P1 → (X \D1) × (P1/〈r2r3〉)
is finite, thus R|X\D1 is a finite equivalence relation. Similarly, (X \Di)/
(R|X\D1 ) exists for i = 2, 3. Set P1

0 := {0} × P1. Then the geometric quotient(
X \ P1

0

)
/
(
R|X\P1

0

)
exists. Note, however, that the restriction of R to P1

0 is not a finite equivalence
relation since the subgroup generated by r1, r2, r3 is infinite. Thus R is not a
finite relation and there is no geometric quotient of X by R.

In order to find such r1, r2, r3, it is easier to work with SO(3) � SU(2)/(±1).
Let Li ⊂ R3 be three lines such that the angles between them are rational
multiples of π . Let ri denote the rotations by π around the lines Li . By
assumption, the angle between any two lines is a rational multiple of π , hence
any two rotations generate a finite dihedral group.

The finite subgroups of G ⊂ SO(3,R) are all known. If G is not cyclic or
dihedral, then any rotation in G has order≤ 6. Thus, as soon as the denominator
of the angle betweenLi, Lj is large enough, the subgroup generated by r1, r2, r3

is infinite.

Example 9.59 In Rn consider the hyperplanes

H0 := (x1 = 1),Hn := (xn = 0) and Hi := (xi = xi+1)

for i = 1, . . . , n− 1.
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Note that any n of these hyperplanes have a common point but the intersection
of all n+ 1 of them is empty.

Let ri denote the reflection on Hi . Each ri is defined over Z and maps Zn

to itself. Thus any n of the ri generate a reflection group which has a fixed
point and preserves a lattice. These are thus finite groups. By contrast, all n+ 1
of them generate a reflection group with no fixed point. It is thus an infinite
group.

As in (9.58) consider X = An+1 × An. Let x0, . . . , xn be the coordinates
on An+1 and Di := (xi = 0) × An. On Di consider the involution τi which is
the identity on Di and ri on the An-factor. Let R ⇒ X be the set theoretic
equivalence relation generated by the τi : i = 0, . . . , n. We see that R is not a
finite equivalence relation on X but it restricts to a finite equivalence relation
on (An+1 \ {0}) × An.

The next examples have normal irreducible components but they are only lc.

Example 9.60 Let X be an affine variety, p ∈ X a point and D1,D2 ⊂ X

divisors such that D1 ∩D2 = p. Take two copies (Xi,Di
1 +Di

2) for i = 1, 2.
Choose an isomorphism φ(λ,μ)((

D1
1 \ {p1})× A1

) ' ((
D1

2 \ {p1})× A1
)

→ ((
D2

1 \ {p2})× A1
)' ((

D2
2 \ {p2})× A1

)
where φ(λ,μ) = (1D1 × λ) ' (1D2 × μ) is the identity on the Di and multi-
plication by λ (resp. by μ) on the A1-factor of D1 (resp. D2).

The corresponding geometric quotient Y ∗(λ,μ) is a non-normal variety
whose irreducible components (Xi \ {pi}) × A1 intersect along ((Di

1 +Di
2) \

{pi}) × A1.
When can we extend this to a non-normal variety Y (λ,μ) ⊃ Y ∗(λ,μ) whose

irreducible components are X1 × A1 and X2 × A1?
Assume that f i =∑ f i

j t
j is a function on Xi × A1 such that f 1, f 2 glue

together to a regular function on Y ∗(λ,μ). The compatibility conditions are

f 1
j

∣∣
D1

1
= λjf 2

j

∣∣
D2

1
and f 1

j

∣∣
D1

2
= μjf 2

j

∣∣
D2

2
.

In particular, we get that

f 1
j (p1) = λjf 2

j (p2) and f 1
j (p1) = μjf 2

j (p2).

If λ/μ is not a root of unity, this implies that the f i are constant on {pi} ×
A1. Thus there is no scheme or algebraic space Y (λ,μ) ⊃ Y ∗(λ,μ) whose
irreducible components are X1 × A1 and X2 × A1.

Let us see now some log canonical examples satisfying the above assump-
tions.
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9.60.1 Set X = A2,D1 = (x = 0) and D2 = (y = 0). Then (X,D1 +D2) is
dlt. Thus we see that gluing in codimension 2 is not automatic for dlt pairs.

9.60.2 Set X = (xy − uv = 0),D1 = (x = u = 0),D2 = (y = v = 0) and
� = (x = v = 0) + (y = u = 0). Here (X,D1 +D2 +�) is lc but not dlt.
We can replace � by some other divisor whose coefficients are < 1, but
(X,D1 +D2 +�) can never be dlt. Thus we see that gluing in codimension 3
is not automatic for lc pairs.

9.60.3 Similar examples exist in any dimension. Let X be the cone over
P1 × Pn, Di the cone over (i : 1) × Pn and � the cone over some P1 × B

where B ∼Q (n+ 1)H on Pn. These examples can be lc but not dlt.
Thus we see that gluing in any codimension is not automatic for lc pairs.

Example 9.61 We give an example of a pair (P1,�) such that

(1) deg(KP1 +�) = 1,
(2) there is a degree 3 map f : (P1,�) → (C3,�3) such that KP1 +� =

f ∗(KC3 +�3),
(3) there is a degree 2 map g: (P1,�) → (C2,�2) such that KP1 +� =

g∗(KC2 +�2) and
(4) the equivalence relation generated by the fibers of f, g has infinite equiv-

alence classes and so the universal push-out of

P1

g





f �� C3

C2

is P1

g





f �� C3




C2

�� Spec C.

The starting point is the map f : C → C given by x �→ x3 − 3x which has
double ramification at ±1 and triple ramification at ∞. Thus if we set C3 � P1

and

�3 := 1
2 [0] + 1

2 [2] + 1
2 [−2] + 5

6 [∞]

then f ∗(KC3 +�3) = KP1 +� where

� := 1
2 [0] + 1

2 [
√

3] + 1
2 [−

√
3] + 1

2 [2] + 1
2 [−2] + 1

2 [∞].

The coincidence we exploit is that � is invariant under the involution x �→
2
√

3/x. Thus we can set g := x + 2
√

3/x and then KP1 +� = g∗(KC2 +�2)
where C2 � P1 and

�2 := 1
2 [∞] + 1

2 [2 +
√

3] + 1
2 [−2 −

√
3] + 1

2 [

√
2
√

3] + 1
2 [−

√
2
√

3].
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The equivalence relation is generated by two rules:

x ∼ 2
√

3

x
and x ∼ −x ±√

12 − 3x2

2
.

For example, starting with x = ∞, we apply these rules repeatedly to obtain
that its equivalence class contains

∞, 0,±
√

3,±2,±1,±2
√

3,±
√

3(1 ±
√

2),±2(1 ±
√

2), . . . (9.61.5)

Assume to the contrary that the universal push-out is not Spec C. Then it is
necessarily a curve D (in fact D � P1). We claim that

deg(P1/D) ≤ 42. (9.61.6)

If this holds then every equivalence class contains ≤ 42 elements. At ∞ we
have at least triple ramification, thus its equivalence class contains≤ 14 = 42/3
elements. We have already found 18 in (9.61.5) a contradiction.

In order to see (9.61.6), we use that by (9.34) there is a curve h: C → P1

such that f ◦ h: C → C3 and g ◦ h: C → C2 are both Galois. Then D = C/G

where G = 〈Gal(C/C3),Gal(C/C2)〉.
Write h∗(KP1 +�) = KC +�C . Then G ⊂ Aut(C,�C) thus KC +�C is

the pull-back of KD +�D for some �D . Then KP1 +� is also the pull-back
of KD +�D . The rest follows from (9.62).

Lemma 9.62 Let q: (C1,�1) → (C2,�2) be a morphism of smooth projective
curves such that KC1 +�1 = q∗(KC2 +�2). Assume that the coefficients of
the points in �1 are of the form 1 − 1

m
for some m ∈ N. Then

(1) the coefficients of the points in �2 are also of the form 1 − 1
m

and
(2) deg q ≤ 42 · deg(KC1 +�1) if the latter is positive.

Proof The first claim follows from (2.41.5). Since

deg(KC1 +�1) = deg q · deg(KC2 +�2),

the second claim is equivalent to deg(KC2 +�2) ≥ 1
42 .

If g(C2) ≥ 1 then deg(KC2 +�2) ≥ 1
2 . If g(C2) = 0 then the claim is equiv-

alent to the following exercise: If −2 +∑i(1 − 1
mi

) > 0 then in fact it is ≥ 1
42

with equality holding only for −2 + (1 − 1
2 ) + (1 − 1

3 ) + (1 − 1
7 ) = 1

42 .
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Ancillary results

In this chapter we collect several topics for which good references are either
not available or are too scattered in the literature.

In Section 10.1 we prove three well-known results on birational maps of
surfaces for excellent 2-dimensional schemes.

General properties of seminormal schemes are studied in Section 10.2. Semi-
normality plays a key role in the study of lc centers and in many inductive
methods involving lc and slc pairs.

In Section 10.3 we gather, mostly without proofs, various vanishing theorems
that we use. Section 10.4 contains resolution theorems that are useful for non-
normal schemes and in Section 10.5 we study the action of birational maps
on differential forms. The basic theory of cubic hyperresolutions is recalled in
Section 10.6.

Assumptions In Section 10.1 we work with excellent surfaces and in Section
10.2 with arbitrary schemes. In later sections characteristic 0 is always assumed.

10.1 Birational maps of 2-dimensional schemes

Here we prove the Hodge Index theorem, the Grauert–Riemenschneider van-
ishing theorem, Castelnuovo’s contraction theorem and study rational singu-
larities of surfaces. Instead of the usual setting, we consider these for excellent
2-dimensional schemes.

Theorem 10.1 (Hodge Index theorem) Let X be a 2-dimensional regular
scheme, Y an affine scheme and f : X → Y a proper and generically finite
morphism with exceptional curves ∪Ci . Then the intersection form (Ci · Cj ) is
negative-definite.

297
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Proof It is enough to consider all the exceptional curves that lie over a given
y ∈ Y . Then all the curves considered are proper over the residue field k(y), so
the intersection numbers

(Ci · Cj ) := degk(y) OX(Ci)|Cj

are defined as usual. Note the obvious property that

(Ci · Cj ) ≥ 0 for i �= j . (10.1.1)

By (10.2), there is an effective f -exceptional Cartier divisor. An easy argu-
ment (10.3.4), using only (10.1.1) and bilinear algebra, shows that the intersec-
tion form is negative-definite.

Lemma 10.2 Let f : X → Y be as in (10.1). Then f is projective and there is
an effective f -exceptional Cartier divisor W on X such that −W is f -ample.

Proof For each exceptional curve Ci ⊂ X let Ui ⊂ X be an open affine subset
such that Ci ∩ Ui �= ∅. Let Hi ⊂ Ui be an irreducible divisor that intersects Ci

such that Hi �⊂ ∪Cj and let H̄i ⊂ X denote its closure. Then H :=∑ H̄i has
positive intersection number with every exceptional curve, hence it is f -ample.
Its push-forward f (H ) ⊂ Y is an effective Weil divisor onY ; it is thus contained
in an effective Cartier divisor D since Y is affine. Write f ∗(D) = H +D′ +W

where W is effective, f -exceptional and D′ is effective without f -exceptional
irreducible components. Then

(W · Ci) = (f ∗D · Ci) − (H · Ci) − (D′ · Ci) ≤ −(H · Ci) < 0,

so −W is f -ample.

10.3 (Remarks on quadratic forms) Fix a basis C1, . . . , Cn in a real vector
space V . Let B( , ) be a bilinear form on V . We usually write (Ci · Cj ) instead
of B(Ci, Cj ). We are interested in the cases that look like the intersection form
of a collection of curves on a surface. That is, we impose the following:

Assumption 10.3.1 (Ci · Cj ) ≥ 0 if i �= j .

Notation 10.3.2 Given two vectors A =∑ aiCi and A′ =∑ a′iCi , write A ≥
A′ if and only if ai ≥ a′i for every i and A � A′ if and only if ai > a′i for
every i. Thus

∑
aiCi ≥ 0 (resp. � 0 iff ai ≥ 0 (resp. ai > 0) for every i. Set

Supp(
∑

aiCi) := {Ci : ai �= 0}.
We say that B( , ) is decomposable if we can write {1, . . . , n} = I ∪ J such

that I �= ∅ �= J and (Ci · Cj ) = 0 whenever i ∈ I and j ∈ J . Decomposable
forms correspond to disconnected sets of curves.

Lemma 10.3.3 Let B( , ) be an indecomposable bilinear form satisfy-
ing (10.3.1). Assume that there is a vector W =∑wiCi � 0 such that
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(Ci ·W ) ≤ 0 for every i with strict inequality for some i. Let Z be any vector
such that Z �≤ 0. Then there is a Cj such that (Cj · Z) < 0 and Cj has positive
coefficient in Z.

Proof WriteZ =∑ ziCi and choose the maximal a ∈ R+ such that azi ≤ wi

for every i. Then
∑

(wi − azi)Ci ≥ 0; set I := {i : wi − azi > 0}. If I = ∅
then Z = 1

a
W and Cj exists by assumption. Otherwise I �= ∅, and since B( , )

is indecomposable, there is an index j such thatwj − azj = 0 and (Cj · Ci) > 0
for some i ∈ I . Then

(Cj ·
∑

(wi − azi)Ci) ≥ (wi − azi)(Cj · Ci) > 0.

Thus a(Cj · Z) = (Cj ·W ) − (Cj · (W − aZ)) < 0.

Claim 10.3.4 Let B( , ) be a bilinear form satisfying (10.3.1).

(1) B( , ) is negative definite if and only if there is a vector W =∑wiCi ≥ 0
such that (Ci ·W ) < 0 for every i.

(2) If B( , ) is indecomposable, then it is negative definite if and only if there
is a vector W =∑wiCi ≥ 0 such that (Ci ·W ) ≤ 0 for every i and strict
inequality holds for some i.

Proof Assume that W exists and consider the function f (x1, . . . , xn) =
(
∑

xiCi ·
∑

xiCi) on any cube 0 ≤ xi ≤ N . Since

∂f

∂xj
(Z) = 2(Cj · Z),

we see from (10.3.3) that f strictly increases as we move toward the origin
parallel to one of the coordinate axes. Thus f has a strict maximum at the
origin and so (Z · Z) < 0 for any vector Z ≥ 0 except for Z = 0.

AnyZ can be written as Z+ − Z− where Z+, Z− ≥ 0 have disjoint supports.
Then

(Z · Z) = (Z+ · Z+) + (Z− · Z−) − 2(Z+ · Z−) ≤ (Z+ · Z+) + (Z− · Z−),

and we have seen that the last two terms are ≤ 0 with equality only if Z = 0.
Thus B( , ) is negative definite.

Conversely, assume that B( , ) is negative definite. Since B( , ) is nonde-
generate, there is a vector W such that (W · Ci) = −1 for every i. The next,
more general result shows that W � 0.

Claim 10.3.5 Let B( , ) be an indecomposable negative definite bilinear form
satisfying (10.3.1). Let Z =∑ aiCi be a vector such that (Z · Cj ) ≥ 0 for
every j . Then

(1) either Z = 0 (and so (Z · Cj ) = 0 for every j ),
(2) or −Z � 0 (and (Z · Cj ) > 0 for some j ).
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Proof Write Z = Z+ − Z− where Z+, Z− ≥ 0 have disjoint supports. If
Z+ �= 0 then (Z+ · Z+) < 0. Hence there is a Ci ⊂ SuppZ+ such that
(Ci · Z+) < 0. Ci is not in SuppZ−, so (Ci · Z−) ≥ 0 and so (Ci · Z) < 0,
a contradiction.

Finally, if ∅ �= SuppZ− �= ∪iCi , then there is a Ci such that Ci �⊂ SuppZ−

but (Ci · Z−) > 0. Then (Ci · Z) = −(Ci · Z−) < 0, again a contradiction.

Definition and Claim 10.3.6 LetB( , ) be an indecomposable negative definite
bilinear form satisfying (10.3.1). Then there is a unique, minimal vector W =∑

wiCi with wi ∈ N such that (W · Ci) ≤ 0 for every i. This W is called the
fundamental vector of B( , ). If B( , ) is the intersection form of a collection
of curves on a surface, then

∑
wiCi is called the fundamental cycle.

Proof There is a vector V � 0 such that (V · Ci) < 0 for every i. By perturb-
ing its coefficients, we may assume that they are rational. Clearing denominators
then gives an N-linear combination V ′ =∑ v′iCi such that (V ′ · Ci) ≤ 0 for
every i.

Let V 1 =∑ v1
i Ci be a minimal (with respect to ≤) N-linear combination

such that (V 1 · Ci) ≤ 0 for every i. In order to show that V 1 is unique, it
is enough to prove that if V 2 =∑ v2

i Ci is another such vector then so is
V 3 :=∑min{v1

i , v
2
i }Ci . Fix an index j . In order to compute (V 3 · Cj ) we may

assume that v1
j ≤ v2

j . Then

(V 3 · Cj ) = (V 1 · Cj ) −∑i �=j

(
v1
i − min

{
v1
i , v

2
i

})
(Ci · Cj ) ≤ (V 1 · Cj ).

The following is a strengthening of the Grauert–Riemenschneider vanishing
theorem for surfaces, using the method of Lipman (1969).

Theorem 10.4 Let X be a regular surface and f : X → Y a proper, generi-
cally finite morphism with exceptional curves Ci such that ∪iCi is connected.
Let L be a line bundle on X and assume that there exist Q-divisors N and
�X =∑ diCi such that

(1) L · Ci = (KX +N +�X) · Ci for every i,
(2) N · Ci ≥ 0 for every i and
(3) �X satisfies one of the following

(a) 0 ≤ di < 1 ∀i,
(b) 0 < di ≤ 1 ∀i and dj �= 1 for some j ,
(c) 0 < di ≤ 1 ∀i and N · Cj > 0 for some j .

Then R1f∗L = 0.
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Proof Let Z =∑s
i=1 riCi be an effective integral cycle. We prove by induc-

tion on
∑

ri that

H 1(Z,L⊗ OZ) = 0. (10.4.4)

Using the theorem on Formal Functions, this implies (10.4).
Let Ci be an irreducible curve contained in SuppZ. Set Zi = Z − Ci and

consider the short exact sequence:

0 → OCi
⊗ OX(−Zi) � OX(−Zi)/OX(−Z) → OZ → OZi

→ 0.

Tensoring with L we obtain

0 → OCi
⊗ L(−Zi) → L⊗ OZ → L⊗ OZi

→ 0.

By induction on
∑

ri , H 1(Zi, L⊗ OZi
) = 0. Thus it is enough to prove that

H 1(Ci,OCi
⊗ L(−Zi)) = 0 for some i. This in turn would follow from

L · Ci − Zi · Ci > degωCi
= C2

i +KX · Ci,

which is equivalent to

N · Ci + (�X − Z) · Ci > 0.

By assumption, N · Ci ≥ 0 always holds.
If Z �≤ �X we can apply (10.3.3) to Z −�X to obtain Ci ⊂ SuppZ such

that (�X − Z) · Ci > 0. This settles case (3.a).
Thus assume that Z ≤ �X . If SuppZ = Supp�X then Z = �X. This can

happen only in case (3.c), but then N · Ci > 0 for some i and we are done.
Finally, if SuppZ �= Supp�X then SuppZ and Supp(�X − Z) intersect in

finitely many points and this intersection is nonempty in cases (3.b–c). Thus
again there is a Ci ⊂ SuppZ such that (�X − Z) · Ci > 0.

Theorem 10.5 (Castelnuovo’s contractibility criterion) (Lipman, 1969, theo-
rem 27.1) Let X be a regular surface, f : X → Y a projective morphism and
E ⊂ X an irreducible and reduced curve such that (E ·KX) < 0 and f (E) is
0-dimensional.

Then there is a proper morphism to a regular pointed surface g: (E ⊂ X) →
(z ∈ Z) such that g: X \ E → Z \ {z} is an isomorphism.

Proof Pick an f -very ample divisor H on X such that R1f∗OX(nH ) = 0 for
n ≥ 1. Using the sequences

0 → OX(nH + iE) → OX(nH + (i + 1)E) → OX(nH + (i + 1)E)|E → 0

we see that

(1) |nH + iE| is very ample on X \ E for n ≥ 1, i ≥ 0,
(2) R1f∗OX(nH + iE) = 0 if ((nH + iE) · E) ≥ (E · E),
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(3) f∗OX(nH + iE) � H 0(E,OE((nH + iE)|E)) is onto if ((nH + iE) ·
E) ≥ 0 and

(4) |nH + iE| is base point free if ((nH + iE) · E) ≥ 0.

By the adjunction formula, ωE � OX(E)|E ⊗ OX(KX)|E is the product of
two negative line bundles. Thus, by (10.6), OX(E)|E � OX(KX)|E are negative
generators of PicE. In particular, for any line bundle L, (L · E)/(E · E) is an
integer.

Set m = (H · E)/(E · E). Then ((H +mE) · E) = 0, ((H + (m− 1)E) ·
E) = −(E · E) and by (3) there is a curve D ∈ |H + (m− 1)E| that does
not contain E. Since OX(D)|E is a generator of PicE, we conclude that D is
regular at D ∩ E. By (4) we can choose D′ ∈ |H +mE| disjoint from E. From
the sequence

0 → OX((n− 1)(H +mE) + E) → OX(n(H +mE))

→ OD(n(H +mE)|D) → 0

we conclude that f∗OX(n(H +mE)) � f∗OD(n(H +mE)|D) is onto for n �
1. Moreover, n(H +mE)|D is very ample for n � 1.

Let g: X → Z be the morphism given by |n(H +mE)| for some n � 1. As
we saw,

(5) g contracts E to a point z,
(6) |n(H +mE)| is very ample on X \ E and
(7) |n(H +mE)| is also very ample on D.

Thus g(D + (n− 1)D′) = g(E +D + (n− 1)D′) ⊂ Z is a curve which is reg-
ular at z. It is also a hyperplane section of Z since E +D + (n− 1)D′ ∈
|n(H +mE)|, thus Z is regular at z.

Lemma 10.6 Let k be a field and C a reduced and irreducible k-curve such
that H 1(C,OC) = 0 and ωC is locally free. Then

(1) H 1(C,L) = 0 for every line bundle L such that degL ≥ 0.
(2) Pic(C) � Z[H ] where H denotes the positive generator.
(3) Furthermore, with K := H 0(C,OC),

(a) either ωC � H−1 and C is isomorphic to a conic in P2
K ,

(b) or ωC � H−2 and C is isomorphic to P1
K .

(4) C is a line as in (3.b) if and only if it carries a line bundle L such that
H 0(C,L) = H 1(C,L) = 0.

Proof Set r = deg[K : k]. Then χ (OC) = r and by Riemann–Roch,
χ (C,L) = degL+ r for any line bundle L. Thus h0(C,L) > 0 for degL ≥ 0
and from

0 → OC → L → (torsion sheaf) → 0

we obtain that H 1(C,L) = 0 for degL ≥ 0.
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If degL = 0 then h0(C,L) > 0 implies that L � OC . Thus Pic(C) is iso-
morphic to Z; let H be the positive generator.

Since H 1(C,ωC) �= 0, this implies that ωC � H−n for some n ≥ 1 and
−r = χ (C,ωC) = −n degH + r .

Since H 0(C,H ) and H 1(C,H ) are both K-vector spaces, we see that degH

is a multiple of r , say degH = dr . Thus 2r = ndr and so nd = 2, hence
n ∈ {1, 2} as claimed.

If n = 2 then degH = r and H 0(C,Hm) � Km+1. Two K-independent sec-
tions of H 0(C,H ) give a morphism p: C → P1

K . By dimension count, the
injections p∗: H 0(P1

k,O(m)) → H 0(C,Hm) are isomorphisms, thus C � P1
K .

If n = 1 then degH = 2r and H 0(C,Hm) � K2m+1. Three K-independent
sections of H 0(C,H ) give a morphism p: C → P2

K . By counting dimensions,
p∗: H 0(P2

k,O(2)) → H 0(C,H 2) is not injective, hence the image ofp is a conic
Q ⊂ P2

K . Again counting dimensions, the injections p∗: H 0(Q,OQ(m)) →
H 0(C,Hm) are isomorphisms, thus C � Q.

Rational singularities of surfaces

These results are from Lipman (1969, section 11) with later strengthenings also
due to Lipman.

Definition 10.7 Let Y be a normal, excellent surface. A resolution f : X → Y

is called rational if R1f∗OX = 0. Since any two resolutions are connected by
a sequence of blow-ups and their inverses, if Y has a rational resolution then
every resolution is rational. Such a Y is said to have rational singularities.

Lemma 10.8 Let (y ∈ Y ) be a rational surface singularity and f : X → Y a
resolution with exceptional curves Ci . Let C1 be an exceptional curve for which
ri := dimk(y) H

0(Ci,OCi
) is minimal. Then there is a sequence of effective

cycles Z1 ≤ · · · ≤ Zm such that

(1) Z1 = C1 and Zm is the fundamental cycle (10.3.6).
(2) Zi+1 is obtained from Zi by adding a curve Cj such that (Zi · Cj ) > 0.
(3) H 0(Zi,OZi

) = H 0(C1,OC1 ) and H 1(Zi,OZi
) = 0 for every i.

(4) For i ≥ 1 the curves Cj are lines (10.6.3.b) and there are exact sequences

0 → OCj
(−1) → OZi+1 → OZi

→ 0.

Proof For any effective cycle Z =∑ ciCi there is an exact sequence
R1f∗OX → H 1(Z,OZ) → R2f∗OX(−Z). Here R1f∗OX = 0 since the sin-
gularity is rational and R2f∗OX(−Z) = 0 since the fiber dimension of f is
≤ 1. Thus H 1(Z,OZ) = 0 for every i.
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Assume that we already have Z1, . . . , Zi satisfying (1–4). If there is a
curve Cj such that (Zi · Cj ) > 0 then set Zi+1 := Zi + Cj , consider the exact
sequence

0 → OX(−Zi)|Cj
→ OZi+1 → OZi

→ 0

and its exact cohomology sequence

0 �� H 0(Cj ,OX(−Zi)|Cj
) �� H 0(Zi+1,OZi+1 ) �� H 0(Zi,OZi

)

∂ �� H 1(Cj ,OX(−Zi)|Cj
) �� 0.

Note that H 1(Cj ,OX(−Zi)|Cj
) is a vector space over H 0(Cj,OCj

), thus it is
either 0 or has k(y)-dimension at least rj . We already know that H 0(Zi,OZi

) �
H 0(C1,OC1 ) has k(y)-dimension r1 ≤ rj , thus ∂ is either an isomorphism or
H 1(Cj ,OX(−Zi)|Cj

) = 0. Since the constant sections always lift from OZi
to

OZi+1 , we conclude that H 1(Cj ,OX(−Zi)|Cj
) = 0.

By our choice OX(−Zi)|Cj
is an invertible sheaf of negative degree, therefore

H 0(Cj ,OX(−Zi)|Cj
) = 0 which shows that H 0(Zi+1,OZi+1 ) = H 0(Zi,OZi

)
and Cj is line by (10.6.4).

We claim that Zi ≤ W for every i where W denotes the fundamental cycle.
By induction write W = Zi +Wi where Wi is effective. If (Zi · Cj ) > 0 then

(Wi · Cj ) = (W · Cj ) − (Zi · Cj ) < (W · Cj ) ≤ 0.

This implies that Cj ⊂ SuppWi hence Zi+1 = Zi + Cj ≤ W .
Thus the procedure eventually stops with a cycle Zm ≤ W such that

(Zm · Cj ) ≤ 0 for every Cj . By definition, Zm is the fundamental cycle.

Proposition 10.9 Let (y ∈ Y ) be a rational surface singularity, Y affine and
f : X → Y a resolution. Let C = ∪iCi be the reduced exceptional set.

(1) Let M be a line bundle on X such that degCi
M ≥ 0 for every i. Then M is

generated by global sections and R1f∗M = 0.
(2) Let L be a line bundle on X such that degCi

L = 0 for every i. Then
L � OX in a neighborhood of C.

(3) Y is Q-factorial at y. More precisely, det(
) ·D is Cartier for any Weil
Z-divisor D on Y , where 
 is the dual graph of C.

(4) Let C1 be a curve for which dimk(y) H
0(Ci,OCi

) is minimal. Then
k(y) = H 0(C,OC) = H 0(C1,OC1 ), hence C1 is geometrically reduced
and irreducible.

Proof Let W denote the fundamental cycle (10.3.6). Working through the
exact sequences (10.8.4) shows by induction that H 1(W,M|W ) = 0. Since
M(−nW ) also has non-negative degree on every curve, we similarly obtain
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that H 1(W,M(−nW )|W ) = 0. Now the exact sequences

H 1(W,M(−nW )|W ) → H 1((n+ 1)W,M|(n+1)W ) → H 1(nW,M|nW )

and induction show that H 1(nW,M|nW ) = 0 for n ≥ 1, hence R1f∗M = 0.
The exact sequences (10.8.4) also show that H 0(Zi+1,M|Zi+1 ) �

H 0(Zi,M|Zi
) for every i. We can choose the sequence Z1, . . . such that,

as long as possible, we add new curves to its support. Thus we may assume that
one of the intermediate curves is Zn = C. We prove by induction that M|Zi

is
generated by global sections for i ≤ n. Consider the sequence

0 → M ⊗ OCj
(−1) → M|Zi+1 → M|Zi

→ 0.

As we noted, Cj is line as in (10.6.3.b) and pj := Cj ∩ Zi is the spectrum of
H 0(Cj ,OCj

).
If degM|Cj

> 0 then degM ⊗ OCj
(−1) ≥ 0 hence M ⊗ OCj

(−1) is gener-
ated by global sections and so is M|Zi+1 . If degM|Cj

= 0 then M|Cj
� OCj

and H 0(Cj,M|Cj
) � M ⊗ k(pj ). Thus every section of M|Zi

that is nonzero
at pj lifts to a section of M|Zi+1 that is nowhere zero on Cj . So again M|Zi+1 is
generated by global sections.

All the global sections of M|C = MZn
now lift to global sections of M|W .

We already saw that R1f∗M(−W ) = 0. Since Y is affine, this implies that
H 1(X,M(−W )) = 0 hence global sections of M|W lift to global sections of
M . This completes (1).

Assume next that L is a line bundle such that degCi
L = 0 for every i. By

(1), L|C is generated by global sections. Since it has degree 0, we see that
L|C � OC . The constant section lifts to a global section of L that is nowhere
zero in a neighborhood of C, proving (2). (In characteristic 0 a more conceptual
proof is in Kollár and Mori (1992, 12.1.4).)

Let D be any Weil divisor on Y and f −1
∗ D its birational transform on X. By

(10.1) and by Cramer’s rule, the system of equations∑
iai(Ci · Cj ) = (f −1

∗ D · Cj ) ∀ j

has a unique solution and det(
) · ai ∈ Z. Apply (2) to

L := OX(det(
) · f −1
∗ D −∑ det(
) · ai · Ci)

to get that OY (det(
) ·D) is locally free, hence det(
) ·D is Cartier.
Finally, applying (2) to L = OX gives a surjection H 0(Y,OY ) � H 0(C,OC)

which factors through k(y) and H 0(C,OC) � H 0(C1,OC1 ) by (10.8.3).
A surjection of fields is an isomorphism, thus k(y) = H 0(C,OC) =
H 0(C1,OC1 ).

The following result holds for geometrically normal singularities, hence for
every normal singularity with a perfect residue field. In general, it seems a quite
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basic property of log canonical surface singularities and it solves the problem
that we had to deal with at the end of the proof of (2.31).

Corollary 10.10 Let (y ∈ Y,B) be a numerically log canonical surface sin-
gularity and f : X → Y a log minimal resolution with exceptional curves C.
Then k(y) � H 0(C,OC) and if (y ∈ Y ) is a rational singularity then there is
an irreducible component Ci ⊂ C such that k(y) � H 0(Ci,OCi

).

Proof If (y ∈ Y ) is a rational singularity then this follows from (10.9.4). Oth-
erwise, by (2.28), � = C hence KX ∼ −C and R1f∗OX(−C) = 0 by (10.4).
Pushing forward the exact sequence

0 → OX(−C) → OX → OC → 0

gives a surjection f∗OX = OY � H 0(C,OC). Since C is reduced, H 0(C,OC)
is a field and we can factor this surjection through k(y) � H 0(C,OC). A
surjection between fields is an isomorphism, thus k(y) � H 0(C,OC).

10.2 Seminormality

In this section we gather various definitions and results on seminormality and
seminormalization that are needed in the study of log canonical and semi-log
canonical pairs.

By the Riemann extension theorem, an affine variety X over C is normal
if and only if every bounded rational function on X is regular. Based on this,
Andreotti and Norguet (1967), Andreotti and Bombieri (1969) and Traverso
(1970) defined X to be seminormal if and only if every continuous rational
function on X is regular.

An ordinary node (xy = 0) is seminormal. More generally, the union of the n
coordinate axes in Cn is seminormal. These examples exhaust all seminormal
curve singularities, but in higher dimensions the situation gets much more
complicated.

Basic definitions

Definition 10.11 (Seminormalization) A finite morphism of schemes g:
X′ → X is called a partial seminormalization if

(1) X′ is reduced and
(2) for every point x ∈ X, the induced morphism g∗: k(x) → k(red g−1(x)) is

an isomorphism. Equivalently, each point x ∈ X has exactly one preimage
x′ := g−1(x) and g∗: k(x) → k(x ′) is an isomorphism.
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(In characteristic 0, it is enough to assume (2) for closed points only. Over
perfect fields of positive characteristic, the Frobenius morphism satisfies (2)
for closed points but not for the generic points.)

Using (2) for the generic points of X we conclude that a partial seminormal-
ization is birational (1.11). Thus if n: Xn → X is the normalization of redX

then

g∗OX′ is a subsheaf of n∗OXn . (10.11.3)

It is clear that the composite of two partial seminormalizations is also a partial
seminormalization. Furthermore, if g: X′ → X is a partial seminormalization
then so is any fiber product

g ×S 1Z: red(X′ ×S Z) → X ×S Z. (10.11.4)

(Being reduced is not preserved by fiber products, so we have to ensure that
property by hand.) In particular, if gi: Xi → X are partial seminormalizations
then

g1 × g2: red(X1 ×X X2) → X (10.11.5)

is also a partial seminormalization which dominates both of the Xi .
Using (10.11.3), we see that if the normalization τ: Xn → X is a finite

morphism (which holds for all excellent schemes) then there is a unique largest
partial seminormalization π: Xsn → X which dominates every other partial
seminormalization of X. It is called the seminormalization of X.

To be more explicit, π∗OXsn is the subsheaf of τ∗OXn consisting of those
sections φ such that for every point x ∈ X with preimage x̄ := red τ−1(x) we
have

φ|x̄ ∈ im[τ ∗ : k(x)→k(x̄)]. (10.11.6)

A scheme X is called seminormal if its seminormalization π: Xsn → X is
an isomorphism. Equivalently, if every partial seminormalization X′ → X is
an isomorphism. Since redX → X is always a partial seminormalization, a
seminormal scheme is reduced.

It is easy to see that an open subscheme of a seminormal scheme is also
seminormal. Furthermore, being seminormal is a local property. That is, X is
seminormal ⇔ it is covered by seminormal open subschemes ⇔ every local
ring of X is seminormal. For more details, see Kollár (1996, section I.7.2).

Example 10.12 The node (xy = 0) is seminormal but the cusp (x2 = y3) and
the ordinary triple point (x3 = y3) are not seminormal. The seminormalization
of the cusp is A1 and the seminormalization of (x3 = y3) is the union of the
three coordinate axes in A3.
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More generally, one easily sees that, over an algebraically closed field, a curve
singularity (0 ∈ C) is seminormal if and only if it is analytically isomorphic to
the union of the n coordinate axes in An. That is, if and only if

Ô0,C � k[[x1, . . . , xn]]/(xixj : i �= j ).

In higher dimensions, any union of coordinate subspaces in An is seminormal,
even if it has components of different dimension.

A problem with seminormality in higher dimensions is that an irreducible
component of a seminormal scheme need not be seminormal. A concrete exam-
ple is given in (7.9.3). More generally, let Z ⊂ Cn be a reduced subvariety of
pure dimension d such that dim SingZ ≤ d − 2. Let X ⊃ Z be a general d-
dimensional complete intersection. ThenX is CM, seminormal andZ is a union
of some of the irreducible components of X.

Let Xi ⊂ X be the irreducible components. Then the target of the natural
map

∐
Xi → X is seminormal, the fibers are reduced points (thus seminormal,

even smooth) yet
∐

Xi is not seminormal. However, if f : X → Y is flat, Y and
the geometric fibers are seminormal then X is seminormal by Kollár (2010a,
4.1).

Definition 10.13 (Relative seminormalization) Let X be a scheme and
τ: V → X a morphism. (The main examples we have in mind are open embed-
dings and finite morphisms.) A morphism g: X′ → X is called a partial semi-
normalization relative toV if g is a partial seminormalization and one can factor
τ through g. As in (10.11), for excellent schemes X there is a unique largest
partial seminormalization relative to V ; it is called the seminormalization rel-
ative to V . If τ is a proper surjection, we also call this the seminormalization
in V .

We say that X is seminormal relative to V if it is isomorphic to its own semi-
normalization relative to V . Equivalently, if every partial seminormalization
relative to V is an isomorphism. If τ is a proper surjection, we also say that X
is seminormal in V .

(We will use this notion mainly when τ is birational on every irreducible
component. The definition makes perfect sense in general, but it does not
harmonize well with the usual concept of normalization ofX in a field extension
of k(X).)

If X is seminormal, then it is also seminormal relative to any τ: V → X. As
a partial converse, if V is seminormal and X is seminormal relative to V then
X is seminormal. This follows from (10.16).

Similarly, a morphism g: X′ → X is called a partial normalization relative
toV ifX′ is reduced, g is finite, birational and τ factors through g. The concepts
of normalization relative to V and normal relative to V are defined the obvious
way. If τ is a proper surjection, it is usual to call this the normalization in V .
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Let τ: U ↪→ X be an open embedding. If OX has depth ≥ 2 at every point of
X \ U then every finite, birational morphism g: X′ → X that is an isomorphism
over U is an isomorphism everywhere. Thus, in this case, X is seminormal
relative to U . In particular, we obtain the following.

Lemma 10.14 Let X be a scheme that satisfies Serre’s condition S2. A par-
tial seminormalization g: X′ → X is an isomorphism if and only if g is an
isomorphism at all codimension 1 points x ∈ X.

In particular, X is seminormal if and only if the local rings OX,x are semi-
normal for all codimension 1 points x ∈ X.

The next elementary property turns out to be surprisingly useful.

Lemma 10.15 Let g: Y → X be a proper morphism of reduced schemes such
that g∗OY = OX. If Y is normal (resp. seminormal) than so is X.

More generally, if τ: V → X is a morphism and Y is normal (resp. seminor-
mal) relative to g∗τ: red(Y ×X V ) → Y then X is normal (resp. seminormal)
relative to V .

Proof We prove the seminormal case; the proof of the normal case is then
obtained by deleting every occurrence of the adverb “semi.”

Assume that we have τ: V
τ ′→ X′ π→ X where π is a partial seminormaliza-

tion.
Then πY : red(Y ×X X′) → Y is a partial seminormalization and we have

g∗τ: red(Y ×X V )
τ ′Y−→ red(Y ×X X′)

πY−→ Y.

By assumption, πY is an isomorphism, so we can compose π−1
Y with the

second projection of Y ×X X′ to factor g as Y → X′ → X. This implies that
π∗OX′ ⊂ g∗OY = OX , hence π is an isomorphism.

Complement 10.15.1 There is a quite useful case of (10.15) when Y is only
seminormal but we can conclude that X is normal. This holds if Y is S2 and
every irreducible component of the non-normal locus dominates an irreducible
component of X. Indeed, in this case πY is an isomorphism over the generic
point of every irreducible component of the non-normal locus, hence an iso-
morphism by (10.14).

10.16 (Seminormalization as a functor) Let g: X → Y be a morphism of
schemes. Let τ: V → Y be a morphism and Y ′ → Y a partial seminormaliza-
tion relative to V . Assume that X is seminormal relative to red(X ×Y V ). Then
g lifts to g′: X → Y ′.

To see this, consider the first projection π1: red(X ×Y Y ′) → X. By
(10.11.4), it is a partial seminormalization relative to red(X ×Y V ), hence an
isomorphism by assumption. Thus we can set g′ := π2 ◦ π−1

1 .
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This implies that seminormalization is a functor: any morphism g: X → Y

lifts uniquely to gsn: Xsn → Y sn. In particular, any limit of seminormal schemes
is seminormal. We will use this mainly for push-out diagrams (9.30)

X1





�� X2




X3

�� Y.

We obtain that if the Xi are seminormal then so is Y .

The following is a restatement of Kollár (1996, I.7.2.5).

Lemma 10.17 Consider a push-out diagram with finite morphisms

X1

u





� � �� X2

v




X3

� � �� Y

where X2 is seminormal and X3 is reduced. Then Y is seminormal if and only
if X1 is reduced and X3 is seminormal relative to X1.

10.18 (Construction of seminormal schemes) Let X be a reduced scheme
with normalization π: X̄ → X. Let Z ⊂ X be the non-normal locus (that is,
X \ Z is the largest normal open subscheme) and let Z̄ := redπ−1(Z) be the
reduced preimage of Z. Let σZ: Z∗ → Z be the seminormalization of Z in Z̄.
We have a push-out diagram

Z̄

u





� � �� X̄

v




Z∗ � � �� X∗.

Note that X∗ is seminormal by (10.17) and by the universality of push-out there
is a morphism σX: X∗ → X. Let x ∈ X be a point. If x ∈ X \ Z then σX is an
isomorphism near x. If x ∈ Z then

k
(

red σ−1
X (x)

) = k
(

red σ−1
Z (x)

) � k(x)

since σZ: Z∗ → Z is a partial seminormalization. Thus σX: X∗ → X is the
seminormalization of X.

Thus, a seminormal scheme X is equivalent to a triple

(Z � Z̄ ↪→ X̄)

where X̄ is normal, Z̄ is a reduced subscheme of X̄, Z is seminormal in Z̄ (thus
Z is also reduced) and Z � Z̄ is not an isomorphism at any of the generic
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points of Z. From the triple one recovers X by the universal push-out (9.30)

Z̄





� � �� X̄

π




Z

� � �� X.

In particular, Z ⊂ X and Z̄ ⊂ X̄ are the conductors (5.2) and they are reduced.
One can frequently use the above diagram to reduce a problem about a

seminormal scheme X to questions involving its normalization X̄ and the
lower dimensional schemes Z, Z̄.

This suggests the following concept. A reduced scheme X is hereditarily
seminormal if it is seminormal and the conductors D ⊂ X and D̄ ⊂ X̄ are
hereditarily seminormal. This approach lies behind the inductive set-up in
Section 9.1.

Seminormal reducible schemes

As the examples (10.12) show, the irreducible components of a seminormal
scheme need not be seminormal. In principle the following straightforward
lemma reduces the computation of seminormalization to the irreducible com-
ponents.

Lemma 10.19 Let X be a scheme that is a union of its closed subschemes Xi .
Then a regular function φ on Xsn is determined by giving regular functions φi

on each Xsn
i such that φi(x) = φj (x) for every x ∈ Xi ∩Xj .

Equivalently, fix an ordering of the index set and set Xij := Xi ∩Xj . Then
there is an exact sequence

0 → OXsn →
∑
i

OXsn
i

rijk−→
∑
j<k

OXsn
jk

(10.19.1)

where rijk is the restriction map if i = j , minus the restriction map if i = k and
zero otherwise.

Proof The maps in (10.19.1) exist since seminormalization is a functor
(10.16). To show exactness, let A be the subsheaf that makes the sequence

0 → A →
∑
i

OXsn
i

rijk−→
∑
j<k

OXsn
jk

exact. (10.19.2)

Note that A consists of sequences of regular functions φi on Xsn
i such that

φi(x) = φj (x) for every x ∈ Xi ∩Xj . Then A is a sheaf of OX-algebras
containing OXsn . In order to prove that A = OXsn , it is enough to show that
g: SpecX A → X is a partial seminormalization of X. Let π: 'Xsn

i → X be
the natural morphism.
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Pick x ∈ X and assume that it is contained in the Xi for i ∈ I (x). For each
i ∈ I (x), let xi ∈ Xsn

i denote the unique preimage of x. Then

k(red g−1(x)) ⊂
∑
i∈I (x)

k(xi)

consists of those sequences {φi(xi) : i ∈ I (x)} such that φi(xi) = φj (xj ) for all
i, j ∈ I (x), where we used the natural identifications π∗: k(x) � k(xi). Thus
k(red g−1(x)) is the diagonally embedded k(x).

Next we study the following question. Given a scheme X with irreducible
components Xi , which is the largest partial seminormalization of X whose
irreducible components are still the Xi? This is very useful in the study of the
moduli of pairs, mostly through (10.21) and (10.22), see Kollár (2011c).

Definition 10.20 Let X be a scheme which is a union of its closed, reduced
subschemesXi . The natural embeddingsXi ↪→ X give a morphism'iXi → X

of their disjoint union to X. We study schemes such that X is seminormal
in 'iXi .

If the Xi are seminormal, then X is seminormal in 'iXi if and only if it
is seminormal. Thus this notion is new and interesting only if the Xi are not
seminormal.

The following lemma gives a very useful characterization if there are only
two components, but the case of more components is not so well behaved
(10.23).

If X1 ∪ · · · ∪Xi+1 is seminormal in (X1 ∪ · · · ∪Xi) 'Xi+1 for i =
1, . . . , k − 1 then X1 ∪ · · · ∪Xk is seminormal in X1 ' · · · 'Xk . Thus we
will be usually able to use the 2-component case to deal with more
components.

Lemma 10.21 Let X be a reduced scheme and X1, X2 ⊂ X closed, reduced
subschemes such that X = X1 ∪X2. Then X is seminormal in X1 'X2 if and
only if the intersection X1 ∩X2 is reduced.

Proof Let ri: OXi
→ OX1∩X2 and r̄i: OXi

→ Ored(X1∩X2) denote the restriction
maps. Then OX sits in an exact sequence

0 �� OX
�� OX1 ⊕ OX2

(r1,−r2)�� OX1∩X2
�� 0.

The similar sequence

0 �� A �� OX1 ⊕ OX2

(r̄1,−r̄2) �� Ored(X1∩X2) �� 0

defines a coherent sheaf of OX-algebras A and SpecX A → X is a partial
seminormalization that is dominated by X1 'X2. Since X is seminormal in
X1 'X2, we see that A = OX, hence X1 ∩X2 = red(X1 ∩X2).
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Conversely, let SpecX A → X be a partial seminormalization dominated by
X1 'X2. Then A sits in a diagram

0 �� A �� OX1 ⊕ OX2
�� OX1∩X2/J

�� 0

where J ⊂ OX1∩X2 is a a nilpotent ideal. If A �= OX then J �= 0, hence X1 ∩X2

is not reduced.

Corollary 10.22 Let X be a scheme that is a union of its closed, reduced
subschemes Xi such that X is seminormal in 'iXi . Let Y1, Y2 be closed sub-
schemes of X, each a union of some of the Xi and such that X = Y1 ∪ Y2. Then
Y1 ∩ Y2 is reduced.

Proof Since 'iXi dominates Y1 ' Y2, we see that Y1 ∪ Y2 is seminormal in
Y1 ' Y2. Thus Y1 ∩ Y2 is reduced by (10.21).

The following example shows that even if X and the Xi are seminormal, the
intersections Xi ∩Xj can be rather complicated.

Example 10.23 Pick two polynomials f, g ∈ k[x, y, z] such that fg has no
multiple factors. Set

X := (u(u− g) = v(v − f ) = 0) ⊂ A5(x, y, z, u, v).

It is a reduced complete intersection, hence CM. It has four irreducible com-
ponents, each smooth. The codimension 1 singularities are ordinary double
points, thus X is seminormal.

The intersection of the irreducible components X1 := (u = v = 0) and
X2 := (u− g = v − f = 0) is isomorphic to (f = g = 0) ⊂ A3(x, y, z). Thus
the intersection X1 ∩X2 can be nonreduced.

We have the following special case of (10.15).

Lemma 10.24 Let g: Y → X be a proper morphism of reduced schemes
such that g∗OY = OX. Let Xi ⊂ X be closed, reduced subschemes such that
X = ∪iXi . If Y is seminormal in'i red g−1(Xi) then X is seminormal in'iXi .

Proof This follows from (10.15) once we note that g−1(Xi) = Y ×X Xi .

There is one useful case when one can conclude that the irreducible compo-
nents of a seminormal scheme are seminormal.

Lemma 10.25 Let X be a scheme and X1, X2 ⊂ X closed, reduced sub-
schemes. If X1 ∪X2 and X1 ∩X2 are seminormal then X1, X2 are both semi-
normal.

Proof The question is local, thus we may assume that all these schemes
are affine. Let φ1 be a regular function on the seminormalization of X1. Its
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restriction is a regular function on the seminormalization of X1 ∩X2, hence a
regular function on X1 ∩X2. Thus it can be extended to a regular function φ2

on X2. Thus φ1, φ2 glue to a regular function φ on the seminormalization of
X1 ∪X2. The latter is seminormal, hence φ is a regular function on X1 ∪X2

and so φ1 = φ|X1 is a regular function on X1.

Seminormality of subschemes

We study how to descend seminormality conditions of subschemes through
finite morphisms.

Lemma 10.26 Let g: Y → X be a finite morphism of schemes of pure dimen-
sion d over a field of characteristic 0. Assume that X is normal. Let Z ⊂ X

be a closed, reduced subscheme and τ: V → X a morphism. If red g−1(Z)
is normal (resp. seminormal) relative to red(Y ×X V ) → Y then Z is normal
(resp. seminormal) relative to V .

Proof As in (10.15), we prove the seminormal case.
We may assume that X, Y are irreducible and affine. Let π: Z′ → Z be

a partial seminormalization relative to V . Pick φ ∈ OZ′ . Since red g−1(Z) is
seminormal relative to red(Y ×X V ), the pull back φ ◦ g is a regular function
on red g−1(Z). We can lift it to a regular function �Y on Y . Since X is normal,
the normalized trace map (10.27) gives a regular function on X

�X := 1
deg Y/X

trY/X �Y and �X|Z = φ by (10.27.4).

Thus Z is seminormal relative to V .

It may be better to think of this as follows. The normalized trace map splits
the injection OX → g∗OY and this induces a splitting of OZ → g∗Ored g−1(Z).
Then the above argument shows the following.

Complement 10.26.1 Let g: Y → X be a finite morphism of schemes such
that OX → g∗OY is a split injection. LetZ ⊂ X be a closed, reduced subscheme
and τ: V → X a morphism. If red g−1(Z) is normal (resp. seminormal) relative
to red(Y ×X V ) → Y then Z is normal (resp. seminormal) relative to V .

10.27 (Trace maps) Let π: Y → X be a finite, flat morphism. Then π∗OY

is a locally free OX-sheaf. Multiplication by a section of OY is an OX-linear
endomorphism of π∗OY , thus it has a trace trY/X: π∗OY → OX.

If π has constant degree (for instance, if X is connected) and deg Y/X is
invertible on X then we get the normalized trace map

1
degY/X

trY/X: π∗OY → OX such that
(

1
degY/X

trY/X
) ◦ π∗ = 1X.

(10.27.1)
That is, the normalized trace map splits the natural injection OX → π∗OY .
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Let π: Y → X be a finite (not necessarily flat) morphism of schemes of
pure dimension d. Assume that X is normal and irreducible. Then π is flat
over the smooth locus X0 ⊂ X, thus we have the trace map trY 0/X0: π∗OY 0 →
OX0 , where Y 0 := π−1(X0). Since OX is S2 and X \X0 has codimension ≥ 2,
trY 0/X0 automatically extends to the trace map trY/X: π∗OY → OX. As before,
if deg Y/X is invertible on X then we get the normalized trace map

1
degY/X

trY/X: π∗OY → OX such that
(

1
deg Y/X

trY/X
) ◦ π∗ = 1X.

(10.27.2)
We also need a pointwise formula for trY/X. Pick a point x ∈ X, let its

preimages be y1, . . . , yr and e(yi) the local multiplicity of π at yi , (as defined
in Mumford (1976, section 3.A)). We claim that

(trY/X(φ))(x) =∑ie(yi) · trk(yi )/k(x) φ(yi). (10.27.3)

In particular, if there is a c ∈ k(x) such that φ(yi) = c for every i then

(trY/X(φ))(x) =∑ie(yi) · trk(yi )/k(x)(c) = deg(Y/X) · c. (10.27.4)

If π is flat over x then (10.27.3) is clear from the definition. In general, choose
a 1-dimensional regular local scheme R and a morphism h: R → X such that
h maps the closed point r ∈ R to x and the generic point to a smooth point of
X. Set YR := (Y ×X R)/(embedded points over r) (but do not normalize). The
reduced fiber over x and the local multiplicities are unchanged and (10.27.3)
holds for YR → R since YR → R is flat.

If X is only seminormal, then the trace map is only partially defined. There
is one important case when a normalized trace map is defined.

Claim 10.27.1 Let π: Y → X be a finite morphism, ZX ⊂ X a closed subset
and ZY := redπ−1(ZX). Assume that the characteristic is 0, X is seminormal,
X \ ZX is normal, π is generically flat on Y \ ZY and π :ZY → ZX is a partial
seminormalization. Then there is a normalized trace map

1
mult−deg trY/X: π∗OY → OX such that

(
1

mult−deg trY/X
)
◦ π∗ = 1X.

(Note that π can have different degrees over different irreducible components
of X, so 1

mult−deg trY/X is a symbol, rather than an actual division by an integer.)

Proof To see this, let τ: X̄ → X be the normalization with irreducible com-
ponents X̄i . Over each X̄i we have a normalized trace map which we can think
of as ti: OY → OY×XX̄i

→ OX̄i
. Pick any x ∈ ZX and x̄i ∈ τ−1(x) ∩ X̄i . Then

(10.27.4) implies that

ti(φ)(x̄i) = φ(x) for every φ ∈ OY . (10.27.6)

By (10.11.6) this implies that the ti(φ) descend to a local section of OX, giving
1

mult−deg tr : π∗OY → OX.



316 Ancillary results

Example 10.28 The analog of (10.26) does not hold in positive characteristic,
not even if g is separable.

For instance, set Y = Spec k[x, y, z, t] with char k = 2. Then σ (x, y, z, t) =
(x + y, y, z+ t, t) determines a Z/2-action; set X = Y/(σ ). One can com-
pute that X = Spec k[x(x + y), y, z(z+ t), t, xz+ (x + y)(z+ t)]. Set W :=
(t = 0) � Spec k[x, y, z]. Then W is σ -invariant and W/(σ ) � Spec k[x(x +
y), y, z]. By contrast the image of W in X is the non-normal variety
Z := Spec k[x(x + y), y, z2, yz].

Note that both Y → X and W → Z are generically étale.

The next lemma is a generalization of (10.25).

Lemma 10.29 Consider a push-out diagram with finite morphisms

X1

u





� � �� X2

v




X3

� � �� Y.

Let Z ⊂ Y be a closed, reduced subscheme. Assume that

(1) red(X3 ∩ Z) is seminormal and
(2) X1 ∪ red(v−1(Z)) is seminormal.

Then Z is seminormal.

Proof We may assume that Y and hence all the Xi are affine. Let Z′ → Z be a
partial seminormalization and pick φ ∈ OZ′ . By assumption (1), φ restricts to a
regular function on red(X3 ∩ Z), hence it can be extended to a regular function
φ3 on X3. Thus φ3 ◦ u is a regular function on X1 and φ ◦ v is a function
on the seminormalization of red(v−1(Z)), and these agree over the reduced
intersection. By (10.19), the pair (φ3 ◦ u, φ ◦ v) determines a regular function
�1 on the seminormalization of X1 ∪ red(v−1(Z)). Since X1 ∪ red(v−1(Z)) is
seminormal, we conclude that �1 is a regular function on X1 ∪ red(v−1(Z)).
Thus we can extend �1 to a regular function �2 on X2. Since �2|X1 = φ3 ◦ u,
by the universal property of push-forward, �2 descends to a regular function
�Y on Y . Since φ = �Y |Z , we conclude that Z is seminormal.

Lemma 10.30 Let g: Y → X be a finite morphism of normal schemes over
a field of characteristic 0. Let Zi ⊂ X be closed, reduced subschemes. If
red g−1(∪iZi) is seminormal in 'i red g−1(Zi) then ∪iZi is seminormal in
'iZi .

Proof This is a special case of (10.26), but here is a direct proof. We may
assume that X, Y are irreducible and affine. Pick φi ∈ OZi

that agree on
red(Zi ∩ Zj ). Then φi ◦ g is a regular function on red g−1(Zi) and any two
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agree on the reduced intersection. Thus, by assumption, there is a regular func-
tion ψ on red g−1(∪iZi) whose restriction to red g−1(Zi) is φi ◦ g. We can lift
ψ to a regular function �Y on Y . Since X is normal,

�X := 1
deg Y/X

trY/X �Y

is regular on X and �X|Zi
= φi . Thus ∪iZi is seminormal in 'iZi .

Lemma 10.31 Consider a push-out diagram with finite morphisms

X1

u





� � �� X2

v




X3

� � �� Y.

Let Zi ⊂ Y be closed, reduced subschemes. Assume that

(1) ∪i red(Zi ∩X3) is seminormal in 'i red(Zi ∩X3) and
(2) X1 ∪

⋃
i red v−1(Zi) is seminormal in X1 '

∐
i red v−1(Zi).

Then Z1 ∪ · · · ∪ Zr is seminormal in Z1 ' · · · ' Zr .

Proof We may assume that Y , and hence all the Xi are affine. Pick φi ∈ OZi

that agree on the reduced intersections. Restricting these to Zi ∩X3 and using
(1) we see that there is a regular function ψ3 ∈ OX3 such that ψ3 and the φi

agree on the reduced pairwise intersections. Then the φi ◦ v and ψ3 ◦ v have
the analogous property on the red v−1(Zi) and X1. Thus, using (2) they glue to a
regular function ψ on red v−1(Z1) ∪ · · · ∪ red v−1(Zr) ∪X1, which in turn can
be extended to a regular function �2 on X2. By construction, �2|X1 = ψ3 ◦ u,
thus, by the universal property of push-outs, there is a regular function �Y on
Y such that �2 = �Y ◦ v.

The restriction of �Y to Z1 ∪ · · · ∪ Zr is regular, and �Y |Zi
= φi . Thus

Z1 ∪ · · · ∪ Zr is seminormal in Z1 ' · · · ' Zr .

10.3 Vanishing theorems

Here we summarize the vanishing theorems that we use and derive other variants
for which there is no convenient reference.

Assumption In this section we work with schemes (or algebraic spaces) that
are of finite type over a base scheme S that is essentially of finite type over a
field of characteristic 0.

Most of the results are not known for more general base schemes, for instance
for spectra of complete local rings. This is sometimes quite inconvenient. Note,
however, that (10.32) is known for morphisms of complex spaces (Nakayama,
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1987, section 3) and so are the basic consequences (10.34–10.38). However,
the more delicate (10.39–10.41) are known in the algebraic cases only.

The basic result is the following relative version of the Kawamata–Viehweg
vanishing theorem. For proofs, see Kawamata et al. (1987) or Kollár and Mori
(1998).

Theorem 10.32 Let f : Y → X be a proper morphism, Y smooth. Let L be
an f -nef Q-divisor on Y that is big on the generic fiber of f and � an effective
simple normal crossing divisor on Y such that ��� = 0. Let M be a line bundle
on Y and assume that M ∼Q,f KY + L+�. Then Rif∗M = 0 for i > 0.

If L is not big, Y is not smooth or if ��� �= 0, then vanishing fails in
general. There are, however, some easy-to-derive consequences if we control
the restriction of L to all possible lc centers Z ⊂ Y . To get the sharpest result,
we need two definitions.

Definition 10.33 Let Z be a projective variety and D a nef Q-Cartier divisor.
The numerical Kodaira dimension ν(D) is the largest integer m ≥ 0 such that
the self-intersection (Dm) is not numerically trivial.

Equivalently, fix an ample divisor H . Then ν(D) is the largest integer m ≥ 0
such that (Dm ·H dimZ−m) > 0. We see that 0 ≤ ν(D) ≤ dimZ.

If H ⊂ W is an ample divisor, then ν(D|H ) = min{ν(D), dimH }.
If ν(D) = 0 then D is numerically trivial and if ν(D) = dimZ then D is big.

Corollary 10.34 Let (Y,
∑

i Di) be a semi-snc pair as in (1.10) andf : Y → X

a projective morphism. Let L be an f -nef Q-divisor on Y and M a line bundle
on Y such that

M ∼Q,f KY + L+∑iaiDi where 0 ≤ ai ≤ 1.

Let Z ⊂ Y be an lc center of (Y,
∑

i aiDi) (that is, a stratum of (Y, �∑iaiDi�))
and FZ ⊂ Z the generic fiber of f |Z: Z → f (Z). Set

c := max{dimFZ − ν(L|FZ
) : Z is an lc center}.

Then Rif∗M = 0 for i > c.

Proof The proof is through a series of reduction steps, ending up with (10.32).

Step 1 Reduction to the case where Y is irreducible.
We use induction on the number of irreducible components. Let Y1 ⊂ Y be

any of the irreducible components, Y ′
1 the union of the other components and

B1 = Y1 ∩ Y ′
1. We have an exact sequence

0 → M|Y1 (−B1) → M → M|Y ′
1
→ 0. (10.34.1)
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Since KY |Y1 ∼ KY1 + B1 and KY |Y ′
1
∼ KY ′

1
+ B1, we see that

M|Y1 (−B1) ∼Q,f KY1 + L|Y1 +
∑

iaiDi |Y1 and
M|Y ′

1
∼Q,f KY ′

1
+ L|Y ′

1
+ B1 +

∑
iaiDi|Y ′

1
.

By induction, Rif∗(M|Y1 (−B1)) and Rif∗(M|Y ′
1
) vanish for i > c. These imply

that Rif∗M = 0 for i > c.

Step 2 Now Y is irreducible, smooth and we deal with the divisors Di whose
coefficient is ai = 1.

Pick any Dj ⊂ �∑ aiDi� and consider the exact sequence

0 → M(−Dj ) → M → M|Dj
→ 0. (10.34.2)

Note that M(−Dj ) ∼Q,f KY + L+∑i �=j aiDi , hence Rif∗M(−Dj ) = 0 for
i > c by induction. Furthermore,

M|Dj
∼Q,f KDj

+ L|Dj
+∑i �=jaiDi|Dj

and the strata of the restriction are also strata of the original pair. Thus, by
induction,Rif∗(M|Dj

) = 0 for i > c. Putting these into the long exact sequence
for the push-forward of (10.34.2), induction on the dimension and on the
number of divisors in �∑ aiDi� completes this step.

Step 3 Now Y is smooth and (Y,
∑

aiDi) is klt. We reduce to the case where
(10.32) applies. The only lc center is Y itself, thus c = dimFY − ν(L|FY

). If
ν(L|FY

) = dimFY then (10.32) gives what we need.
Thus assume that ν(L|FY

) < dimFY and letH be a smooth sufficiently ample
divisor on Y . Consider the exact sequence

0 → M → M(H ) → M(H )|H → 0. (10.34.3)

Note that M(H )|H ∼Q,f KH + LH +∑iaiDi |H .
Since ν(L|FY

) < dimFY , (10.33) implies that ν(L|FH
) = ν(L|FY

). The
dimension of the general fiber drops by 1 as we go from Y to H , hence the value
of c drops by 1. Therefore, by induction on the dimension, Rif∗(M(H )|H ) = 0
for i > c − 1. Since H is sufficiently ample, Rif∗M(H ) = 0 for i > 0. Putting
these into the long exact sequence for the push-forward of (10.34.3) completes
the final reduction.

We get especially simple criteria for the vanishing of Rif∗M when i is very
close to dimY .

Corollary 10.35 Notation and assumptions as in (10.34). Set � =∑i aiDi

and n = dim Y . Assume that f is generically finite. Then

(1) Rnf∗M = 0.
(2) Rn−1f∗M = 0 unless there is a divisor B ⊂ Sing Y ∪ ��� such that

dim f (B) = 0.
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(3) Rn−2f∗M = 0 unless there are divisors B1, B2 ⊂ Sing Y ∪ ��� such that
either dim f (B1) ≤ 1 or dim f (B1 ∩ B2) = 0.

The next result shows how to generalize various vanishing theorems from
the snc cases considered above to dlt pairs.

Proposition 10.36 Let (X,�X) be a dlt (or semi-dlt) pair (5.19). Let D be a
Q-Cartier Z-divisor on X such that D ∼Q KX +�X +M for some Q-Cartier
Q-divisor M .

Then there is a proper birational morphism g:Y → X, a Cartier divisor DY

and a Q-divisor �D,Y on Y such that

(1) (Y,�D,Y ) is snc (or semi-snc),
(2) DY ∼Q KY +�D,Y + g∗M ,
(3) g maps every lc center of (Y,�D,Y ) birationally to an lc center of (X,�X),
(4) Rig∗OY (DY ) = 0 for i > 0,
(5) g∗OY (DY ) = OX(D) and
(6) for any proper morphism f : X → S,

Rif∗OX(D) � Ri(f ◦ g)∗OY (DY ) for every i.

Proof By (10.45) and (10.59) there is a thrifty log resolution (resp. semi-log-
resolution)g: Y → X of (X,D +�X), that is,g maps every lc center of (Y,�Y )
birationally to an lc center of (X,�X) where KY +�Y ∼ g∗(KX +�X).

Note that g∗D is a Q-divisor; we can write it as �g∗D� +�D where ��D� =
0 and �D is g-exceptional. We can thus write

�Y −�D = g−1
∗ ��X� +�′ − B

where ��′� = 0, �′ has no common irreducible components with g−1
∗ ��X�

and B is an effective, g-exceptional Z-divisor. Finally set

�D,Y := g−1
∗ ��X� +�′ and DY := �g∗D� + B.

Then (2) holds. Since (Y,�Y ) and (Y,�D,Y ) have the same lc centers, (3) also
holds and so (10.34) implies (4). (5) follows from (7.30). By (4) the Leray
spectral sequence

Rif∗(Rjg∗OY (DY )) ⇒ Ri+j (f ◦ g)∗OY (DY )

gives Rif∗(g∗OY (DY )) = Ri(f ◦ g)∗OY (DY ), and so (5) implies (6).

As a first consequence, we get the following general version of (10.32).

Theorem 10.37 Let (Y,�) be klt, f : Y → X a proper morphism and L

an f -nef Q-divisor on Y that is big on the generic fiber of f . Let D be a
Q-Cartier Z-divisor such that D ∼Q,f KY + L+�. Then Rif∗OY (D) = 0
for i > 0.
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Using (10.36) and (10.34) together gives the following.

Corollary 10.38 Let (Y,�) be a dlt pair or a semi-dlt pair and f : Y → S

a projective morphism. Let L be an f -nef Q-divisor on Y and D a Q-Cartier
Z-divisor such that D ∼Q,f KY + L+�. Then

(1) Rif∗OY (D) = 0 for i > 0 if f |Z: Z → S is generically finite for every lc
center Z of (Y,�).

(2) Rif∗OY (D) = 0 for i > maxZ{dimFZ − ν(L|FZ
)} where Z runs through

all lc centers of (Y,�) and FZ ⊂ Z is the generic fiber of f |Z: Z → S.
(3) Rif∗OY (D) = 0 for i > 0 if L|FZ

is big for every lc center Z of (Y,�).

In the next few theorems the difference between semiample and nef divisors
(1.4) is crucial.

Theorem 10.39 (Ambro, 2003, 3.2; Fujino, 2009b, 2.39; Fujino, 2009a, 6.3;
Fujino, 2012b, 1.1) Let (Y,�) be a dlt pair (or a semi-dlt pair) and f : Y → S

a proper morphism. Let L be an f -nef Q-divisor on Y and D a Q-Cartier Z-
divisor such that D ∼Q,f KY + L+�. Assume that for every lc center Z of
(Y,�), the restriction of L to the generic fiber of Z → S is semiample.

Then every associated prime of Rif∗OY (D) is the f -image of an lc center
of (Y,�).1

Proof If (Y,�) is simple normal crossing, this is proved in the references. In
contrast with (10.34–10.38), this part of the proof is quite difficult and subtle.

The general case can be derived from it using (10.36) and (10.59) or (10.58).

Two special cases, with easier proofs, have been known earlier.

Corollary 10.40 Let (Y,�) be a pair and f : Y → S a dominant, projective
morphism. Let L be an f -semiample Q-divisor on Y and D a Q-Cartier Z-
divisor such that D ∼Q,f KY + L+�. Assume that

(1) either (Y,�) is klt (Kollár, 1986a),
(2) or (Y,�) is dlt and every lc center dominates S (Fujino, 2004).

Then the higher direct images Rif∗OY (D) are torsion free.

The following theorem is proved in Kollár (1986b, 3.1) for D = KY . This
implies the general case by the usual reduction methods of the general Kodaira
vanishing theorems; see Kollár and Kovács (2010, 3.2) and Kollár and Mori
(1998, section 2.5) for details.

1 For recent improvements see Ambro (2012) and Fujino (2012a).
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Theorem 10.41 Let f : Y → S be a projective morphism and D a Q-Cartier
Z-divisor on Y . Assume that D ∼Q,f KY + L+� where (Y,�) is klt and L

is an f -semiample Q-divisor. Then

Rf∗OY (D)�qis

∑
i

Rif∗OY (D)[−i].

That is, the direct image in the derived category is quasi-isomorphic to the sum
of its cohomology sheaves.

In particular, the natural map ι: f∗OY (D) → Rf∗OY (D) admits a left inverse
ι′: Rf∗OY (D) → f∗OY (D).

The following Du Bois version of Kodaira’s vanishing is also useful.

Theorem 10.42 (Kollár, 1993b, 9.12) Let X be a projective, pure dimensional
scheme that is Du Bois and L an ample line bundle. Then hi(X,L−m) =
hi(X,L−1) for i < dimX andm ≥ 1. Thus ifX is also CM thenhi(X,L−1) = 0
for i < dimX.

The next example shows the limits of the vanishing theorems.

Example 10.43 (Kodaira’s vanishing fails on singular varieties) Let Y be
a smooth, projective variety and L a negative line bundle on Y . Set P :=
PY (O⊕n

Y ⊕ L). Let X ⊂ P be the hypersurface defined by a general section of
OP (n+ 1) with projection π: X → Y . Thus X has hypersurface singularities,
the singular set has codimension n− 1 and so X is normal for n ≥ 3.

Furthermore, X → Y is a fiber bundle whose fiber is a cone Cn ⊂ Pn with
trivial canonical class. Note that the singularity of Cn at its vertex is pretty much
the simplest non-lc hypersurface singularity since every isolated singularity of
a hypersurface of degree < n+ 1 is lc.

By the adjunction formula ωX/Y � π∗L, hence π∗ωX � L⊗ ωY .
Let H be an ample line bundle on Y . Then HP := OP (1) ⊗ π∗(H ⊗ L−1) is

ample on P . We aim to compute the cohomology of ωX ⊗HX where HX :=
HP |X. The higher direct images are zero, thus

Hi(X,ωX ⊗HP ) � Hi(Y, π∗(ωX ⊗HP ))

� Hi(Y,L⊗ ωY ⊗ (O⊕n
Y ⊕ L) ⊗H ⊗ L−1)

� Hi(Y, ωY ⊗H )⊕n ⊕Hi(Y, ωY ⊗H ⊗ L)

� Hi(Y, ωY ⊗H ⊗ L) (for i ≥ 1),

where in the last row we used that Hi(Y, ωY ⊗H ) = 0 by Kodaira’s vanishing.
The interesting aspect is that by suitable choice of L,H we can arrange

ωY ⊗H ⊗ L to be any line bundle M on Y . Indeed, choose H sufficiently
ample and set L := M ⊗ ω−1

Y ⊗H−1. Thus we have established the following.
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Claim 10.43.1 Let Y be a smooth, projective variety and M a line bundle on
Y . Then there is a variety X with normal, hypersurface singularities and an
ample line bundle HX on X such that

Hi(X,ωX ⊗HX) � Hi(Y,M) for 1 ≤ i ≤ dim Y .

The following duality was used in Section 7.3.

Proposition 10.44 Let f : Y → X be a proper morphism, Y CM. Let M be a
vector bundle on Y and x ∈ X a closed point. Set n = dim Y and let W ⊂ Y be
a subscheme such that SuppW = Supp f −1(x). Then there is a natural bilinear
pairing

Hi
W (Y, ωY ⊗M−1) × (Rn−if∗M)x → k(x)

which has no left or right kernel, where the subscript denotes the stalk at x.
In particular, if either Hi

W (Y, ωY ⊗M−1) or (Rn−if∗M)x is a finite dimen-
sional k(x)-vector space then so is the other and they are dual to each other.

Sketch of proof Let mW ⊂ Y be the subscheme defined by the ideal sheaf
OY (−W )m. By Grothendieck (1968, II.6)

Hi
W (Y, ωY ⊗M−1) = lim−→ExtiY (OmW,ωY ⊗M−1). (10.44.1)

On the other hand, by the theorem on Formal Functions,

(Rn−if∗M)∧ = lim←−Hn−i(mW,M|mW ) (10.44.2)

where ∧ denotes completion at x ∈ X.
It is thus enough to show that, for every m, the groups on the right hand sides

of (10.44.1–2) are dual to each other. This gives the required bilinear pairing
which has no left or right kernel.

Let us assume first that there is a compactification Ȳ ⊃ Y such that Ȳ is CM
and M extends to a vector bundle M̄ on Ȳ . Since W is disjoint from Ȳ \ Y ,

ExtiY (OmW,ωY ⊗M−1) = Exti
Ȳ

(OmW,ωȲ ⊗ M̄−1) = Exti
Ȳ

(OmW ⊗ M̄, ωȲ )

and, by Serre duality, the latter is dual to

Hn−i(Ȳ ,OmW ⊗ M̄) = Hn−i(mW, M̄|mW ) = Hn−i(mW,M|mW ).

In our applications, Y is smooth or snc and M is a line bundle. Then the above
assumptions about Ȳ and M̄ are satisfied.

Two approaches to the general case are discussed in Kollár (2011a, proposi-
tion 19). One can use either an arbitrary compactification Ȳ and Grothendieck
duality as above, or a more careful comparison of the above Ext groups with
cohomology groups on mW . The latter argument also works in the complex
analytic case.
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10.4 Semi-log resolutions

The aim of this section is to discuss resolution theorems that are useful in the
study of semi-log canonical varieties.

The basic existence result on resolutions was established by Hironaka (1964).
We also need a strengthening of it, due to Szabó (1994), see also Bierstone and
Milman (1997, section 12).

Theorem 10.45 (Existence of log resolutions) Let X be a scheme or an
algebraic space of finite type over a field of characteristic 0 and D a Weil
divisor on X.

(1) Hironaka (1964) (X,D) has a log resolution (1.12).
(2) Szabó (1994); Bierstone and Milman (1997) (X,D) has a log resolution

f : X′ → X such that f is an isomorphism over the snc locus of (X,D)
(1.7).

Corollary 10.46 (Resolution in families) Let C be a smooth curve over a
field of characteristic 0, f : X → C a flat morphism and D a divisor on X.
Then there is a log resolution g: Y → X such that g−1

∗ D + Ex(g) + Yc is a snc
divisor for every c ∈ C where Yc denotes the fiber over a point c.

Proof Let p: X′ → X be any log resolution of (X,D). There are only finitely
many fibers of f ◦ p such that p−1D + Ex(p) +X′

c is not a snc divisor. Let
these be {X′

ci
: i ∈ I }. Let p′: Y → X′ be a log resolution of (X′, p−1D +

Ex(p) +∑i X
′
ci

) that is an isomorphism over X′ \ ∪iX
′
ci

and set g = p′ ◦ p.
Then g−1

∗ D + Ex(g) +∑i Yci is a snc divisor. Thus, if c = ci for some i

then g−1
∗ D + Ex(g) + Yc is a snc divisor. For other c ∈ C, the map p′ is an

isomorphism near Yc, and p−1D + Ex(p) +X′
c is an snc divisor, hence so is

g−1
∗ D + Ex(g) + Yc.

Next we show how (10.45.2) can be reduced to the Hironaka-type resolution
theorems presented in Kollár (2007d). The complication is that the Hironaka
method and its variants proceed by induction on the multiplicity. Thus, for
instance, the method would normally blow-up every triple point of D before
dealing with the non-snc double points. In the present situation, however, we
want to keep the snc triple points untouched.

We can start by resolving the singularities of X, thus it is no restriction to
assume from the beginning that X is smooth. To facilitate induction, we work
with a more general resolution problem.

Definition 10.47 Consider the object (X, I1, . . . , Im,E) where X is a smooth
variety, the Ij are ideal sheaves of Cartier divisors and E a snc divisor. We say
that (X, I1, . . . , Im,E) has simple normal crossing or snc at a point p ∈ X if
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X is smooth at p and there are local coordinates x1, . . . , xr , xr+1, . . . , xn and
an injection σ : {1, . . . , r} → {1, . . . , m} such that

(1) Iσ (i) = (xi) near p for 1 ≤ i ≤ r and p /∈ cosupp Ij for every other Ij ;
(2) SuppE ⊂ (

∏
i>r xi = 0) near p.

Thus E +∑j cosupp Ij has snc support near p, but we also assume that no two
of E, cosupp I1, . . . , cosupp Im have a common irreducible component near p.
Furthermore, the Ij are assumed to vanish with multiplicity 1, but we do not
care about the multiplicities in E. The definition is chosen mainly to satisfy the
following restriction property:

(3) Assume that X is smooth, I1 is the ideal sheaf of a smooth divisor S ⊂ X,
E + S is a snc divisor and none of the irreducible components of S is
contained in E or in cosupp Ij for j > 1. Then (X, I1, . . . , Im,E) is snc
near S if and only if (S, I2|S, . . . , Im|S, E|S) is snc.

The set of all points where (X, I1, . . . , Im,E) is snc is open. It is denoted by
snc(X, I1, . . . , Im,E).

Definition 10.48 Let Z ⊂ X be a smooth, irreducible subvariety that has
simple normal crossing with E (cf. Kollár (2007d, 3.25)). Let π: BZX → X

denote the blow-up with exceptional divisor F ⊂ BZX. Define the birational
transform of (X, I1, . . . , Im,E) as(

X′ := BZX, I ′1, . . . , I
′
m,E

′ := π−1
tot E

)
(10.48.1)

where I ′j = g∗Ij (−F ) if Z ⊂ cosupp Ij and I ′j = g∗Ij if Z �⊂ cosupp Ij . Note
that if Z has codimension 1, then X′ = X but I ′j = Ij (−Z) whenever Z ⊂
cosupp Ij .

By an elementary computation, the birational transform commutes with
restriction to a smooth subvariety (cf. Kollár (2007d, 3.62)). As in Kollár
(2007d, 3.29) we can define blow-up sequences.

The assertion (10.45.2) will be a special case of the following result.

Proposition 10.49 Let X be a smooth variety, E an snc divisor on X and Ij
ideal sheaves of Cartier divisors. Then there is a smooth blow-up sequence

! :
(
Xr, I

(r)
1 , . . . , I (r)

m ,E(r)
)→ · · · → (

X1, I
(1)
1 , . . . , I (1)

m ,E(1)
)

= (X, I1, . . . , Im,E)

such that

(1) (Xr, I
(r)
1 , . . . , I (r)

m ,E(r)) has snc everywhere,
(2) for every j , cosupp I

(r)
j is the birational transform of (the closure of)

cosupp Ij ∩ snc(X, I1, . . . , Im,E) and
(3) ! is an isomorphism over snc(X, I1, . . . , Im,E).
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Proof The proof is by induction on dimX and on m.

Step 1 Reduction to the case where I1 is the ideal sheaf of a smooth divisor.
Apply order reduction (Kollár, 2007d, 3.107) to I1. (Technically, to the

marked ideal (I1, 2); see Kollár (2007d, section 3.5).) In this process, we only
blow-up a center Z if the (birational transform of) I1 has order ≥ 2 along Z.
These are contained in the non-snc locus. A slight problem is that in Kollár
(2007d, 3.107) the transformation rule used is I1 �→ π∗I1(−2F ) instead of
I1 �→ π∗I1(−F ) as in (10.48.1). Thus each blow-up for (I1, 2) corresponds to
two blow-ups in the sequence for !: first we blow-up Z ⊂ X and then we
blow-up F ⊂ BZX.

At the end the maximal order of I (r)
1 becomes 1. Since I

(r)
1 is the ideal sheaf

of a Cartier divisor, cosupp I
(r)
1 is a disjoint union of smooth divisors.

Step 2 Reduction to the case when (X, I1, E) is snc.
The first part is an easier version of Step (10.49.c), and should be read after

it. Let S be an irreducible component of E. Write E = S + E′ and consider
the restriction (S, I1|S, E′|S). By induction on the dimension, there is a blow-
up sequence !S: Sr → · · · → S1 = S such that (Sr, (I1|S)(r), (E′|S)(r)) is snc
and !S is an isomorphism over snc(S, I1|S, E′|S). The “same” blow-ups give
a blow-up sequence !: Xr → · · · → X1 = X such that (Xr, I

(r)
1 , E(r)) is snc

near Sr and ! is an isomorphism over snc(X, I1, E).
We can repeat the procedure for any other irreducible component of E. Note

that as we blow-up, the new exceptional divisors are added to E, thus E(s)

has more and more irreducible components as s increases. However, we only
add new irreducible components to E that are exceptional divisors obtained by
blowing up a smooth center that is contained in (the birational transform of)
cosupp I1. Thus these automatically have snc with I1. Therefore the procedure
needs to be repeated only for the original irreducible components of E.

After finitely many steps, (X, I1, E) is snc near E and X and cosupp I1 are
smooth. Thus (X, I1, E) is snc everywhere.

(If we want to resolve just one (X, Ij , E), we can do these steps in any order,
but for a functorial resolution one needs an ordering of the index set of E and
to proceed systematically.)

Step 3 Reduction to the case when (X, I1, . . . , Im,E) is snc near the cosupport
of I1.

Assume that (X, I1, E) is snc. Set S := cosupp(I1). If an irreducible compo-
nent Si ⊂ S is contained in cosupp Ij for some j > 1 then we blow-up Si . This
reduces multSi

I1 and multSi Ij by 1. Thus eventually none of the irreducible
components of S are contained in cosupp Ij for j > 1. Thus we may assume
that the Ij |S are ideal sheaves of Cartier divisors for j > 1 and consider the
restriction (S, I2|S, . . . , Im|S, E|S).
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By induction there is a blow-up sequence !S : Sr → · · · → S1 = S such
that

(Sr, (I2|S)(r), . . . , (Im|S)(r), (E|S)(r)) is snc

and !S is an isomorphism over snc(S, I2|S, . . . , Im|S, E|S). The “same” blow-
ups give a blow-up sequence! : Xr → · · · → X1 = X such that the restriction(

Sr, I
(r)
2 |Sr

, . . . , I (r)
m |Sr , E(r)|Sr

)
is snc

and ! is an isomorphism over snc(X, I1, . . . , Im,E). (Since we use only order
1 blow-ups, this is obvious. For higher orders, one would need the going-up
theorem (Kollár, 2007d, 3.84), which holds only for D-balanced ideals. Every
ideal of order 1 is D-balanced (Kollár, 2007d, 3.83); that is why we do not
need to worry about subtleties here.)

As noted in (10.47.3), this implies that(
Xr,OXr

(−Sr ), I
(r)
2 , . . . , I (r)

m ,E(r)
)

is snc near Sr .

Note, furthermore, that Sr = cosupp I
(r)
1 , hence (Xr, I

(r)
1 , . . . , I (r)

m ,E(r)) is snc
near cosupp I

(r)
1 .

Step 4 Induction on m.
By Step 3, we can assume that (X, I1, . . . , Im,E) is snc near cosupp I1.

Apply (10.49) to (X, I2, . . . , Im,E). The resulting !: Xr → X is an iso-
morphism over snc(X, I2, . . . , Im,E). Since cosupp I1 is contained in
snc(X, I2, . . . , Im,E), all the blow-up centers are disjoint from cosupp I1. Thus
(Xr, I

(r)
1 , . . . , I (r)

m ,E(r)) is also snc.
Finally, we may blow-up any irreducible component of cosupp I

(r)
j that is

not the birational transform of an irreducible component of cosupp Ij which
intersects snc(X, I1, . . . , Im,E).

Proof of (10.45) Let Dj be the irreducible components of D. Set Ij :=
OX(−Dj ) and E := ∅. Note that (X,D) is snc at p ∈ X if and only if
(X, I1, . . . , Im,E) is snc at p ∈ X.

IfX is a variety, we can apply (10.49) to (X, I1, . . . , Im,E) to get!: Xr → X

and (Xr, I
(r)
1 , . . . , I (r)

m ,E(r)). Note that E(r) contains the whole exceptional
set of !, thus the support of D′ = !−1

∗ D + Ex(!) is contained in E(r) +∑
j cosupp I

(r)
j . Thus D′ is snc. By (10.49.3), ! is an isomorphism over the

snc locus of (X,D).
The resolution constructed in (10.49) commutes with smooth morphisms

and with change of fields (Kollár, 2007d, 3.34.1–2), at least if in (10.48) we
allow reducible blow-up centers.

As in Kollár (2007d, 3.42–45), we conclude that (10.45) and (10.49) also
hold for algebraic and analytic spaces over a field of characteristic 0.
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Starting with (X,D), the above proof depends on an ordering of the irre-
ducible components of D. This is an artificial device, but I don’t know how to
avoid it. This is very much connected to the difficulties of dealing with general
nc divisors.

10.50 It should be noted that (10.45.2) fails for nc instead of snc. The simplest
example is given by the pinch point D := (x2 = y2z) ⊂ A3 =: X. Here (X,D)
has nc outside the origin. At a point along the z-axis, save at the origin, D has
two local analytic branches. As we go around the origin, these two branches
are interchanged. We can never get rid of the pinch point without blowing up
the z-axis.

Note that (X,D) is not snc along the z-axis, thus in constructing a log
resolution as in (10.45.2), we are allowed to blow-up the z-axis.

This leads to the following general problem:

Problem 10.51 (Kollár, 2008a) For each n, describe the smallest class of
singularities Sn such that for every (X,D) of dimension n there is a proper
birational morphism f : X′ → X such that

(1) (X′,D′) has only singularities in Sn, and
(2) f is an isomorphism over the nc locus of (X,D).

It is easy to see that, up to étale equivalence, S2 = {(xy = 0) ⊂ A2} and
Bierstone et al. (2011) show that S3 = {(xy = 0), (xyz = 0), (x2 = y2z) ⊂
A3}. The longer list S4 is also determined in Bierstone et al. (2011), but there
is not even a clear conjecture on what Sn should be for n ≥ 5. The following
example illustrates some of the subtleties.

Example 10.52 (Kollár, 2008a) In A4
xyzu consider the hypersurface

H := ((x + uy + u2z)(x + εuy + ε2u2z)(x + ε2uy + εu2z) = 0)

where ε is a primitive 3rd root of unity. Note that H ∩ (u = c) consists of three
planes intersecting transversally if c �= 0 while H ∩ (u = 0) is a triple plane.
The Z3-action (x, y, z, u) �→ (x, y, z, εu) permutes the three irreducible com-
ponents of H and A4

xyzu/Z3 = A4
xyzt where t = u3. By explicit computation,

the image of H in the quotient is the irreducible hypersurface

D = (x3 + ty3 + t2z3 − 3txyz = 0) ⊂ A4
xyzt .

The singular locus of D can be parametrized as

SingD = im
[
(u, z) �→ (εu2z,−(1 + ε)uz, z, u3)

]
.

Since the quotient map H → D is étale away from (t = 0), we conclude that
(A4

xyzt , D) is nc outside (t = 0). By explicit computation,

(t = 0) ∩ SingD = (x = y = t = 0).
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The singularityD ⊂ A4 cannot be improved by further smooth blow-ups whose
centers are disjoint from the nc locus. Indeed, in our case the complement of
the nc locus is the z-axis, hence there are only two choices for such a smooth
blow-up center.

(1) Blow-up (x = y = z = t = 0). In the chart x = x1t1, y = y1t1, z =
z1t1, t = t1 we get the birational transform

D′ = (x3
1 + t1y

3
1 + t2

1 z
3
1 − 3t1x1y1z1 = 0

)
.

(2) Blow-up (x = y = t = 0). In the chart x = x1t1, y = y1t1, z = z1, t = t1
we get the birational transform

D′′ = (t1x3
1 + t2

1y
3
1 + z3

1 − 3t1x1y1z1 = 0
)
.

In both cases we get a hypersurface which is, up to a coordinate change,
isomorphic to D. (Note, however, that not every birational morphism between
smooth 4-folds is a composite of smooth blow-ups, and I do not know if the
singularity of D can be improved by some other birational morphism.)

In the coordinates x2 = x/z− (y/z)2, y2 = y/z, t2 = t − 1
2 (y3 − 3xy) the

equation of D ∩ (z = c) (where c �= 0) becomes

t2
2 + x2

2

(
x2 + 3

4y
2
2

) = 0.

Thus S4 also contains the 3-variable polynomial x2 + y2(y + z2), which is,
however, not in S3. (Note that the singularity (x2 + y2(y + z2) = 0) ⊂ A3 is
slc. In the terminology of Kollár and Shepherd-Barron (1988), it is a degenerate
cusp of multiplicity 2.)

10.53 (Semi-log resolutions) What is the right notion of resolution or log
resolution for non-normal varieties?

The simplest choice is to make no changes and work with resolutions. In
particular, if X = ∪iXi is a reducible scheme and f : X′ → X is a resolution
then X′ = 'iX

′
i such that each X′

i → Xi is a resolution. Note that we have not
completely forgotten the gluing data determining X since f −1(Xi ∩Xj ) is part
of the exceptional set, and so we keep track of it.

There are, however, several inconvenient aspects. For instance, f∗OX′ �= OX,
and this makes it difficult to study the Picard group of X or the cohomology of
line bundles on X using X′. Another problem is that although Ex(f ) tells us
which part of Xi intersects the other components, it does not tell us anything
about what the actual isomorphism is between (Xi ∩Xj ) ⊂ Xi and (Xi ∩
Xj ) ⊂ Xj .

It is not clear how to remedy these problems for an arbitrary reducible
scheme, but we are dealing with schemes that have only double normal crossing
in codimension 1. We can thus look for f : X′ → X such thatX′ has only double
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normal crossing singularities and f is an isomorphism over codimension 1
points of X.

As in (10.45), this works for simple nc but not in general. We need to allow
at least pinch points (1.43).

Theorem 10.54 (Kollár, 2008a) Let X be a reduced scheme over a field
of characteristic 0. Let Xncp ⊂ X be an open subset such that Xncp has only
smooth points (x1 = 0), double nc points (x2

1 − ux2
2 = 0) and pinch points

(x2
1 − x2

2x3 = 0). Then there is a projective birational morphism f : X′ → X

such that

(1) X′ has only smooth points, double nc points and pinch points,
(2) f is an isomorphism over Xncp,
(3) SingX′ maps birationally onto the closure of SingXncp.

If X′ has any pinch points then they are on an irreducible component of
B ⊂ SingX′ along which X′ is nc but not snc. Then, by (10.54.3), X is nc but
not snc along f (B). Thus we obtain the following simple nc version.

Corollary 10.55 Let X be a reduced scheme over a field of characteristic
0. Let Xsnc2 ⊂ X be an open subset which has only smooth points (x1 = 0)
and simple nc points of multiplicity ≤ 2 (x1x2 = 0). Then there is a projective
birational morphism f : X′ → X such that

(1) X′ has only smooth points and simple nc points of multiplicity ≤ 2,
(2) f is an isomorphism over Xsnc2,
(3) SingX′ maps birationally onto the closure of SingXsnc2.

Proof of (10.54) The method of Hironaka (1964) reduces the multiplicity of
a scheme starting with the highest multiplicity locus. We can use it to find
a proper birational morphism g1: X1 → X such that every point of X1 has
multiplicity ≤ 2 and g2 is an isomorphism over Xncp. Thus by replacing X by
X1 we may assume to start with that every point of X has multiplicity ≤ 2.

The next steps of the Hironaka method would not distinguish the nc locus
(that we want to keep intact) from the other multiplicity 2 points (that we want
to eliminate). Thus we proceed somewhat differently.

Let n: X̄ → X be the normalization with reduced conductor B̄ ⊂ X̄.
It is easy to see (cf. Kollár (2007d, 2.49)) that at any point of X, in local

analytic or étale coordinates we can write X as

X = (y2 = g(x)h(x)2) ⊂ An+1

where (x) := (x1, . . . , xn) and g has no multiple factors. (We allow g and h to



10.4 Semi-log resolutions 331

have common factors.) The normalization is then given by

X̄ = (z2 = g(x)) where z = y/h(x).

Here B̄ = (h(x) = 0) and the involution τ: (z, x) �→ (−z, x) is well defined on
B̄. (By contrast, the τ action on X̄ depends on the choice of the local coordinate
system.)

Thus we have a pair (Y2, B2) := (X̄, B̄) plus an involution τ2:B2 → B2 such
that for every b ∈ B2 there is an étale neighborhood Ub of {b, τ2(b)} such that
τ2 extends (non-uniquely) to an involution τ2b of (Ub,B2|Ub

).
Let us apply an étale local resolution procedure (as in Włodarczyk (2005)

or Kollár (2007d)) to (Y2, B2). Let the first blow-up center be Z2 ⊂ Y2. Since
the procedure is étale local, we see that Ub ∩ Z2 is τ2b-invariant for every
b ∈ B2. Let Y3 → Y2 be the blow-up of Z2 and let B3 ⊂ Y3 be the birational
transform of B2. Then τ2 lifts to an involution τ3 of B3 and the τ2b lift to
extensions on suitable neighborhoods. Moreover, the exceptional divisor of
Y3 → Y2 intersected with B3 is τ3-invariant. In particular, there is an ample
divisor H3 on Y3 such that H3|B3 is τ3-invariant.

At the end we obtain g: Yr → Y2 = X̄ such that

(1) Yr is smooth and Ex(g) + Br is an snc divisor,
(2) Br is smooth and τ lifts to an involution τr on Br and
(3) there is a g-ample divisor H such that H |Br

is τr-invariant.

The fixed point set of τr is a disjoint union of smooth subvarieties of Br .
By blowing up those components whose dimension is < dimBr − 1, we also
achieve (after replacing r + 1 by r) that

(4) the fixed point set of τr has pure codimension 1 in Br .

Let Zr := Br/τr and Xr the universal push-out of Zr ← Br ↪→ Yr . As we
noted in (1.43), Xr has only nc and pinch points.

Further, let H be a divisor on Yr such that H |Br
is τr-invariant. As noted in

(1.43), 2H is the pull-back of a Cartier divisor on Xr . In particular, if H is
ample then Xr is projective.

We would like not just a semi-resolution of X but a log resolution of the
pair (X,D). Thus we need to take into account the singularities of D as well.
As we noted in (10.50), this is not obvious even when X is a smooth 3-fold.
The following weaker version, which gives the expected result only for the
codimension 1 part of the singular set of (X,D), is sufficient for us.

Theorem 10.56 (Kollár, 2008a) Let X be a reduced scheme over a field of
characteristic 0 and D a Weil divisor on X. Let Xnc2 ⊂ X be an open subset
which has only nc points of multiplicity ≤ 2 and D|Xnc2 is smooth and disjoint
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from SingXnc2. Then there is a projective birational morphism f : X′ → X

such that

(1) the local models for (X′,D′ := f −1
∗ (D) + Ex(f )) are

(a) (Smooth) X′ = (x1 = 0) and D′ = (
∏

i∈I xi = 0) for some I ⊂
{2, . . . , n+ 1},

(b) (Double nc) X′ = (x2
1 − ux2

2 = 0) and D′ = (
∏

i∈I xi = 0) for some
I ⊂ {3, . . . , n+ 1} or

(c) (Pinched) X′ = (x2
1 = x2

2x3) and D′ = (
∏

i∈I xi = 0) +D2 for some
I ⊂ {4, . . . , n+ 1} where either D2 = 0 or D2 = (x1 = x3 = 0).

(2) f is an isomorphism over Xnc2.
(3) SingX′ maps birationally onto the closure of SingXnc2.
(4) Let X̄ → X be the normalization, B̄ ⊂ X̄ the closure of the conductor of

X̄nc2 → Xnc2 and D̄ ⊂ X̄ the preimage of D. Then f is a log resolution
of (X̄, B̄ + D̄).

As before, (10.56) implies the simple nc version:

Corollary 10.57 Let X be a reduced scheme over a field of characteristic 0
and D a Weil divisor on X. Let Xsnc2 ⊂ X be an open subset which has only snc
points of multiplicity ≤ 2 and D|Xsnc2 is smooth and disjoint from SingXsnc2.
Then there is a projective birational morphism f : X′ → X such that

(1) the local models for (X′,D′ := f −1
∗ (D) + Ex(f )) are

(a) (Smooth) X′ = (x1 = 0) and D′ = (
∏

i∈I xi = 0) for some I ⊂
{2, . . . , n+ 1} or

(b) (Double snc) X′ = (x1x2 = 0) and D′ = (
∏

i∈I xi = 0) for some I ⊂
{3, . . . , n+ 1}.

(2) f is an isomorphism over Xsnc2.
(3) SingX′ maps birationally onto the closure of SingXsnc2.

Proof of (10.56) First we use (10.54) to reduce to the case when X has only
double nc and pinch points. Let X̄ → X be the normalization and B̄ ⊂ X̄ the
conductor. Here X̄ and B̄ are both smooth.

Next we want to apply embedded resolution to (X̄, B̄ + D̄). One has to be a
little careful with D since the preimage D̄ ⊂ X̄ need not be τ -invariant.

As a first step, we move the support of D̄ away from B̄. As in Kollár
(2007d, 3.102) this is equivalent to multiplicity reduction for a suitable ideal
ID ⊂ OB̄ . Let us now apply multiplicity reduction for the ideal ID + τ ∗ID . All
the steps are now τ -invariant, so at the end we obtain g: Yr → X̄ such that
Br +Dr + Ex(g) has only snc along Br and τ lifts to an involution τr .

As in the proof of (10.54), we can also assume that the fixed locus of τr has
pure codimension 1 in Br and that there is a g-ample divisor H such that H |Br

is τr -invariant.
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As in the end of (10.4), let Xr be the universal push-out of Br/τr ← Br ↪→
Yr . Then (Xr,D

′
r ) has the required normal form along SingXr . The remaining

singularities of D′
r can now be resolved as in (10.45).

The following analog of (10.45) is proved in Bierstone and Milman (2011)
and Bierstone and Pacheco (2011).

Theorem 10.58 Let X be a reduced scheme over a field of characteristic 0
and D a Weil divisor on X. Let Xssnc ⊂ X be the largest open subset such
that (Xssnc,D|Xssnc ) is semi-snc. Then there is a projective birational morphism
f : X′ → X such that (X′,D′) is semi-snc and f is an isomorphism over Xsnc.

The following weaker version is sufficient for many applications. We do
not guarantee that f : X′ → X is an isomorphism over Xssnc, only that f is an
isomorphism over an open subset X0 ⊂ Xssnc that intersects every stratum of
(Xssnc,D|Xssnc ). This implies that we do not introduce any “unnecessary” f -
exceptional divisors with discrepancy −1. The latter is usually the key property
that one needs.

Unfortunately, the proof only works in the quasi-projective case.

Proposition 10.59 Let X be a reduced quasi-projective scheme over a field
of characteristic 0 and D a Weil divisor on X. Let X0 ⊂ X be an open subset
such that (X0,D|X0 ) is semi-snc. There is a projective birational morphism
f : X′ → X such that

(1) (X′,D′) is an embedded semi-snc pair,
(2) f is an isomorphism over the generic point of every lc center of (X0,D|X0 ),
(3) f is an isomorphism at the generic point of every lc center of (X′,D′).

Following (2.79), we call these thrifty semi-log resolutions.

Proof In applications it frequently happens thatX + B is a divisor on a variety
Y and D = B|X. Applying (10.45.2) to (Y,X + B) gives (10.59). In general,
not every (X,D) can be obtained this way, but one can achieve something
similar at the price of introducing other singularities.

Take an embedding X ⊂ PN . Pick a finite set W ⊂ X such that each log
canonical center of (X0,D|X0 ) contains a point of W .

Choose d � 1 such that the scheme theoretic base locus of OPN (d)(−X) is
X near every point of W . Taking a complete intersection of (N − dimX − 1)
general members in |OPN (d)(−X)|, we obtain Y ⊃ X such that Y is smooth
at every point of W . (Here we use that X has only hypersurface singularities
near W .)

For every Di choose di � 1 such that the scheme theoretic base locus of
OPN (di)(−Di) isDi near every point ofW . For each i, letDY

i ∈ |OPN (di)(−Di)|
be a general member.
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We have thus constructed a pair (Y,X +∑DY
i ) such that

(4) (Y,X +∑DY
i ) is semi-snc near W and

(5) (X,
∑

DY
i |X) is isomorphic to (X,

∑
Di) in a neighborhood of W .

By (10.45.2) there is a semi-log resolution of

f : (Y ′, X′ +∑Bi) →
(
Y,X +∑DY

i

)
such that f is an isomorphism over an open neighborhood of W . Then f |X′:
X′ → X is the log resolution we want.

10.5 Pluricanonical representations

For a smooth projective variety X, the natural action of BirX on ωm
X gives the

pluricanonical representations

�m : BirX → GL
(
H 0(X,ωm

X

))
.

(As in (3.17.2), the dual group acts naturally.) The finiteness of the image of �m

was proved in Nakamura and Ueno (1973) under some technical assumptions;
these were removed in an unpublished note of Deligne, see Ueno (1975, section
14) for details. Essentially without changes the proof works also for klt pairs
(X,�). The log canonical case, which we do not discuss, requires additional
considerations; see Fujino (2000), Gongyo (2010), Fujino and Gongyo (2011)
and Hacon and Xu (2011b) for details.

If X is of general type then BirX itself is finite. If X is uniruled, then
frequently BirX is very large, but H 0(X,ωm

X) = 0. Thus the above assertion
is interesting only for varieties of intermediate Kodaira dimension. There are
many examples where BirX is infinite and the pluricanonical representation is
nontrivial. For instance, let E be an elliptic curve. Then Bir(E × E) contains
the subgroup

(x, y) �→ (ax + cy, bx + dy) for

(
a b

c d

)
∈ GL(2,Z).

Its action on H 0(X,ωE×E) is multiplication by the determinant ad − bc = ±1.

Definition 10.60 Let X be an integral k-variety and denote by K(X,ω
[m]
X )

the k(X)-vectorspace of rational sections of ω
[m]
X . A rational m-form can be

pulled-back by a birational map, thus BirX acts on K(X,ω
[m]
X ).

For a finite dimensional k-subspace V ⊂ K(X,ω
[m]
X ), let Bir(X,V ) ⊂ BirX

denote the stabilizer of V under this action. Our aim is to study the representa-
tion

�V : Bir(X,V ) → GL(V ). (10.60.1)
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There are two main examples that we are interested in. First, let X be a proper,
normal, geometrically integral k-variety and � a (not necessarily effective) Q-
divisor on X such that KX +� ∼Q 0. Then m(KX +�) ∼ 0 for some m > 0
and

H 0(X,ω
[m]
X (m�)

) ⊂ K(X,ω
[m]
X

)
(10.60.2)

is a 1-dimensional k-subspace and Bir(X,V ) contains Birc(X,�), the group of
crepant-birational maps (2.23). We use this case in Section 5.7.

More generally, let f : (X,�) → Z be a crepant log structure (4.28) and X

proper. Then

H 0
(
X,ω

[m]
X (�m��)) ⊂ K(X,ω

[m]
X

)
(10.60.3)

is a finite dimensional k-subspace and Bir(X,V ) ⊃ Birc(X,�). We use this
case in Section 5.6.

A pair (X,V ) is called lc (resp. klt) if for every 0 �= η ∈ V and for every
birational model g: X′ ��� X, every pole of g∗η has order ≤ m (resp. < m).
As usual (cf. (2.13)), it is sufficient to check this on one model where X′ is
smooth and the support of (g∗η) is an snc divisor.

In the examples (10.60.2–3), (X,V ) is klt if (X,�) is klt.

Theorem 10.61 Let X be a smooth projective variety over C and V a finite
dimensional C-subspace of K(X,ω

[m]
X ) such that (X,V ) is klt. Then the repre-

sentation

�: Bir(X,V ) → GL(V )

defined in (10.60.1) has finite image.

Remark 10.62 The proof relies very much on topological conservations. We
do not know what happens in positive characteristic.

The method of Kollár (1992, section 12) shows that (10.61) should also hold
if (X,V ) is lc, but the proof may need MMP for lc pairs; see also Gongyo
(2010), Fujino and Gongyo (2011) and Hacon and Xu (2011b).

On the other hand, (10.61) fails if (X,V ) is not lc. For instance, the image
of the representation for (P1,Cd(x/y)) is C∗. Indeed, for g: (x : y) �→ (cx : y)
we have g∗d(x/y) = d(cx/y) = cd(x/y). Here d(x/y) has a double pole at
infinity hence (P1,Cd(x/y)) is not lc.

By far the hardest part of the proof is the special case dimV = 1.
Pick any 0 �= η ∈ V and write our pair as (X,Cη). First we reduce to the

case when X is smooth, projective and η is a rational section of ωX . Since the
poles are assumed to have order < 1, η has no poles and it is an actual section
of ωX. In the latter case, (10.67) proves that the image of the representation
consists of roots of unity whose degree is bounded by the middle Betti number
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of X. Since there are only finitely many such roots of unity, this will complete
the 1-dimensional case of (10.61).

10.63 (Reduction to η ∈ H 0(X,ωX)) Pick a birational model (X,Cη) such
that X is smooth and (η) is a snc divisor. Since (X,Cη) is klt, we can write
(η) = mD −m� where D is an effective Z-divisor and ��� = 0. Then
m(KX −D) ∼ −m� and we can view η as an isomorphism

η : OX(−m�) � (ωX(−D))⊗m.

Thus, as in (2.44), η defines an algebra structure and a cyclic cover

X̃ := X[m
√
η] := SpecX

m−1∑
i=0

ωX(−D)⊗i(�i��)

with projection p: X̃ → X. Since p ramifies only along the snc divisor �, X̃
is klt (2.47.4). Note that ωX̃ has a section η̃, given by the i = 1 summand in

1 ∈ H 0(X,OX(D)) ⊂ p∗ωX̃ =
m−1∑
i=0

HomX(ωX(−D)⊗i(�i��), ωX).

Assume now that we have φ: X ��� X such that φ∗η = λη. Fix an mth root
m
√
λ. Then φ lifts to a rational algebra map

φ′ : φ∗
m−1∑
i=0

ωX(−D)⊗i(�i��) ���
m−1∑
i=0

ωX(−D)⊗i(�i��)

which is the natural isomorphism φ∗ωX → ωX multiplied by ( m
√
λ)i on the

ith summand. Thus we get φ̃ ∈ Bir(X̃,Cη̃) with eigenvalue m
√
λ. Therefore, if

Bir(X̃,Cη̃) → C∗ has finite image then so does Bir(X,Cη) → C∗.

Next we compare the pull-back of holomorphic forms with the pull-back map
on integral cohomology. Note that one can pull-back holomorphic forms by
rational maps, but one has to be careful when pulling back integral cohomology
classes by rational maps.

10.64 Let f : M → N be a map between oriented, compact manifolds of
dimension m. Then one can define a push-forward map

f∗ : Hi(M,Z)/(torsion) → Hi(N,Z)/(torsion)

as follows. Cup product with α ∈ Hi(M,Z)/(torsion) gives

α∪ : Hm−i(N,Z) → Hm(M,Z) = Z given by β �→ α ∪ f ∗β.

Since the cup product Hi(N,Z) ×Hm−i(N,Z) → Hm(N,Z) = Z is unimod-
ular, there is a unique class γ ∈ Hi(N,Z)/(torsion) such that γ ∪ β = α ∪ f ∗β
for every β. Set f∗α := γ .
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Note that if α = f ∗γ for some γ ∈ Hi(N,Z) then

f ∗γ ∪ f ∗β = f ∗(γ ∪ β) = deg f · (γ ∪ β)

shows that f∗(f ∗γ ) = deg f · γ . Thus, modulo torsion, f∗ ◦ f ∗ : H ∗(N,Z) →
H ∗(N,Z) is multiplication by deg f . In particular, if deg f = 1 then f∗ ◦ f ∗

is the identity.

Lemma 10.65 Let X,X′, Y be smooth proper varieties over C and g: X ���
Y a map. Let f : X′ → X be a birational morphism such that (g ◦ f ): X′ → Y

is a morphism. Then the following diagram is commutative

H 0(Y,�i
Y )

g∗





� � �� Hi(Y (C),C)

f∗◦(g◦f )∗




H 0(X,�i

X) � � �� Hi(X(C),C).

Proof For a holomorphic i form φ, let [φ] denote its cohomology class in
Hi( ,C). Pull-back by a morphism commutes with taking cohomology class,
thus [(g ◦ f )∗φ] = (g ◦ f )∗[φ]. On the other hand, (g ◦ f )∗φ = f ∗(g∗φ). Thus
(g ◦ f )∗[φ] = f ∗[g∗φ]. As noted in (10.64), f∗ ◦ f ∗[g∗φ] = [g∗φ]. Thus f∗ ◦
(g ◦ f )∗[φ] = f∗ ◦ f ∗[g∗φ] = [g∗φ].

Corollary 10.66 Let Y be a smooth proper variety over C and g: Y ��� Y a
birational map. Then every eigenvalue of g∗: H 0(Y,�i

Y ) → H 0(Y,�i
Y ) is an

algebraic integer of degree ≤ dimHi(Y (C),C).

Proof Let f : Y ′ → Y be a birational morphism such that (g ◦ f ): Y ′ → Y is
a morphism. By (10.65), every eigenvalue of g∗: H 0(Y,�i

Y ) → H 0(Y,�i
Y )

is also an eigenvalue of f∗ ◦ (g ◦ f )∗: Hi(Y (C),Z) → Hi(Y (C),Z). The latter
is given by an integral matrix, hence its eigenvalues are algebraic integers.

Warning 10.66.1 Although f∗ ◦ (g ◦ f )∗: Hi(Y (C),Z) → Hi(Y (C),Z) does
not depend on the choice of f , the correspondence g �→ f∗ ◦ (g ◦ f )∗ is not a
group homomorphism. In fact, usually f∗ ◦ (g ◦ f )∗ is not invertible; it need
not even have maximal rank.

Corollary 10.67 Let Y be a smooth proper variety over C and g: Y ��� Y

a birational map. Then every eigenvalue of g∗: H 0(Y, ωY ) → H 0(Y, ωY ) is a
root of unity of degree ≤ dimH dimY (Y (C),C).

Proof Assume thatη is an eigenform andg∗η = λη. Sinceη ∧ η̄ is a (singular)
volume form, ∫

Y (C)
η ∧ η̄ =

∫
Y (C)

g∗(η ∧ η̄) = (λλ̄)
∫
Y (C)

η ∧ η̄.

Thus |λ| = 1 and, by (10.66), it is an algebraic integer.
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Let σ ∈ Aut(C/Q) be any field automorphism. By conjugating everything
by σ , we get gσ : Y σ ��� Yσ such that (gσ )∗ησ = λσησ . Thus λσ also has
absolute value 1. We complete the proof of the 1-dimensional case by noting
that an algebraic integer is a root of unity if and only if all of its conjugates
have absolute value 1. (This is not hard to prove; see for instance Fröhlich and
Taylor (1993, IV.4.5.a).)

Proof of (10.61) We prove below that �(Bir(X,V )) consists of elements
whose order is uniformly bounded. Then �(Bir(X,V )) is finite by a theo-
rem of Burnside which says that a subgroup G ⊂ GL(n,C) is finite if and only
if its elements have uniformly bounded order. (To see this, note that if gm = 1
for every g ∈ G then the same holds for its Zariski closure Ḡ. A connected,
positive dimensional, affine algebraic group over C always contains C∗ or C as
a subgroup. Hence dim Ḡ = 0 so G is finite. See also Curtis and Reiner (1962,
section 36).)

First we prove that all the eigenvalues of elements of �(Bir(X,V )) are roots
of unity whose order is uniformly bounded. To see this pick any g ∈ Bir(X,V )
and let η ∈ V be an eigenvector of �(g). Then g ∈ Bir(X,Cη), hence, as we
have seen, every eigenvalue of �(g) is a root of unity. Moreover, the degree
(and hence the order) of this root of unity is uniformly bounded if the middle
Betti number of a resolution of the cyclic cover X̃ = X

[
m
√
η
]

constructed in
(10.63) is uniformly bounded.

To see the latter, first pick η ∈ V generic. The construction of X̃ = X
[

m
√
η
]

and its resolution then extend to all η in a Zariski open subset V1 ⊂ V . Then
work with the generic points of V \ V1, and finish by Noetherian induction.

Thus there is an m = m(X,V ) such that gm is unipotent for every g ∈
�(Bir(X,V )).

If 1 �= h ∈ �(Bir(X,V )) is unipotent, then there are nonzero η, ζ ∈ V such
that hm(ζ ) = ζ +mη for every m. Thus |ζ | = |ζ +mη| for the pseudo-norm
defined in (10.68.1). This, however, contradicts (10.68.3).

Thus �(Bir(X,V )) consists of elements whose order is uniformly bounded,
hence it is a finite group.

10.68 (A pseudo-norm) For η ∈ K(X,ω
[m]
X ) define its pseudo-norm as

|η|1/m :=
∫
X(C)

ε(dimX)(η ∧ η̄)1/m, (10.68.1)

where ε(dimX) is a power of
√−1 (depending on how you orient X(C)) so

that the integrand is everywhere ≥ 0. This is clearly birationally invariant. We
claim that |η| < ∞ iff η is klt. To see this we may assume that X is smooth and
(η) is a snc divisor. Thus locally the integral is of the form∫

Cn

u(z1, . . . , zn) ·∏i(zi z̄i)
ci · dz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n (10.68.2)
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where u is nowhere zero and mci is the order of vanishing of η along (zi = 0).
By Fubini’s theorem and 1-variable integration this is locally finite if and only
if ci > −1 for every i. This is exactly the klt condition.

Let V ⊂ K(X,ω
[m]
X ) be a finite dimensional klt subspace. As a very special

case of Demailly and Kollár (2001, theorem 0.2), the function η → |η| is
continuous. Although this needs only the simpler Demailly and Kollár (2001,
3.1), its proof is not elementary calculus.

For our purposes we only need the much weaker assertion that if η �= 0 then

|ζ + tη| → ∞ as t →∞. (10.68.3)

Since the integrand computing |ζ + tη| is everywhere ≥ 0, this can be checked
at a smooth point of X where both η, ζ are regular. Now the claim is obvious.

The following corollary is used in Section 5.6. For stronger versions see
Fujino (2000), Gongyo (2010), Fujino and Gongyo (2011) and Hacon and Xu
(2011b).

Corollary 10.69 Let Z be a projective variety over C and f : (X,�) → Z

a crepant log structure (4.28) with klt generic fiber. Assume that KX +� ∼Q

f ∗L where L is an ample Q-divisor on Z. Then the image of Birc(X,�) →
AutZ is finite.

Proof As in (10.60.3), set

Vm := H 0
(
X,ω

[m]
X (�m��)) ⊂ K(X,ω

[m]
X

)
.

Then (X,Vm) is lc and Birc(X,�) acts on Vm. For m sufficiently large and
divisible, the linear system |Vm| maps X to Z, hence Birc(X,�) acts by auto-
morphisms on Z. Furthermore, the image of Birc(X,�) → AutZ is finite if
the image of

�m: Birc(X,�) ⊂ Bir(X,Vm) → GL(Vm)

is finite. We are done by (10.61) if (X,Vm) is klt.
In general, let V 0

m ⊂ Vm be the subspace of those sections that are klt. Then
Birc(X,�) acts on V 0

m with finite image by (10.61). Furthermore, for any n,m,
the natural multiplication map of forms gives V 0

n ⊗ Vm → V 0
n+m which in turn

gives a Birc(X,�)-equivariant map

φn,m: Vm → Hom
(
V 0
n , V

0
n+m

)
.

For every 0 �= η ∈ V 0
n , the multiplication η × Vm → V 0

n+m is injective, hence
φn,m is injective if V 0

n �= 0.
Now we use thatL is ample. LetW ⊂ Z be the union of all lc centers. Choose

n > 0 such that nL is Cartier, n(KX +�) ∼ f ∗(nL) and OZ(nL) has a nonzero
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section σ that vanishes along W . Then f ∗σ is a section of H 0(X,ω
[n]
X (n�))

that vanishes along all the lc centers, hence it is klt. Thus V 0
n �= 0.

Remark 10.70 As a very special case of (10.69), if (X,�) is projective, lc
and KX +� is ample then Birc(X,�) is finite. This is, however, easier to prove
using the method of Matsumura (1963).

10.6 Cubic hyperresolutions

Here we review the construction of cubic hyperresolutions, as well as several
examples. We follow Guillén et al. (1988) and mostly use their notation, but
some parts and examples are also based upon a set of unpublished notes written
by Karl Schwede.

First, fix a small universe to work in. Let Sch denote the category of reduced
schemes. Note that the usual fibered product of schemes X ×S Y need not be
reduced, even when X and Y are reduced. On the other hand, it is easy to see
that (X ×S Y )red is the fibered product in Sch.

We will denote by 1 the category {0} and by 2 the category {0 → 1}. Let
n ≥ −1 be an integer. We denote by �+

n the product of n+ 1 copies of the
category 2 = {0 → 1}, compare Guillén et al. (1988, I, 1.15). The objects of
�+

n are identified with the sequences α = (α0, α1, . . . , αn) such that αi ∈ {0, 1}
for 0 ≤ i ≤ n. For an α = (α0, α1, . . . , αn) ∈ Ob �+

n , we will use the notation
|α| = α0 + α1 + · · · + αn ∈ N. For n = −1, we set �+

−1 = {0} and for n = 0
we have �+

0 = {0 → 1}. We denote by �n the full subcategory consisting of all
objects of �+

n except the initial object (0, . . . , 0). Clearly, the category �+
n can

be identified with the category of �n with an augmentation map from 1 = {0}.

Definition 10.71 Let C be a category. A diagram of schemes is a functor
� from the category Cop to the category of schemes. A finite diagram of
schemes is a diagram of schemes such that the aforementioned category C
has finitely many objects and morphisms; in this case such a functor will be
called a C-scheme. A morphism of diagrams of schemes �: Cop → Sch to
�: Dop → Sch is the combined data of a functor 
: Cop → Dop together with
a natural transformation of functors η: � → � ◦ 
.

With these definitions, the class of (finite) diagrams of schemes can be made
into a category. Likewise the set of C-schemes can also be made into a category
(where the functor 
: Cop → Cop is always chosen to be the identity functor).

Let I be a category. If instead of a functor to the category of reduced schemes,
one considers a functor to the category of topological spaces, or the category of
categories, one can define I -topological spaces and I -categories in the obvious
way.
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If X � : I op → Sch is an I -scheme, and i ∈ Ob I , then Xi will denote the
scheme corresponding to i. Likewise if φ ∈ Mor I is a morphism φ: j → i,
then Xφ will denote the corresponding morphism Xφ: Xi → Xj . If f : Y � →
X � is a morphism of I -schemes, we denote by fi the induced morphism
Yi → Xi . If X � is an I -scheme, a closed sub-I -scheme is a morphism of I -
schemes g: Z � → X � such that for each i ∈ I , the map gi: Zi → Xi is a closed
immersion. We will often suppress g if no confusion is likely to arise. More
generally, any property of a morphism of schemes (projective, proper, separated,
closed immersion, etc.) can be generalized to the notion of a morphism of I -
schemes by requiring that for each object i of I , gi has the desired property
(projective, proper, separated, closed immersion, etc.)

Now let ι �: � � ↪→ X � be a closed I -subscheme and define the I -
pair (X � , � � ) to be the �+

0 × I -scheme given by (X � , � � )0 � = � � and
(X � , � � )1 � = X � with the I -morphism ι �: (X � , � � )0 � → (X � , � � )1 � .

Definition 10.72 (Guillén et al., 1988, I.2.2) Given a morphism of I -schemes
f : Y � → X � , we define the discriminant of f to be the smallest closed sub-
I -scheme Z � of X � such that fi: (Yi − (f −1

i (Zi))) → (Xi − Zi) is an isomor-
phism for all i.

Definition 10.73 (Guillén et al., 1988, I.2.5) Let S � be an I -scheme, f :
X � → S � a proper morphism of I -schemes, and D � the discriminant of f . We
say that f is a weak resolution of S � if X � is a smooth I -scheme (meaning that
each Xi is smooth) and dim f −1

i (Di) < dim Si , for all i ∈ Ob I . If in addition
dimDi < dim Si for all i ∈ Ob I , then f is called a resolution. Note that if Si is
irreducible and Xi is equidimensional for all i ∈ Ob I , then a proper morphism
of I -schemes, f : X � → S � , is a resolution if and only it induces a proper
birational morphism fi: Xi → Si for each i ∈ Ob I .

Note that a resolution is a different notion than a (cubic) hyperresolution,
compare (10.79).

This definition is slightly different from the one found in Guillén et al.
(1988). They call a resolution what we call a weak resolution. However, that
definition allows the following examples that seem far from what one should
call a resolution:

Let I = 1, X = Spec k[x] and S = Spec k[x, y]/(xy). Let f : X → S be the
morphism induced by the map k[x, y]/(xy) → k[x] that sends y to 0. The
discriminant of f is Spec k[x, y]/(x), and the preimage of that is simply
the origin on X, which has dimension smaller than 1.

Another example is the following. Choose any varietyX of dimension greater
than zero and a closed point z ∈ X. Then the discriminant of g: {z} → X is X
itself, but the preimage of X is still just z, which has smaller dimension than X

itself, by hypothesis.
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It turns out that resolutions of I -schemes always exist under reasonable
hypotheses.

Let I be a category. The set of objects of I can be given the following pre-
order relation, i ≤ j if and only if HomI (i, j ) is nonempty. We will say that a
category I is ordered if this pre-order is a partial order and, for each i ∈ Ob I ,
the only endomorphism of i is the identity (Guillén et al., 1988, I, 1.9). Note
that a category I is ordered if and only if all isomorphisms and endomorphisms
of I are the identity.

Theorem 10.74 (Guillén et al., 1988, I.2.6) Let S be an I -scheme of finite
type over a field k. Suppose that k is a field of characteristic 0 and that I is a
finite ordered category. Then there exists a resolution of S.

In order to construct a resolution Y � of an I -scheme X � , it might be tempting
to simply resolve eachXi , set Yi equal to that resolution, and somehow combine
this data together. Unfortunately this does not work, as shown by the example
below.

Example 10.75 Consider a pinch point:

X = Spec k[x, y, z]/(x2y − z2) = Spec k[s, t2, st]

and let Z be the singular set of X, that is, the closed subscheme defined by the
ideal (s, st). Let I = 2 = {0 → 1}. Consider the I -scheme defined by X0 = X

and X1 = Z (with the closed immersion as the map). X1 is already smooth,
and if one resolves X0 (that is, normalizes it), there is no compatible way
to map X1 (or even another birational model of X1) to it, since its preimage
by normalization will be two-to-one onto Z ⊂ X. The way this problem is
resolved is by creating additional components. To construct a resolution Y � we
set Y1 = Z = X1 (since it was already smooth) and set Y0 = X̃0

∐
Z where X̃0

is the normalization of X0. The map Y1 → Y0 just sends Y1 (isomorphically)
to the new component and the map Y0 → X0 is the disjoint union of the
normalization and inclusion maps.

One should note that although the proof of the existence of resolutions of
I -schemes in Guillén et al. (1988, I, 2.6) is constructive, it is often easier in
practice to construct an ad hoc resolution than the one given by the proof.

Now that we have resolutions of I -schemes, we can discuss cubic hyper-
resolutions of (diagrams of) schemes. First we will discuss a single iterative
step in the process of constructing cubic hyperresolutions. This step is called a
2-resolution.

Definition 10.76 (Guillén et al., 1988, I.2.7) Let S be an I -scheme and Z �

a �+
1 × I -scheme. We say that Z � is a 2-resolution of S if Z � is defined by

the Cartesian square (pull-back, or fibered product in the category of (reduced)
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I -schemes) of morphisms of I -schemes below

Z11
� � ��





Z01

f




Z10

� � �� Z00

where Z00 = S, Z01 is a smooth I -scheme, the horizontal arrows are closed
immersions of I -schemes, f is a proper I -morphism and Z10 contains the
discriminant of f . In other words, f induces an isomorphism of (Z01)i − (Z11)i
over (Z00)i − (Z10)i for all i ∈ Ob I .

Clearly 2-resolutions always exist under the same hypotheses that resolutions
of I -schemes exist: set Z01 to be a resolution, Z10 to be the discriminant (or any
appropriate proper closed sub-I -scheme that contains it) and Z11 its (reduced)
preimage in Z01.

Consider the following example,

Example 10.77 Let I = 1 = {0} and let S be the I -scheme Spec k[t2, t3]. Let
Z01 = A1

k = Spec k[t] and Z01 → S = Z00 be the map defined by k[t2, t3] →
k[t]. The discriminant of this map is the closed subscheme of S = Z00

defined by the map φ: k[t2, t3] → k that sends t2 and t3 to zero. Finally we
need to define Z11. The usual fibered product in the category of schemes is
Spec k[t]/(t2), but we work in the category of reduced schemes, so instead
the fibered product is simply the associated reduced scheme (in this case
Spec k[t]/(t)). Thus our 2-resolution is the diagram pictured below.

Spec k[t]/(t)





�� Spec k[t]




Spec k[t]/(t) �� Spec k[t2, t3].

We need one more definition before defining a cubic hyperresolution,

Definition 10.78 (Guillén et al., 1988, I.2.11) Let n be an integer greater than
or equal to 1, and let Xr

� be a �+
r × I -scheme, for 1 ≤ r ≤ n. Suppose that

for all r , 1 ≤ r ≤ n, the �+
r−1 × I -schemes Xr+1

00 � and Xr
1 � are equal. Then we

define, by induction on n, a �+
n × I -scheme

Z � = red(X1
� , X

2
� , . . . , X

n
� )

that we call the reduction of (X1
� , . . . , Xn

� ), the following way: if n = 1, we
define Z � = X1

� , if n = 2 we define Z � = red(X1
� , X2

� ) by

Zαβ =
{
X1

0β, if α = (0, 0) ∈ Ob �+
1 ,

X2
αβ, if α ∈ Ob �1 = Ob �+

1 \ {(0, 0)}
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for all β ∈ I , with the obvious morphisms. If n > 2, we define Z � recursively
as red(red(X1

� , . . . , Xn−1
� ), Xn

� ).

The main idea of the above defined reduction is the following: we want
to do an iterated process to continuously resolve our schemes more and more
precisely. In general a traditional resolution works, a 2-resolution, a �+

1 -scheme
is slightly more precise as it records information about the preimage of the
discriminant. To get an even better picture we might consider a 2-resolution
of the 2-scheme consisting of the discriminant, its preimage and the morphism
between them. This 2-resolution is a �+

2 -scheme and the reduction of the
original 2-resolution and this one gives a new 2-resolution that combines the
two: it gives a �+

2 -resolution of the original scheme; the higher indexed edge of
the original 2-resolution is replaced by the truncated 2-resolution of that edge.

Now we are ready to define cubic hyperresolutions.

Definition 10.79 (Guillén et al., 1988, I.2.12) Let S be an I -scheme. A
�+

n × I -scheme Z � = red(X1
� , . . . , Xn

� ) is called an (augmented) cubic hyper-
resolution of S if

(1) X1
� is a 2-resolution of S,

(2) for 1 ≤ r < n, Xr+1
� is a 2-resolution of Xr

1 � and
(3) Zα is smooth for all α ∈ �n.

Now let T ⊆ S be a closed I -subscheme. Then an embedded cubic hyper-
resolution of T ⊆ S is a cubic hyperresolution of the I -pair (S, T ).

Note that cubic hyperresolutions exist under reasonable hypotheses:

Theorem 10.80 (Guillén et al., 1988, I.2.15) Let S be an I -scheme. Suppose
that k is a field of characteristic 0 and that I is a finite (bounded) ordered
category. Then there exists Z � , an enhanced cubic hyperresolution of S, such
that

dimZα ≤ dim S − |α| + 1,∀α ∈ �n.

Below are some examples of cubic hyperresolutions.

Example 10.81 Let C be a curve and consider the normalization π: C̃ → C

and P the set of singular points of C. In particular, P is the discriminant of π .
Also let E be the reduced exceptional set of π . We have the following Cartesian
square

E ��





C̃

π




P �� C.

It is clearly a 2-resolution and thus also a cubic hyperresolution of C.
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Example 10.82 Let us now compute a cubic hyperresolution of a scheme X

whose singular locus is itself a smooth scheme, and whose reduced exceptional
set of a strong resolution π: X̃ → X is smooth (for example, any cone over a
smooth variety). As in the previous example, let � be the singular locus of X
and E the reduced exceptional set of π , Then the Cartesian square of reduced
schemes

E ��





X̃

π




� �� X

is in fact a 2-resolution of X, just as in the case of curves above.

The general algorithm used to construct cubic hyperresolutions does not
necessarily construct hyperresolutions in the most efficient or convenient way
possible. For example, it is relatively easy to find a cubic hyperresolution for the
three coordinate planes in A3, but it is not the hyperresolution we would obtain
if we follow an algorithm that works in general. See Kovács and Schwede
(2011b, 2.16) for the computation of the latter.

Example 10.83 Suppose that S is the union of the three coordinate planes
(X, Y and Z) of A3. Consider the �2 or �+

2 scheme defined by the diagram
below (where the dotted arrows are those in �+

2 but not in �2).

X ∩ Y ∩ Z ��





Y ∩ Z





X ∩ Y
��

����������
��





Y
��

�����������





X ∩ Z �� Z

X ����

�����������
X ∪ Y ∪ Z

��

It is easy to verify that this is a cubic hyperresolution of X ∪ Y ∪ Z.

Next we will discuss sheaves on diagrams of schemes as well as the related
notions of push-forward and its right derived functors.

Definition 10.84 (Guillén et al., 1988, I.5.3–5.4) Let X � be an I -scheme
(or even an I -topological space). We define a sheaf (or pre-sheaf) of abelian
groups F

�

on X � to be the collection of the following data:

(1) a sheaf (pre-sheaf) F i of abelian groups over Xi , for all i ∈ Ob I and
(2) an Xφ-morphism of sheaves Fφ: F i → (Xφ)∗F j for all morphisms φ: i →

j of I , required to be compatible in the obvious way.
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Notice that by the adjointness off∗ andf ∗, the existence ofF i → (Xφ)∗F j is
equivalent to the existence of (Xφ)∗F i → Fj . For our purposes F i → (Xφ)∗Fj

works slightly better.

Given a morphism of diagrams of schemes f �: X � → Y � one can construct
a push-forward functor for sheaves on X � .

Definition 10.85 (Guillén et al., 1988, I.5.5) Let X � be an I -scheme, Y � a
J -scheme, F

�

a sheaf on X � and f �: X � → Y � a morphism of diagrams of
schemes. We define f �∗F

�

the following way. For each j ∈ Ob J we set

(f �∗F
�

)j := lim←−(Yφ)∗(fi∗F
i)

where the inverse limit traverses all pairs (i, φ) where φ: f (i) → j is a mor-
phism in J op.

In many applications J will simply be the category {0} with one object and
one morphism (for example, cubic hyperresolutions of schemes). In that case
one can merely think of the limit as traversing I . One can also define a functor
f ∗, show that it has a right adjoint and that that adjoint is f∗ (Guillén et al.,
1988, I, 5.5).

Definition 10.86 (Guillén et al., 1988, I, section 5) LetX � and Y � be diagrams
of topological spaces over I and J respectively, �: I → J a functor, f �: X � →
Y � a �-morphism of topological spaces. If G

�

is a sheaf over Y � with values
in a complete category C (i.e., all small limits exist in C), one denotes by f ∗

�G·

the sheaf over X � defined by

(f ∗
�G

�

)i = f ∗
i (G�(i)),

for all i ∈ Ob I . One obtains in this way a functor

f ∗
� : Sheaves(Y � ,C) → Sheaves(X � ,C).

Given an I -scheme X � , one can define the category of sheaves of abelian
groups Ab(X � ) on X � and show that it has enough injectives. Next, define the
derived category D+(X � ,Ab(X � )) by localizing bounded below complexes
of sheaves of abelian groups on X � by the quasi-isomorphisms (those that
are quasi-isomorphisms on each i ∈ I ). One can also show that f �∗ as defined
above is left exact so that it has a right derived functor Rf �∗ (Guillén et al., 1988,
I, 5.8–5.9). In the case of a cubic hyperresolution of a scheme f : X � → X,

Rf �∗F
� = R lim←−(Rfi∗F

i)

where the limit traverses the category I of X � .

Remark 10.87 We end our excursion into the world of hyperresolutions
here. There are many other things to work out, but we will leave them for the
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interested reader to explore on their own. Many “obvious” statements need to be
proved, but most are relatively straightforward once one gets comfortable using
the appropriate language. For those and many more statements, including the
full details of the construction of the Du Bois complex and many applications,
the reader is encouraged to read Guillén et al. (1988).
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Cascini, P. and Lazić, V. 2012. The Minimal Model Program revisited. arXiv:1202,0738.
cited on page(s): 26
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noethérien associé à une valuation divisorielle. Ann. Inst. Fourier (Grenoble),
50(1), 105–112. cited on page(s): 31



References 351

Curtis, C. W. and Reiner, I. 1962. Representation Theory of Finite Groups and Asso-
ciative Algebras. Pure and Applied Mathematics, Vol. XI. New York–London:
Interscience Publishers, a division of John Wiley & Sons. cited on page(s): 338

de Fernex, T., Kollár, J., and Xu, C. 2013. The dual complex of singularities.
arXiv:1212.1675. cited on page(s): 261

de Fernex, T. and Mustaţă, M. 2009. Limits of log canonical thresholds. Ann. Sci. Éc.
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Kovács, S. J. 2000a. A characterization of rational singularities. Duke Math. J., 102(2),
187–191. cited on page(s): 83, 255
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Kovács, S. J. 2012b. Singularities of stable varieties. In Handbook of Moduli,
G. Farkas and I. Morrison (eds). Advanced Lectures in Mathematics. Somerville
MA: International Press. to appear. cited on page(s): 8
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Varčenko, A. N. 1976. Newton polyhedra and estimates of oscillatory integrals.
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(−1)-curve, 55
An/ 1

m
(a1, . . . , an), cyclic quotient singularity,

104
f∗, birational transform, 12
f−1∗ , birational transform, 12
L[m], reflexive power, 5
∼, linear equivalence, 5
∼Q, Q-linear equivalence, 6
∼f,Q, relative Q-linear equivalence,

6
bir∼, birational equivalence, 12
cbir∼ , crepant birational equivalence, 51
�qis , quasi-isomorphism, 80
�, coordinatewise < of vectors, 298
�D�, round down, 6
D>1,D≥1, 6
D>0, 6
D<0, 6
⊗̂, reflexive tensor product, 5
�+

n , cubic category, 340
2-resolution, 342

ACC conjecture, 252
Accumulation conjecture, 253
Adjunction, 157, 158

and sources, 183
for crepant log structures, 236
for surfaces, 118
formula for surfaces, 120
inversion of, 158
precise, 236

Age, of a group element, 104
Almost

group action, 283
group action, finiteness of, 284
groupoid action, 283

Arc space, 253
Auts Spr(Z,X,�), source-automorphism

group, 209

Birational
contraction, 12
crepant log structures, 173
crepant self-map, 52

equivalence
bir∼, 12

map, 12
map, crepant, 51
maps of Fano varieties, 264
transform of a subscheme, 12
transform of resolution datum, 325

BirX, group of birational self-maps, 12
Birc(X,�), group of crepant, birational

self-maps, 52
Bir(X,V ), 334
Boundary

divisor, 6
hereditary, 276
of a stratification, 205, 273
of surface pair, 125
perturbation of, 144
seminormal, 275

Branch divisor, 64

Ca (X,L), affine cone, 97
C∗
a (X,L), punctured cone, 98

cA-type singularity, 34
Calabi–Yau pair, 172
Canonical

bundle, 8
bundle formula, 41
bundle on a demi-normal scheme, 211
class, 8
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Canonical (cont.)
model, 14, 19
model, weak, 18
modification, 28
numerically, 56
ring, 13, 16
sheaf, 8
sheaf on a demi-normal scheme,

192
singularity, 42

Castelnuovo contractibility criterion, 301
Categorical quotient, 268
cDV, compound Du Val, 74
centerX E, center of a divisor, 38
Center

lc, 163, 172
log ∼ of a crepant log structure,

233
log canonical, 163, 172
of a divisor over X, 38

Chevalley’s criterion, 36
Chevalley-Kleiman property, 281
CK, Chevalley-Kleiman property, 281
Cl(X), class group, 5
Class group, 5
Closure, stratified, 280
CM, Cohen-Macaulay, 79
coeffD �, 5
Coefficient, 5
Cohen-Macaulay, 79
Complex singularity exponent, 251
Compound Du Val, cDV, 74
condX , conductor, 189
Conductor

ideal, 189
subscheme, 189

Cone
affine, 97
affine, classical, 97
CM, 99
of a sheaf, 100
Picard group of, 100
projective, 97
projective, classical, 97
punctured, 98
rational, 99

Contraction, birational, 12
Cover

cyclic, 67
index one, 70
μm-cover, 67
ramified, 63

Cox ring, 101

Cp(X,L), projective cone, 97
Crepant

birational map, 51

birational equivalence
cbir∼ , 51

birational self-map, 52
log structure, weak, 172
log structure, 172
morphism, 51

Cubic hyperresolution, 344
Curve, (−1), 55
Cusp, 110
Cyclic

cover, 67
quotient singularity, 115
quotient singularity, 73, 103

DB
defect, 223
non Du Bois locus is closed, 223
non-Du Bois locus, 222
pair, 222
singularity, 222

Deformation
no lc ∼, 146
of lc pairs, 159
to cones, 98

Deligne-Du Bois complex
of a pair, 217
of a scheme, 217

Demi-normal, 188
and canonical sheaf, 192
descending the canonical bundle,

211
divisorial sheaf on, 190
divisors on, 190
in characteristic 2, 192

Demi-normalization, 188
Depth

of ω, 243
of a sheaf, 78
of slc scheme, 242

Determinantal variety, 133
Diagram of schemes, 340
Diff, different, 154
Diff∗, general different, 166
Different, 153

and discrepancy, 156
for surfaces, 60
formula for surfaces, 129
higher codimension, 166

Dihedral quotient singularity, 73
discrep(center∩S ⊂ Z,X,�), 157
discrep(center ⊂ Z,X,�), 157
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discrep(X,�), 44
Discrepancy, 38

and finite morphisms, 65
log, 40
of a divisor, 40
of a pair, 44
of ideal sheaves, 249
of linear systems, 248
total, 44

Discriminant of a morphism, 341
Divisor, 5

branch, 64
nef, 6
on a demi-normal scheme, 190
over X, 38
Q-, 6
Q-Cartier, 5
R-, 6
ramification, 64
reduced, 5
semiample, 6
support of, 5
Weil, 5
Z-, 6

Divisorial
log terminal, 42
sheaf, 190

dlt, divisorial log terminal, 42
modification, 28
modification, thrifty, 29

Double cover of slc schemes, 203
Double-nc locus, 10
Double-snc locus, 10
Du Val

compound, cDV, 74
singularity, 109

Dual complex, 138
Dual graph, 54, 138

extended, 55
Dualizing

complex, 80
sheaf, 9

Du Bois
defect, 223
non Du Bois locus is closed, 223
non-Du Bois locus, 222
pair, 222
singularity, 222

Effective base point freenes, 263
Einstein metric, 265
Elliptic singularity, 110
Embedded semi-snc pair, 11

Equivalence
closure, 267
relation, set theoretic, 267

Ex(f ), exceptional set, 12
Exceptional set (or locus), 12

Factorial scheme, 5
Fano variety

and birational maps, 264
and K-E metrics, 264
cone over, 95
of index 2, 140

Finite relation, 267
Frobenius power, 254
F -

-injective, 254
-pure, 254
-rational, 254
-regular, 254

Fundamental cycle, 300
Fundamental group

of a link, 259
of a resolution, 259
of an lc singularity, 130

Galois group of a spring, 183
Gap conjecture, 252
General type variety, 14
Generically fixed point free, 189
Geometric quotient, 208, 268

by finite group, 281
descending line bundles, 288
pure dimensional case, 272
stratified case, 277

Gluing relation, 190, 207
non-finite, 292
quotient by, 208
structure of, 210

Gm, multiplicative group, 289
Gorenstein, 79
Graph, dual, 54

Henselization, 178
Hereditarily

normal stratum, 276
seminormal stratum, 276
seminormal scheme, 311
seminormal subscheme, 285, 286
unibranch stratum, 276

Hereditary
boundary, 276
lc center, 207
normalization, 276
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(HN), hereditarily normal stratum condition,
276

Hodge index theorem, 297
(HSN), hereditarily seminormal boundary

condition, 276
(HU), hereditarily unibranch stratum

condition, 276
Hurwitz formula, 64
Hyperresolution

cubic, 344
good, 216

Icosahedral quotient singularity, 73
Index

of KX , 70
of a pair, 70
one cover, 70

Inversion of adjunction, 158
Isomorphic in codimension one, 12

Jet space, 253

KX , canonical class, 8
K-equivalence, 51
Kähler–Einstein metric, 264
klt, Kawamata log terminal, 42
Kodaira dimension, numerical,

318

lc center
hereditary, 207

lc center, 163, 172
directly P1-linked, 179
dlt case, 164
is Du Bois, 230
P1-linked, 179

lc stratification, 205
lc, log canonical, 42
lcth, log canonical threshold, 251
Leaf, 121
Left inverse, 216
Linear equivalence, 5
Link

of a singular point, 259
P1-link, 179
P1-link, standard, 176

Locus
double-nc, 10
double-snc, 10
exceptional, 12
nc, 10, 11
non-klt, 48
non-lc, 48

non-snc, 10, 11
snc, 10, 11

Log canonical
center, 163
center of mld-function, 239
origin, 206
stratification of mld, 239

Log center
of mld-function, 239
on a seminormal scheme,

240
Log resolution, 324
Log structure

crepant, 172
Log canonical

lc, 42
center, 172
maximally, 252
modification, 28
numerically, 56
origin, seminormal, 240
stratification, 205
threshold, 251

Log center
of crepant log structure, 233
on a seminormal scheme, 196

Log discrepancy, 40
Log minimal resolution, 53
Log resolution, 12
Log smooth, 10
Log structure

weak crepant, 172
Log terminal, lt, 43
lt, log terminal, 43

Map, birational, 12
Maximally log canonical, 252
Method of two spectral sequences,

244
Minimal

log discrepancy, 232
log discrepancy function, 239
log discrepancy, mld, 44
model, 14, 18
model conjecture, 25
model from MMP, 21

mld, minimal log discrepancy, 44,
232

mld, truncated version of mld
function, 239
log canonical center of, 239

mld, truncated version of mld, 233
log center of, 239
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Model
f -canonical, 17
f -minimal, 17
f -weak canonical, 17
canonical, 14, 19
minimal, 14, 18
minimal, from MMP, 21
relative, 17
semi-dlt, 203
slc, non-existence, 32
weak canonical, 18

Modification
canonical, 28
dlt, 28, 29
log canonical, 28
slc, non-existence, 32
small and Q-factorial, 29
terminal, 28
thrifty, 29

Morphism
compatible with mld, 239
crepant, 51
stratifiable, 273
stratified, 206, 273

μm

mth roots of unity, 289
cover, 67

Multiplicity in Seifert bundles,
290

(N), normal stratum condition,
275

nc locus, 10, 11
nc, normal crossing, 9, 10
Nef divisor, 6
non-klt(X,�), non-klt locus,

48
non-lc(X,�), non-lc locus, 48
Node, 33
Non-klt locus, 48
Non-lc locus, 48
Non-snc locus, 10, 11
Norm of a Cartier divisor, 64
Normal

crossing, 9, 10
crossing, global, 9
crossing, simple, 9, 10
crossing, strict, 9
log centers, 235
stratum, 275
topologically, 35

Normalization
hereditary, 276
relative to V , 308

Normalized trace map, 315
Numerical Kodaira dimension, 318
Numerically log canonical, 56

Octahedral quotient singularity, 73
Open

spring, 209
stratum, 273

P1-link
direct, 179
of lc centers, 179
standard, 176

Pair, 7
boundary of, 6
Calabi–Yau, 172
Du Bois, 222
embedded semi-snc, 11
rational, 86
reduced, 216
semi-snc, 11
subboundary of, 6

Perturbation
method, 144
no klt ∼, 144

Pic(X), Picard group, 5
Picard group, 5
Picard group

of a cone, 100
Pinch point, 35
plt, purely log terminal, 42
Pluricanonical representation, 334
Plurisubharmonic funtion, 250
Poincaré residue map, 152, 165,

183
Power map of Seifert bundles, 292
Pre-relation, 267
Precise inversion of adjunction, 236
Pro-finite relation, 268
Pseudo-reflection, 103
Pull-back

by rational map, 19
of a relation, 270
of Weil divisor, 64

Punctured cone, 98
Purely log terminal, plt, 42
Push forward of a relation, 271

Q-Cartier
divisor, 5
Q-divisor, 6

Q-factorial
modification, 29
scheme, 5
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Q-linear equivalence, 6
relative, 6

Q-divisor, 6
Quasi-finite relation, 267
Quotient

by a gluing relation, 208
categorical, 268
cyclic, 115
geometric, 208, 268
geometric, by finite group, 281
geometric, descending line bundles, 288
geometric, pure dimensional case, 272
geometric, stratified case, 277
singularity by linear action, 102
singularity, classification, 103
wild, 108

R(τ ), gluing relation, 207
RF , total right derived functor of F , 80,

216
R-divisor, 6
Ramification

divisor, 64
tame, 64

Ramified cover, 63
Rational

cone, 99
double point, 109
implies Du Bois, 228
pair, 86
resolution, 85
resolution of a pair, 86
singularity, 85
surface singularity, 303

redD, reduced divisor, 5
redX, reduced scheme, 4
Reduced

divisor, 5
pair, 216
scheme, 4

Reflexive power, L[m], 5
Reid-Tai criterion, 105
Relation, 267

finite, 267
non-finite, example of, 295
pro-finite, 268
pull-back of, 270
push forward of, 271
quasi-finite, 267
restriction of, 270
stratified, 274

Representation, pluricanonical, 334
Residue map, 152, 165, 183
Resolution, 12

2-∼, 342
for a divisor, 50
Hironaka’s theorem, 324
in families, 324
log, 12, 324
log ∼, with double nc points, 332
log ∼, with double nc and pinch points,

331
of I -schemes, 341
of Du Val singularities, 109
rational, 85
rational, of a pair, 86
semi-, 13
semi-log-, 329
surface pairs, 53
Szabó version, 324
thrifty, 86, 333
with double nc and pinch points,

330
with double nc points, 330

Ring
canonical, 13
log canonical, 16

Round down, � �, 6

Seifert bundle, 290
Einstein metric on, 265
over a semi-normal scheme, 290
power map of, 292

Semi-divisorial-log-terminal, 200
Semi-dlt, 200

model, 203
Semi-log-canonical, 194

and depth, 242
implies Du Bois, 230
surface, 196

Semi-log-resolution, 329
Semi-resolution, 13
Semi-snc pair, 11
Semiample divisor, 6
Seminormal

boundary, 275
hereditarily, 311
in V , 308
log centers, 196, 234, 240
relative to V , 308
relative, of log centers, 235
scheme, 307

Seminormalization, 307
in 'iXi , 312
in V , 308
is a functor, 309
partial, 306
relative, 308
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Serre’s condition Sm, 78
Set theoretic equivalence relation, 267
Sheaf, dualizing, 9
Simple normal crossing

pair, 9
resolution datum, 324
scheme, 10

SingX, 4
Singular locus, 4
Singularity

cA-type, 34
canonical, 42
canonical, of a threefold, 73
classification of quotients, 103
complex singularity exponent, 251
cusp, 110
cusp quotient, 73
cyclic quotient, 73, 103, 115
dihedral quotient, 73
dlt, 42
Du Val, 109
Du Bois, 222
elliptic, 110
elliptic quotient, 73
icosahedral quotient, 73
isolated quotient, 107
klt, 42
lc but not CM, 96
lc of 3-fold, 130
lc, log canonical, 42
log canonical, surface, 122
log terminal, 42
log terminal, of a threefold, 72
node, 33
octahedral quotient, 73
of index 1 cover, 96
pinch point, 35
plt, 42
quotient by linear action, 102
quotient, wild, 108
rational, 85
rational is Du Bois, 228
rational surface, 303
slc is Du Bois, 230
terminal, 42
terminal of 3-fold, 76
terminal of 4-fold, 130
tetrahedral quotient, 73

slc, semi-log-canonical, 194
and depth, 242
double cover of, 203
implies Du Bois, 230

(SN), seminormal boundary condition, 275

Snc locus, 10, 11
snc, simple normal crossing, 9, 10
Source, 183

automorphism group, 209
Galois property of, 183
isomorphism, 209

Spr(Z,X,�), spring, 183
Spring, 183

Galois property of, 183
open, 209

Spr0(Z,X,�), open spring, 209
Src(Z,X,�), source, 183
Stratifiable morphism, 273
Stratification

boundary of, 205
log canonical, 205
log canonical, of mld, 239
of a scheme, 273
of log canonical origin, 206

Stratified
closure property, 280
morphism, 206, 273
relation, 274
subscheme, 280

Stratum
hereditarily normal, 276
hereditarily seminormal, 276
hereditarily unibranch, 276
normal, 275
of semi-snc pair, 11
of snc pair, 9
of snc scheme, 10
open, 273
unibranch, 275

Subboundary, 6
Subscheme

hereditarily seminormal, 285,
286

stratified, 280
Support, of a divisor, 5

Terminal
modification, 28
singularity, 42
singularity, 3-dimensional, 76
singularity, 4-dimensional, 130

Tetrahedral quotient singularity, 73
Theta divisor, 264
Threshold, log canonical, 251
Thrifty

dlt modification, 29
resolution, 86, 333

tight closure, 254
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Topologically normal, 35
Total discrepancy, 44
totaldiscrep(X,�), 44
Trace map, 314

point-wise formula, 315
seminormal case, 315

Transform, birational, 12

(U), unibranch stratum condition, 275
Unibranch, 35

stratum, 275

Vanishing theorem
Kawamata–Viehweg, singular case,

320
Vanishing theorem

Du Bois version, 322

Grauert-Riemenschneider, 300
Kawamata–Viehweg, 318
Kodaira, 318
Kodaira, singular case, 320

ω

-dual, 82
canonical bundle, 8
canonical or dualizing sheaf, 8
depth of, 243

ω
�

X , dualizing complex, 80
Weak canonical model, 18
Weil divisor, 5
Weil(X), 5
Weil∗(X), 190

Z-divisor, 6
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