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Preface

This book is intended as an comprehensive introduction to Riemannian geom-
etry. The reader is assumed to have basic knowledge of standard manifold theory,
including the theory of tensors, forms, and Lie groups. At times it is also necessary
to have some familiarity with algebraic topology and de Rham cohomology. Specif-
ically, we recommend that the reader be familiar with texts such as [16], [78], or
[109, vol. 1]. On my webpage there are links to lecture notes on these topics as well
as classical differential geometry (see [98] and [97]). It is also helpful if the reader
has a nodding acquaintance with ordinary differential equations. For this, a text such
as [82] is more than sufficient. More basic prerequisites are real analysis, linear al-
gebra, and some abstract algebra. Differential geometry is and always has been an
“applied discipline” within mathematics that uses many other parts of mathematics
for its own purposes.

Most of the material generally taught in basic Riemannian geometry as well as
several more advanced topics is presented in this text. The approach we have taken
occasionally deviates from the standard path. Alongside the usual variational ap-
proach we have also developed a more function-oriented methodology that likewise
uses standard calculus together with techniques from differential equations. Our mo-
tivation for this treatment has been that examples become a natural and integral part
of the text rather than a separate item that is sometimes minimized. Another desirable
by-product has been that one actually gets the feeling that Hessians and Laplacians
are intimately related to curvatures.

The book is divided into four parts.

Part I: Tensor geometry, consisting of chapters 1, 2, 3, and 4.

Part II: Geodesic and distance geometry, consisting of chapters 5, 6 and 7.

Part III: Geometry a la Bochner and Cartan, consisting of chapters 8, 9 and 10.

Part I'V: Comparison geometry, consisting of chapters 11 and 12.

There are significant structural changes and enhancements in the third edition,
so chapters no longer correspond to those of the first two editions. We offer a brief
outline of each chapter below.

Chapter 1 introduces Riemannian manifolds, isometries, immersions, and sub-
mersions. Homogeneous spaces and covering maps are also briefly mentioned. There
is a discussion on various types of warped products. This allows us to give both ana-
Iytic and geometric definitions of the basic constant curvature geometries. The Hopf
fibration as a Riemannian submersion is also discussed in several places. Finally,
there is a section on tensor notation.
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Chapter 2 discusses both Lie and covariant derivatives and how they can be used
to define several basic concepts such as the classical notions of Hessian, Laplacian,
and divergence on Riemannian manifolds. Iterated derivatives and abstract deriva-
tions are discussed towards the end and used later in the text.

Chapter 3 develops all of the important curvature concepts and discusses a few
simple properties. We also develop several important formulas that relate curvature
and the underlying metric. These formulas can be used in many places as a replace-
ment for the second variation formula.

Chapter 4 is devoted to calculating curvatures in several concrete situations such
as: spheres, product spheres, warped products, and doubly warped products. This is
used to exhibit several interesting examples. In particular, we explain how the Rie-
mannian analogue of the Schwarzschild metric can be constructed. There is a new
section that explains warped products in general and how they are characterized. This
is an important section for later developments as it leads to an interesting character-
ization of both local and global constant curvature geometries from both the warped
product and conformal view point. We have a section on Lie groups. Here two im-
portant examples of left-invariant metrics are discussed as well the general formulas
for the curvatures of biinvariant metrics. It is also explained how submersions can be
used to create new examples with special focus on complex projective space. There
are also some general comments on how submersions can be constructed using iso-
metric group actions.

Chapter 5 further develops the foundational topics for Riemannian manifolds.
These include the first variation formula, geodesics, Riemannian manifolds as met-
ric spaces, exponential maps, geodesic completeness versus metric completeness,
and maximal domains on which the exponential map is an embedding. The chapter
includes a detailed discussion of the properties of isometries. This naturally leads to
the classification of simply connected space forms. At a more basic level we obtain
metric characterizations of Riemannian isometries and submersions. These are used
to show that the isometry group is a Lie group and to give a proof of the slice theorem
for isometric group actions.

Chapter 6 contains three more foundational topics: parallel translation, Jacobi
fields, and the second variation formula. Some of the classical results we prove here
are: The Hadamard-Cartan theorem, Cartan’s center of mass construction in non-
positive curvature and why it shows that the fundamental group of such spaces are
torsion free, Preissmann’s theorem, Bonnet’s diameter estimate, and Synge’s lemma.
At the end of the chapter we cover the ingredients needed for the classical quar-
ter pinched sphere theorem including Klingenberg’s injectivity radius estimates and
Berger’s proof of this theorem. Sphere theorems are revisited in chapter 12.

Chapter 7 focuses on manifolds with lower Ricci curvature bounds. We dis-
cuss volume comparison and its uses. These include proofs of how Poincaré and
Sobolev constants can be bounded and theorems about restrictions on fundamental
groups for manifolds with lower Ricci curvature bounds. The strong maximum prin-
ciple for continuous functions is developed. This result is first used in a warm-up
exercise to prove Cheng’s maximal diameter theorem. We then proceed to cover the
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Cheeger-Gromoll splitting theorem and its consequences for manifolds with nonneg-
ative Ricci curvature.

Chapter 8 covers various aspects of symmetries on manifolds with emphasis on
Killing fields. Here there is a further discussion on why the isometry group is a
Lie group. The Bochner formulas for Killing fields are covered as well as a discus-
sion on how the presence of Killing fields in positive sectional curvature can lead to
topological restrictions. The latter is a fairly new area in Riemannian geometry.

Chapter 9 explains both the classical as well as more recent results that arise
from the Bochner technique. We start with harmonic 1-forms as Bochner did, and
move on to general forms and other tensors such as the curvature tensor. We use
an approach that considerably simplifies many of the tensor calculations in this sub-
ject (see, e.g., the first and second editions of this book). The idea is to consistently
use how derivations act on tensors instead of using Clifford representations. The
Bochner technique gives many optimal bounds on the topology of closed manifolds
with nonnegative curvature. In the spirit of comparison geometry, we show how Betti
numbers of nonnegatively curved spaces are bounded by the prototypical compact
flat manifold: the torus. More generally, we also show how the Bochner technique
can be used to control the topology with more general curvature bounds. This re-
quires a little more analysis, but is a fascinating approach that has not been presented
in book form yet.

The importance of the Bochner technique in Riemannian geometry cannot be
sufficiently emphasized. It seems that time and again, when people least expect it,
new important developments come out of this philosophy.

Chapter 10 develops part of the theory of symmetric spaces and holonomy. The
standard representations of symmetric spaces as homogeneous spaces or via Lie al-
gebras are explained. There are several concrete calculations both specific and more
general examples to get a feel for how curvatures behave. Having done this, we de-
fine holonomy for general manifolds, and discuss the de Rham decomposition the-
orem and several corollaries of it. In particular, we show that holonomy irreducible
symmetric spaces are Einstein and that their curvatures have the same sign as the
Einstein constant. This theorem and the examples are used to indicate how one can
classify symmetric spaces. Finally, we present a brief overview of how holonomy
and symmetric spaces are related to the classification of holonomy groups. This is
used, together with most of what has been learned up to this point, to give the Gallot
and Meyer classification of compact manifolds with nonnegative curvature operator.

Chapter 11 focuses on the convergence theory of metric spaces and manifolds.
First, we introduce the most general form of convergence: Gromov-Hausdorff con-
vergence. This concept is often useful in many contexts as a way of getting a weak
form of convergence. The real object here is to figure out what weak convergence
implies in the presence of stronger side conditions. There is a section with a quick
overview of Holder spaces, Schauder’s elliptic estimates and harmonic coordinates.
To facilitate the treatment of the stronger convergence ideas, we have introduced a
norm concept for Riemannian manifolds. The main focus of the chapter is to prove
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the Cheeger-Gromov convergence theorem, which is called the Convergence Theo-
rem of Riemannian Geometry, as well as Anderson’s generalizations of this theorem
to manifolds with bounded Ricci curvature.

Chapter 12 proves some of the more general finiteness theorems that do not fall
into the philosophy developed in chapter 11. To begin, we discuss generalized critical
point theory and Toponogov’s theorem. These two techniques are used throughout
the chapter to establish all of the important theorems. First, we probe the mysteries
of sphere theorems. These results, while often unappreciated by a larger audience,
have been instrumental in developing most of the new ideas in the subject. Com-
parison theory, injectivity radius estimates, and Toponogov’s theorem were first used
in a highly non-trivial way to prove the classical quarter pinched sphere theorem of
Rauch, Berger, and Klingenberg. Critical point theory was introduced by Grove and
Shiohama to prove the diameter sphere theorem. Following the sphere theorems, we
go through some of the major results of comparison geometry: Gromov’s Betti num-
ber estimate, The Soul theorem of Cheeger and Gromoll, and the Grove-Petersen
homotopy finiteness theorem.

At the end of most chapters there is a short list of books and papers that cover
and often expand on the material in the chapter. We have whenever possible at-
tempted to refer just to books and survey articles. The reader is strongly urged to
go from those sources back to the original papers as ideas are often lost in the mod-
ernization of most subjects. For more recent works, we also give journal references
if the corresponding books or surveys do not cover all aspects of the original paper.
One particularly exhaustive treatment of Riemannian Geometry for the reader who is
interested in learning more is [13]. Other valuable texts that expand or complement
much of the material covered here are [85], [109] and [112]. There is also a historical
survey by Berger (see [12]) that complements this text very well.

Each chapter ends with a collection of exercises that are designed to reinforce
the material covered; to establish some simple results that will be needed later; and
also to offer alternative proofs of several results. The first six chapters have about
30 exercises each and there are 300+ in all. The reader should at least read and
think about all of the exercises, if not actually solve all of them. There are several
exercises that might be considered very challenging. These have been broken up into
more reasonable steps and with occasional hints. Some instructors might want to
cover some of the exercises in class.

A first course should definitely cover chapters 3, 5, and 6 together with whatever
one feels is necessary from chapters 1, 2, and 4. I would definitely not recommend
teaching every single topic covered in chapters 1, 2, and 4. A more advanced course
could consist of going through chapter 7 and parts III or IV as defined earlier. These
two parts do not depend in a serious way on each other. One can probably not cover
the entire book in two semesters, but it should be possible to cover parts I, II, and IIT
or alternatively I, I, and IV depending on one’s inclination.

There are many people I would like to thank. First and foremost are those stu-
dents who suffered through my continuing pedagogical experiments over the last
25 years. While using this text I always try different strategies every time I teach.
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CHAPTER 1

Riemannian Metrics

In this chapter we introduce the spaces and maps that pervade the subject. With-
out discussing any theory we present several examples of basic Riemannian man-
ifolds and Riemannian maps. All of these examples will be at the heart of future
investigations into constructions of Riemannian manifolds with various interesting
properties.

The abstract definition of a Riemannian manifold used today dates back only
to the 1930s as it wasn’t really until Whitney’s work in 1936 that mathematicians
obtained a clear understanding of what abstract manifolds were other than just be-
ing submanifolds of Euclidean space. Riemann himself defined Riemannian metrics
only on domains in Euclidean space. Riemannian manifolds where then metric ob-
jects that locally looked like a Riemannian metric on a domain in Euclidean space.
It is, however, important to realize that this local approach to a global theory of
Riemannian manifolds is as honest as the modern top-down approach.

Prior to Riemann, other famous mathematicians such as Euler, Monge, and
Gauss only worked with 2-dimensional curved geometry. Riemann’s invention of
multi-dimensional geometry is quite curious. The story goes that Gauss was on Rie-
mann’s defense committee for his Habilitation (doctorate). In those days, the can-
didate was asked to submit three topics in advance, with the implicit understanding
that the committee would ask to hear about the first topic (the actual thesis was on
Fourier series and the Riemann integral). Riemann’s third topic was “On the Hy-
potheses which lie at the Foundations of Geometry.” Evidently, he was hoping that
the committee would select from the first two topics, which were on material he had
already developed. Gauss, however, always being in an inquisitive mood, decided
he wanted to hear whether Riemann had anything to say about the subject on which
he, Gauss, was the reigning expert. Thus, much to Riemann’s dismay, he had to go
home and invent Riemannian geometry to satisfy Gauss’s curiosity. No doubt Gauss
was suitably impressed, apparently a very rare occurrence for him.

From Riemann’s work it appears that he worked with changing metrics mostly
by multiplying them by a function (conformal change). By conformally changing
the standard Euclidean metric he was able to construct all three constant curvature
geometries in one fell swoop for the first time ever. Soon after Riemann’s discoveries
it was realized that in polar coordinates one can change the metric in a different way,
now referred to as a warped product. This also exhibits all constant curvature geome-
tries in a unified way. Of course, Gauss already knew about polar coordinate repre-
sentations on surfaces, and rotationally symmetric metrics were studied even earlier
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by Clairaut. But those examples are much simpler than the higher-dimensional ana-
logues. Throughout this book we emphasize the importance of these special warped
products and polar coordinates. It is not far to go from warped products to doubly
warped products, which will also be defined in this chapter, but they don’t seem to
have attracted much attention until Schwarzschild discovered a vacuum space-time
that wasn’t flat. Since then, doubly warped products have been at the heart of many
examples and counterexamples in Riemannian geometry.

Another important way of finding examples of Riemannian metrics is by using
left-invariant metrics on Lie groups. This leads us, among other things, to the Hopf
fibration and Berger spheres. Both of these are of fundamental importance and are
also at the core of a large number of examples in Riemannian geometry. These will
also be defined here and studied further throughout the book.

1.1. Riemannian Manifolds and Maps

A Riemannian manifold (M,g) consists of a C*-manifold M (Hausdorff and
second countable) and a Euclidean inner product g, or g|, on each of the tangent
spaces T,M of M. In addition we assume that p — g, varies smoothly. This means
that for any two smooth vector fields X, Y the inner product g, (X|,,Y|,) is a smooth
function of p. The subscript p will usually be suppressed when it is not needed. Thus
we might write g (X,Y) with the understanding that this is to be evaluated at each p
where X and Y are defined. When we wish to associate the metric with M we also
denote it as gys. The tensor g is referred to as the Riemannian metric or simply the
metric. Generally speaking the manifold is assumed to be connected. Exceptions do
occur, especially when studying level sets or submanifolds defined by constraints.

All inner product spaces of the same dimension are isometric; therefore, all tan-
gent spaces 7, M on a Riemannian manifold (M, g) are isometric to the n-dimensional
Euclidean space R” with its canonical inner product. Hence, all Riemannian man-
ifolds have the same infinitesimal structure not only as manifolds but also as Rie-
mannian manifolds.

EXAMPLE 1.1.1. The simplest and most fundamental Riemannian manifold is
Euclidean space (R",ggn). The canonical Riemannian structure gg» is defined by
the tangent bundle identification R" x R" ~ TR" given by the map:

d(p+1v)

———=(0).
7 0

With this in mind the standard inner product on R” is defined by

(p,v)

8Rn ((p,v) ) (p,W)) =V-w.

A Riemannian isometry between Riemannian manifolds (M, gy) and (N, gy) is
a diffeomorphism F : M — N such that F*gy = gy, i.e.,

gn (DF(v),DF (w)) = g (v,w)

for all tangent vectors v,w € T,M and all p € M. In this case F ~lis also a Riemannian
isometry.
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FIGURE 1.1.1. Sphere

EXAMPLE 1.1.2. Any finite-dimensional vector space V with an inner product,
becomes a Riemannian manifold by declaring, as with Euclidean space, that

g((PaV)»(P,W)) =Vv-w.

If we have two such Riemannian manifolds (V,gy) and (W, gw) of the same dimen-
sion, then they are isometric. A example of a Riemannian isometry F : V — W is
simply any linear isometry between the two spaces. Thus (R”, grn) is not only the
only n-dimensional inner product space, but also the only Riemannian manifold of
this simple type.

Suppose that we have an immersion (or embedding) F : M — N, where (N, gy )
is a Riemannian manifold. This leads to a pull-back Riemannian metric gy = F*gn
on M, where

gum (v,w) = gn (DF (v),DF (w)).
It is an inner product as DF (v) = 0 only when v = 0.

A Riemannian immersion (or Riemannian embedding) is an immersion (or em-

bedding) F : M — N such that gy = F*gy. Riemannian immersions are also called

isometric immersions , but as we shall see below they are almost never distance pre-
serving.

EXAMPLE 1.1.3. Another very important example is the Euclidean sphere of
radius R defined by

S"(R) = {x e R""! | x| = R}.

The metric induced from the embedding S"(R) — R"*! is the canonical metric on
S™(R). The unit sphere, or standard sphere, is " = §"(1) C R"*! with the induced
metric. In figure 1.1.1 is a picture of a round sphere in R3.

If k < n there are several linear isometric immersions (Rk, ng) — (R", ggn).
Those are, however, not the only isometric immersions. In fact, any unit speed curve
c:R—R? ie., [¢(t)| =1 forall € R, is an example of an isometric immersion.
For example, one could consider

t +— (cost,sint)
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1

FIGURE 1.1.2. Isometric Immersions

as an isometric immersion and
t (log (t+ 1+t2> ,\/1+t2)

as an isometric embedding. A map of the form:

F:RY — R
Fx',... x5 = (c(x"),x%,....%5),

(where c fills up the first two coordinate entries) will then also yield an isometric
immersion (or embedding) that is not linear. This initially seems contrary to intuition
but serves to illustrate the difference between a Riemannian immersion and a distance
preserving map. In figure 1.1.2 there are two pictures, one of the cylinder, the other
of the isometric embedding of R? into R3 just described.

There is also a dual concept of a Riemannian submersion F : (M, gy) — (N, gn)-
This is a submersion F : M — N such that for each p € M, DF : ker(DF)* — Tp(pN
is a linear isometry. In other words, if v,w € T,M are perpendicular to the kernel of
DF :T,M — Tg(,)N, then

gm(vw) =gn (DF (V)vDF (W))

This is equivalent to the adjoint (DF))" : Tr(pyN — TpM preserving inner products
of vectors.

EXAMPLE 1.1.4. Orthogonal projections (R",ggn) — (R¥, gps ), where k < n,
are examples of Riemannian submersions.

EXAMPLE 1.1.5. A much less trivial example is the Hopf fibration S*(1) —
S2(1/2). As observed by F. Wilhelm this map can be written explicitly as

HGew) = (5 (1w~ ) )
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if we think of $3(1) € C? and $?(1/2) C R@® C. Note that the fiber containing (z,w)
consists of the points (eiez,eiew), where i = v/—1. Consequently, i(z,w) is tangent
to the fiber and A (—w,z), A € C, are the tangent vectors orthogonal to the fiber.
We can check what happens to the latter tangent vectors by computing DH. Since
H extends to a map H : C> — R@ C its differential can be calculated as one would
do it in multivariable calculus. Alternately note that the tangent vectors A (—w,Z) at
(z,w) € $3(1) lie in the plane (z,w) + A (—W,Z) parameterized by A. H restricted to
this plane is given by

H((z— A, w+AZ)) = (; (|w+z,z|2 - |z—)m7|2) (2= AW) (w+7LZ)) .

To calculate DH we simply expand H in terms of A and A and isolate the first-order
terms

DH|(,,) (A (—7,2)) = (2Re (Azw) , —A* +12%) .
Since these have the same length |A| as A (—w,Z) we have shown that the map is a
Riemannian submersion. Below we will examine this example more closely. There
is a quaternion generalization of this map in exercise 1.6.22.

Finally, we mention a very important generalization of Riemannian manifolds.
A semi- or pseudo-Riemannian manifold consists of a manifold and a smoothly vary-
ing symmetric bilinear form g on each tangent space. We assume in addition that g
is nondegenerate, i.e., for each nonzero v € T,M there exists w € T,M such that
g(v,w) # 0. This is clearly a generalization of a Riemannian metric where nonde-
generacy follows from g (v,v) > 0 when v # 0. Each tangent space admits a split-
ting T,M = P @ N such that g is positive definite on P and negative definite on V.
These subspaces are not unique but it is easy to show that their dimensions are well-
defined. Continuity of g shows that nearby tangent spaces must have a similar split-
ting where the subspaces have the same dimension. The index of a connected pseudo-
Riemannian manifold is defined as the dimension of the subspace N on which g is
negative definite.

EXAMPLE 1.1.6. Let n = n; +ny and R = R™ x R". We can then write
vectors in R""2 as v = v| + v, where vi € R™ and v, € R". A natural pseudo-
Riemannian metric of index n, is defined by

g((p,V),(p7W)) =V W] — V2 W3

When n; = 1 or ny = 1 this coincides with one or the other version of Minkowski
space. This space describes the geometry of Einstein’s space-time in special relativ-

ity.
EXAMPLE 1.1.7. We define the family of hyperbolic spaces H" (R) C R™! using
the rotationally symmetric hyperboloids
2 2
(D) () - () = R
Each of these level sets consists of two components that are each properly em-

bedded copies of R” in R"*!. The branch with x"*! > 0 is H" (R) (see figure 1.1.3).
The metric is the induced Minkowski metric from R”!. The fact that this defines
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FIGURE 1.1.3. Hyperbolic Space

a Riemannian metric on H" (R) is perhaps not immediately obvious. Note first that
tangent vectors v = (v',--- v, v"™) € T,H" (R), p € H" (R), satisfy the equation

vlp] _’_“._i_vnpn _vn+1pn+] -0
as they are tangent to the level sets for (x! )2 o () (x”“)z. This shows that
WP = () e ()2 = ()
1,1 non\ 2
2 vip A+t
A (PHP> ,
p
Using Cauchy-Schwarz on the expression in the numerator together with

(p) 4+ ()’ 1_( R )2

(pn+1 )2 = pn+1

shows that

v|* > (pril >2 ((v1)2+..._|_(v”)2> .

When R = 1 we generally just write " and refer to this as hyperbolic n-space.

Much of the tensor analysis that we shall develop on Riemannian manifolds can
be carried over to pseudo-Riemannian manifolds without further ado. It is only when
we start using norm and distances that we have to be more careful.

1.2. The Volume Form

In Euclidean space the inner product not only allows us to calculate norms and
angles but also areas, volumes, and more. The key to understanding these definitions
better lies in using determinants.

To compute the volume of the parallelepiped spanned by n vectors vi,...,v, €
R"™ we can proceed in different ways. There is the usual inductive way where we
multiply the height by the volume (or area) of the base parallelepiped. This is in
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fact a Laplace expansion of a determinant along a column. If the canonical basis is
denoted ey, ..., e,, then we define the signed volume by

vol(vi,...,v,) = det[g(vi,e;)]
= det([vi,...,va]le1,...,en]")
= det[vl,...,vn].

This formula is clearly also valid if we had selected any other positively oriented
orthonormal basis fi,...f, as

det[g(viafj)} = det([vlr -V flv 7fn t)
- det([\/l,- -V f17 7fnt)det(f1a 7fn [617 € })
= det([vl,. Y 81, t)
In an oriented Riemannian n-manifold (M,g) we can then define the volume

form as an n-form on M by
volg (Vi,...,vp) = Vol (v1,...,v,) = det[g (vi,e))],

where ey, ..., e, is any positively oriented orthonormal basis. One often also uses the
notation d vol instead of vol, however, the volume form is not necessarily exact so
the notation can be a little misleading.

Even though manifolds are not necessarily oriented or even orientable it is still
possible to define this volume form locally. The easiest way of doing so is to locally
select an orthonormal frame E\,...,E, and declare it to be positive. A frame is a
collection of vector fields defined on a common domain U C M such that they form
a basis for the tangent spaces T,M for all p € U. The volume form is then defined on
vectors and vector fields by

vol <X17 ---»Xn) = det [g (X,,Ej)] .

This formula quickly establishes the simplest version of the “heightxbase” prin-
ciple if we replace E; by a general vector X since

vol (El,...,X,...,En) = g(X,E,')

is the projection of X onto E; and this describes the height in the ith coordinate
direction.

On oriented manifolds it is possible to integrate n-forms. On oriented Riemann-
ian manifolds we can then integrate functions f by integrating the form f - vol. In
fact any manifold contains an open dense set O C M where 70 = O x R" is trivial.
In particular, O is orientable and we can choose an orthonormal frame on all of O.
This shows that we can integrate functions over M by integrating them over O. Thus
we can integrate on all Riemannian manifolds.

1.3. Groups and Riemannian Manifolds

We shall study groups of Riemannian isometries on Riemannian manifolds and
see how they can be used to construct new Riemannian manifolds.
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1.3.1. Isometry Groups. For a Riemannian manifold (M, g) we use Iso(M,g)
or Iso(M) to denote the group of Riemannian isometries F : (M,g) — (M,g) and
Iso, (M, g) the isotropy or stabilizer (sub)group at p, i.e., those F € Iso(M,g) with
F(p) = p. A Riemannian manifold is said to be homogeneous if its isometry group
acts transitively, i.e., for each pair of points p,q € M there is an F € Iso (M, g) such
that F (p) =q.

EXAMPLE 1.3.1. The isometry group of Euclidean space is given by
Iso(R",grn) = R*"xO0(n)
= {F:R'-R"|F(x)=v+O0x,yeR"and 0 € O(n)}.

(Here H x G is the semi direct product, with G acting on H.) The translational part v
and rotational part O are uniquely determined. It is clear that these maps are isome-
tries. To see the converse first observe that G (x) = F (x) — F(0) is also a Riemannian
isometry. Using this, we observe that at x = 0 the differential DGg € O (n) . Thus, G
and DGy are Riemannian isometries on Euclidean space that both preserve the origin
and have the same differential there. It is then a general uniqueness result for Rie-
mannian isometries that G = DGy (see proposition 5.6.2). In exercise 2.5.12 there is
a more elementary version for Euclidean space.

The isotropy Iso, is always isomorphic to O(n) and R" ~ Iso/Iso, for any
p € R". In fact any homogenous space can always be written as the quotient M =
Iso/Isop,.

EXAMPLE 1.3.2. We claim that spheres have
Iso (Sn(R),gSn(R>) = O(I’l—|— 1) = ISO() (Rn+1 ,an+1) .

Clearly O(n+ 1) C Iso (S"(R),gsn(x))- Conversely, when F € Iso (S"(R),gsn(r))-
consider the linear map given by by the n+ 1 columns vectors:

O=][ LF(Rey) DF|, (e2) -+ DF|, (ent1) |

The first vector is unit since F (Re;) € §" (R). Moreover, the first column is orthog-
onal to the others as DF [ge, (€:) € Tr(ge,)S" (R) = F (Rey)™,i=2,...,n+1. Finally,
the last n columns form an orthonormal basis since DF is assumed to be a linear
isometry. This shows that O € O(n+ 1) and that O agrees with F' and DF at Re.
Proposition 5.6.2 can then be invoked again to show that F = O.

The isotropy groups are again isomorphic to O(n), that is, those elements of
O(n+ 1) fixing a 1-dimensional linear subspace of R**!. In particular, we have
§"~0(n+1)/0(n).

EXAMPLE 1.3.3. Recall our definition of the hyperbolic spaces from example
1.1.7. The isometry group Iso(H"(R)) comes from the linear isometries of R™!

O(n,1) = {L:R"" - R™" | g(Lv,Lv) =g(v,v) }.

One can, as in the case of the sphere, see that these are isometries on H"(R) as long
as they preserve the condition x"*! > 0. The group of those isometries is denoted
O™ (n,1). As in the case of Euclidean space and the spheres we can construct an
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element in O" (n, 1) that agrees with any isometry at Re,,1 and such that their dif-
ferentials at that point agree on the basis ei,...,e, for Tg,,  H" (R). Specifically, if
F € Iso(H"(R)) we can use:

0= [ DF|€n+1 (61) DF|en+1 (62) DF|€n+1 (e") %F (R€n+1) ]

The isotropy group that preserves Re, .1 can be identified with O(n) (isometries
we get from the metric being rotationally symmetric). One can also easily check that
O™ (n,1) acts transitively on H"(R).

1.3.2. Lie Groups. If instead we start with a Lie group G, then it is possible to
make it a group of isometries in several ways. The tangent space can be trivialized

TG~G x T,G

by using left- (or right-) translations on G. Therefore, any inner product on 7,G
induces a left-invariant Riemannian metric on G i.e., left-translations are Riemannian
isometries. It is obviously also true that any Riemannian metric on G where all left-
translations are Riemannian isometries is of this form. In contrast to R”, not all of
these Riemannian metrics need be isometric to each other. Thus a Lie group might
not come with a canonical metric.

It can be shown that the left coset space G/H = {gH | g € G} is a manifold pro-
vided H C G is a compact subgroup. If we endow G with a general Riemannian
metric such that right-translations by elements in H act by isometries, then there is
a unique Riemannian metric on G/H making the projection G — G/H into a Rie-
mannian submersion (see also section 4.5.2). When in addition the metric is also
left-invariant, then G acts by isometries on G/H (on the left) thus making G/H into
a homogeneous space. Proofs of all this are given in theorem 5.6.21 and remark
5.6.22.

The next two examples will be studied further in sections 1.4.6, 4.4.3, and 4.5.3.
In sections 4.5.2 the general set-up is discussed and the fact that quotients are Rie-
mannian manifolds is also discussed in section 5.6.4 and theorem 5.6.21.

EXAMPLE 1.3.4. The idea of taking the quotient of a Lie group by a subgroup
can be generalized. Consider $?"*1(1) C C"*!. Then S' = {A € C||A| = 1} acts by
complex scalar multiplication on both S§2n+1 and €L furthermore, this action is by
isometries. We know that the quotient S?**!/S! = CPP", and since the action of S'
is by isometries, we obtain a metric on CPP" such that S§2n+1 s CP" is a Riemannian
submersion. This metric is called the Fubini-Study metric. When n = 1, this becomes
the Hopf fibration $*(1) — CP! = §2(1/2).

EXAMPLE 1.3.5. One of the most important nontrivial Lie groups is SU(2),
which is defined as

SU(2) = {AeMyn(C)|detA=1,A"=A""}

{5 7] iepewe =1}

= $3(1).
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The Lie algebra su (2) of SU(2) is
5u(2):{{ ra BJHC} |a,[3,ce]R}

—B+ic —ia

and can be spanned by

i 0 0 1 0 i
welo Slme[ S o] ee (0]

We can think of these matrices as left-invariant vector fields on SU(2). If we de-
clare them to be orthonormal, then we get a left-invariant metric on SU(2), which
as we shall later see is $*(1). If instead we declare the vectors to be orthogonal,
X; to have length €, and the other two to be unit vectors, we get a very important
1-parameter family of metrics g on SU (2) = S3. These distorted spheres are called
Berger spheres. Note that scalar multiplication on 3 C C? corresponds to multipli-
cation on the left by the matrices

since

ST z wl 07 0y
0 10 —w Z | | —e % 10z |

Thus X is tangent to the orbits of the Hopf circle action. The Berger spheres are
then obtained from the canonical metric by multiplying the metric along the Hopf
fiber by €.

1.3.3. Covering Maps. Discrete groups are also common in geometry, often
through deck transformations or covering transformations. Suppose that F : M — N
is a covering map. Then F is, in particular, both an immersion and a submersion.
Thus, any Riemannian metric on N induces a Riemannian metric on M. This makes
F into an isometric immersion, also called a Riemannian covering. Since dimM =
dimN, F must in fact be a local isometry, i.e., for every p € M there is a neighborhood
U > pin M such that F|y : U — F(U) is a Riemannian isometry. Notice that the
pullback metric on M has considerable symmetry. For if g € V C N is evenly covered
by {Up}pep-1 (¢)» then all the sets V' and U), are isometric to each other. In fact, if
F is a normal covering, i.e., there is a group I of deck transformations acting on M
such that:

F'(p)={g(q)| F(9)=pandg €T},
then I' acts by isometries on the pullback metric. This construction can easily be
reversed. Namely, if N = M/T" and M is a Riemannian manifold, where I acts by

isometries, then there is a unique Riemannian metric on N such that the quotient map
is a local isometry.

EXAMPLE 1.3.6. If we fix a basis vi,v; for R?, then Z? acts by isometries
through the translations

(n,m) — (x — x+nvy +mvy).



1.4. LOCAL REPRESENTATIONS OF METRICS 11

The orbit of the origin looks like a lattice. The quotient is a torus 7% with some
metric on it. Note that T2 is itself an Abelian Lie group and that these metrics are
invariant with respect to the Lie group multiplication. These metrics will depend on
[vi], [v2| and £ (v1,v2), so they need not be isometric to each other.

s

EXAMPLE 1.3.7. The involution —7 on §"(1) C R"*! is an isometry and induces
a Riemannian covering S" — RP".

1.4. Local Representations of Metrics

1.4.1. Einstein Summation Convention. We shall often use the index and
summation convention introduced by Einstein. Given a vector space V, such as the
tangent space of a manifold, we use subscripts for vectors in V. Thus a basis of V is
denoted by ey, ...,e,. Given a vector v € V we can then write it as a linear combina-
tion of these basis vectors as follows

VZZVieiZVieiZ [ ey - ey ]
i

vn

Here we use superscripts on the coefficients and then automatically sum over indices
that are repeated as both subscripts and superscripts. If we define a dual basis ¢’ for
the dual space V* = Hom (V,R) as follows: ¢ (¢;) = SJ’ then the coefficients can be
computed as v' = ¢’ (v). Thus we decide to use superscripts for dual bases in V*. The

matrix representation [Llj } of a linear map L : V — V is found by solving

L(e) = Liej,
1 1
Lo L)
[ Ller) - Lle) ] = [e - en ]| ¢ -
o L
In other words ‘
Ll =e (L(e)).

As already indicated, subscripts refer to the column number and superscripts to
the row number.

When the objects under consideration are defined on manifolds, the conventions
carry over as follows: Cartesian coordinates on R"” and coordinates on a manifold
have superscripts (xl) as they are coordinate coefficients; coordinate vector fields
then look like 5

o= o
and consequently have subscripts. This is natural, as they form a basis for the tangent
space. The dual 1-forms dx’ satisfy dx/ (9;) = 8/ and consequently form the natural
dual basis for the cotangent space.
Einstein notation is not only useful when one doesn’t want to write summation
symbols, it also shows when certain coordinate- (or basis-) dependent definitions are
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invariant under change of coordinates. Examples occur throughout the book. For
now, let us just consider a very simple situation, namely, the velocity field of a curve
c: I — R". In coordinates, the curve is written

ct) = ()
= X (e,
if ¢; is the standard basis for R". The velocity field is defined as the vector ¢ (t) =
(x" (t)) Using the coordinate vector fields this can also be written as
dx' d
¢(r) = dt dx'
In a coordinate system on a general manifold we could then try to use this as our
definition for the velocity field of a curve. In this case we must show that it gives the
same answer in different coordinates. This is simply because the chain rule tells us
that
i (1) = dxl (¢ (1)),
and then observing that we have used the above definition for finding the components
of a vector in a given basis.
When offering coordinate dependent definitions we shall be careful that they
are given in a form where they obviously conform to this philosophy and are conse-
quently easily seen to be invariantly defined.

1.4.2. Coordinate Representations. On a manifold M we can multiply 1-forms

to get bilinear forms:
91 . Bz(v,w) = 91 (V) . 92(W).
Note that 0; - 6, # 6, - 0;. This multiplication is actually a tensor product 0; - 6, =
) ® 6,. Given coordinates x(p) = (x',...,x") on an open set U of M we can thus
construct bilinear forms dx’ - dx/. If in addition M has a Riemannian metric g, then
we can write
g =g(0;,0;)dx"-dx/
because
gvw) = g(dx'(v)d;, dx! (w)d;)

2(0:,0;)dx (v) - dx (w).

The functions g(d;,d;) are denoted by g;;. This gives us a representation of g in local
coordinates as a positive definite symmetric matrix with entries parametrized over U.
Initially one might think that this gives us a way of concretely describing Riemannian
metrics. That, however, is a bit optimistic. Just think about how many manifolds
you know with a good covering of coordinate charts together with corresponding
transition functions. On the other hand, coordinate representations are often a good
theoretical tool for abstract calculations.

EXAMPLE 1.4.1. The canonical metric on R” in the identity chart is

n
g= 6ijdxidxj = Z (dxi)z.
i=1
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EXAMPLE 1.4.2. On R? — {half line} we also have polar coordinates (r,8). In
these coordinates the canonical metric looks like

g=dr*+r’de’.
In other words,
8rr = 1; 8ro0 = 86r = 07 866 = }"2.
To see this recall that
= rcosé,
= rsinf.
Thus,
dx = cosOdr—rsin6do,
dy = sinOdr+rcos0do,
which gives
g = dx* + dy2
(cos @dr —rsin0d8)* + (sin Odr + rcos 0d6)*
= (cos® 6 +sin®0)dr? + (rcos 0 sin @ — rcos O'sin 0)drd O

+(rcos @sin 6 — rcos 0sin8)dOdr + (r*sin’ 0)d6> + (1% cos® 6)d6>
= drf+rdo>.

1.4.3. Frame Representations. A similar way of representing the metric is by
choosing a frame Xi, ..., X,, on an open set U of M, i.e., n linearly independent
vector fields on U, where n = dimM. If o', ..., 0" is the coframe, i.e., the 1-forms
such that 6" (X;) = §;, then the metric can be written as

g=gijo'0’ =g (X;,X;)o'c’.
EXAMPLE 1.4.3. Any left-invariant metric on a Lie group G can be written as
g=(0")+-+(a")
using a coframe dual to left-invariant vector fields X, ..., X, forming an orthonormal
basis for 7,G. If instead we just begin with a frame of left-invariant vector fields
Xi,...,X, and dual coframe ¢',...,c", then a left-invariant metric g depends only
on its values on 7,G and can be written as g = gi.,-crioj , where g;; is a positive definite

symmetric matrix with real-valued entries. The Berger sphere can, for example, be

written
2

ge =¢€°(c')*+(0%)* + (%),
where 0'(X;) = 51’
EXAMPLE 1.4.4. A surface of revolution consists of a profile curve
c(t) = (r(1),0,2(2)) : T — R,
where I C R is open and r(¢) > 0 for all z. By rotating this curve around the z-axis,
we get a surface that can be represented as

(1,0) — f(¢,0) = (r(t)cos0,r(t)sinB,z(t)).
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w7 v

FIGURE 1.4.1.

This is a cylindrical coordinate representation, and we have a natural frame J;,dg on
the surface with dual coframe dr,d6. We wish to calculate the induced metric on this
surface from the Euclidean metric dx> + dy> 4+ dz* on R? with respect to this frame.
Observe that

dx = Jcos(0)dt—rsin(0)do,
dy = 7sin(0)dt+rcos(0)do,
dz = zdt.
SO
d® +dy* +d7? = (icos(0)dr—rsin(0)d6)?
+ (#sin(8)dt +rcos (0)d6)? + (zdt)*
= (P+2)d*+r7do.
Thus

g = (I*+2H)d* +r*de*.
If the curve is parametrized by arc length, then we obtain the simpler formula:
g=d® +r*de>.
This is reminiscent of our polar coordinate description of R%. In figure 1.4.1 there
are two pictures of surfaces of revolution. In the first,  starts out being zero, but the
metric appears smooth as r has vertical tangent to begin with. The second shows that
when r = 0 the metric looks conical and therefore collapses the manifold.
On the abstract manifold / x S' we can use the frame 9,,dg with coframe dr,d6
to define metrics
12 2, 42 2
g=n"(t)dt"+p-(1)d6~.
These are called rotationally symmetric metrics since 11 and p do not depend on the
rotational parameter 8. We can, by change of coordinates on I, generally assume
that 1 = 1. Note that not all rotationally symmetric metrics come from surfaces of
revolution. For if dr? + r2d6? is a surface of revolution, then 22+ 72 = 1 and, in
particular, |7| < 1.

EXAMPLE 1.4.5. The round sphere S?(R) C R? can be thought of as a surface
of revolution by revolving

1+ R (sin (%) ,0,cos (%))
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around the z-axis. The metric looks like

dt* + R*sin* (%) d6>.
Note that Rsin (1%) — t as R — oo, 50 very large spheres look like Euclidean space.

By formally changing R to iR, we arrive at a different family of rotationally

symmetric metrics:

dt* + R*sinh® (%) d6>.
This metric coincides with the metric defined in example 1.1.7 by observing that it
comes from the induced metric in R%! after having rotated the curve

t+— R (sinh (%) ,0,cosh (%))

around the z-axis.
If we let sn;(¢) denote the unique solution to

i) +k-x(r) = 0,
x(0) = 0,
x(0) = 1,

then we obtain a 1-parameter family
dt* +sni(1)d6?

of rotationally symmetric metrics. (The notation sn; will be used throughout the text,

it should not be confused with Jacobi’s elliptic function sn (k,u«).) When k = 0, this

is R?; when k > 0, it is S (1/vk); and when k < 0 the hyperbolic space H? (1/v=%).
Corresponding to sng we also have cs; defined as the solution to

i) +k-x(t) = 0,
x(0) = 1,
x(0) = 0.
The functions are related by
d
() = os0),
d
() = ks (1),
1 = csi(t)+ksng(z).

1.4.4. Polar Versus Cartesian Coordinates. In the rotationally symmetric ex-
amples we haven’t discussed what happens when p(f) = 0. In the revolution case,
the profile curve clearly needs to have a horizontal tangent in order to look smooth.
To be specific, consider dt? + p2(t)d6?, where p : [0,b) — [0,0) with p(0) = 0 and
p(t) > 0forz > 0. All other situations can be translated or reflected into this position.

More generally, we wish to consider metrics on I x S"~! of the type dt* +
p>(t)ds>_,, where ds2_, is the canonical metric on "~ !(1) C R". These are also
called rotationally symmetric metrics and are a special class of warped products (see
also section 4.3). If we assume that p (0) = 0 and p (¢) > 0 for ¢ > 0, then we want

to check that the metric extends smoothly near # = 0 to give a smooth metric near the
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origin in R". There is also a discussion of how to approach this smoothness question
in section 4.3.4.

The natural coordinate change to make is x = ts where x € R", t > 0, and s €
§"~1(1) C R". Thus

=Y (@5’
i=1

Keep in mind that the constraint ) (s")2 = 1 implies the relationship ¥ s'ds’ = 0
between the restriction of the differentials to §"~'(1).
The standard metric on R” now becomes

Y (@) = Y (sdt+1ds')’
= Z (s")th2 +12 (dsi)2 + (tdt) (sidsi) + (sidsi) (tdr)
= dr* +1%dst_,

when switching to polar coordinates.

In the general situation we have to do this calculation in reverse and check that
the expression becomes smooth at the origin corresponding to x' = 0. Thus we have
to calculate dt and ds' in terms of dx'. First observe that

udt = 2Y xdx,
dt = %indxi,

and then from }_ (dx")2 = d? thzdsi1 that

,  Y(dx)’—ar
dsn,I = [72
This implies
—dr?
dt* +p*(t)dsi_, = dr+p )Z< )

(e
i\ 2
(1 § ) Y (dx)
1 ( ) ; Pz(t) i\2
(-5 ) (Lrar) + POy (av)’.
Thus we have to ensure that the functions

& and (1 — p2(t)>

12 12 t4

are smooth, keeping in mind that r = 4/} (x )2 is not differentiable at the origin.
The condition p (0) = 0 is necessary for the first function to be continuous at ¢ = 0,
while we have to additionally assume that p (0) = 1 for the second function to be
continuous.
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The general condition for ensuring that both functions are smooth is that p (0) =

0, p(0) = 1, and that all even derivatives vanish: p®'*" (0) = 0. This implies that
foreach/=1,2,3,...

!
p(t)=1+ Z ™ 4o <t21+3)
=1

as all the even derivatives up to 2/ + 2 vanish. Note that

2 / 2
Ptz(t) (1 +k;akt2k+0 (t21+2)>

[
1+ Y bit* 4o (r””) ,
k=1

where b, = Z{»‘:l ajai—;. Similarly for the other function

1 pn) 1<1_p2(t))

2 2 12

1 l
. (_Zbkt2k+o(tzz+z)>
k=1

l
= =Y o™ 40 (tzz) .
=1

This shows that both functions can be approximated to any order by polynomials that
are smooth as functions of x' at t = 0. Thus the functions themselves are smooth.

EXAMPLE 1.4.6. These conditions hold for all of the metrics df* +sn? (¢)ds>_,,
where ¢ € [0,00) when k <0, and 7 € [0,7/vk] when k > 0. The corresponding Rie-
mannian manifolds are denoted S}, and are called space forms of dimension n with
curvature k. Asin example 1.4.5 we can show that these spaces coincide with H" (R),
R”, or $" (R). When k = 0 we clearly get (R", ggn). When k = 1/r? we get S"(R). To
see this, observe that there is a map

F:R"x (0,Rnr) — R"xR,
F(s,r) = (xvt):R(S'Sin(£)7cos(1%)>’
that restricts to
G:S"!'x(0,Rmr) — R"xR,
G(s,r) = R(s-sin(%),cos(%)).

Thus, G really maps into the R-sphere in R"T!. To check that G is a Riemann-
ian isometry we just compute the canonical metric on R” X R using the coordinates
R (s-sin (%) ,COS (%)) To do the calculation keep in mind that ¥, (s’) 2—=1 and
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Y sids' = 0.
dr* + Y 8;jdx'dx/

= (dRcos (%) +Z5,Jd(Rsm(%)si)d(Rsin(I%)sj)

= sin® (i)dr
+Z§U scos( )dr+Rsm( )ds)(sjcos( )errRsm( )ds/)

= sin® (%) drP+ Y 8s's’ cos® (§)dr* + ) §;R*sin’ (%) ds'ds’
+Y 8ijs’Rcos (%) sin(r)ds'dr+Y ;s'Rcos () sin (%) drds’

= sin® (&) dr* +cos® (& dr226~s"sj+stm (%)Y 8;jds'ds’
+Rcos (5)sin (%) drY s'ds'+ Rcos (%) sin (%) (Y s'ds") dr

= dr’ +R%sin’ (R)ds,HI

Hyperbolic space H" (R) C R™! is similarly realized as a rotationally symmetric
metric using the map

§" % (0,00) — R
(s,r) ~— (x,t) =R(s-sinh(%),cosh(%)).

As with spheres this defines a Riemannian isometry from dr? + R?sinh® () ds2_,
to the induced metric on H"(R) C R™!. For the calculation note that the metric is

induced by gpn1 = §;;dx'dx/ — dt? and that ¥.(s')> = 1 and ¥ s'ds’ = 0.
—d* + " &;jdx'dx/
= —(d(Rcosh (%) —I—ZSUd (Rsinh (%) s)d (Rsinh (%) s/)
= —sinh? (%) dr?
+Y 8 (s'cosh () dr+Rsinh () ds') (s/ cosh (%) dr + Rsinh (%) ds’)
= —sinh® (7 dr’ + 28 s's/ cosh? (%) dr? +Z5,1R2 sinh? (’ ) ds'ds’
= dr*+R*sinh? ( )ds

1.4.5. Doubly Warped Products. We can more generally consider metrics of
the type:
dr* + p*(t)dsy + ¢ (t)ds,
on ] x SP x §9. These are a special class of doubly warped products. When p (1) =0
we can use the calculations for rotationally symmetric metrics (see 1.4.4) to check
for smoothness. Note, however, that nondegeneracy of the metric implies that p

and ¢ cannot both be zero at the same time. The following propositions explain the
various possible situations:

PROPOSITION 1.4.7. If p : (0,b) — (0,0) is smooth and p(0) = 0, then we get
a smooth metric att = 0 if and only if

P (0) =0, p(0) =
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and
9(0) >0, 9©*V(0) =0.
The topology neart = 0 in this case is RPT! x §9.

PROPOSITION 1.4.8. If p : (0,b) — (0,0) is smooth and p(b) = 0, then we get
a smooth metric att = b if and only if

PN (b) =0, p(b) = —1
and
9(b) >0, 9 () =0.
The topology near t = b in this case is again RPT1 x §9.
By adjusting and possibly changing the roles of these functions we obtain three
different types of topologies.

e p,0:[0,00) — [0,00) are both positive on all of (0,o0). Then we have a
smooth metric on RP*! x §9 if p, ¢ satisfy the first proposition.

e p,¢:[0,b] — [0,00) are both positive on (0,b) and satisfy both proposi-
tions. Then we get a smooth metric on SP*! x §9.

e p,¢ :[0,b] — [0,00) as in the second type but the roles of ¢ and p are
interchanged at r = b. Then we get a smooth metric on SP*7+1,

EXAMPLE 1.4.9. We exhibit spheres as doubly warped products. The claim is
that the metrics

dr* + sinz(t)dslzj +cosz(t)ds2, t €1[0,7/2],
are (SPT9T(1),ggprq+1). Since SP C RPT! and §7 C RY™! we can map
(0,Z) x 8P x84 — RPFIXRIT
(t,x,y) = (x-sin(z),y-cos(r)),

where x € RP*!, ye RY™! have |x| = |y| = 1. These embeddings clearly map into the
unit sphere. The computations that the map is a Riemannian isometry are similar to
the calculations in example 1.4.6.

1.4.6. Hopf Fibrations. We use several of the above constructions to under-
stand the Hopf fibration. This includes the higher dimensional analogues and other
metric variations of these examples.

EXAMPLE 1.4.10. First we revisit the Hopf fibration $(1) — % (1/2) (see also
example 1.1.5). On S3(1), write the metric as

dt* +sin’(t)d 67 +cos*(1)d63, t € [0,7/2],
and use complex coordinates
(t,eiel ,ei92) — (sin(t)eie1 ,cos(t)eiez)
to describe the isometric embedding

(0,7/2) x S' x 8t — §3(1) c C2.
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Since the Hopf fibers come from complex scalar multiplication, we see that they are
of the form
0 s (t7ei(91+9)’ei(92+9)) _

On $?(1/2) use the metric

2
2
dr + Sl“é‘ﬂdez, re 0,2,

with coordinates
(r,ef) — (%cos(Zr), i sin(Zr)eie) .
The Hopf fibration in these coordinates looks like
(t,eiel,eiez) — (t,eiw‘_e?)) .
This conforms with Wilhelm’s map defined in example 1.1.5 if we observe that
(sin(t)ei O cos(t)e! 92)
is supposed to be mapped to
(% (cos®t —sin*t) ,sin (t) cos (r) ei(elfeﬁ) = (% cos (2¢), 5 sin(2¢) eiwl*eZ)) .

On S3(1) there is an orthogonal frame

cosz(l)aﬂ 7sin2(1)36
%0, + 96y, O, —ostiem)

where the first vector is tangent to the Hopf fiber and the two other vectors have unit
length. On S? (1/2)

2
a” sin(2r) 89
is an orthonormal frame. The Hopf map clearly maps
d = 0,
cos?(1)dg, —sin?()dg cos?(r)dg+sin’(r)d, 2
cos(i‘)sin(t) L= cos(i) sin(r) b= sin(2r) '89’

thus showing that it is an isometry on vectors perpendicular to the fiber.
Note also that the map

i0 : io
6, i6 TR cos(t)e'™ sin(t)e'
(t,e ,e ) — (cos(z)e ,sin(z)e ) — ( sin(t)e 1% cos(t)ei®

gives us the promised isometry from $3(1) to SU(2), where SU(2) has the left-
invariant metric described in example 1.3.5.

EXAMPLE 1.4.11. More generally, the map
IxS'xS'" — IxS!
(t,eie],eiez) — <t7ei(91*9z))
is always a Riemannian submersion when the domain is endowed with the doubly

warped product metric
dr* 4+ p*(1)d6} + ¢*(1)d 63



1.4. LOCAL REPRESENTATIONS OF METRICS 21

and the target has the rotationally symmetric metric
1) (1))
PRSI0
p*(t) +¢2(1)
EXAMPLE 1.4.12. This submersion can also be generalized to higher dimen-
sions as follows: On I x $?**1 x §! consider the doubly warped product metric
dt? + p*(t)ds3,.1 + ¢ (1)d6>.

The unit circle acts by complex scalar multiplication on both $?**! and S' and
consequently induces a free isometric action on this space (if A € S' and (z,w) €
521 5 S then A - (z,w) = (Az,Aw)). The quotient map

Ix S xSt Ix (s x s /st)
can be made into a Riemannian submersion by choosing an appropriate metric on
the quotient space. To find this metric, we split the canonical metric
2
dsyup1 =h+g,

where h corresponds to the metric along the Hopf fiber and g is the orthogonal com-
ponent. In other words, if pr: 7,5*"*! — T,5?"*1 is the orthogonal projection (with
respect to ds%n +1) Whose image is the distribution generated by the Hopf action, then

h(v,w) = ds3, .1 (pr(v), pr(w))
and
gvmw) = ds3, 1 (v—pr(v),w—pr(w)).
We can then rewrite
dt? +p2(t)ds3, .| + 0% (1)d6* = di* 4+ p*(t)g + p (t)h + ¢*(1)d 6>

Observe that (S*""! x §') /S' = §2"*1 and that the S' only collapses the Hopf fiber
while leaving the orthogonal component to the Hopf fiber unchanged. In analogy
with the above example, the submersion metric on I x S21+1 can be written

(p()-0()?,
p2(1)+02()"

EXAMPLE 1.4.13. In the case where n = 0 we recapture the previous case, as g
doesn’t appear. When n = 1, the decomposition: ds% = h+ g can also be written

dt* +p*(t)g +

ds; = (') +(0%)+(0%),
h = (o'
g = (0+ (0",

where {c', 62,63} is the coframe coming from the identification $* ~ SU(2) (see
example 1.3.5). The Riemannian submersion in this case can then be written

(Ix S2 xS, d2+p2 (1) (6% + (62)2 + (0%)2) + 92(1)d6?)

(I><S3, dr> +p*(t) ((62)% + (6%)%) + (g(t)f(tz))2 (01)2).
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EXAMPLE 1.4.14. If we let p =sin(¢), ¢ =cos(¢), and t € [ = [0,7/2], then
we obtain the generalized Hopf fibration $2**3 — CP"+! defined in example 1.3.4.
The map
(0,7/2) x (S x S1) — (0,7/2) x ((§*' x §') /s")

is a Riemannian submersion, and the Fubini-Study metric on CP"*! can be repre-
sented as

dt? +sin®(r) (g + cos?(1)h).

1.5. Some Tensor Concepts

In this section we shall collect together some notational baggage and more gen-
eral inner products of tensors that will be needed from time to time.

1.5.1. Type Change. The inner product structures on the tangent spaces to a
Riemannian manifold allow us to view tensors in different ways. We shall use this for
the Hessian of a function and the Ricci tensor. These are naturally bilinear tensors,
but can also be viewed as endomorphisms of the tangent bundle. Specifically, if we
have a metric g and an endomorphism S on a vector space, then b (v,w) = g (S (v) ,w)
is the corresponding bilinear form. Given g, this correspondence is an isomorphism.
When generalizing to the pseudo-Riemannian setting it is occasionally necessary to
change the formulas we develop (see also exercise 1.6.10).

If, in general, we have an (s,¢)-tensor T, then we can view it as a section in the
bundle

TMR--- QTMQITM®---QT*M.

s times t times

Given a Riemannian metric g on M, we can make 7 into an (s — k, ¢ + k)-tensor
for any k € Z such that both s — k and ¢ + k are nonnegative. Abstractly, this is
done as follows: On a Riemannian manifold 7 M is naturally isomorphic to 7*M; the
isomorphism is given by sending v € TM to the linear map (w — g (v,w)) € T*M.
Using this isomorphism we can then replace TM by T*M or vice versa and thus
change the type of the tensor.

At a more concrete level what happens is this: We select a frame E1,...,E, and
construct the coframe ¢',...,c”". The vectors in TM and covectors in T*M can be
written as

v = VE =0'(v)E;,
o = oo =0(E)c’.

The tensor T can then be written as
T = T]lllij’l ® - QE,® o/ R® ot
,11?

Using indices and simply writing 7} " is often called tensor notation.

We need to know how we can change E; into a covector and 67 into a vector. As
before, the dual to E; is the covector w — g (E;, w), which can be written as

g (E,w) =g (Ei,Ej) o/ (w) = gijo’ (w).
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Conversely, we have to find the vector v corresponding to the covector 6/. The defin-
ing property is
glvyw) =0’ (w).
Thus, we have
g(E;)=25/.
If we write v = VFEy, this gives
gt =8/
Letting g/ denote the ijth entry in the inverse of (g;;) , we obtain
V= viEi = gijEi.
Thus,
E; — g0’
(o2 J — gl] E;.
Note that using Einstein notation will help keep track of the correct way of doing
things as long as the inverse of g is given with superscript indices. With this for-
mula one can easily change types of tensors by replacing E's with o's and vice versa.
Note that if we used coordinate vector fields in our frame, then one really needs to
invert the metric, but if we had chosen an orthonormal frame, then one simply moves
indices up and down as the metric coefficients satisfy g;; = &;;.

Let us list some examples: '
The Ricci tensor: For now this is simply an abstract (1, 1)-tensor: Ric (E;) = Ric! Ej;
thus

Ric = Ricfi -E;®0o”.
As a (0,2)-tensor it will look like
Ric = RiCjk-O'j & Gk = gj,'RiC;( 'Gj & O'k7
while as a (2,0)-tensor acting on covectors it will be
Ric = Ric* -E; @ E = gV Ric§-E; ® Ey.

The curvature tensor: We consider a (1,3)-curvature tensor R (X,Y)Z, which we
write as
R=R, E®c ®c/®c".

As a (0,4)-tensor we get
R = Rju oc'odedad
Rjyg5-0' @0/ @' @0’
Note that we have elected to place [ at the end of the (0,4) version. In many texts it is

placed first. Our choice appears natural given how we write these tensors in invariant
notation in chapter 3. As a (2,2)-tensor we have:

R = Rl E®E®c @0/

= R EQE® R0
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Here we must be careful as there are several different possibilities for raising and
lowering indices. We chose to raise the last index, but we could also have chosen
any other index, thus yielding different (2,2)-tensors. The way we did it gives what
we will call the curvature operator.

1.5.2. Contractions. Contractions are traces of tensors. Thus, the contraction
ofa(1,1)-tensor T =T;-E;® ¢/ is its usual trace:

C(T)=uT =T,

An instructive example comes from considering the rank 1 tensor X ® @ where X is a
vector field and @ a 1-form. In this case contraction is simply evaluation C (X ® @) =
o (X). Conversely, contraction is a sum of such evaluations.

If instead we had a (0,2)-tensor T, then we could, using the Riemannian struc-
ture, first change it to a (1, 1)-tensor and then take the trace

C(T)

C(T;-o'®0c’)
= C (Tikgkj~Ek®of)
= Tyg".
In fact the Ricci tensor is a contraction of the curvature tensor:
Ric = RicjE®oc’/
= R} E®c’
= R, ¢ E®ol,
or
Ric = Ric;-0'®0c’
= gklRiklj o'®o’,

which after type change can be seen to give the same expressions. The scalar curva-
ture is defined as a contraction of the Ricci tensor:

scal = tr(Ric)
= Ric!
— i o5k
- Ri'ksg ’
= RiCik gkl
ik il
= Rijug”g".
Again, it is necessary to be careful to specify over which indices one contracts in
order to get the right answer.

1.5.3. Inner Products of Tensors. There are several conventions for how one
should measure the norm of a linear map. Essentially, there are two different norms
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in use, the operator norm and the Euclidean norm. The former is defined for a linear
map L : V — W between normed spaces as

IL]| = sup [Lv|.

vI=1

The Euclidean norm is given by

L] = Vir({L7 oL) = /i (LoL?),

where L* : W — V is the adjoint. These norms are almost never equal. If, for in-
stance, L : V — V is self-adjoint and A4; < --- < A, the eigenvalues of L counted with
multiplicities, then the operator norm is: max {|A;]|,|A,|}, while the Euclidean norm

is 4 /112 + -+ A2. The Euclidean norm has the advantage of actually coming from
an inner product:
(Li,Lp) =tr(LyoL}) =tr(LpoLY).

As a general rule we shall always use the Euclidean norm.

It is worthwhile to check how the Euclidean norm of some simple tensors can be
computed on a Riemannian manifold. Note that this computation uses type changes
to compute adjoints and contractions to take traces.

Let us start with a (1,1)-tensor 7 = T;-E;® o’. We think of this as a linear map

TM — TM. Then the adjoint is first of all the dual map T* : T*M — T*M, which we
then change to T* : TM — TM. This means that

which after type change becomes
T* =T'gYguiE;® 0"

Finally,

» ‘ :

T =TT s" g

If the frame is orthonormal, this takes the simple form of

T =TT
Fora (0,2)-tensor T =T;; - 0' ® o/ we first have to change type and then proceed as
above. In the end one gets the nice formula

T2 =11,

In general, we can define the inner product of two tensors of the same type, by

declaring that if E; is an orthonormal frame with dual coframe o' then the (s,¢)-
tensors

El.1 ®"'®Eis®6jl ®...®Gjt
form an orthonormal basis for (s,7)-tensors.

The inner product just defined is what we shall call the point-wise inner product
of tensors, just as g (X,Y) is the point-wise inner product of two vector fields. The
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point-wise inner product of two compactly supported tensors of the same type can
be integrated to yield an inner product structure on the space of tensors:

(Tl,Tz)Z/g(Tl,Tz)vol.
M

1.5.4. Positional Notation. A final remark is in order. Many of the above no-
tations could be streamlined even further so as to rid ourselves of some of the nota-
tional problems we have introduced by the way in which we write tensors in frames.
Namely, tensors TM — TM (section of TM @ T*M) and T*M — T*M (section of
T*M ® TM) seem to be written in the same way, and this causes some confusion
when computing their Euclidean norms. That is, the only difference between the two
objects 0 ® E and E ® o is in the ordering, not in what they actually do. We simply
interpret the first as a map TM — TM and then the second as T*M — T*M, but the
roles could have been reversed, and both could be interpreted as maps TM — TM.
This can indeed cause great confusion.

One way to at least keep the ordering straight when writing tensors out in coor-
dinates is to be even more careful with indices and how they are written down. Thus,
a tensor 7 that is a section of 7*M ® TM ® T*M should really be written as

T=T" ¢'QEad
Our standard (1, 1)-tensor (section of TM ® T*M) could then be written
T = Tj. ‘Ei® o/,

while the adjoint (section of 7*M ® T M) before type change is

" = T,!-6*®E

T; grig” - 0" QE;.
Thus, we have the nice formula
T =757,

Nice as this notation is, it is not used consistently in the literature. It would be
convenient to use it, but in most cases one can usually keep track of things anyway.
Most of this notation can of course also be avoided by using invariant (coordinate
free) notation, but often it is necessary to do coordinate or frame computations both
in abstract and concrete situations.

1.6. Exercises

EXERCISE 1.6.1. On M x N one has the Cartesian product metrics g = gy + gn,
where gy, gy are metrics on M, N respectively.
(1) Show that (R", ggn) = (R,dr?) x -+ x (R,dr?).
(2) Show that the flat square torus

2 2 172 1 122 1 122
r=RY2 =55 ) 67| x 55 ) 467 ).
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(3) Show that
1
F(6,,0,) = 5 (cos 0;,sin 0y, cos B,,sin H;)

is a Riemannian embedding: 72 — R*.

EXERCISE 1.6.2. Suppose we have an isometric group action G on (M, g) such
that the quotient space M /G is a manifold and the quotient map a submersion. Show
that there is a unique Riemannian metric on the quotient making the quotient map a
Riemannian submersion.

EXERCISE 1.6.3. Let M — N be a Riemannian k-fold covering map. Show,
volM =k - volN.

EXERCISE 1.6.4. Show that the volume form for a metric dr?> + p2 (r) gy on a
product I x N is given by p"~!dr Avoly, where voly is the volume form on (N, gy ).

EXERCISE 1.6.5. Show thatif E,..., E, is an orthonormal frame, then the dual
frame is given by ¢’ (X) = g (E;,X) and the volume form by vol = +6! A--- A o™

EXAMPLE 1.6.6. Show that in local coordinates x',...,x" the volume form is
given by vol = £, /det [g,'j]dx1 A---Adx". In the literature one often sees the simpli-

fied notation g = /det|[g;;].

EXERCISE 1.6.7. Construct paper models of the warped products dt>+a’t>d6?.
If a = 1, this is of course the Euclidean plane, and when a < 1, they look like cones.
What do they look like when a > 1?

EXERCISE 1.6.8. Consider a rotationally symmetric metric dr” +p? (r) g $-1(R)>
where "~ (R) C R" is given the induced metric. Show that if p (0) = 0, then we
need p (0) = 1/r and p(®) (0) = 0 to get a smooth metric near r = 0.

EXERCISE 1.6.9. Show that if we think of R” as any of the hyperplanes x"*! = R
in R"*!, then Iso (R") can be identified with the group of (n+ 1) x (n+ 1) matrices

il

where v € R"” and O € O (n). Further, show that these are precisely the linear maps
that preserve x**! = R and the degenerate bilinear form x'y! + - +x"y".

EXERCISE 1.6.10. Let V be an n-dimensional vector space with a symmetric
nondegenerate bilinear form g of index p.
(1) Show that there exists a basis ey,...,e, such that g(e;,e;) =0 if i # j,
glee))=1ifi=1,...,n—pand g(ej,e;) = —1ifi=n—p+1,..,n
Thus V is isometric to RP4.
(2) Show that for any v we have the expansion

Vv =
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(3) Let L:V — V be a linear operator. Show that
n
— " 8lLle)e)
(1) - § e

EXERCISE 1.6.11. Let g~! denote the (2,0)-tensor that is the inner product on
the dual tangent space 7*M. Show that type change can be described as a contraction

of a tensor product with g or g~ !.

EXERCISE 1.6.12. For a (1,1)-tensor T on a Riemannian manifold, show that
if E; is an orthonormal basis, then

TP =Y |T(E).

EXERCISE 1.6.13. Given (1, 1)-tensor tensors S,T show that if S is symmetric
and T skew-symmetric, then g (S,7T) = 0.

EXERCISE 1.6.14. Show that the inner product of two tensors of the same type
can be described as (possibly several) type change(s) to one of the tensors followed
by (possibly several) contraction(s).

EXERCISE 1.6.15. Consider F : F**! — {0} — FP" defined by F (x) = spang {x},
where F =R, C and assume that FPP" comes with the metric that makes the restriction
of F to the unit sphere a Riemannian submersion.

(1) Show that F' is a submersion.

(2) Show that F is not a Riemannian submersion with respect to the standard
metric on F"*! — {0}.

(3) Is it possible to choose a metric on F"*! — {0} so that F becomes a Rie-
mannian submersion?

EXERCISE 1.6.16. The arc length of a curve ¢ (t) : [a,b] — (M, g) is defined by
Lic) = / ¢| dr
la,b]

(1) Show that the arc length does not depend on the parametrization of c.

(2) Show that any curve with nowhere vanishing speed can be reparametrized
to have unit speed.

(3) Show that it is possible to define the arclength of an absolutely continuous
curve. You should, in particular, show that the concept of being absolutely
continuous is well-defined for curves in manifolds.

EXERCISE 1.6.17. Show that the arclength of curves is preserved by Riemann-
ian immersions.

EXERCISE 1.6.18. Let F : (M,gy) — (N,gn) be a Riemannian submersion and
c(t) : [a,b] — (M,gn) a curve. Show that L (F oc) < L(c) with equality holding if
and only if ¢ (t) L ker DF,,) for all # € [a,b].

EXERCISE 1.6.19. Show directly that any curve between two points in Eu-

clidean space is longer than the Euclidean distance between the points. Moreover, if
the length agrees with the distance, then the curve lies on the straight line between
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those points. Hint: If v is an appropriate unit vector, then calculate the length of
v-c(t) and compare it to the length of c.

EXERCISE 1.6.20. Let §" C R"*! be the standard unit sphere and p,q € S" and
v € T,8" a unit vector. We think of p,q and v as unit vectors in R+

(1) Show that the great circle pcost + vsint is a unit speed curve on S" that
starts at p and has initial velocity v.

(2) Consider the map F (r,v) = pcosr+vsinr forr € [0,n] andv L p, |v|=1.
Show that this map defines a diffeomorphism (0,7) x §"~! — §" — {£p}.

(3) Define d, = F, (d,) on 8" — {£p}. Show that if g = F (rp,vp), then

o, = =~ (p CI)Z

= —psinrg+vpcosry.
1—(p-q)

(4) Show that any curve from p to ¢ is longer than ry, where ¢ = F (rg,vp),
unless it is part of the great circle. Hint: Compare the length of ¢ (¢) to the
integral [ ¢-0,dt and show that ¢ - d, = %, where ¢ (1) = F (r(t),v(¢)).

(5) Show that there is no Riemannian immersion from an open subset U C R"
into §". Hint: Any such map would map small equilateral triangles to
triangles on S whose side lengths and angles are the same. Show that this
is impossible by showing that the spherical triangles have sides that are
part of great circles and that when such triangles are equilateral the angles
are always > %.

EXERCISE 1.6.21. Let H* C R™! be hyperbolic space: p,q € H"; and v € T,H"

a unit vector. Thus |p|> =|g|* = —1, [v[* =1, and p-v=0.

(1) Show that the hyperbola pcosht + vsinht is a unit speed curve on H” that
starts at p and has initial velocity v.

(2) Consider F (r,v) = pcoshr+vsinhr, for r >0andv-p =0, |v|* = 1. Show
that this map defines a diffeomorphism (0,00) x §"~! — H" — {p}.

(3) Define the radial field d, = F, (d,) on H" — {p}. Show thatif g = F (rg,vp),
then

oy = —p—(q-p)q2
—1+(q-p)

(4) Show that any curve from p to g is longer than ry, where g = F (rg,vp),
unless it is part of the hyperbola. Hint: For a curve c¢(z) compare the
length of ¢ to the integral [ ¢ - J,dt and show that ¢ - d, = %, where ¢ (1) =
F(r(t),v(t)).

(5) Show that there is no Riemannian immersion from an open subset U C R”"
into H". Hint: Any such map would map small equilateral triangles to
triangles on H" whose side lengths and angles are the same. Show that this
is impossible by showing that the hyperbolic triangles have sides that are
part of hyperbolas and that when such triangles are equilateral the angles
are always < §.

= psinhry+vgcoshry.
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EXERCISE 1.6.22 (F. Wilhelm). The Hopf fibration from example 1.1.5 can be
generalized using quaternions. Quaternions can be denoted ¢ = a +bi+cj+dk =
z+wj, where z =a+ bi, w = c+d1i are complex numbers and

P=if=k>=-1,

ij=k=—]i,
jk=i=—kj,
ki=j=—ik

The set of quaternions form a 4-dimensional real vector space H with a product
structure that is R-bilinear and associative.

(1) Show the quaternions can be realized as a matrix algebra

where
- V-1 0
B 0 —/=1 )’
_ 0 1
] - -1 0 )
K — 0 v—1
B V-1 0 )
This in particular ensures that the product structure is R-bilinear and asso-
ciative.

(2) Show that if
g=a—bi—cj—dk,
then the following identities hold:

A+ = g
= qq
= qq
= | +|wf
= det( o vf),
—WwW Z
lpql = Ipllql,
and
Pqg=4qp.

(3) Define two maps H?> — R@ H
1
I (L0 -
H(p,q>—(2(|p| |q|),pq)

H' (p,q) = (; (Ip\z— Iq\z) 7P97>
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Show that they both map S7 (1) C H? to $*(1/2) C R@ H.
(4) Show that the pre-images of H' : §7 (1) — §* (1/2) correspond to the orbits
from left multiplication by unit quaternions on H?Z.
(5) Show that the pre-images of H" : 87 (1) — $* (1/2) correspond to the orbits
from right multiplication by unit quaternions on H?.
(6) Show that both H' and H" are Riemannian submersions as maps S7 (1) —
st (1/2).
EXERCISE 1.6.23. Suppose p and ¢ are positive on (0,e0) and consider the
Riemannian submersion
((0,00) x 8 x 8", dr* +p* (1) [(61)* + (02)* + (0°)*] + 9(1)d6?)
1
3 g2 2 2\2 321, (p()-0(1))* (<12
((0,0) x 8%, dr> + p(1)[(6%)2 + (03] + 5L (512
— _ p)9()?
Define f =p and h = 220+ 07(0) and assume that
£(0)>0, f9(0)=0
and
1(0) =0, ' (0) = k, K" (0) = 0,
where k is a positive integer. Show that the above construction yields a smooth metric
on the vector bundle over S? with Euler number +k. Hint: Away from the zero section
this vector bundle is (0,00) x S3/Z;, where S3/Z; is the quotient of S by the cyclic
group of order k acting on the Hopf fiber. You should use the submersion description

and then realize this vector bundle as a submersion of 3 x RZ. When k = 2, this
becomes the tangent bundle to $>. When k = 1, it looks like CP? — {point} .

EXERCISE 1.6.24. Let G be a compact Lie group.

(1) Show that G admits a biinvariant metric, i.e., both right- and left-translations
are isometries. Hint: Fix a left-invariant metric g; and a volume form
vol = 6! A---Ac! where ¢’ are orthonormal left-invariant 1-forms. Then
define g as the average over right-translations:

gvw) = ﬁ/(}gL (DR, (v),DRy (w))vol.

(2) Show that conjugation Ady, (x) = hxh~! is a Riemannian isometry for any
biinvariant metric. Conclude that its differential at x = e denoted by the
same letters

Ady:g—9g
is a linear isometry with respect to g.
(3) Use this to show that the adjoint action
ady:g — g,
adyX = [U,X]
is skew-symmetric, i.e.,
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Hint: It is shown in section 2.1.4 that U + ady is the differential of & —
Ady,.

EXERCISE 1.6.25. Let G be a Lie group with Lie algebra g. Show that a
nondegenerate, bilinear, symmetric form (X,Y) on g defines a biinvariant pseudo-
Riemannian metric if and only if (X,Y) = (Ad; X,Ad,Y) forall 1 € G.

EXERCISE 1.6.26. Let G be a compact group acting on a Riemannian manifold.
Show that M admits a Riemannian metric such that G acts by isometries. Hint: You
first have to show that any manifold admits a Riemannian metric (partition of unity)
and then average the metric to make it G-invariant.

EXERCISE 1.6.27. Let G be a Lie group. Define the Killing form on g by
B(X,Y)=tr(adyoady).

(1) Show that B is symmetric and bilinear.

(2) When G admits a biinvariant metric show that B (X,X) < 0. Hint: Use part
(3) of exercise 1.6.24.

(3) Show that B(adzX,Y)=—B(X,adzY).

(4) Show that B(Ad;, X,Ad,Y) = B(X,Y), when G is connected. Hint: Show
that

t—B (Adexp(tZ) X7Adexp(tZ) Y)

is constant, where exp (0) = e and % exp(tZ) =Z.

Note B looks like a biinvariant metric on G. When g is semisimple the Killing
form is nondegenerate (this can in fact be taken as the definition of semisimplicity)
and thus can be used as a pseudo-Riemannian biinvariant metric. It is traditional to
use —B instead so as to obtain a Riemannian metric when G is also compact.

EXERCISE 1.6.28. Consider the Lie group of real n x n-matrices with determi-
nant 1, SL (n,R). The Lie algebra sl (n,R) consists of real n x n-matrices with trace
0. Show that the symmetric bilinear form (X,Y) = tr (XY) on sl (n,IR) defines a biin-
variant pseudo-Riemannian metric on SL (r,R). Hint: Show that it is nondegenerate
and invariant under Ady,.

EXERCISE 1.6.29. Show that the matrices

al 00
0 a b |,a>0,beR
0 0 1

define a two-dimensional Lie group that does not admit a biinvariant pseudo-Riemannian
metric.



CHAPTER 2

Derivatives

This chapter introduces several important notions of derivatives of tensors. In
chapters 5 and 6 we also introduce partial derivatives of functions into Riemannian
manifolds.

The main goal is the construction of the connection and its use as covariant
differentiation. We give a motivation of this concept that depends on exterior and
Lie derivatives. Covariant differentiation, in turn, allows for nice formulas for exte-
rior derivatives, Lie derivatives, divergence and much more. It is also crucial in the
development of curvature which is the central construction in Riemannian geometry.

Surprisingly, the idea of a connection postdates Riemann’s introduction of the
curvature tensor. Riemann discovered the Riemannian curvature tensor as a second-
order term in a Taylor expansion of a Riemannian metric at a point with respect to a
suitably chosen coordinate system. Lipschitz, Killing, and Christoffel introduced the
connection in various ways as an intermediate step in computing the curvature. After
this early work by the above-mentioned German mathematicians, an Italian school
around Levi-Civita, Ricci, Bianchi et al. began systematically to study Riemannian
metrics and tensor analysis. They eventually defined parallel translation and through
that clarified the use of the connection. Hence the name Levi-Civita connection for
the Riemannian connection. Most of their work was still local in nature and mainly
centered on developing tensor analysis as a tool for describing physical phenomena
such as stress, torque, and divergence. At the beginning of the twentieth century
Minkowski started developing the geometry of space-time as a mathematical model
for Einstein’s new special relativity theory. It was this work that eventually enabled
Einstein to give a geometric formulation of general relativity theory. Since then,
tensor calculus, connections, and curvature have become an indispensable language
for many theoretical physicists.

Much of what we do in this chapter carries over to the pseudo-Riemannian set-
ting as long as we keep in mind how to calculate traces in this context.

2.1. Lie Derivatives

2.1.1. Directional Derivatives. There are many ways of denoting the direc-
tional derivative of a function on a manifold. Given a function f : M — R and a
vector field Y on M we will use the following ways of writing the directional deriva-
tive of f in the direction of Y

Vyf=Dyf=Lyf=df(Y)=Y(f).

33
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If we have a function f : M — R on a manifold, then the differential df : TM —
R measures the change in the function. In local coordinates, df = d;(f)dx'. If, in
addition, M is equipped with a Riemannian metric g, then we also have the gradient
of f, denoted by gradf = V£, defined as the vector field satisfying g(v,Vf) =df(v)
for all v € TM. In local coordinates this reads, Vf = g"/ d;( f)d;, where g is the
inverse of the matrix g;; (see also section 1.5.1). Defined in this way, the gradient
clearly depends on the metric.

But is there a way of defining a gradient vector field of a function without using
Riemannian metrics? The answer is no and can be understood as follows. On R” the
gradient is defined as

Vf=3899(f)d; =Y 0i(f) o
i=1

But this formula depends on the fact that we used Cartesian coordinates. If instead
we use polar coordinates on R2, say, then

Vf:ax(f)ax“!‘ay(f)ay#ar(f)ar“!‘ae(f)aeu

One rule of thumb for items that are invariantly defined is that they should satisfy the
Einstein summation convention. Thus, df = d; (f)dx' is invariantly defined, while
Vf =0;(f)0; is not. The metric g = g;;dx'dx’ and gradient V.f = g'/9;(f)d; are
invariant expressions that also depend on our choice of metric.

2.1.2. Lie Derivatives. Let X be a vector field and F” the corresponding locally
defined flow on a smooth manifold M. Thus F” (p) is defined for small r and the curve
t — F'(p) is the integral curve for X that goes through p att = 0. The Lie derivative
of a tensor in the direction of X is defined as the first-order term in a suitable Taylor
expansion of the tensor when it is moved by the flow of X. The precise formula,
however, depends on what type of tensor we use.

If f: M — R is a function, then

f(F'(p)) = f(p)+t(Lxf)(p)+o(1),
- f(F'(p)—f(p
(Lxf) (p) = tim LD ZT2)
t—0 t
Thus the Lie derivative Ly f is simply the directional derivative Dy f = d f (X) . With-
out specifying p we can also write
foF'=f+tLxf+o(t) and Lyf = Dxf=df (X).

When we have a vector field Y things get a little more complicated as Y|z can’t
be compared directly to Y since the vectors live in different tangent spaces. Thus we
consider the curve ¢ — DF ! (Y | Fi( p)) that lies in 7,M. When this is expanded in ¢
near 0 we obtain an expression

DF™ (Ypi(p) =Y|p+1(Lx¥) |, +0(t)

for some vector (LxY )|, € T,M. In other words we define

_ DF ™ (Y|pi(p) =Y,
(LxY) _}Lmo p .

or
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This Lie derivative turns out to be the Lie bracket.
PROPOSITION 2.1.1. IfX,Y are vector fields on M, then LxY = [X,Y].

PRrROOF. While Lie derivatives are defined as a limit of suitable difference quo-
tients it is generally far more convenient to work with their implicit definition through
the first-order Taylor expansion.

The Lie derivative comes from

DF " (Y|pt) =Y +tLxY +o0(t)
or equivalently
Y| —DF'(Y)=tDF' (LxY)+o(t).

Consider the directional derivative of a function f in the direction of Y|z — DF” (Y)

Dy, —pri)f = Dy, J—Dpry)f
= (Dyf)oF' =Dy (foF")
= Dyf+tDxDyf+o(t)
—Dy (f+tDxf+o(t))
= t(DxDyf—DyDxf)+o(t)
= Dy f+olt).
This shows that
¥l DF(Y)

ny =l
t—0 t

- xy].
U

We are now ready to define the Lie derivative of a (0, k)-tensor 7 and also give
an algebraic formula for this derivative. Define

(F)'T =T+t (LxT)+o(t)
or with variables included
(F)'T)(%1,...Y%) = T (DF'(11),...DF" (Y))
= TW,...Y)+t(LxT) (Y1,....Yx) +o(2).
As a difference quotient this means
(LxT)(V1, .. Y;) = }g%(l”)#

PROPOSITION 2.1.2. If X is a vector field and T a (0,k)-tensor on M, then

k
(LxT) (Y1,...%) = Dx (T (Yi,... o)) = Y. T (Y1, ..., Lx Y;, ... Ya).

i=1
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PROOF. We restrict attention to the case where k = 1. The general case is similar
but requires more notation. Using that

Y|F‘ :DFI(Y)—FIDFI(L)(Y)—FO(Z‘)

we get
((F)'T)(¥) = T(DF'(¥))
T (Y|p —tDF' (LxY)) + o (t)
T(Y)oF'—tT (DF' (LxY))+o(r)
= T(Y)+tDx(T(Y))—tT (DF' (LxY))+o(t).
Thus

(LxT)(Y) = lim (F)'T)(¥)-T(Y)

t—0 t

= lim (Dx (T () =T (DF' (LxY)))
= Dx(T(Y))—T(LxY).

O

Finally, we have that Lie derivatives satisfy all possible product rules, i.e., they
are derivations. From the above propositions this is already obvious when multiply-
ing functions with vector fields or (0, k)-tensors.

PROPOSITION 2.1.3. If T} and T, be (0,k;)-tensors, then

Ly (T1 - ) =(LxTh) - Th+Th - (LxT») .

PROOF. Recall that for 1-forms and more general (0, k)-tensors we define the
product as

1T (X1, Xiy Y15 Vi) = T1 (X140 Xpy) -T2 (V1,20 Yy -

The proposition is then a simple consequence of the previous proposition and the
product rule for derivatives of functions. (]

PROPOSITION 2.1.4. If T is a (0,k)-tensor and f : M — R a function, then

k
LixT (Y1,...Y) = fLxT (V1,... ) + Y (L f) T (Y1, X, Vi) -
1

i=
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PROOF. We have that

LixT (Y1, i) = Dyx (T (V1,00 Ye) -

= fDx (T (Yb"'va)) -

+

™=

(Ly.f)T (Y1, X, V).

i=1

The case where X|, = 0 is of special interest when computing Lie derivatives.
We note that F’ (p) = p for all r. Thus DF" : T,M — T,M and

DF~'(Y],)=Y|,

LyY]p = zlg% t
d —t
= G (OF) o (r]y).
This shows that Ly = % (DF ") |,—o when X|, = 0. From this we see that if 6 isa 1-
form then Ly 8 = —6 o Ly at points p where X|, = 0. This is a general phenomenon.

LEMMA 2.1.5. If a vector field X vanishes at p, then the Lie derivative LxT at
p depends only on the value of T at p.

PROOF. We have that
k
(LxT)(N,....Yx) =Dx (T (Y1,....Y,)) — ZT(Yl,...7LX)’i,...7Yk).
So if X vanishes at p, then

(LxT) (Y1, Y) [p ==Y T (V1,0 LxYi, o, Y) |-

O

It is also possible to define Lie derivatives of more general tensors and even
multilinear maps on vector fields. An important instance of this is the Lie derivative
of the Lie bracket [Y,Z] or even the Lie derivative of the Lie derivative Ly T. This is
algebraically defined as

(LxL)yT = Lx(LyT)—LpyyT —Ly (LxT)
= [Lx,Ly]T —Lix yT.
PROPOSITION 2.1.6 (The Generalized Jacobi Identity). For all vector fields

X,Y and tensors T
(LxL)y T =0.
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PROOF. When T is a function this follows from the definition of the Lie bracket:

(LxL)y f = [Lx,Ly]f—Lixyf
= [Dx,Dy]f—Dyxyf
= 0.

When T = Z is a vector field it is the usual Jacobi identity:
(LxL)yZ = [Lx,Ly]Z—LxyZ
= [ 7[ H [Y,[X,Z]]—HX,Y],Z]
= [ a[ ) H [Zv[XvY]]"'[Y?[ZvXH

When T = o is a one-form it follows automatically from those two observations
provided we know that

([Lx,Ly] 0) (Z) = [Lx,Ly] (® (Z)) — o ([Lx,Ly] Z)

since we then have

(LxL)y ©)(2) = ([Lx,Ly]®)(Z) = (Lix @) (Z)
= [Lx,Ly](0(2)) — o([Lx,Ly]Z)
—Lixy) (@0(2)) + o (Lix yZ)
= 0.

()
()

A few cancellations must occur for the first identity to hold. Note that

(ILx; Ly] 0) (Z) = (Lx (Ly )) (Z) — (Ly (Lx @)) (Z),

(Lx (Ly»))(Z) = Lx((Lyw)(Z))—(Lyw)(LxZ)
= Lx(Ly (0(2))) — Lx (0 (LyZ))
—Ly ((D (sz)) —+ (LyLXz) R

and similarly
(Ly (Lx®)) (Z) = Ly (Lx (@ (Z))) — Ly (@ (LxZ)) — Lx (@ (LyZ)) + & (Lx Ly Z) .
This shows that
(ILx,Ly] 0) (Z) = [Lx, Ly] (@ (Z)) — o ([Lx,Ly] Z) .

The proof for general tensors now follows by observing that these are tensor
products of the above three simple types of tensors and that Lie derivatives act as
derivations. O
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The Lie derivative can also be used to give a formula for the exterior derivative
of a k-form

k . ~
do (X, X1, X) = =Y (=) (Lxo) (XOXXk)

+§ zk: (—l)iLX,- (a) (X()’,..,}?i, ...7Xk))

For a 1-form this gives us the usual definition

do(X,Y) = Dx (@ (Y)) =Dy (0 (X)) — @ ([X,Y)).

2.1.3. Lie Derivatives and the Metric. The Lie derivative allows us to define
the Hessian of a function on a Riemannian manifold as a (0,2)-tensor:

1

Hessf (X,Y) = 3 (Lvsg) (X,Y).

Ata critical point for f this gives the expected answer. To see this, select coordinates
x" around p such that the metric coefficients satisfy g;;|, = &;. If df|, = 0, then
V|, =0 and it follows that

Lyy (gijdxidxj) |p = Lyy (g,‘j) |p + 6ijLVf (dxi) dx’ + 5,‘.,-dxiva (dx/)
= 5IJLVf (dxi) dxj + 6ijdXiLVf (dx])
= LVf (6,~jdxidxj) |p.
Thus Hess f|, is the same if we compute it using g and the Euclidean metric in the
fixed coordinate system.
It is perhaps still not clear why the Lie derivative formula for the Hessian is
reasonable. The idea is that the Hessian measures how the metric changes as we
flow along the gradient field. To justify this better let us define the divergence of

a vector field X as the function divX that measures how the volume form changes
along the flow for X:

Ly vol = (divX)vol.
Note that the form Ly vol is always exact as
Ly vol = dix vol,

where ix T evaluates T on X in the first variable.
The Laplacian of a function is defined as in vector calculus by

Af =divVf
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and we claim that it is also given as the trace of the Hessian. To see this select a
positively oriented orthonormal frame E; and note that

divX

(Lx vol) (Ey,....E,)
Ly (vol(Ey,...,Ey))

—Y Vol (Ey, ..., LxE;, ... Ey)

—Zg (LxE;,E;)

—): (Lx (g (Ei,E:)) — g (LxE;, Ei) — g (Ei, L E;))

Z% (Lxg) (Ei,Ei) .

We can also show that the Hessian defined in this way gives us back the usual

Hessian of a function f :

va (6deldxl)

2.1.4. Lie Groups.

R" — R with the canonical metric on Euclidean space:
Ly 5, f5; Z dx'dx’

ZLaj £9; dx'dx!

)y (La./fa_/dxi) dx'+) dx (Lf?/fa_idxi>

Y o (La.dxi> dxi+Y0;fdx' (La.dxi)

+Y d(9,f)dx' (9;)dx' +Y d (9, f)dx'dx (9))
2Y d(dif)dx’

2y djifdx’dx'

2Hess f.

Lie derivatives as might be expected also come in handy

when working with Lie groups. For a Lie group G we have the inner automorphism
Ady, : x — hxh~'and its differential at x = e denoted by the same letters Ad, : g — g.

LEMMA 2.1.7. The differential of h — Ady, is given by U +— ady (X) =

PROOF. If we write Ady, (x)
Ady, = DR,,-1DL;,. Now let F' be the flow for U. Then F' (x) = xF' (e) =

U,X].

=R, 1Ly (x), then its differential at x = e is given by

Ly (F' (e))

as both curves go through x at t = 0 and have U as tangent everywhere since U is a
left-invariant vector field. This also shows that DF* = DR Fi(e)- Thus

ady (X) e

= iDRF DL ( le) |i=
d ()Lt (e =0
d

= ZDRF ) (XFre)) li=o

= Lpp (X|pr(e) li=
dt (e)) 1t=0

= LyX=[UX].

This is used in the next lemma.



2.2. CONNECTIONS 41

LEMMA 2.1.8. Let G = GL(V) be the Lie group of invertible matrices on V.
The Lie bracket structure on the Lie algebra gl(V') of left-invariant vector fields on
GL (V) is given by commutation of linear maps. i.e., if X,Y € TGL(V), then

[X,Y]|; = XY —YX.

PROOF. Since x — hxh~! is a linear map on the space Hom (V,V) we see that
Ad;, (X) = hXh~!. The flow of U is given by F’ (g) = g (I+tU +o(t)) so we have

UX] = S (F X (1) o
_ %((H—tU+0(t))X(I—tU+0(t)))|t:0
= L X HUX XU+ 0 (1) -0
= UX—-XU.

2.2. Connections

2.2.1. Covariant Differentiation. We now come to the question of attaching
a meaning to the change of a vector field. The Lie derivative is one possibility, but
it is not a strong enough concept as it doesn’t characterize the Cartesian coordinate
fields in R” as having zero derivative. A better strategy for R” is to write X = X'0;,
where 0; are the Cartesian coordinate fields. If we want the coordinate vector fields
to have zero derivative, then it is natural to define the covariant derivative of X in the
direction of Y as

VyX = (VyX') 9 =d (X') (Y) .

Thus we measure the change in X by measuring how the coefficients change. There-
fore, a vector field with constant coefficients does not change. This formula clearly
depends on the fact that we used Cartesian coordinates and is not invariant under
change of coordinates. If we take the coordinate vector fields

1
9, = - (xax +y3y), dg = —yox +xav

that come from polar coordinates in R?, then we see that they are not constant.

In order to better understand such derivatives we need to find a coordinate inde-
pendent definition. This is done most easily by splitting the problem of defining the
change in a vector field X into two problems.

First, we can measure the change in X by asking whether or not X is a gradient
field. If ixg = Oy is the 1-form dual to X, i.e., (ixg) (Y) = g(X,Y), then we know
that X is locally the gradient of a function if and only if d0y = 0. In general, the
2-form d Oy then measures the extent to which X is a gradient field.

Second, we can measure how a vector field X changes the metric via the Lie
derivative Lyg. This is a symmetric (0,2)-tensor as opposed to the skew-symmetric
(0,2)-tensor dBy. If F" is the local flow for X, then we see that Lyg = 0 if and only if
F' are isometries (see also section 8.1). When this happens we say that X is a Killing
field.
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In case X = V£ is a gradient field we saw that the expression %vag is the
Hessian of f. From that calculation we can also quickly see what the Killing fields
on R” should be: If X = X'd;, then X is a Killing field if and only if dX’ + 9;X* = 0.
This implies that

X = —d;0Xx*
= —99;x*
= JiohX!
= OaX/
= —akani
= —d;aX".

Thus we have d;d;X’ = 0 and hence
i i i
X'=apx/ +B
with the extra conditions that
- - - ;
OC;- = anl = —8,-Xf =—0;.

In particular, the angular field dy is a Killing field. This also follows from the fact
that the corresponding flow is matrix multiplication by the orthogonal matrix

cos(t) —sin(z)
sin(t)  cos(r)

More generally, one can show that the flow of the Killing field X is

F'(x) =exp(At)x+1B, A= [a}], B =[B].

In this way we see that a vector field on R” is constant if and only if it is both a
Killing field and a gradient field.
Finally we make the important observation.

PROPOSITION 2.2.1. The covariant derivative in R" is given by the implicit
formula:

2¢(VyX,Z) = (Lxg) (Y,Z)+ (d6x) (Y,Z).

PROOF. Since both sides are tensorial in Y and Z it suffices to check the formula
on the Cartesian coordinate vector fields. Write X = a'0; and calculate the right-hand
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side

(Lxg) (O, 0) + (dOx) (dk,d)) = Dx&s—g(Lxk, ) —g(d,Lx)
+okg(X,01) — g (X, k) — g (X, [0k, d1])

= —g(Lp0 ) —¢g <3k,Laja_,91)

+0kd' — 9yd*

= —g(~(%a')9,9) — g (9, — (91a’) 9))
+8kal — 31ak

= 4od +9,d*+ dd — 9d*

= 20,d

= Zg ((8kai) ai, 8,)
= 2g (VakX, 8,) .

O

Since the right-hand side in the formula for Vy X makes sense on any Riemann-
ian manifold we can use this to give an implicit definition of the covariant derivative
of X in the direction of Y. This covariant derivative turns out to be uniquely deter-
mined by the following properties.

THEOREM 2.2.2 (The Fundamental Theorem of Riemannian Geometry). The
assignment X — VX on (M, g) is uniquely defined by the following properties:

(1) Y — VyX is a (1,1)-tensor, i.e., it is well-defined for tangent vectors and
linear

Vav+ﬁwX = (XVVX +ﬁVwX

(2) X — VyX is a derivation:

Vy (Xi+X2) = VyXi+VyXs,
Vy (fX) (Dy )X+ fVyX

for functions f: M — R.
(3) Covariant differentiation is torsion free:

VxY —VyX =[X,Y].
(4) Covariant differentiation is metric:
Dzg(X,Y)=g(VzX,Y)+g(X,VzY).
PROOF. We have already established (1) by using that

(Lxg) (Y,Z) + (dbx) (Y, 2)
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is tensorial in Y and Z. This also shows that the expression is linear in X. To check
the derivation rule we observe that

fLxg+df-0x+06x-df+d(f6x)
fLxg+df-6x+0x-df +df NOx + fdbyx

= f(Lxg+dbx)+df-0x+0x-df+df-0x—06x-df
f(Lxg+d6x)+2df - 6x.

fog+d9fx

Thus

28(Vy (fX),2) f28(VyX,Z)+2df(Y)g(X,Z)
28 (fVyX+df(Y)X,Z)

= 24(fWX+(Dyf)X.Z).

To establish the next two claims it is convenient to create the following expan-
sion also known as Koszul’s formula.

2¢(VyX,Z) = (Lxg)(Y,Z)+(dbx)(Y,Z)
= Dxg(¥,2)—g([X.Y],Z)—¢(Y,[X.Z])
+Dy0Ox (Z) —Dz6x (Y) — 6x ([Y,Z])
= Dxg(¥,2)-g([X,Y],Z2)—g(Y,[X,Z])
+Dyg(X,Z) —Dzg (X,Y) —g(X,[Y,Z])
= Dxg(Y,Z)+Dyg(Z,X)—Dzg(X,Y)
-g([X,Y],2) —¢([v,Z],X) +5([Z,X],Y).

We then see that (3) follows from

2¢(VxY —VyX,Z) = Dyg(X,Z)+Dxg(Z,Y)—Dzg(¥,X)
—g([Y,X],Z2) - ¢([X,2],Y) +2([Z,Y],X)
—Dxg(Y,Z) —Dyg(Z,X)+Dzg(X,Y)
+g([X,Y],2)+¢([Y.Z].X) —g([Z,X].Y)
= 2g([X,Y],2).

And (4) from

2¢(VzX,Y)+2¢(X,VzY) = Dxg(Z)Y)+Dzg(Y,X)—Dyg(X,Z)
—-g([X,Z],Y)—¢([2,Y],X) +g([V,X],2Z)
+Dyg(Z,X)+Dzg(X,Y)—Dxg(Y,Z)
—-8([v,2],X) - g([2,X],Y) +¢([X,Y],Z)
= 2Dzg(X.Y).
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Conversely, if we have a covariant derivative VyX with these four properties,
then
2¢(VyX,2) = (Lxg)(Y,Z)+(dbx)(Y,Z)
= ng (Y,Z) +DYg (Z7X) _ng (X,Y)
7g([XaY] 7Z) 7g([YaZ] vX) +g([ZaX] ,Y)
—g(VzX,Y) —g(X,V2Y) + ¢ (V2X,Y) — g (VxZ,Y)
—g(VxY,Z) +8(VyX,Z) — g (VyZ,X) + g (Vz¥,X)
= 2g(WyX,Z2)
showing that VyX = VyX. O
Any assignment on a manifold that satisfies (1) and (2) is called an affine connec-
tion. If (M, g) is a Riemannian manifold and we have a connection that in addition
also satisfies (3) and (4), then we call it a Riemannian connection. As we just saw,

this connection is uniquely defined by these four properties and is given implicitly
through the formula

2¢(VyX,Z) (Lxg) (Y,Z)+ (d6x)(Y,Z)

= Dxg (Y,Z) +Dyg (Z7X) —Dzg (XvY)
Before proceeding we need to discuss how VyX depends on X and Y. Since Vy X
is tensorial in ¥, we see that the value of VyX at p € M depends only on Y|,. But in
what way does it depend on X? Since X — VyX is a derivation, it is definitely not

tensorial in X. Therefore, we cannot expect (VyX) |, to depend only on X|, and Y| ,,.
The next two lemmas explore how (VyX)|, depends on X.

LEMMA 2.2.3. Let M be a manifold and V an affine connection on M. If p € M,
veET,M,and X,Y are vector fields on M such that X =Y in a neighborhood U > p,
then V,X =V,Y.

PROOF. Choose A : M — R suchthat A =0 on M —U and A = 1 in a neighbor-
hood of p. Then AX = AY on M. Thus at p
VIAX =A(p)V,X +dA(v)-X(p) =V, X
since dA|, = 0and A(p) = 1. In particular,
V,X=V,AX =V, AY =V,Y.
O
For a Riemannian connection we could also have used the Koszul formula to
prove this since the right-hand side of that formula can be localized. This lemma tells
us an important thing. Namely, if a vector field X is defined only on an open subset

of M, then VX still makes sense on this subset. Therefore, we can use coordinate
vector fields or more generally frames to compute V locally.
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LEMMA 2.2.4. Let M be a manifold and V an affine connection on M. If X is
a vector field on M and ¢ : 1 — M a smooth curve with ¢(0) =v € T,M, then V,X
depends only on the values of X along c, i.e., if Xoc=Yoc,then VX =V,Y.

PRO{OF. Choose a frame E1, ..., E, in a neighborhood of p and write Y =Y Y'E;,
X =} X'E; on this neighborhood. From the assumption that X oc =Y oc we get that
X'oc=Y'oc. Thus,

V.Y = V,(YE)
= Y(p)V.Ei+Ei(p)dY'(v)
= X'(p)V,E;+Ei(p)dX'(v)
— VX
0

This shows that V,X makes sense as long as X is prescribed along some curve
(or submanifold) that has v as a tangent.

It will occasionally be convenient to use coordinates or orthonormal frames with
certain nice properties. We say that a coordinate system is normal at p if g;;|, = 6;;
and dig;j|p = 0. An orthonormal frame E; is normal at p € M if V,E;(p) = 0 for
alli=1,...,nand v € T,M. It is not hard to show that such coordinates and frames
always exist (see exercises 2.5.20 and 2.5.19).

2.2.2. Covariant Derivatives of Tensors. The connection, as we shall see,
is also useful in generalizing many of the well-known concepts (such as Hessian,
Laplacian, divergence) from multivariable calculus to the Riemannian setting (see
also section 2.1.3).

If S is a (s,7)-tensor field, then we can define a covariant derivative VS that we
interpret as an (s,7 + 1)-tensor field. Recall that a vector field X is a (1,0)-tensor
field and VX is a (1, 1)-tensor field. The main idea is to make sure that Leibniz’ rule
holds. So for a (1, 1)-tensor S we should have

Vx (S(Y)) = (VxS)(Y)+S(VxY).
Therefore, it seems reasonable to define VS as
VS(X,Y) = (VxS)(Y)
= Vx(S(Y))—S(VxY).
In other words
VxS =1[Vx,S].

It is easily checked that VxS is still tensorial in Y.
More generally, when s = 0, 1 we obtain

VS(X,Y1,....Y,) = (VxS)(Y1,....Y,)

~

Vx(S(Y1,....Y)) = Y S(Y1,...,VxYi,.. . Y,).

i=1

Here Vy is interpreted as the directional derivative when applied to a function and
covariant differentiation on vector fields. This also makes sense when s > 2, if we
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make sense of defining covariant derivatives of, say, tensor products of vector fields.
This can also be done using the product rule:

Vx (X1 ®X2) = (VxX1) @ X2 + X1 ® (VxX2) .

A tensor is said to be parallel if VS = 0. In Euclidean space one can easily show
that if a tensor is written in Cartesian coordinates, then it is parallel if and only if it
has constant coefficients. Thus VX = 0 for constant vector fields. On a Riemannian
manifold (M, g) the metric and volume forms are always parallel.

PROPOSITION 2.2.5. On a Riemannian n-manifold (M, g)

Vg = 0,
Vvol = 0.

PROOF. The metric is parallel due to property (4):
(Vg)(X.Y1,12) = Vx (g(11,}2)) —g(VxY1,Y2) —g(Y1,VxY2) = 0.

To check that the volume form is parallel we evaluate the covariant derivative on an
orthonormal frame E1,...,E,:

(VxVOl) (E],...,En) = vaOI(El,...,En)
—ZVO] (El,...,VXEi,...,En)
= —Y ¢(Ei,VxE)

— 7%ZDX (g (Ei, Ev))
= 0.

0

The covariant derivative gives us a different way of calculating the Hessian of a
function.

PROPOSITION 2.2.6. If f: (M,g) — R, then
(Vxdf)(Y)=g(VxVf,Y)=Hess f(X,Y).
PROOF. First observe that
(Vdf)(X,Y) = (Vxdf)(Y)
= DxDyf—df(VxY)
DxDy f—Dvyy f.

This shows that

(Vxdf)(Y) = (Vydf) (X) = [Dx,Dy] f = Dy y1f = 0.
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Thus (Vxdf) (Y) is symmetric. This can be used to establish the formulas

(Vdf)(X,Y) = (Vxdf)(¥)
= Dxg(V,Y)~(V/VxY)
= (VXYY
= J8(VXVLY) 4 28X, Vy V)
= 5 (Vosg) (1) + 38 (VxVF¥) 4 28(X, 9y V)
— 3Dv(Y) — 5e(V.X)Y) - S8 (X.IVA.Y)

O

2.2.2.1. The Adjoint of the Covariant Derivative. The adjoint to the covariant
derivative on (s,)-tensors with # > 0 is defined as

(V'S) (X2,....Xr) = =Y (VES) (Ei, X2, ... X,)

where E,...,E, is an orthonormal frame. This means that while the covariant de-
rivative adds a variable, the adjoint eliminates one. The adjoint is related to the
divergence of a vector field (see section 2.1.3) by

PROPOSITION 2.2.7. If X is a vector field and Ox the corresponding 1-form,
then

divX = —V*6y.

PROOF. See section 2.1.3 for the definition of divergence. Select an orthonor-
mal frame E;, then

~Voxy = ) (Vg6x)(E)
= Y Dpg(X.E)—Y g(X,VEE;)
— Zg(inX7Ei)
= Z% (Lxg) (Ei, Ei)
= divX.

O

The adjoint really is the adjoint of the covariant derivative with respect to the
integrated inner product.

PROPOSITION 2.2.8. If S is a compactly supported (s,t)-tensor and T a com-
pactly supported (s,t + 1)-tensor, then

/g(VS,T)vol:/g(S,V*T)vol.
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PROOF. Definea l-formby @ (X) = g (ixT,S). To calculate its divergence more
easily, select an orthonormal frame E; such that V, E; = 0 for all v € T,M. To further
simplify things a bit assume that s = ¢ = 1, then

—V*(O = (VEI-(O) (El)
= VEig(T (Eiij)’S(Ej))
= g(VgT (E,E)),S(E)j) +8(T (Ei,E}),VES(E)))
= —g(V'T,S)+g(T,VS).

So the result follows by the divergence theorem or Stokes’ theorem:

/divaolz/ah'Xvolzo7

where X is any compactly supported vector field. O

2.2.2.2. Exterior Derivatives. The covariant derivative gives us a very nice for-
mula for exterior derivatives of forms as the skew-symmetrized covariant derivative:

(da)) (X(), ~-~7Xk) = Z (—l)l (VXI,(D) (Xo, ...,Xi, ---;Xk) .
While the covariant derivative clearly depends on the metric this formula shows that
for forms we can still obtain derivatives that do not depend on the metric. It will
also allow us to define exterior derivatives of more complicated tensors. Suppose we
have a (1,k)-tensor T that is skew-symmetric in the k variables. Then we can define
the (1,k+ 1)-tensor

(dVT) (X0, X)) = Y (= 1) (Vi) (Xoy oo R s Xe)
In case k = 0 the tensor T =Y is a vector field and we obtain the (1, 1)-tensor:
(dVY) (X) = VyY.
When k = 1 we have a (1, 1)-tensor and obtain the (1,2)-tensor:
(¢T)(x.y) = (D)) - (X)
= Vx(T(Y))=Vy(T(X))-T[X,Y].

2.2.2.3. The Second Covariant Derivative. For a (s,t)-tensor field S we define
the second covariant derivative VS as the (st +2)-tensor field

(Vi x5 (M,....Y) = (Vg (VS) (X2, 11,....Y,)
= (Vy, (Vi,S) (Y,....Y,) — (VVXIXZS) (Y,....Y,).
With this we obtain another definition for the (0,2) version of the Hessian of a func-
tion:
Vief = VxVf=Vyyf
Vxdf(Y)—df(VxY)

(Vxdf)(Y)
Hess f (X,Y).
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The second covariant derivative on functions is symmetric in X and Y. For more
general tensors, however, this will not be the case. The defect in the second covariant
derivative not being symmetric is a central feature in Riemannian geometry and is
at the heart of the difference between Euclidean geometry and all other Riemannian
geometries.

From the new formula for the Hessian we see that the Laplacian can be written
as

n
Af=-V'Vf=Y Virf.
i=1

2.2.2.4. The Lie Derivative of the Covariant Derivative. We can define the Lie
derivative of the connection in a way similar to the Lie derivative of the Lie bracket
LxV)yV = (xV)(U,V)
= Lx(VyV)—=VruV—-VylxV
= [X,VuV]-VixyV-Vu[X,V].

Since [U,V] = VyV — Vy U it follows that
(LXV) (U,V) - (LXV) (Va U) =LxLyV =0.

Moreover as VV is tensorial in U the Lie derivative (Lx V)., V will also be tensorial
in U. The fact that it is also symmetric shows that it is tensorial in both variables.

2.2.2.5. The Covariant Derivative of the Covariant Derivative. We can also de-
fine the covariant derivative of the covariant derivative

(VxV)yT = Vx (VyT) = Vy,y T — Vy (VxT).

Note however, that this is not tensorial in X!
It is related to the second covariant derivative of T by

VixT = (VxV)yT +Vy (VxT).

2.3. Natural Derivations

We’ve seen that there are many natural derivations on tensors coming from var-
ious combinations of derivatives. We shall attempt to tie these together in a natu-
ral and completely algebraic fashion by using that all (1,1)-tensors naturally act as
derivations on tensors.

For clarity we define a derivation on tensors as map T — DT that preserves the
type of the tensor T'; is linear; commutes with contractions; and satisfies the product
rule

D(T1®T)=(DN)T+T &DT,.

2.3.1. Endomorphisms as Derivations. The goal is to show that (1, 1)-tensors
naturally act as derivations on the space of all tensors.
We use the natural homomorphism

GL(V) — GL(T(V)),
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where T (V) is the space of all tensors over the vector space V. This respects the
natural grading of tensors: The subspace of (s,7)-tensors is spanned by

V1®...®vs®¢l®...®¢t

where vy,...,vs € V and ¢y, ..., ¢ : V — R are linear functions. The natural homomor-
phism acts as follows: for @ € R we have g-a =0; forv € V we have g-v=g(v);
for ¢ € V* we have g- ¢ = ¢ og~!; and on general tensors

g(V® - QVRPRD--- Q)
= g)@--©g(n) @ (grog )@@ (pog).
The derivative of this action yields a linear map
End (V) — End(T (V)),
which for each L € End (V) induces a derivation on 7 (V). Specifically, if L €
End(V), then Lv = L (v) on vectors; on 1-forms L$ = —¢ o L; and on general tensors
L@ @0 - & ¢)
= L)@ Q@0 @R

_|_...

Q- RL() PR R

V@ QYR (P1oL) R R ¢

VD@V @Y @@ (¢ oL).

As the natural derivation comes from an action that preserves symmetries of
tensors we immediately obtain.

PROPOSITION 2.3.1. The linear map
End(V) — End(T(V))
L — LT
is a Lie algebra homomorphism that preserves symmetries of tensors.
We also need to show that it is a derivation.
PROPOSITION 2.3.2. Any (1,1)-tensor L defines a derivation on tensors.

PROOF. It is easy to see from the definition that it is linear and satisfies the
product rule. So it remains to show that it commutes with contractions. Consider a
(1,1)-tensor T and in a local frame X; with associated coframe o' write it as T =
Tin ® o/. The contraction of T is scalar valued and simply the trace of T so we
know that L (tr7) = 0. On the other hand we have

L(T) = T/L(X)®c/-T/Xi®oc/oL

= Tlkx®o/ -TiLX;® 0
X @ 6! - THLX @ o
- (T/Lﬁ? — 7L ) X, ® 0
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SO
ik 132
tr(L(T)) = T{L; — T; L = 0.

A similar strategy can be used for general tensors T;l'x where we trace or contract
over a fixed superscript and subscript. (]

We also need to know how this derivation interacts with an inner product. The
inner product on T (V) is given by declaring

e, ®"'®€i,,®€‘“ R Qe
an orthonormal basis when ey, ..., e, is an orthonormal basis for V and e, ...,¢" the
dual basis for V*.

PROPOSITION 2.3.3. Assume V has an inner product:

(1) The adjoint of L : V — V extends to become the adjoint for L: T (V) —
T (V).

(2) IfL€so(V),ie., L is skew-adjoint, then L commutes with type change of
tensors.

2.3.2. Derivatives. One can easily show that both the Lie derivative Ly and the
covariant derivative Vy act as derivations on tensors (see exercises 2.5.9 and 2.5.10).
However, these operations are nontrivial on functions. Therefore, they are not of the
type we just introduced above.

PROPOSITION 2.3.4. Ifwe think of VU as the (1,1)-tensor X — VxU, then
Ly =Vy—(VU).
PROOF. It suffices to check that this identity holds on vector fields and func-
tions. On functions it reduces to the definition of directional derivatives, on vec-

tors from the definition of Lie brackets and the torsion free property of the connec-
tion. O

This proposition indicates that one can make sense of the expression V7 U where
T is atensor and U a vector field. It has in other places been named Ax T, but as that
now generally has been accepted as the A-tensor for a Riemannian submersion we
have not adopted this notation.

2.4. The Connection in Tensor Notation

In a local coordinate system the metric is written as g = g;;dx'dx/. Soif X = X'0;
and Y = Y/9; are vector fields, then

g(X,Y) =g X'Y/.
We can also compute the dual 1-form 8x to X by:
0x = g (X7 )
= gijdx' (X)dx' (-)
= ginidxj.
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The inverse of the matrix [g;;] is denoted [g¥/] . Thus we have

5]': = gikgkj~
The vector field X dual to a 1-form @ = w;dx' is defined implicitly by
gX.Y)=o(Y).

In other words we have
Ox = ginid)Cj = a)jdxj = .
This shows that
g,'le = O)j.
In order to isolate X we have to multiply by g¥/ on both sides and also use the
symmetry of g;;

kj I

8 wj
= gVguX’
— §kxi
= xk

Therefore,

X'o;

g/ w;0;.

X

The gradient field of a function is a particularly important example of this construc-
tion

Vi = £9,f9;,
df = 9;fdx'.
We proceed to find a formula for VyX in local coordinates
VyX = VyipX/0
= Y'V,X70;

= Y'(9X!)9;+Y'X/V,0;

= Y'(9:X/)9;+Y'XIT};0,
where we simply expanded the term V; d; in local coordinates. The first part of
this formula is what we expect to get when using Cartesian coordinates in R”. The
second part is the correction term coming from having a more general coordinate
system and also a non-Euclidean metric. Our next goal is to find a formula for F{?j in
terms of the metric. To this end we can simply use our defining implicit formula for

the connection keeping in mind that there are no Lie bracket terms. On the left-hand
side we have

2%(Vadya) = 2¢(Thaa)
= 208,
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and on the right-hand side

(Loyg) (31,01) +d65,(3,31) = j0+3i (8,(9) — 01 (65,(3))
= Jdjgi+digji—9gji-

Multiplying by g on both sides then yields
kS
= 2Tgug"

= (djgu+digy—aigji) g™
Thus we have the formula
1
ry = iglk (9jgir + digji — Aigji)
1
= 58“ (9jgit +digji — Aigji)
I
= 58 Liju
The symbols

1
Tijx = 3 (8jgik +0igjk— akgji)

= 2(929,9)

are called the Christoffel symbols of the first kind, while F{Fj are the Christoffel sym-
bols of the second kind. Classically the following notation has also been used

k "
{i,j} = N
lij,k] = Tijx

so as not to think that these things define a tensor. The reason why they are not
tensorial comes from the fact that they may be zero in one coordinate system but not
zero in another. A good example of this comes from the plane where the Christoffel
symbols vanish in Cartesian coordinates, but not in polar coordinates:

1
Loo, = 5(69g9r+8689r_arg99)

N
- 2ar(r)

= —r

In fact, as is shown in exercise 2.5.20 it is always possible to find coordinates
around a point p € M such that

gijlpy = i,
Kgijlp = O.
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In particular,

gijlp = &

k

Fij|[7 = 0
In such coordinates the covariant derivative is computed exactly as in Euclidean
space

VyX[, = (VyigX'9;)lp
= Y'(p)(9X7)[,9)lp-
The torsion free property of the connection is equivalent to saying that the

Christoffel symbols are symmetric in ij as

r;(jak = Vai aj
= Vo,
k
The metric property of the connection becomes
ohgij = &(V5,0,9;)+8(0:,V5.9;)
= Thij+Tji

This shows that the Christoffel symbols completely determine the derivatives of the
metric.

Just as the metric could be used to give a formula for the gradient in local coor-
dinates we can use the Christoffel symbols to get a local coordinate formula for the
Hessian of a function. This is done as follows

2Hess f(d;,0;) = (Lvyg)(di,9;)
= Dysgij—8&(Lvs9:,9;) — ¢ (i, Lvs9;)
= g"(af) (digi))
+g (Lo, (8 @f)0r) . 9))
+g (8i,La_ ( (Of) o )
= ()& (9gi))
+3i< M (9ef) )81]
<gk1 (Ocf) )glz
= (If)g" (Igij)
+(9i0kf) & g1+ (9j0kf) 8" g
(gl (Okf)g1j+ ( )(9kf)gﬂ
— 239,f

)¢
+ (0 f) (( )gz/ (9j8kl> gi+g" (91gij))~
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To compute d;g’* we note that
0 = a6
= 9 (gj kgkz)
= <3igjk) gu+8" (digu) -
Thus we have
2HCSSf (8i, 8J> = 28,8jf
+(kf) ((9igkl) g+ (9j8k1) gir+g" (3zgij))
= 200,f
+(kf) (*gklaiglj —¢"0,g1i+4" (91gij))
= 20;0;f — g (dig1j + 9jg1i — Agij) Ohf
= 2 (a,»aj F-140, f) .
Finally we mention yet another piece of notation that is often seen. Namely, if S
is a (1,k)-tensor written in a frame as:
S=8 ., E®cle @k
then the covariant derivative is a (1,k + 1)-tensor that can be written as
VS = Sljl"'jkajk+l Ei©o@---@olk@altt.

The coefficient S'.

... . can be computed via the formula
JrJksdi

VE/'/c+1S = DE-fk+1 (Sljl"'jk
Ve,

Jk+1

) E®ol'®---@ok

+S" (E®ol @---@ak),

g
where one must find the expression for

Ve,
Efk+1

(E1®Gjl®"'®6]k) = (VE El)®cjl®"'®6]k

Jk+1

Gjl)@...@cjk

Jk+1

+E® (VE-

by writing each of the terms (VEij Ei> , (VEjk+l o/ 1) e (VEij O'/"> in terms of
the frame and coframe and substitute back into the formula.

This notation, however, is at odds with the idea that the covariant derivative
variable should come first as the notation forces its index to be last. A better index
notation. often used in physics, is to write

VS= VEjOS
and let ' '
V-fﬁs.lil"'jk - <VS)ljomjk ’



2.5. EXERCISES 57

This notation is also explored in exercise 2.5.34. This will also be our convention
when using indices for the curvature tensor.

2.5. Exercises

EXERCISE 2.5.1. Show that the connection on Euclidean space is the only affine
connection such that VX = 0 for all constant vector fields X.

EXERCISE 2.5.2. Show that the skew-symmetry property [X,Y] = — [V, X] does
not necessarily hold for C' vector fields. Show that the Jacobi identity holds for C2
vector fields.

EXERCISE 2.5.3. Let V be an affine connection on a manifold. Show that the
torsion tensor
T(X,Y)=VxY—-VyX—[X,Y]

defines a (2, 1)-tensor.

EXERCISE 2.5.4. Show that if ¢ : I — M has nonzero speed at ty € I, then there
is a vector X such that X |, = ¢ (¢) for ¢ near fo.

EXERCISE 2.5.5. Let (M,g) be a Riemannian manifold, f,A functions on M,
and X a vector field on M. Show that

div(fX) = Dyf+fdivX,
A(fh) = hAf+ fAR+2g(Vf,Vh),
Hess(fh) = hHessf+ fHessh+dfdh+dhdf.

EXERCISE 2.5.6. Let (M, g) be a Riemannian manifold, f a function on M, and
¢ a function on R. Show that

Ao (f)) S (FIAf+6(f)ldfI?,
Hess (¢ (f)) = @ (f)Hessf+¢(f)df>.

EXERCISE 2.5.7. Let (M, g) be a Riemannian manifold, X a vector field on M,
and Oy the dual 1-form. Show that d6x (Y,Z) = g (VyX,Z) —g(Y,VzX).

EXERCISE 2.5.8. The metric in coordinates satisfies:

(D 8sg” = gikavglglglj- o
(2) dg" =—¢"Ty —&''Ty,.
EXERCISE 2.5.9. Let X be a vector field.
(1) Show that for any (1, 1)-tensor S
tr(VxS) = VxtrS.
(2) LetT (Y,Z) =g (S(Y),Z). Show that

(3) Show more generally that contraction and covariant differentiation com-
mute.
(4) Finally show that type change and covariant differentiation commute.
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EXERCISE 2.5.10. Let X be a vector field.
(1) Show that for any (1, 1)-tensor S

tr (LXS) = LxtrS.
(2) LetT(Y,Z)=g(S(Y),Z). Show that
(IxT)(Y,Z) = (Lxg) (S(Y),Z) + g ((LxS) (¥, Z)).
(3) Show that contraction and Lie differentiation commute.

EXERCISE 2.5.11. Show that a vector field X on a Riemannian manifold is
locally a gradient field if and only if Z — VX is self-adjoint.

EXERCISE 2.5.12. If F : M — M is a diffeomorphism, then the push-forward of
a vector field is defined as

(F.X)|, = DF <X|F_1(p>) .
Let F be an isometry on (M, g).
(1) Show that F, (VxY) = Vg xF.Y for all vector fields.
(2) Use this to show that isometries on (R", ggn) are of the form F (x) = Ox+

b, where O € O(n) and b € R”. Hint: Show that F maps constant vector
fields to constant vector fields.

EXERCISE 2.5.13. A vector field X is said to be affine if LyV = 0.
(1) Show that Killing fields are affine. Hint: The flow of X preserves the
metric.
(2) Give an example of an affine field on R"” which is not a Killing field.

EXERCISE 2.5.14. Let G be a Lie group. Show that there is a unique affine con-
nection such that VX = 0 for all left-invariant vector fields. Show that this connection
is torsion free if and only if the Lie algebra is Abelian.

EXERCISE 2.5.15. Show that the Hessian of a composition ¢ (f) is given by
Hess ¢ (f) = ¢"df? + ¢’ Hess f.
EXERCISE 2.5.16. Consider a vector field X and a (1, 1)-tensor L.
(1) Show that Ly + L defines a derivation on tensors.
(2) Show that all derivations are of this form and that X is unique.
(3) Show that derivations are uniquely determined by how they act on func-
tions and vector fields.

(4) Show that Lyxy = fLy —X ®df, where X @ df is the rank 1 (1,1)-tensor
Y — Xdf(Y).

EXERCISE 2.5.17. Show that if X is a vector field of constant length on a Rie-
mannian manifold, then V, X is always perpendicular to X.

EXERCISE 2.5.18. Show that if we have a tensor field 7 on a Riemannian man-
ifold (M, g) that vanishes at p € M, then for any vector field X we have LxT = VxT
at p. Conclude that the (1,1) version of the Hessian of a function is independent of
the metric at a critical point. Can you find an interpretation of Ly T at p?
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EXERCISE 2.5.19. For any p € (M,g) and orthonormal basis ey, ..., e, for T,M,
show that there is an orthonormal frame Ej,...,E, in a neighborhood of p such
that E; = ¢; and (VE;) |, = 0. Hint: Fix an orthonormal frame E; near p € M with

Ei(p) = e;. If we define E; = o/ E;, where {Ocij (x)} € SO(n) and o (p) = &/, then

this will yield the desired frame provided that the directional derivatives D,, al.j are
appropriately prescribed at p.

EXERCISE 2.5.20. Show that there are coordinates x!,...,x" such that J; = e;
and Vd; =0 at p. These conditions imply that the metric coefficients satisfy g;; = &;;
and dig;; = 0 at p. Such coordinates are called normal coordinates at p. Hint: Given
a general set of coordinates y' around p with y'(p) = 0, let x' = o (v)y/, adjust

. dai
o; (0) to make the fields orthonormal at p, and adjust a—j,ﬁ (0) to make the covariant

derivatives vanish at p.

EXERCISE 2.5.21. Consider coordinates x' and ¥* around p € M. Show that the
Christoffel symbols of a metric g in these two charts are related by
. %5 Jxk  9x® I IFF
oxl dx dxl "
% ox Ox ox _,

U 9xidx dxs
oxiox  Uomk  om ox

and

e avarad
k= Yxiax 97 T 9% oxi oxk

EXERCISE 2.5.22. Let M be an n-dimensional submanifold of R"*™ with the
induced metric. Further assume that we have a local coordinate system given by a

I

parametrization u* (xl, ...,x”) ,8 =1,...,n+m. Show that in these coordinates:
ey
n+m ou’ ou®
Y
@)

n+m ou* azux

Tik = X 5 gow

EXERCISE 2.5.23. Let (M, g) be an oriented manifold.

(1) Show thatif vy,...,v, is positively oriented, then

vol (vi,...,v,) = /det(g(vi,v))).

(2) Show that in positively oriented coordinates,

vol = y/det (gi;)dx' A--- Adx".
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(3) Conclude that the Laplacian has the formula

1
Au=———0; < det(g~)gkl8lu) .
V/det(gij) !
Given that the coordinates are normal at p we get as in Euclidean space
that

EXERCISE 2.5.24. Show that if a (0,2)-tensor T is given by T, then VT is
given by
T
Oxi
Similarly, when a (1,1)-tensor T is given by TF, then VT is given by

(VT)jkl = - 1ﬂ;kTil - Ffﬁka

otk . ,
k
(VT); = =L Ty TE+ T

dx/

EXERCISE 2.5.25. Let F : (M, gum) % (M, g57) be an isometric immersion. For
two vector fields X, Y tangent to M we can compute both VMY and V¥Y. Show that
the component of V% Y thatis tangent to M is V)Ag Y. Show that the normal component

VY - VMY = Tyy
is symmetric in X,Y and use that to show that it is tensorial.
EXERCISE 2.5.26. Let F : (M,gy) & (M, gy;) be an isometric immersion and
T*M={veT,M|peMandv L T,M}

the normal bundle. A vector field V : M — TM such that V, € TPLM is called a
normal field along M. For a vector field X and normal field V show that

(1) The covariant (!Crivative Vé‘? V can be defined.
(2) Decompose Vy V into normal V)%V and tangential TxV components:

VIV = ViV 4 Ty V.
V3V is called the normal derivative of V along M. Show that
& (IxY,V) = —gm (¥, TIxV) .

(3) Show that V4V is linear and a derivation in the V variable and tensorial in
the X variable.

EXERCISE 2.5.27. Let (M,g) be a oriented Riemannian manifold.
(1) If f has compact support, then

/Af'V01:0.
M

div(f-X) =g (Vf.X)+ f-divX.

(2) Show that
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(3) Show that
A(fi-f2) = (Af) - +2e(Vf, VL) + fi-(Af).

(4) Establish Green’s formula for functions with compact support:

/f]-Afz-dVOIZ—/g(Vfl,sz)Vol.
M M

(5) Conclude that if f is subharmonic or superharmonic (i.e., Af > 0or Af <
0), then f is constant. (Hint: first show Af = 0; then use integration by
parts on f-Af.) This result is known as the weak maximum principle.
More generally, one can show that any subharmonic (respectively super-
harmonic) function that has a global maximum (respectively minimum)
must be constant. For this one does not need f to have compact support.
This result is usually referred to as the strong maximum principle.

EXERCISE 2.5.28. A vector field and its corresponding flow is said to be incom-
pressible if divX =0.

(1) Show that X is incompressible if and only if the local flows it generates are
volume preserving (i.e., leave the Riemannian volume form invariant).

(2) Let X be a unit vector field on R%. Show that VX = 0if X is incompressible.

(3) Find a unit vector field X on R? that is incompressible but where VX % 0.

EXERCISE 2.5.29. Let X be a unit vector field on (M, g) such that VyX = 0.

(1) Show that X is locally the gradient of a function if and only if the orthog-
onal distribution is integrable.

(2) Show that the orthogonal distribution is integrable in a neighborhood of
p € M if it has an integral submanifold through p. Hint: It might help to
show that Ly 8y = 0.

(3) Find X with the given conditions so that it is not a gradient field. Hint:
Consider S°.

EXERCISE 2.5.30. Suppose we have two distributions E and F on (M, g), that
are orthogonal complements of each other in 7M. In addition, assume that the distri-
butions are parallel i.e., if two vector fields X and Y are tangent to, say, E, then VxY
is also tangent to E.

(1) Show that the distributions are integrable.

(2) Show that around any point p € M there is a product neighborhood U =
Vg X Vg such that (U, g) = (Vg X Vr,g|v; +&lvy ), where Vg and Vr are the
integral submanifolds through p.

EXERCISE 2.5.31. Let X be a parallel vector field on (M, g). Show that X has
constant length. Show that X generates parallel distributions, one that contains X and
the other that is the orthogonal complement to X. Conclude that locally the metric
is a product with an interval (U,g) = (V xI,gly +dt*), where V is a submanifold
perpendicular to X.

EXERCISE 2.5.32. If we have two tensors S, T of the same type show that
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EXERCISE 2.5.33. Recall that complex manifolds have complex tangent spaces.
Thus we can multiply vectors by i. As a generalization of this we can define an
almost complex structure. This is a (1,1)-tensor J such that J> = —I. A Hermitian
structure on a Riemannian manifold (M, g) is an almost complex structure J such that
g(J(X),J(Y)) =g(X,Y). The Kdhler form of a Hermitian structure is @ (X,Y) =
g(J(X).7).

(1) Show that the Nijenhuis tensor:

NX,Y) = (X),J (V)] =J ([ (X),Y]) =J (X, ] (Y)]) = [X,Y]

is a tensor.

(2) Show that if J comes from a complex structure, then N = 0. The converse
is the famous theorem of Newlander and Nirenberg.

(3) Show that ® is a 2-form.

(4) Show thatdw =0if VJ =0.

(5) Conversely show that if dw = 0 and J is a complex structure, then VJ = 0.
In this case we call the metric a Kahler metric.

EXERCISE 2.5.34. Define V;T as the covariant derivative in the direction of
the i coordinate vector field and V'T = gi/V ;T as the corresponding type changed
tensor.

(1) For a function f show that df = V;fdx' and Vf = Vifo,.
(2) For a vector field X show that (V,X)' = divX.

(3) Fora (0,2)-tensor T show that (ViT)ij =—(V*'T);.



CHAPTER 3

Curvature

The idea of a Riemannian metric having curvature, while intuitively appealing
and natural, is also often the stumbling block for further progress into the realm
of geometry. The most elementary way of defining curvature is to set it up as an
integrability condition. This indicates that when it vanishes it should be possible to
solve certain differential equations, e.g., that the metric is Euclidean. This was in
fact one of Riemann’s key insights.

As we shall observe here and later in sections 5.1 and 6.1.2 one can often take
two derivatives (such as in the Hessian) and have them commute in a suitable sense,
but taking more derivatives becomes somewhat more difficult to understand. This
is what is behind the abstract definitions below and is also related to integrability
conditions.

We shall also try to justify curvature on more geometric grounds. The idea is
to create what we call the fundamental equations of Riemannian geometry. These
equations relate curvature to the Hessian of certain geometrically defined functions
(Riemannian submersions onto intervals). These formulas hold all the information
that is needed for computing curvatures in many examples and also for studying how
curvature influences the metric.

Much of what we do in this chapter carries over to the pseudo-Riemannian set-
ting. The connection and curvature tensor are generalized without changes. But
formulas that involve contractions do need modification (see exercise 1.6.10).

3.1. Curvature

We introduced in the previous chapter the idea of covariant derivatives of ten-
sors and explained their relation to the classical concepts of gradient, Hessian, and
Laplacian. However, the Riemannian metric is parallel and consequently has no
meaningful derivatives. Instead, we think of the connection itself as a sort of gradi-
ent of the metric. The next question then is, what should the Laplacian and Hessian
be? The answer is, curvature.

Any affine connection on a manifold gives rise to a curvature tensor. This oper-
ator measures in some sense how far away the connection is from being our standard
connection on R”, which we assume is our canonical curvature-free, or flat, space.
On a (pseudo-)Riemannian manifold it is also possible to take traces of this curvature
operator to obtain various averaged curvatures.

3.1.1. The Curvature Tensor. We shall work exclusively in the Riemannian
setting. So let (M, g) be a Riemannian manifold and V the Riemannian connection.

63



64 3. CURVATURE

The curvature tensor is the (1,3)-tensor defined by
RX.Y)Z = V4,Z-Vi,Z
 VyVyZ - VyVyZ— Vi Z
= [Vx,Wy]Z-VxyZ

on vector fields X,Y,Z. The first line in the definition is also called the Ricci identity
and is often written as

RxyZ=V3yZ—VixZ.
This also allows us to define the curvature of tensors
R(X,Y)T =RxyT =ViyT —VixT.

Of course, it needs to be proved that this is indeed a tensor. Since both of the
second covariant derivatives are tensorial in X and Y, we need only check that R is
tensorial in Z. This is easily done:

RX,)Y)fZ = V%(,Y (f2) _V%’,X (f2)
= ng{,Y (Z) - fvlzf,x (Z)
2 2
+(Viyf)Z—(Vyxf)Z
+(Vyf)VxZ+ (Vxf)VyZ
—(Vxf)VyZ— (Vv f)VxZ
= f(Viy(2)-Vix(2))
= fR(X,Y)Z.
Observe that X,Y appear skew-symmetrically in R(X,Y)Z = Rx yZ, while Z
plays its own role on top of the line, hence the unusual notation.
In relation to derivations as explained in section 2.3 note that Rxy acts as a

derivation on tensors. Moreover, as the Hessian of a function is symmetric V% vf=
V%X f it follows that Ry y acts trivially on functions. This is the content of the Ricci
identity

V)Z(,Y _v}z’,X :RX-,Y = R(X7Y)7

where on the right-hand side we think of R (X,Y) as a (1, 1)-tensor acting on tensors.
As an example note that when T is a (0, k)-tensor then

(RX,YT)(le'“an) = (R(X7Y)T)(X17axk)
= TRX,Y)X1,....Xo)

T (X1,...,R(X,)Y)Xy).
Using the metric g we can change R to a (0,4)-tensor as follows:
R(X,Y,Z,W) = g(R(X,Y)Z,W).

We justify next why the variables are treated on a more equal footing in this formula
by showing several important symmetry properties.



3.1. CURVATURE 65

PROPOSITION 3.1.1. The Riemannian curvature tensor R(X,Y,Z, W) satisfies
the following properties:

(1) R is skew-symmetric in the first two and last two entries:
R(X,Y,Z,W)=—R(Y,X,Z,W)=R(Y,X,W,Z).
(2) R is symmetric between the first two and last two entries:
R(X,Y,Z,W)=R(Z,W,X.Y).
(3) R satisfies a cyclic permutation property called Bianchi’s first identity:
R(X,Y)Z+R(Z,X)Y+R(Y,Z)X =0.
(4) VR satisfies a cyclic permutation property called Bianchi’s second iden-
tity:
’ (VzR)x y W+ (VxR)y ;W + (VyR), x W =0
or
(VZR) (X, Y)W + (VxR) (Y,Z)W + (VyR) (Z,X)W = 0.
PROOF. The first part of (1) has already been established. For part two of (1)
use that [X, Y] is the vector field defined implicitly by
DxDyf —DyDx f—Dixy f=0.
In other words, R(X,Y)f = 0. This is the idea behind the calculations that follow:

1
0 = Rx.yig (Z,2)

1 1 1
= EDXDYg(sz) - EDYDXg(sz) - ED[X,Y]g(Z7Z)
= Dxg(VyvZ,Z) —Dyg(VxZ,Z) - g(Vix y|Z,Z)
= g(VxVvZ,Z) —g(VyVxZ,Z) — ¢(Vix v)Z,Z)
+8(VxZ,VyZ) —g(VxZ,VyZ)
= ¢(V3y2,2)—g(VyxZ.Z)
= R(X,Y,Z,7).
Now (1) follows by polarizing the identity R (X,Y,Z,Z) =0in Z:
0 = RX,Y,Z+W,Z+W)
R(X,Y,Z,Z)+R(X,Y,W,W)
+R(X,Y,Z,W)+R(X,Y,W,Z).

Part (3) relies on the torsion free property and the definitions from section 2.2.2.4
to first show that

(LxV)yZ = Lx(VyZ)—ViyZ—VyLxZ
= VxVyZ-VyyZ-VyVyZ
—Vy,2X + Vy, xZ+ VyVzX
= RxyZ+ V%ZX.
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The Jacobi identity (see Proposition 2.1.6) followed by the torsion free property and
the the Ricci identity then show that

0 = (IxL)yZ
= (LxV)yZ—(LxV) Y
= RxyZ+Vy X —RxzY —ViyX
= RyyZ+RzxY+RyzX.
Part (2) is a direct combinatorial consequence of (1) and (3):
R(X,Y,ZW) = —R(Z,X,Y,W)—R(Y,Z,X,W)
= R(Z,X,W,Y)+R(Y,Z,W,X)
= —R(W,Z,X,Y)—R(X,W,Z)Y)
—R(W,Y,Z,X)—R(Z,W,Y,X)
= 2R(Z,W,X,Y)+R(X,W,Y,Z)+R(W.,Y,X,Z)
= 2R(ZW.X,Y)—R(Y,X,W,Z)
= 2R(Z,W.X,Y)-R(X,Y,Z,W),
which implies 2R (X,Y,Z,W) =2R(Z,W.X,Y).
Part (4) follows from the claim that
(VxR)y ;W = V?(,Y,ZW - V;(,Z,YW - V)3/,Z,J(W + V%,Y,XW + Viy xW.
To see this simply add over the cyclic permutations of X,Y, Z:
(VxR)y ;W +(VzR)x y W+ (VyR) , x W
= V;(,Y,ZW - V;(,Z,YW - V%,z,xW + V%,Y.XW + Ve xW
+ V%,X,YW - V%,Y,XW - V;(,Y,ZW + V%’,X,ZW + Vi yzW

+ V?’,Z,XW - V?’,X,ZW - V%,X,YW + V?(,Z.YW + Ve xyW
VRXA,Yz‘FRZAXY*’RY.ZXw
= 0.

The claim can be proven directly but also follows from the two different iterated
Ricci identities for taking three derivatives:

V;(,Y,ZW - VI3/,X,ZW =RxyVzW — Vgy,zW

and

V;‘(?y’ZW — V;Z_’yW = (VxR)Y,ZW +Ry"2VXW.
These follow from the various ways one can iterate covariant derivatives (see sections
2.2.2.5and 2.2.2.3):

V;(,Y,ZW = V)z(,Y (VZW) - va(,YzW
and
ViraW = Vx (V2), , W+ V3, (VxW)
and then using the Ricci identity. O
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EXAMPLE 3.1.2. (R", ggn) has R= 0 since V. d; = 0 for the standard Cartesian
coordinates.

From the curvature tensor R we can derive several different curvature concepts.

3.1.2. The Curvature Operator. First recall that we have the space A>T M of
bivectors. A decomposable bivector v Aw can be thought of as the oriented parallel-
ogram spanned by v,w. If ¢; is an orthonormal basis for 7,M, then the inner product
on AZTPM is such that the bivectors e; Aej, i < j will form an orthonormal basis.
The inner product that A>T M inherits in this way is also denoted by g. Note that this
inner product on A? T,M has the property that

gxAyvAw) = gxv)gy,w)—gx,w)g(,v)
. g(x,v) g(x,w)
B det<g(y,V) g(y,W))'

It is also useful to interpret bivectors as skew symmetric maps. This is done via the
formula:

(xAY) (v) =g (x,v)y—g(y,v)x.
This represents a skew-symmetric transformation in span {v,w} which is a counter-
clockwise 90° rotation when v, w are orthonormal. (We could have used a clockwise
rotation as that will in fact work more naturally with our version of the curvature
tensor.) Note that
gxAy,vAw) =g (x,v)g(y,w) —g(x,w)g(yv) =g ((xAy)(v),w).
These operators satisfy a Jacobi-Bianchi type identity:
(xAy) (2) +(yAz) (x) + (zAx) (v) = 0.

From the symmetry properties of the curvature tensor it follows that R defines a
symmetric bilinear map

R:NTM xAN’TM — R

R XAV, Y Vinw) = Y R(X,Y,W;,V)).
Note the reversal of V and W! The relation

¢ (R(EXAL) LV,AW) = LROGEW,Y)
consequently defines a self-adjoint operator i : A°’TM — A>TM. This operator is
called the curvature operator. It is evidently just a different manifestation of the
curvature tensor. The switch between V and W is related to our definition of the next
curvature concept.

3.1.3. Sectional Curvature. For any v € T,M let
R,(w) =R(w,v)v:T,M — T,M

be the directional curvature operator. This operator is also known as the tidal force
operator. The latter name describes in physical (general relativity) terms the mean-

ing of the tensor. As we shall see, this is the part of the curvature tensor that directly
relates to the metric. The above symmetry properties of R imply that this operator
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is self-adjoint and that v is always a zero-eigenvector. The normalized biquadratic
form

g(RV(W)7W>
g(v,v)g(w,w) —g(v,w)
g(R(w,v)v,w)
g(AWVAW)

sec(v,w) 5

is called the sectional curvature of (v,w). Since the denominator is the square of the
area of the parallelogram {rv+sw | 0 <tz,s < 1} it is easy to check that sec(v,w) de-
pends only on the plane 7 = span{v,w}. One of the important relationships between
directional and sectional curvature is the following algebraic result by Riemann.
PROPOSITION 3.1.3 (Riemann, 1854). The following properties are equivalent:

(1) sec(m) =k for all 2-planes in T,M.
(2) R(vi,v2)v3 = —k(vi Ava) (v3) for all vi,va,v3 € T,M.
(3) Ry(w) =k-(w—g(w,v)v) =k-pr,(w) forallw € T,M and |v| = 1.
4) R(0) =k o forall ® € N°T,M.
PROOF. (2) = (3) = (1) are easy. For (1) = (2) we introduce the multilinear
maps on T,M:

Rk(vl,VQ)V3 = —k(v1 /\VQ) (V3) R
R (vi,va,v3,va) = —kg((vi Av2)(v3),va)
= kg(viAva,vaAv3).
The first observation is that these maps behave exactly like the curvature tensor in

that they satisfy properties (1), (2), and (3) of proposition 3.1.1. Now consider the
difference between the curvature tensor and this curvature-like tensor

D (vi,v2,v3,v4) = R(v1,v2,v3,v4) — R (vi,v2,v3,v4) .

Properties (1), (2), and (3) from proposition 3.1.1 carry over to this difference tensor.
Moreover, the assumption that sec = k implies

D (v,w,w,v) =0
for all v,w € T,M. Using polarization w = wy +w; we get

0 = Dwi+wy,wi+wyv)
= D(v,wi,w2,v)+D(v,wa,wi,v)
= 2D(v,wi,wp,v)
=2D (v,w,v,w2).
Using properties (1) and (2) from proposition 3.1.1 it follows that D is alternating in
all four variables. That, however, is in violation of Bianchi’s first identity (property

(3) from proposition 3.1.1) unless D = 0. This finishes the implication (see also
exercise 3.4.29 for two other strategies.)
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To see why (2) = (4), choose an orthonormal basis e; for T,M; then e; Ae;j,
i < j,is abasis for A2TI,M . Using (2) it follows that

g(M(eine)),e;Nes) = Rlejej e e)

k-(g(ejes)gleier) —gleies)gej er))
= k-gleiNej,eNey).

But this implies that
i)fi(e,-/\ej) =k- (ei/\ej).
For (4) = (1) just observe that if {v,w} are orthogonal unit vectors, then
k=g(RWAW),vAw) =sec(v,w).
O

A Riemannian manifold (M, g) that satisfies either of these four conditions for
all p € M and the same k € R for all p € M is said to have constant curvature k.
So far we only know that (R”", grn) has curvature zero. In sections 4.2.1 and 4.2.3
we shall prove that the space forms S} as described in example 1.4.6 have constant
curvature k.

3.1.4. Ricci Curvature. Our next curvature is the Ricci curvature, which can
be thought of as the Laplacian of g.

The Ricci curvature Ric is a trace or contraction of R. If ey,...,e, € T,M is an
orthonormal basis, then

Ric(v,w) = tr(x—R(x,v)w)

I

g(R(ei,v)w,e;)

i=1

Il
™=

g(R(v,ei)ei,w)

s |l
A

Zg(R(eiaW)vaei)'

i=1

Thus Ric is a symmetric bilinear form. It could also be defined as the symmetric
(1,1)-tensor

Ric(v) =) R(v,e)e;.

™=

i=1

We adopt the language that Ric > k if all eigenvalues of Ric(v) are > k. In (0,2) lan-
guage this means that Ric (v,v) > kg (v,v) for all v. When (M, g) satisfies Ric(v) =
kv, or equivalently Ric(v,w) = k- g(v,w), then (M, g) is said to be an Einstein man-
ifold with Einstein constant k. If (M, g) has constant curvature k, then (M, g) is also
Einstein with Einstein constant (n — 1)k.

In chapter 4 we shall exhibit several interesting Einstein metrics that do not have
constant curvature. Three basic types are

(1) The product metric $"(1) x §"(1) with Einstein constant n — 1 (see section
4.2.2).
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(2) The Fubini-Study metric on CPP" with Einstein constant 2n+ 2 (see section
4.5.3).

(3) The generalized Schwarzschild metric on R2 x §"2, n > 4, which is a
doubly warped product metric: dr* +¢>(r)d6? + p?(r)ds>_, with Einstein
constant O (see section 4.2.5).

If v € T,M is a unit vector and we complete it to an orthonormal basis {v,e,...,e,}
for T,M, then

n

Ric(v,v) = g(R(v,v)v,v) + Zég(R (ei,v)v,e;) = Xn‘ésec (v,e;).

Thus, when n = 2, there is no difference from an informational point of view in
knowing R or Ric. This is actually also true in dimension n = 3, because if {e}, e, e3}
is an orthonormal basis for T,M, then

sec(er,er) +sec(ej,e3) = Ric(er,er),

sec(er,er) +sec(er,e3) = Ric(en,er),

sec(e1,e3) +sec(ez,e3) = Ric(es,e3).
In other words:

1 0 1 sec(el,ez) Ric(e1,el)

1 1 0 sec(ez,eg) = RiC(ez,ez)

0 1 1 sec(eq,e3) Ric (e3,e3)

As the matrix has det = 2 any sectional curvature can be computed from Ric. In
particular, we see that (M>,g) is Einstein if and only if (M>,g) has constant sec-
tional curvature. Therefore, the search for Einstein metrics that do not have constant
curvature naturally begins in dimension 4.

3.1.5. Scalar Curvature. The last curvature quantity we define here is the
scalar curvature:

scal = tr (Ric) =2 - trR.

Notice that scal depends only on p € M, so we obtain a function scal : M — R. In an
orthonormal basis ey, ...,e, for T,M it can be calculated from the curvature tensor
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in several ways:

scal = tr(Ric)

= ig(RiC (ej).ej)
=

I
=
=

g(R(eisej)ej,ei)

j=li=1

<

= Zg (eiNej),eiNej)
i,j=1

= ZZg (eiNej),eiNej)
i<j
= 2R
= 2) sec(eej).
i<j
When n = 2 it follows that scal(p) = 2-sec(T,M). In section 4.2.3 we exhibit ex-
amples of scalar flat metrics that are not Ricci flat when n > 3. There is also another
interesting phenomenon in dimensions > 3 related to scalar curvature.

LEMMA 3.1.4 (Schur, 1886). Suppose that a Riemannian manifold (M,g) of
dimension n > 3 satisfies either one of the following two conditions for a function
fTM—R

(1) sec(m) = f(p) for all 2-planes © C T,M, p € M,
(2) Ric(v)=(n—1)-f(p)-vforallve T,M, pe M.

Then f must be constant. In other words, the metric has constant curvature or

is Einstein, respectively.

PRrROOF. It suffices to show (2), as the conditions for (1) imply that (2) holds. To
show (2) we need an important identity relating derivatives of the scalar curvature
and the (0,2)-version of the Ricci tensor:

dscal = —2V*Ric.

Let us see how this implies (2). First note that

dscal = dtr(Ric)
= d(n-(n=1)-f)
— n-(n—1)-df.

On the other hand using the definition of the adjoint from section 2.2.2; the product
rule; and Vg = 0 we obtain

—V'Ric(X) = (n—1)(Vg (fg)) (£ X)
(n=1) (Ve f) g (Ei,X) + (n—1) £ (VEg) (Ei, X)
= (n=1)df(g(Ei, X)E))
= (n=1df(X)
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This shows thatn-d f =2-d f and consequently: n =2 ordf =0 (i.e., f is constant).
O

PROPOSITION 3.1.5 (The Contracted Bianchi Identify). On any Riemannian
manifold the scalar and Ricci curvature are related by

dtr (Ric) = dscal = —2V*Ric.

PROOF. The identity is proved by a calculation that relies the second Bianchi
identity (property (4) from proposition 3.1.1). Using that contractions and covariant
differentiation commute (see exercise 2.5.9) we obtain

Dy scal
= Y (VwR) (Ei,E},E}, E;)
= =Y (VgR) (W,E,E},E;)
—Y (VER) (Ej,W,E}, E;)
= 2Z(VE_/R> (Ei,W,Ej, Ei)
= 2Y (VgR)(EjEi,E,W)
= 2¥5((V,Ric) (£, W))
= —2(V*Ric) (W) (p).

dscal (W) |,

COROLLARY 3.1.6. Ann (> 2)-dimensional Riemannian manifold (M, g) is Ein-
stein if and only if

3.1.6. Curvature in Local Coordinates. As with the connection it is some-
times convenient to know what the curvature tensor looks like in local coordinates.
We first observe that when X = X'0;, ¥ =Y/9;, Z = Z*0y, then

R(X.Y)Z = X'Y/Z'R},0,
Rﬁjkgl R(8,~,8j)8k.
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Using the definition of R we can calculate Rf ik in terms of the Christoffel symbols
(see section 2.4)

Rfj,ﬂ, = R(8,~78j)8k
= VaiV(;jak—Vajvaiak

= 9 (T5) 9+ T3Va,
—9; (Fik) o — F?kva_,- o

= 9 (rgk) -0 (rfk) )
+I 0 — T 0;

= (airljk — 9Ty + T I}, — [T 3s) 9.

So
! y ! s s ol
Rij = ol — ol + T g — Ty .
Similarly we also have
Rijit = 0l jki — i ik + 8" it sUjrs — 87T jis Tty

These coordinate expression can also be used, in conjunction with the properties of
the Christoffel symbols (see section 2.4), to prove all of the symmetry properties of
the curvature tensor.

The formula clearly simplifies if we are at a point p where I'¥

ij|17:0

[ l /
Rijk|l7 = airjk|P - ajrik|ﬁ'

If we use the formulas for the Christoffel symbols in terms of the metric we
can create an expression for Rf ik that depends on the metric g;; and its first two
derivatives.

REMARK 3.1.7. One often sees the following index notation for Ricci and scalar
curvature in the literature

: k Kl
Ricjj = Rij = Rjj = & Ruiji,
scal =R = g"R;;.
The idea behind this notation is that these tensors are gotten by contracting indices

in the curvature tensor. In this case the full curvature tensor R is denoted Rm so that
it isn’t confused with scalar curvature.

REMARK 3.1.8. Due to how we wrote the (0,4) version of R we write
Riju = gisfjk =R(0;,0;,0k, ).
Other conventions such as
Rijje = gsiRiji
are also used in the literature.
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3.2. The Equations of Riemannian Geometry

In this section we will see that curvature comes up naturally in the investigation
of certain types of functions. This will lead us to a collection of formulas that will
facilitate the calculation of the curvature tensor of rotationally symmetric and doubly
warped product metrics (see section 4.2).

3.2.1. Curvature Equations. We start with the goal of calculating the curva-
tures on a Riemannian manifold using various geometric concepts that relate to a
specific smooth function f : M — R. Often this function will only be smooth on an
open subset O C M in which case we just confine our attention to what happens on
that subset.

The function has a gradient V f and a Hessian Hess f. We shall also use S (X) =
VxV for the (1,1)-tensor that corresponds to Hess f and Hess” f for the (0,2)-
tensor that corresponds to §> = S0 S.

The second fundamental form of a hypersurface H"~! C M" with a fixed unit
normal vector field N: H — T*H ={ve T,M | p€ H, v L T,H} is defined as the
(0,2)-tensor I1(X,Y) = g(VxN,Y) on H. Since X,Y,[X,Y] € TH are perpendicular
to N we have

g(VxN,Y) = Dxg(N,Y)—g(N,VxY)
—g(N,VxY)
= —g(N,VyX)
= g(VyN,X).

This shows that II is symmetric. Note also that
g(VxN,N) = 1Dy |N|* = 0.

So we we can also define II1(X,Y) = g(VxN,Y) when X € TH, as VxN has no
normal component.

For the remainder of this section assume that f is given and that H C f~! (a)
is open and consists entirely of regular points for f. In this case H is clearly a
hypersurface. We start by relating the second fundamental form of H to f.

PROPOSITION 3.2.1. The following properties hold:

(1) N= % is a unit normal to H,
Q) I(X,Y)= ﬁHessf(X,Y)for all X,Y € TH, and
(3) Hess f (Vf,X) = 1Dx|Vf| forall X € TM.

PrOOF. (1) Clearly N = % has unit length. It is perpendicular to H since
Dy f = 0 for any vector field tangent to H.
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(2) Using that choice of a normal vector tells us that when X,Y € TH:
Vf
n(x,y) = g(VX,Y)
) v

1 1
= ——VxVfY |+g|(Dx| == | Vf.Y
«(egeeer ) e (o (i) v )
1
= WHessf(X,Y).
(3) Finally the symmetry of Hess f implies:
Hess f (Vf.X) = g (VvsV/.X) = (VxV/, V) = 3Dx |V f].
O

Our first fundamental equation is the calculation of what’s called the radial cur-
vatures.

THEOREM 3.2.2 (The Radial Curvature Equation). When H C f~! (a) consists
of regular points for f we have:

(VvrS) (X)+S5%(X) = Vx (S(Vf)) = —R(X,Vf) Vf,

Vi, Hess f + Hess? f — Hess (% |Vf|2) — R(\VI, V),
and

vaHessf—Hesszf— Hess (% Wf|2) =—R(-,Vf,Vf,").

PROOF. The first formula is a straightforward computation.
—Rvy(X) = —-R(X,V/)Vf
= _V)z(,Vfo +V3 xS

= (VxS) (V) + (VsS) (X)
=Vx (S(VS)) +VvyuvsVf+ (VvsS) (X)
—Vx (S(V)) +5*(X) + (VysS) (X).
The second formula follows by the definition of Hess? f; observing that the gradient

of % VS |2 is Vg,V f; and that covariant differentiation commutes with type change
(see exercise 2.5.9):

(VwHess f) (X,Y) = g((VNS)(X),Y).
The final formula is a consequence of
(LysHessf) (X,Y) = (VyyHessf)(X,Y)

+Hess f (VxVf,Y)+Hess f (X,VyVf)
= (Vy Hessf) (X,Y)+2Hess> f (X,Y).
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REMARK 3.2.3. The last formula is particularly interesting as it shows how suit-
able curvatures can be calculated using only gradients of functions and Lie deriva-
tives, i.e., covariant derivatives are not necessary.

The following two fundamental equations are also known as the Gauss equa-
tions and Peterson-Codazzi-Mainardi equations, respectively. They will be proved
simultaneously but stated separately. For a vector we use the notation

X' +xt
= X—g(X,N)N+g(X,N)N

X

for decomposing it into components that are tangential and normal to H. We use the
notation that gy is the metric g restricted to H and that the curvature on H is R”

THEOREM 3.2.4 (The Tangential Curvature Equation).
$(R(X.Y)Z,W) = gy (R (X.¥)Z,W) —1L(X, W) II(¥,Z) + II(X  Z) IL(Y, W),

where X, Y, Z,W are tangent to H.

THEOREM 3.2.5 (The Normal or Mixed Curvature Equation).

where X,Y,Z are tangent to H.

PROOF. The proofs hinge on the important fact that if X,Y are vector fields that
are tangent to H, then:

Vily = (Vxr)'T
= VxY—g(VxY,N)N
= VyxY +1I(X,Y)N.

Here the first equality is a consequence of the uniqueness of the Riemannian con-
nection on H. One can check either that (VxY )—r satisfies properties (1)-(4) of a Rie-
mannian connection (see theorem 2.2.2) or alternatively that it satisfies the Koszul
formula. The latter task is almost immediate. The other equalities are immediate
from our definitions.

The curvature equations that involve the second fundamental form are verified
by calculating R(X,Y)Z using VxY = V&Y —II(X,Y)N.
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RX.Y)Z = VxVyZ-VyVxZ—VixyZ

= Vx(V¥Z-1(Y,Z)N) - Vy(V¥Z -11(X,Z)N)
~ViyZ+1([X,Y],Z)N

= valngvyvﬁzfvggy]z
—Vyx (II(Y,Z)N) 4+ Vy (II(X, Z)N) +11([X,Y],Z)N

= RY(X,Y)Z-1(X,VYZ)N+1(Y,V¥Z)N
— (Dx1(Y,Z))N —1(Y,Z)VxN + (Dy (X, Z)) N + II(X,Z)Vy N
+11(VxY,Z)N —11(VyX,Z)N

= RM(X,Y)Z-1(X,VyZ)N +11(Y,VxZ)N
—(Dx11(Y,Z))N —11(Y,Z)VxN + (Dy IL(X, Z)) N +11(X, Z)Vy N
+11(VxY,Z)N —1I(VyX,Z)N

= RE(X,Y)Z-1(Y,Z)VxN +11(X,Z)VyN
+ (= (VxI) (Y,Z) + (Vy 1) (X,Z))N.

To finish we just need to recall the definition of II in terms of VN. O

These three fundamental equations give us a way of computing curvature tensors
by induction on dimension. More precisely, if we know how to do computations on
H and also how to compute S, then we can compute any curvature in M at a point in
H. We shall clarify and exploit this philosophy in subsequent chapters.

Here we confine ourselves to some low dimensional observations. Recall that
the three curvature quantities sec, Ric, and scal obeyed some special relationships
in dimensions 2 and 3 (see sections 3.1.4 and 3.1.5). Curiously enough this also
manifests itself in our three fundamental equations.

If M has dimension 1, then dimH = 0. This is related to the fact that R = 0 on
all 1 dimensional spaces.

If M has dimension 2, then dimH = 1. Thus R = 0 and the three vectors X, Y,
and Z are proportional. Thus only the radial curvature equation is relevant. The
curvature is also calculated in example 3.2.12.

When M has dimension 3, then dim H = 2. The radial curvature equation is not
simplified, but in the other two equations one of the three vectors X,Y,Z is a linear
combination of the other two. We might as well assume that X | ¥ and Z = X or
Y. So, if {X,Y,N} represents an orthonormal frame, then the complete curvature
tensor depends on the quantities: g(R(X,N)N,Y), g(R(X,N)N,X), g(R(Y,N)N,Y),
g(R(X,Y)Y,X), g(R(X,Y)Y,N), g(R(Y,X)X,N). The first three quantities can be
computed from the radial curvature equation, the fourth from the tangential curvature
equation, and the last two from the mixed curvature equation.

In the special case where M> = R? we have R = 0. The tangential curvature
equation is particularly interesting as it becomes the classical Gauss equation. If we
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assume that £y, E3 is an orthonormal basis for 7,M, then

sec(T,H) = RY(E\,Es2,Ea,E))
H(E] ,Eq ) H(Ez,Ez) — H(E] ,Ez) H(E] ,Ez)
det[I1].

This was Gauss’s wonderful observation! Namely, that the extrinsic quantity det [II]
for H is actually the intrinsic quantity, sec(7,,H). The two mixed curvature equations
are the classical Peterson-Codazzi-Mainardi equations.

Finally, in dimension 4 everything reaches its most general level. We can start
with an orthonormal frame {X,Y,Z,N} and there are potentially twenty different
curvature quantities to compute.

3.2.2. Distance Functions. The formulas in the previous section become sim-
pler and more significant if we start by making assumptions about the function. The
geometrically defined functions we shall study are distance functions. As we don’t
have a concept of distance yet, we define r: O — R, where O C (M, g) is open, to
be a distance function if |Vr| = 1 on O. Distance functions are then simply solutions
to the Hamilton-Jacobi equation or eikonal equation |Vr|* = 1. This is a nonlinear
first-order PDE and can be solved by the method of characteristics (see e.g. [7]).
For now we shall assume that solutions exist and investigate their properties. Later,
after we have developed the theory of geodesics, we establish the existence of such
functions on general Riemannian manifolds and also justify their name.

EXAMPLE 3.2.6. On (R", ggn) define r(x) = |x — y| = |xy|. Then r is smooth on
R" — {y} and has |Vr| = 1. If we have two different points {y,z}, then

r(x) = pe{y, 2} = min{]x - y[, [x — [}

is smooth away from {y,z} and the hyperplane {x € R" | |x — y| = |x — z|} equidistant
from y and z.

EXAMPLE 3.2.7. If H C R” is a submanifold, then it can be shown that
r(x) = [xH| = inf{|xy| = [x—y| |y € H}

is a distance function on some open set O C R". When H is an orientable hyper-
surface this can justified as follows. Since H is orientable, it is possible to choose
a unit normal vector field N on H. Now coordinatize R" using x = tN +y, where
t € R, y € H. In some neighborhood O of H these coordinates are actually well-
defined. In other words, there is a function £(y) : H — (0,00) such that any point
in
O={tN+yly€eH, || <e(y)}

has unique coordinates (z,y). We can define r(x) =t on O or f(x) = |xH| = |t|
on O — H. Both functions will then define distance functions on their respective
domains. Here r is usually referred to as the signed distance to H, while f is just the
regular distance.

On I x H, where I C R, is an interval we have metrics of the form dr* + gr
where dr? is the standard metric on I and g, is a metric on {r} x H that depends
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on r. In this case the projection / x H — I is a distance function. Special cases of
this situation are rotationally symmetric metrics, doubly warped products, and our
submersion metrics on [ x $2"~ !,

LEMMA 3.2.8. Letr: O — I C R, where O is an open set in Riemannian man-
ifold. The function r is a distance function if and only if it is a Riemannian submer-
sion.

PROOF. In general, we have dr(v) = g(Vr,v), so Dr(v) = dr(v)d, = 0 if and
only if v L Vr. Thus, v is perpendicular to the kernel of Dr if and only if it is propor-
tional to Vr. For such v = a'Vr the differential is

Dr(v)=aDr(Vr)=oag(VrVr)o,.
Now 0 has length 1 in I, so

v = lef|vrl,
2
IDrv)| = ef[Vr|*.
Thus, r is a Riemannian submersion if and only if |Vr| = 1. (]

Before continuing we introduce some simplifying notation. A distance function
r: 0 — Ris fixed on an open subset O C (M, g) of a Riemannian manifold. The gra-
dient Vr will usually be denoted by d, = Vr. The d, notation comes from our warped
product metrics dr? + g,. The level sets for r are denoted O, = {x € O | r(x) =r},
and the induced metric on O; is g,. In this spirit V", R"are the Riemannian connec-
tion and curvature on (O,,g,). Since |Vr| = 1 we have that Hessr = Il and S is the
(1,1)-tensor corresponding to both Hessr and II. Here S can stand for second de-
rivative or shape operator or second fundamental form, depending on the situation.
The last two terms are more or less synonymous and refer to the shape of (O,,g,) in
(0,g) C (M,g). The idea is that S = Vd, measures how the induced metric on O,
changes by computing how the unit normal to O, changes.

EXAMPLE 3.2.9. Let H C R" be an orientable hypersurface, N the unit normal,
and S the shape operator defined by S(v) = V,N forve TH. If S=0 on H then N
must be a constant vector field on H, and hence H is an open subset of the hyperplane

{x+peR"|x-N,=0},

where p € H is fixed. As an explicit example of this, recall our isometric immersion
or embedding (R"‘l , an—l) — (R", ggn) from example 1.1.3 defined by

(xl,...,x"”) — (c(xl) ,xz,...,x”*l) ,
where c is a unit speed curve ¢ : R — R2. In this case,
N = (—c’z (xl) ¢l (xl) ,0,...,0)
is a unit normal in Cartesian coordinates. So
VN = —d(¢*)d+d(c') o
= —&dx'0; +édx' o,
= (~&d +é'an)dx'.
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Thus, S = 0 if and only if ¢' = ¢ = 0 if and only if c is a straight line if and only
if H is an open subset of a hyperplane. Thus the shape operator really does capture
the idea that the hypersurface bends in R”, even though R"~! cannot be seen to bend
inside itself.

We have seen here the difference between extrinsic and intrinsic geometry. In-
trinsic geometry is everything we can do on a Riemannian manifold (M,g) that
does not depend on how (M, g) might be isometrically immersed in some other Rie-
mannian manifold. Extrinsic geometry is the study of how an isometric immersion
(M,g) — (M,g;;) bends (M,g) inside (M,g,;). For example, the curvature tensor
on (M, g) measures how the space bends intrinsically, while the shape operator mea-
sures extrinsic bending.

3.2.3. The Curvature Equations for Distance Functions. We start by refor-
mulating the radial curvature equation from theorem 3.2.2.

COROLLARY 3.2.10. When r: O — R is a distance function, then
V50, =0

and

VarS+S2 =—R,,.
PROOF. The first fact follows from part (3) of proposition 3.2.1 and the second
from theorem 3.2.2. O

We conclude that:

PROPOSITION 3.2.11. If we have a smooth distance functionr: (0,g) — R and
denote Vr = 0,, then

(1) Ly g =2Hessr,
(2) (Vj Hessr) (X,Y)+Hess?r(X,Y) = —R(X,0,,0,,Y),
(3) (Lg, Hessr) (X,Y)—Hess*r(X,Y) = —R(X,0,,9,,Y).

PROOF. (1) is simply the definition of the Hessian. (2) and (3) follow directly
from theorem 3.2.2 after noting that |Vr| = 1. d

The first equation shows how the Hessian controls the metric. The second and
third equations give us control over the Hessian when we have information about the
curvature. These two equations are different in a very subtle way. The third equation
is at the moment the easiest to work with as it only uses Lie derivatives and hence
can be put in a nice form in an appropriate coordinate system. The second equation
is equally useful, but requires that we find a way of making it easier to interpret.

Next we show how appropriate choices for vector fields can give us a better
understanding of these fundamental equations.
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3.2.4. Jacobi Fields. A Jacobi field for a smooth distance function r is a smooth
vector field J that does not depend on r, i.e., it satisfies the Jacobi equation

Ly J =0.

This is a first-order linear PDE, which can be solved by the method of characteristics.
To see how this is done we locally select a coordinate system (r, X2, ...,x”) where r is
the first coordinate. Then J = J" 9, + J'9; and the Jacobi equation becomes:
0 = LyJ
= La}_ (]’8, + Jia,')
0, (J") 9y + 9, (J') 9.

Thus the coefficients J”,J! have to be independent of r as already indicated. What
is more, we can construct such Jacobi fields knowing the values on a hypersurface
H C M where (xz, ,x”) |7 is a coordinate system. In this case d, is transverse to
H and so we can solve the equations by declaring that J”,J' are constant along the
integral curves for d,. Note that the coordinate vector fields are themselves Jacobi
fields.

The equation L J = 0 is equivalent to the linear equation

Vo =58().
This tells us that
1
Hessr(J,J) =g (Vg J,J) = 598 (J,J).

Jacobi fields also satisfy a more general second-order equation, also known as the
Jacobi Equation:

Vy,Vod =—R(J,9,) 0,
as
“R(J,3,) 0, = R(3,.J) 0, = Vy,S(J).

This is a second-order equation and has more solutions than the above first-order
equation. This equation will be studied further in section 6.1.5 for general Riemann-
ian manifolds.

Equations (1) and (3) from proposition 3.2.11 when evaluated on Jacobi fields
become:

(1) 8rg(]17]2)ZZHGSSV(]l,]Q),
3) d,Hessr (J1,J») —Hess*r (J1,J2) = —R (J1,0,,0;,J2).

As we only have directional derivatives this is a much simpler version of the funda-
mental equations. Therefore, there is a much better chance of predicting how g and
Hessr change depending on our knowledge of Hessr and R respectively.

This can be reduced a bit further if we take a product neighborhood Q = (a,b) x
H C M such that r(z,z) = . On this product the metric has the form

g=dr’ +g,
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where g, is a one parameter family of metrics on H. If J is a vector field on H, then
there is a unique extension to a Jacobi field on Q = (a,b) x H. First observe that

Hessr(d,J) = g(Vy,0,,J) =0,
gr (9, J) 0.

Thus we only need to consider the restrictions of g and Hessr to H. By doing this
we obtain

org = d,gr = 2Hessr.
The fundamental equations can then be written as

(1) 0-gr = 2Hessr,
3) d,Hessr —Hess>r = —R(-,0,,0,,-).
There is a sticky point hidden in (3). Namely, how is it possible to extract information

from R and pass it on to the Hessian without referring to g,. If we focus on sectional
curvature this becomes a little more transparent as

R(X,0,,0,,X) = sec(X,0) (g(X,X)g(z?,,c?r) — (g(X,c?,))z)
= sec(X,0r)g(X—g(X,0,)0r, X —g(X,0,)0,)
= sec(X,d,)gr (X,X).
So if we evaluate (3) on a Jacobi field J we obtain
9, (Hessr (J,J)) —Hess*r (J,J) = —sec(J,0,) g, (J,J).

This means that (1) and (3) are coupled as we have not eliminated the metric from
(3). The next subsection shows how we can deal with this by evaluating on different
vector fields.

Nevertheless, we have reduced (1) and (3) to a set of ODEs where r is the inde-
pendent variable along the integral curve for d, through p.

EXAMPLE 3.2.12. In the special case where dimM = 2 we can more explicitly
write the metric as g = dr® + p? (r,0)d6?, where 6 denotes a function that locally
coordinatizes the level sets of r. In this case dg is a Jacobi field of length p and we
obtain the formula

2Hessr(dg,dg) = d,p> =2p0,p.
Since [d;, dg] = 0 we further have

1
HeSSr(ag,ag) =g (Vasar,ag) =g (Vargg,ag) = E rpz = pc?,p.

As S is self-adjoint and S (d,) = O this implies

Jp

S(de) = ) dg.

This in turn tells us that
—sec(dg,d,)p> = 0, (Hessr(dg,dp)) —Hess’r(dy,dp)
9 (pa,p) — (9rp)°
po;p
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and gives us the simple formula for the curvature
92
sec (TpM) = _%P

3.2.5. Parallel Fields. A parallel field for a smooth distance function r is a

vector field X such that:
V5 X =0.

This is, like the Jacobi equation, a first-order linear PDE and can be solved in a
similar manner. There is, however, one crucial difference: Parallel fields are almost
never Jacobi fields.

If we evaluate g on a pair of parallel fields we see that

98 (X,Y)=g(VyX,Y)+g(X,VyY)=0.

This means that (1) from proposition 3.2.11 is not simplified by using parallel fields.
The second equation, on the other hand, becomes

0, (Hessr(X,Y)) +Hess’>r(X,Y) = —R(X,0,,0,,Y).

If this is rewritten in terms of sectional curvature, then we obtain as in section
324
d, (Hessr (X, X)) +Hess?r (X,X) = —sec (X,9,) g (X, X).
But this time we know that g, (X,X) is constant in r as X is parallel. We can even
assume that g(X,d,) =0 and g(X,X) = 1 by first projecting X onto H and then
scaling it. Therefore, (2) takes the form

d, (Hessr (X, X)) +Hess?r (X,X) = —sec(X, )

on unit parallel fields that are orthogonal to d,. In this way we really have decoupled
the equation for the Hessian from the metric. This allows us to glean information
about the Hessian from information about sectional curvature. Equation (1), when
rewritten using Jacobi fields, then gives us information about the metric from the
information we just obtained about the Hessian using parallel fields.

3.2.6. Conjugate Points. In general, we might think of the directional curva-
tures Ry, as being given or having some specific properties. We then wish to in-
vestigate how the curvatures influence the metric according to the equations from
proposition 3.2.11 and their simplifications on Jacobi fields or parallel fields from
sections 3.2.4 and 3.2.5. Equation (1) is linear. Thus the metric can’t degenerate
in finite time unless the Hessian also degenerates. However, if we assume that the
curvature is bounded, then equation (2) tells us that, if the Hessian blows up, then
it must be decreasing as r increases, hence it can only go to —e. Going back to
(1), we then conclude that the only degeneration which can occur along an integral
curve for d,, is that the metric stops being positive definite. We say that the distance
function r develops a conjugate or focal point along this integral curve. Below we
have some pictures of how focal points can develop. Note that as the metric itself is
Euclidean, these singularities are relative to the coordinates. There is a subtle differ-
ence between conjugate points and focal points. A conjugate point occurs when the
Hessian of r becomes undefined as we solve the differential equation for it. A focal
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FIGURE 3.2.1.

point occurs when integral curves for Vr meet at a point. It is not unusual for both
situations to happen at the same point, but it is possible to construct metrics where
there are conjugate points that are not focal points.

Figure 3.2.1 shows that conjugate points for the lower part of the ellipse occur
along the evolute of the lower part of the ellipse. However, when we consider the
entire ellipse, then the focal set is the line between the focal points of the ellipse as
the normal lines from the top and bottom of the ellipse intersect along this line.

It is worthwhile investigating equations (2) and (3) a little further. If we rewrite
them as

) (Vs Hessr) (X,X) = —R(X,0,,0,,X) —Hess*r (X, X),
3) (Ly, Hessr) (X,X) = —R(X,0,,0,,X) +Hess* r (X, X),

then we can think of the curvatures as representing fixed external forces, while
Hess? r describes an internal reaction (or interaction). The reaction term is always
of a fixed sign, and it will try to force Hessr to blow up or collapse in finite time.
If, for instance sec < 0, then L; Hessr is positive. Therefore, if Hess r is positive at
some point, then it will stay positive. On the other hand, if sec > 0, then V5 Hessr
is negative, forcing Hess 7 to stay nonpositive if it is nonpositive at a point.

We shall study and exploit this in much greater detail throughout the book.

3.3. Further Study

In the upcoming chapters we shall mention several other books on geometry
that the reader might wish to consult. A classic that is considered old fashioned by
some is [43]. It offers a fairly complete treatment of the tensorial aspects of both
Riemannian and pseudo-Riemannian geometry. I would certainly recommend this
book to anyone who is interested in learning Riemannian geometry. There is also
the authoritative guide [75]. Every differential geometer should have a copy of these
tomes especially volume 2. Volume 1 contains a lot of foundational material and is
probably best as a reference guide.
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3.4. Exercises

EXERCISE 3.4.1. Let M be an n-dimensional submanifold of R"" with the
induced metric. Further assume that we have a local coordinate system given by a
parametrization u* (xl, ...,x") ,8=1,...,n+m. Show that in these coordinates R; i,
depends only on the first and second partials of #°. Hint: Look at exercise 2.5.22.

EXERCISE 3.4.2. Consider the following conditions for a smooth function f :
(M,g) — R on a connected Riemannian manifold:

(1) |Vf]|is constant.

(2) VyVf=0.

(3) |Vf] is constant on the level sets of f.
Show that (1) < (2) = (3) and give an example to show that the last implication is
not a bi-implication.

EXERCISE 3.4.3. Let f be a function and S (X) = VxV f the (1, 1) version of its
Hessian. Show that
LysS = VygS,
LyiS+S*—Vx(S(Vf)) = —Rvy.
How do you reconcile this with what happens in theorem 3.2.2 for the (0,2)-version

of the Hessian?

EXERCISE 3.4.4. Show thatif r = f : M — R is a distance function, then the tan-
gential and mixed curvature equations from theorems 3.2.4 and 3.2.5 can be written
as

(RX.Y)Z)" = Ru(X,Y)Z—(S(X)AS(Y))(2),
8§(R(X.Y)Z,N)=—g((VxS)(¥).Z) +5((V¥S)(X),Z),
and
R(X,Y)N = (dVS) (X,Y).

EXERCISE 3.4.5. Prove the two Bianchi identities at a point p € M by using a
coordinate system where V5,d; = 0 at p.

EXERCISE 3.4.6. Show that a Riemannian manifold with constant curvature has
parallel curvature tensor.

EXERCISE 3.4.7. Show that a Riemannian manifold with parallel Ricci tensor
has constant scalar curvature. In section 4.2.3 it will be shown that the converse is
not true, and in section 4.2.2 that a metric with parallel curvature tensor doesn’t have
to be Einstein.

EXERCISE 3.4.8. Show in analogy with proposition 3.1.5 that if R is the (0,4)-
curvature tensor and Ric the (0,2)-Ricci tensor, then

(V*R)(Z,X,Y) = (VxRic) (Y,Z) — (VyRic) (X,Z).

Conclude that V*R = 0 if VRic = 0. Then show that V*R = 0 if and only if the (1,1)
Ricci tensor satisfies:

(VxRic) (Y) = (VyRic) (X) forall X,Y.
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EXERCISE 3.4.9. Suppose we have two Riemannian manifolds (M,gy) and
(N,gn) . Then the product has a natural product metric (M x N, gy +gn) - Let X be
a vector field on M and Y one on N. Show that if we regard these as vector fields on
M x N, then VxY = 0. Conclude that sec (X,Y) = 0. This means that product metrics
always have many curvatures that vanish.

EXERCISE 3.4.10. Show that a Riemannian manifold has constant curvature at
p € M if and only if R(v,w)z = 0 for all orthogonal v,w,z € T,M. Hint: Start by
showing: if a symmetric bilinear form B (v,w) on an inner product space has the
property that B (v,w) = 0 when v L w, then B is a multiple of the inner product.

EXERCISE 3.4.11. Use exercises 2.5.25 and 2.5.26 to show that if X,Y,Z are
tangent to M, then

RUX.Y)Z = RM(X,Y)Z+TxTyZ—TyTxZ+ (vﬂ) zZ- (V#T) z
Y X

where

(V)%T) 2= Vi (1Z) =Ty Z—TyVYZ.

The tangential parts on both sides of this curvature relation form the Gauss equations
and the normal parts the Peterson-Codazzi-Mainardi equations.

EXERCISE 3.4.12. Let H"~! C R" be a hypersurface. Show that Ric? = trII-1I — I

EXERCISE 3.4.13. A hypersurface of a Riemannian manifold is called totally
geodesic if its second fundamental form vanishes.

(1) Show that the spaces S} have the property that any tangent vector is normal
to a totally geodesic hypersurface.

(2) Show a Riemannian n-manifold, n > 2, with the property that any tangent
vector is a normal vector to a totally geodesic hypersurface has constant
curvature. Hint: Start by showing that R(X,Y)Z = 0 when the three vec-
tors are orthogonal to each other and use exercise 3.4.10.

EXERCISE 3.4.14. Use exercise 2.5.26 to define the normal curvature
RY(X,Y,V,W)
for tangent fields X, Y and normal fields V, W.

(1) Show that R* is tensorial and skew-symmetric in X,Y as well as V,W.
(2) Show that

RM(X.Y,V,W) =R(X,Y,V,W) + gu (TxV, Ty W) — gus (TyV, Ty W)
These are also known as the Ricci equations.

EXERCISE 3.4.15. For 3-dimensional manifolds, show that if the curvature op-
erator in diagonal form is given by

S O R
o™ o

0
0],
Y
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then the Ricci curvature has a diagonal given by

o+ O 0
0 B+y O
0 0 o+y

Moreover, the numbers o, 3, Y must be sectional curvatures.
EXERCISE 3.4.16. Consider the (0,2)-tensor
T =Ric+bscalg+cg

where b,c € R.
(1) Show that V*T = 0if b = —J. The tensor

1
G:Ric—%g+cg.

is known as the Einstein tensor and c as the cosmological constant.
(2) Show that if ¢ = 0, then G = 0 in dimension 2.
(3) When n > 2 show that if G = 0, then the metric is an Einstein metric.
(4) When n > 2 show that if G = 0 and ¢ = 0, then the metric is Ricci flat.

EXERCISE 3.4.17. Let TcM = TM ® C be the complexified tangent bundle to
a manifold. A vector v € TcM looks like v = v +1iv,, where v{,vo, € TM, and can
be conjugated v = v —iv,. Any tensorial object on TM can be complexified. For
example, if S is a (1, 1)-tensor, then its complexification is given by
Sc (V) =Sc (V1 +iV2) = S(Vl) —‘riS(Vz) .

A Riemannian structure g on M gives a natural Hermitian structure on TcM by

gvyw) = gc(vw)
= gc(i+iva,wi —iwn)
= gvi,wr)+g(va,wa) +i(g(va,w1) —g(vi,w2)).

A vector is called isotropic if it is Hermitian orthogonal to its conjugate

0 = gv
= gc(wv)
= gc(vi+ivy,vi+in)
= gi,vi)—g(v2,v2) +i(g(vz,vi) +g(vi,v2)).
More generally, isotropic subspaces are defined as subspaces on which g¢ vanishes.

The complex sectional curvature spanned by Hermitian orthonormal vectors v, w is
given by the expression

Rc (v,w,w, 7).
It is called isotropic sectional curvature when v, w span an isotropic plane.

(1) Show that a vector v = vy 4+1v; is isotropic if v{, v, are orthogonal and have
the same length.
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(2) An isotropic plane can be spanned by two Hermitian orthonormal vectors
v,w that are isotropic. Show that if v =v; +ivy and w = wy +iwy, then
V1, V2, W, wp are orthonormal.

(3) Show that R¢ (v, w, w,V) is always a real number.

(4) Show that if the original metric is strictly quarter pinched, i.e., all sectional
curvatures lie in an open interval of the form (%k, k) with k > 0, then the
complex sectional curvatures are positive.

(5) Show that the complex sectional curvatures are nonnegative (resp. posi-
tive) if the curvature operator is nonnegative (resp. positive). Hint: Calcu-
late

SRXAU—YAV) xAu—yAV)+g(REAV+YAU),xAv+yAu)
and compare it to a suitable complex curvature.
EXERCISE 3.4.18. Consider a Riemannian metric (M, g) and scale the metric by

multiplying it by a number A2. This creates a new Riemannian manifold (M , /'ng) .

(1) Show that the new connection and (1, 3)-curvature tensor remain the same.
(2) Show that sec, scal, and R all get multiplied by A ~2.

(3) Show that Ric as a (1, 1)-tensor is multiplied by A 2.

(4) Show that Ric as a (0,2)-tensor is unchanged.

EXERCISE 3.4.19. We say that X is an affine vector field if LxyV = 0. Show that
such a field satisfies the equation: V%LVX =—R(X,U)V.

EXERCISE 3.4.20 (Integrability for PDEs). For given functions P} (x,u), where
x=(x o x),u=(u',...,um),i=1,..,m and k= 1,...,n, consider the initial value
problems for a system of first-order PDEs

o = Bou(),
u(xg) = up.
(1) Show that
%'  JP 0P ;
oxkoxl  dxk  Qui K

and conclude that all such initial value problems can only be solved when
the integrability conditions

oF OF ; oF 0P ;

oxk  duw Kk oxl T Ju!

hold.

(2) Conversely show that all such initial value problems can be solved if the
integrability conditions hold. Hint: This is equivalent to the Frobenius
integrability theorem but can be established directly (see also [109, vol.
17). When P does not depend on u, this result goes back to Clairaut. The
general case appears to have been a folklore result that predates what we
call the Frobenius theorem about integrability of distributions.
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(3) Using coordinates x' on a Riemannian n-manifold form the system
%
dxk

and show that its integrability conditions are equivalent to Ry, = 0.
(4) Show that a flat Riemannian manifold admits Cartesian coordinates. Hint:
Denote the potential Cartesian coordinates by ' and consider the system:

ou' ;
ok Uk
with appropriate initial values. Make sure you check that u’ really form a
Cartesian coordinate system. This way of locally characterizing Euclidean
space is very close in spirit to Riemann’s original approach. Hint: Consider
the derivative of

S i+
= IyUs, i,j=1,...n

w Ju' du!
oxk oxl’
where g;; denotes the metric with respect to x and use 2.5.8.

EXERCISE 3.4.21 (Fundamental theorem of (hyper-)surface theory). Consider
a Riemannian immersion F : M" & R"*1. In coordinates on M it can be written as

(ul (x), .., u™ ! (x))=F(x)=F (xl,...,x")

and we define

i oul
Uk - W.
(1) Show that
anl s i 1

where N = N"% is a choice of unit normal and the second fundamental
form is I = I1(d;,d) = g (VajN, ak).

(2) Show that the integrability conditions for this system are equivalent to the
Gauss (tangential) and Codazzi (mixed) curvature equations:
Rigj = i1l — I,
Il B a1l
ox! dxk
(3) Given metric coefficients g;; and a symmetric tensor II;; that is related to
the metric coefficients through the Gauss and Codazzi equations, show that
locally there exists a Riemannian immersion such that the second funda-
mental form is given by II;;.
(4) We can now give a local characterization of spaces with constant positive
curvature. Given a metric of constant curvature R—2 > 0, show that there is
a Riemannian immersion into R"*!whose image lies in a sphere of radius
R. Hint: Guess what the second fundamental form should look like and
show that the constant curvature condition gives the Gauss and Codazzi
equations. Note that for §” (R) the unit normal is N = +R~'F.

= Iy, -Tj,10
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EXERCISE 3.4.22. Repeat the previous exercise with a Riemannian immersion
F : M" & R™! where M is a Riemannian manifold and the normal N satisfies |N|* =
—1. This time we obtain a local characterization of the hyperbolic spaces H" (R)
from example 1.1.7 as the local model for spaces of constant curvature —R~2. Note
that for H" (R) the unit normal is N = +R"'F.

EXERCISE 3.4.23. For two symmetric (0,2)-tensors h,k define the Kulkarni-
Nomizu product as the (0,4)-tensor

1
hok(vi,v2,v3,v4) = 3 (h(vi,v4) -k (v2,v3) +h(v2,v3) -k(vi,v4))

—% (h (V1,V3) ~k(VQ,V4) +h(V2,V4) ~k(V1,V3)) .

The factor % is not used consistently in the literature, but is convenient when h = k.
Part (6) of this exercise explains our choice.

(1) Show that hok =koh.

(2) Show that hoh = 0 if h has rank 1.

(3) Show that if n > 2; k is nondegenerate; and hok = 0, then 2 = 0. Hint: Let
v; be “eigenvectors” for k and vy = v3.

(4) Show that hok satisfies the first 3 properties of proposition 3.1.1.

(5) Show that Vy (hok) = (Vxh)ok+ho (Vxk).

(6) Show that (M, g) has constant curvature c if and only if the (0,4)-curvature
tensor satisfies R =c- (gog).

EXERCISE 3.4.24. Define the Schouten tensor

P 2 Ric— scal "
n—2 (n=1)(n—2)
for Riemannian manifolds of dimension n > 2.
(1) Show that if P vanishes on M, then Ric = 0.
(2) Show that the decomposition

P= scal + 2 Ri(:—&all
_n(n—l)g n—2 n &

of the Schouten tensor is orthogonal.
(3) Show that when n = 2, then

scal

R=— .
2808

(4) Show that when n = 3, then
1 1
R= %gongZ <RicS(;,a 'g) og=Pog.
(5) Show that (M, g) has constant curvature when n > 2 if and only if

scal
R=Pogand Ric=—g¢.
n
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(6) Show that
Ric(X,Y) =Y (Pog) (X,E;,E;Y)

i=1

for any orthonormal frame E;.

EXERCISE 3.4.25. The Weyl tensor W is defined implicitly through

1 2 1
R - sca gog+ Ric 58 ) ogtW
n(n—1) n—2 n
= Pog+W,

where P was defined in the previous exercise.

(1) Show thatif n =3, then W = 0.
(2) Show that

n
ZW (XaEi;Ei»Y) =0
i=1
for any orthonormal frame E;. Hint: Use (6) from exercise 3.4.24.
(3) Show that the decomposition R = P o g+ W is orthogonal. Hint: This is
similar to showing that homotheties and traceless matrices are perpendic-
ular.

EXERCISE 3.4.26. Show that

VP =— dscal

n—1
and

n—73

VW (Z,X,Y) = ((VxP)(Y,Z)— (VyP)(X,Z)).

Hint: Use the definitions of W and P from the previous two exercises, exercise 3.4.8,
and proposition 3.1.5.

EXERCISE 3.4.27. Given an orthonormal frame E},...,E, on (M,g), define the
structure constants cy; by [Ei, Ej] = cf;Ey, note that each ¢f; is a function on M, so it
is not constant! Define the I's and Rs by

k
!
R(ELE)Ex = RiE
and compute them in terms of the structure constants. Notice that on Lie groups with

left-invariant metrics the structure constants can be assumed to be constant. In this
case, computations simplify considerably.

EXERCISE 3.4.28 (Cartan Formalism). There is yet another effective method
for computing the connection and curvatures, namely, the Cartan formalism. Let
(M,g) be a Riemannian manifold. Given a frame Ej,...,E,, the connection can be
written

VE; = (J)l-] E js
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where a)i] are 1-forms called the connection forms. Thus,
V,E; = O)l‘-] (V) Ej‘

Suppose additionally that the frame is orthonormal and let o' be the dual coframe,
ie, 0 (Ej) = 6;

(1) Show that the connection forms satisfy

Joo_ i
o = -0,

do' = o'No.

These two equations can, conversely, be used to compute the connection
forms given the orthonormal frame. Therefore, if the metric is given by
declaring a certain frame to be orthonormal, then this method can be very
effective in computing the connection.

(2) If we think of [a)lj } as a matrix, then it represents a 1-form with values
in the skew-symmetric n X n matrices, or in other words, with values in

the Lie algebra so (n) for O (n). The curvature forms Q{ are 2-forms with
values in so (n) defined as

R(X.Y)Ei = Q] (X.Y)E;.
Show that they satisfy
do] = of Nl + Q.

(3) When reducing to Riemannian metrics on surfaces we obtain for an or-
thonormal frame E;, E, with coframe o', >

do' = o*No),
do* = —o'Aol,
do, = Q)

Q' = sec-dvol.

EXERCISE 3.4.29. This exercise will give you a way of finding the curvature
tensor from the sectional curvatures. Assume that R (X,Y,Z, W) is an algebraic cur-
vature tensor, i.e., satisfies (1), (2), and (3) of proposition 3.1.1.

(1) Show that

I’R(X +sW,Y +tV,Y +1V,X +sW)

6R(X,Y,V,W) =

dsdt st
’R(X +sV,Y +tW.Y +tW,X +5sV)
dsot s=t=0 .
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(2) Show that

6R(X,Y,V,W) = RX+WY+VY4+VX+W)
—RX,Y+V,Y+V.X)—R(W,Y+V, Y +V,W)
—RX+W,V,VX+W)—R(X+W,Y,Y,X+W)
+R(X,V,V.X)+R(W,V,V.W)
+R(X,Y,Y,X)+R(W,Y,Y,W)
—R(X+V.Y4+WY+WX+V)
+RX,Y+W,Y+W X)+R(V,Y +W, Y +W,V)
+R(X+VY, Y. X+V)+R(X+V,WW.X+V)
—R(X,Y,Y,X)—R(V,Y,Y,V)
—R(X,W,W,X)—R(V,W,W,V).

Note that 4 of the terms on the right-hand side are redundant.

EXERCISE 3.4.30. Using the previous exercise show that the norm of the cur-
vature operator on A>T, M is bounded by

1R, | < c(n)]secl,

for some constant ¢ (n) depending on dimension, and where [sec|,, denotes the largest
absolute value for any sectional curvature of a plane in 7,M.

EXERCISE 3.4.31. Let G be a Lie group with a left-invariant metric (-,-) on g
(it need not be positive definite just nondegenerate). For X € g denote by ady : g — g
the adjoint of ady Y = [X, Y] with respect to (-,-). Show that:

(1) VxY = 3 ([X,Y]+ady Y —adj X). Conclude that if X,Y € g, then VxY €

g.
2) R(X,Y,Z,W) = —(VyZ,VxW) + (VxZ,VyW) = (Vix ) Z,W).

3)

1
R(X,Y,Y.X) = Z|ad}}Y+ad§§X|2
* * 3 2
*(adXX,adYY)*ZHX,Y“
1 1

3 (X.Y1,71,%) = 5 ([¥,X),X],Y).

EXERCISE 3.4.32. Let G be a Lie group with a biinvariant metric (-,-) on g (it
need not be positive definite just nondegenerate). Using left-invariant fields establish
the following formulas. Hint: First go back to the exercise 1.6.24 and take a peek at
section 4.4.1 where some of these things are proved. Show that:

(1) VxY =3 [X,Y].

2) R(X,Y)Z=;[Z,[X,Y]].

3) R(X,Y,Z,W)= —% ([X,Y],]Z,W]). Conclude that the sectional curvatures
are nonnegative when (-, -) is positive definite.
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(4) Show that the curvature operator is also nonnegative when (-, -) is positive
definite by showing that:

g(f)‘i <lzk;X,~/\Y,~> , <izk‘1xmyi>> _1

(5) Assume again that (-, -) is positive definite. Show that Ric (X,X) =0 if and
only if X commutes with all other left-invariant vector fields. Thus G has
positive Ricci curvature if the center of G is discrete.

2

M»

[X;, Y]

~

l

I
-

EXERCISE 3.4.33. Consider a Lie group where the Killing form B is nondegen-
erate and use —B as the left-invariant metric (see exercise 1.6.27).

(1) Show that this metric is biinvariant.
(2) Show that Ric = —1B.

EXERCISE 3.4.34. It is illustrative to use the Cartan formalism in the previ-
ous exercise and compute all quantities in terms of the structure constants for the
Lie algebra. Given that the metric is biinvariant, it follows that with respect to an
orthonormal basis they satisfy

cf-‘j = —clj‘»,» = c’jk.
The first equality is skew-symmetry of the Lie bracket, and the second is biinvariance
of the metric.



CHAPTER 4

Examples

We are now ready to compute the curvature tensors on all of the examples con-
structed in chapter 1. After a few more general computations, we will exhibit Rie-
mannian manifolds with constant sectional, Ricci, and scalar curvature. In particular,
we shall look at the space forms S}, products of spheres, and the Riemannian ver-
sion of the Schwarzschild metric. We also offer a local characterization of certain
warped products and rotationally symmetric constant curvature metrics in terms of
the Hessian of certain modified distance functions.

The examples we present here include a selection of important techniques such
as: Conformal change, left-invariant metrics, warped products, Riemannian submer-
sion constructions etc. We shall not always develop the techniques in complete gen-
erality. Rather we show how they work in some basic, but important, examples. The
exercises also delve into important ideas that are not needed for further developments
in the text.

4.1. Computational Simplifications

Before we do more concrete calculations it will be useful to have some general
results that deal with how one finds the range of the various curvatures.

PROPOSITION 4.1.1. Let e; be an orthonormal basis for T,M. If e; A e; diago-
nalize the curvature operator

9“&(6,‘/\6‘]) = 7L,-je,~/\ej,
then for any plane m in T,M we have sec () € [minA;;, max A;;|.

PROOF. Ifv,w form an orthonormal basis for the plane 7, then we have sec (7)
g(R(vAw),(vAw)), so the result is immediate.

O

PROPOSITION 4.1.2. Let e; be an orthonormal basis for T,M. IfR (e;,e;) ex =0,
when the indices are mutually distinct, then e; \ e diagonalize the curvature opera-
tor.

PROOF. If we use
§R(eine)),(exNer)) = —g(R(eiej)ex,er)
= g(R(ei,ej)er er),
then we see that this expression is O when i, j, k are mutually distinct or if i, j,/ are

mutually distinct. Thus, the expression can only be nonzero when {k,l} = {i, j}.
This gives the result. O

95
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We shall see that this proposition applies to all rotationally symmetric and dou-
bly warped products. In this case, the curvature operator can then be computed by
finding the expressions R (e;,ej,e;,e;). In general, however, this will definitely not
work.

There is also a more general situation where we can find the range of the Ricci
curvatures:

PROPOSITION 4.1.3. Let e; be an orthonormal basis for T,M. If
g(R(ei,ej)ex,e) =0,
when three of the indices are mutually distinct, then e; diagonalize Ric .

PROOF. Recall that

™=

g(Ric(e;),e;) = ) g(R(ei,ex)er e;),

k=1

so if we assume that i # j, then g (R (e;,ex) ex,e;) = O unless k is either i or j. How-
ever, if k =i, j, then the expression is zero from the symmetry properties of R. Thus,
e; must diagonalize Ric. O

4.2. Warped Products

So far, all we know about curvature is that Euclidean space has R = 0. Using
this, we determine the curvature tensor on §"~!(R). Armed with that information we
can in turn calculate the curvatures on rotationally symmetric metrics.

4.2.1. Spheres. On R” consider the distance function r(x) = |x| and the polar
coordinate representation:

g=dr*+g,=dr +r2ds371,

where ds?_ is the canonical metric on §"~!(1). The level sets are O, = §"~!(r) with
the usual induced metric g, = rzdsﬁil. The differential of r is given by dr =Y xfr’dx"

and the gradient is d, = }x’a,-. Since dsﬁ_1 is independent of » we can compute the
Hessian of r as follows:

2Hessr = Lyg
Ly, (drz) +L,, (rzdsﬁfl)
Ly, (dr)dr+drLy, (dr)+ 0, (r*) dsi_, +r*Ly, (dsa_,)
oy (rz) ds?_,
2rds§,1
= 2% gr
The tangential curvature equation (see theorem 3.2.4) tells us that

R(X.Y)Z=r*((Y.2)X —g(X.2)Y),
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since the curvature on R”" is zero. In particular, if e; is any orthonormal basis, then
R" (e, ej) ex = 0 when the indices are mutually distinct. Therefore, S"~!(R) has con-
stant curvature R~2 provided n > 3. This justifies our notation that S} is the rotation-
ally symmetric metric dr*+ sn,%(r)dsil when k£ > 0, as these metrics have curvature
k in this case. In section 4.2.3 we shall see that this is also true when k < 0.

4.2.2. Product Spheres. Next we compute the curvatures on the product spheres

1 1
SZ XSZl:Sn (\/a> XSm (ﬁ) .

The metric g, on §" (r) is g, = r’ds?, so we can write

b

Let Y be a unit vector field on $”, V a unit vector field on on §”, and X a unit vector
field on either S” or §™ that is perpendicular to both ¥ and V. The Koszul formula
shows that

1 1
SEx Sy = <Sn x 5™, 55153 + dsf,,) .

28 (VyX, V) = g(
= g
=0

[Y,X],V)—i—g([V,Y],X) —g([X,V],Y)
[Y,X],V)—g([X,V],Y)

—~

)

as [Y,X] is either zero or tangent to S" and likewise with [X,V]. Thus VyX =0if X
is tangent to S and VyX is tangent to §" if X is tangent to S"*. This shows that Vy X
can be computed on §,. We can then calculate R knowing the curvatures on the two
spheres from section 4.2.1 and invoke proposition 4.1.2 to obtain:

RXAV) = 0,
R(XANY) = aXAY,
RWUAV) = bUAV.

In particular, proposition 4.1.1 shows that all sectional curvatures lie in the interval
[0,max{a,b}]. It also follows that

Ric(X) = (n—1)aX,
Ric(V) = (m—1)bV,
scal = n(n—1)a+m(m—1)b.

Therefore, we conclude that Sj; x S’ always has constant scalar curvature, is
an Einstein manifold exactly when (n— 1)a = (m — 1)b (which requires n,m > 2 or
n=m = 1), and has constant sectional curvature only when n = m = 1. Note also
that the curvature tensor on S, x S} is always parallel.

4.2.3. Rotationally Symmetric Metrics. Next we consider what happens for
a general rotationally symmetric metric

dr* + pzds,2171 .
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The metric is of the form g = dr® +g, on (a,b) x S"~!, with g, = p?ds?_|. Asds2_,
does not depend on r we have that
2Hessr = Ljgr

= Ly, (p*ds,_)

= 0, (p?)ds;_; +p°Lo, (ds;_1)

— 2p(3p)dst,
orp

p

The Lie and covariant derivatives of the Hessian are computed as follows:

orp >
L r
a,( P 8

a.p arp
= 0 < ) P+ ==Ly (g
o ety ta (gr)

= 2

gr-

L, Hessr

and

d
V, Hessr = Va,( rpg,)

= 2 .
d?%p <8rp>2

- r— 8r
p 8 p
9P 2

= LT g, —Hessr
P

The fundamental equations from proposition 3.2.11 show that when restricted to
5"~1 we have

arp
Hessr = —g,,
P 8
2
R('7araar7') = _8fpgr.
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This implies that

op ey n—1
GPX if X ist tto S" 1,
Vid, =1 P 1 is tangent to
0 ifX =0,
- a,sz if X is tangent to "~
R(X,0,)0, = P ’
0 if X =9,.

Next we calculate the other curvatures on
(Ix 8" ' dr* +p*(r)dsi_y)

that come from the tangential and mixed curvature equations (see theorems 3.2.4 and
3.2.5)

g(RX,Y)V,W) = g (R'(X,Y)V,W)—II(Y,V)IL(X,W)+1I(X,V)IL(Y,W),
g(R(X,Y)Z,9,) = —(VxI)(Y,Z2)+(VyID)(X,Z).

Using that g, is the metric of curvature # on the sphere, we have from section
4.2.1 that

1
&R (X, Y)V,W) = pgr(X NY,W AV).
Combining this with IT = Hess r we obtain from the first equation that

2
gRX,Y)V.W) = I_Ef;p)g,(x AY,WAV).

Finally we show that the mixed curvature vanishes as a}’Tp depends only on r :

VxII = Vg (8;)p gr>

8,p> orp
D t+ Vxgr
X ( 0 8 0 x8

= 0.

From this we can use proposition 4.1.2 to conclude

RXAY) = ~ZPxng =-Pxno,
p p
1—(d,p)* 1-p?
RXANY) = E)zp)X/\Y: 2p XAY
In particular, we have diagonalized ;. Hence all sectional curvatures lie between the

.o A 2 . .
two values —% and lpf . Furthermore, if we select an orthonormal basis E; where

E| = d,, then the Ricci tensor and scalar curvature are
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Ric(X) = ZR(X,Ei)Ei

n—1
= Y R(X,E)Ei+R(X,0,)0,
=1

1

- (o)

Ric(d) = —(m-1Po,

p
p 1-p? p)

scal = —(n—1)—+(n—-1 (n—2 - =

( )p (n=1){ (n—2) 2 o
p 1—p?
= 2n—-1)=4+m-1)(n-2) s
When n = 2, it follows that sec = —%, as there are no tangential curvatures.

This makes for quite a difference between 2- and higher-dimensional rotationally
symmetric metrics.

Constant curvature: First, we compute the curvature of dr* 4 sn7 (r)ds2_, on S;.
52
Since p = sn solves p +kp = 0 it follows that sec(X,d,) = k. To compute =p

p2
recall from section 1.4.3 that if p = sng(r), then
p = csi
1-p% = kp>

Thus, all sectional curvatures are equal to k, as promised.
Next let us see if we can find any interesting Ricci flat or scalar flat examples.
Ricci flat metrics: A Ricci flat metric must satisfy

= 0’

1-p?
p2

(n—2) = 0.

hel oY ket

Hence, p =0 and p> = 1, when n > 2. Thus, p (r) = a=+r. In case n = 2 we only
need p = 0. In any case, the only Ricci flat rotationally symmetric metrics are, in
fact, flat.

Scalar flat metrics: To find scalar flat metrics we need to solve

. 72 17.2
2(n1)<g+”2 : p2p>07

when n > 3. We rewrite this equation as

n—2p*—1 _0

P,



4.2. WARPED PRODUCTS 101

This is an autonomous second-order equation and can be made into a first-order
equation by using p as a new independent variable. If p = G(p), then p = G'p =G'G
and the first-order equation becomes

n-2G*—1

5 =

Separation of variables shows that G and p are related by
pP=G*=1+Cp*™,

which after differentiation yields:

GG+ 0.

n—2 . _n,
2 Cp ™"

We focus on solutions to this family of second-order equations. Note that they will
in turn solve p2 = 14 Cp2~", when the initial values are related by (p (0))* = 1 +
Cp(0))".
To analyze the solutions to this equation that are positive and thus yield Riemannian
metrics, we need to study the cases C > 0, C =0, C < 0 separately. But first, notice
that if C # 0, then both p and p approach 4o at points where p approaches 0.

C = 0: In this case p =0 and p?(0) = 1. Thus, p = a+ r is the only solution
and the metric is the standard Euclidean metric.

C > 0: p is concave since

p=-

)
p= —”TCpI*" <o0.

Thus, if p is extended to its maximal interval, then it must cross the “r-axis,” but as
pointed out above this means that p becomes undefined. Consequently, we don’t get
any nice metrics this way.

C < 0: This time the solutions are convex. If we write C = 7p6172’ then the

2—n
equation p> =1 — (%) shows that 0 < pp < p. In case p (a) = po, it follows

that p (a) =0 and P (a) > 0. Thus a is a strict minimum and the solution exists in
a neighborhood of a. Furthermore, |p| < 1 so the solutions can’t blow up in finite
time. This shows that p is defined on all of R. Thus, there are scalar flat rotationally
symmetric metrics on R x §" 1.

We focus on the solution with p(0) = pg > 0, which forces p(0) = 0. Notice
that p is even as p (—r) solves the same initial value problem. Consequently, (r,x) —
(—r,—x) is an isometry on

(RxS§"' dr* +p(r)dsi_,) .
Thus we get a Riemannian covering map

RxS§" ' — t(RP" ')

and a scalar flat metric on T (]R]P’"_l ) , the tautological line bundle over RP1,
If we use p as the parameter instead of r, then

P n—2
dp? = p2drt = (1 - <p°> ) dr.
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When r > 0 it follows that p > pp and the metric has the more algebraically explicit
form

1
dr* +p*(r)ds,_; = 7,,,207)2 +pids; ;.
_(Po
1= (%)
This shows that the metric looks like the Euclidean metric dp? + pza'si1 as p — oo,
In section 5.6.2 we show that R x §"1, n > 3, does not admit a (complete)
constant curvature metric. Later in section 7.3.1 and theorem 7.3.5, we will see that
if R x $"~! has Ric = 0, then §"~! also has a metric with Ric = 0. When n = 3 or
4 this means that S? and S® have flat metrics, and we shall see in section 5.6.2 that

this is not possible. Thus we have found a manifold with a nice scalar flat metric that
does not carry any Ricci flat or constant curvature metrics.

4.2.4. Doubly Warped Products. We wish to compute the curvatures on
(Ix 8P x 8,dr* —l—pz(r)dslzJ + ¢2(r)ds$) .
This time the Hessian looks like
Hessr = (d,p) pdsf, +(2,0) ¢ds§.
and we see as in the rotationally symmetric case that
VxII=0.

Thus the mixed curvatures vanish. Let X,Y be tangent to S” and V,W tangent to
S4. Using our curvature calculations from the rotationally symmetric case (see sec-
tion 4.2.3) and the product sphere case (see section 4.2.2) the tangential curvature
equations (see theorem 3.2.4) yield

R(AX) = —%8,/\X,
_ 9

R(NAV) = —¢8,/\V,
_p2

RXAY) = 1p2p XAY,
— $2

RWUAV) = 1¢2¢ UAv,
po

RxAv) = Poxav.
( ) po

From this it follows that all sectional curvatures are convex linear combinations
of
1-p> 1-¢> p¢

p2 7 92 po’

)

P9
p’ ¢
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Moreover,
Ric(d,) = (—pﬁ—qg)ar,
Re) = (Lp-nSl o 20y,
Ric(V) = (j+(q—l)1;f2—p~ﬁi)V.

4.2.5. The Schwarzschild Metric. We wish to find a Ricci flat metric on R? x
§"=2. Choose p =n—2 and g = 1 in the above doubly warped product case so that
the metric is on (0,00) x $"~2 x S'. We’ll see that this forces dr? + p? (r)ds2_, to be
scalar flat (see also exercise 4.7.16 for a more general treatment).

The equations to be solved are:

p_¢

—(n=-2)=—= = 0,
( )P ¢
p 1-p*> o
—=+(n-3 -—— = 0,
p (n=3) p:  po
¢ po
———(n-2)— = 0.
¢ ( )P¢
Subtracting the first and last gives
p_po
ppo

If we substitute this into the second equation we simply obtain the scalar flat equation
for dr? + p2 (r)ds?_,:

p 1—p?
2=+ (n-3) =0.
p p?
We use the solution p (r) from section 4.2.3 that is even in r and satisfies:
p (O) = Po,

n—3
-5
P P

Next note that g = % implies that % = c is constant. Thus we can define ¢
using p = c¢.
n—3 n—3
Since pZ =1— (—0) we obtain c2¢> = 1— (%) . This forces ¢ (0) = 0.

P
2
From 2p = (n—3) L (p")n we get
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To obtain a smooth metric on R? x §"~2 we need ¢ to be odd with ¢ (0) = 1. This

Po
p

and hence ¢ odd as ¢ (0) = 0. We also see that ¢ = % (2 fn)pé’*Spl’"(p. This
shows that the first equation, and hence the other two, are satisfied:

. n—2 .
forces ¢ = %po_ I"and gives us ¢ = ( ) . Since p is even this makes ¢ even

-3 -3
—(n=2)" =y 2! = = (2= m) g " =0,
If we use p as a parameter instead of r as in section 4.2.3, then we obtain the
more explicit algebraic form

;dpz—i—pzdsz +p2L 1—(”°>n3 de>
NORECE A

Thus, the metric looks like R"~! x S! at infinity, where the metric on S! is suitably
scaled. Therefore, the Schwarzschild metric is a Ricci flat metric on R? x §"~2 that
at infinity looks approximately like the flat metric on R"~! x S,

The classical Schwarzschild metric is a space-time metric and is not smooth at p =
po. The parameter ¢ above is taken to be the speed of light and is not forced to
depend on py. We also replace S! by R. The metric looks like:

1
1—

1 Po
2 4252 2
%)dp +p dsz—c2 <1— p)dt.

4.3. Warped Products in General

We are now ready for a slightly more general context for warped products. This
will allow us to characterize the rotationally symmetric constant curvature metrics
through a very simple equation for the Hessian of a modified distance function.

4.3.1. Basic Constructions. Given a Riemannian metric (H, gy ) a warped prod-
uct (over I) is defined as a metric on / X H, where I C R is an open interval, with
metric

g:d72+p2(r)gH7

where p > 0 on all of /. One could also more generally consider

w2 (r)dr* +p* (r) g

However, a change of coordinates defined by relating the differentials dp = y (r)dr
allows us to rewrite this as

dp®+p* (r(p))gn-
Important special cases are the basic product g = dr? + gy and polar coordinates
dr? 4 r?ds?_, on (0,00) x S"~! representing the Euclidean metric.
The goal is to repackage the information that describes the warped product rep-
resentation with a goal of finding a simple characterization of such metrics. Rather
than using both r and p we will see that just one function suffices. Starting with
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a warped product dr? + p? (r) gy construct the function f = [ pdron M =1 x H.
Since d f = pdr it is clear that

df*+p*(r)gn.

1
22 _
dr”+p~(r)gn = o7 ()

PROPOSITION 4.3.1. The Hessian of f has the property
Hess f = pg.
PROOF. The Hessian of f is calculated from the Hessian of . The latter is

calculated as in section 4.2.3

1
H = =L
essr > 0.8

1
= ELa, (drz +p%(r) 8H)

= 29 (0*() g
= PpgH-
So we obtain

(Hess /) (X,Y) = (Vxdf)(Y)
= (Vxpdr)(Y)
= pdr(X)dr(Y)+pHessr(X,Y)
= pdr*(X,Y)+pHessr(X,Y)
= pdr(X,Y)+pp’en
= psg

O

In other words we have shown that for a warped product it is possible to find a
function f whose Hessian is conformal to the metric. In fact the relationship

,_dp _dpdf dp  1dVfT
Cdr dfdr dfT 2 df
tells us that the warped product representation depends only on f and |V f| since we
have

1

= df*+|Vf|*gu,

8 |Vf|2f |f| 8H
1d|VF)
Hess f = 3 djj:|

Before turning to the general characterization let us consider how these con-
structions work on our standard constant curvature warped products.

EXAMPLE 4.3.2. Consider the warped product given by
dr? +sn (r)ds?

n—1-+
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We select the antiderivative of sny (r) that vanishes at r = 0. When k =0

f = /rdr: %rz,
Hessf = g
When k # 0
f = /snk(r):%—%csk(r),
Hessf = csi(r)g=(1—kf)g.
More specifically, when k = 1
f = 1l-—cosr,
Hessf = cosr=1—f
and when k = —1
f = —1+coshr,

Hessf = coshr=1+4f.

4.3.2. General Characterization. We can now state and prove our main char-
acterization of warped products.

THEOREM 4.3.3 (Brinkmann, 1925). If there is a smooth function f whose Hes-
sian is conformal to the metric, i.e., Hess f = Ag, then the Riemannian structure is
locally a warped product g = dr* + p? (r) gy around any point where df # 0. More-
over, ifdf (p) =0and A (p) # 0, then g = dr? + p? (r)ds>_, on some neighborhood
of p.

PROOF. We first focus attention on the case where d f never vanishes. Thus f
can locally be considered the first coordinate in a coordinate system.

Define p = |V f| and note that

Dxp? =2Hess f (Vf,X) =2Ag(Vf,X),
i.e., dp? = 2Adf. Consequently also dA Adf = 0. It follows that dp and dA are
both proportional to df and in particular that p and A are locally constant on level
sets of f. Thus we can assume that p = p (f) and A = A (). This shows in turn that
%d f is closed and locally exact. Define r by dr = %d f and use r as a new parameter.
Note that r is a distance function since

1
O =Vr=—V
T o) f

is a unit vector field. We can then decompose the metric as g = dr” + g, on a suitable
domain I x H C M, where H C {x e M | r(x) =r9}. When X L 9, it follows that
Vxdr=1Vxdf. Thus Hessr = &g, and Ly, g, = *2g,.

Observe that if g is defined such that g,, = p? (ro) gy is the restriction of g to
the fixed level set r = ry, then also

24
Ly, (pgn) = (0:%) g = 2Apgn = ?p28H~
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This shows that
g=dr* +g, =dr* +p’gn.

Next assume that p is a nondegenerate critical point for f. After possibly re-
placing f by af + B, we can assume that Hess f = Ag with f(p) =0, df|, =0,
and A (p) = 1. Further assume that M is the connected component of {f < €} that
contains p and that p is the only critical point for f. Since Hess f = g at p there exist
coordinates around p with y' (p) = 0 and

f(yl,...,y") = % ((yl)z N (y”)z) .
Therefore, all the regular level sets for f are spheres in this coordinates system. We
can use the first part of the proof to obtain a warped product structure dr> + ngS,H
on M —{p} =~ (0,b) x S"!, where gg.-1 is a metric on "~ and r — 0 as we approach
p. When all functions are written as functions of r they are determined by A in the
following simple way:

fo= r)),
df
E = p (l") )
Lf_ dp_
arr dr 7
df
0) = —(0)=p(0)=0
1) = ZLo=p0-o
d*f dp
Lo = Lo=20-=1
The goal is to show that gg.-1 = dsi 1- The initial conditions for p guarantee

that the metric dr* + pzdsi1 is continuous at p when we switch to Cartesian co-
ordinates as in section 1.4.4. We can use a similar analysis here. First assume that
dimM = 2 and x = rcos 0, y = rsin 0, where r is as above and 8 coordinatizes St
The metric gg1 on S must take the form ¢2 (8) d6? for some function ¢ : S' — (0, o).
The metric is then given by g = dr? +p? (r) §> (8) d6>. As the new coordinate fields
are

Jde = cosB0,— 1 sin6dg,
r

1
dy = sinBd,+ —cosBdy,
. r

the new metric coefficients become

cos> 0 +¢*(6)

8xx =

gy = sin’0+¢2(0)
As r — 0 we obtain the limits
cos’ 8+ ¢ (0)sin’ 6,
sin® 6 + ¢ (0) cos” 0,

8xx (P) =
8yy (p)
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since p (0) =0 and p (0) = 1. However, these limits are independent of 0 as they are
the metric coefficients at p. This implies first that ¢ (0) is constant since

8xx (p) + 8y (p) =1+ ¢2 (6)

and then that ¢ = 1 as gy, (p) is independent of 6.

This case can be adapted to higher dimensions. Simply select a plane that in-
tersects the unit sphere $"~! in a great circle ¢(8), where @ is the arclength pa-
rameter with respect to the standard metric. The metric g restricted to this plane
can then be expressed as in the 2-dimensional case and it follows that 1 = ¢ (0) =

ggn—1 (%, 5—@). As 5—5 can be chosen to be any unit vector on §"~! it follows that
gsn—1 agrees with the standard metric on the unit sphere. O

This theorem can be used to characterize the warped product constant curvature
metrics from example 4.3.2.

COROLLARY 4.3.4. Ifthere is a function f on a Riemannian manifold such that
flp) =0
dflll = 07
and
Hess f = (1 —kf) g,

then the metric is the warped product metric of curvature k in a neighborhood of p
as described in example 4.3.2.

PROOF. Note that A = 1 —kf is an explicit function of f. So we can find f =
f (r) as the solution to

df
) — 1
dr? kf;
[ =0,
f1©0) = o,
and the warping function by
af
= V = —_—
p(r)=IvsI=5]

The solutions are consequently given by the standard warped product representations
of constant curvature metrics:
Euclidean Space

g = dr2+r2ds,%71,
fry = 3
Constant curvature £ # 0
g = drf+snl(r)ds:
f) = b-tesi(n).

In all cases r = 0 corresponds to the point p. O
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REMARK 4.3.5. A function f : M — R is called transnormal provided |d f|* =
p%(f) for some smooth function p. We saw above that functions with confor-
mal Hessian locally have this property. However, it is easy to construct transnor-
mal functions that do not have conformal Hessian. A good example is the func-
tion f = %sin (2r) on the doubly warped product representation of S3 (1) given by
dr? +sin® (r) d8} 4 cos? (r)d63 on (0,7/2) x S' x '

4.3.3. Conformal Representations of Warped Products. If (M,g) is a Rie-
mannian manifold and y is positive on M, then we can construct a new Riemannian
manifold (M, w?g). Such a change in metric is called a conformal change, and y? is
referred to as the conformal factor.

A warped product can be made to look like a conformal metric in two basic
ways.

drr+p*(r)gn = v (p)(dp*+3gn),
dr = wy(p)dp,
p(r) = wvip)
or
dr*+p*(r)gn = v (p)(dp*+p°gu),
dr = wy(p)dp,
p(r) = py(p).

4.3.3.1. Conformal Models of Spheres. The first of these changes has been stud-
ied since the time of Mercator. The sphere of radius R and curvature R—lz can be written
as

R*ds; = R*(dr*+sin’(t)ds;_))
= dr* +R*sin® (§)ds,_,.
The conformal change envisioned by Mercator takes the form

Rds; =y (p) (dp® +ds;_y).

As
v(p)dp = dr,
y(p) = Rsin(f)
we obtain
dr
dp = Rsin(%)7
B 11 1—cos (%)
p = 20g1+cos(§)'
Thus

n(§)- 20
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and

2 R2sin2(r) _R? 4exp(2p)
R (

v I+exp(2p))’
showing that
4exp(2p)

(1+exp(2p))?
Switching the spherical metric to being conformal to the polar coordinate rep-

resentation of Euclidean space took even longer and probably wasn’t studied much

until the time of Riemann. The calculations in this case require that we first solve

dp  dr

P Rsin (Ef) '

R2ds> =R? (dp*+dsi_y).

This integrates to

p2 B 1 —cos (%)
1+cos (%)
and implies
1-p?
cos(%) = Tt

The relationship
then gives us

(1+p%)°
and consequently
R'ds; = Ry’ (p)(dp*+pids, )

= R? dpz—i-pzds,%_l)

L(
(1+p2)°

4R?

= S8R

(1+p%)°
This gives us a representation of the metric on the punctured sphere that only involves
algebraic functions. See also exercise 4.7.13 for a geometric construction of the
representation.

4.3.3.2. Conformal Models of Hyperbolic Space. We defined hyperbolic space
H" in example 1.1.7 and exhibited it as a rotationally symmetric metric in example
1.4.6. The rotationally symmetric metric on H" (R) can be written as

dr’ + snlze,z (r)ds>_, = dr*+R*sinh? (%) ds?_,
R*(dr* +sinh? () dsi_,) .

A construction similar to what we just saw for the sphere leads to the conformal

polar coordinate representation

4R?
) g]Rn .

R* (dt* +sinh* (1) ds3_) = ————
(1-p?)
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This time, however, the metric is only defined on the unit ball. This is also known
as the Poincaré model on the unit disc. See also exercise 4.7.13 for a geometric
construction of the representation.

Consider the metric

(1)2 ((dx")? +--+ (dx")?)

X

on the open half space x" > 0. If we define » = log(x"), then this also becomes the
warped product:

g:dr2_’_<e7r)2 ((dx1)2+--~—|—(dx”*1)2).

The upper half space model can be realized as the Poincaré disc using an in-
version, i.e., a conformal transformation of Euclidean space that inverts in a suitable
sphere. It’ll be convenient to write x = (xl , ...,x"_l) as the first n — 1 coordinates

and y = x". The inversion in the sphere of radius v/2 centered at (0,—1) € R*! xR
is given by

F(xy) = (0,-1)+ 23

2x y+1 )

P2

= %2(276317')4 7y)7

where 72 = |x|? + (y+ 1)?. This maps H to the unit ball since

The goal is to show that F' transforms the conformal unit ball model to the conformal
half space model. This is a direct calculation after we write F' out in coordinates:

Xk

F* = 25 k<n,
r
2 1

F}’l — (y+ )_1.

72
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This allows us to calculate the differentials so that we can check how the metric is
transformed:

; _4p2)2 <(an)2+ y (dFk)2>

k<n

G <2dy_ 2(y+1)2rdr>2

4y2 r2 (r2 ) 2

2
() (2dx*  2x2rdr
T Z 4y2 2

2
k<n (VZ)

&
_ y12<dy_(y+22rdr) 1 1y <dxk— 3ra’r>

k<n

_ y12<dy2+2 (dx")2>+y12(( i)Zrdr) %Z (kardr>

k<n

1 O+ 1)2rdr 1 dxkkardr

dy 2 -2 2

7

1 (y—|—1)2rdr

R Z

I

I%

xk2rdr

Yy k<n

k<n
1 2rdr
= dy* 4 gga-1) + > r2< >
@ gaen) + o5 (2
1 2rdr
—?rdrr—z
1 2rd
——Z%rdr
¥ r

1
= )? (dy2 + 8Rrn-1 ) .
More generally, we can ask when
Y2 ((dx' ) o ("))

has constant curvature? Clearly, ¥ -dx',..., y-dx" is an orthonormal coframe, and
%V&] ...., 10, is an orthonormal frame. We can use the Koszul formula to compute

Vai 0 ; and hence the curvature tensor. This task is done in exercise 4.7.21 or in [109,
vols. II and IV]. Using
k —1
= (1422
v=(1+3)

gives the Riemann model for a metric of constant curvature k on R" if kK > 0 and on
B(0,—=) if k < 0.

The Riemann model with k = —1 and the Poincaré model from above are also
isometric if we use the map F (x) = 2x. This clearly maps the unit ball to the ball of
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radius 2 and the metric is changed as follows

e )

4.3.4. Singular Points. The polar coordinate conformal model

dr* +@*(r)ds,_, = y*(p) (dp*+ p’ds; ;)

offers a different approach to the study of smoothness of the metric as we approach a
point ro € dI where ¢ (rp) = 0. Assume that the parametrization satisfies p (rp) = 0.
When gy = dsi1 smoothness on the right-hand side

v (p) (dp* +p*ds;_))

depends only on W2 (p) being smooth (see Section 1.4.4). Thinking of p as being
Euclidean distance indicates that this is not entirely trivial. In fact we must assume
that y (0) > 0 and y(®9) (0) = 0. Translating back to ¢ we obtain the usual condi-
tions: ¢ (0) = +1 and @V (0) = 0.

4.4. Metrics on Lie Groups

We are going to study some general features of left-invariant metrics and show
how things simplify in the biinvariant situation. There are two examples of left-
invariant metrics. The first represents hyperbolic space H>, and the other is the
Berger sphere (see example 1.3.5).

4.4.1. Generalities on Left-invariant Metrics. We can construct a metric on
a Lie group G by fixing an inner product (,) on 7,G and then translating it to 7,M
using left-translation L, (x) = gx. The metric is also denoted (X,Y) on G so as not to
confuse it with elements g € G. With this metric, L, becomes an isometry for all g
since

(DLg)|h = (DLghh*l>|h
= (D(LgoLy1))
= (DLgh)|e°(DLh*1)|h
= (DLg)leo((DLy) L) ™"

and we have assumed that (DLgy) | and (DLy) |, are isometries.

Left-invariant fields X , i.e., DLy (X |;) = X |4, are completely determined by their
value at the identity. This identifies T,M with g, the space of left-invariant fields.
Note that g is in a natural way a vector space as addition of left-invariant fields is
left-invariant. It is also a Lie algebra as the vector field Lie bracket of two such fields
is again left-invariant. In section 1.3.2 we saw that on matrix groups the Lie bracket
is simply the commutator of the matrices in 7,M representing the vector fields.
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If X € g, then the integral curve through e € G is denoted by exp (¢X) . In case of
a matrix group the standard matrix exponential ¢’ is in fact the integral curve since

d d
E‘t:to (%) = Eh‘:o (e(lo+s)X)

_ %L\:O (etOX esX)

d
= E |S‘:O (LetoX eSX)

d
= D (Lg’OX) <dt|SOeSX>

= D(Lyx) (X]1)
= X|ez0x.

The key property for ¢ — exp (¢X) to be the integral curve for X is evidently that the
derivative at r = 0 is X, and that # — exp (#X) is a homomorphism

exp ((z+5)X) =exp (1X)exp (sX).
The entire flow for X can be written as follows
F' (x) = xexp (tX) = Lyexp (tX) = Rexp(rx) (x).

The curious thing is that the flow maps F' : G — G don’t act by isometries unless
the metric is also invariant under right-translations, i.e., the metric is biinvariant.
In particular, the elements of g are not in general Killing fields. In fact, it is the
right-invariant fields that are Killing fields for left-invariant metrics as their flows are
generated by

F'(x) = exp (1X) x = Reexp (1X) = Leyp(ix) (%) -

We can give a fairly reasonable way of checking that a left-invariant metric is
also biinvariant. Conjugation x — gxg~! is denoted Ad, (x) = gxg~! on Lie groups
and is called the adjoint action of G on G. The differential of this actionate € Gis a
linear map Ady : g — g denoted by the same symbol, and called the adjoint action of
G on g. It is in fact a Lie algebra isomorphism. These two adjoint actions are related
by

Ad, (exp (1X)) = exp (1 Adg (X)).
This is quite simple to prove. It only suffices to check that 7 — Ad, (exp (tX)) is a
homomorphism with differential Ad, (X) at 7 = 0. The latter follows from the defini-
tion of the differential of a map and the former by noting that it is the composition of
two homomorphisms x — Ad, (x) and 7 — exp (X)) . We can now give our criterion
for biinvariance.

PROPOSITION 4.4.1. A left-invariant metric is biinvariant if and only if the ad-
Jjoint action on the Lie algebra is by isometries.

PROOF. In case the metric is biinvariant we know that both L, and R,-1 act by
isometries. Thus also Adg = L, oR,-1 acts by isometries. The differential is then a
linear isometry on the Lie algebra.
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Conversely, assume that Adg : g — g is always an isometry. Using that
(DRq) |n = (DRyg) leo (DRy) |e) ™!
it clearly suffices to prove that (DR,) |, is always an isometry. This follows from

R, = LgOAdg—l,
(DRg) e D(Lg)|e OAdgq .

O

In sections 4.4.2 and 4.4.3 we shall see how this can be used to check whether
metrics are biinvariant in some specific matrix group examples.

Before giving examples of how to compute the connection and curvatures for
left-invariant metrics we present the general and simpler situation of biinvariant met-
rics.

PROPOSITION 4.4.2. Consider a Lie group G with a biinvariant metric (,) and
X, Y, Z,W € g. Then

VyX = %[Y,X],
RY)Z = —[X.Y].2).
RCY.ZW) = 5 (X.¥],[0.2).

In particular, the sectional curvature is always nonnegative, when (,) is positive
definite.

PROOF. We first need to construct the adjoint action ady : g — g of the Lie
algebra on the Lie algebra. If we think of the adjoint action of the Lie group on the
Lie algebra as a homomorphism Ad : G — Aut(g), then ad : g — End (g) is simply
the differential ad = D (Ad) |,. In section 2.1.4 it is shown that ady (Y) = [X,Y]. The
biinvariance of the metric shows that the image Ad(G) C O(g) lies in the group of
orthogonal transformations on g. This immediately shows that the image of ad lies
in the set of skew-adjoint transformations since

0 = p (Y,Z) =0
d
= di (Adexp(tX) (Y) ’Adexp(tX) (Z)) |t:0
= (adx Y,Z) + (Y, ady Y) .

d
t
t
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Keeping this skew-symmetry in mind we can use the Koszul formulaon X,Y,Z €

g to see that

2(VyX,Z) = Dx(Y,2)

= —(lx,
= (Iv.x],2).

As for the curvature we then have

R(X.,Y)Z

and finally

VXVYZ - VYVXZ - V[X,y]z
1 1 1
Vx|V, Z| - -Vy | X,Z] — =

Z,[X, Y]], W)

Bl =

1
Z([Z7W]7[X7YD

(X, Y], W,Z]).

FNp-

O

We note that Lie groups with biinvariant Riemannian metrics always have non-
negative sectional curvature and with a little more work it is also possible to show
that the curvature operator is nonnegative (see exercise 3.4.32).

4.4.2. Hyperbolic Space as a Lie Group. Let G be the 2-dimensional Lie

group

o

1]|a>QBeR}

Notice that the first row can be identified with the upper half plane. The Lie algebra

of Gis

If we define

a={| ¢ ¢ |larer}).

10 0 1
los]r=los]
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then

X,Y]=XY-YX=Y.
Now declare {X,Y} to be an orthonormal frame on G. Then use the Koszul formula
to compute

VxX =0, VyY =X, Vx¥ =0, VyX = Vx¥Y — [X,Y] = -Y.
Hence,
R(X,Y)Y =VxVyY —VyVxY —V[X,Y]Y =VxX-0—-VyY =-X,

which implies that G has constant curvature —1.
We can also compute Ad,:

plee] = (el ellet]

B [8 —aﬁ(;—ba}

= aX+(—af+ba)Y.
ool o]
12081

This, however, is not an orthonormal basis unless § = 0 and @ = 1. Therefore, the
metric is not biinvariant, nor are the left-invariant fields Killing fields.

This example can be generalized to higher dimensions. Thus, the upper half
plane is in a natural way also a Lie group with a left-invariant metric of constant
curvature —1. This is in sharp contrast to the spheres, where only S3 = SU(2) and
S' =80 (2) are Lie groups.

Ada
0

The orthonormal basis

is then mapped to the basis

4.4.3. Berger Spheres. On SU(2) consider the left-invariant metric such that
A X1, A X, Ay X5 is an orthonormal frame and [X;, Xi+1] = 2X;42 (indices are
mod 3) as in example 1.3.5. The Koszul formula is:
2(VxXj, Xi) = ([Xi, X1, Xe) + ([Xe, Xi], X5) — (X5, Xi] . XG) -
From this we can quickly see that as with a biinvariant metric we have: Vx X; = 0. It
also follows that

VxXiy1 = < 2,
it

V. Xi = [Xip1,X]+VxXiq

< A+ A — A7 )
= Xito.

Ay + A2 — l?) X5
1 )

)LZ

i+2
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This shows that
R(X;, Xiy1)Xi2 = Vx,Vx, Xip2
=V VxiXiva = Vix, x,, 1 Xiv2
= 0-0-0.

Thus all curvatures between three distinct vectors vanish.
The special case of Berger spheres occur when A} = € < 1, A, = A3 = 1. In this
case

Vi Xo = (2—¢€")X3, VX = —&X;

V,X5 = Xi, Vx;Xo =X,

Vi, Xi = €Xa, Vx, X3 = (€2 —2) Xa.

and

R(X1, X)X, = €’Xi,
R(X3,X)) X1 = &*Xs,
R(X2,X3) X3 = (4-3€%)X,,
RXIANXp) = X AXy,
R(X3AX1) = €X3AX,
RXAXs) = (4-36%) X AX5.

Thus all sectional curvatures must lie in the interval [82,4 — 382]. Note that as
€ — 0 the sectional curvature sec (X2,X3) — 4, which is the curvature of the base
space S () in the Hopf fibration.

We should also consider the adjoint action in this case. The standard orthogonal
basis X1, X, X3 is mapped to

Ad; z W‘Xl = (|Z|2—|W|2)X1_ZRC(WZ)Xz—ZIm(wz)X3,
Lz

A w® = 2iIm (2) X +Re (w? +2%) Xo +Im (w? + 2%) X3,
ez

ME L% = ReEEX R -0 R m i (- X
| —w Z

If the three vectors X1, X5, X3 have the same length, then we see that the adjoint action
is by isometries, otherwise not.

4.5. Riemannian Submersions

In this section we develop formulas for curvatures that relate to Riemannian
submersions. The situation is similar to that of distance functions, which as we know
are Riemannian submersions. In this case, however, we determine the curvature of
the base space from information about the total space.
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4.5.1. Riemannian Submersions and Curvatures. Throughout this section
let F: (M,g) — (M,g) be a Riemannian submersion. Like with the metrics we
shall use the standard “bar” notation notation: j and p and X and X for points
and vector fields that are F-related, i.e., F (p) = p and DF (X) = X. The vertical
distribution consists of the tangent spaces to the preimages F~!(p) and is given
by ¥ = kerDF; C T;M. The horizontal distribution is the orthogonal comple-
ment 5 = (”f/ﬁ)l C TM. The fact that F is a Riemannian submersion means that
DF : 5 — T,M is an isometry for all p € M. Given a vector field X on M we can
always find a unique horizontal vector field X on M that is F related to X. We say that
X is a basic horizontal lift of X. Any vector in M can be decomposed into horizontal
and vertical parts: v =v" +v7 .

The next proposition gives some important properties for relationships between
vertical and basic horizontal vector fields.

PROPOSITION 4.5.1. Let V be a vertical vector field on M and X,Y,Z vector
fields on M with basic horizontal lifts XY ,Z.
(1) [V,X] is vertical,
(@) (LVg)E)_(vY):DVg(XvY):Ov o B
3 g([X7Y] ,V) =2z (V)? 7V) = _2g(VVX7Y) =2z (V)_’VvX) )
@) Vg7 =Vxy +1[x,7]".

PROOF. (1): X is F related to X and V is F related to the zero vector field on
M. Thus

DF ([X,V]) = [DF (X),DF (V)] = [X,0] = 0.
(2): We use (1) to see that
(Lyg) (X,Y) = Dyg(X,¥)-g([V.X],¥)—g(X,[V.Y])
= Dyg(X,Y).
Next we use that F is a Riemannian submersion to conclude that § (X,Y) =g (X,Y).
But this implies that the inner product is constant in the direction of the vertical

distribution.
(3): Using (1) and (2) the Koszul formula in each case reduces to

Zg(VXY,V) = g([X,Y],V),
Zg(VVXaY) = —g_([_,Y],V),
28(VyV,X) = g([X,¥],v).

This proves the claim.

(4) We have just seen in (3) that % X ,Y]'V is the vertical component of VgV.
We know that VY is horizontal so it only remains to be seen that it is the horizontal
component of VY. The Koszul formula together with F' relatedness of the fields and
the fact that inner products are the same in M and M show that

25 (Ve?,Z) = 2 (VxY,Z) = 23 (VXY,Z) .
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Note that the map that takes horizontal vector fields X,Y on M to [X,Y ]7/ mea-
sures the extent to which the horizontal distribution is integrable in the sense of
Frobenius. It is in fact tensorial and skew-symmetric since

XY = fX.Y) + (Dxf)Y = FIXY]
Therefore, it defines a map 7 x ¢ — ¥ called the integrability tensor.
EXAMPLE 4.5.2. In the case of the Hopf map S* (1) — S? (4) we have that X,

is vertical and X;, X3 are horizontal. However, X,,X3 are not basic. Still, we know
that [X»,X3] = 2X; so the horizontal distribution cannot be integrable.

We are now ready to give a formula for the curvature tensor on M in terms of
the curvature tensor on M and the integrability tensor.

THEOREM 4.5.3 (B. O’Neill and A. Grey). Let R be the curvature tensor on M
and R the curvature tensor on M. These curvature tensors are related by the formula

) 30 2
g(R(X,Y)Y,X):g(R(X,Y)Y,X)—f—Z‘[X,Y] ‘ .

PROOF. The proof is a direct calculation using the above properties. We calcu-
late the full curvature tensor so let X, Y, Z, H be vector fields on M with vanishing Lie
brackets. This forces the corresponding Lie brackets [X, Y], etc. in M to be vertical.

g(R()z’Y)ZJ-_]) = g (VXVYZ—V)‘/VXZ—V[',Y] _,I:I>

+2([ZH],[X,Y])

_ g<vxvyz+;[‘,VYZ}VJF;VX[YZLH)
g (Vyvxz+; [Y?} y+;Vy[_,Z],H>
~J& (X 7], [A.2)

= ¢g(R(X,Y)Z,H)
~38(17.2). V) + 58(I%.2], Vi)

S8 (X7, [A.2)

= ¢g(R(X,Y)Z,H)

-4 8(I7.2), 1% A]) + 4g (%,2],[7.A)
1

7§g([X7Y} ’ [FLZD
When X = H and Y = Z we get the above formula. O
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More generally, one can find formulas for R where the variables are various
combinations of basic horizontal and vertical fields.

4.5.2. Riemannian Submersions and Lie Groups. One can find many exam-
ples of manifolds with nonnegative or positive curvature using the previous theorem.
In this section we shall explain the terminology in the general setting. The types
of examples often come about by having (M, g) with a free compact group action
G by isometries and using M = G\M = M /G. Note we normally write such quo-
tients on the right, but the action is generally on the left so G\M is more appropriate.
Examples are:

CP* = S2n+1/Sl’
TS" = (SO(n+1)xR")/SO(n),
M = SU(3)/T%

The complex projective space will be studied further in section 4.5.3.

The most important general example of a Riemannian submersion comes about
by having an isometric group action by G on M such that the quotient space is a
manifold M = M/G (see section 5.6.4 for conditions on the action that make this
true). Such a submersion is also called fiber homogeneous as the group acts transi-
tively on the fibers of the submersion. In this case we have a natural map F : M — M
that takes orbits to points, i.e., p = {x-p | x € G} for p € M. The vertical space ¥}
then consists of the vectors that are tangent to the action. These directions can be
found using the Killing fields generated by G. If X € g = TG, then we get a vector
X|5 € TzM by the formula

d _
Xlp =5 (exp (%) 7)o,

This means that the flow for X on M is defined by F’ (p) = exp (tX) - p. As the
map p — x- p is assumed to be an isometry for all x € G we get that the flow acts
by isometries. This means that X is a Killing field. The next observation is that the
action preserves the vertical distribution, i.e., Dx (#5) = ¥.5. Using the Killing fields
this follows from

Dx(xlp) = Dx(§ (x0(x):p)l0)

= % (x-(exp(tX)-P)) =0
= % ((xexp(tX)x ) xp) =0
= ((Ad, (exp(tX))) -x-p) |i=0

- %((exp(tAdx%))w'ﬁ)b:O
= (Adx (:{)) ‘X'ﬁ'

Thus Dx (X |;) comes from first conjugating X via the adjoint action in 7,G and then
evaluating it at x - p. Since (Ad, (X)) |5 € %5 we get that Dx maps vertical spaces
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to vertical spaces. However, it doesn’t preserve the Killing fields in the way one
might have hoped for. As Dx is a linear isometry it also preserves the orthogonal
complements. These complements are our horizontal spaces 75 = (”f/ﬁ)l C T;M.
We know that DF : J#; — T,M is an isomorphism. We have also seen that all of the
spaces ;.5 are isometric to ¢ via Dx. We can then define the Riemannian metric
on T,M using the isomorphism DF : #; — T,M. This means that F : M — M defines
a Riemannian submersion.

In the above discussion we did not discuss what conditions to put on the action of
G on M in order to ensure that the quotient becomes a nice manifold. If G is compact
and acts freely, then this will happen. The general situation is studied in section 5.6.4.
In the next subsection we consider the special case of complex projective space as
a quotient of a sphere. There is also a general way of getting new metrics on M it
self from having a general isometric group action. This will be considered in section
4.5.4.

4.5.3. Complex Projective Space. Recall that CP" = $?**1 /5! where S' acts
by complex scalar multiplication on §>*!  C"*!. If we write the metric as

ds},. = dr* +sin®(r)ds3,_, +cos*(r)d6?,

then we can think of the S' action on $?"*! as acting separately on $>*~! and S'.
Then

P = [0, 5] x (" x5") /5",
and the metric can be written as discussed in section 1.4.6
dr? +sin’(r) (g+ cosz(r)h) .
If we restrict our attention to the case where n = 2, then the metric can be written as
dr? +sin’(r) (cos*(r)(c')? + (67)? + (67)?).

This is a bit different from the warped product metrics we have seen so far. It is cer-
tainly still possible to apply the general techniques of distance functions to compute
the curvature tensor. Instead we use the Riemannian submersion apparatus that was
developed in the previous section. We shall also consider the general case rather than
n=>2.

The O’Neill formula from theorem 4.5.3 immediately shows that CP" has sec-
tional curvature > 1. Let V be the unit vector field on $*"*! that is tangent to the
S! action. Then iV is the unit inward pointing normal vector to $*"+! c C"*!. This
shows that the horizontal distribution, which is orthogonal to V, is invariant under
multiplication by i. This corresponds to the fact that CP" has a complex structure.
It also gives us the integrability tensor for this submersion. If we let X,¥ be basic
horizontal vector fields and denote the canonical Euclidean metric on C"**! by g,
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then

Thus

X,7] =g(¥,ixX)V.

N —

If we let X,Y be orthonormal on CP", then the horizontal lifts X,¥ are also
orthonormal so

31— 2
sec(X,Y) = 1+Z‘[X,Y]V‘
= 1+43|g(V,iX)]
< 4,

with equality precisely when ¥ = £iX.

The proof of theorem 4.5.3 in fact gave us a formula for the full curvature tensor.
One can use that formula on an orthonormal set of vectors of the form X, iX, Y, 1Y
to see that the curvature operator is not diagonalized on a decomposable basis of the
form E; A E; as was the case in the previous examples. In fact it is diagonalized by
vectors of the form

XAiX £Y AiY,
XAY £iX AiY,
XAiY £Y AiIX

and has eigenvalues that lie in the interval [0, 6] .
We can also see that this metric on CPP" is Einstein with Einstein constant 2n+ 2.
If we fix a unit vector X and an orthonormal basis for the complement Ey, ..., Es,_>
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so that the lifts satisfy iX = E, then we get that

2n—2
Ric(X,X) = ) sec(X,E)
i=0
2n—2
= sec(X,Ep)+ ) sec(X,E;)
i=1
_ 2 2n—2 _ .
= 1433(E iR+ Y (14313(E,i X))
i=1

2n—2
= 1433650+ ¥ (1+3|0|2)
i=1

= 1434+2n-2
= 2n+2.

4.5.4. Berger-Cheeger Perturbations. The construction we do here was first
considered by Cheeger and was based on a slightly different construction by Berger
used to construct the Berger spheres.

Fix a Riemannian manifold (M,g) and a Lie group G with a right-invariant
metric (,). If G acts by isometries on M, then it also acts by isometries on G x M
with respect to the product metrics g3 = A (,) +g, A > 0 via the action - (x,p) —
(xh~!,hp). This action is free as G acts freely on itself. The quotient (G x M) /G
is also denoted by G xg M. The natural map M — G x M — G xg M is a bijection.
Thus the quotient is in a natural way a manifold diffeomorphic to M. The quotient
map Q: G x M — M is explicitly given by Q (x, p) = xp.

As G acts by isometries with respect to the product metrics A (, ) + g we obtain
a submersion metric g4, on M = G xg M. We wish to study this perturbed metric’s
relation to the original metric g. The tangent space T,M is naturally decomposed
into the vectors ¥}, that are tangent to the action and the orthogonal complement J7;,.
Unlike the case where G acts freely on M this decomposition is not necessarily a
nicely defined distribution. It might happen that G fixes certain but not all points
in M. For example, at points p that are fixed it follows that ¥}, = {0}. At other
points ¥}, # {0} . The nomenclature is, however, not inappropriate. If X € 7,G, then
F'(p) = exp(¢X) - p defines a 1-parameter group of isometries. If X = %F’ (p) =0
is the corresponding Killing field on M, then (—X,X|,) € T.G x T,M is a vertical
direction for this action at (e, p) € G x M. Therefore, ¥, is simply the image of the
projection of the vertical distribution to 7,M. Vectors in .7, are thus also horizontal
for the action on G x M. All the other horizontal vectors in 7,G x T,M depend on the

choice of A and have a component of the form (’X\p |§ XA |j{‘2X|p> . The image of
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such a horizontal vector under Q : G x M — M is given by

DO (|13 %,2 %X, ) +DO(X,0)+ 4 |x DO (0,X],)

X1y

— 0o ( § e exn(-1)l00)
421200 (0.5, exp (1))

= X[ S exp(-12),p) b
FAJRP S (0 (e, exp(1%) ) o

= X[ texp (1) p) o
IR S @xp (1)) o

= [X|p[2x],+A1xPX],

= (AP X1, [3) X1,

The horizontal lift of X|, € 7}, to T,G x T,M is consequently given by

2
— X1, o AP

X|p= : b |
TOAARP XL AP X
and its length in g, satisfies
}TZ o ‘X|P|§ 2
X[ = e | A
o A%+ [X], 2
2
o MERP | ‘|2
AP +[x|[2) T
YRk 2
= — 2 x|
wezﬂxwﬁl ol

IN

X1, 2.

_2
XDl
the metric g, is gotten from g by squeezing the orbits of the action of G. However,
the squeezing depends on the point according to this formula. The only case where
the squeezing is uniform is when the Killing fields generated by the action have
constant length on M. The Berger spheres are a special case of this.

Using that we know how to compute horizontal lifts and that the metric on G x M
is a product metric it is possible to compute the curvature of g, in terms of the

In particular, has limit 0 as A — 0 and limit |X [y E as A — oo. This means that
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curvature of g, A, the curvature of (,), and the integrability tensor. We will consider
one important special case.

Let X,Y € 7,. In this case the vectors are already horizontal for the action on
G x M. Thus we have that secg, (X,Y) > secg (X,Y). There is a correction com-
ing from the integrability tensor associated with the action on G x M that possibly
increases these curvatures.

4.6. Further Study

The book by O’Neill [89] gives an excellent account of Minkowski geometry
and also studies in detail the Schwarzschild metric in the setting of general relativity.
It appears to have been the first exact nontrivial solution to the vacuum Einstein field
equations. There is also a good introduction to locally symmetric spaces and their
properties. This book is probably the most comprehensive elementary text and is
good for a first encounter with most of the concepts in differential geometry. The
third edition of [51] also contains a good number of examples. Specifically they
have a lot of material on hyperbolic space. They also have a brief account of the
Schwarzschild metric in the setting of general relativity.

Another book, which contains many more advanced examples, is [13]. This is
also a good reference on Riemannian geometry in general.

4.7. Exercises

REMARK. It will be useful to read exercises 3.4.23, 3.4.24, and 3.4.25 before
doing the exercises for this chapter.

EXERCISE 4.7.1. Show that the Schwarzschild metric does not have parallel
curvature tensor.

EXERCISE 4.7.2. Show that the Berger spheres (&€ # 1) do not have parallel
curvature tensor.

EXERCISE 4.7.3. This exercise covers a few interesting aspects of projective
spaces.

(1) Show that U(n+ 1) acts by isometries on CP". Hint: Use that U(n—+ 1)
acts by isometries on §2*! (1) and commutes with the quotient action that
creates CP".

(2) Show that for each p € CP" there is an isometry A, € Iso, with DA,|, =
—I.

(3) Use the fact that isometries leave V and R invariant to show that VR = 0.

(4) Repeat 1,2,3 for HIP" using the symplectic group Sp(n+ 1) of matrices
with quaternionic entries satisfying A*A = I, where A* = A’. See also
exercise 1.6.22 for more on quaternions.

EXERCISE 4.7.4. Assume that a Riemannian manifold (M, g) has a function f
such that

Hess f = A (x) g+ u (f)df?,
where A : M — R and g : R — R. Show that the metric is locally a warped product.
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EXERCISE 4.7.5. Show that if Hess f = A, then A = 24;.

EXERCISE 4.7.6. Consider a function f on a Riemannian manifold (M,g) so
that Vf # 0 and Vf is an eigenvector for S(X) = VxVf. Show that if S has <2
eigenvalues, then the metric is locally a warped product metric.

EXERCISE 4.7.7 (O’Neill). For a Riemannian submersion as in section 4.5 de-

fine the A-tensors
AgV = [VgP]”
AgV = [VXV

)

.

We also have the T-tensor from exercises 2.5.26 and 2.5.25 but our notation for
horizontal and vertical fields is the reverse of tangent and normal fields from those
exercises. Note that both Ay and 7y make sense. We can extend both tensors by
declaring Ay = 0 and Ty = 0 and thus obtain (1,2)-tensors on M.

(1) Show that both A-tensors are tensorial.

(2) Show that Az = 1 [X,7]”

(3) Show that g (AgY,V)=—g(¥,AzV).

(4) Show that (VvA)W = _ATVW and (VxA)W = _AAXW~
(5) Show that (VxT)y = =T, y and (VyT)y = — Ty .
(6) Show that

Z(VuA)g V,W) =g(TuV,AxW) - §(TuW, A V).

EXERCISE 4.7.8 (O’Neill). This exercise builds on the previous exercise. The
Gauss equations explain how to calculate the curvature tensor on vectors tangent to
the fibers of a submersion. Show that horizontal and “verti-zontal” curvatures can be
calculated by the formulas

R(Y,X,X,Y)=R(Y,X,X.Y)—3|AgY[*
and
50, v © _ > 512
R(V.X.X.V)=g((VxT)yV.X) +|AgV]’ ~ [T X",
Compare the last formula to the radial curvature equation.

EXERCISE 4.7.9. Let (M,g) = (M) x M»,81 + g2) be a Riemannian product
manifold.

(1) Show that R = R; + R,, where R; is the curvature tensor of (M;, g;) pulled
back to M.

(2) Assume for the remainder of this exercise that (M;, g;) has constant curva-
ture ¢;. Show that R =c1g1 081+ 282082

(3) Show that (M, g) is Einstein if and only if (n; —1)¢; = (na — 1) ¢2 where
ni = dlli

(4) Show that the Weyl tensor for (M, g) vanishes when either ¢; = —cp, n; =
1, or np = 1. Hint: Calculate (g1 — g2) o (g1 + g2) and compare it to R.

(5) Show that if none of the conditions in (4) hold, then the Weyl tensor does
not vanish.
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EXERCISE 4.7.10. Let (M",g) = (I x N,dr*+ p*(r) gn) be a warped product
metric with constant curvature k.

p
(2) Show explicitly that hyperbolic space can be represented as a warped prod-

uct over both hyperbolic space and Euclidean space.

N2
(1) Show that (N"~!,p?(r)gy) has constant curvature k + (B) ifn>2.

EXERCISE 4.7.11. Consider an Einstein metric (N”_1 , gN) with Ric = Z%%lg;v,
A <0.Findap : R — (0,00) such that (M",g) = (R x N,dr* + p*(r) gn) becomes
an Einstein metric with Ric = Ag.

EXERCISE 4.7.12. Let (N"~!, gy) have constant curvature ¢ with n > 2. Con-
sider the warped product metric (M,g) = (I x N,dr* + p*(r) gn).
(1) Show that the curvature of g is given by
c—p?

R = 7g,og,—2%dr20g,

c—p p c—p 2
= gog—2<+ )dr og.
p? p P’
(2) Show that the Weyl tensor vanishes.
(3) Show directly that the Schouten tensor satisfies:

(VxP)(Y,2) = (VyP) (X,2).

See also exercise 3.4.26 for an indirect approach when n > 3.

EXERCISE 4.7.13. The stereographic projection of x"*! = 0 to a hypersurface

M C R"” x R that is transverse to the lines emanating from —e,,+1 = (0, ...,0,—1) is
given by x — S (x) where x € R" and S (x) = —ep41 + 4 (%) (€p41 + (x,0)).

(1) When M = 8" (1) show that A (1 + |x|2) =2 and that S is a conformal map

with the property that in these coordinates the metric on §” (1) is given by

v
(1+147)°

(2) When M = H" (1) € R"™! show that A (1 - |x|2> =2 and that S is a confor-

mal map with the property that in these coordinates the metric on H" (1) is
Poincaré disc

8Rn -

4

()

EXERCISE 4.7.14. Let § = ¢?¥g be a metric conformally equivalent to g and a~
referring to metric objects in the conformally changed metric.

(1) Show that
VxY = VxY + (Dxy)Y + (Dyy) X —g (X,Y) Vy.
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(2) With notation as in exercise 3.4.23 show that
e ™R = R-2 (Hess W— (dy/)z) og—|dy|*gog
= R- (2Hess v —2(dy)* + |d1//|2g> og.
(3) If X,Y are orthonormal with respect to g, show that
e*Vsec(X,Y) = sec(X,Y)—Hessy(X,X)—Hessy (Y,Y)
+(Dxy)* + (Dyw)’ —|dy].
(4) Show that
Ric = Ric— (n—2) (Hess y — dy?) — (Ay/+ (n—2) |dw|2) 2.
(5) Show that
e*¥scal = scal =2 (n— 1) Ay — (n—1) (n—2) |dy|*.
(6) Using exercise 3.4.25 show that
e VW =W.

This is referred to as the conformal invariance of the Weyl tensor under
conformal changes and was discovered by Weyl.

EXERCISE 4.7.15. Show that
4

1 n— —n 2 1
(4"0 e ) grn = —— 5 dp” +plds,
()
p
where the right-hand side is the scalar flat metric from section 4.2.3. Use this to
rewrite the Schwarzschild metric from section 4.2.5 as

1 3, 3 3 ) 4 iy - ’ 2
—py S+ Srn-1+ — de-.
(4p0 ) R pO (n_3)3 %P(’)l 3—|—r3*"

EXERCISE 4.7.16 (Static Einstein Equations). Consider a metric of the form
(M,g) = (N xR, gy +w?dt?), where w: N — (0,00) and dimN =n— 1. Let X,Y,Z
be vector fields on N. Note that they can also be considered as vector fields on M.

(1) Show that V¥Y = V¥Y and RV (X,Y)Z = RM(X,Y)Z. Conclude that
Ric” (X,d;) = 0.

(2) Show the vector field J, satisfies |d)|* = w? in (M, g).

(3) Show that

I
V30 = —wVwand VY9, = VX = — (Dxw) .

Hint: Show that g (ngt’ o, 8,) = 0 and calculate Dy \8,|2.
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(4) Show that
RM (X7 a[) a[ - _"VVXVVV7

and
Ric” (3;,0,) = —wAw,
1
Ric” (X,X) = Ric" (X,X)— —Hess(X,X).
w
(5) Show that RicM = Ag, A € R, if and only if
1
Ric¥ ——Hessw = Agw,
w
wAW+Aw? = 0,
if and only if
1
Ric¥ ——Hessw = Agy,
w
scal = (n—2)A.

EXERCISE 4.7.17. A Riemannian manifold (M, g) is said to be locally confor-
mally flat if every p € M lies in a coordinate neighborhood U where

g=e2¥ ((dx1)2+~~-+(dx")2) .

(1) Show that the space forms S} with metrics dr> + sn? (r)ds2_, are locally
conformally flat.

(2) Show that if an Einstein metric is locally conformally flat, then it has con-
stant curvature.

(3) When n = 2 Gauss showed that such coordinates always exit. They are
called isothermal coordinates. Assume that dimM = 2.

(a) Show that if du # 0 on some open subset O C M, then up to sign
there is a unique 1-form @ = iy, vol, that satisfies: |du| = |®| and
g(du,w) =0.

(b) Show that d@ = (Agut) vol,.

(c) Show that isothermal coordinates exit provided that for each p € M
it is possible to find u on a neighborhood of p so that A,u = 0 and
dul, # 0.

EXERCISE 4.7.18 (Schouten 1921). Let (M,g) be a Riemannian manifold of
dimension n > 2.

(1) Show that g is locally conformally flat if and only if W = 0 and locally
there is a function ¥ so that P = 2Hess y — 2 (dy)” + |dy|*g. Note that
the condition W = 0 is redundant when n = 3. Hint: You have to use the
curvature characterization of being locally Euclidean (see exercise 3.4.20
or theorem 5.5.8).

(2) Show that if g is locally conformally flat then

(VxP)(Y,Z) = (VyP) (X, 2).



4.7. EXERCISES 131

Hint: When n > 3, this follows from exercise 3.4.26. When n > 3, use that
R = Pog, the specific form of P from (1), and show that

(VxHessy)(Y,Z) — (VyHessy) (X,Z) =R(X,Y,Vy,Z).

EXERCISE 4.7.19 (Schouten 1921). In this exercise assume that we have a
Riemannian manifold of dimension n > 2 such that W = 0 and (VxP)(Y,Z) =
(VyP)(X,Z).

(1) Show that if there is a 1-form @ such that

1 > 10
Vo = 2P+a) 3 || g,
then locally ® = dy and P = 2Hess y — 2 (dy)* + |Vy|* g.

(2) The integrability condition for finding such an w in the sense of exercise
3.4.20 can be stated using only covariant derivatives. On the left-hand
side we take one more derivative V%)Ya) and use the Ricci formula for
commuting covariant derivatives as an alternative to Clairaut’s theorem on
partial derivatives:

V%YYa) — V%)Xco =Rxym.

Show that if Vo = 1P+ 0? — 1 |o|* g, then
(Viy0) () = 3(xP)(1,2)
+(Vxo)(Y)o(Z)+o(Y)(Vx)(Z)
—8(Vxw,0)g(Y,Z).
(3) Use Vo= 1P+ 0> -1 |w|? g again to show that

1 1
VJZ(,YG’—VIZ/,X@ = QP(XZ)O)(Y)—EP(XaV)g(sz)

_%P(Y,Z)a)(X) + %P(Y,V)g(X,Z)

= (Pog)(X,Y,V,Z),

where V is the vector field dual to w.
(4) Now use R = Po g to show that

(Rx_’y(l)) (Z) = (Pog) (X,Y,V,Z).

(5) Finally, show that this implies that the integrability conditions for solving
for @ are satisfied and conclude that the manifold is locally conformally
flat.

EXERCISE 4.7.20. Consider a product metric (N> X R, gy + gr).

(1) Show that Py.g = *3Y (gy — gR).
(2) Show that this product metric is conformally flat if and only if scaly is
constant.

EXERCISE 4.7.21. Let (M",g), n > 2 have constant curvature k.
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(1) Use exercise 4.7.19 to show that the metric is locally conformally flat.
(2) Show that if g = =¥ (((dx')+ -+ (d2")?). then
2e"’8,-8je"’ = (k+ Z (Bke"’)z) 6,‘]'.
Hint: Use part 2 of 4.7.14.
(3) Show that
eV = a+2bixi+cz (xi)z,
where k = 4ac — Y. b?.

EXERCISE 4.7.22. The Heisenberg group with its Lie algebra is

(1 a ¢ ]
G = 0 1 b ||abceRy,
| 0 0 1 |
0 x 2]
g = 0 0 y||abceR
0 0 0 |
A basis for the Lie algebra is:
01 0 0 0 O 0 0 1
X=]10 0 0|, Yy=10 0 11],Zz=[0 0 O
0 0 O 0 0 O 0 0 0
(1) Show that the only nonzero brackets are
X,Y]=-[V,X]=Z.

Now introduce a left-invariant metric on G such that X,Y,Z form an or-
thonormal frame.

(2) Show that the Ricci tensor has both negative and positive eigenvalues.
(3) Show that the scalar curvature is constant.
(4) Show that the Ricci tensor is not parallel.

EXERCISE 4.7.23. Consider metrics of the form
4P+ p2(1) (9%() (012 + (62 + (67)2).
(1) Show that if

p = 0,
p* = 1—kp™*

p(0) = k*p(0)=0,

$(0) = 0,9(0)=2,

then we obtain a family of Ricci flat metrics on 7'S%.
(2) Show that p (r) ~ 1, p(r) ~ 1, p(r) ~ 2kr~> as r — co. Conclude that

all curvatures are of order 0 as r — oo and that the metric looks like
(0,00) x RIP* = (0,00) x SO(3) at infinity. Moreover, show that scaling
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one of these metrics corresponds to changing k. Thus, we really have only
one Ricci flat metric; it is called the Eguchi-Hanson metric.

EXERCISE 4.7.24. For the general metric

dr* +p*(r) (9*(r)(c")? +(0%)* + (c%)?)

show that the (1, 1)-tensor, which in the orthonormal frame looks like

0 -1 0 O
1 0 0 O
0 0 0 -1}’
0O 0 1 O

yields a Hermitian structure.

(1) Show that this structure is Kihler, i.e., parallel, if and only if p = ¢.

(2) Find the scalar curvature for such metrics.

(3) Show that there are scalar flat metrics on all the 2-dimensional vector bun-
dles over S2. The one on T'S? is the Eguchi-Hanson metric, and the one on
$% x R2 is the Schwarzschild metric.

EXERCISE 4.7.25. Show that 7 (RP"~!) admits rotationally symmetric metrics
dr? 4 p?(r)ds?_, such that p (r) = r for r > 1 and the Ricci curvatures are nonpos-
itive. Thus, the Euclidean metric can be topologically perturbed to have nonpositive
Ricci curvature. It is not possible to perturb the Euclidean metric in this way to have
nonnegative scalar curvature or nonpositive sectional curvature. Try to convince
yourself of that by looking at rotationally symmetric metrics on R” and 7 (R]P’"_l) .

EXERCISE 4.7.26. We say that (M,g) admits orthogonal coordinates around
p € M if we have coordinates on some neighborhood of p, where

8ij :Ofori7éj,
i.e., the coordinate vector fields are perpendicular. Show that such coordinates al-
ways exist in dimension 2, while they may not exist in dimension > 3. To find
a counterexample, you may want to show that in such coordinates the curvatures
R! k= 0 if all indices are distinct. It can be shown that such coordinates always exist

1
in 3 dimensions.

EXERCISE 4.7.27. Show that the Weyl tensors for the Schwarzschild metric and
the Eguchi-Hanson metrics are not zero.

EXERCISE 4.7.28. In this problem we shall see that even in dimension 4 the
curvature tensor has some very special properties. Throughout we let (M, g) be a
4-dimensional oriented Riemannian manifold. The bivectors A2TM come with a
natural endomorphism called the Hodge * operator. It is defined as follows: for any
oriented orthonormal basis e}, e, e3,e4 we define x (e] Aey) = e3 Ae.

(1) Show that his gives a well-defined linear endomorphism which satisfies:
x% = ]. (Extend the definition to a linear map: * : AP’TM — AYTM, where
p+qg=n. Whenn=2, wehave: x: TM — TM = A'TM satisfies: x =
—1, thus yielding an almost complex structure on any surface.)
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(2) Now decompose A’TM into +1 and —1 eigenspaces A*TM and A~TM
for x. Show that if e1,e;, €3, e4 is an oriented orthonormal basis, then

eitNeytezNeys € AiTM7
ei1NestesNer € AiTM,
ei1NesteryNey € ATTM.
(3) Thus, any linear map L : A>’TM — A>T M has a block decomposition

A D
c- 5 el
A : ATTM = ATTM,
D ATTM = A"TM,
B : AN TM—A'TM,
C : ANTM—->ANTM.
In particular, we can decompose the curvature operator R : A2TM — A>T M:
A D
7= [ D } |

Since fR is symmetric, we get that A,C are symmetric and that D = B* is
the adjoint of B. One can furthermore show that

scal

A = Wr+=—71I
+ 127

scal

C = W +—1I
+ 127

where the Weyl tensor can be written
wt 0
w=" W |
Find these decompositions for both of the doubly warped metrics:
IxS"'x§*dr* +p* (r)d6> + ¢° (r) ds3,
Ix83,dr*+p*(r) (9(r)(6")? + (6%)* + (6%)?).
Use as basis for 7'M the natural frames in which we computed the curvature
tensors. Now
(4) find the curvature operators for the Schwarzschild metric, the Eguchi-
Hanson metric, §? x $2, §*, and CP2.

(5) Show that (M,g) is Einstein if and only if B = 0 if and only if for every
plane 7 and its orthogonal complement 7+ we have: sec (1) = sec (7).



CHAPTER 5

Geodesics and Distance

We are now ready to move on to the local and global geometry of Riemannian
manifolds. The main tool for this will be the important concept of geodesics. These
curves will help us define and understand Riemannian manifolds as metric spaces.
One is led quickly to two types of “completeness”. The first is of standard metric
completeness, and the other is what we call geodesic completeness, namely, when
all geodesics exist for all time. We shall prove the Hopf-Rinow Theorem, which
asserts that these types of completeness for a Riemannian manifold are equivalent.
Using the metric structure makes it possible to define metric distance functions. We
shall study when these distance functions are smooth and show the existence of the
smooth distance functions introduced in chapter 3. We also classify complete simply
connected manifolds of constant curvature; showing that they are the ones we have
already constructed in chapters 1 and 4.

The idea of thinking of a Riemannian manifold as a metric space must be old,
but it wasn’t until the early 1920s that first Cartan and then later Hopf and Rinow
began to understand the relationship between extendability of geodesics and com-
pleteness of the metric. Nonetheless, both Gauss and Riemann had a pretty firm
grasp on local geometry, as is evidenced by their contributions: Gauss worked with
geodesic polar coordinates and also isothermal coordinates; Riemann was able to
give a local characterization of Euclidean space as the only manifold whose curva-
ture tensor vanishes. Surprisingly, it wasn’t until Klingenberg’s work in the 1950s
that one got a thorough understanding of the maximal domain on which one has
geodesic polar coordinates inside complete manifolds. This work led to the intro-
duction of the two terms injectivity radius and conjugate radius. Many of our later
results will require a detailed analysis of these concepts. The metric characteriza-
tion of Riemannian isometries wasn’t realized until the late 1930s with the work of
Myers and Steenrod showing that groups of isometries are Lie groups. Even more
surprising is Berestovskii’s much more recent metric characterization of Riemannian
submersions.

Another important topic that involves geodesics is the variation of arclength and
energy. In this chapter we only develop the first variation formula. This is used to
show that curves that minimize length must be geodesics if they are parametrized
correctly.

We are also finally getting to results where there will be a significant difference
between the Riemannian setting and the pseudo-Riemannian setting. Mixed partials
and geodesics easily generalize. However, as there is no norm of vectors in the

135
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pseudo-Riemannian setting we do not have arclength or distances. Nevertheless, the
energy functional does make sense so we still obtain a variational characterization of
geodesics as critical points for the energy functional.

5.1. Mixed Partials

So far we have only considered the calculus of functions (and tensors) on a Rie-
mannian manifold, and have seen that defining the gradient and Hessian requires that
we use the metric structure. Here we are going to study maps into Riemannian man-
ifolds and how to define meaningful higher derivatives for such maps. The simplest
example is to consider a curve ¢ : [ — M on some interval / C R. We know how to
define the derivative ¢, but not how to define the acceleration in such a way that it
also gives us a tangent vector to M. A similar but slightly more general problem is
that of defining mixed partial derivatives

d’c
oriot
for maps ¢ with several real variables. As we shall see, covariant differentiation plays
a crucial role in the definition of these concepts. In this section we only develop a
method that covers second partials. In section 6.1.2 we shall explain how to calculate
higher order partials as well. This involves a slightly different approach (see section
6.1.1) that is not needed for the developments in this chapter.

Let ¢ : Q — M, where Q C R™. As we usually reserve x' for coordinates on M

we shall use ¢ or s,7,u as coordinates on Q. The first partials

dc

ol
are simply defined as the velocity field of #/ ¢ (¢!, ..., ", ...,t™), where the remain-
ing coordinates are fixed. We wish to define the second partials so that they also

lie TM as opposed to TTM. In addition we also require the following two natural
properties:

(1) Equally of mixed second partials:
d’c B d’%c
otidtl — Jtiot’”

(2) The product rule:

9 (dc dc\ _ 320ﬁ+ de  d%
o\ ari a1 ) ~ 8\ orkari ari ) T8\ o 9rkari )

The first is similar to assuming that the connection is torsion free and the second to
assuming that the connection is metric. As with theorem 2.2.2, were we saw that
the key properties of the connection in fact also characterized the connection, we
can show that these two rules also characterize how we define second partials. More
precisely, if we have a way of defining second partials such that these two properties
hold, then we claim that there is a Koszul type formula:

5o 0 e\ _ 9 dc 9 9 (9c de 9 (dc de
E\orari ok ) ~ a8\ 9 9k ) T arid\ ok i ) T akS\ ot ani )
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This formula is established in the proof of the next lemma.

LEMMA 5.1.1 (Uniqueness of mixed partials). There is at most one way of defin-
ing mixed partials so that (1) and (2) hold.

PROOF. First we show that the Koszul type formula holds if we have a way of
defining mixed partials such that (1) and (2) hold:

0 dc dc 0 dc dc 0 dc dc
aﬂg(aﬂ’aﬂ)+ang<aﬂ~aﬂ)aﬂ<g<awan)

d%¢  Jdc dc  d%¢
g(ww)*%ww)

0%  dc dc  d3c
+g(wvaﬂ)+g(awaﬂaﬂ)

0%¢ dc dc 9%
_g((w’w>_g<aﬂ’aﬂ<aﬂ>

B d%¢ ﬁ n ﬁ d%c
= 8\ Grari 9k ) TE\ 9k drior

dc 9% d%¢c dc
+g(<9tf’8ti8t’<>_g<8tk8ti’3tf>
d%c dc dc  d%*
*g(atfatkvaﬂ)‘g((watkatf>

_ % o
= B\ dor ok )

Next we observe that if we have a map ¢ : Q — M, then we can always add an
extra parameter 1° to get a map ¢ : (—¢,€) x Q — M with the property that

ac
w | p= VS TPM s
where v € T,M is any vector and p is any point in the image of ¢. Using k = 0 in the
2. . . . .
Koszul type formula at p shows that a?i 5.7 1s uniquely defined, as our extension is

independent of how mixed partials are defined. (]

We can now give a local and coordinate dependent definition of mixed partials.
As long as the definition gives us properties (1) and (2) the above lemma shows that
we have a coordinate independent definition.

Note also that if two different maps cy,c; : & — M agree on a neighborhood of
a point in the domain, then the right-hand side of the Koszul type formula will give
the same answer for these two maps. Thus there is no loss of generality in assuming
that the image of ¢ lies in a coordinate system.

THEOREM 5.1.2 (Existence of mixed partials). It is possible to define mixed
partials in a coordinate system so that (1) and (2) hold.

PROOF. Assume that we have ¢ : Q — U C M where U is a coordinate neigh-
borhood. Furthermore, assume that the parameters in use are called s and ¢. This
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avoids introducing more indices than necessary. Finally write ¢ = (c',...,c") using
the coordinates on U. The velocity in the s direction is given by

dc  dct
a — gal

This suggests that

dac _ o (ad,
dtds  dt\ ds

0 dct oct o
9050t 559 (%)

To make sense of % (d;) we define
0X
=5, Ip = VewX,

where ¢ (¢) = p and X is a vector field defined in a neighborhood of p. With that in
mind

d dc 22ck act
209 = okt gy Vad
02ck 3 oct dcl
2105t 95 ar
azcka act dc’
2105t 95 ar

Va,9i

k

Thus we define

0%c 0%k dct dc/ %
905~ aias %t 3y ar Ltk
2%2ck ¢t dc/ "
= (G5 )%

. 2. . . . .
Since < is symmetric in s and ¢ by the usual theorem on equality of mixed
dtds

partials (Clairaut’s theorem) and the Christoffel symbol F];'i is symmetric in i and j it
follows that (1) holds.
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To check the metric property (2) we use that the Christoffel symbols satisfy the
metric property (see section 2.4) dgij = I't; j + 'k j,;. With that in mind we calculate

9 (dc dc
2t°\ s’ ou

_ 9 ocad
= 20 \®7 95 au

dgij dc' dc N ”820" 870/+ E d2%c)
ot 9s du U 3ids ou 5995 diou

B 2%¢"  dck ac! ; dc/ act [ d%c]  dckact j

= i (ataswsaﬁfd) EPRECEN <atau+auaﬁk1>
dgij dc' dc/ ack act ac’r dct ack ac!

ot ds du U35 ar du M98 du ar

(P deN (9 P
= 8\ ras ou) T8\ 95 dtou
dgij dc' dc/ ack acl ¢ act ack ol

o 35 au 95 ot au M T oy o ar L
d%¢ dc dc 93¢

- g<8t8s’au>+g(8s’818u>

ack aci dc¢/ dct dck dct dct dc/ dck

O8I 5 o T 35 ar a5 T 9y du or Lk

_ I’ de G d%
= 8\ a5 ou) T8\ 95’ arou )

O

In case M C M it is often convenient to calculate the mixed partials in M first and
then project them onto M. For each v € T,M, p € M we use the notation v = vyt
for the decomposition into tangential 7,M and normal TPJ-M components.

PROPOSITION 5.1.3 (Mixed partials in submanifolds). Ifc:Q — M C M and
€ T,M is the mixed partial in M, then

%\
(ataﬂ) €M

PROOF. Let g be the Riemannian metric in M and g its restriction to the sub-

manifold M. We know that ataf 57 € T M satisfies

(9P dc\ _ 9 _(dc dec L9 5(9¢c 9e)_ 9 (dec oc
E\orari ok ) ~ a8\ 9 9k ) T arid\ ok i ) T akS\ ot ani )

81’8ﬂ

is the mixed partial in M.
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/&

Acceleration

FIGURE 5.2.1.

dc dc  Jdc :
As 55,55, 5% € TM this shows that

s 9N _ 0 (3c a0 (oc g\ 9 (3 de
E\ oot ok ) ~ 98\ 9 aik ) T 908\ ok ar ) T 9k8\os 9 )
Next use that % € TM to alter the left-hand side to
bo (9% e\ _, (9% ac
S\ orari ok ) ~ =S\ \oriari ) ik |

. 2.\ " . L
This shows that ( 3‘3,. act j> is the correct mixed partial in M. O

5.2. Geodesics

We define the acceleration of a curve ¢ : I — M by the formula

_ d*c
=5
In local coordinates this becomes
d?ck P dct dc
i aar
A C” curve ¢ : I — M with vanishing acceleration, ¢ = 0, is called a geodesic. If
¢ is a geodesic, then the speed |¢| = /g (¢,¢) is constant, as

.. k

d

or phrased differently, it is parametrized proportionally to arc length. If |¢| = 1, one
says that ¢ is parametrized by arclength.

REMARK 5.2.1. If r: U — R is a distance function, then Vaﬁ, = 0, where
d, = Vr. The integral curves for Vr = 0, are consequently geodesics. The theory of
geodesics is developed independently of distance functions and and ultimately used
to show the existence of distance functions.

Geodesics are fundamental in the study of the geometry of Riemannian mani-
folds in the same way that straight lines are fundamental in Euclidean geometry. At
first sight, it is not clear that there are going to be any nonconstant geodesics to study
on a general Riemannian manifold (although Riemann seems to have taken this for
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granted). In this section we show that every Riemannian manifold has many non-
constant geodesics. Informally speaking, there is a unique one at each point with a
given tangent vector at that point. However, the question of how far it will extend
from that point is subtle. To deal with the existence and uniqueness questions, we
need to use some information from differential equations.

In local coordinates on U C M the equation for a curve to be a geodesic is:

0 = ¢
d*c dc' dc
@
Thus, the curve ¢ : I — U is a geodesic if and only if the coordinate components cX
satisfy:

) == () (O ey k=1,...,n.
Because this is a second-order system of differential equations, we expect an exis-

tence and a uniqueness result for the initial value problem of specifying the value
and first derivative, i.e.,

c(0) = q,
¢(0) = ¢(0)a,

But because the system is nonlinear it is not clear that solutions will exist for all 7.

The precise statements obtained from the theory of ordinary differential equa-
tions give us the following two theorems when we consider geodesics in a chart
UcCM.

THEOREM 5.2.2 (Local Uniqueness). Let I and I, be intervals with tg € I} N1.
Ifci: Iy = U and ¢y : I, — U are geodesics with c1(ty) = ca(ty) and ¢1(tp) = ¢2(t),
then ci|1,n1, = 2|1ni,-

THEOREM 5.2.3 (Existence). For each p € U and v € R", there is a neighbor-
hood Vi of p, a neighborhood V, of v, and an € > 0 such that for each q € V| and
w €V, there is a geodesic ¢y, : (—€,€) — U with

c0) = ¢,
¢(0) = Wiai‘q.
Moreover, the mapping (q,w,t) — cqw(t) is C* on Vi x Vo X (—€,€).

It is worthwhile to consider what these assertions become in informal terms.
The existence statement includes not only short time existence of a geodesic with
given initial point and initial tangent, it also asserts a kind of local uniformity for the
interval of existence. If you vary the initial conditions but don’t vary them too much,
then there is a fixed interval (—g,€) on which all the geodesics with the various
initial conditions are defined. Some or all may be defined on larger intervals, but all
are defined at least on (—¢, €).

The uniqueness assertion amounts to saying that geodesics cannot be tangent
at one point without coinciding. Just as two straight lines that intersect and have
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the same tangent at the point of intersection must coincide, so two geodesics with a
common point and equal tangent at that point must coincide.

By relatively simple covering arguments these statements can be extended to
geodesics not necessarily contained in a coordinate chart. Let us begin with the
uniqueness question:

LEMMA 5.2.4 (Global Uniqueness). Let I} and I, be open intervals with ty €
LN Ife; - I} = M and ¢y : I, — M are geodesics with c| (to) = ca(ty) and ¢ (tg) =
¢2(to), then c1|nnn, = 2|0,

PROOF. Define

A= {t elinh | Cl(t) = Cz(l‘), C‘l(t) = éz(l)}.
Then 7y € A. Also, A is closed in 11 NI, by continuity of ¢y, ¢2, ¢1, and ¢é;. Finally,
A is open, by virtue of the local uniqueness statement for geodesics in coordinate
charts: if #; € A, then choose a coordinate chart U around c¢(#;) = c2(¢1). Then
(h —e,tp+¢€) Nk and c,-|(t1 _e+¢) both have images contained in U. The
coordinate uniqueness result then shows that c1|<,l_87[1+£) = C2‘(t1—€~,t1+£)’ so that
(1 —e,t1+€) CA. O

The coordinate-free global existence picture is a little more subtle. The first, and
easy, step is to notice that if we start with a geodesic, then we can enlarge its interval
of definition to be maximal. This follows from the uniqueness assertions: If we look
at all geodesics ¢ : I — M, 0 €I, ¢(0) = p, ¢(0) = v, p and v fixed, then the union
of all their domains of definition is a connected open subset of R on which such a
geodesic is defined. Clearly its domain of definition is maximal.

The next observation, also straightforward, is that if Kisa compact subset of
TM, then there is an € > 0 such that for each (gq,v) € K, there is a geodesic ¢ :
(—€,€) = M with ¢(0) = g and ¢(0) = v. This is an immediate application of the
local uniformity part of the differential equations existence statement together with
a compactness argument.

The next point to ponder is what happens when the maximal domain of definition
is not all of R. For this, assume ¢ : I = (a,b) — M is a maximal geodesic, where
b < oo. Then ¢(¢) must have a specific kind of behavior as ¢ approaches b. If K C M
is compact, then there is a number fx < b such that; if tx <t < b, then c(t) € M — K.
We say that ¢ leaves every compact set ast — b.

To see why ¢ must leave every compact set, suppose K is a compact set it doesn’t
leave, i.e., there is a sequence f1,12,... € I with lim#; = b and ¢(¢;) € K for each .
Since |¢| is constant the set {¢(¢;) | j=1,...} lies in a compact subset of M, namely,

K={v,|geK,veTM, |v|<|¢[}.

Thus there is an € > 0 such that for each v, € K, there is a geodesicc: (—¢€,€) = M
with ¢(0) = g, ¢(0) = v. Now choose #; such that b —t; < €/2. Then ¢4, patches
together with ¢ to extend c¢; beginning at ¢; continue ¢ by €, which takes us beyond
b, since t; is within £/2 of b. This contradicts the maximality of /.

One important consequence of these observations is what happens when M itself
is compact:
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(1,0)

FIGURE 5.2.2.

COROLLARY 5.2.5. If M is a compact Riemannian manifold, then for each p €
M and v € T,M, there is a geodesic ¢ : R — M with ¢(0) = p, ¢(0) =v. In other
words, geodesics exist for all time.

A Riemannian manifold where all geodesics exist for all time is called geodesi-
cally complete.

A slightly trickier point is the following: Suppose ¢ : I — M is a geodesic and
0 € I, where I is a bounded interval. Then we would like to say that for ¢ € M near
enough to ¢(0) and v € T, M near enough to ¢(0) there is a geodesic ¢4, with g, v as
initial position and tangent, respectively, and with ¢, defined on an interval almost
as big as I. More precisely we have:

LEMMA 5.2.6. Suppose ¢ : [a,b] — M is a geodesic on a compact interval.
There is a neighborhood V in TM of ¢(0) such that if v € V, then there is a geodesic
¢y @ la,b] = M with ¢, (a) = v.

PROOF. A compactness argument allows us to subdivide the interval a = by <
by < --- < by = b in such a way that we have neighborhoods V; of ¢ (b;) where any
geodesic with initial velocity in V; is defined on [b;, b;+1] . Using that the map (¢,v) —
¢y (¢) is continuous, where ¢, is the geodesic with ¢, (0) = v, we can select a new
neighborhood Uy C Vj of ¢ (bg) such that ¢, (by) € V; for v € Uy. Next select U; C Uy
so that ¢, (by) € V, for v € Uy etc. In this way we get the desired neighborhood
V = Uj_ in at most k steps. O

It is easy to check that geodesics in Euclidean space are straight lines. Using
this observation it is simple to give examples of the above ideas by taking M to be
open subsets of R? with its usual metric.

EXAMPLE 5.2.7. In the punctured plane R? — {(0,0)} the unit speed geodesic
from (—1,0) with tangent (1,0) is defined on (—eo, 1) only. But nearby geodesics
from (—1,0) with tangents (1 +€;,&), €1, & small, & # 0, are defined on (—oo,00).
Thus maximal intervals of definition can jump up in size, but, as already noted, not
down. See figure 5.2.2.

EXAMPLE 5.2.8. On the other hand, for the region {(x,y) | —1 < xy}, the curve
t +— (1,0) is a geodesic defined on all of R that is a limit of unit speed geodesics
t — (t,—€), € = 0, each of which is defined only on a finite interval. Note that the
endpoints of these intervals go to infinity as required by the above lemma. See figure
5.2.3.
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FIGURE 5.2.3.

~_)

FIGURE 5.2 .4.

EXAMPLE 5.2.9. We think of the spheres $"(R) = S} , C R™1. The accel-
eration of a curve ¢ : I — S"(R) can be computed as the Euclidean acceleration in
R"*! projected onto S"(R) (see proposition 5.1.3). Thus ¢ is a geodesic if and only
if ¢ is normal to S"(R). This means that ¢ and ¢ should be proportional as vec-
tors. Great circles ¢(t) = pcos(at) + vsin(at), where p,v € R™, |p| = |v| =R
and p L v, clearly have this property. Furthermore, since ¢(0) = p € §"(R) and
¢(0) = av € T,S"(R), we see that there is a geodesic for each initial value problem
(see also exercise 1.6.20).

We can easily picture great circles on spheres as depicted in figure 5.2.4. Still,
it is convenient to have a different way of understanding this. For this we project the
sphere orthogonally onto the plane containing the equator. Thus the north and south
poles are mapped to the origin. As all geodesics are great circles, they must project
down to ellipses that have the origin as center and whose greater axis has length 2R.
Of course, this simply describes exactly the way in which we draw three-dimensional
pictures on paper.

EXAMPLE 5.2.10. We think of H" (R) = 8", C R"™! as in example 1.1.7. In
this case the acceleration is also the projection of the acceleration in Minkowski
space. In Minkowski space the acceleration in the usual coordinates is the same as
the Euclidean acceleration. Thus we just have to find the Minkowski projection onto
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FIGURE 5.2.5.

the hypersurface. By analogy with the sphere, one might guess that the hyperbolas
c(t) = pcosh(at) +vsinh(at), p,v € R¥!, |p|> = —R?, |[v|> = R?, and p L v all in
the Minkowski sense, are our geodesics. In fact the ambient acceleration is given by
¢=0a’cand T,H" = {v|v L p}.

This time the geodesics are hyperbolas. On the space itself in Minkowski space,
they are, as in the case of spheres, intersections of 2 dimensional subspaces with
hyperbolic space. If we resort to the trick of projecting hyperbolic space onto the
plane containing the first n coordinates, then the geodesics are hyperbolas whose
asymptotes are straight lines through the origin. See also figure 5.2.5.

EXAMPLE 5.2.11. On a Lie group G with a left-invariant metric one might
suspect that the geodesics are the integral curves for the left-invariant vector fields.
This in turn is equivalent to the assertion that VxX = O for all left-invariant vector
fields. However, our Lie group model for the upper half plane does not satisfy this
(see section 4.4.2). On the other hand, we did show in proposition 4.4.2 that Vy X =
%[X ,X] = 0 when the metric is biinvariant and X is left-invariant. Moreover, all
compact Lie groups admit biinvariant metrics (see exercise 1.6.24).

5.3. The Metric Structure of a Riemannian Manifold

The positive definite inner product structures on the tangent space of a Riemann-
ian manifold automatically give rise to a concept of lengths of tangent vectors. From
this one can obtain an idea of the length of a curve as the integral of the speed, i.e.,
length of velocity. This is a direct extension of the usual calculus concept of the
length of curves in Euclidean space. Indeed, the definition of Riemannian manifolds
is motivated from the beginning by lengths of curves. The situation is turned around
a bit from that of R”, though: On Euclidean spaces, we have in advance a concept
of distance between points. Thus, the definition of lengths of curves is justified by
the fact that the length of a curve should be approximated by sums of distances for a
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fine subdivision (e.g., a fine polygonal approximation). For Riemannian manifolds,
there is no immediate idea of distance between points. Instead, we have a natural
idea of speed, hence curve length, and we shall use the length of curve idea to define
distance between points. The goal of this section is to carry out these constructions
in detail.

Recall that a curve ¢ : [a,b] — M is piecewise C* if ¢ is continuous and if there
is a partition a = a1 < az < ... < a = b of [a,b] such that c|| is C* for i =
L...,k—1.

Let ¢ : [a,b] — M be a piecewise C* curve in a Riemannian manifold. Then the
length L(c) is defined as follows:

b b
L(c) = / ()| dr = / NAGOROL 2

It is clear from the definition that the function ¢ — |¢(¢)| is integrable in the Riemann
(or Lebesgue) sense, so L(¢) is a well-defined finite, nonnegative number. The chain
and substitution rules show that L(c) is invariant under reparametrization. A curve
c:[a,b] — M is said to be parametrized by arc length if L(c|,,) =t —a forallt €
[a,b], or equivalently, if |¢(¢)| = 1 forall 7 € [a,b]. A regular curve c: [a,b] — M, i.e.,
the velocity never vanishes, admits a reparametrization to an arclength parametrized
curve. To see this define the new parameter as

s=o0)= [ (@) dr.

Clearly ¢ : [a,b] — [0,L(c)] is strictly increasing and piecewise smooth. Thus the
curve co ™! :[0,L(c)] — M is piecewise smooth with unit speed everywhere.

We are now ready to introduce the idea of distance between points. For each
pair of points p,g € M define the path space

Q,,={c:[0,1] = M| cis piecewise C™ and ¢(0) = p, c(1) = ¢}

ai;”H—l]

and the distance d(p,q) = | pq| between points p,q € M as

|pg| =inf{L(c) | c € Q,,yq} .
It follows immediately from this definition that |pg| = |gp| and |pq| < |pr|+ |rq|.
The fact that |pg| = 0 only when p = g will be established in the proof of theorem
5.3.8. Thus, |- satisfies all the properties of a metric. When it is necessary to specify

the Riemannian metric we write |pg/,.
As for metric spaces, we have various metric balls

B(p,r) = {xeM]||px|<r},
B(pir) = {xeM||px| <r}.
More generally, we can define the distance between subsets A,B C M as
d(A,B) = |AB| = inf{|pq| | p € A,q € B} .
Finally, we define
B(A,r) = {xeM]||Ax|<r},
B(A,r) = DA,r)={xeM||Ax|<r}.
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o
(-1.0) 0.0) 1.0

FIGURE 5.3.1.

EXAMPLE 5.3.1. The infimum of curve lengths in the definition of |pg| can fail
to be realized. This is illustrated, for instance, by the “punctured plane” R? —{(0,0)}
with the induced Euclidean metric. The distance |(—1,0)(1,0)| = 2, but this distance
is not realized by any curve, since every curve of length 2 in R? from (—1,0) to
(1,0) passes through (0,0) (see figure 5.3.1). In a sense that we shall explore later,
R? —{(0,0)} is incomplete. For the moment, we introduce some terminology for the
cases where the infimum |pg| is realized.

A curve 0 € Q) is a segment if L(6) = |pg| and o is parametrized propor-
tionally to arc length, i.e., || is constant. We also use the notation pq for a specific
segment parameterized on [0, |pg|] with pg(0) = p and g (|pq|) = q.

Let us relate these new concepts to our distance functions from section 3.2.2.

LEMMA 5.3.2. If r: U — R is a smooth distance function and U C (M, g) is
open, then the integral curves for Vr are segments in (U, g). Moreover, ifc € Q, ,(U)
satisfies L(c) =r(c(1)) —r(c(0)), then ¢ = 6 o @, where © is the integral curve for
Vr through ¢ (0) and @ (s) = [ |¢|dt.

PROOF. Fix p,q € U and let ¢(¢) : [0,b] — U be a curve from p to g. Since
dr(v) = g(Vr,v) <y it follows that

b b b
L(c):/o |c‘|dt2/0 g(Vr,é)dtz/O dr (&) dt = r{q) — r(p).

This shows that |pg| > |r(q) —r(p)| since |pg| = |gp|. If we choose ¢ as an integral
curve for Vr, i.e., ¢ = Vroc, thendr(¢) = 1. Thus L(c) = |r(q) — r(p)| . This shows
that integral curves must be segments. Moreover, when L(c) = r(g) — r(p), then it
follows that ¢ = |¢| Vr. This implies the last claim.

Notice that we only considered curves in U, and thus only established the result
for (U,g) and not (M, g). O

EXAMPLE 5.3.3. In Euclidean space R”, straight line segments parametrized
with constant speed, i.e. curves of the form ¢ — p+1¢ - v, are in fact segments. This
follows from lemma 5.3.2 if we use the smooth distance function r (x) = v-x, where v
is a unit vector. In R”, each pair of points p, g is joined by a segment z — p+(g— p)
that is unique up to reparametrization. See also exercise 1.6.19.

EXAMPLE 5.3.4. Consider M = S' and U = S' — {(1,0)}. On U we have the
distance function r(0) = 0, 6 € (0,2x). The previous lemma shows that any curve
c(0) = (cosB,sinB), 6 € I C (0,27) is a segment in U. If, however, the length of /
is > 7, then such curves can clearly not be segments in S'.
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EXAMPLE 5.3.5. Next we complete our understanding of segments on " (1) C
R™*+! with its standard round metric (see also the proof of theorem 5.5.4 where this
is covered in greater generality and detail or exercise 1.6.20). Given two points
p,q € §" we create a warped product structure

ds? = dr* +sin® (r)ds>_,

such that: when p, g are antipodal, then they correspond to r = 0, 7r; and otherwise
p=(a,xp) € (0,m) x §" ! and g = (b,x0) € (0,7) x S"~!. The distance function we
use is r and the domain where it is smooth is U ~ (0,7) x §"~!. When the points
are antipodal they are joined by several curves of length 7. A general curve between
these points can always be shortened so it looks like ¢ : [0,b] — S, where ¢ (t) € U
for 7 € (0,b) and ¢ (0) = —c (b) correspond to the antipodal points where » = 0, 7.
Now lemma 5.3.2 shows that L(c|¢ p—¢]) > |roc(b—¢€) —roc(g)|. Therefore,

L(c) > lim|roc(b—¢g)—roc(e)| =m.
e—0

When the points are not antipodal they lie on a unique integral curve for Vr which is
part of a great circle in U. This segment will again be the shortest among curves in
U. However, any curve that leaves U will pass through either » = 0 or r = w. We can
argue as with antipodal points that any such curve must have length

>min{r(p)+r(q),n—r(p)+n—r(q)}>|r(p)—r(q)].

EXAMPLE 5.3.6. The same strategy can also be used to show that all geodesics
in hyperbolic space are segments. See also exercise 1.6.21.

EXAMPLE 5.3.7. In R? — {(0,0)}, as already noted, not every pair of points is
joined by a segment.

In section 5.4 we show that segments are always geodesics. Conversely, we
show in section 5.5.2 that geodesics are segments when they are sufficiently short.
Specifically, if ¢ : [0,5) — M is a geodesic, then c|j ¢ is a segment for all sufficiently
small € > 0. Furthermore, we shall show that each pair of points in a Riemann-
ian manifold can be joined by at least one segment provided that the Riemannian
manifold is either metrically or geodesically complete. This result explains what
is “wrong” with the punctured plane. It also explains why spheres have segments
between each pair of points: compact spaces are always complete in any metric
compatible with the (compact) topology.

Some work needs to be done before we can prove these general statements. To
start with, we consider the question of compatibility of topologies.

THEOREM 5.3.8. The metric topology obtained from the distance |--| on a Rie-
mannian manifold is the same as the manifold topology.

PROOF. Fix p € M and a coordinate neighborhood U of p such that x’ (p) = 0.
We assume in addition that g;;|, = 6;;. On U we have the given Riemannian metric
g and also a Euclidean metric gq defined by go (d;,d;) = &;;. Thus gy is constant and
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equal to g at p. Finally, after possibly shrinking U, we can further assume that
U = B%(pe)
- {xe U | |pxl,, < s}

- {er\/(x1)2+---+(x")2<e}.

For x € U we can compare these two metrics as follows: There are continuous
functions: A,y : U — (0,0) such that if v € T,M, then

A (x) Vg, < IVl < () vl

Moreover, A (x),u (x) — 1 asx — p.
Now let ¢ : [0,1] — M be a curve from ptox € U.
1: If ¢ is a straight line in the Euclidean metric, then it lies in U and

pxlg, = Ly ()

1
- / |c-|g0 i

> maw /|c| dr
- e
1

g

max gt (e () P*
2: If c is a general curve that lies entirely in U, then

L = [l

(minA (¢ / |¢l,, dt
> (minA (c(2)))[pxlg, -
3: If ¢ leaves U, then there will be a smallest # such that ¢ (f) ¢ U, then

To
Le(c) > /0 ¢t

(minA (c (t)))/o ¢, dt
(minA (c(1))
(minA (c(2))) [px]g, -

By possibly shrinking U again we can guarantee that minA > Ap > 0 and maxu <
Uo < oo. We have then proven that

Y

V

\%

AV AVARRIY,

[Pl < o lpa,,
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and
Ao |px|g0 <infLg(c) = |px|g.

Thus the Euclidean and Riemannian distances are comparable on a neighbor-
hood of p. This shows that the metric topology and the manifold topology (coming
from the Euclidean distance) are equivalent. It also shows that p = ¢ if |pg| = 0.

Finally note that

X
lim IPxly _

=1
x=p | pxl g,

since A (x), 1 (x) > 1 asx — p. O

Just as compact Riemannian manifolds are automatically geodesically complete,
this theorem also shows that such spaces are metrically complete.

COROLLARY 5.3.9. IfM is a compact manifold and g is a Riemannian metric on
M, then (M., |-|,) is a complete metric space, where |--|, is the Riemannian distance
function determined by g.

The proof of theorem 5.3.8 also tells us that any curve can be replaced by a
regular curve that has almost the same length.

COROLLARY 5.3.10. For any ¢ € Qp, and € > 0, there exists a constant speed
curve ¢ € Qg with L(¢) < (1+€)L(c).

PROOF. First note that it suffices to find a regular curve with the desired prop-
erty. Next observe that in Euclidean space this can be accomplished by approximat-
ing a curve with a possibly shorter polygonal curve. In a Riemannian manifold we
can use the same procedure in a chart to approximate a curve by a regular curve.
We select a chart and Euclidean metric go as above such that AgLg, (¢) < L, (¢) <
HoLg, (c) for any curve in the chart. We can then approximate ¢ by a regular curve ¢
such that

Lg (8) < HoLgy (€) < Mol () < 5L ).

By shrinking the chart we can make the ratio % < 1+ &. Finally we can use com-
pactness to cover the original curve by finitely many such charts to get the desired
regular curve. (]

REMARK 5.3.11. Itis possible to develop the theory here using other classes of
curves without changing the distance concept. A natural choice would be to expand
the class to all absolutely continuous curves. As corollary 5.3.10 indicates we could
also have restricted attention to piecewise smooth curves with constant speed.

The functional distance dr between points in a manifold is defined as

dr(p,q) =sup{|f(p) — f(@)|| f: M — Rhas |[Vf| < 1onM}.

This distance is always smaller than the arclength distance. One can, however,
show as before that it generates the standard manifold topology. In fact, after we
have established the existence of smooth distance functions, it will become clear that
the two distances are equal provided p and g are sufficiently close to each other.
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5.4. First Variation of Energy

In this section we study the arclength functional

1
L(c) :/ leldt, c € Qpy
0

in further detail. The minima, if they exist, are pre-segments. That is, they have min-
imal length, but are not guaranteed to have the correct parametrization. We also saw
that in some cases sufficiently short geodesics minimize this functional. One issue
with this functional is that it is invariant under change of parametrization. Minima,
if they exist, consequently do not come with a fixed parameter. This problem can be
overcome by considering the energy functional

1 1
E(c) = 7/ edi, ceQ,,
2 0 '

This functional measures the total kinetic energy of a particle traveling along the
curve. Note that the energy will depend on how the curve is parametrized.

PROPOSITION 5.4.1. If 6 € Q,, is a constant speed curve that minimizes L :
Qp 4 — [0,00), then 6 minimizes E : Qp, ; — [0,00). Conversely, if ¢ minimizes E :
Q) 4 — [0,00), then it also minimizes L : Q,, ; — [0, o).

PROOF. The Cauchy-Schwarz inequality for functions tells us that

1
/|c’|-1dt
0
1 1
/\é\zdt /12dt
0 0
1
/ e de
0

— VEW,

with equality holding if |¢| is a constant multiple of 1, i.e., ¢ has constant speed.
Conversely, when equality holds the speed is forced to be constant. Let ¢ € ,, , be
a curve that has constant speed. If it minimizes L and ¢ € &, ;. Then

1

E(0)=5(L(0)] <

L(c)

IN

(L(e)* <E(0),

N —

so ¢ also minimizes E.

Conversely, let o € Q, ;, minimize E and ¢ € Q, , be any curve. If ¢ does not
have constant speed we can use corollary 5.3.10 to find ¢ with constant speed and
L(ce) < (1+¢€)L(c) for any € > 0. Then

L(0) < \/2E(0) < /2E (ce) = L(ce) < (1+€)L(c).

As € > 0 is arbitrary the result follows. O




152 5. GEODESICS AND DISTANCE

FIGURE 5.4.1.

The next goal is to show that minima of E must be geodesics. To establish this
we have to develop the first variation formula of energy. A variation of a curve
¢:1— M is a family of curves ¢ : (—¢€,€) x [a,b] = M, such that ¢(0,1) = c(t)
for all 7 € [a,b]. We say that such a variation is piecewise smooth if it is contin-
uous and [a,b] can be partitioned into intervals [a;,a;11], i = 0,...,m — 1, where
¢: (—¢€,€) x |aj,ai41] — M is smooth. Thus the curves ¢ — ¢, (¢t) = ¢(s,t) are all
piecewise smooth, while the curves s — ¢ (s,¢) are smooth. The velocity field for
this variation is the field % which is well-defined on each interval [a;,a;11]. At the
break points ¢ = a;, there are two possible values for this field; a right derivative and
a left derivative:

J¢ _ 9%aai)
ott (s’ai) - ot (S7ai)7
¢ 9¢ja;_y a1
e (s,a;)) = 3 (s,a;).

The variational field is defined as % This field is well-defined everywhere. It is

smooth on each (—¢,€) X [a;,a;11] and continuous on (—&,¢&) x I. The special case
where a=0,b =1, ¢(s,0) = p, and ¢ (s, 1) = g for all s is of special importance as
all of the curves cs € , 4. Such variations are called proper variations of c.

LEMMA 5.4.2 (The First Variation Formula). If ¢ : (—¢,€) X [a,b] = M is a
piecewise smooth variation, then

dE(c;)  _ /b g’¢ dge\ . (9¢ 9e\| _ (9¢ 9¢
s J, S\ a2 0s S\ 95 )y S\ as
ml /9 9¢ I¢
+,.Zlg<at——at+vas)

PROOF. It suffices to prove the formula for smooth variations as we can other-
wise split up the integral into parts that are smooth:

b 2 m—1 ajt 1
E (c5) :/ dt = Z /
a i=0 Ja

and apply the formula to each part of the variation.

(s,:a)

(Sﬂui)

2

¢ &t

¢ ¢
ot

ot
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For a smooth variation ¢ : (—¢€,€) X [a,b] — M we have

dE(c;)  d1 [P
ds N $§/ag
1
2

_/b % & dt
8\ 95 a2
b b 2
Jc 0°c
_/ (a az2>‘”
RIS
2 8s7 at (5717) 8s7 at (S#)

We can now completely characterize the local minima for the energy functional.
The proof in fact characterizes geodesics ¢ € Q,, ;4 as stationary points for £ : Q, ; —
[0,20).

THEOREM 5.4.3 (Characterization of local minima). If ¢ € Q, , is a local min-
imum for E : Q,, ; — [0,00), then ¢ is a smooth geodesic.

PROOF. The assumption guarantees that c is a stationary point for the energy
functional, i.e.,

for any proper variation of c. This is in fact the only property that we shall use. The
trick is to find appropriate variations. If V () is any vector field along c¢(z), i.e.,
V (t) € T,;yM, then there is a variation so that V () = %|(0»t)‘ One such variation
can be obtained by declaring the variational curves s — ¢(s,7) to be geodesics with
%|(0;) =V (). As geodesics are unique and vary nicely with respect to the initial
data, this variation is well-defined and as smooth as V is (see theorems 5.2.2 and
5.2.3). Moreover, if V (a) = 0 and V (b) = 0, then the variation is proper.
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Using such a variational field the first variation formula at s = 0 depends only
on c itself and the variational field V

dEd(SCs)|S:0 B th(é,V)df+g<$(b)’V(b)> g(;ti(a),V(ao

ml dc dc
Yo @) V@)

/ahg(é",V)ler’:;lg <0ZC (ai) - CZ% (ai),V(ai)> .

We now specify V further. First select V(1) = A (¢)¢(z), where A (a;) = 0 at
the break points a¢; where ¢ might not be smooth, A (a) = A (b) =0, and A () >0
elsewhere. Then

dE (cy)
0 = |
ds ls=0

b

= —/ g (A (r)¢)dt
ab

- f/ 2(0) 6Pt

Since A (¢) > 0 where ¢ is defined it must follow that ¢é = 0 at those points. Thus c is
a broken geodesic. Next select a new variational field V such that

dc dc
V(a) = (ai) — pres (ai),
V(ag) = V(b)=0
and otherwise arbitrary, then
dE (cs)
0 = —
ds |S_O
m—1
dc dc
- TG @@ @)
1:21 de= " dit !
m=1 de dc 2

This forces

and hence the broken geodesic has the same velocity from the left and right at the
places where it is potentially broken. Uniqueness of geodesics (theorem 5.2.2) then
shows that ¢ is a smooth geodesic. O

This also shows:

COROLLARY 5.4.4 (Characterization of segments). Any piecewise smooth seg-
ment is a geodesic.
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oM

FIGURE 5.5.1.

While this result shows precisely what the local minima of the energy functional
must be it does not guarantee that geodesics are local minima. In Euclidean space
all geodesics are minimal as they are the integral curves for globally defined distance
functions: u(x) = v-x, where v is a unit vector. On the unit sphere, however, no
geodesic of length > 7 can be locally minimizing. Such geodesics always form part
of a great circle where the complement of the geodesic in the great circle has length
< 7, so they can’t be absolute minima. One can also easily construct a variation
where the nearby curves are all shorter. We shall spend much more time on these
issues in the subsequent sections as well as the next chapter. Certainly much more
work has to be done before we can characterize what makes geodesics minimal.

5.5. Riemannian Coordinates

The goal of this section is to introduce a natural set of coordinates around each
point in a Riemannian manifold. These coordinates will depend on the geometry
and also allow us to show the existence of smooth distance functions as well as
many other things. They go under the name of exponential or Riemannian normal
coordinates. They are normal in the sense of exercise 2.5.20, but have further local
and infinitesimal properties. Gauss first introduced such coordinates for surfaces and
Riemann in the general context.

5.5.1. The Exponential Map. For a tangent vector v € T,M, let ¢, be the
unique geodesic with ¢ (0) = p and ¢(0) = v, and [0,L,) the nonnegative part of the
maximal interval on which c is defined. Notice that uniqueness of geodesics implies
the homogeneity property: cqy(t) = c,(ot) for all o0 > 0 and ¢ < Lg,. In particular,
Loy =o0"'L,. Let O, C T,M be the set of vectors v such that 1 < L,. In other words
cy(t) is defined on [0, 1]. The exponential map at p, exp,, : O, — M, is defined by

expp(v) =¢,(1).
In exercise 5.9.35 the relationship between the just defined exponential map and
the Lie group exponential map is elucidated. Figure 5.5.1 depicts how radial lines
in the tangent space are mapped to radial geodesics in M via the exponential map.
The homogeneity property ¢, (t) = cn(1) shows that exp, (tv) = ¢, (¢). Therefore,
it is natural to think of expp(v) in a polar coordinate representation, where from p

one goes “distance” v/ in the direction of 7. This gives the point exp,(v), since

V]
e (W) =eu(1).
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The collection of maps, exp,,, can be combined to form a map exp : JOp — M
by setting exp |0p = exp,,. This map exp is also called the exponential map.

Lemma 5.2.6 shows that the set O = |JO,, is open in TM and theorem 5.2.3
that exp : O — M is smooth. Similarly, O, C T,M is open and exp, : O, — M
is smooth. It is an important property that exp,, is in fact a local diffeomorphism
around 0 € T,M. The details of this are given next.

PROPOSITION 5.5.1. Let (M, g) be a Riemannian manifold.
(1) If pe M, then
Dexp), : To(TyM) — T,M
is nonsingular at the origin of T,M. Consequently, exp,, is a local diffeo-
morphism.
(2) Define E: O — M x M by E(v) = (n(v), expv), where m(v) is the base
point of v, i.e., v € Ty, )M. Then for each p € M and 0, € T)M,

DE : T(p-,0p)<TM> — T(m,)(M X M)

is nonsingular. Consequently, E is a diffeomorphism from a neighborhood
of the zero section of TM onto an open neighborhood of the diagonal in
M x M.

PROOF. That the differentials are nonsingular follows from the homogeneity
property of geodesics given an important identification of tangent spaces. Let Iy :
T,M — TyT,M be the canonical isomorphism, i.e., Ip(v) = %(tv)h:o. Recall that if

v € Op, then ¢, (t) = ¢,(1) for all ¢ € [0, 1]. Thus,

d
= exp,, (tv)|i=o

d
= Ecrv(l)h:o
d

= Ecv(t)\;:o

¢ (0)

= W

Dexp, (I(v))

In other words Dexp),oly is the identity map on 7T,M. This shows that Dexp, is
nonsingular. The second statement of (1) follows from the inverse function theorem.

The proof of (2) is again an exercise in unraveling tangent spaces and identifi-
cations. The tangent space T{,, ,) (M x M) is naturally identified with T,M x T,M.
The tangent space T( 0,) (TM) is also naturally identified with T,M x To, (T,M) ~
T,M x T,M. We can think of points in TM as given by (p,v) with v € T,M. This
shows that E (p,v) = (p,exp » (v)). So varying p is just the identity map in the first
coordinate, but something unpredictable in the second. While if we fix p and vary
vin T,M, then the first coordinate is fixed and we simply have exp, (v) in the sec-
ond coordinate. This explains what the differential DE| .0, is. If we consider it

as a linear map T,M x T,M — T,M x T,M, then it is the identity on the first factor
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to the first factor, identically O from the second factor to the first, and the identity
from the second factor to the second factor as it is Dexp,, oly,. Thus it looks like the
nonsingular matrix
I 0
7]

Now, the inverse function theorem gives (local) diffeomorphisms via E of neigh-
borhoods of (p,0,) € TM onto neighborhoods of (p, p) € M x M. Since E maps the
zero section of TM diffeomorphically to the diagonal in M x M and the zero sec-
tion is a properly embedded submanifold of TM it is easy to see that these local
diffeomorphisms fit together to give a diffeomorphism of a neighborhood of the zero
section in TM onto a neighborhood of the diagonal in M x M. O

The largest € > 0 such that
exp,:B(0,&) = M
is defined and a diffeomorphism onto its image is called the injectivity radius at p
and denoted inj,,.

This formalism with the exponential maps yields some results with geometric
meaning. First, we get a coordinate system around p by identifying 7,M with R"
via an isomorphism, and using that the exponential map exp,, : T,M — M is a diffeo-
morphism on a neighborhood of the origin. Such coordinates are called exponential
or Riemannian normal coordinates at p. They are unique up to how we choose to
identify T,M with R". Requiring this identification to be a linear isometry gives
uniqueness up to an orthogonal transformation of R”. In section 5.5.3 we show that
they are indeed normal in the sense that the Christoffel symbols vanish at p.

The second item of geometric interest is the following idea: On S we know
that geodesics are part of great circles. Thus any two points will be joined by both
long and short geodesics. What might be hoped is that points that are close together
would have a unique short geodesic connecting them. This is exactly what (2) in the
proposition says! As long as we keep g; and g, near p, there is only one way to go
from g, to g» via a geodesic that isn’t very long, i.e., has the form exp, tv, v € Ty, M,
with |v| small.

For now we show that:

COROLLARY 5.5.2. Let K C (M,g) be compact. There exists € > 0 such that
for every p € K, the map exp,, : B(0,&) — M is defined and a diffeomorphism onto
its image.

PROOF. This follows from compactness if we can find € > 0 such that the state-
ment holds for all p in a neighborhood of a fixed point x € M. This in turn is a
consequence of part (2) of proposition 5.5.1. To see this, select a neighborhood U of
(x,0,) € TM such that E : U — M x M is a diffeomorphism on to its image. Next se-
lect a neighborhood x € V C M and a diffeomorphism F : V x M — = (V) C TM
that is a linear isomorphism {p} x .M — T,M for each p € V. We can then
find 6 > 0 so that F(V xB(0y,8)) C U. The continuity of the metric on 7,M,
p €V, when pulled back to {p} x T,M via F shows that there is € > 0 so that
B(0,,€) C F({p} x B(0y,0)) for all p in a neighborhood x € W C V. Finally, the
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restriction of E to B(0,,€) C T,M is a diffeomorphism onto its image in {p} x M.
This is exactly the map exp,, if we forget the first factor {p}. We can then invoke
compactness to complete the proof. U

There is a similar construction that leads to a geometric version of the tubular
neighborhood theorem from differential topology. Let N be a properly embedded
submanifold of M. The normal bundle of N in M is the vector bundle over N con-
sisting of the orthogonal complements of the tangent spaces T,N C T,M,

TN ={veT,M|peN,ve (TN CTM}.

So for each p € N, T,M = T,N & (T,N)" is an orthogonal direct sum. Define the
normal exponential map exp* by restricting exp to ON TN+ and only recording the
second factor: exp- : ONTN' — M. As in part (2) of proposition 5.5.1, one can
show:

COROLLARY 5.5.3. The map Dexp™ is nonsingular at 0p, for all p € N and
there is an open neighborhood U of the zero section in TN+ on which exp* is a
diffeomorphism onto its image in M.

Such an image exp™ (U) is called a tubular neighborhood of N in M, because
when N is a curve in R? it looks like a solid tube around the curve.

5.5.2. Short Geodesics Are Segments. We just saw that points that are close
together on a Riemannian manifold are connected by a short geodesic, and in fact
by exactly one short geodesic. But so far, we don’t have any real evidence that such
short geodesics are segments. It is the goal of this section to take care of this last
piece of the puzzle. Incidentally, several different ways of saying that a curve is a
segment are in common use: “minimal geodesic,” “minimizing curve,” “minimizing
geodesic,” and even “minimizing geodesic segment.”

The first result is the precise statement that we wish to prove in this section.

LEIT3

THEOREM 5.5.4. Let (M,g) be a Riemannian manifold, p € M, and € > 0 cho-
sen such that

exp,:B(0,e) »UCM
is a diffeomorphism onto its image U C M. Then U = B(p,€) and for each v €
B(0,¢€), the geodesic exp,(tv), t € [0, 1] is the one and only segment with speed |v|
Jfrom p to exp,v in M.

On U = exp,(B(0,€)) we define the function r(x) = |exp;1(x)|. That is, r is
simply the Euclidean distance function from the origin on B(0,€) C T,M in expo-
nential coordinates. This function can be continuously extended to U by defining
r(dU) = &. We know that Vr = 9, = 1x9; in Cartesian coordinates on T,M. In
order to prove the theorem we show that this is also the gradient with respect to the
general metric g.

LEMMA 5.5.5 (The Gauss Lemma). On (U, g) the function r has gradient Vr =
d,, where 0, = Dexpp(ar).
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Let us see how this implies the theorem.

PROOF OF THEOREM 5.5.4. The proof is analogous to the specific situation on
the round sphere covered in example 5.3.5, where exp, : B(0,7) — B(p, ) is a
diffeomorphism.

First observe that in B(0, &) — {0} the integral curves for d, are the line segments
c(s)=s- “7‘ of unit speed. The integral curves for d, on U are then forced to be

the unit speed geodesics c(s) = exp (s~ ﬁ) Thus lemma 5.5.5 implies that r is a

distance function on U — {p}. First note that U C B(p,€) as the short geodesic
that joins p to any point ¢ € U has length L < €. To see that this geodesic is the
only segment in M, we must show that any other curve from p to g has length > L.
Suppose we have a curve ¢ : [0,b] — M from p to g. If a € [0,b] is the largest value
so that ¢ (a) = p, then c|[,) is a shorter curve from p to g. Next let by € (a,b) be
the first value for which ¢(ty) ¢ U, if such points exist, otherwise by = b. The curve
¢|(a,by) lies entirely in U — {p} and is shorter than the original curve. It’s length is
estimated from below as in lemma 5.3.2

bo bo
L(c|(a$,,0)):/a |c'|dt2/ dr (&) dt = r(c(by)),

a

where we used that r(p) = r(c(a)) = 0. If ¢(by) € AU, then c is not a segment
from p to g as it has length > £ > L. If b = by, then L (c|(,)) > r(c(b)) = L and
equality can only hold if ¢ (¢) is proportional to Vr for all t € (a,b]. This shows the
short geodesic is a segment and that any other curve of the same length must be a
reparametrization of this short geodesic.

Finally we have to show that B(p,€) = U. We already have U C B(p,€). Con-
versely if g € B(p,€) then it is joined to p by a curve of length < €. The above
argument then shows that this curve lies in U. Whence B (p,€) C U. g

PROOF OF LEMMA 5.5.5. We select an orthonormal basis for 7,M and intro-
duce Cartesian coordinates. These coordinates are then also used on U via the ex-
ponential map. Denote these coordinates by (x!,...,x") and the coordinate vector
fields by 0, ..., d,. Then

r2 _ (x1>2+.”+(xn)27
1.
J = —x'o.
r

To show that this is the gradient field for (x) on (M, g), we must prove that dr(v) =
g(9r,v). We already know that

1
dr= ;(xldx1 + -4 x"dX"),

but have no knowledge of g, since it is just some abstract metric.

One can show that dr(v) = g(d,,v) by using suitable Jacobi fields for r in place
of v. Let us start with v = d,. The right-hand side is 1 as the integral curves for o,
are unit speed geodesics. The left-hand side can be computed directly and is also 1.
Next, take a rotational field J = —x'd; +x/d;, i, j = 1,...,n, i < j. In dimension 2
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this is simply the angular field dg. An immediate calculation shows that the left-hand
side vanishes: dr (J) = 0. For the right-hand side we first note that J really is a Jacobi
field as Ly J = [0,,J] = 0. Using that V5 d, = 0 we obtain

arg(Br,J) = g(Varar,J)—i-g(Q,,VarJ)
0+ g(8r7 Varf)
= g(aravJar)
1
= ED./g(ahar)
= 0.

Thus g(d,,J) is constant along geodesics emanating from p. To show that it vanishes
first observe that

(0 D) < |9 Y]
= VI
< |¥[|9] + || |ai]
< r(x)(|8,-\—|—|aj|).

Continuity of Dexp,, shows that d;, d; are bounded near p. Thus |g(dy,J)| — 0asr—
0. This forces g(d,,J) = 0. Finally, observe that any vector v is a linear combination
of d, and rotational fields. This proves the claim. O

The next corollary is an immediate consequence of theorem 5.5.4 and its proof.

COROLLARY 5.5.6. If p € M and € > 0 is such that exp,, : B(0,€) — B(p,€) is
defined and a diffeomorphism, then for each 8 < &,

exp,(B(0,8)) = B(p,6),
and
exp,(B(0,6)) = B(p, ).

5.5.3. Properties of Exponential Coordinates. Let us recapture what we have
achieved in this section so far. Given p € (M, g) we found coordinates near p using
the exponential map such that the distance function r(x) = |px| to p has the formula

) = (e (02,

The Gauss lemma told us that Vr = d,. This is equivalent to the statement that

exp, : B(0,€) = B(p,¢)
is a radial isometry, i.e.,
¢ (Dexp, (3)). Dexp, (1)) = g, (1)
To see this note that being a radial isometry can be expressed as
%gijxivj zg(%x@i,v-"aj) = % ijxivj.

Since dr (v) = 18;;x'v/ this is equivalent to the assertion Vr = 9, = 1x/9);.

“r
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‘We can rewrite this as the condition
g,-jxf = 5ijxj.
This relationship, as we shall see, fixes the behavior of g;; around p up to first-order
and shows that the coordinates are normal.

LEMMA 5.5.7. In exponential coordinates
gij=8;+0(r).
PROOF. The fact that g; j'| =06 j follows from taking one partial derivative on
both sides of the formula g;;x/ = 6;;x/
S = 80
= o Zgijxj
J

(Okgij) X' + gijokx’
= (Jhgij) ¥ +gu-

As x/ (p) = 0, the claim follows.
Taking two partial derivatives on both sides gives

0 = 9 ((dsgij)x')+ g
(010kgi;) X! + Ogi;jox’ + g
(010k8ij)x' + Okgit + Aigix-

Evaluating at p we obtain
Igitl p + Aigiklp = 0.
The claim that dig;j|, = 0 follows from evaluating the general formula

20kgij = (0kg&ij + 9;8ik) + (akgji + 9igjk) - (aigkj + ajgki)
at p. U

Since r is a distance function whose level sets near p are $"~! we obtain a polar
coordinate representation g = dr? + g,, where g, is the restriction of g to §"~!. The
Euclidean metric looks like &; i=d 4 rzakvi1 , where dsi1 is the canonical metric
on S"~!. Since these two metrics agree up to first-order it follows that

limg, = O,

r—0

li_r}r(l) (8,g, -0, (rzdsﬁ_l))

0.
As d,g, = 2Hessr this implies

1
lim (Hessr— rds;,_,) = lim ( Hessr——g, | =0.
lim ( essr —r snfl) lim < essr rg,) 0

THEOREM 5.5.8 (Riemann, 1854). If a Riemannian n-manifold (M,g) has con-
stant sectional curvature k, then every point in M has a neighborhood that is isomet-
ric to an open subset of the space form Sj.
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PROOF. We use exponential coordinates around p € M and the asymptotic be-
havior of g, and Hessr near p that was just established. The constant curvature
assumption implies that the radial curvature equation (see proposition 3.2.11) can be
written as

V, Hessr+ Hess’r = —kg,
limHessr = 0.
r—0
If we think of g, as given, then this equation has a unique solution. However, :E:E:; gr
also solves this equation since
sy, (r) sl (r)\ 2
v k k
() () =
sn) (r)\/ sn (1) \ 2 sny (r
1 (r) ot () gt i )Va.gr
sny (r) sny (r) sng (r)
sn
= —kg — -k (r) V,.dr?, since 0=V, g, +Vy dr?,
SN (r) r T r
ke — ) (Hessr (9, ) dr + drHessr (9,,)
= —kg — essr(dy,-)dr+drHessr(d,,-
8r s (7) r r
= —kgr
Using that Hessr = % g, together with g = dr? + g, implies that
1.2
>F°, when k=0
Ji (r) = { % 1 hen k
T~ xCsk(r), whenk#0
satisfies Hess f;, = (1 — kf;) g. The result then follows from corollary 4.3.4. O

Exercises 3.4.20 and 3.4.21 explain how this theorem was proved classically and
exercise 4.7.21 offers an approach focusing on conformal flatness.

REMARK 5.5.9. Some remarks are in order in regards to the above proof. First
note that neither of the two systems

Ly gr = 2Hessr,
V5, Hessr+ Hess2r = —kg,
or
Ly gr = 2Hessr,
Ly Hessr— Hess?r = —kg,

have a unique solution with the initial conditions that both g, and Hessr vanish at
r = 0. In fact there is also a trivial solution where both g, = 0 and Hessr = 0.

sy (r)
smy (r)

Moreover, it is also not clear that Hessr = g, solves

L Hessr— Hess’ r = —kgr
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unless we know in advance that
/
sy (r)

sne (r)°"

La,gr =2

Finally, note that the initial value problem

L an;( (V) li 0
=K 7 imeg, =
0,87 sy (I’)g” rﬁOgr

has infinitely many solutions A sn? (r)ds>_,, A € R. Although only one of these with
give a smooth metric at p.

5.6. Riemannian Isometries

We are now ready to explain the key properties of Riemannian isometries. After
a general discussion of Riemannian isometries we classify all geodesically complete
simply connected Riemannian manifolds with constant sectional curvature.

5.6.1. Local Isometries. A map F : (M,gy) — (N,gn) is a local Riemannian
isometry if for each p € M the differential DF), : T,M — Tp(,)N is a linear isometry.
A special and trivial example of such a map is a local coordinate system ¢ : U —
Q C R" where we use the induced metric g on U and its coordinate representation
((p’l)*g = gijdxidxj on Q.

PROPOSITION 5.6.1. Let F : (M,gy) — (N,gn) be a local Riemannian isome-
try.

(1) F maps geodesics to geodesics.
(2) Foexp,(v) =expg(, oDF), (v) when exp,, (v) is defined. In other words

DF
m»wM>0, — OF(p) C TF(,,)N
exp, | 1 expr(p)
M 5N
(3) F is distance decreasing.
(4) If F is also a bijection, then it is distance preserving.

PROOF. (1) The geodesic equation depends on the metric and its first deriva-
tives in a coordinate system. A local Riemannian isometry preserves the metric and
is a local diffeomorphism. So it induces coordinates on N with the same metric
coefficients. In particular, it must take geodesics to geodesics.

(2)Ifexp,, (v) is defined, thent — exp,, (tv) is a geodesic. Thus ¢+ F (expp (tv))
is also a geodesic. Since

%F(expp (tv)) =0 = DF (iexpp (tv) |,=0>
= DF(v),

we have that F (expp (tv)) = eXPp(p) (IDF (v)). Setting ¢ = 1 then proves the claim.
(3) This is also obvious as F must preserve the length of curves.
(4) Both F and F~! are distance decreasing so they must both be distance pre-
serving. O
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This proposition quickly yields two important results for local Riemannian isome-
tries. The first proposition establishes the important uniqueness for Riemannian
isometries and thus quickly allows us to conclude that the groups of isometries on
space forms discussed in section 1.3.1 are the isometry groups.

PROPOSITION 5.6.2 (Uniqueness of Riemannian Isometries). Consider two lo-
cal Riemannian isometries F,G : (M,gy) — (N,gn). If M is connected, F (p) =
G (p), and DF,, = DG, then F = G on M.

PROOF. Let
A={xeM|F(x)=G(x), DF, =DG,}.

We know that p € A and that A is closed. Property (2) from the above proposition
tells us that

Fo CXPy (V) = CXPr(x) oDF (V)
= eXpG(x) ODGX (V)
= Goexp, (V) )

if x € A. Since exp, maps onto a neighborhood of x it follows that some neighborhood
of x also lies in A. This shows that A is open and hence all of M by connectedness.
d

PROPOSITION 5.6.3. Let F : (M,gy) — (N, gn) be a Riemannian covering map.
(M, gu) is geodesically complete if and only if (N, gy) is geodesically complete.

PROOF. Letc: (—¢,€) — N be a geodesic with ¢ (0) = p and ¢ (0) = v. For any
p € F~'(p) there is a unique lift ¢ : (—¢&,€) — M, i.e., Fo& = c, with ¢(0) = p.
Since F is a local isometry, the inverse is locally defined and also an isometry. Thus
¢ is also a geodesic.

If we assume N is geodesically complete, then ¢ and also ¢ will exist for all time.
As all geodesics in M must be of the form ¢ this shows that all geodesics in M exist
for all time.

Conversely, when M is geodesically complete, then ¢ can be extended to be
defined for all time. Then F o is a geodesic defined for all time that extends c. Thus
N is geodesically complete. t

LEMMA 5.6.4. Let F : (M, gy) — (N,gn) be a local Riemannian isometry. If M
is geodesically complete and N is connected, then F is a Riemannian covering map.

PROOF. Fix g € N and assume that exp, : B(0,€) — B(g,€) is a diffeomor-
phism. We claim that F~! (B(q,€)) is evenly covered by the sets B(p,&) where
F (p) = q. Geodesic completeness of M guarantees that exp,, : B(0,€) — B(p,€) is
defined and property (2) that

Foexp, (v) =exp,oDFy (v)

forallv € B(0,e) C T,M. As exp, : B(0,€) — B(q,€) and DF), : B(0,€) — B(0,¢)
are diffeomorphisms it follows that F oexp,, : B(0,€) — B(g, €) is a diffeomorphism.
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Thus each of the maps exp,, : B(0,€) — B(p,€) and F : B(p,€) — B(qg,€) are dif-
feomorphisms as well.
Next we need to make sure that

F! (B(q7£)) = U B(p,S).
F(p)=q
If x € F~'(B(q,€)), then we can join ¢ and F (x) by a unique geodesic c¢(t) =
exp, (tv), v € B(0,¢€). Geodesic completeness of M implies that there is a geodesic
6 :[0,1] - M with 6 (1) =x and DF, (6 (1)) =¢(1). Since F o G is a geodesic with
the same initial values as ¢ at t = 1 we must have F (o (t)) = c¢(¢) for all 7. Since
g = ¢(0) we have proven that F (0 (0)) = ¢ and hence that x € B(c (0) ,€).

Finally, we need to show that F is surjective. Clearly F (M) C N is open. The
above argument also shows that it is closed. To see this, consider a sequence g; €
F (M) that converges to ¢ € N. We can use corollary 5.5.2 to find an € > 0 such
that exp, : B(0,€) — B(x,¢€) is a diffeomorphism for all x € {q,q1, ..., qx, ... }. For k
sufficiently large it follows that ¢ € B (g, €). This shows that g € F (M), since we
proved that B (g, €) C F (M). O

If S C Iso (M, g) is a set of isometries, then the fixed point set of S is defined as
those points in M that are fixed by all isometries in §

Fix(S)={xeM|F(x) =xforall F € S}.

While the fixed point set for a general set of diffeomorphisms can be quite com-
plicated, the situation for isometries is much more manageable. A submanifold
N C (M,g) is said to be totally geodesic if for each p € N a neighborhood of 0 €
T,N C T,M is mapped into N via the exponential map exp,, for M. This means that
geodesics in N are also geodesics in M and conversely that any geodesic in M which
is tangent to N at some point must lie in N for a short time.

PROPOSITION 5.6.5. If S CIso(M,g) is a set of isometries, then each connected
component of the fixed point set is a totally geodesic submanifold.

PROOF. Let p € Fix(S) and V C T,M be the Zariski tangent space, i.e., the set
of vectors fixed by the linear isometries DF), : T,M — T,M, where F € S. Note that
each such F fixes p so we know that DF), : T,M — T,M. If v € V, then t — exp,, (tv)
must be fixed by each of the isometries in S as the initial position and velocity is fixed
by these isometries. Thus exp,, (¢v) € Fix (S) as long as it is defined. This shows that
exp, : V — Fix(S).

Next let € > 0 be chosen so thatexp,, : B(0, &) — B(p, €) is a diffeomorphism. If
q €Fix(S)NB(p,€), then the unique geodesic c: [0, 1] — B(p, &) from p to ¢ has the
property that its endpoints are fixed by each F € S. Now F oc is also a geodesic from
p to g which in addition lies in B(p,€) as the length is unchanged. Thus Foc = ¢
and hence c lies in Fix (S)NB(p,€).

This shows that exp,, : VN B(0,€) — Fix (S) N B (p,€) is a bijection and proves
the lemma. (]

REMARK 5.6.6. Note that if DF), : T,M — T,M is orientation preserving for
p € Fix (F), then the Zariski tangent space at p must have even codimension as the
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+1-eigenspace of an element in SO (n) has even codimension. In particular each
component of Fix (F) has even codimension.

5.6.2. Constant Curvature Revisited. We just saw that isometries are uniquely
determined by their differential. What about the existence question? Given any linear
isometry L: T,M — T;N, is there an isometry F' : M — N such that DF,, = L? In case
M = N, this would, in particular, mean that if 7 is a 2-plane in 7,M and 7 a 2-plane
in T,M, then there should be an isometry F : M — M such that F(r) = . But this
would imply that M has constant sectional curvature. Therefore, the problem cannot
be solved in general. From our knowledge of Iso(S}) it follows that these spaces
have enough isometries so that any linear isometry L : T,S7 — T;,S} can be extended
to a global isometry F : S} — S} with DF,, = L (see section 1.3.1). We show below
that in a suitable sense these are the only spaces with this property. However, there
are other interesting results in this direction for other spaces (see section 10.1.2).

THEOREM 5.6.7. Suppose (M,g) is a Riemannian manifold of dimension n and
constant curvature k. If M is simply connected and L : T,M — T,S} is a linear
isometry, then there is a unique local Riemannian isometry called the monodromy
map F : M — S} with DF, = L. Furthermore, this map is a diffeomorphism if (M, g)
is geodesically complete.

Before giving the proof, let us look at some examples.

EXAMPLE 5.6.8. Suppose we have an immersion M" — Sj.. Then F will be one
of the maps described in the theorem if we use the pullback metric on M. Such maps
can fold in wild ways when n > 2 and need not resemble covering maps in any way
whatsoever.

EXAMPLE 5.6.9. If U C §} is an open disc with smooth boundary, then one can
easily construct a diffeomorphism F : M = S} — {p} — S} —U. Near the missing
point in M the metric will necessarily look pretty awful, although it has constant
curvature.

EXAMPLE 5.6.10. If M = RP" or (R"—{0}) /antipodal map, then M is not
simply connected and does not admit an immersion into S".

EXAMPLE 5.6.11. If M is the universal covering of $* — {+p}, then the mon-
odromy map is not one-to-one. In fact it must be the covering map M — S> — {£p}.

COROLLARY 5.6.12. If M is a closed simply connected manifold with constant
curvature k, then k > 0 and M = §". Thus, SP x S1,CP" do not admit any constant
curvature metrics.

COROLLARY 5.6.13. If M is geodesically complete and noncompact with con-
stant curvature k, then k < 0 and the universal covering is diffeomorphic to R". In
particular, S* x R? and S" x R do not admit any geodesically complete metrics of
constant curvature.

Now for the proof of the theorem. A different proof is developed in exercise
6.7.4 when M is complete.
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PROOF OF THEOREM 5.6.7. We know from theorem 5.5.8 that given x € M
sufficiently small balls B (x,r) are isometric to balls B (%,r) C S}. Furthermore, by
composing with elements of Iso (SZ) (these are calculated in sections 1.3.1) we have:
ifgeB(x,r),g€ S}, and L: T,U — T;S} is a linear isometry, then there is a unique
isometric embedding: F : B(x,r) — S}, where F (¢) = g and DF|, = L. Note that
when k < 0, all metric balls in S} are convex, while when k > 0 we need their radius
to be < 2% for this to be true. So for small radii metric balls in M are either disjoint
or have connected intersection. For the remainder of the proof assume that all such
metric balls are chosen to be isometric to convex balls in the space form.

The construction of F proceeds basically in the same way one does analytic
continuation on simply connected domains. Fix base points p € M, p € S} and a
linear isometry L : T,M — T;S}. Next, let x € M be an arbitrary point. If c € Q, (is a
curve from p to x in M, then we can cover ¢ by a string of balls B (p;,r), i =0,...,m,
where p = po, X = p, and B(p;_1,r) N B(p;,r) # @. Define Fy : B(po,r) — S}
so that F (p) = p and DFy|,, = L. Then define F; : B(p;,r) — S} successively to
make it agree with F;_; on B(p;—_1,r) N B(p;,r) (this just requires their values and
differentials agree at one point since the intersection is connected). Define a function
G:Q,.— S} by G(c) = Fy(x). We have to check that it is well-defined in the
sense that it doesn’t depend on our specific way of covering the curve. This is easily
done by selecting a different covering and then showing that the set of values in [0, 1]
where the two choices agree is both open and closed as in proposition 5.6.2.

If ¢ € Q  is sufficiently close to c, then it lies in such a covering of ¢, but then
itis clear that G (¢) = G (¢). This implies that G is locally constant. In particular, G
has the same value on all curves in €, , that are homotopic to each other. Simple-
connectivity then implies that G is constant on Q, ,. This means that F (x) becomes
well-defined and a Riemannian isometry.

If M is geodesically complete we know from lemma 5.6.4 that F has to be a
covering map. As S} is simply connected it must be a diffeomorphism. O

We can now give the classification of complete simply connected Riemannian
manifolds with constant curvature. Killing first proved the result assuming in effect
that the manifold has an & > 0 such that for all p the map exp,, : B(0,€) — B(p,€)
is a diffeomorphism, i.e., the manifold has a uniform lower bound for the injectivity
radius. Hopf realized that it was sufficient to assume that the manifold was geodesi-
cally complete. Since metric completeness easily implies geodesic completeness this
is clearly the best result one could have expected at the time.

COROLLARY 5.6.14 (Classification of Constant Curvature Spaces, Killing, 1893
and H. Hopf, 1926). If (M,g) is a connected, geodesically complete Riemannian
manifold with constant curvature k, then the universal covering is isometric to SZ.

This result shows how important the geodesic completeness of the metric is. A
large number of open manifolds admit immersions into Euclidean space of the same
dimension (e.g., S x R¥) and hence carry incomplete metrics with zero curvature.
Carrying a geodesically complete Riemannian metric of a certain type, therefore,
often implies various topological properties of the underlying manifold. Riemannian
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geometry at its best tries to understand this interplay between metric and topological
properties.

5.6.3. Metric Characterization of Maps. For a Riemannian manifold (M, g)
we denote the corresponding metric space by (M S g) or simply (M, |-]) if only
one metric is in play. It is natural to ask whether one can somehow recapture the
Riemannian metric g from the distance |- g~ If for instance v,w € T,M, then we
would like to be able to compute g(v,w) from knowledge of || o First note that it

suffices to compute the length of vectors as the inner product g(v, w) can be computed
by polarization:

1
g(vw) = 3 (Iv-+wP = b = wP).

One way of computing |v| from the metric is by taking a curve ¢ such that ¢&(0) = v
and observe that

t—0 t '

Thus, g really can be found from || ¢ by using the differentiable structure of M. It is
perhaps then not so surprising that many of the Riemannian maps we consider have
synthetic characterizations, that is, characterizations that involve only knowledge of
the metric space (M, \-~|g) .

Before proceeding with our investigations, let us introduce a new type of coordi-
nates. Using geodesics we have already introduced one set of geometric coordinates
via the exponential map. We shall now use the distance functions to construct dis-
tance coordinates. For a point p € M fix a neighborhood U > p such that for each
x € U we have that B(q,inj(g)) D U (see corollary 5.5.2 and theorem 5.5.4). Thus,
for each ¢ € U the distance function r,(x) = |gx| is smooth on U — {¢} . Now choose
q1,---,qn € U —{p}, where n = dimM. If the vectors Vry, (p),...,Vry, (p) € T,M
are linearly independent, the inverse function theorem tells us that ¢ = (ry,,...,7q,)
can be used as coordinates on some neighborhood V of p. The size of the neigh-
borhood will depend on how these gradients vary. Thus, an explicit estimate for the
size of V can be obtained from suitable bounds on the Hessians of the distance func-
tions. Clearly, one can arrange for the gradients to be linearly independent or even
orthogonal at any given point.

We just saw that bijective Riemannian isometries are distance preserving. The
next result shows that the converse is also true.

THEOREM 5.6.15 (Myers and Steenrod, 1939). If (M, gy) and (N,gn) are Rie-
mannian manifolds and F : M — N a bijection, then F is a Riemannian isometry if
F is distance preserving, i.e., |[F(p)F(q)l,, = |pal,, for all p.q € M.

PROOF. Let F be distance preserving. First we show that F is differentiable.
Fix p € M and let g = F(p). Near g introduce distance coordinates (7, ,...,7,) and
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find p; such that F (p;) = q;. Now observe that

rgoF(x) = [F(x)qil
= [F()F(pi)l
= |xpil.
Since |ppi| = |qqi|, we can assume that the g;s and p;s are chosen such that r,, (x) =
|xpi| are smooth at p. Thus, (ry,,...,ry,) o F is smooth at p, showing that F must be

smooth at p.

To show that F is a Riemannian isometry it suffices to check that [DF (v)| = |v|
for all tangent vectors v € TM. For a fixed v € T,M let c(t) = exp,(tv). For small ¢
we know that c is a constant speed segment. Thus, for small ¢, s we can conclude

[ = s = le(t)e(s)lg,, = [F (c(t)) F (c(5))lgy »

implying
N = d(Foc)

pre) = |5
_ i P W) F (c(0))ly
= ]
O,
50 |t|
= [¢(0)]
= M.

O

Our next goal is to find a characterization of Riemannian submersions. Unfortu-
nately, the description only gives us functions that are C', but there doesn’t seem to
be a better formulation. Let F : (M, g;;) — (M, gy) be a function. We call F a sub-
metry if for every p € M there is an r > 0 such that F (B(p,€)) = B(F (p),€) for all
€ < r. Submetries are locally distance nonincreasing and hence also continuous. In
addition, we have that the composition of submetries (or Riemannian submersions)
are again submetries (or Riemannian submersions).

THEOREM 5.6.16 (Berestovskii, 1995). IfF : (M,g;;) — (M, gy ) is a surjective
submetry, then F is a C' Riemannian submersion.

PROOF. We use the notation 5 € F~! (p) for points in the pre-image. The goal
is to show that we have unique horizontal lifts of vectors in M that vary continuously
with p.

Assume that r < inj,,,inj; in the submersion property so that all geodesic seg-
ments are unique between the end points

The submetry property shows: If |pg| < r, then for each j € F~! (p) there exists
a unique g € F~' (¢) with |5g| = | pg|. Moreover, the map j + g is continuous. We
can then define horizontal lifts of unit vectors by ﬁ = 13—qk This is well defined since
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@ = @ implies that g1, ¢» lie on the same segment emanating from p and thus the
same will be true for g1, 5.

Select distance coordinates (ry,...,r;) around p. Observe that all of the r;s are
Riemannian submersions and therefore also submetries. Then the compositions r;o F
are also submetries. Thus, F is C! if and only if all the maps r;o F are C ! Therefore,
it suffices to prove the result in the case of functions r: U C M — (a,b).

The observation is simply that Vr is the horizontal lift of 9, on (a,b). Continuity
of Vr follows from continuity of p > g. U

REMARK 5.6.17. It can be shown that submetries are C:!, i.e., their derivatives
are locally Lipschitz. In terms of the above proof this follows from showing that
the map p — ¢ is locally Lipschitz. It is in general not possible to improve this.
Consider, e.g., K = [0,1]* ¢ R2 and let r (x) = |xK|. Then the levels r = ro > 0 are
not C2 as they consist of a rounded square with sides parallel to the sides of K and
rounded corners that are quarter circles centered at the corners of K.

5.6.4. The Slice Theorem. In this section we establish several important re-
sults about actions on manifolds. First we show that the isometry group is a Lie
group and then proceed with a study of the topology near the orbits of actions by
isometries.

The action by a topological group H on a manifold M is said to be proper if
the map H x M — M x M defined by (h,p) — (hp,p) is a proper map. The orbit
of H through p € M is Hp = {hp | h € H}. The topology on the quotient H\M, that
consists of the space of orbits of the action, is the quotient topology (note the we
are careful to divide on the left as we shall use both right and left cosets in this
section). This makes M — H\M continuous and open. This topology is clearly
second countable and also Hausdorff when the action is proper.

The isotropy group of an action Hat p € MisH, = {h € H| hp = p}. Note that
along an orbit the isotropy groups are always conjugate: Hy, = thh’l. When the
action is proper H), is compact. This gives us a proper action (k,h) — hk~! of H,
on H. The orbit space H/H,, is the natural coset space of left translates of H,. The
natural identification H/H,, — Hp is a bijection that is both continuous and proper
and hence a homeomorphism. We say that H is free or acts freely if H, = {e} for all
pEM.

The topology on Iso (M,g) is defined and studied in exercise 5.9.41. The key
property we shall use is that Iso(M,g) > F — (F (p),DF|,) is continuous and a
homeomorphism onto its image. Note that the last fact factor is a “linear” map
T,M —TM.

EXAMPLE 5.6.18. The Arzela-Ascoli lemma implies that Iso (M) acts properly
on M (see also exercise 5.9.41). However, a subgroup H C Iso (M) does not neces-
sarily act properly unless it is a closed subgroup. The action R x S' x §' — §! x §!
defined by 6 - (z1,22) = (€%'z1,*%12,) is proper if and only if ¢ is rational.

THEOREM 5.6.19 (Myers and Steenrod, 1939). If H is a closed subgroup of
Iso (M, g), then the orbits of the action are submanifolds. In particular, the isometry
group is a Lie group.
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FIGURE 5.6.1.

PROOF. The proof is a streamlined version of the original proof by Myers and
Steenrod. They showed that the orbits are cl, fortunately a little trick allows us to
bootstrap the construction to obtain smoothness.

Throughout the proof we work locally and use that any Riemannian manifold
looks like Euclidean space via exponential coordinates both around a point as in
proposition 5.5.1 and around a small tube as in corollary 5.5.3. Since we work locally
all metric balls have smooth boundary.

We say that v € T,M is tangent to Hp C M if v =1im¢; (0), where ¢; are geodesic
segments from p to p; € Hp with lim p; = p (see figure 5.6.1). Since H,, is compact
we can always write p; = h;p with limh; = e. In this case Dh;|, converges to the
identity (see exercise 5.9.41). The set of all such tangent vectors at p is denoted
T,Hp. We claim that T,Hp C T,M is a subspace. First note that this set is invariant
under scaling by positive scalars as we can reparametrize the geodesic segments.
Next consider v = limv; and w = limw;, where v; and w; are initial velocities for
geodesic segments from p to p; = h;p and g; € Hp, respectively. Using that the
metric is locally Euclidean near p it follows that the velocity ¢;(0) for a suitably
parametrized geodesic ¢; from p; to g; is close to w —v in TM (see figure 5.6.1).
Using the isometry hf] to move p; = h;p to p and lim#h; = e implies that

. d(htoc)
lim 7 0)=w—w
This shows that w —v € T,Hp.

The group structure preserves the orbits and maps tangent vectors to tangent
vectors by T,,Hp = Dh(T,Hp). As Dh = exp;p1 ohoexp, locally, it follows that
these tangent spaces vary continuously along Hp.

We say that v € T,M is normal to Hp if it is proportional to ;75 where |gp| =
|gHp|. Clearly B(q,|qp|) "Hp = @ so the angle between tangent and normal vec-
tors must be > 7/2. Since the tangent vectors form a subspace they must in fact be
perpendicular to all normal vectors (see figure 5.6.1). This shows that if O C M is an
open subset with smooth boundary and O NHp = &, then for any ¢ € JONHp we
have T,Hp C T,00.

Let N* be a small k-dimensional submanifold with T,N = T,Hp. Use the normal
exponential map to introduce coordinates (x,y) on a tubular product neighborhood
of N diffeomorphic to N x B with B=B(0,¢€) C R ¥, where n = dimM (see figure
5.6.2). Since {x} x B C N x B is perpendicular to N at (x,0) it follows that N x {y} is
almost perpendicular to {x} x B at (x,y) € N X B as long as N and € are sufficiently
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small. Since 7},,Hp varies continuously with / it follows that it has trivial intersection
with the tangent spaces to {x} x B.

We now claim that the map (x,y) — x projects a neighborhood of p € Hp to a
neighborhood of p € N. Since Hp is closed its image in N is also closed. Let the
complement of the image in N be denoted N'.

If pr = hyp and g € Hp are mapped to the same point in N, then qu is tangent
to B. On the other hand, if lim p; = p = limgy, then m will (sub)converge to a

vector orthogonal to T,Hp. Then phi_lqk also (sub)converges to a vector orthogonal
to T,Hp, which is a contradiction.

Assume that p is on the boundary of N'. Then we can find a sequence of open
sets O} C N’ with smooth boundary; dO;NJN’ # @; and p = lim; ;.. q; for any
gi € O,. This means that if O; = O} x B, then O; N"Hp = & and we can find p; =
(xi,yi) € d0; NHp that converge to (p,0) = p. In particular, T, Hp C T},,00;. Now
dim 7, Hp = k and dim 7}, ({x;} x B) = n—k so it follows that they have a nontrivial
intersection as they are both subspaces of the (n — 1)-dimensional space 7),,00; =
T,,0;®T,,B. On the other hand T}, ({x;} x B) converges to TPLN and so by continuity
must be almost perpendicular to 7, Hp. This contradicts that p € IN'.

By shrinking N if necessary we can write Hp N (N x B) as a continuous graph
over N. The tangent spaces to the orbits also vary continuously and are almost or-
thogonal to TB. Thus tangent vectors to the orbits are uniquely determined by their
projection on to TN. In particular, any smooth curve in N is mapped to a curve in
the orbit. Moreover, the velocity field of the curve has a unique continuous lift to the
tangent space of the orbit. It is easy to see that this lifted velocity field is the velocity
of the corresponding curve. Similarly we see that the graph is C! and consequently
that the orbit is a C! submanifold.

To see that the isometry group of M is a C' Lie group first note that it acts
properly on M"*! = M x --- x M and thus forms a closed subgroup of the isometry
of this space. Moreover, this action is well-defined and free on the open subset of
points (po, ..., py) € O C M™! where m, i=1,...,nare linearly independent. Thus
the isometry group of M is naturally identified with a C' submanifold of O.

Finally, note that the formulas 7;,,Hp = Dh(T,Hp) and Dh = exph’p] ohoexp,
show that the tangent spaces THp to Hp form a submanifold of TM that is as smooth
as the group H. So if H is C¥, k > 1, then so is THp. But this implies that Hp is
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a C**! submanifold. The above construction then shows that H itself is C*!. This
finishes the proof that the isometry group is a smooth Lie group. O

There are other proofs of this theorem that also work without metric assumptions
(see theorem 8.1.6 and [92] or use various profound characterizations of Lie groups
as in exercise 6.7.26 and [87]).

The goal is to refine our understanding of the topology near the orbits of the
action by a closed subgroup H C Iso (M, g). Such groups are necessarily Lie groups
and as such have a Lie group exponential map exp : T,H = h — H. The Lie subalgebra
of H,, is denoted h,. Observe that v € by, if and only if exp (rv) € H,, for all z.

PROPOSITION 5.6.20. Let O, (h) = hp be the orbit map. Then ker ((DO,)|.) =
by and more generally ker ((DO,) |x) = DL, (h,).

PROOF. Note that the last statement follows from the first by the chain rule and
(hhy) p = hy (hap). To establish the first claim we first note that

(D0,)]. (v) = & (exp () -p) o,

NeXt Obser\/e that
dt 0 dS

— Dexplan)) ( 5 explov) ) o).

So if (DO,)|. (v) =0, then exp (tv) - p = p for all t and hence v € h,. The converse
is trivially true. (]

When H acts freely this proposition implies that all orbits Hp are immersed
submanifolds.

Since H consists of isometries there is a natural H-invariant map £ : H X T,M —
M defined by

(h,v) — hexp, (v) = expy,, (Dh|pv),
ie., E (hx,v) = hE (x,v) forallh,x e Hand v € T,M.

THEOREM 5.6.21 (The Free Slice Theorem). If H C Iso(M,g) is closed and
acts freely, then the quotient H\M can be given a smooth manifold structure and
Riemannian metric so that M — H\M is a Riemannian submersion.

PROOF. We just saw that the orbits are properly embedded copies of H. If we
restrict the map E to the normal bundle to Hp at p, then we obtain a H-invariant
map exp : Hx T;-"Hp — M. Note that there is a natural trivialization H x T,"Hp —
T+Hp defined by (h,v) — Dh|,(v), which is a linear isometry on the fibers. More-
over, exp™ is in fact the normal exponential map exp* : T-Hp — M via this identi-
fication. We can then invoke the tubular neighborhood theorem (corollary 5.5.3) to
obtain a diffeomorphism from some neighborhood of the zero section in H x TpLHp
to a neighborhood of the orbit in M. However, we need a uniform neighborhood of
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the form exp" : Hx B(0,€) — M, where B(0,&) C T;-Hp. In such a uniform neigh-
borhood the set B (0, €) is called a slice of the action. Thus a slice is a cross section
of a uniform tube (see figure 5.6.3).

First we find an € > 0 so that exp’ : U x B(0,€) =+ M, e € U C H is an em-
bedding. Thus the usual normal exponential map is also an embedding on the &-
neighborhood of the zero section in T+-Up. We can further assume that all closed
€-balls centered in the image are compact and thus have compact intersection with
all orbits.

We can further decrease € so that if v € B(0,€) and |(hp) exp,, (v)| < €, then
h € U. This shows that p is the unique closest point in Hp to exp, (v). In fact the
first variation formula shows that any segment from exp, (v) to Hp is perpendicular
to Hp. Moreover, any such a segment will end at a point ~p with 2 € U. But then
v and the tangent vector to the segment from /p to exp, (v) are normal vectors to
U p that are mapped to the same point. This violates the choice of €. This in turn
shows that exp™ : H x B(0,€) — M is an embedding. It is clearly nonsingular since
this is true at all points (e,v), [v| < €, and exp™ (h,v) = hexp, (v), where & is a
diffeomorphism on M. It is also injective since exp™ (h,vi) = exp™ (hp,vo) first
implies that exp™ (h;lhl,vl) =exp™ (e,v2). This shows that h;lhl € U and then by
choice of € that #; = hy and v| = v,. Finally the map is proper since Hp is properly
embedded. This shows that it is closed and an embedding.

We have shown that M — H\M looks like a locally trivial bundle. The manifold
structure on the quotient comes from the fact that for each p € M the slice B(0,€)
is mapped homeomorphically to its image in H\M. These charts are easily shown
to have smooth transition functions. Finally, the metric on H\M is constructed as
in section 4.5.2 by identifying the tangent space at a point Hp € H\M with one of
the normal spaces 7;,;Hp and noting that Dh|, maps 7, -Hp isometrically to 7, Hp.
Thus all of these normal spaces are isometric to each other. This induces a natu-
ral Riemannian metric on the quotient that makes the quotient map a Riemannian
submersion. O

REMARK 5.6.22. Let K C H be a compact subgroup of a Lie group. Consider
the action (k,x) — xk~! of K on H. As K is compact we can average any metric
on H to make it right-invariant under this action by K. Thus we obtain a free action
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by isometries and we can use the above to make H/K a manifold with a Riemann-
ian submersion metric. In case the metric on H is also left-invariant we obtain an
isometric action of H on H/K that makes H/K a homogeneous space.

In case K C H is closed we still obtain a proper action by right multiplication.
This can again be made isometric by using a right-invariant metric. However, it is
not necessarily possible to also have the metric on H be left-invariant so that H acts
by isometries on H/K.

COROLLARY 5.6.23. Let Hx M — M be a proper isometric action. For each
P € M the orbits Hp are properly embedded submanifolds H/H,, — Hp.

PROOF. We already know that it is a proper injective map and that H/H), has a
manifold structure. Furthermore proposition 5.6.20 shows that the differential is also
injective. This shows that it is a proper embedding. U

The slice representation of a proper isometric action is the linear representation
H x Tlep — Tlep given by (h,v) — Dh|, (v). If we let H, act on H on the right

as above, then H, naturally acts on H x TpLHp and corollary 5.6.23 shows that the
quotient H Xy, TpLHp can be given a natural manifold structure.

THEOREM 5.6.24 (The Slice Theorem). Let H C Iso(M,g) be a closed sub-
group. For each p € M there is a map exp™ : H XH, Tlep — M that is a diffeomor-

phism on a uniform tubular neighborhood H Xy, B (0,€) on to an g-neighborhood
of the orbit Hp.

PROOF. The proof is as in the free case now that we have shown that all orbits

are properly embedded. For fixed p € M consider the bundle map

i i

HxT,Hp — T Hp

(hv) = Dhly(v).
This map is H-invariant, an isomorphism on the fibers, and H x {0} is mapped to the
zero section in 7--Hp represented by the orbit Hp. Since D (hok™') |, (Dk|, (v)) =
Dh|, (v) for any element k € H,, this gives us a natural bundle isomorphism from
H Xy, Tlep to T-Hp. Now define exp’ : H XH, TFJ-Hp — M as the the normal
exponential map T-Hp — M via this identification (see figure 5.6.4).
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It is now possible to find € > 0 as in theorem 5.6.21 so that exp’ : H XH,
B(0,€) — M becomes an H-invariant embedding. O

This theorem tells us exactly how H acts near an orbit and allows us to calculate
the isotropy of points near a given point.

COROLLARY 5.6.25. For smallv € TPJ-Hp the isotropy at exp,, (v) is given by

Hexp ) = {h €H, | Dh|,y =v}.

exp,, (v
This in turn implies.

COROLLARY 5.6.26. If H C Iso (M, g) is a closed subgroup with the property
that all its isotropy groups are conjugate to each other, then the quotient space is a
Riemannian manifold and the quotient map a Riemannian submersion.

5.7. Completeness

5.7.1. The Hopf-Rinow Theorem. One of the foundational centerpieces of
Riemannian geometry is the Hopf-Rinow theorem. This theorem states that all con-
cepts of completeness are equivalent. This should not be an unexpected result for
those who have played around with open subsets of Euclidean space. For it seems
that in these examples, geodesic and metric completeness break down in exactly the
same places.

THEOREM 5.7.1 (Hopf and Rinow, 1931). The following statements are equiv-
alent for a Riemannian manifold (M, g):

(1) M is geodesically complete, i.e., all geodesics are defined for all time.

(2) M is geodesically complete at p, i.e., all geodesics through p are defined
for all time.

(3) M satisfies the Heine-Borel property, i.e., every closed bounded set is com-
pact.

(4) M is metrically complete.

PROOF. (1)=-(2) and (3)=-(4) are trivial.
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(4)=-(1): Recall that every geodesic c : [0,b) — M defined on a maximal interval
must leave every compact set if b < . This violates metric completeness as c(z),
t — b is a Cauchy sequence.

(2)=(3): Consider exp p - T,M — M. It suffices to show that

exp,, (E(O,R)) =B(p,R)

for all R (note that C always holds). This will follow if we can show that any point
q € M is joined to p by a segment. By corollary 5.5.6 we can find € > 0 such that any
point in the compact set B(p,€) = exp, (B(0,¢€)) can be joined to p by a minimal
geodesic. This shows that if p’ € B(p,€) —B(p, €) is closest to g, then | pp’| +|p'q| =
|pq|. Otherwise, corollary 5.3.10 guarantees a unit speed curve ¢ € Q,, , with L(c) <
Ipp’| + |P'q| (see top of figure 5.7.1). Choose t so that c¢(¢) € B(p,€) — B(p,€).
Since 7 +|c(t)q| < L(c) < |pp’| +|p'q| it follows that |c (¢) q| < |pq| contradicting
the choice of p'.

Let ¢(t) : [0,00) — M be the unit speed geodesic with ¢(0) = p and ¢ (&) = p'.
We just saw that |pg| = € +|c(€)q].

Consider

A={te€[0,pql] | Ipgl=1+]c(t)ql}
Clearly 0, € € A. Note that if € A, then

pal =1t +]c(t) g = |pe ()| +e () gl = [pql,

which implies that ¢t = |pc(¢)|. We first claim that if a € A, then [0,a] C A. When
t < a note that

P4 |pe (1) +c(t) gl
Ipe(t)+|c(t)c(a)|+|c(a)q|
t+a—t+|c(a)q|
a+lc(a)q|

lpql-

This implies that |pc (¢)| + |c(t) g| = |pg| and ¢t = |pc(¢)|, showing that t € A (see
also figure 5.7.1).

Since t — |c (t) g is continuous it follows that A is closed.

Finally, we claim that if a € A, then a+ 0 € A for sufficiently small § > 0. Use
corollary 5.5.6 to find § > 0 so that any point in B (c (@), &) can be joined to ¢ (a) by
a segment (see also figure 5.7.1). If we select ¢’ € B(c(a),8) —B(c(a), ) closest
to g, then

INIAN NN

lpg| = a+|c(a)q]

a-+ |c(a)q" + |q’q|
a+8+|qq|

|pd'| +|d'q]

Ipql-

(A\VARYS
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It follows that |pg’| = a + & which tells us that the piecewise smooth geodesic that
goes from p to ¢ (a) and then from ¢ (a) to ¢’ is a segment. By corollary 5.4.4 this
segment is a geodesic and ¢’ = c(a+ 8). It then follows from |pg| = a+ 6 + |¢'q|
that ¢ (a+ 6) € A.

This shows that A = [0, |pq]]. O

From (2) = (3) we get the additional result:

COROLLARY 5.7.2. If (M, g) is complete in any of the above ways, then any two
points in M can be joined by a segment.

COROLLARY 5.7.3. If (M,g) admits a proper Lipschitz function f : M — R,
then M is complete.

PROOF. We establish the Heine-Borel property. Let C C M be bounded and
closed. Since f is Lipschitz the image f(C) is also bounded. Thus f(C) C [a,b]
and C C f~!([a,b]). As f is proper the pre-image f~' ([a,b]) is compact. Since C
is closed and a subset of a compact set it must itself be compact. O

This corollary also makes it easy to check completeness for all of our examples
related to warped products. In these examples, the distance function can be extended
to a proper continuous function on the entire space.

From now on, virtually all Riemannian manifolds will automatically be assumed
to be connected and complete.

5.7.2. Warped Product Characterization. In theorem 4.3.3 we offered a lo-
cal characterization of Riemannian manifolds that admit functions whose Hessian is
conformal to the metric and saw that these were all locally given by warped product
structures. Here we extend this to a global result for complete Riemannian mani-
folds.

THEOREM 5.7.4 (Tashiro, 1965). Let (M,g) be a complete Riemannian n-mani-
fold that admits a nontrivial function f whose Hessian is conformal, i.e., Hess f =
Ag. Then (M.g) is isometric to a complete warped product metric and must have
one of the three forms:

(1) M=R xN and g = dr*+p*(r) gn,
(2) M=R"and g =dr*+p>(r)ds>_,,

(3) M =S"and g =dr* +p>(r)ds>

n—1’

r=0,
r € [a,b].

PROOF. We start by identifying N. Recall from theorem 4.3.3 that |Vf]| is
locally constant on {f = fo} N{df #0} for each fy € R. From this it follows
that the connected components of {f = fo} N {df # 0} must be closed. As f is
nontrivial there will be points where the differential doesn’t vanish. Define N C
{f=fo}n{df #0} as any nonempty connected component and note that N is a
closed hypersurface in M.

For p € N the unit speed geodesic though p that is normal to N is given by:

v
cp(t) =exp, (t ijlf> .
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For fixed numbers a < 0 < b consider the set C C N such that f is regular at ¢, (¢) for
all p € Candr € [a,b]. Since the set of regular points is open it follows that C C N is
open. Theorem 4.3.3 shows thaton U = {c, (t) | p € C, 1 € [a,b]} we have a warped
product structure gly = dr* + p* (r) g, where r is the signed distance function to N
and

\Y%
oo T
10 = [pwar
Forall p € N
LU _ o(vf,2,)+ Hess £ cy) = Ao,

with

(foe)(0) = fon

d(focp)

— 0 = g(Vf,e,(0) =V,
When we restrict attention to U we have A oc, = A(f ocp). Thus foc), satisfies a
second-order equation with initial values that do not depend on p € C. In particular,
focp(t) depends only on ¢ € [a,b] and not on p € C. Similarly,

d(focy)

222 (1) = g (VFey0(0)) = [V leyio| = P10

depends only on ¢ € [a,b] and not on p € C. Continuity of ’V Fle,) ‘ with respect to p
and ¢, combined with the fact that f is regular on U, shows that for fixed ¢ € [a, b] the
value‘V i Cp(,)’ cannot vanish when p € dC C N. Thus we have shown that C C N is

both open and closed. Since N connected we conclude that C = N.

Finally, we obtain nontrivial maximal open interval (a,b) > 0 such that ¢, (z) is
regular for all ¢ € (a,b) and p € N. Moreover, the warped product structure dr’ +
p? (r) gn extends to hold on (a,b) x N.

When (a,b) = R we obtain a global warped product structure.

If, say, b < o, then the level set {r = b} consists of critical points for f. Since
p = |Vf] it follows that lim,_,; p (#) = 0. The warped product structure then shows
that any two points in N will approach each other as t — b. In other words

tli_rg |ep (t)cq (1) =0.

Consequently, {r = b} is a single critical point x. Now consider all of the unit vectors
¢p(b) € TeM. Since N is a closed submanifold this set of vectors is both closed and
open and thus consists of all unit vectors at x. This shows that not only will any
geodesic ¢, (t) approach x as t — b, but after it has passed through x it must coincide
with another such geodesic. Thus {fy < f < f(x)} ~[0,b) x N and x is the only
critical point in {fy < f < f(x)}. It also follows that N ~ §"~! since the level sets
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for f near x are exactly distance spheres centered at x. The argument that gy is a
round metric on $"~! can be completed exactly as in the proof of theorem 4.3.3.

A similar argument holds when —eo < a. We finish the proof by observing that
we are in case 3 when both a and b are finite and in case 2 when only one of a or b
are finite. O

With more information about A we expect a more detailed picture of what M can
be. In particular, there is a global version of the local classification from corollary
4.34.

THEOREM 5.7.5. Let (M,g) be a complete Riemannian n-manifold that admits
a nontrivial function f whose Hessian satisfies Hess f = (af+ ) g, o, € R. Then
(M, g) falls in to one of the following three categories:

(a) (M,g) = (IxS"',dr*+sn} (r)ds>_,), i.e., a constant curvature space
form.

(b) (M,g) = (R x N,dr? +gN), i.e., a product metric.

(¢) (M,g) = (R x N,dr* + (Aexp (Vo) + Bexp (—\/ar))zh), A,B>0.

PROOF. From the previous theorem we already know that g = dr> + p* (r) g,
rel,with f=f(r),p(r)=f(r),and A =af+p=f".

It’1l be convenient to divide into various special cases.

When o = 8 = 0 it follows that p is constant. This is case (b).

When o = 0 and 8 # 0 it follows that p = Br+ 7. Thus [ is a half line where p
vanishes at the boundary point. This point must correspond to a single critical point
for f. The metric is the standard Euclidean metric.

Whenoc#Owecanchangeftof—i—g. Then Hess (f—i—g) :Oc(f—l—g)gso

we can assume that § = 0. In case o < 0, it follows that p = Asin (v/—ar+ry).
Thus [ is a compact interval and the metric becomes a round sphere. In case o > 0,
we have that p = Aexp (\/ar) + Bexp (—\/ar), where at least one of A or B must
be positive. If they are both nonnegative we are in case (c). If they have the opposite
sign we can rewrite p = Csinh (y/ar+rg). Then I is a half line and the metric
becomes a constant negatively curved warped product. U

Note that in case (a) the function f has at least one critical point, while in cases
(b) and (c) f has no critical points. In 1961 Obata established this theorem for round
spheres using the equation

Hessf=(1—f)g.

REMARK 5.7.6. In a separate direction it is shown in [114] that transnormal
functions (see remark 4.3.5) on a complete Riemannian manifold give a similar topo-
logical decomposition of the manifold. Specifically such functions can have zero,
one, or two critical values. All level sets for f are smooth submanifolds, including
the critical levels. Moreover, f = ¢ (r) where r is the signed distance to a fixed level
set of f.
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5.7.3. The Segment Domain. In this section we characterize when a geodesic
is a segment and use this to find a maximal domain in 7,M on which the exponential
map is an embedding. This is achieved through a systematic investigation of when
distance functions to points are smooth. All Riemannian manifolds are assumed to
be complete in this section, but it is possible to make generalizations to incomplete
metrics by working on suitable star-shaped domains.

Fix p € (M,g) and let r(x) = | px|. We know that r is smooth near p and that the
integral curves for o, are geodesics emanating from p. Since M is complete, these
integral curves can be continued indefinitely beyond the places where r is smooth.
These geodesics could easily intersect after some time and consequently fail to gen-
erate a flow on M. But having the geodesics at points where r might not be smooth
helps us understand the lack of smoothness. We know from section (3.2.6) that
another obstruction to r being smooth is the possibility of conjugate points. It is in-
teresting to note that while distance functions generally aren’t smooth, they always
have one sided directional derivatives (see exercise 5.9.28).

To clarify matters we introduce some terminology: The segment domain is

seg(p) ={veT,M | exp,(tv) : [0,1] > Misa segment} .

The Hopf-Rinow theorem (see theorem 5.7.1) implies that M = exp , (seg(p)). Clearly
seg(p) is a closed star-shaped subset of 7,M. The star interior of seg(p) is

seg? (p) = {sv|s€[0,1), veseg(p)}.

Below we show that this set is in fact the interior of seg(p), but this requires that we
know it is open. We start by proving

PROPOSITION 5.7.7. If x € expp(sego(p)), then it is joined to p by a unique
segment. In particular, exp), is injective on segO (p).

PROOF. To see this note that there is a segment o : [0,1) — M with 6(0) = p
and o (fg) = x, o < 1. Therefore, should & : [0,%] — M be another segment from p
to x, then we could construct a nonsmooth segment

[ 6(s), sel0,1),
cls) = { o(s), s€]tw,l].
Corollary 5.4.4 shows this is impossible. O

On the image U, = expp(sego(p)) define d, = Dexp ,(,). We expect this to be

the gradient for
r(x) = |px| = [exp, ' (x)] -

From the proof of lemma 5.5.5 it follows that r will be smooth on U, with gradient
dr if exp,, : seg’(p) — U, is a diffeomorphism between open sets. Since the map is
injective we have to show that it is nonsingular and that seg®(p) is open. The image
will then automatically also be open by the inverse function theorem. We start by
proving that the map is nonsingular.

LEMMA 5.7.8. exp,, : sego(p) — U, is nonsingular everywhere, or, in other
words, Dexp,, is nonsingular at every point in seg?(p).
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J(&

r o) c(l+e)

FIGURE 5.7.2.

PROOF. The standard proof of this statement uses Jacobi fields and is outlined in
exercise 6.7.24, but in essence there is very little difference between the two proofs.

The proof is by contradiction. As the set of singular points is closed we can
assume that exp,, is singular at v € seg’(p) and nonsingular at all points ¢v, ¢ € [0, 1).
Since ¢ (t) =exp,, (tv) is an embedding on [0, 1) we can find neighborhoods U around
[0,1)v C T,M and V around ¢([0,1)) C M such that exp, : U — V is a diffeomor-
phism. Note that v ¢ U and c (1) ¢ V. If we take a tangent vector w € T,T,M, then
we can extend it to a Jacobi field J on T,M, i.e., [dr,J] = 0. Next J can be pushed
forward via exp ,» to a vector field on V, also called J, that also commutes with o,. If
Dexp,, |,w =0, then

tli_{ril‘]‘exp(tv) = tILIIllDCpr ) |exp(tv) =0.

In particular, we see that Dexp,, is singular at v if and only if exp,, (v) is a conjugate
point for r. This characterization naturally assumes that r is smooth on a region that
has exp,, (v) as a accumulation point.

The fact that

2
tlgl} 17 lexp(ev) — O ast — 1

implies that
limlog |J|? lexp(v) —> —o0ast — 1.
t—1

Therefore, there must be a sequence of numbers 7, — 1 such that
2

o |J|

M

Now use the first fundamental equation evaluated on the Jacobi field J (see proposi-
tion 3.2.11 and section 3.2.4) to conclude that: 9, |J|*> = 2Hessr(J,J). This shows
that:

|exp(znv) —» —o0asn — oo,

Hessr(J,J)
2
Vi
By assumption c(#) = exp,,(¢v) is a segment on some interval [0, 1 + €], € > 0.
Use corollary 5.5.2 to choose € so small that 7#(x) = |xc(1+ €)| is smooth on a ball

B(c(1+€),2¢) (see figure 5.7.2 for a schematic picture of J and a corresponding
Jacobi field for 7 that agrees with J at ,,). Then consider the function

e(x) = r(x) + #(x).

|exp(znv) —» —o0asn — oo,
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From the triangle inequality, we know that
e(x)>1+e=|pc(l+¢)].
Furthermore, e(x) = 1 + € whenever x = ¢(t), t € [0, 1+ €]. Thus, e has an absolute
minimum along ¢(¢) and consequently has nonnegative Hessian at all the points c(z).
On the other hand,
Hesse (J,J) Hessr(J,J) Hess7(J,J)
T |exp(t,lv) = T |exp(t,lv) + T |exp(t,lv) n:)w

—0Q

since Hess 7 is bounded in a neighborhood of ¢(1) and the term involving Hess r goes
to —oo as n — oo, (]

We have shown that exp,, is injective and has nonsingular differential on seg’(p).
Before showing that seg”(p) is open we characterize elements in the star “boundary”
of seg®(p) as points that fail to have one of these properties.

LEMMA 5.7.9. Ifv € seg(p) —seg’(p), then either

(1) 3w (#v) € seg(p) such that exp,,(v) = exp,(w), or
(2) Dexp,, is singular at v.

PROOF. Let ¢(t) = exp,,(tv). For ¢ > 1 choose segments o;(s), s € [0, 1], with
6:(0) = p, and 6;(1) = c(¢). Since we have assumed that c||y | is not a segment for
t > 1 we see that &;(0) is never proportional to ¢(0). Now choose #, — 1 such that
6,,(0) = w € T,M. We have that

L(ay,) = 163, (0)| = L(cljo,1)) = ¢(0)],
so [w| = |¢(0)]. Now either w = ¢(0) or w # ¢(0). In the latter case w cannot be a
positive multiple of ¢ (0) since |w| = |¢(0)|. Therefore, we have found the promised
w in (1). If the former happens, we must show that Dexp,, is singular at v. If, in fact,
Dexp,, is nonsingular at v, then exp,, is an embedding near v. Thus, &, (0) —v=¢(0)
together with exp ,(6;,(0)) = exp,,(t,¢(0)) implies &, (0) = #, - v. This shows that ¢
is a segment on some interval [0,,], #, > 1 which is a contradiction. (]

Notice that in the first case the gradient d, on M becomes undefined at x =
exp,(v), since it could be either Dexp,(v) or Dexp,,(w); while in the second case
the Hessian of r becomes undefined, since it is forced to go to —oo along certain
fields. Finally we show

PROPOSITION 5.7.10. seg’(p) is open.

PROOF. If we fix v € seg’(p), then there is going to be a neighborhood V C M
around v on which exp,, is a diffeomorphism onto its image. If v; € V' converge to
v, then Dexp,, is also nonsingular at v;. For each i choose w; € seg(p) such that
exp,(vi) = exp,(w;). When w; has an accumulation point w # v it follows that v ¢
seg’(p). Hence w; — v and w; € V for large i. As exp , is a diffeomorphism on V this
implies that w; = v; and that v; € seg(p). We already know that exp,, is nonsingular
at v;. Moreover, as w; = v; condition (1) in lemma 5.7.9 cannot hold. It follows that
v; € seg®(p) for large i and hence that V Nseg’(p) is a neighborhood of v. O



184 5. GEODESICS AND DISTANCE

FIGURE 5.7.3.

All of this implies that r(x) = |px| is smooth on the open and dense subset
U, —{p} C M and in addition that it is not smooth on M — U,,.

The set seg(p) — seg®(p) is called the cut locus of p in T,M. Thus, being inside
the cut locus means that we are on the region where 72 is smooth. Going back to our
characterization of segments, we have

COROLLARY 5.7.11. Letc:[0,00) — M be a geodesic with ¢(0) = p. If
cut(¢(0)) = sup {r | cljp,) is a segment } ,
then r is smooth at ¢(t), t < cut(¢(0)), but not smooth at x = c¢(cut(¢(0))). Further-

more, the failure of r to be smooth at x is because exp,, : seg(p) — M either fails to
be one-to-one at x or has x as a critical value.

5.7.4. The Injectivity Radius. In a complete Riemannian manifold the injec-
tivity radius is the largest radius € for which
exp, : B(0,€) — B(p,€)
is a diffeomorphism. If v € seg(p) — seg®(p) is the closest point to 0 in this set, then
in fact inj(p) = |v|. It turns out that such v can be characterized as follows:
LEMMA 5.7.12 (Klingenberg). Suppose v € seg(p) — seg’(p) and that |v| =
inj(p). Either
(1) there is precisely one other vector v with
Cpr(V/) = epr(V),

and V' is characterized by

d d
E"Zl exp, (') = _Eh:l exp,(tv),
or
(2) x=exp, (v) is a critical value for exp, : seg(p) — M.
In the first case there are exactly two segments from p to x = expp(v), and they
fit together smoothly at x to form a geodesic loop based at p.

PROOF. Suppose x is a regular value for exp,, : seg(p) = M and that cy,c; :
[0,1] — M are segments from p to x = exp,,(v). If ¢1(1) # —¢2(1), then we can find
w € T:M such that g(w,¢1(1)) < 0 and g(w,¢2(1)) <0, i.e., w forms an angle > %
with both ¢ (1) and ¢2(1). Next select ¢ (s) with ¢ (0) = w. As Dexp,, is nonsingular
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at ¢;(0) there are unique curves v; (s) € T,M with v; (0) = ¢; (0) and Dexp,, (vi(s)) =
c(s) (see also figure 5.7.3). But the curves ¢ — exp,, (#v; (s)) have length
vil = [pe(s)] < [px| = v].

This implies that exp,, is not one-to-one on seg’(p), a contradiction. O

5.8. Further Study

There are several textbooks on Riemannian geometry such as [25], [26], [51],
[69] and [89] that treat most of the more basic material included in this chapter. All
of these books, as is usual, emphasize the variational approach as being the basic
technique used to prove every theorem. To see how the variational approach works
the text [83] is also highly recommended.

5.9. Exercises

EXERCISE 5.9.1. Assume that (M, g) has the property that all unit speed geodesics
exist for a fixed time € > 0. Show that (M, g) is geodesically complete.

EXERCISE 5.9.2. Letc:I— (M,g) and ¢ : J — I, where I,J are intervals. Show
that

dcod) _ . do
dt = oy

d*(co¢ . d*e Ao\’

7(622 ) = Co¢a72+co¢<dt> .

EXERCISE 5.9.3. Show that if the coordinate vector in a chart are orthogonal
(gij = 0 for i # j), then the geodesic equations can be written as

d(,dc 71295’,’,- del\?
di \8"ar ) T2&ox \ar )

J

EXERCISE 5.9.4. Show that a regular curve can be reparametrized to be a geo-
desic if and only if the acceleration is tangent to the curve.

EXERCISE 5.9.5. Let O C (M, g) be an open subset of a Riemannian manifold.
Show that if (O, g) is complete, then O = M.

EXERCISE 5.9.6. A Riemannian manifold is called Misner complete if every
geodesic ¢ : (a,b) — M with b —a < o lies in a compact set. Show that Misner
completeness implies completeness.

EXERCISE 5.9.7. Consider a curve ¢ € Q, , with L(c) = |pql|.

(1) Show that L (c[, ;) = |c(a)c(b)] for all a,b € [0, 1].
(2) Show that there is a segment 6 € Q,, , and a monotone function ¢ : [0, 1] —
[0,1] such that ¢ = 6 0 @. Note that ¢ need not be smooth everywhere.

EXERCISE 5.9.8. Let (M, g) be a metrically complete Riemannian manifold and
g another metric on M such that § > g. Show that (M, g) is also metrically complete.
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EXERCISE 5.9.9. A Riemannian manifold is said to be homogeneous if the
isometry group acts transitively. Show that homogeneous manifolds are geodesically
complete.

EXERCISE 5.9.10. Consider a Riemannian metric (M,g) = (R x N,dr*+g,),
where (N, g,) is complete for all r € R, e.g., (M, g) = (R x N,dr* + p* (r) gv) where
p : R — (0,%) and (N, gy) is metrically complete. Show that (M,g) is metrically
complete.

EXERCISE 5.9.11. Consider metrics (M, g) = ((0,%0) x N,dr? + p*(r) gn), where
p : (0,00) — (0,00) and (N,gy) is complete. Give examples that are complete and
examples that are not complete.

EXERCISE 5.9.12. Assume F : (M, g) — (R¥, g« ) is a Riemannian submersion,
where (M, g) is complete. Show that if each of the components of F has zero Hessian,
then (M, g) = (N,h) x (R¥, gge).

EXERCISE 5.9.13. Find and fill in the gap in the proof of theorem 5.6.16.

EXERCISE 5.9.14. Show that a Riemannian manifold that is isotropic at every
point is also homogeneous. Being isotropic at p € M means that Iso, acts transitively
on the unit sphere in 7,M.

EXERCISE 5.9.15. Assume that we have coordinates in a Riemannian manifold
so that g;; = &y;. Show that x! is a distance function.

EXERCISE 5.9.16. Let r: U — R be a distance function on an open set U C
(M, g). Define another metric § on M with the property: ¢(Vr,v) = g (Vr,v) for all
v, where Vr is the gradient with respect to g. Show that r is also a distance function
with respect to 3.

EXERCISE 5.9.17. The projective models of S" (R) and H" (R) come from pro-
jecting the spaces along straight lines through the origin to the hyperplane x"+! = R.

(1) Show that if x € R"*! and x"*! > 0, then the projected point is

1
X X"t
P(x) =R <W7...7W, 1) .

(2) Show that geodesics on S" (R) and H" (R) are given by intersections with
2-dimensional subspaces.

(3) Show that the upper hemisphere of " (R) projects to all of x"*! = R.

(4) Show that H" (R) projects to an open disc of radius R in x"*! = R.

(5) Show that geodesics on " (R) and H" (R) project to straight lines in x"*! =
R.

EXERCISE 5.9.18. Show that any Riemannian manifold (M, g) admits a confor-
mal change (M,2A%g) that is complete. Hint: Choose A : M — [1,e0) to be a proper
function that grows rapidly.

EXERCISE 5.9.19. On an open subset U C R" we have the induced distance
from the Riemannian metric, and also the induced distance from R”.
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(1) Give examples where U isn’t convex and the two distance concepts agree.
(2) Give examples of U, where U is convex, but the two distance concepts do
not agree.

EXERCISE 5.9.20. Let M C (M, g) be a submanifold. Using the T-tensor intro-
duced in 2.5.25 show that 7 = 0 on M if and only if M C (M, g) is totally geodesic.

EXERCISE 5.9.21. Let f: (M,g) — R be a smooth function on a Riemannian
manifold.

(1) Letc: (a,b) — M be a geodesic. Compute the first and second derivatives
of foc.

(2) Use this to show that at a local maximum (or minimum) for f the gradient
is zero and the Hessian nonpositive (or nonnegative).

(3) Show that f has everywhere nonnegative Hessian if and only if foc is
convex for all geodesics ¢ in (M, g).

EXERCISE 5.9.22. Assume the volume form near a point in a Riemannian mani-
fold is written as A (, 0) dr Avol,_, where vol,,_; denotes the standard volume form
on the unit sphere. Show that A (r,6) = "'+ 0 (©*!).

EXERCISE 5.9.23. Let N C M be a properly embedded submanifold of a com-
plete Riemannian manifold (M, g).

(1) The distance from N to x € M is defined as
x| = inf{}rp| | p € N}.

A unit speed curve o : [a,b] - M with 6 (a) € N, 6 (b) =x,and L(0) =
|xN| is called a segment from x to N. Show that ¢ is also a segment from
N toany o (t),t < b. Show that & (a) is perpendicular to N.

(2) Show that if N is a closed subset of M and (M, g) is complete, then any
point in M can be joined to N by a segment.

(3) Show that in general there is an open neighborhood of N in M where all
points are joined to N by segments.

(4) Show that r (x) = |xN| is smooth on a neighborhood of N with N excluded.

(5) Show that the integral curves for Vr are the geodesics that are perpendicu-
lar to N.

EXERCISE 5.9.24. Find the cut locus on a square torus R? /Z2.

EXERCISE 5.9.25. Find the cut locus on a sphere and real projective space with
the constant curvature metrics.

EXERCISE 5.9.26. Show that in a Riemannian manifold,
|exp,, (v) exp,, (w)| = [v—w|+0 (),
where |v|,|w| <r.

EXERCISE 5.9.27. Consider a Riemannian manifold and let r (x) = [xp|. Intro-
duce exponential normal coordinates x' at p.
(1) Show that _ '
(Hessx'),, =T, = O(r).
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(2) Use that %rz = %): (x")2 together with g = §; i+0 (rz) to show that
Hess %rz =g+0 (rz) .

(3) Show that
Hessr=1g,+0(r).

EXERCISE 5.9.28. Let (M,g) be a complete Riemannian manifold; K C M a
compact (or properly embedded) submanifold; and r (x) = |xK| the distance function
to K. The goal is to show that r has well-defined one sided directional derivatives at
all points.

=N
(1) Show that if r is differentiable at x ¢ K, then xK only contains one vector.
(2) Letc: I — M be a unit speed curve. Show that if f = roc is differentiable

% .
at ¢, then all the vectors ¢(7) K form the same angle with ¢ (7).
(3) More generally show that

D' f(to) = limsup f) = ft)

—
< g(¢(t),~c(t)K).
1=ty —l

Hint: Use the first variation formula for a variation of the segment to K
with initial velocity c¢(#) K.
(4) Show that for small h =1 — 1y
(i) <(t)] = h+0 ().

(5) Select a point g on a segment from ¢ (¢) to K such that |c (¢) g| = h* where
o € (0,1) and let O be the angle between ¢ (¢) and the initial direction
¢(t)K for the segment through ¢g. For small & =t — 1y > 0 justify the fol-
lowing:

lc(t0) K| < e(to) gl + |gK]|

= /Wi 2h e cos (T 0) + O (12+9) + [gK| + O (%)

1
< e(r) g +|gK| —hcos(m — 6) + EhH‘ +0 (1K) + 0 (h*%)

= c(t) K| —hcos(m—6)+ %hH +0 (1K) +0 (h*%).

Hint: Use 5.9.26 and part (4) to estimate |c(#) ¢|.
(6) Show that for suitable o

DT f(ty) = liminfM > min g <c’ (t0), —c(to)K) .
1t r—1 m

(7) Conclude that the right-hand (and left-hand) derivatives of f exist every-
where.

EXERCISE 5.9.29. In a metric space (X,|--|) one can measure the length of
continuous curves ¢ : [a,b] — X by

L(C):SUP{Z|C(ti)C(Ii+1)||a:t1 <n<--<po  <p=>hb}.
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(1) Show that a curve has finite length if it is absolutely continuous. Hint: Use
the characterization that ¢ : [a,b] — X is absolutely continuous if and only
if for each € > 0 there is a 8 > 0 so that ¥ |c(s;) ¢ (si+1)| < € provided

Ylsi—sip1] < 6.
(2) Show that the Cantor step function is a counter example to the converse of
(.

(3) Show that this definition gives back our previous definition for smooth
curves on Riemannian manifolds. In fact it will also give us the same
length for absolutely continuous curves. Hint: If you know how to prove
this in the Euclidean situation, then exercise 5.9.26 helps to approximate
with the Riemannian metric.

(4) Let ¢ [a,b] — M be an absolutely continuous curve of length |c(a) c(d)].
Show that ¢ = 6 o @ for some segment ¢ and monotone ¢ : [0,L] — [a, b].

EXERCISE 5.9.30. Assume that we have coordinates x around a point p €
(M,g) such that x' (p) = 0 and g;;x/ = §;x/. Show that these must be exponen-
tial normal coordinates. Hint: Define r = /; jxixf ; show that it is a smooth distance
function away from p; and that the integral curves for the gradient are geodesics
emanating from p.

EXERCISE 5.9.31. If Ni,N, C M are totally geodesic submanifolds, show that
each component of Nj NV, is a submanifold which is totally geodesic. Hint: The
potential tangent space at p € N1 NN, should be the Zariski tangent space T,N; N
T,N,.

EXERCISE 5.9.32. Let F : (M,g) — (M,g) be an isometry that fixes p € M.
Show that DF|, = —I on T,M if and only if F> = idy and p is an isolated fixed
point.

EXERCISE 5.9.33. Show that for a complete manifold the functional distance is
the same as the distance.

EXERCISE 5.9.34. Letc: [0, 1] — M be a geodesic such that exp, ) is regular at
all #¢ (0) with # < 1. Show that c is a local minimum for the energy functional. Hint:
Show that the lift of ¢ via exp. ) is a minimizing geodesic in the pull-back metric.

EXERCISE 5.9.35. Consider a Lie group G with a biinvariant pseodo-Riemannian
metric.

(1) Show that homomorphisms R — G are precisely the integral curves for
left-invariant vector fields through e € G.

(2) Show that geodesics through the identity are exactly the homomorphisms
R — G. Conclude that the Lie group exponential map coincides with the
exponential map generated by the biinvariant Riemannian metric. The Lie
theoretic exponential map exp : 7,G — G is precisely the map that takes
v e T,G to c(1), where ¢ : R — G is the integral curve with ¢ (0) = e for
the left-invariant field generated by v.

(3) Show that when the metric is Riemannian, then every element in x € G has
a square root y € G with y> = x. Hint: This uses metric completeness.
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(4) Show that SL (n,IR) does not admit a biinvariant Riemannian metric and
compare this to exercise 1.6.28.

EXERCISE 5.9.36. Show that a Riemannian submersion is a submetry.

EXERCISE 5.9.37 (Hermann). Let F : (M, gy) — (N,gy) be a Riemannian sub-
mersion.
(1) Show that (N, gy) is complete if (M, gy ) is complete.
(2) Show that F is a fibration if (M,gy) is complete i.e., for every p € N
there is a neighborhood p € U such that F~! (U) is diffeomorphic to U x
F~!(p). Give a counterexample when (M, gj/) is not complete.

EXERCISE 5.9.38. Let S be a set of orientation preserving isometries on a Rie-
mannian manifold (M,g). Show that if all elements in S commute with each other,
then each component of Fix (S) has even codimension.

EXERCISE 5.9.39. A local diffeomorphism F : (M, gy) — (N, gn) is said to be
affine if F, (V%Y) = VII}’* (X)F* (Y) for all vector fields X,Y on M.

(1) Show that affine maps take geodesics to geodesics.

(2) Show that given p € M an affine map F is uniquely determined by F (p)
and DF .

(3) Give an example of an affine map R” — R” that isn’t an isometry.

EXERCISE 5.9.40. Consider the real or complex projective space FP".

(1) Show that GL (n+ 1,F) acts on FP" by mapping 1-dimensional subspaces
in F"*! to 1-dimensional subspaces.

(2) Let H C GL (n+ 1,F) be the transformations that act trivially. Show that
H={Al,+i | A € F} and is a normal subgroup of GL (n+ 1,F).

(3) Define PGL (n+ 1,F) = GL(rn+ 1,FF) /H. Show that given p € FP" each
element F € PGL (n+ 1,F) is uniquely determined by F (p) and DF|,,.

(4) Show that there is no Riemannian metric on FP" such that this action is by
isometries.

(5) Show that the action is by affine transformations with respect to the stan-
dard (submersion) metric on FPP" (see exercise 5.9.39 for the definition of
affine transformations).

(6) For a subgroup G C GL, define PG = G/HNG. Show that the isometry
group of RP" is given by PO (n+1).

(7) Show that the isometry group of CP" is given by PU (n+ 1).

(8) Show that the isometry group of H” (R) can be naturally identified with
PO(n,1).

(9) Asin exercise 1.6.9 consider Iso (R") as the matrix group

G{[g ﬂ |0€O(n),v€R"}CGL(n+1,R).

Show that PG = G.

EXERCISE 5.9.41. Let Diff (M) denote the group of diffeomorphisms on a man-
ifold. Define Diff (M;K,0) = {F € Diff (M) | F (K) C O}.
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(1) Show that finite intersections of Diff (M; K, O) where K is always compact
and O open define a topology. This is the compact-open topology.

(2) Show that the compact-open topology is second countable.

(3) When M has a Riemannian structure, show that convergence in the compact-
open topology is the same as uniform convergence on compact sets.

(4) Show that a sequence in Iso (M, g) converges in the compact-open topology
if and only if it converges pointwise. Hint: Use the Arzela-Ascoli lemma

(5) Show that Iso (M, g) is always locally compact in the compact-open topol-
ogy. Hint: Use the Arzela-Ascoli lemma.

(6) Show that Iso, (M, g) is always compact in the compact-open topology.

(7) Show that Iso (M, g) defines a proper action on M.

(8) Show that for fixed p the evaluation map F +— (F (p),DF|,) is continuous
on Iso(M,g). Note that DF|, : T,M — TM so that convergence of the
values of the evaluation map makes sense. Hint: Start by showing that
F— (F(p),F(p1),....,F (py)) is continuous.

(9) Show that the evaluation map in (8) is a homeomorphism on to its image
when restricted to Iso (M, g).

EXERCISE 5.9.42. Consider exponential normal coordinates around p € M, i.e.,
6;jx/ = gjjx/ and x* (p) = 0. All calculations below are at p.

(1) Show that the second partials of the metric satisfy the Bianchi identity
010kgji + 901 gri + kd;g1i = 0.

Hint: Take three derivatives of the defining relation x' = X, g;x* as in
lemma 5.5.7.

(2) Use all four of these Bianchi identities with the last index being i, j, k, or/
to conclude

0i981 = 9I,gij-

(3) Use the formula for the curvature tensor in normal coordinates from section
3.1.6 to show

Rixji = 0i0jgk — 09|18 ji-

(4) Use (3) and (1) to show

0i0j8n = (Rikjl +Rjki1) .

[SSAIE

(5) Show that we have a Taylor expansion

1 -
gk = O + gRikjlxlx] +0 (|X|3) -
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(6) (Riemann) Use the symmetries of the curvature tensor to conclude

g =

n
Z gkldxkdxl
ij=1

n . .
Z dxtdx!
i=1

1 A N .
+E ig';Rikﬂ (x’dxk —xkdxl) (x]dxl —xldxf> +0 <|x|%)

dx'dx’

™=

1
-|-1 Z Rixji (xidxk —xkdxi> (xjdxl —xldxj) +0 <|x|3)

3 i<k,j<l

(7) (Gauss) Show that in dimension 2 we have

8

1
= di*+ dy2 + §R1212 (xdy — ydx)2 +o (x2 +y2)

1
= dx’+dy’— 3 sec (p) (xdy fydx)z +o (x2 +y2) .

Riemann’s construction of the curvature tensor proceeded as follows: Start with
the normal coordinates, next use the radial isometry property to conclude that the
Taylor expansion has the form

g =

n . .
Z dx'dx!
i=1

+% i<§’<1Cikﬂ (xidxk —xkdxi) (xjdxl —xldxj) +0 (|x|3)

for some tensor C. This tensor has some obvious symmetry properties from the form
of the expansion. It is possible to calculate it from the derivatives d;d;gy provided
they satisfy d;0jgx = dd,gi;. Finally, one has to show that this property is equivalent
to the assertion that the above expansion is possible.

EXERCISE 5.9.43. With notation as in the previous exercise show:
(1) \/det(ga) = 1 — +Ricijxixi + 0 (|x|3> .
(2) (A. Gray)volB(p,r) = w,r" (l —sellp),2 4 o (r3)) , where @, = vol (B(0,1) C R").

6(n+2)

Hint: Use (1) and expand the integral using polar coordinates.



CHAPTER 6

Sectional Curvature Comparison I

In the previous chapter we classified complete spaces with constant curvature.
The goal of this chapter is to compare manifolds with variable curvature to spaces
with constant curvature. Our first global result is the Hadamard-Cartan theorem,
which says that a simply connected complete manifold with sec < 0 is diffeomor-
phic to R”. There are also several interesting restrictions on the topology in positive
curvature that we shall investigate, notably, the Bonnet-Myers diameter bound and
Synge’s theorem stating that an orientable even-dimensional manifold with positive
curvature is simply connected. Finally, we also cover the classical quarter pinched
sphere theorem of Rauch, Berger, and Klingenberg. In subsequent chapters we deal
with some more advanced and modern topics in the theory of manifolds with lower
curvature bounds.

We start by introducing the concept of differentiation of vector fields along
curves. This generalizes and ties in nicely with mixed second partials from the last
chapter and also allows us to define higher order partials. This is then used to de-
fine parallel fields, Jacobi fields along geodesics, and finally to establish the second
variation formula of Synge.

We also establish some basic comparison estimates that are needed here and
later in the text. These results are used to show how geodesics and curvature can
help in estimating the injectivity, conjugate, and convexity radii.

6.1. The Connection Along Curves

Recall that in sections 3.2.4 and 3.2.5 we introduced Jacobi and parallel fields
for a smooth distance function. Here we will generalize these concepts to allow for
Jacobi and parallel fields along a single geodesic, rather than the whole family of
geodesics associated to a distance function. This will be quite useful when we study
variations.

6.1.1. Vector Fields Along Curves. Let ¢ : I — M be a curve in M. A vector
field V along c is by definition amap V : I — TM with V(¢) € T.(yM forall t € I.
The goal is to define the covariant derivative
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of V along c. We know that V can be thought of as the variational field for a variation
¢:(—€,&) xI— M. So it is natural to assume that
d d%
V()= ==
dt ®) dtds

Doing the calculation in local coordinates (see section 5.1) gives

(0,1).

Vi) = V@) o
= %—E;(O,t)ak
and , .
;%’S(o,,) = %(O,I)ﬁlﬂr%(o,ﬂ%(Ovt)rfjak
- M havin .

This shows that V does not depend on how the variation was chosen. Since the
variation can be selected independently of the coordinate system we see that the
local coordinate formula is independent of the coordinate system. The formula also
shows that if V (¢) = X,,) for some vector field X defined in a neighborhood of ¢ (#9)
then this derivative is a covariant derivative

V(l()) = Vé( )X.

fo
Some caution is necessary when thinking of V in this way as it is not in general true
that V (tg) = 0 when ¢ (#p) = 0. It could, e.g., happen that c is the constant curve. In
this case V (¢) is simply a curve in T, ;)M and as such has a well-defined velocity
that doesn’t have to be zero.

From the product rule for mixed partials (see section 5.1) we get the product
rule:

%g(V,W) =g (V,W)+g(V,W)

for vector fields V,W along ¢ by selecting a two-parameter variation ¢ (s,u,t) such
that

a¢
g(o’oat) = V(t),
%(0,0,t) = W().

The local coordinate formula also shows that we have:

Cwvmrwe) = Lvey+Lwo,

dt dt dt
d dA dav
SOV = OV A0S0,

where A : I — R is a function.

As with second partials, differentiation along curves can be done in a larger
space and then projected on to M. Specifically, if M C M and ¢ : I — M is a curve
and V : I — TM a vector field along ¢, then we can compute V € TM and then project
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(V)T € TM to obtain the derivative of V along ¢ in M. Example 6.1.1 shows what
can go wrong if we are not careful about projecting the derivatives.

6.1.2. Third Partials. One of the uses of taking derivatives of vector fields
along curves is that we can now define third and higher order partial derivatives. If
we wish to compute

d3c (50.10.0)
== (s u
Dsdtou 0,t0,40)

then consider the vector field s — a%i (s,70,up) =V (s) and define

3¢ dv
Jsargn J0:10:0) = o (s0)

Something rather interesting happens with this definition. We expected and
proved that second partials commute. This, however, does not carry over to third
partials. It is true that

d3c _ d3c
ds0tdu  dsdudt’
but if we switch the first two variables the derivatives might be different. One reason
we are not entitled to have these derivatives commute lies in the fact that they were
defined with a specific order of derivatives in mind.

EXAMPLE 6.1.1. Let

cos (1)
c(t,0)=| sin(t)cos(0)
sin (¢) sin (0)

be the standard parametrization of S? (1) C R? as a surface of revolution around the
x-axis. We can compute all derivatives in R® and then project them on to S? (1) in
order to find the intrinsic partial derivatives. The curves ¢ — c¢(z,0) are geodesics.
We can see this by direct calculation as

P [ —sin(¢)

5 = cos(t)cos(8) | € TS*(1),
! | cos(t)sin(8)

2c [ —cos(z)

Frl —sin(t)cos(0) | € TR,
! | —sin(r)sin(6)

Thus the Euclidean acceleration is proportional to the base point ¢ and so has zero
projection onto 2 (1). Next we compute

0
—cos(r)sin(0) | € TR3.
cos (t)cos(0)

d%c B
000t
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This vector is tangent to S? (1) and therefore represents the actual intrinsic mixed
partial. Finally we calculate

P sin(t)(iin(@) TR’

91009t | —sin(r)cos(6) | |
3 [ 0 |

% _ sin(f)sin(0) | € TR3.
1 | —sin(t)cos(6) |

These are equal as we would expect in R. They are also both tangent to S (1). The

. 3 . .

first term is consequently % as computed in $% (1) . The second has no meaning
9 9%
89 o2
=0

in $2 (1) as we are supposed to first project § s 57 onto 52 (1) before Computing

in R3 and then again project to $% (1). It follows that in S? (1) we have

: 3¢
In this example it is also 1nterest1ng to note that the equator ¢+ = 0 given by

898t2

6 — ¢ (0, ) is a geodesic and that -2 aeaz = 0 along this equator.

We are now ready to prove what happens when the first two partials in a third-
order partial are interchanged.

LEMMA 6.1.2. The third mixed partials are related to the curvatures by the
formula:

Judsdt dsdudt  \odu'ds) ot

PROOF. This result is hardly surprising if we recall the definition of curvature
and think of these partial derivatives as covariant derivatives. It is, however, not
so clear what happens when the derivatives are not covariant derivatives. We are
consequently forced to do the calculation in local coordinates. To simplify matters
assume that we are at a point p = ¢ (u,s,t), where g;;|, = &; and I'};|, = 0. This
implies that

3¢ 3¢ B <8c 80) dc

0
2 (@)ly=0
Thus
3¢ a (93! act dcl ’
Tudsdi” = (8s8ta[+8t8srijal)

a3 acldcl 9
50353t 3 35 30 (L) &

23! ac' dcl ack
= 2u9s0 % 90 s ou (a" U)&“

3¢ 23! act dc’ ack
Ss0udi? = asauar 't o1 au 95 (art;)
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FIGURE 6.1.1.

Using our formula for Rf ik in terms of the Christoffel symbols from section 3.1.6
gives

3¢ 3¢ dct dc’ dck dct dc’ ack

Fudsat? " Fsdudi? = 9t Js du (akr 51) % = 91 ou ds (‘W/) 9
= %%% (3krfj> d— %%% <8jl"ﬁk) o
- G aao

dc dc)\ dc
= R(au’as>at-
O

6.1.3. Parallel Transport. A vector field V along c is said to be parallel along
c provided V = 0. We know that the tangent field ¢ along a geodesic is parallel. We
also just saw in example 6.1.1 that the unit field perpendicular to a great circle in
$2(1) is a parallel field.

If V,W are two parallel fields along c, then we clearly have that g(V,W) is
constant along c. In particular, parallel fields along a curve neither change their
lengths nor their angles relative to each other; just as parallel fields in Euclidean
space are of constant length and make constant angles. Based on example 6.1.1
we can pictorially describe parallel translation around certain triangles in S? (1) (see
figure 6.1.1). Exercise 6.7.2 covers some basic features of parallel translation on
surfaces to aid the reader’s geometric understanding.

THEOREM 6.1.3 (Existence and Uniqueness of Parallel fields). If tp € I and
v € T ()M, then there is a unique parallel field V (t) defined on all of I with V (tg) = v.

PROOF. Choose vector fields E1(t),. .., E,(t) along ¢ forming a basis for 7., M
for all € I. Any vector field V (¢) along ¢ can then be written V (t) = Vi(¢)E;(t) for
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Vi:I — R. Thus,
Vo= V.V =YV ()Et)+V()VE;
Y VI)E;(t)+ Y. Vi(e)- o] (1)Ej(r), where V.E; =Y o (1)E;
i,j

Y (Vi) + Vi) e (1)E;(r).

J

Hence, V is parallel if and only if V!(z),...,V"(¢) satisfy the system of first-order
linear differential equations

<
~
—
-~
S~—"
I
|
0=
K
R
—
~
SN~—"
<
—
-~
N~—
~
Il
—
N

i=1

Such systems have the property that for given initial values V! (zy),...,V"(to), there
is a unique solution defined on all of / with these initial values. O

The existence and uniqueness assertion that concluded this proof is a standard
theorem in differential equations that we take for granted. The reader should recall
that linearity of the equations is a crucial ingredient in showing that the solution
exists on all of /. Nonlinear equations can fail to have solutions over a whole given
interval as we saw with geodesics in section 5.2.

Parallel fields can be used as a substitute for Cartesian coordinates. Namely, if

we choose a parallel orthonormal frame E) (¢),...,E,(t) along the curve c(t) : I —
(M, g), then we’ve seen that any vector field V (¢) along ¢ has the property that
dv d, ;
— = — (VI()E(z
dt dt (V(OE:(®)
= VI(OE()+V'(1)-E)
= V()E(1).

So %V, when represented in the coordinates of the frame, is exactly what we would
expect. We could more generally choose a tensor T along ¢(¢) of type (0, p) or (1, p)
and compute %T. For the sake of simplicity, choose a (1,1) tensor S. Then write

S(Ei(1)) = S{ (1)Ej(r). Thus S is represented by the matrix [Sl’ (t)} along the curve.

As before, we see that 4§ is represented by {S{ (t)} .

This makes it possible to understand equations involving only one covariant
derivative of the type Vy. Let F’ be the local flow near some point p € M and
H a hypersurface in M through p that is perpendicular to X. Next choose vector
fields E,...,E, on H which form an orthonormal frame for the tangent space to M.
Finally, construct an orthonormal frame in a neighborhood of p by parallel translating
Ey,...,E, along the integral curves for X. Thus, VxE; =0, i =1,...,n. Therefore,
if we have a vector field Y near p, we can write Y = Y'E; and VxY = Dx(Y')E;.
Similarly, if S is a (1,1)-tensor, we have S(E;) = SE;, and VxS is represented by

(Dx (S1)).
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In this way parallel frames make covariant derivatives look like standard deriva-
tives in the same fashion that coordinate vector fields make Lie derivatives look like
standard derivatives.

6.1.4. Jacobi Fields. Another variational field that is often quite useful is the
field that comes from a geodesic variation, i.e., t — ¢(s,t) is a geodesic for all s. We
encountered these fields in section 3.2.4 as vector fields satisfying Ly J = 0. Here
they need only be defined along a single geodesic so the Lie derivative equation no
longer makes sense. The second-order Jacobi equation, however, does make sense
in this context:

3¢

0= Fou
(L)
ds’dt ) dt  Jtdsot
- (o), o
ds’ dt ) ot 0%tds
B dc d¢\ d¢ 9% d¢
= (as’at), 92 35

So if the variational field along c is J (¢) = % (0,1), then this field solves the linear
second-order Jacobi Equation

J+R(J,¢)¢=0.

Given J (0) and J (0) there will be a unique Jacobi field with these initial conditions
as the Jacobi equation is a linear second-order equation. These variational fields are
called Jacobi fields along c. In case J (0) = 0, they can easily be constructed via the
geodesic variation

c(s,t) =exp, (t (¢(0)+s7(0))).

Since ¢(s,0) = p for all s we must have J (0) = % (0,0) = 0. The derivative is com-
puted as follows

9%¢ d2%¢

m(0,0) = @(0,0)
= 20 +570) o
— J(0).

What is particularly interesting about these Jacobi fields is that they control two
things we are interesting in studying.
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First, observe that they tie in with the differential of the exponential map since

J(t) = % (0,1)

— % exp, (1 (¢(0) +57(0))) l0s)

= Dexpp (;S (t (é’(O) —|—sj(0))) |(0,z))
= Dexp, (t7(0)),

where we think of £/ (0) € Ti(0)TpM. This shows, in particular, that Dexp,, is non-
singular at 7yv if and only if for each vector J (1) € Texpp(mv) there is a Jacobi field
along 7 — exp,, (tv) that vanishes at # = 0 and has value J (to) at .

Second, Jacobi fields can also be used to calculate the Hessian of the function
r(x) = |xp|. Assume that c(¢) is a unit speed geodesic with ¢(0) = p and J(¢) a
Jacobi field along ¢ with J (0) = 0. As long as 7¢ (0) € seg), it follows that ¢ (t) =
Vr|. () and consequently:

Hessr(J (1), (1)) = g(VynVrd(1))

6.1.5. Second Variation of Energy. Recall from section 5.4 that all geodesics
are stationary points for the energy functional. To better understand what happens
near a geodesic we do exactly what we would do in calculus, namely, compute the
second derivative of any variation of a geodesic.

THEOREM 6.1.4 (Synge’s second variation formula, 1926). If¢: (—¢,€) X [a, D]
is a smooth variation of a geodesic ¢ (t) = ¢(0,t), then

dE(c,), (" : b ac 9¢\ 9¢ I¢ 2% 9¢
a5 'szo—/a ‘”‘/a 8 (R (aat) at’as> d“g(aszvat)

PROOF. The first variation formula (see lemma 5.4.2) tells us that

dE(co/b 98 %Yy o (2 0
as ), 8\ a5 o E\ 95" o

_ b
0%¢

dtds

a

(s:b)

(s,a) '
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With this in mind we can calculate

PE) D[ (% 00 g 2 (25
o5 as), S\as o 9s S\ 95791 )| s
_/b & & dt_/b % 836 dt
8\ 9527 a2 5\ 95 9sar2
92 ac\ | o 9% \|“
*g(asz’at) (Svaﬁg(as’asa;)
Setting s = 0 and using that ¢ (0,7) is a geodesic we obtain

9°E (cy)
852 |S:0

— /b i 836 dt+ &i b+ % 825
= ) 8\ 95 9sor2 8\ as22ar )|, T8\ s dsar
b roc¢ (d¢ 9c\ d¢ b roc 9%
‘/a g(asz(as’at) at)df‘/a g(as’atasat)‘”

o (200N (2. 2N

8\ os22ar )|, 8\ s  asar )|,

b roc (d¢ dc\ dé b r9% 9%
‘/a g(as’R<as’aI> at)"”/a g(atas’asa[)df
_/ba o8 PN, (oS (oc o

. 0t5\ 95 asar f\as22ar )|, T8\ 95 dsar
_ /b 9¢ p(9¢ ac\ de dt+/b 9% deN
- ) 8\ o\ o5 ar ) o L 3\ 9195 9sor

(N[, (TN, (o PeNf

S\ as asar )|, S\ as2ar )|, " ¥\ s  asar ) |,

/b AR dt/b R(22.90) 9 92\, (9% 9e\[’
. S\ 9195 aras LS\ 0957 ar ) ar s 8\os2 ar )|,

0

(s:0)

(s.a)

b

a

b

a

The formula is going to be used in different ways below. First we observe that
for proper variations the last term drops out and the formula depends only on the
variational field V (¢) = % (0,¢) and the velocity field ¢ of the original geodesic:

d’E (cy) L b .
- |y—0 = /u V| dr f/a g(R(V,¢)¢,V)dr.
Another special case occurs when the variational field is parallel V = 0. In this case
the first term drops out:

dzE(CS) _ b N 9%
12 \S:o——/a g(R(V,c)c,V)dt—i—g(asz,c)

b

a
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but the formula still depends on the variation and not just on V. If, however, we select
the variation such that s — ¢ (s,¢) are geodesics, then the last term also drops out.

6.2. Nonpositive Sectional Curvature

In this section we show that the exponential map exp,, : T,M — M is a cover-
ing map, provided (M,g) is complete and has nonpositive sectional curvature ev-
erywhere. This implies, in particular, that no compact simply connected manifold
admits such a metric. We shall also prove some interesting results about the funda-
mental groups of such manifolds.

The first observation about manifolds with nonpositive curvature is that any ge-
odesic from p to ¢ must be a local minimum for E : Q (p,g) — [0, ) by our second
variation formula. This is in sharp contrast to what we shall prove in positive curva-
ture, where sufficiently long geodesics can never be local minima.

Recall from our discussion of the fundamental equations in section 3.2 and 3.2.4
that Jacobi fields seem particularly well-suited for the task of studying nonpositive
curvature. This will be borne out here and later in section 6.4.

6.2.1. Manifolds Without Conjugate Points. We start with a result that gives
strong restrictions on the behavior of the exponential map.

LEMMA 6.2.1. Ifexp,, : TyM — M is nonsingular everywhere, i.e., has no criti-
cal points, then it is a covering map.

PROOF. By definition exp,, is an immersion, so on 7,M choose the pullback
metric to make it into a local Riemannian isometry. We then know from lemma 5.6.4
that exp), is a covering map provided this new metric on 7, M is complete. To see this,
simply observe that the metric is geodesically complete at the origin, since straight
lines through the origin are still geodesics. (]

We can now prove our first big result. It was originally established by Mangoldt
for surfaces. Hadamard in a survey article offered a different proof. Cartan extended
the result to higher dimensions under the assumption that the manifold is metrically
complete.

THEOREM 6.2.2 (Mangoldt, 1881, Hadamard, 1889, and Cartan, 1925). If (M, g)
is complete, connected, and has sec < 0, then the universal covering is diffeomorphic
to R",

PROOF. The goal is to show that |Dexpp (w)| > 0 for all nonzero w € T,T,M.
This will imply that exp,, is nonsingular everywhere and hence a covering map.

Select a Jacobi field J along ¢ (r) = exp), (¢v) such that J (0) = 0 and J(0) = w
so that ’Dexpp (w)| = |7 (1) Consider the function 7 i |J (£)|* and its first and
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second derivatives:

g(J.J),
2
5t2<é|J(t)|2> = %g(jaf)
— g(J)+g(d.)
= —gRUE) D)+

> |7

SIS
7N
N —
~

=

S~—

=
N———
Il

<~

~

The last inequality follows from the assumption that g (R (x,y) y,x) < 0 for all tangent
vectors x,y. Integrating this inequality gives

¢ (J.J) zE[m%ng@Jmn

1
- /m%t
0
> 0

unless J (¢) = 0 for all ¢, in which case J (0) = w = 0. Assuming w # 0, integrating
the last inequality yields

1 2
—|J ()" >0,
W)
which is what we wanted to prove. (]

No similar theorem can hold for Riemannian manifolds with Ric < 0 or scal <
0, since we saw in sections 4.2.3 and 4.2.5 that there exist Ricci flat metrics on
R2 x §"~2 and scalar flat metrics on R x §*~ L.

6.2.2. The Fundamental Group in Nonpositive Curvature. We are going to
prove two results on the structure of the fundamental group for manifolds with non-
positive curvature. The interested reader is referred to the book by Eberlein [41] for
further results on manifolds with nonpositive curvature.

First we need a little preparation. Let (M,g) be a complete simply connected
Riemannian manifold of nonpositive curvature. The two key properties we use are
that any two points in M lie on a unique geodesic, and that distance functions are
everywhere smooth and convex.

We just saw that exp,, : T,M — M is a diffeomorphism for all p € M. This shows,
as in Euclidean space, that there is only one geodesic through p and g (# p).

This also shows that the distance function |xp| is smooth on M —{p} . The mod-
ified distance function

(r(x))?

| =

1
X fo(x) = fop () = 5 lpl” =
is then smooth everywhere and its Hessian is given by

Hess fo = dr® + rHessr.
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If J (¢) is a Jacobi field along a unit speed geodesic emanating from p with J (0) = 0,
then from section 6.1.4

Hessr (J(b),J (b))

(/(p),J (b))

b
/ P di
0

4
> 0

v

Since J (b) can be arbitrary we have shown that the Hessian is positive definite. If ¢
is a geodesic, this implies that fj o ¢ is convex as

d .
Ef()oc = g(Vfo,C),
dZ

d .
ﬁfooc = Eg(vf(hc)

= Hessfy(¢,¢)
> 0.

With this in mind we can generalize the idea of convexity slightly (see also section
7.1.3). A function is (strictly) convex if its restriction to all geodesics is (strictly)
convex. One sees that the maximum of any collection of convex functions is again
convex (you only need to prove this in dimension 1, as we can restrict to geodesics).
Given a finite collection of points py,..., px € M, we can in particular consider the
strictly convex function

x> max { fop, (x),..., fop (%)}

In general, any proper, nonnegative, and strictly convex function has a unique
minimum. To see this, first note that there must be a minimum as the function is
proper and bounded from below. If there were two minima, then the function would
be strictly convex when restricted to a geodesic joining these two minima. But then
the function would have smaller values on the interior of this segment than at the
endpoints.

The uniquely defined minimum for

X — max {fom (x)5- - fop (x)}

is denoted by cme. { p1, . . ., px} and called the L™ center of mass of {p1,...,px}. Itis
the center g of the smallest ball B(q,R) D {p1,..., px}. If instead we had considered

k
X = Zfo-,Pi (x)
i=1

we would have arrived at the usual center of mass also known as the L? center of
mass.
The first theorem is concerned with fixed points of isometries.
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THEOREM 6.2.3 (Cartan, 1925). If (M, g) is a complete simply connected Rie-
mannian manifold of nonpositive curvature, then any isometry F : M — M of finite
order has a fixed point.

PROOF. The idea, which is borrowed from Euclidean space, is that the cen-
ter of mass of any orbit must be a fixed point. First, define the order of F as the
smallest integer k such that F¥ = id. Second, for any p € M consider the orbit
{p,F(p),....,F*"'(p)} of p. Then construct the center of mass

g=cme{p,F(p),....F (p) }.
We claim that F (q) = ¢. This is because the function
x— f(x) = max {fo,p (%) 5 fo, 1) (x)}

has not only ¢ as a minimum, but also F (g) . To see this just observe that since F is
an isometry, we have

f(F(q))

max { Jop (F (@), foprrp (F (q))}
= %(max{|F(CI)P|,~--, F(Q)kal(P)‘Dz
_ %(max{‘F(q)Fk(P) F(g)F*! (p)’})2

= %(maX{‘qF"’l(p) qF"’z(p)‘})2
= f(a).

The uniqueness of minima for strictly convex functions now implies F (¢) =¢g. O

PR

PR

COROLLARY 6.2.4. If (M, g) is a complete Riemannian manifold of nonpositive
curvature, then the fundamental group is torsion free, i.e., all nontrivial elements
have infinite order.

The second theorem requires more preparation and a more careful analysis of
distance functions. Suppose again that (M, g) is complete, simply connected and of

nonpositive curvature. Let us fix a modified distance function: x — %,,2 = fo(x) and
a unit speed geodesic ¢ : R — M. The Hessian estimate from above only implies
that j—; (fooc) > 0. However, we know that this second derivative is 1 in Euclidean
space. So it shouldn’t be surprising that we have a much better quantitative estimate.

LEMMA 6.2.5. If (M,g) has nonpositive curvature, then any modified distance
function satisfies:
Hess fo > g.

PROOF. We follow the notation in the proof of theorem 6.2.2. If r(x) = |xp],
then

1
Hess Erz =dr’ + rHessr.
So the claim follows if we can show that

rHessr > g;,
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where g = dr? + g,. This estimate in turn holds if we can prove that
t-Hessr(J(2),J(t)) = t-g(J(r),J (1))
> g((),J(1)).

The reason behind the proof of this is slightly tricky and is known as Jacobi field
comparison. Consider the ratio

By I’Hospital’s rule it follows that
2g (/(0),7(0)) _ 0
~g(R(J(0),¢(0))¢(0),7(0) +[F ()] [J(0)

Using that the sectional curvature is nonpositive and then the Cauchy-Schwarz
inequality it follows that the derivative satisfies

*

A(0) =

2(g(1,0)) = [IP P +2(R(,¢)e,) I

A
" (5 0.9))
_ 208 PP
- (g(/:9))°
_ 2(s(9) (s ()
< —=
(2 (7.9)
= 1.
Hence A (1) <tandz-g (J(1),J (1)) > |7 (t) . O

Integrating the inequality % (fopoc) > 1, where ¢ is a unit speed geodesic,
yields
2

%

[pe (0)” +28 (Vfop,¢(0) -1 +1>
= |pc(O)P +c(0)c ()’
+2|pe(0)||e(0)c ()] cos £(V fo,p,¢(0)).

Thus, if we have a triangle in M with sides lengths a, b, c and where the angle oppo-
site a is o, then

e (1)]

a® > b+ c* —2bccosa.

From this, one can conclude that the angle sum in any triangle is < 7, and more
generally that the angle sum in any quadrilateral is < 27. See figure 6.2.1.

Now suppose that (M, g) has negative curvature. Then it must follow that all of
the above inequalities are strict, unless p lies on the geodesic c¢. In particular, the
angle sum in any nondegenerate quadrilateral is < 27zr. This will be crucial for the
proof of the next theorem
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b

FIGURE 6.2.1.

THEOREM 6.2.6 (Preissmann, 1943). If (M,g) is a compact manifold of neg-
ative curvature, then any Abelian subgroup of the fundamental group is cyclic. In
particular, no compact product manifold M x N admits a metric with negative cur-
vature.

The proof requires some preliminary results that can also be used in other con-
texts as they do not assume that the manifold has nonpositive curvature.

An axis for an isometry F : M — M is a geodesic ¢ : R — M such that F (c) is a
reparametrization of ¢. Since isometries map geodesics to geodesics, it must follow
that

Foc(t)=c(£t+a).
Note that if — occurs, then ¢ (%) is fixed by F. When Foc(t) = c(t+a) we call a
the period of F with respect to c. The period depends on the parametrization of c.
Given an isometry F : M — M the displacement function is defined as

x— O (x) = |xF (x)].

LEMMA 6.2.7. Let F : M — M be an isometry on a complete Riemannian man-
ifold. If the displacement function S has a positive minimum, then F has an axis.

PROOF. Let & have a minimum at p € M and c: [0, 1] — M be a segment from
pto F(p). Then Foc is a segment from F (p) to F?(p) with the same speed. We
claim that these two geodesics form an angle 7 at F (p) and thus fit together as the
geodesic extension of ¢ to [0,2]. If we fix ¢ € [0, 1], then

6 (p) < O (c(r))

IA I
S o
~
~—
—
!
O
o
~—
—~
~
=

He(D)|+[e(1) (Foc) ()|

Je (D] +[(Foc)(0)(Foc)(t)]
le(t)e(1)] +[c(0)e(t)]

c(0)e(1)]
= [pF(p)l.

This means that the curve that consists of c|[,71] followed by F oc| 0] Must be a seg-
ment and thus a geodesic by corollary 5.4.4 (see also figure 6.2.2). This geodesic is
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obviously just the extension of ¢, so (Foc) () = c¢(1+1). We can repeat this argu-
ment forwards and backwards along the extension of ¢ to R to show that it becomes
an axis for F of period 1. U

Let 7 : M — M be the universal cover of M. A deck transformation F : M — M
is a map such that mo F' = 7, i.e., a lift of . As such, it is determined by the value
of F(p) € t~!(q) for a given p € ! (¢). We can think of the fundamental group
7 (M,q) as acting by deck transformations: Given p € 7! (g), a loop in [o] €
7 (M, q) yields a deck transformation with F (p) = @ (1), where & is the lift of o
such that p = & (0). Finally note that in the Riemannian setting deck transformations
are isometries since 7 : M — M is a local isometry.

LEMMA 6.2.8. IfF : M — M is a nontrivial deck transformation on the universal
cover over a compact base M, then the dilation & has a positive minimum. The axis
corresponding to this minimum is mapped to a closed geodesic in M whose length is
minimal in its free homotopy class. Moreover, 8p (x) > 2inj (M) .

PROOF. Fix a nontrivial deck transformation F : M — M. We start by charac-
terizing the loops in M generated by F. First we show that when x; € M, i =0, 1 are
joined to F (x;) by curves c; : [0,1] — M, then the loops 7 o ¢; are freely homotopic
through a homotopy of loops in M. To see this choose a path H (s,0) : [0,1] — M
with H (i,0) = x;, i = 0,1. Then define H (s,1) = F (H (5,0)) and H (i,7) = ¢; (¢),
i =0,1. This defines H on d ( [0, 1]2). Simple connectivity of M shows this can be

extended to a map H : [0,1]* — M. Now 7 (H (s,t)) is the desired homotopy in M
since
n(H(s,1))=moF (H(s,0)) =7 (H (s,0)).

Conversely we claim that any loop at 7 (x;) € M that is freely homotopic through
loops to 7 o ¢o must lift to a curve from x; to F (x;). Let H : [0,1]*> — M be such a
homotopy, i.e., H (0,1) = (mocp)(t), H(s,0) = H(s,1), and H (1,0) = 7 (x;). Let
H be the lift of H to M such that H (0,0) = xo. Unique path lifting guarantees that
co(t) = H(0,t). Now both H (s,0) and H (s, 1) are lifts of the same curve H (s,0).
As F is a deck transformation (FoH)(s,0) is also a lift of H(s,0). However,
(FoH)(0,0) = H(0,1) so it follows that (FoH) (s,0) = H (s,1). Letting s =1
gives the claim.

In particular, we have shown that if F is nontrivial, then none of these loops can
be homotopically trivial. This implies that 8F (x) > 2inj(,) (M), as otherwise the
segment from x to F (x) would generate a loop of length < 2injz (M). However,

such loops are contractible as they lie in B (n (x),inj(y) (M ))

We are now ready to minimize the dilatation. Consider a sequence ¢; € M such
that lim & (g;) = inf 8 > injM and with it a sequence of segments ¢; : [0,1] — M
with ¢; (0) = ¢; and ¢; (1) = F (¢i). Let ¢; = wo¢; be the corresponding loops in
M. Since |¢;| = 6 (i), compactness of M implies that after possibly passing to
a subsequence we can assume that ¢; (0) converge to a vector v € T,M where g =
limc; (0) and |v| = inf §r. Continuity of the exponential map implies that the curves
ci converge to the geodesic ¢ (f) = exp, (tv). This geodesic is in turn a loop at g that is
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Fp)

x Fx)

P F(F(p)

FIGURE 6.2.2.

freely homotopic through loops to ¢; for large i; because when |c; (r) ¢ ()| < inj (M),
they can be joined by unique short geodesics resulting in a homotopy. The above
characterization of loops generated by F, then shows that any lift ¢ of ¢ must satisfy

F (c (0)) = &(1). Allinall,

S (c (0)) <L(¢)=L(c) = |v| = inf .

It is clear that ¢ has minimal length in its free homotopy class. A simple application
of the first variation formula (see 5.4.2) then shows that it must be a closed geodesic.
d

These preliminaries allow us to prove the theorem.

PROOF OF THEOREM 6.2.6. We know that nontrivial deck transformations have
axes.

To see that axes are unique in negative curvature, assume that we have two
different axes c; and c¢; for F. If these intersect in one point, they must, by virtue of
being invariant under F, intersect in at least two points. But then they must be equal.
Thus they do not intersect. Select p; € ¢ and p, € ¢, and join these points by a
segment 6. Then F o o is a segment from F (p;) to F (p2) . Since F is an isometry
that preserves c1 and ¢y, we see that the adjacent angles along the two axes formed by
the quadrilateral py, pa, F (p1), F (p2) must add up to 7 (see also figure 6.2.2). But
then the angle sum is 27, which is not possible unless the quadrilateral is degenerate.
That is, all points lie on one geodesic.

Finally pick a deck transformation G that commutes with F. If 1 is the period,
then

(Goc)(t+1)=(GoFoc)(t)=(FoGoc)(r).

This implies that G o ¢ is an axis for F, and so must be c itself. Next consider the
group H generated by F, G. Any element in this group has ¢ as an axis. Thus we
get a map H — R that sends an isometry to its uniquely defined period. This map
is a homomorphism with trivial kernel. Consider an additive subgroup A C R and
leta =inf{x € A | x > 0}. It is easy to check that if a = 0, then A is dense, while if
a>0,then A ={na|n € Z}. The image of H in R must have the second property as
M This shows that H is cyclic. [

no nonzero period along ¢ can be smaller than 5
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6.3. Positive Curvature

In this section we establish several of the classical results for manifolds with
positive curvature. In contrast to the previous section, it is not possible to carry
Euclidean geometry over to this setting. So while we try to imitate the results, new
techniques are necessary.

In our discussion of the fundamental equations in section 3.2 we saw that using
parallel fields most easily gave useful information about Hessians of distance func-
tions when the curvature is nonnegative. This will be confirmed here through the
use of suitable variational fields to find the second variation of energy. In section 6.5
below we show how more sophisticated techniques can be used in conjunction with
the developments here to establish stronger results.

6.3.1. The Diameter Estimate. Our first restriction on positively curved man-
ifolds is an estimate for how long minimal geodesics can be. It was first proven
by Bonnet for surfaces and later by Synge for general Riemannian manifolds as an
application of his second variation formula.

LEMMA 6.3.1 (Bonnet, 1855 and Synge, 1926). If (M, g) satisfies sec > k > 0,
then geodesics of length > %/\/k cannot be locally minimizing.

PROOF. Let ¢ : [0,/] — M be a unit speed geodesic of length / > #/\k. Along ¢
consider the variational field

V(1) = sin (%) E(),
where E is a unit parallel field perpendicular to c¢. Since V vanishes att =0 and t =1,

it corresponds to a proper variation. By theorem 6.1.4 the second derivative of this
variation is

%\Fo _ /Ol\V\Zdz—/olg(R(v,c)c,V)dt
- [ Fren()eefa
/<0520 e (5 )
_ (’;)2/010052 (%;) dt/olsin2 (%z) sec (E,¢)dt
() oo (o [ 0 (o)
oot (Gr)are [Lsn (T

= 0.

IN

A

Thus all nearby curves in the variation are shorter than c. O
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The next result is a very interesting and completely elementary consequence of
the above result. It seems to have been pointed out first by Hopf-Rinow for sur-
faces in their famous paper on completeness and soon after by Myers for general
Riemannian manifolds.

COROLLARY 6.3.2 (Hopf and Rinow, 1931 and Myers, 1932). If (M, g) is com-
plete and satisfies sec > k > 0, then M is compact and diam (M, g) < 7/vk = diam S}..
In particular, M has finite fundamental group.

PROOF. As no geodesic of length > 7/k can realize the distance between end-
points and M is complete, the diameter cannot exceed 7/vk. Finally use that the
universal cover has the same curvature condition to conclude that it must also be
compact. Thus, the fundamental group is finite. O

These results were later extended to manifolds with positive Ricci curvature by
Myers.

THEOREM 6.3.3 (Myers, 1941). If (M,g) is a complete Riemannian manifold
with Ric > (n— 1)k > 0, then diam(M,g) < #/vk. Furthermore, (M,g) has finite
fundamental group.

PROOF. It suffices to show as before that no geodesic of length > #/Vk can be
minimal. If ¢ : [0,1] — M is the geodesic we can select n — 1 variational fields

V(1) = sin (%r) Ei(1),i=2,...n

as before. This time we also assume that ¢, E,...E,, form an orthonormal basis for
T, (M. By adding up the contributions to the second variation formula for each vari-
ational field we get

n d2E n i s I N
Y il = X[ Wla- [ewkmacwa
i=2 45 i=2/0 0
m\2 (! T
- 0 () [ 5
(n—1) ] ; cos” { 5
n I
72/ sin’ (Et) sec(E;,¢)dt
i=270 !
a2t m L
= (n—l)(T) /Ocos (Tt)dt—/osin (Tt)Ric(c',c')dt
! I
< (n—l)k/ cos? (Et)dt—(n—l)k/ sin’ (Et)dt
0 l 0 l
< 0.
Thus the second variation is negative for at least one of the variational field. (]

EXAMPLE 6.3.4. The incomplete Riemannian manifold S> — {4p} clearly has
constant curvature 1 and infinite fundamental group. To make things worse; the
universal covering also has diameter 7.
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EXAMPLE 6.3.5. The manifold S! x R? admits a complete doubly warped prod-
uct metric

dr? +p*(r)d6* + ¢ (r)ds3,

that has Ric > 0 everywhere. Curvatures are calculated as in 1.4.5. If we define
p(t)=1""*and ¢(t) = 13/* for t > 1, then the Ricci curvature will be positive. Next
extend to [0, 0] so that the metric becomes smooth at ¢ = 0; the functions are C' and
piecewise smoothatz=1; -1 < p <0;0< ¢ <1;¢ <0;and on [0,1] p < 0. This
will result in a C' metric that has positive Ricci curvature except at r = 1. Finally,
smooth out p atr = 1 ensuring that the Ricci curvature stays positive.

6.3.2. The Fundamental Group in Even Dimensions. For the next result we
need to study what happens when we have a closed geodesic in a Riemannian mani-
fold of positive curvature.

Let ¢ : [0,/] — M be a closed unit speed geodesic, i.e., ¢(0) = ¢(l). Let p =
¢(0) = ¢(!) and consider parallel translation along c¢. This defines a linear isometry
P:T,M — T,M. Since c is a closed geodesic we have that P(¢(0)) = ¢(I) = ¢(0).
Thus, P preserves the orthogonal complement to ¢ (0) in 7,M. Now recall that linear
isometries L : R¥ — R¥ with detl = (—l)kJr1 have 1 as an eigenvalue, i.e., L(v) =v
for somev € R¥. We can use this to construct a closed parallel field around ¢ in one
of two ways:

(1) If M is orientable and even-dimensional, then parallel translation around a
closed geodesic preserves orientation, i.e., det = 1. Since the orthogonal
complement to ¢(t) in T,M is odd dimensional there must exist a closed
parallel field around c.

(2) If M is not orientable, has odd dimension, and furthermore, ¢ is a nonori-
entable loop, i.e., the orientation changes as we go around this loop, then
parallel translation around c is orientation reversing, i.e., det = —1. Now,
the orthogonal complement to ¢ (¢) in 7,M is even-dimensional, and since
P(¢(0)) =¢(0), it follows that the restriction of P to this even-dimensional
subspace still has det = —1. Thus, we get a closed parallel field in this case
as well.

In figure 6.3.1 we have sketched what happens when the closed geodesic is the equa-
tor on the standard sphere. In this case there is only one choice for the parallel field,
and the shorter curves are the latitudes close to the equator.

This discussion leads to an interesting and surprising topological result for pos-
itively curved manifolds.

THEOREM 6.3.6 (Synge, 1936). Let M be a compact manifold with sec > 0.

(1) If M is even-dimensional and orientable, then M is simply connected.
(2) If M is odd-dimensional, then M is orientable.

PROOF. The proof goes by contradiction. So in either case assume we have a
nontrivial universal covering 7 : M — M. Let F be a nontrivial deck transformation
that in the odd-dimensional case reverses orientation. From lemma 6.2.8 we obtain
a unit speed geodesic (axis) ¢ : R — M that is mapped to itself by F. Moreover,
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FIGURE 6.3.1.

¢ = mwo¢ is the shortest curve in its free homotopy class in M when restricted to an
interval [a,b] of length b — a = min &p.

In both cases our assumptions are such that the closed geodesics have closed
perpendicular parallel fields. We can now use the second variation formula with this
parallel field as variational field. Note that the variation isn’t proper, but since the
geodesic is closed the end point terms cancel each other

d2E (c;) b

T‘SZO = 7/(1 g(R(EaC)CvE)dt‘i’g(asz7c)

_ —/bg(R(E,c')é,E)dt

a

b

= —/ sec(E,¢)dt
a

< 0.

Thus all nearby curves in this variation are closed curves whose lengths are shorter
than c¢. This contradicts our choice of ¢ as the shortest curve in its free homotopy
class. O

The first important conclusion we get from this result is that while RP? x RIP?
has positive Ricci curvature, it cannot support a metric of positive sectional curvature.
It is, on the other hand, completely unknown whether $? x $? admits a metric of
positive sectional curvature. This is known as the Hopf problem. Recall that in
section 6.2.2 we showed, using fundamental group considerations, that no product
manifold admits negative curvature. In this case, fundamental group considerations
cannot take us as far.

6.4. Basic Comparison Estimates

In this section we lay the foundations for the comparison estimates that will be
needed later in the text.

6.4.1. Riccati Comparison. We start with a general result for differential in-
equalities.
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PROPOSITION 6.4.1 (Riccati Comparison Principle). If we have two smooth
Sfunctions p1 2 : (0,b) — R such that

p1+pt < p2+p3,
then
p2—p1 = limsup (p2 (1) — p1 (1))
t—0

PROOF. Let F (t) = [ (p2+ p1) dt be an antiderivative for p, +p; on (0,). The
claim follows since the function (p, — p;) e’ is increasing:

d .
5 ((p2=p1)e") = (p2—pr+p3 —pi)e > 0.

This can be turned into more concrete estimates.

COROLLARY 6.4.2 (Riccati Comparison Estimate). Consider a smooth function
p:(0,b) = Rwithp(t) =1 +0(t) and a real constant k.

() If p +p> < —k, then

Moreover, b < /\Jk when k > 0.
() If —k < p +p?, then

smy ()

sn (1)
forallt < bwhenk <0 andt < min{b,7/vk} when k > 0.

<p()

PROOF. First note that for any k the comparison function satisfies

sny (¢ 1
sn];i 8 =700
and solves
p+p?=—k
When k > 0 this function is only defined on (0,%/v%) and
s (1) _
12 S0y (1)

In case p + p? < —k this will prevent p from being smooth when b > 7/Vx.
Similarly, when —k < p + p2 we are forced to assume that b < #/\/k in order for
the comparison function to be defined. U

Let us apply these results to one of the most commonly occurring geometric
situations. Suppose that on a Riemannian manifold (M, g) we have introduced expo-
nential coordinates around a point p € M so that g = dr”> 4 g, on a star shaped open
setin T,M — {0} = (0,0) x §"~!. Along any given geodesic from p the metric g, is
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thought of as being on §"~!. It is not important for the next result that M be complete
as it is essentially local in nature.

THEOREM 6.4.3 (Rauch Comparison). Assume that (M,g) satisfies k <sec <K.
If g = dr* + g, represents the metric in the polar coordinates, then

/ /
() pessr < 0D
sng (r) sny (r)

Consequently, the modified distance functions from corollary 4.3.4 satisfy:

Hessfi, < (1—-kfi)g,
Hessfx > (1-Kfk)g.

PROOF. It’ll be convenient to use slightly different techniques for lower and
upper curvature bounds. Specifically, for lower curvature bounds parallel fields are
the easiest to use, while Jacobi fields are better suited to upper curvature bounds.

In both cases assume that we have a unit speed geodesic ¢ () with ¢ (0) = p and
that € [0,b], with ¢([0,b]) C exp, (seg)) so that r(x) = |xp| is smooth along the
entire geodesic segment.

We start with the upper curvature situation as it is quite close in spirit to lemma
6.2.5. In fact that proof can be easily adapted to the case where sec < K < 0, but
when K > 0 it runs into trouble (see exercise 6.7.11). Instead consider the reciprocal

ratio )
g(J,J) J J
p(t)= =Hessr| —,—
Vs v

for a Jacobi field along ¢ with J (0) = 0 and J (0) L ¢ (0). It follows that J (1) L ¢ (¢)
for all ¢ and

R e,e, )P+ [P =2(g (1,9))?
J*
PP =2(g(J,J
_K+| I |J|£8( J))

>

> —K-p”.

In case there is a lower curvature bound, select instead a unit parallel field E
along c that is perpendicular to ¢ and consider

p=g(S(E),E)=Hessr(E,E).

From part (2) of proposition 3.2.11 we obtain

< —k—(g(S(E),E))?
= —k—pz.

In both cases we have the initial conditions that p (1) = %4— O(t) and so we
obtain the desired inequalities for p and hence Hess r from corollary 6.4.2.
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The Hessian estimates for the modified distance functions follow immediately.
O

REMARK 6.4.4. A more traditional proof technique using the index form is
discussed in exercise 6.7.25 within the context of lower curvature bounds. It can also
be adapted to deal with upper curvature bounds.

6.4.2. The Conjugate Radius. As in the proof of theorem 6.2.2 we are going
to estimate where the exponential map is nonsingular.

EXAMPLE 6.4.5. Consider S%, K > 0. If we fix p € S% and use polar coordi-
nates, then the metric looks like dr? 4 snkds>_,. At distance % from p we will hit
a conjugate point no matter what direction we go in.

As a generalization of our result on no conjugate points when sec < 0 we can
show

THEOREM 6.4.6. If (M,g) has sec <K, K > 0, then
exp, : B <0 ”> —M
pp * ) \/E

PROOF. Let ¢(¢) be a unit speed geodesic and J (¢) a Jacobi field along ¢ with
J(0) =0 and J(0) L ¢(0). We have to show that J(¢) can’t vanish for any ¢ €
(0,7/vK). Assume that J > 0 on (0,b) and J(b) = 0. From the proof of theorem

6.4.3 we obtain
U0 I0) _ sl
(@) sk ()
for t < min{b,7/vk}. This is equivalent to saying that

£(2)-

Since Dexp,, is the identity at the origin it follows that |J (1) = |7(0)| +0(?).
This together with 1’'Hospital’s rule shows that

n(FOLY _ sl
}Lr‘o‘(snK(t)) = o0

has no critical points.

Il

~
—

(=)
—

It follows that J (1) > |/ (0) | snk (r) > 0 for all # < min {b,7/y&}. This shows that we
can’t have b < 7/vK and the claim follows. O
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With this information about conjugate points, we also get estimates for the in-
jectivity radius using the characterization from lemma 5.7.12. For Riemannian man-
ifolds with sec < 0 the injectivity radius satisfies

1
inj(p) = 3 (length of shortest geodesic loop based at p)

as there are no conjugate points whatsoever. On a closed Riemannian manifold with
sec < 0 we claim that
inj(M) = 1)1?{4 inj(p) = % - (length of shortest closed geodesic).

Since M is closed, the infimum must be a minimum. This follows from continuity
p — inj(p), which in turn is a consequence of exp : TM — M X M being smooth and
the characterization of inj(p) from lemma 5.7.12. If p € M realizes this infimum,
and ¢ : [0,1] — M is the geodesic loop realizing inj(p), then we can split ¢ into two
equal segments joining p and ¢ (1). Thus, inj (c (1)) < inj(p), but this means that ¢
must also be a geodesic loop as seen from ¢ (%) In particular, it is smooth at p and
forms a closed geodesic.

The same line of reasoning yields the following more general result.

LEMMA 6.4.7 (Klingenberg). Let (M,g) be a compact Riemannian manifold
with sec < K, where K > 0. Then

1
— - (length of shortest geodesic loop based at p)} ,

inj ( )>min{n
Jp —_— ‘\/E72

and

1
inj(M) > 2 or inj(M) = 3’ (length of shortest closed geodesic) .

VK

These estimates will be used in the next section.
Next we turn our attention to the convexity radius.

THEOREM 6.4.8. Suppose R satisfies
(1) R < 3 -inj(x), forx € B(p,R), and
2 R< 5+ % where K = sup {sec(r) | # C ThM, x € B(p,R)}.
Then r(x) = |xp| is convex on B(p,R), and any two points in B(p,R) are joined
by a unique segment that lies in B(p,R).

—10—

PROOF. The first condition tells us that any two points in B(p, R) are joined by
a unique segment in M, and that r(x) is smooth on B(p,2-R) —{p}. The second
condition ensures that Hessr > 0 on B(p,R). It then remains to be shown that if
x,y € B(p,R),and c: [0, 1] — M is the unique segment joining them, then ¢ C B(p,R).
For fixed x € B(p,R), define C; to be the set of ys for which this holds. Certainly
x € Cy and Cy is open. If y € B(p,R) N dCy, then the segment ¢ : [0, 1] — M joining x
to y must lie in B(p, R) by continuity. Now consider ¢(¢) = r(c(¢)). By assumption

¢(0),0(1) < R,
¢(t) = Hessr(c(r),c(r)) >0.
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Thus, ¢ is convex, and consequently

max @(t) < max {p(0), (1)} <R,
showing that ¢ C B(p,R). O

The largest R such that r(x) is convex on B(p,R) and any two points in B(p,R)
are joined by unique segments in B(p, R) is called the convexity radius at p. Globally,

conv.rad (M, g) = inf conv.rad(p).
PEM

The previous result tell us
inj(M,g) =
2 T2k

In nonpositive curvature this simplifies to

conv.rad (M, g) > min{ } , K =supsec(M,g).

.
conv.rad (M, g) = w

6.5. More on Positive Curvature

In this section we shall establish some further restrictions on the topology of
manifolds with positive curvature. The highlight will be the classical quarter pinched
sphere theorem of Rauch, Berger, and Klingenberg. To prove this theorem requires
considerable preparation. We shall elaborate further on this theorem and its general-
izations in section 12.3.

6.5.1. The Injectivity Radius in Even Dimensions. Using the ideas of the
proof of theorem 6.3.6 we get another interesting restriction on the geometry of pos-
itively curved manifolds.

THEOREM 6.5.1 (Klingenberg, 1959). If (M,g) is a compact orientable even-
dimensional manifold with 0 < sec < 1, then inj (M,g) > . If M is not orientable,
then inj (M, g) > 7.

PROOF. The nonorientable case follows from the orientable case, as the orien-
tation cover will have inj (M, g) > 7.

By lemma 6.4.7 and the upper curvature bound it follows that if injM < 7,
then the injectivity radius is realized by a closed geodesic. So let us assume that
there is a closed geodesic c¢ : [0,2injM] — M parametrized by arclength, where
2injM < 2x. Since M is orientable and even dimensional, we know from section
6.3.2 and the proof of theorem 6.3.6 that for all small € > 0 there are curves c¢ :
[0,2injM] — M that converge to ¢ as € — 0 and with L(c¢) < L(c) = 2injM. Since
ce C B(cg (0),inj M) there is a unique segment from ¢, (0) to ¢, (). Thus, if c¢ ()
is the point at maximal distance from ¢, (0) on c¢, we get a segment O joining these
points that in addition is perpendicular to cg at c¢ (f¢). As € — 0, it follows that
te — injM, and thus the segments 0, must subconverge to a segment from ¢ (0) to
¢ (injM) that is perpendicular to ¢ at ¢ (injM) . However, as the conjugate radius is
> 1 > injM, and c is a geodesic loop realizing the injectivity radius at ¢ (0), we
know from lemma 5.7.12 that there can only be two segments from ¢ (0) to ¢ (injM).
Thus, we have a contradiction with our assumption 7 > inj M. O
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FIGURE 6.5.1.

In figure 6.5.1 we have pictured a fake situation that gives the idea of the proof.
The closed geodesic is the equator on the standard sphere, and o, converges to a
segment going through the north pole.

A similar result can clearly not hold for odd-dimensional manifolds. In dimen-
sion 3 the quotients of spheres S3/Z; for all positive integers k are all orientable.
The image of the Hopf fiber via the covering map §> — 3 /Zy is a closed geodesic
of length 2% that goes to 0 as k — co. Also, the Berger spheres (53, g¢) give coun-
terexamples, as the Hopf fiber is a closed geodesic of length 27e. In this case the
curvatures lie in [82,4 — 382] . So if we rescale the upper curvature bound to be 1,
the length of the Hopf fiber becomes 27ev/4 — 3€2 and the curvatures will lie in the

478@’ 1} . When € < %, the Hopf fibers have length < 27. In this case
the lower curvature bound becomes smaller than %.

A much deeper result by Klingenberg asserts that if a simply connected mani-
fold has all its sectional curvatures in the interval (%, 1], then the injectivity radius is
still > 7 (see the next section for the proof). This result has been improved first by
Klingenberg-Sakai and Cheeger-Gromoll to allow for the curvatures to be in H, 1] .
More recently, Abresch-Meyer showed that the injectivity radius estimate still holds
if the curvatures are in H —1079, 1] . The Berger spheres show that such an estimate
will not hold if the curvatures are allowed to be in [% —&, l] . Notice that the hypoth-
esis on the fundamental group being trivial is necessary in order to eliminate all the
constant curvature spaces with small injectivity radius.

These injectivity radius estimates will be used to prove some fascinating sphere
theorems.

interval [

6.5.2. Applications of Index Estimation. Some notions and results from topol-
ogy are needed to explain the material here.

We say that A C X is /-connected if the relative homotopy groups 7, (X,A) van-
ish for £ < /. A theorem of Hurewicz then shows that the relative homology groups
Hy (X,A) also vanish for k£ < . The long exact sequences for the pair (X,A)

Ty (X,A) = m (A) = m (X) — m (X, A)

and
Hk+1 (X,A) — Hk (A) — Hk (X) — Hk (X,A)



220 6. SECTIONAL CURVATURE COMPARISON I

then show that my (A) — m; (X) and Hy (A) — Hy (X) are isomorphisms for k < I and
surjective for k =1[.

We say that a critical point p € M for a smooth function f : M — R has index > m
if the Hessian of f is negative definite on a m-dimensional subspace in T,M. Note
that if m > 1, then p can’t be a local minimum for f as the function must decrease
in the directions where the Hessian is negative definite. The index of a critical point
gives us information about how the topology of M changes as we pass through this
point. In Morse theory a much more precise statement is proven, but it also requires
the critical points to be nondegenerate, an assumption we do not wish make here (see

[83D).

THEOREM 6.5.2. Let f: M — R be a smooth proper function. If b is not a
critical value for f and all critical points in f~' ([a,b]) have index > m, then

fH(=oe,a]) € 71 (oo, b))

is (m — 1)-connected.

OUTLINE OF PROOF. If there are no critical points in f~! ([a,b]), then the gra-
dient flow will deform f~! ((—oo,b]) to f~! ((—oo,a]). This is easy to prove and is
explained in lemma 12.1.1. If there are critical points, then by compactness we can
cover the set of critical points by finitely many open sets U; & (—a,a)",0 < a < 1,
where U; C V; and V; =~ [—1,1]" is a closed box coordinate chart where the first m
coordinates correspond to directions where Hess f is negative definite.

Consider a map ¢ : N*~ ! — =1 ([a,b]), k < m, where IN*! C =1 ((—e0,a])
if the boundary is nonempty.

e On M —|JU; we can use the flow of —A (x) Vf|,, where A >0and A~ (0) =
UU:. This will deform ¢ keeping it fixed on U; and forcing max ;-1 1, 4 f ©
¢ to decrease while ensuring that maxy, f o ¢ is not obtained on av;.

e LetS;={peV;|x'(p)=---=x"(p) =0}. The restriction k < m allows
us to use transversality to ensure that there is a homotopy ¢y, ¢ € [0,¢),
where ¢p = ¢; ¢ does not intersect S; for # > 0; and ¢ — ¢; is constant on
M —V;. Moreover, for sufficiently small 7 maxy, f o ¢, is still not obtained
on dV,.

e Finally, when ¢ doesn’t intersect the submanifold S;, the flow for the radial
field Z;”: 1 x/9 ; on V; decreases the value of maxy, fo¢ and moves ¢ outside

U;.
With these three types of deformations it is possible to continuously deform ¢ until
its image lies in f~! ((—o0,d]). O

In analogy with Q,, , (M) define
Qap(M)={c:[0,1] =M |c(0) €A, c(1) €B}.

If A,B C M are compact, then the energy functional E : Q4 g (M) — [0,00) is reason-
ably nice in the sense that it behaves like a proper smooth function on a manifold.
If in addition A and B are submanifolds, then the variational fields for variations in
Q4 g (M) consist of fields along the curve that are tangent to A and B at the endpoints.
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Therefore, critical points are naturally identified with geodesics that are perpendicu-
lar to A and B at the endpoints. We say that the index of such a geodesic > k if there
is a k-dimensional space of fields along the geodesic such that the second variation
of the these fields is negative.

One can now either try to reprove the above theorem in a suitable infinite dimen-
sional context (see [32] or [73]) or use finite dimensional approximations to Q4 g (M)
(see [83]). Both routes are technical but fairly straightforward.

THEOREM 6.5.3. Let M be a complete Riemannian manifold and A C M a com-
pact submanifold. If every geodesic in Qs 4 (M) that is perpendicular to A at the end
points has index > k, then A C M is k-connected.

OUTLINE OF PROOF. See also [32] or [73, Theorem 2.5.16] for a proof. Iden-
tify A = E~! (0) and use the previous theorem as a guide for how to deform maps.
This shows that A C Q4 4 (M) is (k— 1)-connected. Next we note that

T (Qua(M),A) =1 (M,A).
This proves the result. O

This theorem can be used to prove a sphere theorem by Berger.

THEOREM 6.5.4 (Berger, 1958). Let M be a closed n-manifold with sec > 1.
Ifinj, > 7/2 for some p € M, then M is (n—1)-connected and hence a homotopy
sphere.

PROOF. We'll use theorem 6.5.3 with A = {p}. First note that every geodesic
loop at p is either the constant curve or has length > 7 since inj,, > 7 /2. We showed
in lemma 6.3.1 that geodesics of length > 7 have proper variations whose second
derivative is negative. In fact each parallel field along the geodesic could be modified
to create such a variation. As there is an (n — 1)-dimensional space of such parallel
fields we conclude that the index of such geodesics is > (n—1). This shows that
p € M is (n— 1)-connected and consequently that M is (n — 1)-connected.

Finally, to see that M is a homotopy sphere we select a map F : M — S" of
degree 1. Since M is (n — 1)-connected this map must be an isomorphism on 7, for
k < nas S"is also (n — 1)-connected. We claim that

7ty (M) ~ H, (M) — H, (S") ~ m, (S")

is an isomorphism. Hurewicz’s result shows that the homotopy and homology groups
are isomorphic, while the fact that F' has degree 1 implies that H, (") — H, (M)
is an isomorphism. A theorem of Whitehead then implies that F' is a homotopy
equivalence. O

This theorem is even more interesting in view of the injectivity radius estimate
in positive curvature that we discussed in section 6.5.1. We can extend this to odd
dimensions using theorem 6.5.3.

THEOREM 6.5.5 (Klingenberg, 1961). A compact simply connected Riemannian
n-manifold (M, g) with 1 < sec < 4 has inj > 7/2.
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PROOF. It is more convenient to show that simply connected manifolds with
1 < sec < 4 have inj > 7/2. A simple scaling shows that this implies the statement
of the theorem. We can also assume that n» > 3 as we know the theorem to be true
in even dimensions. The lower curvature bound implies that there is a § > 0 such
that geodesics of length > @ — § have index > n— 1 > 2. In particular, any map
[0,1] = Q, , (M) of constant speed loops based at p is homotopic to a map where
the loops have length < 7. It is easy to force the loops to have constant speed as we
can replace them by nearby loops that are piecewise segments and therefore shorter.
This can be done uniformly along a fixed homotopy by selecting the break points on
S! independently of the variational parameter.

The proof proceeds by contradiction so assume that inj, < 7/2. Then lemma
6.4.7 shows that there is a geodesic loop at p of length < 7 that realizes the injectivity
radius. Next use simple connectivity to find a homotopy of loops based at p to the
constant loop and further assume that all the loops in the homotopy have constant
speed and length < 7. For each s € [0, 1] parametrize the corresponding loop ¢y (¢) :
[0,1] — M so that ¢, (0) = ¢5 (1) = p; ¢o (1) = p for all £; and ¢ the closed geodesic
of length < 7. As each ¢; has length < 7 it must be contained in B (p,7/2).

Note that the exponential map exp,, : B(0,7/2) — B(p,7%/2) C M is nonsingular
and a diffeomorphism when restricted to B (O,inj p). We shall further use the pull
back metric on B (0, %) so that exp,, becomes a local isometry. This tells us that
any of the loops ¢ : [0,1] — B(p,#/2) with ¢(0) = p have a unique lift to a curve
¢ 1 [0,bs] = B(0,7/2) with ¢, (0) = 0. Here either ¢, (bs) € B (0,7/2) or b= 1. Note
that when c¢; is a piecewise geodesic, then we can easily create such a lift by lifting
the velocity vectors at break points.

Let A C [0,1] be the set of s such that ¢, lifts to a loop & : [0,1] — B(0,7%/2)
based at 0.

Clearly 0 € A, and as exp,, is a diffeomorphism near 0 loops ¢, with s near 0 also
lift to loops.

A is closed: Let s; € A converge to s. Then ¢, (1) is defined and &, (1) = 0. The
unique lift ¢, must be the limit of the curves ¢,. Thus it is defined on [0, 1] and is a
loop. Finally observe that the limit curve ¢ clearly lies B (0,7/2) and is forced to lie
in the interior as it has length < 7.

A is open: Fix so € A and let the lift be ¢,. Select € > 0 so that exp,, :
B¢y, (t),€) — B(cy, (1) ,€) is an isometry for all # and B (cy, (t),€) C B(0,7/2).
For s near s, the loops ¢, must be contained in {J,¢(o,1] B (CSO (1) ,8). But then they
have unique lifts to loops in ;¢ 11 B (¢y, (t),€) C B(0,7/2). Thus &, (1) € B(0,¢)
is a lift of p and consequently ¢ (1) = 0. This shows that a neighborhood of sg is
contained in A.

Allin all we’ve concluded that A = [0, 1]. However, the geodesic ¢ lifts to a line
that starts at 0 and consequently is not a loop. The establishes the contradiction. [

This gives us the classical version of the sphere theorem.
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COROLLARY 6.5.6 (Rauch, Berger, and Klingenberg, 1951-61). Let M be a
closed simply connected n-manifold with 4 > sec > 1. Then M is (n— 1)-connected
and hence a homotopy sphere.

The conclusion can be strengthened to say that M is homeomorphic to a sphere.
This follows from the solution to the (generalized) Poincaré conjecture given what
we have already proven. In section 12.3 we exhibit an explicitly constructed homeo-
morphism.

Using an analysis similar to the proof of theorem 6.5.4 one also gets the more
modest result.

COROLLARY 6.5.7. If M is a closed n-manifold with Ric > (n— 1) and inj,, >
7t/2 for some p € M, then M is simply connected.

Finally we mention a significant result that allows us to make strong conclusions
about connectedness in positive curvature. The result will be enhanced in lemma
8.3.6.

LEMMA 6.5.8 (The Connectedness Principle, Wilking, 2003). Let M" be a com-
pact n-manifold with positive sectional curvature.

(a) If N5 C M" is a closed codimension k totally geodesic submanifold,
then N C M is (n— 2k + 1)-connected.
(b) If N;'_k‘ and N; X are closed totally geodesic submanifolds of M with

ki < ko and ki + ko < n, then Ny NN, is a nonempty totally geodesic
submanifold and Ny NN, — Ny is (n — ki — kp)-connected.

PROOF. (a) Let ¢ € Qy v (M) be a geodesic and E a parallel field along ¢ such
that E is tangent to N at the endpoints. Then we can construct a variation ¢ (s,#) such
that ¢(0,7) = c(t) and s — ¢ (s,t) is a geodesic with initial velocity E|.(. Since N
is totally geodesic we see that ¢ (s,0), ¢(s,1) € N. Thus the variational curves lie in
Qu n (M) . The second variation formula for this variation tells us that

d?E (cy) Lo b o 9%
dSZ |S:0 = A |E| dt—/a g(R(E,C)C,E)d[+g<W,C>

- /lg(R(E,c')c',E)dt
0

< 0

1

0

since £ =0, % =0, and E is perpendicular to ¢. Thus each such parallel field gives

us a negative variation. This shows that the index of ¢ is bigger than the set of parallel
variational fields.

Let V C T,(1)M be the subspace of vectors v = E (1), where E is a parallel field
along ¢ with E (0) € T (0)N. The space of parallel fields used to get negative varia-
tions is then identified with V N7, ;)N. To find the dimension of that space we note
that 7,N and hence also V have dimension n — k. Moreover, V and 7,.)N lie in the
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orthogonal complement to ¢ (1). Putting this together gives us
2n—2k = dim(T,1yN)+dim (V)

dim (VN T,;)N) +dim (V +T,(;)N)

dim (VN T,yN) +n—1.

(b) It is easy to show that N; NN, is also totally geodesic. The key is to guess
that for p € Ny NN, we have T, (N; N N>) = T,Ni N T,N,. To see that Ny NN, #
& select a geodesic from N; to N,. The dimension conditions imply that there is
a (n—k; —k, + 1)-dimensional space of parallel field along this geodesic that are
tangent to N; and N, at the end points. Since k; + ky < n we get a variation with
negative second derivative, thus nearby variational curves are shorter. This shows
that there can’t be a nontrivial geodesic of shortest length joining Ny and N,.

Using E : Qu, v, (M) — [0,0) we can identify Ny N> = E~! (0). So we have in
fact shown that Ny NNy C Qn, v, (M) is (n— ki — k»)-connected. Using that Ny C M
is (n — 2k; + 1)-connected shows that Qy, n, (M) C Qu N, (M) is also (n —2k; + 1)-
connected. Since k; < ky this shows that Ny N> C Qun, (M) is (n—ky —ka)-
connected. Finally observe that Q n, (M) can be retracted to N, and is homotopy
equivalent to N,. This proves the claim. O

A

What is commonly known as Frankel’s theorem is included in part (b). The
statement is simply that under the conditions in (b) the intersection is nonempty.

6.6. Further Study

Several textbooks treat the material mentioned in this chapter, and they all use
variational calculus. We especially recommend [25], [51], [32] and [69]. The latter
also discusses in more detail closed geodesics and, more generally, minimal maps
and surfaces in Riemannian manifolds.

As we won’t discuss manifolds of nonpositive curvature in detail later in the text
some references for this subject should be mentioned here. With the knowledge we
have right now, it shouldn’t be too hard to read the books [11] and [9]. For a more
advanced account we recommend the survey by Eberlein-Hammenstad-Schroeder in
[55]. At the moment the best, most complete, and up to date book on the subject is
probably [41].

For more information about the injectivity radius in positive curvature the reader
should consult the article by Abresch and Meyer in [60].

All of the necessary topological background material used in this chapter can be
found in [83] and [108].

6.7. Exercises

EXERCISE 6.7.1. Show that in even dimensions the sphere and real projective
space are the only closed manifolds with constant positive curvature.

EXERCISE 6.7.2. Consider a rotationally symmetric metric dr’ + p? (r)d6>.
We wish to understand parallel translation along a latitude, i.e., a curve with r = a.
To this end construct a cone dr® + (p (a) + p (a) (r—a))*d6? that is tangent to this
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surface at the latitude r = a. In case the surface really is a surface of revolution, this
cone is a real cone that is tangent to the surface along the latitude r = a.

(1) Show that in the standard coordinates (r, 0) on these two surfaces, the co-
variant derivative Vg, is the same along the curve r = a. Conclude that
parallel translation is the same along this curve on these two surfaces.

(2) Now take a piece of paper and try to figure out what parallel translation
along a latitude on a cone looks like. If you unwrap the paper, then it is
flat; thus parallel translation is what it is in the plane. Now rewrap the paper
and observe that parallel translation along a latitude does not necessarily
generate a closed parallel field.

(3) Show that in the above example the parallel field along r = a closes up
when p (a) =0.

EXERCISE 6.7.3 (Fermi-Walker transport). Related to parallel transport there is
a more obscure type of transport sometimes used in physics. Let ¢ : [a,b] — M be a
curve into a Riemannian manifold whose speed never vanishes and

the unit tangent of c. We say that V' is a Fermi-Walker field along c if
V. = g(v.\T—-g(V,T)T
= (TAT)(V).
(1) Show that given V (t) there is a unique Fermi-Walker field V along ¢
whose value at #o is V (tg) .
(2) Show that T is a Fermi-Walker field along c.
(3) Show that if V, W are Fermi-Walker fields along c, then g (V, W) is constant

along c.
(4) If c is a geodesic, then Fermi-Walker fields are parallel.

EXERCISE 6.7.4. Let (M, g) be a complete n-manifold of constant curvature k.
Select a linear isometry L : T,M — T5S}. When k < 0 show that

exp,oL ' oexp, ' : S} -+ M
is a Riemannian covering map. When k > 0 show that
exp,, oL ™! oexp,;I :Si—{-pt—M

extends to a Riemannian covering map Sy — M. (Hint: Use that the differential of the
exponential maps is controlled by the metric, which in turn can be computed when
the curvature is constant. You should also use the conjugate radius ideas presented
in connection with theorem 6.2.2.)

EXERCISE 6.7.5. Letc(s,1) : [0,1]* — (M, g) be a variation where R (%, %) =

0. Show that for each v € T, g)M, there is a parallel field V' : [0, 1]2 — TM along c,

. Vv A%
Le., 5y =57 = 0 everywhere.
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EXERCISE 6.7.6. Use the formula
& @ @ B d3¢ B 3¢
ds’' 0t ) du  0sdtdu  Irdsdu

to show that the two skew-symmetry properties and Bianchi’s first identity from
proposition 3.1.1 hold for the curvature tensor.

EXERCISE 6.7.7. Let ¢ be a geodesic and X a Killing field in a Riemannian
manifold. Show that the restriction of X to ¢ is a Jacobi field.

EXERCISE 6.7.8. Let ¢ : [0,1] — M be a geodesic. Show that exp, ) has a

critical point at #¢ (0) if and only if there is a nontrivial Jacobi field J along ¢ such
that J (0) =0, J(0) L ¢(0), and J (1) =0.

EXERCISE 6.7.9. Fix p € M and v € seg)). Consider a geodesic ¢ (t) = exp, (1v)
and geodesic variation ¢ (s,t) = exp,, (t (v+sw)) with variational Jacobi field J ().
Show that if fo (x) = § [xp|*, then

Violey = ¢(1),
Hess fo (/ (1),J (1)) g(J(1),J(1)).

Use this equation to prove lemma 6.2.5 without first estimating Hess r.

EXERCISE 6.7.10. Let ¢ be a geodesic in a Riemannian manifold and J;,J>
Jacobi fields along c.
(1) Show that g (J1,J/2) — g (J1,/2) is constant.
(2) Show that g (i (1) . (1)) = g (J1 (0)..¢(0)) +& (/1 (0).¢(0).
EXERCISE 6.7.11. LetJ be a nontrivial Jacobi field along a unit speed geodesic

¢ with J (0) =0, J(0) L ¢(0). Assume that the Riemannian manifold has sectional
curvature < K.

(1) Define

712
A= ] .
g(/.J)
and show that A < 1+KA2, 4 (0) = 0 for as long as A is defined.

(2) Show that if J (b) = 0 for some b > 0, then g (J(r),J () = 0 for some
t € (0,D). Give an explicit example where this occurs.

EXERCISE 6.7.12. Let ¢ be a geodesic in a Riemannian manifold and J a space
of Jacobi fields along c. Further assume that J is self-adjoint, i.e., g(jl,Jz) =
g (J1,J2) for all J,J, € J. Consider the subspace

IO ={J)|T€3,It)=0}+{J(t)|J €T} C T.yM.

(1) Show that the two subspaces in this sum are orthogonal.

(2) Show that the space {J € J | J(#) =0} C J is naturally isomorphic to the
first summand in the decomposition.

(3) Show that dimJ = dimJ (¢) for all 7. Hint: Consider a basis for J where
the first part of the basis spans {J € J | J (t) = 0}.
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EXERCISE 6.7.13. A Riemannian manifold is said to be k-point homogeneous
if for all pairs of points (p1,...,px) and (q1,-..,q¢) with |p;p;| = |giq;| there is an
isometry F with F (p;) = g;. When k = 1 we simply say that the space is homoge-
neous.

(1) Show that a homogenous space has constant scalar curvature.
(2) Show that if £k > 1 and (M,g) is k-point homogeneous, then M is also
(k — 1)-point homogeneous.
(3) Show that if (M, g) is two-point homogeneous, then (M, g) is an Einstein
metric.
(4) Show that if (M, g) is three-point homogeneous, then (M, g) has constant
curvature.
(5) Show that RP? is not three-point homogeneous by finding two equilateral
triangles of side lengths % that are not congruent by an isometry.
It is possible to show that the simply connected space forms are the only three-
point homogeneous spaces. Moreover, all 2-point homogeneous spaces are symmet-
ric with rank 1 (see [121]).

EXERCISE 6.7.14. Starting with a geodesic on a two-dimensional space form,
discuss how the equidistant curves change as they move away from the original geo-
desic.

EXERCISE 6.7.15. Let r(x) = |xp| in a Riemannian manifold with —K < sec <
K. Write the metric as g = dr?> + g, on B(p,R) — {p} = (0,R) x §"~!, where 2R <
inj,,.
(1) Show that
sn (r)ds; .y < gr < sn’g (r)ds; ;.
Hint: Estimate |J|*, where J is a Jacobi field along a geodesic ¢ with ¢ (0) =
0,7(0)=0,7(0) L ¢(0),and |J(0)| = 1.
(2) Show that there is a universal constant C such that

|Hess%r2 —g| < CK’R?

/3
as long as R < WK

EXERCISE 6.7.16. Let (M,g) be a complete Riemannian manifold. Show that
every element of ; (M, p) contains a shortest loop at p and that this shortest loop is
a geodesic loop.

EXERCISE 6.7.17. Let (M, g) be a complete Riemannian manifold with inj,, <
R, where exp, : B(0,R) — B(p,R) is nonsingular. Show that the geodesic loop ¢
at p that realizes the injectivity radius has index 0. Hint: When c is trivial as an
element in 7 (M, p), show that it does not admit a homotopy through loops that are
all shorter than ¢. When c is nontrivial as an element in 7; (M, p), show that it is a
local minimum for the energy functional.

EXERCISE 6.7.18 (Frankel). Let M be an n-dimensional Riemannian manifold
of positive curvature and A, B two closed totally geodesic submanifolds. Show di-
rectly that A and B must intersect if dimA + dimB > n. Hint: assume that A and B
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do not intersect. Then find a segment of shortest length from A to B. Show that this
segment is perpendicular to each submanifold. Then use the dimension condition to
find a parallel field along this geodesic that is tangent to A and B at the endpoints to
the segments. Finally use the second variation formula to get a shorter curve from A
to B.

EXERCISE 6.7.19. Let M be a complete n-dimensional Riemannian manifold
and A C M a compact submanifold. Establish the following statements without using
Wilking’s connectedness principle.

(1) Show that curves in Q4 4 (M) that are not stationary for the energy func-
tional can be deformed to shorter curves in Q4 4 (M) .

(2) Show that the stationary curves for the energy functional on Q4 4 (M) con-
sist of geodesics that are perpendicular to A at the end points.

(3) If M has positive curvature, A C M is totally geodesic, and 2dimA > dimM,
then all stationary curves can be deformed to shorter curves in Q4 4 (M).

(4) (Wilking) Conclude using (3) that any curve ¢ : [0,1] — M that starts and
ends in A is homotopic through such curves to a curve in A, i.e., 7] (M,A)
is trivial.

EXERCISE 6.7.20. Generalize Preissmann’s theorem to show that any solvable
subgroup of the fundamental group of a compact negatively curved manifold must be
cyclic. Hint: Recall that the group is torsion free. Use contradiction and solvability
to find a subgroup generated by deck transformations F, G with F oG = GXo F, k #0.
Then show that if ¢ is an axis for G, then F o ¢ is an axis for G* and use uniqueness
of axes for G* to reach a contradiction.

EXERCISE 6.7.21. Let (M,g) be a compact manifold of positive curvature and
F : M — M an isometry of finite order without fixed points. Show that if dimM is
even, then F must be orientation reversing, while if dimM is odd, it must be orienta-
tion preserving. Weinstein has proven that this holds even if we don’t assume that F
has finite order.

EXERCISE 6.7.22. Use an analog of theorem 6.2.3 to show that any closed man-
ifold of constant curvature = 1 must either be the standard sphere or have diameter
< % Generalize this to show that any closed manifold with sec > 1 is either simply
connected or has diameter < % In section 12.3 we shall show the stronger statement
that a closed manifold with sec > 1 and diameter > % must in fact be homeomorphic

to a sphere.

EXERCISE 6.7.23. Consider a complete Riemannian n-manifold (M, g) with
|sec| < K. Fix n points p; and a ball B(p, €) such that the distance functions 7 (x) =
|xp;| are smooth on B (p, &) with g (Vr!,Vr/) |, = 8" and |pp;| > 2.

(1) Let gV =g (Vr,Vr/) = g(dr',dr’). Show that there exists C (K,&) >0
such that |dg"| < C =C(n,K,e).

(2) Show further that C (n,K, €) can be chosen so that C (n,A K, A€) — 0 as
A — oo,
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(3) Show that there is a § = & (n,C) > 0 such that g"/ is invertible on B (p, §)
and the inverse g;; satisfies: |[g;; — &;;]| < é and |dg;;| <C'(n,K,€). Hint:
Find § such that | (¢ — 8] | < % on B(p,d) and use a geometric series
of matrices to calculate the inverse.

(4) Show that (r! (x)—r'(p),...,r" (x) —r"(p)) form a coordinate system on

B(p,0) and that the image contains the ball B (0, g) Hint: Inspect the
proof of the inverse function theorem.

EXERCISE 6.7.24 (The Index Form). Below we shall use the second variation
formula to prove several results established in section 5.7.3. If V, W are vector fields
along a geodesic ¢ : [0,1] — (M, g), then the index form is the symmetric bilinear
form

1
Lv,w)=1(V,w) :/0 (g(V,W) —g(R(V,¢)¢,W))dt.

In case the vector fields come from a proper variation of c this is equal to the second
variation of energy. Assume below that ¢ : [0,1] — (M,g) locally minimizes the
energy functional. This implies that 7 (V,V) > 0 for all proper variations.

(1) IfI(V,V) =0 for a proper variation, then V is a Jacobi field. Hint: Let W
be any other variational field that also vanishes at the end points and use
that

0<I(V+eW,V+eW)=I1(V,V)+2el(V,W)+ & (W,W)

for all small € to show that I (V,W) = 0. Then use that this holds for all W
to show that V' is a Jacobi field.

(2) LetV and J be variational fields along ¢ such that V (0) =J(0) and V (1) =
J(1).If J is a Jacobi field show that

1(V,J)=1(J,J).

(3) (The Index Lemma) Assume in addition that there are no Jacobi fields along
c that vanish at both end points. If V and J are as in (2) show that  (V,V) >
I(J,J) with equality holding only if V =J on [0,1]. Hint: Prove that if
V #£J, then

0<I(V—=JV—=0)=I1(V,V)—=1(JJ).

(4) Assume that there is a nontrivial Jacobi field J that vanishes at 0 and 1,
show that ¢ : [0,1+ €] — M is not locally minimizing for € > 0. Hint: For
sufficiently small € there is a Jacobi field K : [1 —¢&,14+¢&] — TM such
that K(1+¢&)=0and K(1 —€) =J(1 —¢€). Let V be the variational field
such that Vg | _¢) = J and V|[;_¢ 1+¢) = K. Finally extend J to be zero on
[1,1+ €]. Now show that

0 = I(%(-’r’):I(%+£(‘17J):I(;ig(‘lﬂj)—"_llljsg(‘lrl)
> L) HLTE(KK) =1(V,V).
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EXERCISE 6.7.25 (Index Comparison). Let J be a nontrivial Jacobi field along
a unit speed geodesic ¢ with J(0) = 0, J(0) L ¢(0). Assume that the Riemannian
manifold has sectional curvature > k. The index form on ¢| 0,5 18 given by

Bwv,v)= /Ob <|V|2—g(R(V,c')c',V)) di

and we assume that there are no Jacobi fields on | 0,5 that vanish at the ends points
as in part (3) of exercise 6.7.24.

(1) Show that I} (J,7) = g (J (b),J (b)).

(2) Define
sny (1)
Vi) = E (¢
()= e E W)
where E is a parallel field with E (b) = J (b). Show that
sn), (b)
(A% T
BV < RGP
Hint: Differentiate snk (t) smy (1).
(3) Conclude that g (J (b),J (b)) < snk 2 and use this to prove the part

of theorem 6.4.3 that relates to lower curvature bounds.

EXERCISE 6.7.26. Consider a subgroup G C Iso (M, g) of a Riemannian mani-
fold. The topology of Iso (M, g) is the compact-open topology discussed in exercise
5.9.41.

(1) Show that if M is complete, simply connected, has nonpositive curvature,
and G is compact, then G has a fixed point, i.e., there exists p € M that is
fixed by all elements in G. Hint: Imitate the proof of theorem 6.2.3.

(2) Given p € M and € > 0, we say that G is (p,€)-small, if Gp C B(p,€).
Show that for sufficiently small € (p) the closure G C Iso (M, g) of a (p, €)-
small group is compact and also (p, €)-small. Note: We do not assume that
M is complete so closed balls are not necessarily compact.

(3) Show that if G is (p,€)-small, then it is (g,2 |pg| + €)-small.

(4) Assume that G is (p, €)-small and that € is much smaller than the convexity
radius for all points in B(p,4€). Show that G has a fixed point. Hint:
Imitate (1) after noting all of the necessary distance functions are convex
on suitable domains.

(5) Given a Riemannian manifold show that for all p € M there exists € > 0
such that no subgroup G C Iso (M, g) can be (p, €)-small. Hint: As in the
proof of theorem 5.6.19 make G act freely on a suitable subset of M x - - - x
M.

(6) A topological group is said to have no small subgroups if there a neighbor-
hood around the identity that contains no nontrivial subgroups. Show that
Iso (M, g) has no small subgroups.

Bochner-Montgomery showed more generally that a locally compact subgroup
of Diff (M) has no small subgroups. Gleason and Yamabe then later proved that a
locally compact topological group without small subgroups is a Lie group. See also
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[87] for the complete story of this fascinating solution to Hilbert’s S5th problem. It is
still unknown whether (locally) compact subgroups of the homeomorphism group of
a topological manifold are necessarily Lie groups.

EXERCISE 6.7.27. Construct a Riemannian metric on the tangent bundle to a
Riemannian manifold (M, g) such that 7 : TM — M is a Riemannian submersion
and the metric restricted to the tangent spaces is the given Euclidean metric. Hint:
Construct a suitable horizontal distribution by declaring that for a given curve in M
all parallel fields along this curve correspond to the horizontal lifts of this curve.

EXERCISE 6.7.28. For a Riemannian manifold (M, g) let FM be the frame bun-
dle of M. This is a fiber bundle 7w : FM — M whose fiber over p € M consists of
orthonormal bases for 7,M. Find a Riemannian metric on F'M that makes 7 into a
Riemannian submersion and such that the fibers are isometric to O (n) . Hint: Con-
struct a suitable horizontal distribution by declaring that for a given curve in M all
orthonormal parallel frames along this curve correspond to the horizontal lifts of this
curve.






CHAPTER 7

Ricci Curvature Comparison

In this chapter we prove some of the fundamental results for manifolds with
lower Ricci curvature bounds. Two important techniques will be developed: Relative
volume comparison and weak upper bounds for the Laplacian of distance functions.
Later some of the analytic estimates we develop here will be used to estimate Betti
numbers for manifolds with lower curvature bounds.

The goal is to develop several techniques to help us understand lower Ricci
curvature bounds. In the 50s Calabi discovered that one has weak upper bounds
for the Laplacian of distance function given lower Ricci curvature bounds, even at
points where this function isn’t smooth. However, it wasn’t until after 1970, when
Cheeger and Gromoll proved their splitting theorem, that this was fully appreciated.
Around 1980, Gromov exposed the world to his view of how volume comparison
can be used. The relative volume comparison theorem was actually first proved
by Bishop in [15]. At the time, however, one only considered balls of radius less
than the injectivity radius. Gromov observed that the result holds for all balls and
immediately put it to use in many situations. In particular, he showed how one
could generalize the Betti number estimate from Bochner’s theorem (see chapter
9) using only topological methods and volume comparison. Anderson refined this
to get information about fundamental groups. One’s intuition about Ricci curvature
has generally been borrowed from experience with sectional curvature. This has led
to many naive conjectures that have proven to be false through the construction of
several interesting examples of manifolds with nonnegative Ricci curvature. On the
other hand, much good work has also come out of this, as we shall see.

The focus in this chapter will be on the fundamental comparison techniques and
how they are used to prove a few rigidity theorems. In subsequent chapters there will
be many further results related to lower Ricci curvature bounds that depend on more
analytical techniques.

7.1. Volume Comparison

7.1.1. The Fundamental Equations. Throughout this section, assume that we
have a complete Riemannian manifold (M, g) of dimension n and a distance function
r(x) that is smooth on an open set U C M. In subsequent sections we shall further
assume that r (x) = |xp| so that it is smooth on the image of the interior of the seg-
ment domain (see section 5.7.3). Recall the following fundamental equations for the
metric from proposition 3.2.11:

(1) Ly,g =2Hessr,
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(2) (Vj Hessr) (X,Y)+Hess?r(X,Y) = —R(X,0,,0,,Y).

There is a similar set of equations for the volume form.

PROPOSITION 7.1.1. The volume form vol and Laplacian Ar of a smooth dis-
tance function r are related by:

(trl) L, vol = Arvol,
2
(tr2) O Ar+ B < 9, Ar+ [Hess r|* = —Ric (9, 0,).

PROOF. The first equation was established in section 2.1.3 as one of the defini-
tions of the Laplacian of 7.

To establish the second equation we take traces in (2). More precisely, select an
orthonormal frame E;, set X =Y = E;, and sum over i. In addition it is convenient to
assume that this frame is parallel: V5 E; = 0. On the right-hand side

n
ZR (E;, 0r,0r,E;) =Ric (0, 0,).
i=1
While on the left-hand side

n
(VarHessr)(Ei,Ei) = Z&,Hessr(E,-,E,-)
1 i=1
o, Ar

H'M:

and

n
Z Hess” r (E;, E;)
i=1

n
Y 2(VE0:,VE9,)
i=1

= Z VE, 8 VE ahE) )

n
= Z g VEi8r7Ej) (VE,'ath)
i,j=1

= |Hessr|*.

Finally we need to show that

—~
>
~

~—

S8

< |Hessr|*.
n—1
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To this end also assume that E; = o,, then

n

Z (g (VE,'aran))2

i,j=1

Hess r|*

IV
S
| | =
g
o
—
<
i)
3QJ
IS
N———
)

The inequality

1

AP >~ [r(A)]?

k

for a k x k matrix A is a direct consequence of the Cauchy-Schwarz inequality
(A1) < AP I = APk,
where I is the identity k X k matrix. O
If we use the polar coordinate decomposition g = dr* + gr and vol,_; is the

standard volume form on §"~! (1), then vol = A (r, 8) dr Avol,_;, where 8 indicates
a coordinate on §"~!. If we apply (tr1) to this version of the volume form we get

Ly vol =Ly (A(r,0)drAvol,_1) =9, (A)drAvol,_
as both Ly dr = 0 and L, vol,—; = 0. This allows us to simplify (tr1) to the formula
oA = AAr.

In constant curvature k we know that g; = dr* + sn,% (r)ds>_,, thus the volume

n—1-
form is
vol, = A (r)dr Avol,_; = an*I (r)dr Avol,_q .

This conforms with the fact that

Ar = (n—-1) ZEZE:?,
o, (Snzfl (r)) = (n—-1) Z:lli E:g snzfl (r).

7.1.2. Volume Estimation. With the above information we can prove the esti-
mates that are analogous to our basic comparison estimates for the metric and Hes-
sian of r (x) = |xp| assuming lower sectional curvature bounds (see section 6.4).



236 7. RICCI CURVATURE COMPARISON

LEMMA 7.1.2 (Ricci Comparison). If (M,g) has Ric > (n—1) -k for some k €
R, then

Ar < (n—1)

"(5)

A(r,0) < /'Lk()—snzl(r).

SNy (}")

IN

0,

PROOF. Notice that the right-hand sides of the inequalities correspond exactly
to what one would obtain in constant curvature k. Thus the first inequality is a direct
consequence of corollary 6.4.2 if we use p = nAfl .

For the second inequality use that d,A = AAr to conclude that

8,&§(n—1)22:’zg;l

and

= (n—1) Zziggxk

A
() <o

The last inequality follows from the second after the observation that A = =1 4
O(r") at r =0 so that

This means that

O

Our first volume comparison yields the obvious upper volume bound coming
from the upper bound on the volume density.

LEMMA 7.1.3. If (M,g) hasRic > (n—1) -k, then vol B(p,r) <v(n,k,r), where
v(n,k,r) denotes the volume of a ball of radius r in the constant curvature space form
Sy

PROOF. In polar coordinates

volB(p,r) = / r)dr Avol,_;
segpﬁBOr

/ r)dr Avol,_;
segpﬁB (0,r)

/ voly,

= nkr)

IN

IN
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With a little more technical work, the above absolute volume comparison result
can be improved in a rather interesting direction. The result one obtains is referred
to as the relative volume comparison estimate. It will prove invaluable throughout
the rest of the text.

LEMMA 7.1.4 (Relative Volume Comparison, Bishop, 1964 and Gromov, 1980).
Let (M,g) be a complete Riemannian manifold with Ric > (n— 1) - k. The volume

ratio
volB(p,r)

v(n,k,r)

is a nonincreasing function whose limit is I as r — 0.

PROOF. We will use exponential polar coordinates. The volume form Adr A
vol,_ for (M, g) is initially defined only on some star-shaped subset of 7,M = R"
but we can just set A = 0 outside this set. The comparison density Ay is defined on all

of R" when k <0 and on B (0, n/\/I;) when k > 0. We can likewise extend A, =0
outside B (O, 71:/\//2) Myers’ theorem 6.3.3 says that A =0 on R” — B (0, n/\/lz)

in this case. So we might as well just consider r < 7/+/k when k > 0.
The ratio is "
volB(p,R) Jo Jonm1 Adr Avol,

V(l’l,k,R) B foR fsn,llkdr/\vol,,,l’

and 0 < A(r,0) < A(r) = sn} ' (r) everywhere.
Differentiation of this quotient with respect to R yields

dR
(fS'H A (R, B)Voln,l) (fOR fS'H A (r) dr/\voln,l)
(v(n,k,R))?

(fgr1 A (R) vol,, 1) ( SR A G)dr/\vol,H)
(v(n,k,R))?

(v(n,k,R)) 2 /0 ! [( Snl?L(R,G)voln_l) ( o lk(r)vol,,_l)

_< Snl?tk(R)voln_1> ( Snll(r,@)vol,,_lﬂ ar

So to see that

volB(p,R)
v(n,k,R)
is nonincreasing, it suffices to check that
Jgn-1 A (r,6) vol, 1 A(r,0)
Jort A (r)volu—i  @uy /Sn—l A (r)

is nonincreasing. This follows from lemma 7.1.2 as 9, (@&fﬁ) <0. O
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7.1.3. The Maximum Principle. We explain how one can assign second deriva-
tives to functions at points where the function is not smooth. In section 12.1 we shall
also discuss generalized gradients, but this theory is completely different and works
only for Lipschitz functions.

The key observation for our development of generalized Hessians and Lapla-
cians is

LEMMA 7.1.5. If f,h: (M, g) — R are C? functions such that f(p) = h(p) and
F(x) > h(x) for all x near p, then

Vi(p) = Vh(p),
Hessf|, > Hessh|,,
Af(p) = An(p).

PROOF. If (M,g) C (R,gr), then the theorem is standard from single variable
calculus. In general, let ¢ : (—€,€) — M be a curve with ¢(0) = p. Then use this
observation on foc, hoc to see that

df(¢(0)) = dh(c(0)),
Hess f(¢(0),¢(0)) > Hessh(¢(0),¢(0)).

This clearly implies the lemma if we let v = ¢(0) run over all v € T,M. O

The lemma implies that a C? function f:M — R has Hessf\p > B, where B is
a symmetric bilinear map on T,M (or Af(p) > a € R), if and only if for every € > 0
there exists a function f(x) defined in a neighborhood of p such that

(D) fe(p) = f(p).
(2) f(x) > fe(x) in some neighborhood of p.
(3) Hessfe|p, >B—¢-g|, (or Afe(p) >a—e).

Such functions f; are called support functions from below. One can analogously
use support functions from above to find upper bounds for Hess f and Af. Support
functions are also known as barrier functions in PDE theory.

For a continuous function f : (M, g) — R we say that: Hess f|, > B (or Af(p) >
a) if and only if for all € > 0 there exist smooth support functions fe satisfying (1)-
(3). One also says that Hess f|, > B (or Af(p) > a) hold in the support or barrier
sense. In PDE theory there are other important ways of defining weak derivatives.
The notion used here is guided by what we can obtain from geometry.

One can easily check that if (M,g) C (R,gr), then f is convex if Hess f > 0
everywhere. Thus, f: (M,g) — R is convex if Hess f > 0 everywhere. Using this,
one can prove

THEOREM 7.1.6. If f : (M,g) — R is continuous with Hess f > 0 everywhere,
then f is constant near any local maximum. In particular, f cannot have a global
maximum unless f is constant.

We shall need a more general version of this theorem called the maximum prin-
ciple. As stated below, it was first proved for smooth functions by E. Hopf in 1927
and then later for continuous functions by Calabi in 1958 using the idea of support
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functions. A continuous function f: (M, g) — R with Af > 0 everywhere is said to
be subharmonic. If Af <0, then f is superharmonic.

THEOREM 7.1.7 (The Strong Maximum Principle). If f : (M, g) — R is continu-
ous and subharmonic, then f is constant in a neighborhood of every local maximum.
In particular, if f has a global maximum, then f is constant.

PROOF. First, suppose that Af > 0 everywhere. Then f can’t have any local
maxima at all. For if f has a local maximum at p € M, then there would exist a
smooth support function f¢(x) with

) fe(p) = f(p),
(2)  fe(x) < f(x) for all x near p,
(3) Afe(p)>0.

Here (1) and (2) imply that f; must also have a local maximum at p. But this
implies that Hess f¢ (p) < 0, which contradicts (3).

Next assume that Af > 0 and let p € M be a local maximum for f. For suffi-
ciently small r < inj(p) the restriction f : B(p,r) — R will have a global maximum
at p. If f is constant on B(p,r), then we are done. Otherwise assume (by possibly
decreasing r) that f (xo) # f(p) for some

x0 € dB(p,r) ={xeM | |xp| =r}
and define
V={xcaB(p,r)| fx) = (p)}.
Our goal is to construct a smooth function 2 = ¢*? — 1 such that
h < OonV,
h(p) = 0,
Ah > OonB(p,r).

This function is found by first selecting an open disc U C dB(p,r) that contains V
and then ¢ such that

¢(p) = 0,
¢ < OonU,
Vo # OonB(p,r).
Such a ¢ can be found by letting ¢ = x' in a coordinate system (x',...,x")

centered at p where U lies in the lower half-plane: x! < 0 (see also figure 7.1.1).
Lastly, choose « so large that

Ah = ae® (a|Vo[* +A¢p) > 0on B(p,r).

Now consider the function f = f+ 8h on B(p,r). This function has a local
maximum in the interior B(p,r), provided 8 is very small, since this forces

fp) = f(p)
> max{f(x)|x€dB(p,r)}.

On the other hand, we can also show that f has positive Laplacian, thus obtaining a
contradiction as in the first part of the proof. To see that the Laplacian is positive,
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FIGURE 7.1.1.

select fr as a support function from below for f at ¢ € B(p,r). Then fz + Oh is a
support function from below for f at ¢q. The Laplacian of this support function is
estimated by

A(fe+6h)(q) = —€+8Ah(q),

which for given 6 must become positive as € — 0. O

A continuous function f : (M, g) — R is said to be linear if Hess f =0, i.e., both
of the inequalities Hess f > 0, Hess f < 0 hold everywhere. This easily implies that

(foe)(t) = f(c(0))+ oz

for each geodesic c as f o c is both convex and concave. Thus

foexp,(x) = f(p)+g(vp,x)

for each p € M and some v, € T,M. In particular, f is C* with Vf|, =v,.

More generally, we have the concept of a harmonic function. This is a continu-
ous function f : (M,g) — R with Af = 0. The maximum principle shows that if M
is closed, then all harmonic functions are constant. On incomplete or complete open
manifolds, however, there are often many harmonic functions. This is in contrast to
the existence of linear functions, where V f is necessary parallel and therefore splits
the manifold locally into a product where one factor is an interval. It is an important
fact that any harmonic function is C* if the metric is C*. Using the above maximum
principle this is a standard result in PDE theory (see also theorem 9.2.7 and section
11.2).

THEOREM 7.1.8 (Regularity of harmonic functions). If f : (M,g) — R is con-
tinuous and harmonic in the weak sense, then f is smooth.

PROOF. We fix p € M and a neighborhood Q around p with smooth boundary.
We can in addition assume that Q is contained in a coordinate neighborhood. It is a
standard but nontrivial fact from PDE theory that the following Dirichlet boundary
value problem has a solution:

Au = 0,
upa = flaa-

Moreover, such a solution u is smooth on the interior of Q. Now consider the two
functions u — f and f —u on Q. If they are both nonpositive, then they must vanish
and hence f = u is smooth near p. Otherwise one of these functions must be positive
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somewhere. However, as it vanishes on the boundary and is subharmonic this implies
that it has an interior global maximum. The maximum principle then shows that the
function is constant, but this is only possible if it vanishes. U

7.1.4. Geometric Laplacian Comparison. The the idea of using support func-
tions to estimate the Laplacian is particularly convenient for geometric applications
since distance functions always have support functions from above.

LEMMA 7.1.9 (Calabi, 1958). If (M,g) is complete and Ric(M,g) > (n— 1)k,
then any distance function r(x) = |xp| satisfies:

sm (r(x))
sny(r(x))

PROOF. We know from lemma 7.1.2 that the result is true whenever r is smooth.
In general, we can for each ¢ € M choose a unit speed segment o : [0,L] — M with
06(0) = p, o(L) = g. Then the triangle inequality implies that r¢(x) = €+ |o(€)x] is
a support function from above for r at g. If all these support functions are smooth at
g, then

Ar(x) < (n—1)

o = vt
i)
= g =9

st (r(q))
N =D )

sy (r)
sny (r)
Now for the smoothness. Fix € > 0 and suppose r¢ is not smooth at g. Then we

know from lemma 5.7.9 that either
(1) there are two segments from o (€) to g, or

(2) gqisacritical value for expg(,) : seg (o (€)) — M.

Case (1) would give us a nonsmooth curve of length L from p to g, which we
know is impossible. Thus, case (2) must hold. To get a contradiction out of this, we
show that this implies that exp, has o (&) as a critical value.

Using that g is critical for expg (), we find a Jacobi field J (¢) : [¢,L] — TM
along o/ ;) such that J(g) =0, J(g) # 0 and J (L) = 0 (see section 5.7.3). Then
also J (L) # 0 as it solves a linear second-order equation. Running backwards from
q to o (€) then shows that exp,, is critical at ¢ (¢). This however contradicts that
0 :[0,L] — M is a segment. O

as € — 0 since is decreasing.

7.1.5. The Segment, Poincaré, and Sobolev Inequalities. We shall use the
results obtained in section 7.1.2 to prove a some important analytic inequalities that
will be used in chapter 9.

THEOREM 7.1.10 (The Segment Inequality, Cheeger and Colding, 1996). As-
sume that (M, g) has Ric > (n— 1)k, k <0. Let f : M — [0,o0) and A,B C W C M.
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Further select segments cy.y : [0,1] — M between points x,y € M. If c., (t) € W for
allx€ A, y € B, t €10,1], and diamW < D, then

1
/ /focx,y (t)dtvolx/\voly§C(volA+volB)/fvol,
AxBJO w

where C =C (n,sz).

PROOF. Define
sn” (R
C:maxin’i] (1 ) .
R<D sny ( ZR)
Note that when k = 0 we have C = 2" ! and otherwise one can show that
B sinh™ ! (\/—kD)
~ sinh""! (%\/ ka) '
Fixxc€A,t > %, and use polar coordinates with center x. The map y +— ¢,y (t)is
a well-defined “scaling” by ¢ inside the segment domain. With that in mind we have:

/ Focuy (t)vol, = / Focry (1) A () dr Avol,_y
B B
A(y)

A(exy (1))
< c /B Focay (A (cay (1)) dr Avoly;

dr A\vol,_

/fo Cry (1) A (cxy (1))
B

IN
@)
.
<

=N

This gives us

1
1
/// focx,y(t)dtvolyvolxgvaolA/ fvol.
AJBJL 2 w

1

2 1
/// focw(t)dtvolxvolygfCVOIB/ fvol.
BJaJo 2 W

Adding these gives the desired result. U

Similarly

This estimate allows us to establish a weak Poincaré inequality. To formulate
the result it’ll be convenient to define the L” norm on a domain B by also averaging

the integral:
1
p
el = (s [ v

and using the notation up = ﬁ fBuvol for the average value of a function on a
bounded domain.
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COROLLARY 7.1.11. Assume that (M, g) has Ric > (n— 1)k, k <0. Any smooth
u: M — [0,00) satisfies

= <A4CR|dul s g om)

up(pR)|| 1.B(p.R)
where R < D.

PROOF. This proof is due to Cheeger and Colding. We use the segment inequal-
ity with A =B =B(p,R), W = B(p,2R), and f = |du| as well as the observation

/B|u—u3| u(x)_vollB/B”()’)VOIy
ﬁ/B(”(x)—u(y))voly

vol,

I
S

J

vol,

S vollB//|“(x)*u(y)lvolyvolx
BJB
1
S voﬁ/// |xy|“du'(Cx,y(t))|dtV01yV01x
BJBJO
1
= Vﬁﬁg/// ||dul (cx (t))| dt voly vol,.
BJBJO

This shows that

< 4CREELZ 1l 52 -

H” volB(p,R)

— ()| 1.B(p.R)
The result follows by using that the volume ratio is bounded explicitly by the ratio

v(n,k,2R) < v(n,k,2D)
v(n,k,R) — v(n,k,D) "

O

REMARK 7.1.12. Note that the corollary holds for for any measurable u with a
function G in place of |du| provided

1
() —u)| < [ Gle(w) el a
for all ¢ € Q, . Such a G is also called an upper gradient.

This leads us, surprisingly, to the much stronger Poincaré-Sobolev inequality
where the domain is the same on both sides and a stronger norm is used on the left-
hand side.

THEOREM 7.1.13. Assume that (M, g) has Ric > (n— 1)k, k <0. For all smooth
u:M — [0,00) and v € [l,ﬁ}

||M — uB(X,R) ||V,B(X,R) S C (n7kD2) R || ‘du| ||1,B(X,R) ’

where R < D.
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We offer a proof by Hajtasz and Koskela that can be found in [64]. An even
shorter proof is possible when v < . Traditionally, proofs of this theorem required
a very deep and difficult theorem from geometric measure theory. Here we only need
a few basic concepts from analysis together with the weak Poincaré inequality and
relative volume comparison. This proof has the added benefit of easily allowing
generalizations to suitable metric spaces. We will for simplicity prove it in case
B(x,R) = M and D is an upper bound for the diameter of M. To keep constants at
bay we shall also keep writing them as C with the understanding that C =C (n, sz)
depends on n and possibly also kD?. However, the constants might change from line
to line in a proof.

The maximal function of a function u is defined as

o,
M(u)(x)= sup ———— u|vol.
& Re(OI,)D] vol B (x,R) B(x,R)| |

We only need the weak version of the maximal function estimate. Note that this
estimate does not bound ||M («)||, in terms of ||u||,, which is in fact impossible, but
it can be used to prove the standard bounds ||M (u)||, < C||ul|, for all p > 1.

THEOREM 7.1.14 (Maximal Function Theorem). There exists a constant C =
C (n,sz) such that

tvol{M (u) >t} < C/ |u| vol.
PROOF. Note that for each x € {M (u) > ¢} there is R, < D such that
tvol B (x,Ry) < / |u| vol.
B(x,Ry)
Now use the basic covering property (see exercise 7.5.5) to cover {M (u) >t} by
balls B (x;,5Ry;) with the property that B (x;,Ry,) are pairwise disjoint. Relative vol-
ume comparison gives us
vol B (x,5R)
vol B(x,R)
We can then estimate

v(n,k,5D)
v(n,k,D)

< =C=C(nkD?).

tvol{M (u) >t} < ZtvolB(x,-,SRx,.)
< C) tvolB(x;,Ry;)
< C / u|vol
Z volB(x,-7Rxl.)‘
<

C/\u|vol.
(]

THEOREM 7.1.15. Assume that (M, g) has Ric > (n— 1)k, k <0, and diamM <
D. Letu: M — [0,00) be smooth. There is a weak Poincaré-Sobolev inequality

(77 vol {|u— g )| > 1} < CRZT vol M ||du |7 ,
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where C =C (n,sz).

~ PROOF. For simplicity we prove this when R = D. Fix x € M and define R; =
27'D. If B; = B(x,R;), then M = By. By continuity of u we have u (x) = limug,. This
tells us that

() —ugy| <Y |up, —us,,|
i=0
< Ylu—usll g,
i=0
> volB;
: ,ZVOIB ju=uglly p,
< CZH“_”BI‘HI,B,-
i=0
<

203 ZRi [|dulll, ., -
=0

Therefore, it suffices to prove an estimate of the form:

= V01{ZR,-||du|||1’Bil }<cpn IV01M|HduH|" AT

i=0

For any x € M and r > 0 split up the sum

Y Rillldulll g, , + Y Rilllaulll, 5, , -

Ri<r Ri>r

The first term is controlled by the maximal function

A

Y Rillldullyp_, < <2R> (Idul) (x)
Ri<r R;<r

2rM (|dul) (x).

IN

The second term is bounded by |||du]||, as follows:
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volM
Rillldulll, 5, < R; [lldull],
R;Z>r o R;, volB;_;
D n
< e X (o)
R,->r i—1
<

2—i
CRgrmDHW”Hh

= 27 Y 207 iD)|[du |,
Ri>r

< 2172 VD | |du |,

2!7C (20071 D" [l

2'"CR} D" ||dul|,

2ner =D ||| dul | -

IN

Thus

Y Rillldulllyp_, < C(rM(ldul)(x)+r"""D"||dull,)
i=0

1
_ [[|dulll ) n : .
and forr=D ( M) () yields the estimate:

- i L
Y Rillldulll, ,_, < CD(M(|dul) (x)) " |||dull|; -
i=0

Note that while it is natural to assume r < D this estimate is still valid when r > D.
The maximal function theorem can now be used to obtain the inequality

- - =
n
vol{ Ri|||du||1,3,.l>t} vol (zRinwunh,BH) > 1
i=0 i=0

n L n
< Vol{CDnl |7 M (|dul) (x) > zm}
n n L
< atepit ||\du\||f‘1/ \du| vol
M
< ~#1CDTT volM | |dul || .

O

The proof of the Poincaré-Sobolev inequality can now be completed as follows.

PROOF OF THEOREM 7.1.13. We use the estimate from theorem 7.1.15 to prove
the result. First we need two more elementary facts. Note that for any ¢ € R:

lu—wmll, < lle —umll, +llu—cll, = lups — e[ +[lu—cll, <2[u—cll,
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and

i —c|l <|lu— .
inf el , < llu—uwnll,

So it suffices to estimate |lu — |, for a suitable c.

For a general u : M — R find m such that vol {u > m} > % and vol {u <m} >
%. Then split « into the two functions v = max {u —m,0} and v~ = max {m — u,0}.
Note that they both satisfy vol {v= = 0} > YoM,

While v* is not smooth we can set |dv*| = 0 at all points where v
Thus it suffices to show that

+ vanishes.

|

]2, = € (nkD?) D[lav?

n
n—1

as

Hl/l”rnl < Hv+| - + ||v_| and ’dv+| + |dv_‘ <|du].

_n_
n—1

We first claim that v = v* satisfies
f
vol{v>1} < 2V01{|v76| > 5}

To see this note that when 5 < ¢ we have {c —v > %} C {v =0}, while when § > ¢
we have{v>c+5} C{v>r}.
For 0 < a < b consider the truncated function

b—a ifv(x) > b,
V() ={v(x)—a ifa<v(x)<b,
0 ifv(x) <a,

and note that the weak Poincaré inequality holds for vZ if we use |dv|- X{a<v<b} 8S
an upper gradient. Theorem 7.1.15 con now be used:

t%vol{v2>t} < Ztnnflinfvol{
c

t

ie[> 3}
n £\ et t

= 2 (5) " Tinfvol {[V; | > 5}

T A=Y t

2t ()" vt {[= (%), 1> 3

CDT 12T Vol M ||dv] - Zpacveny |7 -

b_ .
vy —c

IN

IN
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We then get the desired estimate as follows:

/v% vol <

IA

IN

IN

IN

Y ok vol{zk*‘ <v< 2k}

k= —o0
ZannTl vol {v > 2k_1}
k

Y 2471 vol {vg’;:; > k=1 2"‘2}
k

n k—1
Y 2431 vol {ng > 2"*2}
k

23ﬁ+1CDﬁ VO]MZ H |dV| . X{Zk*2<v§2k*1}
k

‘ n—T
1

21 DT volM HZ V] X o2yt 1y
k

‘nl

1
BT eDE vol M |||av||| [T
O

REMARK 7.1.16. See exercise 7.5.17 for the Poincaré inequality for functions
with Dirichlet boundary conditions.

Finally we also obtain an entire hierarchy of such inequalities.

PROPOSITION 7.1.17. Assume that all smooth functions on (M,g) satisfy the

inequality

e~ l] <. < Sldu].

with s > 1, then for 1 <p <s

p(s—1)

lJull 2 <
5=p s—p

Slldull, + ull ,-

PROOF. When p = 1, this follows from

=l < >l <, =l ] s,
= ull +, — ]
> el s~ llul, -

For p > 1 first note that

el = [lu?]] s,
s—1 §

IN

Sl + [l
Sq [ju™ dul], + [l

—1
Jull %,y (Salldull, + lal ) -

p—1

IN
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Then choose ¢ = ”E,‘:,l ) S0 that =L ;qjll) = £ to obtain the desired inequality.
O

Finally we establish the Rellich compactness theorem. The same strategy can
also be used to prove the more general Kondrachov compactness theorem for L? (M).
Define W' (M) as the Hilbert space closure of C* (M) with the square norm ||u\|§ +
||du||§ Recall that a sequence v; € (H, (-, -)) in a Hilbert space is weakly convergent,
vi = v if (vi,w) — (v,w) for all w € H. Moreover, any bounded sequence has a
weakly convergent subsequence.

THEOREM 7.1.18 (Rellich Compactness). Assume (M",g) is a compact Rie-
mannian n-manifold. The inclusion W' (M) C L? (M) is compact.

OUTLINE OF PROOF. Consider a sequence u; of smooth functions where ||;|3 +
||du,||% is bounded. Then there will be a weakly convergent subsequence u; — u. In
particular, u; p(, g) — up(x r) for fixedx € M and R > 0.

By the Lebesgue differentiation theorem we also have that ug(, z) — u(x) as
R — 0 for almost all x € M. Next note that by theorem 7.1.15

R =) _n_ R )
V01{|ui7“i78(x.R)‘ >e} <C (8) volM ||du;||j T <C <£> 7

where C’ is independent of i.

This implies that vol {|u; (x) —u(x)| > €} — 0 as i — . We can then extract
another subsequence of u; that converges pointwise to u almost everywhere on M.
Since ||u]| 1 is bounded Egorov’s theorem implies that u; — u in L2 O

7.2. Applications of Ricci Curvature Comparison

7.2.1. Finiteness of Fundamental Groups. Our first application of volume
comparison shows how one can control the fundamental group. We start with a
result that addresses how fundamental groups can be represented.

LEMMA 7.2.1 (Gromoyv, 1980). A compact Riemannian manifold M admits gen-
erators {cy,...cm} for the fundamental group T = ) (M) such that all relations for
I" in are of the form ¢;-c; - c;l = 1 for suitable i, j, k. Moreover, the generators c;
can be represented by loops of length < 3diam (M).

PROOF. For any € € (0,inj(M)) choose a triangulation of M such that adja-
cent vertices in this triangulation are joined by a curve of length less that €. Let
{x1,...,x:} denote the set of vertices and {ei j} the edges joining adjacent vertices
(thus, e;; is not necessarily defined for all i, j). If x is the projection of X € M, then
join x and x; by a segment o; forall i = 1,...,k and construct the loops 0;; = o;e;; Gj_l
for adjacent vertices.

Any loop in M based at x is homotopic to a loop in the 1-skeleton of the trian-
gulation, i.e., a loop that is constructed out of juxtaposing edges e;;. Since e;je i =
e; jGj’IGje ik such loops are the product of loops of the form o;;. Therefore, I is
generated by o;;.
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Next observe that if three vertices x;,x;,x; are adjacent to each other, then they
span a 2-simplex A\; ;. Consequently the loop 6;;0 30y = G; jO'jkO'i;l is homotopi-
cally trivial. We claim that these are the only relations needed to describe I'. To see
this, let o be any loop in the 1-skeleton that is homotopically trivial in M. Then ¢
also contracts in the 2-skeleton. Thus, a homotopy corresponds to a collection of
2-simplices A;j;. In this way we can represent the relation ¢ = 1 as a product of
elementary relations of the form o;; ijcri? =1.

The generators correspond to loops of length < 2diam (M) + € so the result is
proven. O

A simple example might be instructive here.

EXAMPLE 7.2.2. Consider M; = §3 /Zy; the constant curvature 3-sphere divided
out by the cyclic group of order k. As k — oo the volume of these manifolds goes to
zero, while the curvature is 1 and the diameter % Thus, the fundamental groups can
only get bigger at the expense of having small volume. If we insist on writing the
cyclic group Zy in the above manner, then the number of generators needed goes to
infinity as k — co. This is also justified by the next theorem.

For numbers n € N, k € R, and v,D € (0,0), let M (n,k,v,D) denote the class
of compact Riemannian n-manifolds with

Ric > (n—1)k,
vol > v,
diam < D.

We can now prove:

THEOREM 7.2.3 (Anderson, 1990). There are only finitely many fundamental
groups among the manifolds in M (n,k,v,D) for fixed n,k,v,D.

PROOF. Choose generators {c,...,c,} as in the lemma. Since the number of

possible relations is bounded by 2’”3, we have reduced the problem to showing that
m is bounded. Fix x € M and consider ¢; as deck transformations. The lemma also
guarantees that |xc;(x)| < 3D. Fix a fundamental domain F C M that contains x, i.e.,
a closed set such that & : F — M is onto and vol ' = vol M. One could, for example,
choose the Dirichlet domain

F={zeM||xz| < |c(x)z| forall c € m (M)} .

Then the sets ¢; (F) are disjoint up to sets of measure 0; all have the same volume;
and all lie in the ball B (x,6D) . Thus,
v(n,k,6D)

vol B (x,6D) <
volF  — v '

In other words, we have bounded the number of generators in terms of n, D, v, k alone.
O

A related result shows that groups generated by short loops must in fact be finite.
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LEMMA 7.2.4 (Anderson, 1990). For fixed numbers n € N, k € R, and v,D €
(0,0) there exist L=L(n,k,v,D) and N =N (n,k,v,D) such that if M € M (n,k,v,D),
then any subgroup of ) (M) that is generated by loops of length < L must have order
<N.

PROOF. LetI" C m; (M) be a subgroup generated by loops {cy,...,c;} of length
< L. Consider the universal covering 7 : M — M and let x € M be chosen such that
the loops are based at 7 (x) . Then select a fundamental domain F C M as above with
x € F. Thus, for any ¢, ¢y € m; (M), either ¢; = ¢; or ¢; (F)Ncy (F) has measure 0.

Now define U (r) as the set of ¢ € I such that ¢ can be written as a product
of at most r elements from {ci,...,c;}. Since |xc;(x)| < L for all i it follows that
|xc(x)| < r-Lforall ¢ € U(r). This means that ¢ (F) C B(x,r-L+ D). As the sets
¢ (F) are disjoint up to sets of measure zero, we obtain

volB(x,r-L+ D)

U
vl < vol F
v(n,k,r-L+ D)
—_ V .
Now define
2D
y = bmk2D)
V
D
L = —.
N

If I" has more than N elements we get a contradiction by using r = N as we would
have

2D
v (n,k, )+1 N
v
< [UW)|
v(n,k,2D)
< N5

v
(]

7.2.2. Maximal Diameter Rigidity. Next we show how Laplacian comparison
can be used. Given Myers’ diameter estimate, it is natural to ask what happens when
the diameter attains it maximal value. The next result shows that only the sphere has
this property.

THEOREM 7.2.5 (S. Y. Cheng, 1975). If (M, g) is a complete Riemannian man-
ifold with Ric > (n— 1)k > 0 and diam = 7/, then (M, g) is isometric to S}.

PROOF. Fix p,q € M such that |pg| = #/vk. Define r(x) = |xp|, F(x) = |xg|. We
will show that

D r+7F=n/vk, xe M.

(2) r,7 are smooth on M — {p, q}.

(3) Hessr = %dsil onM—{p,q}.

(4) g =dr* +snids?

n—1-
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We already know that (3) implies (4) and that (4) implies M must be Sy.

Proof of (1): Consider 7(x) = |xq| and r(x) = |xp|, where |pq| = /+/k. Then
r+ 7> 1 /v/k, and equality will hold for any x € M — {p, g} that lies on a segment
joining p and g. On the other hand lemma 7.1.9 implies

Ar+7) < ArtAF
< (n— l)ﬂcot(\//;r(x)) +(n— 1)\//;C0t(\//;7‘()€))

(n— DVkcot(Vr(x)) + (n— 1)vkcot (\/% (% - r(x))>
(n—1)Vk(cot(Vkr(x)) +cot(r — Vkr(x))) = 0.

Thus r+ F is superharmonic on M — { p, ¢} and has a global minimum. Consequently,
the minimum principle implies that 7 + 7 = 7 /v/k on M.

Proof of (2): If x € M — {q, p}, then x can be joined to both p and ¢ by segments
c1,c2. The previous statement says that if we put these two segments together, then
we get a segment from p to g through x. Such a segment must be smooth (see
proposition 5.4.4). Thus c¢; and ¢, are both subsegments of a larger segment. This
implies from our characterization of when distance functions are smooth that both r
and 7 are smooth at x € M — {p,q} (see corollary 5.7.11) .

Proof of (3): Since r(x) + F(x) = /vk, we have Ar = —AF. On the other hand,

)
(=1

sng (r(x)

IN

Ar(x)

This implies,
Ar=(n—-1)—*

and

dr-(Ar) + %

9,(Ar) + | Hessr|?
—Ric(dy,9;)
—(n—1)k.
Hence, all inequalities are equalities, and in particular

(Ar)? = (n—1)|Hessr|%.

—(n—1)k

INIAIA
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Recall from the proof of tr2 from proposition 7.1.1 that this gives us equality in the
Cauchy-Schwarz inequality k|A|* > (trA)>. Thus A = "], In our case we have
restricted Hess r to the (n— 1) dimensional space orthogonal to d, so on this space
we obtain: .
A sn
Hessr = —rg, =_k
n—

1 sny &r-

O

We now know that a complete manifold with Ric > (n—1) -k > 0 has diameter <
7/v/k, and equality holds only when the space is S}. Therefore, a natural perturbation
question is: Do manifolds with Ric > (n—1) -k > 0 and diam ~ #/v%, have to be
homeomorphic or diffeomorphic to a sphere?

For n = 2,3 this is true. When n > 4, however, there are counterexamples.
The case n = 2 will be settled later and n = 3 was proven in [107] (but sadly never
published). The examples for n > 4 are divided into two cases: n =4 and n > 5.

EXAMPLE 7.2.6 (Anderson, 1990). For n = 4 consider metrics on I x S° of the
form
dr* +p*oi +¢*(o3 +03).

_ sinflar) r < ro,
p(r) .
cisin(r+906) r>ry,
0 (r) = br’ +c r < rp,
| asin(r+6) r>r,
and then reflect these function in » = 7/2 — §, we get a metric on CP>4CIP?. For any
small rp > 0 we can adjust the parameters so that p and ¢ become C' and generate a
metric with Ric > 3. For smaller and smaller choices of ry we see that § — 0, so the
interval I — [0, ] as ryp — 0. This means that the diameters converge to 7.

If we define

EXAMPLE 7.2.7 (Otsu, 1991). For n > 5 we consider standard doubly warped
products:
dr* +p?-ds3 + ¢*ds>_,
on I x §? x §"=3. Similar choices for p and ¢ will yield metrics on S? x "2 with
Ric > n—1 and diameter — 7.

In both of the above examples we only constructed C! functions p, ¢ and there-
fore only C ! metrics. However, the functions are concave and can easily be smoothed
near the break points so as to stay concave. This will not change the values or first
derivatives much and only increase the second derivative in absolute value. Thus the
lower curvature bound still holds.

7.3. Manifolds of Nonnegative Ricci Curvature

In this section we shall prove the splitting theorem of Cheeger-Gromoll. This
theorem is analogous to the maximal diameter theorem in many ways. It also has
far-reaching consequences for compact manifolds with nonnegative Ricci curvature.
For instance, it can be used to show that S3 x S does not admit a Ricci flat metric.
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7.3.1. Rays and Lines. We will work only with complete and noncompact
manifolds in this section. A ray r(z) : [0,00) — (M, g) is a unit speed geodesic such
that

|r(2)r(s)| = |t —s| for all z,s > 0.

One can think of a ray as a semi-infinite segment or as a segment from r(0) to infinity.
Alinel(t) : R — (M, g) is a unit speed geodesic such that

[{()I(s)| = |t —s| for all £,s € R.

LEMMA 7.3.1. If p € (M, g), then there is always a ray emanating from p. If M
is disconnected at infinity, then (M, g) contains a line.

PROOF. Let p € M and consider a sequence g; — o°. Find unit vectors v; € T,M
such that:

0;(t) = exp,(1vi), 1 € [0,d(p, ;)]

is a segment from p to g;. By possibly passing to a subsequence, we can assume that
vi — v € T,M (see figure 7.3.1). Now

o(t) =exp,(tv), t €[0,0),

becomes a segment. This is because ©; converges pointwise to ¢ by continuity of
exp,,, and thus

|o(s)o(t)| =lim|o;(s)o;(t)| = |s —¢].

A complete manifold is connected at infinity if for every compact set K C M
there is a compact set C O K such that any two points in M — C can be joined by a
curve in M — K. If M is not connected at infinity, we say that M is disconnected at
infinity.

If M is disconnected at infinity, then there is a compact set K and sequences of
points p; — oo, g; — oo such that any curve from p; to g; passes through K. If we join
these points by segments o; : (—a;, b;) — M such that a;,b; — o0, 0;(0) € K, then the
sequence will subconverge to a line (see figure 7.3.1). U

EXAMPLE 7.3.2. Surfaces of revolution dr? + p?(r)ds?_,, where p : [0,o0) —
[0,00) and p(r) < 1, p(r) <0, ¢ > 0, cannot contain any lines. These manifolds look

like paraboloids.

EXAMPLE 7.3.3. Any complete metric on §"~! x R must contain a line since
the manifold is disconnected at infinity.

EXAMPLE 7.3.4. The Schwarzschild metric on $"~2 x R? does not contain any
lines. This will also follow from our main result in this section as the space is not
metrically a product.

THEOREM 7.3.5 (The Splitting Theorem, Cheeger and Gromoll, 1971). If (M, g)
contains a line and has Ric > 0, then (M, g) is isometric to a product (H X R, go +
dar?).
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OUTLINE OF PROOF. The proof is quite involved and will require several con-
structions. The main idea is to find a distance function r: M — R (i.e. |Vr|=1)
that is linear (i.e. Hessr = 0). Having found such a function, one can easily see that
M =Uy xR, where Uy = {r = 0} and g = d*> + go. The maximum principle will play
a key role in showing that r, when it has been constructed, is both smooth and linear.
Recall that in the proof of the maximal diameter theorem 7.2.5 we used two distance
functions r, 7 placed at maximal distance from each other and then proceeded to show
that » 4 7 is constant. This implied that r, 7 were smooth, except at the two chosen
points, and that Ar is exactly what it is in constant curvature. We then used the rigid-
ity part of the Cauchy-Schwarz inequality to compute Hessr. In the construction of
our linear distance function we shall use a similar construction. In this situation the
two ends of the line play the role of the points at maximal distance. Using this line
we will construct two distance functions b from infinity that are continuous, satisfy
by +b_ > 0 (from the triangle inequality), Ab+ < 0, and b +b_ = 0 on the line.
Thus, by + b_ is superharmonic and has a global minimum. The minimum principle
implies that b, +b_ =0. Thus, b, = —b_ and

0>Ab, =—Ab_ >0,

which shows that both of b1 are harmonic and C”. At this point in the proof it is
shown that they are distance functions, i.e., |Vb.| = 1. We can then invoke proposi-
tion 7.1.1 to conclude that

(Aby)?

n—1
Dy, Aby +| Hessb. |

= |Hessb. |’

—Ric(Vby,Vby)

0.

0 = Dy, Abs+

INIA
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FIGURE 7.3.2.

This shows that | Hess b |> = 0 and b are the sought after linear distance functions.
O

7.3.2. Busemann Functions. For the rest of this section fix a complete non-
compact Riemannian manifold (M,g) with nonnegative Ricci curvature. Let ¢ :
[0,00) — (M, g) be a unit speed ray, and define

bi(x) = |xc(2)| —t.
PROPOSITION 7.3.6. The functions b, satisfy:

(1) For fixed x, the function t — b,(x) is decreasing and bounded in absolute

value by |xc(0)].
(2) [bi(x) = b (y)] < |xyl-
3) Ab(x) < Zr;ft everywhere.

PROOF. (2) and (3) are obvious since b, (x) +1 is the distance from c(¢). For (1),
first observe that the triangle inequality implies

b (x)| = [[xe ()] — 2] = [|xe(£)] = [c(0)c(®)]] < |xc(0)].
Second, if s < ¢, then
bix) —by(x) = fre(t)| —1 — |xe(s)| +5
e (£)] = [xe(s)] = |e(t)e(s)]
le(t)c(s)| = le(t)e(s)| = 0.

IN

O

This proposition shows that the family of distance decreasing functions {b; },>o
is pointwise bounded and decreasing. Thus, b, converges pointwise to a distance
decreasing function b, satisfying

be(x) =be ()| < |0,
be(x)] < [xe(0)],
and
be(c(r)) =limb,(c(r)) =lim(|c(r)c(r)| —t) = —r.
This function b, is called the Busemann function for ¢ and should be interpreted as
renormalized a distance function from “c(e0).”

EXAMPLE 7.3.7. If M = (R", ggn ), then all Busemann functions are of the form
be(x) = ¢(0)-(c(0) —x)
(see figure 7.3.2).
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FIGURE 7.3.3.

The level sets b;l (¢) are called horospheres. In R" these are obviously hyper-
planes. In the Poincaré model of hyperbolic space they look like spheres that are
tangent to the boundary.

Given our ray c, as before, and p € M, consider a family of unit speed segments
o; : [0,L;] — (M,g) from p to c(z). As in the construction of rays this family sub-
converges to aray ¢ : [0,00) — M, with ¢(0) = p. Such ¢ are called asymptotes for ¢
from p (see figure 7.3.3) and need not be unique.

PROPOSITION 7.3.8. The Busemann functions are related by:

(1) be(x) < be(p)+be ( )-
(2) be(E(t)) = be(p) +be(E(t)) = be(p) —1.

PROOF. Let g;: [0,L;] — (M, g) be the segments converging to ¢ To check (1),
observe that

e(s)| =s < xé(0)[+[é()c(s)| —s
= @) —t+[pe(t)|+e(t)c(s)| s
= xé(1)[ =1+ [pé(r)[ +be(E(r)) as s — oo
Thus, we see that (1) is true provided that (2) is true. To establish (2), note that
|pe(ti)| = [poi(s)] + |oi(s)e (@)
for some sequence #; — oo. Then 6;(s) — é(s) and
be(p) = lim(|pe(n)| 1)
= lim([pe(s)|+[e(s)c(t)] — )
= [pe(s)[ +lim(|&(s)c(n)| — 1)
= 5+bc(8(5))
—be(&(s)) + be((s))-
O

We have shown that b, has b.(p) + bz as support function from above at p € M.
LEMMA 7.3.9. IfRic(M,g) > 0, then Ab. < 0 everywhere.

PROOF. Since b.(p)+ b is a support function from above at p, we only need to
check that Ab; < 0 at p. To see this, observe that the functions b, (x) = |x&(r)| —t are
support functions from above for b; at p. Furthermore, these functions are smooth at
p with

n—

1
Ab,(p) < —0ast — oo,
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O

PROOF OF THEOREM 7.3.5. Now suppose (M, g) has Ric > 0 and contains a
line ¢(#) : R — M. Let b" be the Busemann function for ¢ : [0,00) — M, and b~ the
Busemann function for ¢ : (—es,0] — M. Thus,

b)) = tim (fe(n)] 1),
b)) = Jim (e(—0) 1),

Clearly,
b (x) b () = Jim_(be(t)| + ve(—1)] ),

so by the triangle inequality (b™ 4+ b~) (x) > 0 for all x. Moreover, (b™ +b7) (c(t)) =
0 since c is a line (see figure 7.3.4).

This gives us a function 5% + b~ with A(b* +57) < 0 and a global minimum at
c(t). The minimum principle then shows that b* + b~ = 0 everywhere. In particular,
b = —b~ and Ab* = Ab~ = 0 everywhere.

To finish the proof of the splitting theorem, we still need to show that b* are
distance functions, i.e. |[Vb™| = 1. To see this, let p € M and construct asymptotes
&* for ¢* from p. Then consider b (x) = |x&* (¢)| — ¢, and observe:

b (x) > b"(x) =" (p) = —b" (x)+b" (p) > —b; ()
with equality holding for x = p. Since both b,i are smooth at p with unit gradient it
follows that Vb;" (p) = —Vb; (p). Then b* must also be differentiable at p with unit
gradient. Therefore, we have shown (without using that b* are smooth from Ab* =
0) that b* are everywhere differentiable with unit gradient. The result that harmonic

functions are smooth can now be invoked and the proof is finished as explained
earlier. 0

7.3.3. Structure Results in Nonnegative Ricci Curvature. The splitting the-
orem gives several nice structure results for compact manifolds with nonnegative
Ricci curvature.

COROLLARY 7.3.10. S¥x S does not admit any Ricci flat metrics when k=2, 3.

PROOF. The universal covering is S x R. As this space is disconnected at in-
finity any metric with nonnegative Ricci curvature must split. If the original metric
is Ricci flat, then after the splitting we obtain a Ricci flat metric on a k-manifold H
that is homotopy equivalent to S¥. In particular, H is compact and simply connected.
If £ < 3, such a metric must also be flat and so can’t be simply connected as it is
compact. O
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When k > 4 it is not known whether any space that is homotopy equivalent to
S* admits a Ricci flat metric, but there do exist Ricci flat metrics on compact simply
connected manifolds in dimensions > 4.

THEOREM 7.3.11 (Structure Theorem for Nonnegative Ricci Curvature, Cheeger
and Gromoll, 1971). Suppose (M, g) is a compact Riemannian manifold with Ric >
0.

(1) The universal cover (M ,&) splits isometrically as a product N X R¥, where
N is a compact manifold.

(2) The isometry group splits Iso (1\71) =TIso(N) x Iso (Rk).

(3) There exists a finite normal subgroup G C m (M) whose factor group
is m (M) N1Iso (RY) and there is a finite index subgroup Z* C m (M) N
Iso (RF).

PROOF. First we use the splitting theorem to write M = N x R¥, where N does
not contain any lines. Observe that if c(t) = (c1(t),c2(t)) € N x R is a geodesic,
then both ¢; are geodesics, and if ¢ is a line, then both ¢; are also lines unless they are
constant. Thus, all lines in M must be of the form ¢(¢) = (x,5(r)), where x € N and
o is a line in R,

(2)Let F : M — M be an isometry. If L(¢) is a line in M, then F oL is also a line
in M. Since all lines in M lie in R¥ and every vector tangent to R¥ is the velocity of
some line, we see that for each x € N we can find Fj (x) € N such that

F:{x} xR = {F (x)} x R

This implies that F must be of the form F = (F},F,), where F} : N — N is an isom-
etry. Since DF preserves the tangents spaces to R* it must also preserve the tangent

spaces to N. Thus F> : R¥ — R¥, This shows that Iso (M) =1Iso (N) x Iso (R¥).

(1) Since the deck transformations 7; act by isometries we can consider the
group 7; NIso (N) that comes from the projection N x R¥ — N. As m; acts discretely
and cocompactly on M, it follows that 71y NIso (N) also acts cocompactly on N. In
particular, for any sequence p; € N, it is possible to select F; € ; NIso (N) such that
all the points F; (p;) lie in a fixed compact subset of N.

If N is not compact, then it must contain a ray c(z) : [0,00) — N. We can then
choose a sequence t; — oo and F; € m; NIso(N) such that F; (¢ (¢;)) lie in a compact
set. We can then choose a subsequence so that DF; (¢ (#;)) converges to a unit vector
v € TN. This implies that the geodesics ¢; : R — N defined by ¢; (t) = F; (¢ (t +1;))
converge to the geodesic exp (tv). Moreover, for a fixed a € R the geodesics c¢; are
rays on [a, ) when #; > —a so it follows that exp (#v) is also a ray on [a,c0). But this
shows that exp (tv) : R — N is a line which contradicts that N does not contain any
lines.

(3) Let G be the kernel that comes from the map m; (M) — 7 (M) N1Iso (R¥)
induced by the projection N x R — R¥. This group acts freely and discretely on
N x R¥ without acting in the second factor. Thus it acts freely and discretely on N
and must be finite as N is compact.
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The translations form a normal subgroup R* C Iso (R¥) whose factor group is
O (k). The intersection ; (M) MR is a finitely generated Abelian group with finite
index in 7 NIso (]Rk) that acts discretely and cocompactly on R¥. In particular, it
is of the form Z™. When m < k it is not possible for Z™ to act cocompactly on R¥
since it will generate a proper subspace of the space of translations on R¥. On the
other hand if m > k, then Z™ will contain two elements that are linearly independent
over Q but not over R inside the space of translations. The subgroup in Z" generated
by these two elements will generate orbits that are contained in line, but it can’t act
discretely on these lines (see also the end of the proof of theorem 6.2.6.) We conclude
that mr; (M) N R¥ = 7Z*. (For more details about discrete actions on R” see also [41]
and [121].) O

REMARK 7.3.12. Wilking in [118] has in fact shown that any group G that
admits a finite normal subgroup H C G so that G/H acts discretely and cocompactly
on a Euclidean space must be the fundamental group of a compact manifold with
nonnegative sectional curvature.

We next prove some further results about the structure of compact manifolds
with nonnegative Ricci curvature.

COROLLARY 7.3.13. Suppose (M,g) is a compact Riemannian manifold with
Ric > 0. If M is K(m, 1), i.e., the universal cover is contractible, then the universal
covering is Euclidean space and (M, g) is a flat manifold.

PROOF. We know that M = R¥ x C, where C is compact. The only way in which
this space can be contractible is if C is contractible. But the only compact manifold
that is contractible is the one-point space. U

COROLLARY 7.3.14. If (M, g) is compact with Ric > 0 and has Ric > 0 on some
tangent space T,M, then w1 (M) is finite.

PROOF. Since Ric > 0 on an entire tangent space, the universal cover cannot
split into a product R* x C, where k > 1. Thus, the universal covering is compact. [

This result is a bit stronger than simply showing that H' (M,R) = 0 as we
shall prove using the Bochner technique (see 9.2.3). The next result is equivalent
to Bochner’s theorem, but the proof is quite a bit different.

COROLLARY 7.3.15. If (M,g) is compact and has Ric > 0, then bi(M) <
dimM = n, with equality holding if and only if (M, g) is a flat torus.

PROOF. There is a natural surjection
h:m(M)— Hy (M,7) ~ 7" x T,

that maps loops to cycles, and where T is a finite Abelian group. The structure of the
fundamental group shows that 2 (G) C T since G is finite. Thus we obtain a surjective
homomorphism 7, (M)/G — Zb1, where 71(M)/G = m (M) N1Iso (R¥). Moreover,
the image of 7 (M) NR* = ZF in Z"! has finite index. This shows that by <k < n.
When by = n it follows that M =R". In particular, G is trivial. Moreover, the
restriction of 4 to Z" must be injective as the image otherwise couldn’t have finite



7.5. EXERCISES 261

index in Hy (M,Z). Thus the kernel of & cannot intersect the finite index subgroup
Z" C m (M) and so must be finite. However, any isometry on R” of finite order has a
fixed point so it follows that ker# is trivial. Thus 7 (M) ~ Z" x T and consequently
T is trivial. This shows that M = R"/Z" is a torus. Note, however, that the action of
7" on R™ might not be the standard action so we don’t necessarily end up with the
square torus. (]

Finally we prove a similar structure result for homogeneous spaces.

THEOREM 7.3.16. Let (M,g) be a Riemannian manifold that is homogeneous.
IfRic > 0, then

(Mvg) = (N X ]RkvgN+ng) 5
where (N, gy) is a compact homogeneous space.

PROOF. First split (M,g) = (N x R¥, gy + gg«) so that N does not contain any
lines. Then note that the isometry group splits as in theorem 7.3.11 thus forcing N to
become homogeneous.

The claim will then follow from the splitting theorem provided we can show
that any noncompact homogeneous space contains a line. To see this choose a unit
speed ray c : [0,00) — M and isometries Fy such that Fy (¢ (s)) = ¢ (0). Now consider
the unit speed rays c; : [—s,0) defined by ¢; (t) = F; (c(r+s)). Then ¢;(0) = ¢ (0)
and ¢ (0) = ¢(0) so ¢ is simply the extension of ¢. As ¢ is a ray it follows that the
extension of ¢ to R must be a line. O

7.4. Further Study

The adventurous reader could consult [57] for further discussions. Anderson’s
article [3] contains some interesting examples of manifolds with nonnegative Ricci
curvature. For the examples with almost maximal diameter we refer the reader to
[4] and [90]. It is also worthwhile to consult the original paper on the splitting
theorem [33] and the elementary proof of it in [45]. The reader should also consult
the articles by Colding, Perel’man, and Zhu in [60] to get an idea of how the subject
has developed.

7.5. Exercises
EXERCISE 7.5.1. With notation as in section 7.1.1 and using vol = Adr Avol,,_

1
show that gt = AT satisfies

?u < —H Ric(d,9,),

- n—1
u (07 6) = 0,
limo,u(r,0) =
r—0
This can also be used to show the desired estimates for the volume form.

EXERCISE 7.5.2 (Calabi and Yau). Let (M,g) be a complete noncompact man-
ifold with Ric > 0 and fix p € M.
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(1) Show that for each R > 1 there is an x € M such that
volB(p,1) < wvolB(x,R+1)—volB(x,R—1)
(R+1)"—(R—1)"
(R+1)"
(2) Show that there is a constant C > 0 so that vol B(p,R) > CR.

< volB(p,2R).

EXERCISE 7.5.3. Let f: I — R be continuous, where / C R an interval. Show
that the following conditions are equivalent.
(1) f1is convex.
(2) f has a “linear” support function from below of the form a (x — xo) + f (xo0)
at every xo € I.
(3) f” > 0 in the support sense at all points xo € .

EXERCISE 7.5.4. Show that on a compact Riemannian manifold it is not possi-
ble to find S (s) < e such that Hf—fMH%l < S||df|l; when 1 < s < dimM.

EXERCISE 7.5.5 (Basic Covering Lemma). Given a separable metric space
(X,d) and a bounded positive function R : X — (0, D], show that there is a count-
able subset A C X, such that the balls B (p,R(p)) are pairwise disjoint for p € A and
X =U,eaB(p,5R(p)). Hint: Select the points in A successively so that R(py1) >

1
2SUPpex Uk B(pi2R(pi)) R(p)-

EXERCISE 7.5.6. Assume the distance function r(x) = |xp| is smooth on B (p,R) .
Show that if .
sny (r)
sny (r) 8r

in polar coordinates, then all sectional curvatures on B (p, R) are equal to k.

Hessr =

EXERCISE 7.5.7. Construct convex surfaces in R® by capping off cylinders
[~R,R] x S' to show that the Sobolev-Poincaré constants increase as R increases.
Hint: Consider test functions that are constant except on [—1,1] x S'.

EXERCISE 7.5.8. Show thatif (M, g) has Ric > (n— 1) k and for some p € M we
have volB(p,R) = v(n,k,R), then the metric has constant curvature k on B(p,R).

EXERCISE 7.5.9. Let X be a vector field on a Riemannian manifold and consider
Fi(p) = exp, (1X]p).
(1) For v € T,M show that J (1) = DF; (v) is a Jacobi field along 1 — c(t) =
exp (X ) with the initial conditions J (0) = v, J(0) = V,X.
(2) Select an orthonormal basis e; for 7,M and let J; (1) = DF; (e;) . Show that
(det[DF])? = det[g (J; (1) ,J; (1))]
(3) Show that as long as det (DF;) # 0 it satisfies
d*(det (DF))" _ _(det(DE))" oo .0,
dr? n
Hint: Use that any n x n matrix satisfies (tr (4))* < ntr (A*A).
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EXERCISE 7.5.10. Show that a complete manifold (M, g) with the property that

Ric > 0,
1B
lim YOLBP.r)_y

r—oo (01"

for some p € M, must be isometric to Euclidean space.

EXERCISE 7.5.11. Show that any function on an n-dimensional Riemannian
manifold satisfies

1
[Hessu|* > — |Au®
n

with equality holding only when Hessu = %g. What can you say about M when

— Auyo
Hessu = <7 g7

EXERCISE 7.5.12. Show that if u,v: M — R are compactly supported functions
that are both smooth on open dense sets in M, then the following integrals make
sense and are equal

/uAvvolz/vAuvol:—/g(du,dv)vol:—/g(Vu,Vv)vol.

EXERCISE 7.5.13. Show that if Au = Au on a closed Riemannian manifold, then
A <0 and when A =0, then u is constant.

EXERCISE 7.5.14. Show that the modified distance functions u; = cos (\/I;r)

on S} =" (ﬁ), satisfy Auy = — (nk)uy and [ ug vol = 0.
EXERCISE 7.5.15 (Lichnerowicz). Let (M",g) be closed with Ric > (n—1)k >
0. Use the Bochner formula to show that all functions with Au = —Au, A > 0, satisfy
A > nk.
The spectral theorem for A then implies that all functions with [ uvol = 0 satisfy

the Poincaré inequality
1
/u2V01 < —/\du|2vol.
nk

EXERCISE 7.5.16 (Obata). Let (M",g) be closed with Ric > (n— 1)k > 0. Use
the Bochner formula as in exercise 7.5.15 to show that if there is a function such that
Au = — (nk) u, then Hessu = —kug. Conclude that (M",g) = S}.

EXERCISE 7.5.17 (P. Li and Schoen). The goal of this exercise is to show a
Poincaré inequality for functions that vanish on the boundary of a ball. Let (M,g)
be a complete Riemannian n-manifold with Ric > — (n—1)k*>, k> 0; p€ M; R >0
chosen so that dB(p,2R) # &; g € dB(p,2R); and r (x) = |xg

(1) Show that Ar < (n—1) (R™"+k) on B(p,R).
(2) Let f(x) =aexp(—ar(x)), a > 0. Show that

Af > aexp(—a3R) (a—(n—1) (R +k)).
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(3) Letu > 0be asmooth function with compact support in B (p, R) and choose
a=n (R_l +k). Use

/ uAfVOI:f/ g (du,df)vol
B(p:R) B(p.R)

to show that

/ uvol < C/ |du|vol,
B(p.R) B(p.R)

where C = 1+%exp (2n(1+kR)).
(4) Prove this inequality for all smooth functions # with compact support in

B(p.R).
(5) Lets > 1 and u have compact support in B (p,R). Show that

/ 1l vol < (sC)’ / ldu| vol.
B(p,R) B(p,R)

EXERCISE 7.5.18 (Cheeger). The relative volume comparison estimate can be
generalized as follows: Suppose (M",g) has Ric > (n—1)k.

(1) Select points py,..., px € M. Then the function
vol (UL B(pi.r))
v(n,k,r)

is nonincreasing and converges to k as r — 0.
(2) If A C M, then

r—

vol (UpeAB(p,r))

v(n,k,r)
is nonincreasing. To prove this, use the above with the finite collection of
points taken to be very dense in A.

r—

EXERCISE 7.5.19. The absolute volume comparison can be generalized to hold
for cones. Namely, for p € M and a subset I' C T,M of unit vectors, consider the
cones defined in polar coordinates:

B (p,R)={(t,0) eM |t <Rand 6 €T}.
If RicM > (n— 1)k, show that

R
vol B! (p,R) < volF-/ (sny ()" dr.
0

EXERCISE 7.5.20. Let G be a compact connected Lie group with a biinvariant
metric such that Ric > 0. Use the results from this chapter to prove

(1) If G has finite center, then G has finite fundamental group.

(2) A finite covering of G looks like G’ x T¥, where G’ is compact simply
connected, and T* is a torus.

(3) If G has finite fundamental group, then the center is finite.
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EXERCISE 7.5.21. Let (M,g) be an n-dimensional Riemannian manifold that
is isometric to Euclidean space outside some compact subset K C M, i.e., M — K is
isometric to R" — C for some compact set C C R". If Ricy > 0, show that M = R".

EXERCISE 7.5.22. Show that if Ric > n— 1, then diam < 7, by showing that if
|pg| > =, then
epq (x) = |px|+ |xq| — | pq|
has negative Laplacian at a local minimum.






CHAPTER 8
Killing Fields

In this chapter we begin with a section on some general results about Killing
fields and their relationship to the isometry group. This is used in the subsequent
section to prove Bochner’s theorems about the lack of Killing fields on manifolds
with negative Ricci curvature. In the last section we present several results about how
Killing fields influence the topology of manifolds with positive sectional curvature.
This is a somewhat more recent line of inquiry.

8.1. Killing Fields in General

A vector field X on a Riemannian manifold (M,g) is called a Killing field if
the local flows generated by X act by isometries. This translates into the following
simple characterization:

PROPOSITION 8.1.1. A vector field X on a Riemannian manifold (M,g) is a
Killing field if and only if Lxyg = 0.

PROOF. Let F’ be the local flow for X. Recall that
d
(Lxg) (v,w) = e (DF’ (v),DF' (w)) li=0-

Thus we have

d d _ _
Eg(DF’(v),DF’(w)) li—y = Eg(DF’ DF" (v),DF" " DF" (w)) |1,

= % g (DF’DF" (v) ,DF*DF" (w)) |s=o
= (Lxg) (DF" (v),DF" (w)).

This shows that Lyg = 0 if and only if # — g (DF’ (v),DF’ (w)) is constant. Since
FY is the identity map this is equivalent to assuming the flow acts by isometries. [J

‘We can use this characterization to show

PROPOSITION 8.1.2. X is a Killing field if and only if v — V, X is a skew sym-
metric (1,1)-tensor.

PROOF. Let 6x (v) = g(X,v) be the 1-form dual to X. Recall that
dbx (V.W)+ (Lxg) (V.W) =2g (VyX.W).
Thus Lyg = 0 if and only if v — VX is skew-symmetric. O

267
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PROPOSITION 8.1.3. If X € iso, i.e., X is a Killing field, then
ViwX =—R(X,V)W.
If X,Y € iso, then
[VX,VY](V)+Vy [X,Y]=R(X,Y)V.
PROOF. The fact that X is a Killing field implies that LxV = 0. Using this with
the identity
(LxV)y W =R(X,V)W + Vi, X

from the proof of the first Bianchi identity in proposition 3.1.1 implies the first claim.
The second identity is a direct calculation that uses the first Bianchi identity

[VX,VY](V)+Vy[X,Y] = Vg yX—Vy,x¥V+VyVx¥ —VyVyX
= V%/,XY_V%/,YX
= —R{Y,V)X+R(X,V)Y
= —R{Y,V)X-R(V.X)Y
R(X,Y)V.

O

PROPOSITION 8.1.4. For a given p € M a Killing field X € iso is uniquely
determined by X |, and (VX)|,. In particular, we obtain a short exact sequence

0 —is0, = is0 = t, =0,
where

iso, = {Xeiso|X|,=0},
t, = {X[,€T,M|X€iso}.

PROOF. The equation Lyg = 0 is linear in X, so the space of Killing fields is a
vector space. Therefore, it suffices to show that X = 0 on M provided X|, = 0 and
(VX)|p = 0. Using an open-closed argument we can reduce our considerations to a
neighborhood of p.

Let F' be the local flow for X near p. The condition X |, = 0 implies that F* (p) =
p for all . Thus DF' : T,M — T,M. We claim that also DF’ = I. The assumptions
show that X commutes with any vector field at p since

[X,Y”p == VX(p)Y_VY(p)XZO
If Y|, = v, then the definition of the Lie derivative implies

DF'(v)—v

0= Ll = i >
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Applying this to the vector field FL° (Y) yields

0 = LxDF"(Y)|,
DF*DF" — o
. (v) — DF" (v)
s—0 N
DFI—IODFIO _ )
i (v) = DF" (v)
t—tp—0 t—1y
DFt _ 10}
— lim (v) — DF (v)
t—ty t—1y

In other words ¢ — DF’ (v) is constant. As DF? (v) = v it follows that DF’ = I.
Since the flow diffeomorphisms act by isometries, proposition 5.6.2 implies that
they must be the identity map, and hence X = 0 in a neighborhood of p.
Alternatively we could also have used that X when restricted to a geodesic ¢
must be a Jacobi field as the flow of X generates a geodesic variation. Thus X =0
along this geodesic if X |L.(0> and V()X both vanish.
The second part of the claim is immediate from the fact that t,, is defined as the
image and is0,, as the kernel of the evaluation map iso — T,M. O

These properties lead to two important general results about Killing fields.

THEOREM 8.1.5. The zero set of a Killing field is a disjoint union of totally
geodesic submanifolds each of even codimension.

PROOF. The flow generated by a Killing field X on (M, g) acts by isometries
so we know from proposition 5.6.5 that the fixed point set of these isometries is a
union of totally geodesic submanifolds. We next observe that the fixed point set of
all of these isometries is precisely the set of points where the Killing field vanishes.
Finally assume that X[, = 0 and let V = ker(VX),. Then V is the Zariski tangent
space to the zero set and hence also the tangent space as in the proof of proposition
5.6.5. Thus w — V,,X is an isomorphism on V1. As it is also a skew-symmetric map
it follows that V* is even-dimensional. (]

THEOREM 8.1.6. The set of Killing fields iso(M,g) is a Lie algebra of dimen-
sion < (";1). Furthermore, if M is complete, then iso(M,g) is the Lie algebra of
Iso(M, g).

PROOF. Note that L[X,Y] = [Lx,Ly]. So if Lyg = Lyg = 0, then L[X,Y]g =0.
Thus, iso(M, g) forms a Lie algebra. From proposition 8.1.4 it follows that the map
X — (X|p,(VX)|p) is linear with trivial kernel. Thus

dim(iso(M,g)) < dimT,M +dimso (7,M)

-yt ()

The last statement depends crucially on knowing that Iso(M, g) is a Lie group
in the first place. We endow Iso(M, g) with the compact-open topology so that con-
vergence is equivalent to uniform convergence on compact sets (see exercise 5.9.41).
We saw in theorem 5.6.19 that this makes Iso(M, g) into a Lie group. One can also
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appeal to the profound theorem of Bochner and Montgomery that any group of dif-
feomorphims that is also locally compact with respect to the compact-open topology
is a Lie group in that topology (see exercise 6.7.26 and [87]).

Since M is complete the Killing fields have flows that are defined for all time (see
exercise 8.4.5). These flows consist of isometries and thus yield differentiable one-
parameter subgroups of Iso(M,g). Conversely each differentiable one-parameter
subgroup of Iso(M, g) also gives a Killing field. This correspondence between one-
parameter subgroups and Killing fields shows that the Lie algebra iso(M,g) is the
Lie algebra of Iso(M, g).

There is an alternate proof of this theorem in [92]. However, it requires another
very subtle result about Lie algebras called Ado’s theorem: Every finite dimensional
Lie algebra is the Lie algebra of a Lie group. Using this and the fact that the flows
of Killing fields are defined for all time and consist of isometries shows that there is
a connected subgroup Isoy(M, g) C Iso(M, g), which is a Lie group with Lie algebra
iso(M,g). Given X € iso(M,g) with flow F' and F € Iso(M,g) observe that the
flow of F.X is FoF' o F~!. Thus conjugation by elements F € Iso(M,g) defines
an automorphism on Isop(M,g) whose differential at the identify is given by F;.
This shows that Isop(M, g) is a normal subgroup of Iso(M,g). We can then define
the topology on Iso(M, g) so that Isog(M,g) becomes the connected component of
Iso(M, g) containing the identity. This will make Iso(M,g) into a Lie group whose
component containing the identity is Isog(M, g). It is a general fact from the theory of
Lie groups that the differentiable Lie group structure is unique if we know the group
structure and the smooth 1-parameter subgroups. This means that the topology just
introduced is forced to be the same as the compact-open topology. Note that it is not
otherwise immediately clear from this construction that Iso(M,g) has a countable
number of connected components. U

Recall that dim(Iso(S})) = ("erl). Thus, all simply connected space forms have
maximal dimension for their isometry groups. If we consider other complete spaces
with constant curvature, then we know they look like S} /T", where I" C Iso(S}) acts
freely and discontinuously on S}. The Killing fields on the quotient S} /T" can be
identified with the Killing fields on S}, that are invariant under I'. The corresponding
connected subgroup G C Iso(S}) will then commute with all elements in I. So if
dim(Iso(S}/T")) is maximal, then dimG = (";1) and G = Iso(S})o. As we know the
possibilities for Iso(S})o (see section 1.3.1) it is not hard to check that this forces I
to consist of homotheties. Thus, I" can essentially only be {£/} if it is nontrivial.
But —1I acts freely only on the sphere. Thus, only one other constant curvature space
form has maximal dimension for the isometry group, namely RP".

More generally, when dim (iso(M, g)) = (";1), then (M, g) has constant curva-
ture. To prove this we use that for each p € M the map X — (X|,,(VX)|,) is sur-
jective. First note that for each S € so (7,M) there is a Killing field X with X|, =0
and (VX)|, = S. The flow fixes p, i.e., F§ (p) = p, and thus DF}|, defines a local
one-parameter group of orthogonal transformations with % li—0DF}|, = S. This im-
plies that DFy|, = exp (¢S), where exp is the usual operator or matrix exponential
map. Since exp : 50 (7T,M) — SO (T,M) is a local diffeomorphism near the identity
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it follows that any two planes in 7,M that are sufficiently close to each other can
be mapped to each other by an isometry F. This shows that these planes have the
same sectional curvature. We can now use an open-closed argument to show that all
sectional curvatures at p are the same.

Finally, for each v € T,M there is a unique Killing field X such that X|, =v
and (VX)|, = 0. If F} is the (local) flow of X, then we obtain an “exponential”
map E, : O, C T,M — M by E, (v) = F} (p), where O, is a neighborhood of the
origin. Note that E,, (1v) = Fy (p) so it follows that % li—0Ep (tv) = v. In particular,
the differential is the identity map at the origin and E), is locally a diffeomorphism.
This implies that for every point ¢ in a neighborhood of p, there is a local isometry
that maps p to g. This means that the curvatures are constant on a neighborhood of
p. An open-closed argument shows as before that the curvature is constant on M.

8.2. Killing Fields in Negative Ricci Curvature

We start by proving a general result that will be used throughout the chapter.

PROPOSITION 8.2.1. Let X be a Killing field on (M, g) and consider the function
f=1g(x.X) =L X" Then
(1) Vf=—VgX.
(2) Hess f(V,V) = |[VyX|* =R(V,X,X,V).
(3) Af = |VX|* —Ric(X,X).

PROOF. To see (1) observe that
g(V,\Vf) = Dvf

g(VVX7X)
= —g(V, Vxx).

(2) is proven directly by repeatedly using that V — Vy X is skew-symmetric:

Hessf(V,V) = g(Vy(=VxX),V)
= —g(R(V.X)X,V)—g(VxVyX,V) —g(ViyxX,V)
= fR(V,X,X,V)fg(VXvi,V)
+8 (VvyvX,V) —g (Vv xX,V)
—Rx (V) +g(VvX,VvX) —g(VxVvX,V) —g(VvX,VxV)
—Rx (V) +¢g(VvX,VyX)—Dxg(VyX,V)
—Rx (V) +g(VvX,VyX).



272 8. KILLING FIELDS

For (3) we select an orthonormal frame E; and see that

L

n
Af = Hess f (E;, E;)
=1

(ngE

= Zg(VEt)(’VElX) -
1 i

R(Ei7X7X7Ei)

1

n
= Zg(VEiX7VEiX) —Ric (X, X)
i=1

I
<
>

2 _Ric(X,X).
O

Formula (3) in this proposition is called a Bochner formula. We shall meet many
more of these types of formulas in the next chapter.

THEOREM 8.2.2 (Bochner, 1946). Suppose (M,g) is compact and has Ric <
0. Then every Killing field is parallel. Furthermore, if Ric < 0, then there are no
nontrivial Killing fields.

PROOF. If we define f = 1 |X |* for a Killing field X, then the condition Ric < 0
gives us
Af = |[VX|* —Ric(X,X) > 0.
The maximum principle then shows that f is constant and that [VX| =0, i.e., X is
parallel. In addition Ric (X,X) = 0. When Ric < 0 this implies that X = 0. O

COROLLARY 8.2.3. With (M, g) as in the theorem, we have
dim(iso(M,g)) = dim(Iso(M,g)) < dimM,
and Iso(M, g) is finite if Ric(M, g) < 0.

PROOF. As any Killing field is parallel, the linear map: X — X|, from iso(M, g)
to T,M is injective. This gives the result. For the second part use that Iso(M, g) is
compact, since M is compact, and that the identity component is trivial. U

COROLLARY 8.2.4. With (M,g) as before and k = dim(iso(M, g)), we have that
the universal covering splits isometrically as M = R* x N.

PROOF. On M there are k linearly independent parallel vector fields, which we
can assume to be orthonormal. Since M is simply connected, each of these vector
fields is the gradient field for a distance function. If we consider just one of these
distance functions we see that the metric splits as g = dr* + g, = dr” + go since the
Hessian of this distance function vanishes. As we get such a splitting for k distance
functions with orthonormal gradients we get the desired splitting of M. ]

We can now say more about the homogeneous situation discussed in theorem
7.3.16.

COROLLARY 8.2.5. A compact homogeneous space with Ric < 0 is flat. In
particular, any Ricci flat homogeneous space is flat.



8.3. KILLING FIELDS IN POSITIVE CURVATURE 273

PROOF. We know that every Killing field is parallel and the assumption that the
space is homogeneous tells us that every tangent vector is part of a Killing field (see
also exercise 8.4.9). Thus the curvature vanishes.

The second part of the result comes from from applying theorem 7.3.16. O

The result about nonexistence of Killing fields can actually be slightly improved
to yield

THEOREM 8.2.6. Suppose (M,g) is a compact manifold with quasi-negative
Ricci curvature, i.e., Ric <0 and Ric(v,v) <0 for all v € T,M — {0} for some p € M.
Then (M, g) admits no nontrivial Killing fields.

PROOF. We already know that any Killing field is parallel. Thus a Killing field
is always zero or never zero. If the latter holds, then Ric(X,X)(p) < 0, but this
contradicts

0=Af(p) = —Ric(X,X)(p) > 0.
O

Bochner’s theorem has been generalized by X. Rong to a more general statement
asserting that a closed Riemannian manifold with negative Ricci curvature can’t ad-
mit a pure F-structure of positive rank (see [104] for the definition of F structure
and proof of this). An F-structure on M is essentially a finite covering of open sets
U; on some finite covering space M — M, such that we have a Killing field X; on
each U;. Furthermore, these Killing fields must commute whenever they are defined
at the same point, i.e., [Xi,Xj] =0 on U;NU;. The idea of the proof is to consider the
function

[ =det[g (X;, X;)].
If only one vector field is given on all of M, then this reduces to the function f =
g (X,X) that we considered above. For the above expression one must show that it is
a reasonably nice function that has a Bochner formula.

8.3. Killing Fields in Positive Curvature

It is also possible to say quite a bit about Killing fields in positive sectional
curvature. This is a much more recent development in Riemannian geometry.

Recall that any vector field on an even-dimensional sphere has a zero since the
Euler characteristic is 2 (# 0). At some point H. Hopf conjectured that in fact any
even-dimensional compact manifold with positive sectional curvature has positive
Euler characteristic. If the curvature operator is positive, then this is certainly true as
it follows from theorem 9.4.6 that the Euler characteristic is 2. From corollary 6.3.2
we know that the fundamental group is finite provided the Ricci curvature is positive.
In particular H;(M,R) = 0. This shows that the conjecture holds in dimension 2. In
dim = 4, Poincaré duality implies that H; (M,R) = H3(M,R) = 0. Hence

(M) =1+dimH,(M,R)+1 > 2.

In higher dimensions we have the following partial justification for the Hopf conjec-
ture.
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THEOREM 8.3.1 (Berger, 1965). If (M, g) is a compact, even-dimensional man-
ifold of positive sectional curvature, then every Killing field has a zero.

PROOF. Consider as before f = % |X |2. If X has no zeros, then f will have a
positive minimum at some point p € M. In particular, Hess f|, > 0. We also know
from proposition 8.2.1that

Hess f (V,V) = |[VyX|* =R(V,X,X,V).

By assumption, g(R(V,X)X,V) > 0if X and V are linearly independent. Using this,
we seek V such that Hess f (V,V) < 0 near p, thus arriving at a contradiction.

Recall that the linear endomorphism v +— VX is skew-symmetric. Further-
more, (VxX)|, =0, since Vf|, = —(VxX)|p, and f has a minimum at p. Thus
(VX)|p : T,M — T,M has at least one zero eigenvalue. However, the rank of a skew-
symmetric map is always even, so the kernel must also have even dimension as 7,M
is even dimensional. If v € T, M is an element in the kernel linearly independent from
X, then

Hessf(v,v) = |VyX|*—R(vX,X,v)
= —R(nX,X,v)<0.
O

In odd dimensions this result is not true as the unit vector field that generates the
Hopf fibration §3 (1) — 82 (1/2) is a Killing field.

Having an isometric torus action implies that iso (M, g) contains a certain num-
ber of linearly independent commuting Killing fields. By Berger’s result we know
that in even dimensions these Killing fields must vanish somewhere. Moreover, the
structure of these zero sets is so that each component is a totally geodesic subman-
ifold of even codimension. A type of induction on dimension can be now used to
extract information about these manifolds.

To understand how this works some important topological results on the zero set
for a Killing field are needed. The Euler characteristic is defined as the alternating

sum
n

x (M) =) (~1)"dimH, (M,R).
p=0
THEOREM 8.3.2. Let X be a Killing field on a compact Riemannian manifold.
If N; C M are the components of the zero set for X, then y (M) =Y ; x (N;).

PROOF. The proof is a modification of the classical result of Poincaré and Hopf
where the Euler characteristic is calculated as a sum of indices for the isolated zeros
of a vector field. The Meyer-Vietoris sequence can be used show that

X (M) =x(A)+x(B)—x(ANB)
for nice subsets A, B,ANB C M.
Note that the flow F’ of X fixes points in N; and in particular, |F’ (x)N;| = |xN;].
This shows that X is tangent to the level sets of |xN;|. Now choose tubular neigh-
borhoods around each N; of the form 7; = {p € M | |xN;| < €}. Then X is tangent
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to the smooth boundary d7;. Now both y (M — JintT;) and y ({JJT;) vanish by the
Poincaré-Hopf theorem as X is a nonzero vector field on these manifolds. Thus
x (M) =Y x(T;). Finally, N; C T; is a deformation retraction and so they have the
same Euler characteristic. This proves the theorem. O

This implies the following corollary.

COROLLARY 8.3.3. If M is a compact 6-manifold with positive sectional cur-
vature that admits a Killing field, then x (M) > 0.

PROOF. We know that the zero set for a Killing field is nonempty and that each
component has even codimension. Thus each component is a 0, 2, or 4-dimensional
manifold with positive sectional curvature. This shows that M has positive Euler
characteristic. (]

If we consider 4-manifolds we get a much stronger result (see also [67]). The
proof uses techniques that appear later in the text and is only given in outline.

THEOREM 8.3.4 (Hsiang and Kleiner, 1989). If M* is a compact orientable
positively curved 4-manifold that admits a Killing field, then the Euler characteristic
is < 3. In particular, M is topologically equivalent to S* or CP?.

PROOF. We assume for simplicity that sec > 1 so that we can use a specific
comparison space for Toponogov’s theorem (see theorem 12.2.2).

In case the zero set of the Killing field contains a component of dimension 2 the
result will follow from lemma 8.3.7 below. Otherwise all zeros are isolated. It is then
necessary to obtain a contradiction if there are at least isolated 4 zeros.

Assume p is an isolated zero for a Killing field X on a Riemannian 4-manifold.
Then the flow F' of X induces an isometric action DF’|, = R on the unit sphere
$3c T,M that has no fixed points. We can decompose T,M = V| @V, into the two
orthogonal and invariant subspaces for this action. This decomposition allows us to
exhibit S* as a doubly warped product over the interval [0,7/2] as in example 1.4.9.
The natural distance function r for this doubly warped decomposition measures the
angle to say V). It follows that for any v; € $3, j=1,2,3 we have

[rv)r(v2) [+ [r(vi)r(vs)[ + |r(v2)r(vs)] < 7.
The rotations R’ preserve the levels of r and form nontrivial rotations by 6, on each

Vi. When 60, and 6, are irrationally related the orbits are in fact dense in the level sets
for r. This shows that for every € > 0 and v; € $°, j = 1,2,3 there exist #; such that

Z (Rt‘vl ,thvz) +Z (Rtlvl 7R’3\)3) +Z (R’ZVZ,R'3V3) <rm+e.
When 0; and 6, are rationally related, this will also be true (in fact with € = 0) and
can be shown by approximating such a rotation by irrational rotations.

Let 7q> be the set of all unit vectors tangent to segments from p to q. Define
inf Zpxq as the infimum of the angles between vectors in ﬁ and if Assume that
pi, i = 1,2,3,4 are isolated zeros for X and note that the flow of X maps segments
between any two such zeros to segments between the same two zeros. Thus we have
shown that

infZpap1p3 +infZpopipa+inf ZLpapips <.
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If we add up over all 4 possibilities of points the sum is < 47.

On the other hand, by Toponogov’s theorem any specific angle Zpxg can be
bounded from below by the corresponding angle in $2 (1) for a triangle with the
same sides |xp|, |xq|,|pq|. This implies that

inf Zpypap3 +inf Zp3p1ps +inf Zpyp3pr > 7.

Adding up over all 4 choices gives a total sum > 47. So we have reached a contra-
diction. U

The conclusion has been improved by Grove-Wilking in [63] and there are sim-
ilar results for 5-manifolds with torus actions in [46] and [49].

Below we discuss generalizations to higher dimensions. The results, however,
do not generalize the Hsiang-Kleiner classification as they require more isometries
even in dimension 4.

Two important tools in the proofs below are a generalization of Berger’s result
about Killing fields in even dimensions and Wilking’s connectedness principle (see
lemma 6.5.8) as well as an enhancement also due to Wilking.

THEOREM 8.3.5 (Grove and Searle, 1994). Let M be a compact n-manifold
with positive sectional curvature. Two commuting Killing fields must be linearly
dependent somewhere on M.

PROOF. Let X,Y be commuting Killing fields on M. We have from proposition
8.1.3 that [VX, VY] = R(X,Y). This gives us the formula

= & (VVny7X) -8 (VVyXY7X)
= —g(VxX,VyY)+|VxY]?.

If Y vanishes somewhere on M, then we are finished, so assume otherwise and
consider the function
2
le ‘X|2_g(X1Y)
2 v|?

If f vanishes somewhere we are again finished. Otherwise, f will have a positive
minimum at some point p € M. We scale Y to be a unit vector at p, and adjust X to
be X =X —g(X|,,Y|p)Y so that X|, L Y|,. Neither change will affect /. We now

have
Lo 8XY) 1 oo
=—|1XI"->"~ | <=|X
f 2<| ) =3

with equality at p. This means that the function on the right also has a positive mini-
mum at p. In particular, VgX = 0 at p. Since g (X,Y) vanishes at p the Hessian of f
at p is simply given by

Hess f (v,v) = |V, X|* =R (1, X,%,v) — (Dyg (X,Y))
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for v € T,M. The last term can be altered to look more like the first

Dvg(va) = g(va7Y)+g(X7VvY)
= g(VV)z,Y)—g(V,VXy)
= g(V\X.Y)—g(v,VyX)
= g(V,X,27).

If there is a v 1. X with V,X = 0, then the Hessian becomes negative and we have
a contradiction. If no such v exists, then ker (VX) |, = span {X|, } since VgX =0 at
p.- AsY L X at p it follows that we can find v | X such that V,X = 2Y. Then we
obtain a contradiction again

Hess f (v,v) = —R(v,X,X,v) < 0.
O

LEMMA 8.3.6 (Connectedness principle with symmetries, Wilking, 2003). Let
M" be a compact n-manifold with positive sectional curvature and X a Killing field.
If N" % is a component for the zero set of X, then N C M is (n—2k+2)-connected.

PROOF. Consider a unit speed geodesic ¢ that is perpendicular to N at the end-
points. It is hard to extract more information from parallel fields along c as we did in
lemma 6.5.8. Instead we consider fields that are orthogonal to both ¢ and the action
and have derivative tangent to the action.

Specifically, consider fields that satisfy the linear ODE

E(0) € TC<O>N ,
. E,V:X
o= SEVX),
X
Note that since
g(EaVL‘X) = 7g(éavEX)

and E (0) € T, ()N, it follows that g (E(0) , Ve X ) =0. In particular, the differential
equation is not singular at ¢ = 0.
We claim that these fields satisfy the properties

g(E,X) = 0,
g(E(1),ViyX) = 0,
g(E,¢) = 0.

The first condition follows from X|.(o) = 0 and

ig(E,X)

o g (E.X) +g(E,VeX)

E,V.X
8 <—g(|X|2)XaX> +8(E,VeX)

= 0.
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As X |C<1) = 0 this also implies the second property. For the third property first note
that

d
Eg(xvé) = g(VéX,C"):O,
Xleo) =
s0 g(X,¢) = 0. It then follows that
8 (E.¢)=g(E¢) i g(X,¢)

Now note that also E (1) Lspan {¢(1), Vé(l)X}. The space span {¢ (1) 7VC(1)X}
is 2-dimensional as ¢ is perpendicular to the component N of the zero set for X. This
means that the space of such fields E, where in addition E (1) is tangent to N, must
have dimension at least n — 2k + 2 (see also the proof of part (a) of lemma 6.5.8).

We now need to check that such fields give us negative second variation. This is
not immediately obvious as |E| doesn’t vanish. However, we can resort to a trick that
forces it down in size without losing control of the curvatures sec (E,¢). In section
4.5.4 we showed that the metric g can be perturbed to a metric g, , where X has been
squeezed to have size — 0 as A — 0. At the same time, directions orthogonal to X
remain unchanged and the curvatures sec (E,¢) become larger as both E and ¢ are
perpendicular to X. Finally ¢ remains a geodesic since VyY is unchanged for Y 1 X
(see proposition 4.5.1).

The second variation formula for g, looks like

d*E

b b
: 2 .\ -
o = /Q‘E(t)’gldt—/a g1 (R(E.¢)é.E)dr
g(Each)

X3

b
<
8

a
b g (E, VX))
4
X1
b

b
X| di— / secy (E,¢) |E[ dt
a
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a

b
2 . 2
2 i / secq (E,¢) [E[2dr

— f/ secq (E,¢) |E|§,dt asA — 0.
This shows that all of the fields E must have negative second variation in the metric
g, for sufficiently small A.

This perturbation is independent of ¢ € Qu n (M) and so we have found a new
metric where all such geodesics have index > n — 2k + 2. This shows that N C M is
(n— 2k 4 2)-connected. O

To get a feel for how this new connectedness principle can be used we prove.

LEMMA 8.3.7 (Grove and Searle, 1994). Let M be a closed n-manifold with
positive sectional curvature. If M admits a Killing field such that the zero set has
a component N of codimension 2, then M is diffeomorphic to S", CP3, ora cyclic
quotient of a sphere S" | Z.
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PROOF. We only prove a (co-)homology version of this result for simply con-
nected manifolds.
The previous lemma shows that N C M is (n — 2)-connected. Thus, fork <n—2,
Hy (N) — Hy (M) and H* (M) — H* (N) are isomorphisms. Using this together with
Poincaré duality Hy (M) ~ H" % (M) and H; (N) ~ H"~>"¥(N) shows that for 0 <
k < n—2 we have isomorphisms:
Hira (M) — H" %2 (M) — H" %2 (N) = H, (N) — Hy (M),

HN (M) — H*(N) = H, 5 (N) = Hy—o— (M) — H*"* (M).
Using that M is simply connected shows that when n is even we have
O0~H (M)~H3(M)~---~H, | (M)
and when n is odd
O~H (M)~H;(M)~---~H, »(M)~H*(M)~---~H""(M).

This shows that M is a homotopy sphere when # is odd.
When n is even we still have to figure out the possibilities for the even dimen-
sional homology groups. This uses that we have

H*>(M)~H*(M)~ ...~ H"2(M) - H" 2 (N) ~ Z.
The last map is injective since N C M is (n — 2)-connected. Thus these even dimen-
sional cohomology groups are either all trivial or isomorphic to Z. This gives the
claim.

When M has nontrivial fundamental group the proof works for the universal
covering, but more work is needed to classify the space itself. O

PROPOSITION 8.3.8. Let (M,g) be compact and assume that X,Y € iso(M,g)
commute.

(1) Y is tangent to the level sets of |X|2 and in particular to the zero set of X.
(2) If X and Y both vanish on a totally geodesic submanifold N C M, then
some linear combination vanishes on a larger submanifold.

PROOF. (1) Since LyX =0 and Y is a Killing field we get

0 = (Lyg)(X,X)
= DY|X|272g(LYXaX)
= Dy|X|.

Hence flow of Y preserves the level sets for [X|*.

(2) We can assume that N has even codimension. Fix p € N and observe that
proposition 8.1.3 shows that (VX) |, and (VY) |, commute. Thus we obtain a split-
ting

TLM=T,NOE & ©E,
where E; are 2-dimensional and invariant under both (VX)|, and (VY)|,. As the
space of skew-symmetric transformations on E, say, is one-dimensional some linear
combination & (VX) |, + B (VY)|, vanishes on Ej. Let N D N be the connected set
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on which oX + BY vanishes. Then 7,N = ker (V (aX + BY))|, contains T,N & E;
and it follows that N G N. O

We are finally ready to present and prove the higher-dimensional versions al-
luded to earlier. The symmetry rank of a Riemannian manifold is the dimension of a
maximal subspace of commuting Killing fields.

THEOREM 8.3.9 (Grove and Searle, 1994). Let M be a compact n-manifold with
positive sectional curvature and symmetry rank k. If k > /2, then M is diffeomorphic
to either a sphere, complex projective space or a cyclic quotient of a sphere S" | Z,
where 7 is a cyclic group of order q acting by isometries on the unit sphere.

PROOF. We select an Abelian subalgebra a C iso (M, g) of dimension k > n/2.
Proposition 8.3.5 shows that with respect to inclusion there is a maximal and non-
trivial totally geodesic submanifold N C M and X € a that vanishes on N. Theorem
8.3.8 implies that a|y has dimension k — 1 (see also exercise 8.4.16). If N does
not have codimension 2, then we can continue this construction and construct a to-
tally geodesic 1- or 2-submanifold S C M with dim(a|s) > 2. A 1-manifold has
1-dimensional isometry group so that does not happen. The 2-dimensional case is
eliminated as follows. Select X,Y € a|s. Since X is nontrivial we can find an isolated
zero p. AsY preserves the component {p} of the zero set for X it also vanishes at p.
Then

(VX) |, (VYY) |p: TM — T,M

completely determine the Killing fields. As the set of skew-symmetric transforma-
tions on T,M is 1-dimensional they must be linearly dependent. This shows that
dim (a|s) = 1.

This means that we can use lemma 8.3.7 to finish the proof. (]

With fewer symmetries we also have.

THEOREM 8.3.10 (Piittmann and Searle, 2002 and Rong, 2002). If M s a
compact 2n-manifold with positive sectional curvature and symmetry rank k > 2n/4 —
1, then y (M) > 0.

PROOF. When 2n = 2,4 there are no assumptions about the symmetry rank and
we know the theorem holds. When 2n = 6 it is Berger’s result. Next consider the
case where M is 8-dimensional. The proof is as in the 6-dimensional situation unless
the zero set for the Killing field has a 6-dimensional component. In that case lemma
8.3.7 establishes the claim.

In general we would like to use induction on dimension, but this requires that
we work with the stronger statement: If a C iso (M, g) is an Abelian subalgebra of
dimension k > n/2 — 1, then any component of the zero set for any X € a has positive
Euler characteristic. Note that when 2n = 2,4, 6, 8 this stronger statement holds.

There are two cases: First assume that every zero set N C M for any X € a has
codimension > 4. When N is maximal and nontrivial, then a|y has dimension k — 1.
Since any component of a zero set is contained in a nontrivial maximal element the
stronger induction hypothesis can be invoked to prove the induction step.
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The other situation is when there is a zero set N for some X € a that has codi-
mension 2. Lemma 8.3.7 then shows that the odd Betti numbers of M vanish. This
in turn implies that the odd Betti numbers for any component of a zero set of any
Killing field must also vanish (see [18]). O

This theorem unfortunately does not cover all known examples as there is a
positively curved 24-manifold F4/Spin (8) that has symmetry rank 4 (see [120]).

It is tempting to suppose that one could show that the odd homology groups with
real coefficients vanish given the assumptions of the previous theorem. In fact, all
known even dimensional manifolds with positive sectional curvature have vanishing
odd dimensional homology groups.

Next we mention without proof an extension of the Grove-Searle result by Wilk-
ing, (see also [120]).

THEOREM 8.3.11 (Wilking, 2003). Let M be a compact simply connected posi-
tively curved n-manifold with symmetry rank k and n > 10. Ifk > n/4+ 1, then M has
the topology of a sphere, complex projective space or quaternionic projective space.
Moreover, when M isn’t simply connected its fundamental group is cyclic.

The proof is considerably more complicated than the above theorems. When
n = 7 there are several spaces with positive curvature and symmetry rank 3 (see

[120).

Finally, we mention some recent extensions of the above theorems.

THEOREM 8.3.12 (Kennard, 2013 [71]). If M*" is a compact 4n-manifold with
positive sectional curvature and symmetry rank k > 21og, (4n) — 2, then x (M) > 0.

THEOREM 8.3.13 (Kennard, 2012 [72] and Amann and Kennard, 2014 [2]). Let
M?" be a compact positively curved manifold with symmetry rank k > logys (2n).
(1) The Betti numbers satisfy: by <1 and by < 1.
(2) If by =0, then y (M) =2.
(3) (1) and (2) imply that M can’t have the homotopy type of a product N x N
where N is compact and simply connected.

8.4. Exercises

EXERCISE 8.4.1. Show that theorem 8.1.6 does not necessarily extend to in-
complete Riemannian manifolds.

EXERCISE 8.4.2. Let N be a component of the zero set for a Killing field X.
Show that Vy (VX) = 0 for vector fields V tangent to N.

EXERCISE 8.4.3. Show that a coordinate vector field d; is a Killing field if and
only if 8kg,~j =0.
EXERCISE 8.4.4. Let X be a Killing field on (M,g) and N C M a submanifold
with the induced metric.
(1) Show that if X is tangent to N, then X|y is a Killing field on N.

(2) Show that if N is totally geodesic (see exercise 5.9.20), then X |, the pro-
jection of X onto N, is a Killing field.
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EXERCISE 8.4.5. Let (M, g) be a complete Riemannian manifold and X a Killing
field on M.

(1) Let ¢ : [a,b] — M be a geodesic. Show that there is an € > 0 and a geo-
desic variation ¢ : (—¢&, €) X [a,b] — M such that the curves s — ¢ (s,1) are
integral curves of X.

(2) Use completeness to extend the geodesic variation ¢ : (—€,€) x R — M.
Show that for all 7 € R the curves s — ¢ (s,1) are integral curves of X.

(3) Show that the integral curve of X through any point in M exists on (—¢,€).

(4) Show that X is complete.

EXERCISE 8.4.6. Let (M",g) be a compact Riemannian n-manifold such that
dim (iso) = n and Ric < 0. Show that M is flat and that 7; = Z". Hint: Show that
M = R" and that the deck transformations must have differential / since they leave a
parallel orthonormal frame invariant.

EXERCISE 8.4.7. Let x' be the standard Cartesian coordinates on R” and con-
sider W = spang {1,x!,...,x"} and V = spang {x',...,.x" }.
(1) Show that iso (R") is naturally isomorphic to A>W if we identify u A v with
the vector field uVv —vVu.
(2) Show similarly that iso (S"~! (R)) is naturally isomorphic to A?V.
(3) Use that Vi = g/ diud; for a pseudo-Riemannian space to redo (1) for R4
and (2) for H"~' (R) Cc R™!,

EXERCISE 8.4.8. Let x’ be the standard Cartesian coordinates on R”*! and con-
sider V = spang {l,xl, X } Finally restrict all functions in V to S*. Show that
for u,v € V the fields uVv — vVu are conformal. A field X is conformal if Lyg = Ag
for some function A.

EXERCISE 8.4.9. Let (M,g) be a Riemannian manifold and consider the sub-
spaces t, = {X|, € T,M | X € iso}.

(1) Show that t, defines an integrable distribution on an open set O C M. Hint:
Show that {p €M |dimt, = max,cy dimt,,} is open.

(2) Give an example where O # M.

(3) Show that DF (t,) = tg(,,) for all F' € Iso.

(4) Assume (M, g) is complete. Show that the leaves of this distribution are
homogeneous and properly embedded. Hint: Show that the connected sub-
group Isog C Iso that contains the identity is closed and preserves the leaves
(see also section 5.6.4.)

(5) Show that if (M,g) is homogeneous, then t, = T,M for all p € M.

EXERCISE 8.4.10. Let t C iso(M,g) be an Abelian subalgebra corresponding
to a torus subgroup 7% C Iso(M,g). Define p C t as the set of Killing fields that
correspond to circle actions, i.e., actions induced by homomorphisms § I' 5 7% Show
that p is a vector space over the rationals with dimgp = dimpt.

EXERCISE 8.4.11. Given two Killing fields X and Y on a Riemannian manifold,
develop a formula for Ag (X,Y). Use this to give a formula for the Ricci curvature in
a frame consisting of Killing fields.
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EXERCISE 8.4.12. Let X be a vector field on a Riemannian manifold.
(1) Show that

|Lxg|* = 2|VX|* +2tr (VX 0 VX).

(2) Establish the following integral formulae on a closed oriented Riemannian

manifold:
/ (Ric (X,X)+1tr (VX oVX) — (divX)Z) = 0,
M

1

/ (Ric (X,X)+g (rV2X,X) + 3 ILxg)* — (divx)z) = 0.
M
(3) Finally, show that X is a Killing field if and only if
divX = 0,
rV2X = —Ric(X).

EXERCISE 8.4.13 (Yano). If X is an affine vector field (see exercise 2.5.13)
show that trV2X = —Ric(X) and that divX is constant. Use this together with the
above characterizations of Killing fields to show that on closed manifolds affine fields
are Killing fields.

EXERCISE 8.4.14. Let X be a vector field on a Riemannian manifold. Show that
X is a Killing field if and only if Ly and A commute on functions.

EXERCISE 8.4.15. Let (M, g) be a compact n-manifold with positive sectional
curvature and a C iso an Abelian subalgebra.
(1) Show that dima < /2.
(2) Show that spheres and complex projective spaces have maximal symmetry
rank.
(3) Show that the flat torus 7" has symmetry rank n.

EXERCISE 8.4.16. Let (M,g) be a compact n-manifold with positive sectional
curvature and a C iso an Abelian subalgebra. Let 2 (a) be the set of nontrivial
connected components of the zero sets of Killing fields in a. Show thatif N € 2 (a)
is maximal under inclusion, then dim (a|y) = dima — 1 and dimN > 2 (dima —1).

EXERCISE 8.4.17 (Kennard). Let (M",g) be a simply connected compact n-
manifold with positive sectional curvature and symmetry rank > 31/8 4 1.

(1) When n < 8 conclude that the assumptions are covered by theorem 8.3.9.

(2) Use exercise 8.4.16 to show that if N € 2 (a) is maximal under inclusion,
then dimN > 3n/4.

(3) Show that a maximal N € & (a) either has codimension 2 or has symmetry
rank > MTI“N + 1.

(4) Use induction on n to show that M has the homology groups of a sphere
or complex projective space. Hint: When the maximal N € 2 (a) has
codimension > 4 use the connectedness principle to show that N is also
simply connected. Then use the connectedness principle to calculate the
homology/homotopy groups in dimensions < n/2. Finally use Poincaré
duality to find all the homology groups of M.
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EXERCISE 8.4.18. Let M — M be the universal covering, with deck transfor-
mations I' = 7; (M) acting as isometries on M.

(1) Show that we can identify
iso(M)={X €iso (M) |G.X =X forall GET} .
(2) Show that the connected Lie subgroup corresponding to iso (M) C iso (1\71 )
is the connected component of the centralizer
C(I)={Felso(M)|FG=GF forall GET}

that contains the identity.
(3) Show that Iso (M) can be identified with N (T") /T, where N (I) is the nor-
malizer
N(I')={F €Iso(M) | FTF' =T}.



CHAPTER 9

The Bochner Technique

Aside from the variational techniques we’ve used in prior sections one of the
oldest and most important techniques in modern Riemannian geometry is that of the
Bochner technique. In this chapter we prove the classical theorem of Bochner about
obstructions to the existence of harmonic 1-forms. We also explain in detail how the
Bochner technique extends to forms and other tensors by using Lichnerowicz Lapla-
cians. This leads to a classification of compact manifolds with nonnegative curvature
operator in chapter 10. To establish the relevant Bochner formula for forms, we have
used a somewhat forgotten approach by Poor. It appears to be quite simple and intu-
itive. It can, as we shall see, also be generalized to work on other tensors including
the curvature tensor.

The classical focus of the Bochner technique lies in establishing certain van-
ishing results for suitable tensors in positive curvature. This immediately leads to
rigidity results when the curvature is nonnegative. In the 1970s P. Li discovered that
it can be further generalized to estimate the dimension of the kernel of the Laplace
operators under more general curvature assumptions. This became further enhanced
when Gallot realized that the necessary analytic estimates work with only lower Ricci
curvature bounds. This will all be explained here and uses in a crucial way results
from sections 7.1.5 and 7.1.3.

The Bochner technique was, as the name indicates, invented by Bochner. How-
ever, Bernstein knew about it for harmonic functions on domains in Euclidean space.
Specifically, he used

1
A§ |Vul? = [Hessul|?,

where u : Q C R” — R and Au = 0. It was Bochner who realized that when the same
trick is attempted on Riemannian manifolds, a curvature term also appears. Namely,
foru: (M,g) — R with Agu = 0 one has

1
As |Vu|* = [Hessu|* + Ric (Vu, V).

With this in mind it is clear that curvature influences the behavior of harmonic func-
tions. The next nontrivial step Bochner took was to realize that one can compute
A% \w|2 for any harmonic form @ and then try to get information about the topology
of the manifold. The key ingredient here is of course Hodge’s theorem, which states
that any cohomology class can be uniquely represented by a harmonic form. Yano
further refined the Bochner technique, but it seems to be Lichnerowicz who really put
things into motion when he presented his formulas for the Laplacian on forms and

285
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spinors around 1960. After this work, Berger, D. Meyer, Gallot, Gromov-Lawson,
Witten, and many others have made significant contributions to this tremendously
important subject.

Prior to Bochner’s work Weitzenbock developed a formula very similar to the
Bochner formula. We shall also explain this related formula and how it can be used
to establish the Bochner formulas we use. It appears that Weitzenbock never realized
that his work could have an impact on geometry and only thought of his work as an
application of algebraic invariant theory.

9.1. Hodge Theory

We start by giving a brief account of Hodge theory to explain why it calculates
the homology of a manifold.
Recall that on a manifold M we have the de Rham complex

0 n—1
0- M) S ol ) L Q2 (M) - U5 (M) — o,

where Qf(M) denotes the space of k-forms on M and d* : Q(M) — Q**1(M) is
exterior differentiation. The de Rham cohomology groups

ker(d*
0 =

compute the real cohomology of M. We know that H*(M) ~ R if M is connected,
and H"(M) = R if M is orientable and compact. In this case there is a pairing,

QM) x Q" "(M) — R,
(01, ) — / o1 A,
M
that induces a nondegenerate pairing on the cohomology groups
H*(M) x H" ¥ (M) — R.

This shows that the two vector spaces H*(M) and H" % (M) are dual to each other
and in particular have the same dimension.

When M is endowed with a Riemannian metric g we also obtain an adjoint
6 = V* to the differential (see proposition 2.2.8 and section 2.2.2.2). Specifically,

8k QL (M) — QF(m)

is adjoint to 4* via the formula

/g(5kw1,wz)v01=/g(wl,d’“wz)voL
M M

It is often convenient to use the notation

1
T, ) = —— 11, T 1.
(1, T») VolM/Mg( 1,1») vo

This defines an inner product on any space of tensors of the same type. The map &
is also the adjoint of d with respect to this normalized inner product.
The Laplacian on forms, also called the Hodge Laplacian, is defined as
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A:QK M) - Qkm),
Aw = (dé+8d)w.

In the next section we shall see that on functions the Hodge Laplacian is the
negative of the previously defined Laplacian, hence the need for the slightly different
symbol A instead of A.

LEMMA9.1.1. Aw=0ifand only ifdo =0 and §® = 0. In particular, @ = 0,
if Aw=0and ® = d6.

PROOF. The proof just uses that the maps are adjoints to each other:

(Ao,w) = (déw,0)+ (6dw,)
= (00,00)+ (do,do).

Thus, A@w = 0 implies (6w, dw) = (dw,dw) = 0, which shows that §®w = 0 and
do = 0. The opposite direction is obvious.

Note that when @ = d0 and A® = 0, then §d6 = 0, which in turn shows that
(w,0) =(6,8d6) =0. O

We can now introduce the Hodge cohomology:

H*(M) ={o € Q"(M) | Ao =0}.

THEOREM 9.1.2 (Hodge, 1935). The natural inclusion map #*(M) — H*(M)
is an isomorphism.

PROOF. The fact that J#*(M) — H*(M) is well-defined and injective follows
from lemma 9.1.1. To show that it is surjective requires a fair bit of work that is
standard in the theory of partial differential equations (see [112] or [102]). Some of
the results we prove later will help to establish part of this result in a more general
context (see exercises 9.6.4 and 9.6.5). The essential idea is the claim; since A is
self-adjoint there is an orthogonal decomposition

QK (M) =imA @ kerA = imA @ 24 (M).

If @ € QF, then we can write ® = d86 + 8d6 + @, where A® = 0. When
in addition dw = 0 it follows that Ad® = d8d6 = 0. Since d6 is also harmonic
it follows that §d6 = 0. In particular, ® = d66 + @ and ® represents the same
cohomology class as @. O

9.2. 1-Forms

We shall see how Hodge theory can be used to get information about the first
Betti number b (M) = dim#' (M). In the next section we generalize this to other
forms and tensors.
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9.2.1. The Bochner Formula. Let 6 be a harmonic 1-form on (M,g) and f =
% |9|2. To get a better feel for this function consider the vector field X field dual to

0,i.e., 8(v) = g(X,v) for all v. Then
2 2
F=L10P =y = o(x).
PROPOSITION 9.2.1. If X and 0 are related by 0 (v) = g (v,X), then
(1) v VX is symmetric if and only if d6 = 0 and
(2) divX = —-46.
PROOF. Recall that
dO(V,W)+ (Lxg) (V. W) =2g (Vv X, W).
Since Ly g is symmetric and d6 is skew-symmetric the result immediately follows.

The second part was proven in proposition 2.2.7. (]

Therefore, when 6 is harmonic, then divX = 0 and VX is a symmetric (1,1)-
tensor.

We present the Bochner formula for closed 1-forms formulated through vector
fields.

PROPOSITION 9.2.2. Let X be a vector field so that VX is symmetric (i.e. cor-
responding 1-form is closed). If f = % |X\2 and X is the gradient of u near p, then

(1)
Vf=VgX.
(2)
Hessf(V,V) = Hess’u(V,V)+ (VxHessu)(V,V)+R(V,X,X,V)
= VX" +g(ViyX.V) +R(V,.X.X,V)
(3)

Af = [Hessul*+DxAu+Ric(X,X)
= |VX|*+ Dy divX +Ric (X, X)
PROOF. For (1) simply observe that
8(Vf,V) =Dy} IX|* = g(VvX,X) = g(VxX,V).

(2) is a direct consequence of theorem 3.2.2 applied to the function u.
For (3) take traces in (2). As in the proof of proposition 8.2.1 this gives us the
first and third terms. The second term comes from commuting traces and covariant

derivatives. Specifically, either X|, = 0 or E; can be chosen to parallel along X. In
either case

Y s(VipX.E) = Y (VxHessu)(E;E)

= Dx ZHESS u (Ei,Ei)
= DxAu.
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9.2.2. The Vanishing Theorem. We can now easily establish the other Bochner
theorem for 1-forms.

THEOREM 9.2.3 (Bochner, 1948). If (M, g) is compact and has Ric > 0, then
every harmonic 1-form is parallel.

PROOF. Suppose o is a harmonic 1-form and X the dual vector field. Then
proposition 9.2.2 implies

A(% |x|2) — |VX[? +Ric(X,X) > 0,

since divX = Au = 0. The maximum principle then shows that } [X | must be con-
stant and |VX| = 0. O

COROLLARY 9.2.4. If (M,g) is as before and furthermore has positive Ricci
curvature at one point, then all harmonic 1-forms vanish everywhere.

PROOF. Since we just proved Ric(X,X) = 0, we must have that X|, = 0 if the
Ricci tensor is positive on T,M. But then X = 0, since X is parallel. (]

COROLLARY 9.2.5. If (M,g) is compact and satisfies Ric > 0, then bj(M) <
n = dimM, with equality holding if and only if (M, g) is a flat torus.

PROOF. We know from Hodge theory that b (M) = dim.s#! (M). Now, all har-
monic 1-forms are parallel, so the linear map: J#! (M) — T, M that evaluates ® at p
is injective. In particular, dim.s#! (M) < n.

If equality holds, then there are n linearly independent parallel fields E;, i =
1,...,n. This clearly implies that (M,g) is flat. Thus the universal covering is R”
with 7, (M) acting by isometries. Now pull the vector fields E;, i = 1,...,n, back to
E;, i=1,...,n,on R". These vector fields are again parallel and therefore constant
vector fields. This means that we can think of them as the usual Cartesian coordinate
vector fields d;. In addition, they are invariant under the action of 7; (M), i.e., for each
F € m (M) we have DF (di|,) = 9i[p(p), i = 1,...,n. But only translations leave all
of the coordinate fields invariant. Thus, 7; (M) consists entirely of translations. This
means that 7r; (M) is finitely generated, Abelian, and torsion free. Hence I' = ZF for
some k. To see that M is a torus, we need k = n. If k < n, then Z¥ generates a proper
subspace of the space of translations and can’t act cocompactly on R”. If £ > n, then
ZF can’t act discretely on R”. Thus, it follows that I' = Z" and generates R”. O

9.2.3. The Estimation Theorem. The goal is to generalize theorem 9.2.3 to
manifolds with a negative lower bound for the Ricci curvature. The techniques were
first developed by P. Li in the late *70s and then improved by Gallot to give the results
we present. Gallot’s contribution was in part to obtain a suitable bound for Sobolev
constants as in theorem 7.1.13.

We start with a very general analysis lemma. Assume we have a compact Rie-
mannian manifold (M, g) and a vector bundle E — M where the fibers are endowed
with a smoothly varying inner product and the dimension of the fibers is m. Sections
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of this bundle are denoted I' (E) and have several natural norms

Isll. = max]s(),

1 p ’
vz | 1817 vol ).
M

The normalization is consistent with earlier definitions and guarantees that ||s| , in-
creases to ||s||... Now fix a finite dimensional subspace V C I'(E). All of the norms
are then equivalent on this space and we can define
s
Ve ma el

sev—{o} Il

Isll,

The dimension of V can be estimated by this constant and the dimension of the
fibers of E.

LEMMA 9.2.6 (P. Li). With notation as above
dimV <m-C(V).

PROOF. Note that V has a natural inner product
(s1,82) = Voﬁ/ (s1,82) vol
M

such that (s,s) = ||s]|3. Select an orthonormal basis e|,...,e; € V with respect to this
inner product and observe that the function

/
2
) =Y lei(x)]
i=1
does not depend on the choice of orthonormal basis. Moreover,

VOiM/ fvol=1=dimV.
M

Let xo be the point where f is maximal. Consider the map V — E,; that evaluates
a section at xo. We can then assume that the basis is chosen so that the last [ — k
elements span the kernel. This implies that k < m and

dimV < £ (x0) <k-C(V)

since each section had unit L>-norm. This proves the claim. U

Next we extend the maximum principle to a situation where we can bound ||u||.,
in terms of ||ul| .

THEOREM 9.2.7 (Moser iteration). Let (M,g) be a compact Riemannian mani-
fold such that
lullpy < S{IVully 4 llull,

Sor all smooth functions, where v > 1. If f : M — [0,00) is continuous, smooth on
{f >0}, and Af > —Af, then

SV A
1]l < exp (ﬁ) 111
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PROOF. Since f is minimized on the set where it vanishes we can assume that
all of its derivatives vanish there. In fact, Af is nonnegative at those points both in
the barrier and distributional sense.

First note that Green’s formula implies

(FP71Af) = —(df*'.df)
= —(2q—1)(f2df,df).
This shows that
ldfe; = ¢* (f42df.df)
2
q

=LY

2
.
2q—1 (f NS )
= ST
We can then use the Sobolev inequality to conclude that

1

2 \2
17y < Sfll + 1] < <Sq(2q_1) +1> 171,

and

AL
£l < <Sq<2q_1) +1> 112y

Letting ¢ = V¥ gives
—k

1 v
A 2
||f||2vk+.§<sv"(2vk1) +1> Iz

Consequently, by starting at k = 0 and letting kK — oo we obtain

o A ! v
£l < H<SVk(2vk—1) +1> 171,
k=0

The infinite product is estimated by taking logarithms and using log (1 +x) < x

= 2 = 2
kzovklog<svk(2v3_l> +1> < S\/I,;)(kal—l>
N
< S\/I];](vk)
SVAv
- 2
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Together these results imply

THEOREM 9.2.8 (Gromov, 1980 and Gallot, 1981). If M is a compact Riemann-
ian manifold of dimension n such that Ric > (n — 1) k and diam (M) < D, then there
is a function C (n,k . D2) such that

by (M) <C(n,k-D?).
Moreover, limg_,0C (n,€) = n. In particular, there is € (n) > 0 such that when k-D? >

—&(n), then by (M) < n.

PROOF. Gromov’s proof centered on understanding how covering spaces of M
control the Betti number. Gallot’s proof has the advantage of also being useful in a
wider context as we shall explore below.

The goal is clearly to estimate dim.7#!. Lemma 9.2.6 implies that

dim#"' <n-C ("),

So we have to estimate the ratios H X To do so consider f = |®|. This function is

smooth except possibly at points where @ = 0, which also happen to be minimum
points for f. Note that

2fdf =df* =2g(Vo,0) <2|Vo| f

so we obtain Kato’s inequality df < |V|. If X is the dual vector field to @ the
Bochner formula implies

\df >+ fAf

1

ZAF?

7Af

= |Vo|*+Ric(X,X)

IVol* + (n—1)kf?.

It follows by Kato’s inequality that Af > (n— 1) kf. Theorem 9.2.7 then shows that

()

\%

1/l < exp 1712

: [flleo _ ll@lle
Since 7 = Tl Ve have proven that
S/ —(n—-1)kv
dim 7! gn-C(%l) <n-exp Sv—(n=Dkv ;
Vv—1
where § = D-C (n,kD?) is estimated in theorem 7.1.13 and proposition 7.1.17. The
specific nature of the bound proves the theorem. U

9.3. Lichnerowicz Laplacians

We introduce a natural class of Laplacians and show how the Bochner technique
works for these operators. In the next section we then show that there are several
natural Laplacians of this type including the Hodge Laplacian.
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9.3.1. The Connection Laplacian. We start by collecting the results from the
previous section in a more general context.

Fix a tensor bundle £ — M with m-dimensional fibers. This could the bundle
whose sections are p-forms, symmetric tensors, curvature tensors etc.

First the vanishing result.

PROPOSITION 9.3.1. Let (M,g) be a Riemannian manifold and T € T'(E) a
section such that g (V*VT,T) <O0. If |T| has a maximum, then T is parallel.

PROOF. Note that
AMTP = |VT)? —g(V*VT,T) > 0.

In case |T'| has a maximum we can apply the maximum principle to the function |7
and conclude that it must be constant and that T itself is parallel. U

Next we present the estimating result.

THEOREM 9.3.2 (Gallot, 1981). Assume (M,g) is a compact manifold that sat-
isfies the assumption of theorem 9.2.7. Let V C I' (M) be finite dimensional. If

¢(V'VT,T) < A|TP?
forall T €V, then

dimV§m~exp<S kv>.

Vv—1
PROOF. This is proven as in theorem 9.2.8 using f = |T|. Instead of the Bochner
formula we simply use the equation
[dfI*+ FAf = 3Af* = VT =g (V'VT.T)
to conclude via Kato’s inequality that Af > —A f. We can then finish the proof in the

same fashion. O

9.3.2. The Weitzenbock Curvature. The Weitzenbick curvature operator on
a tensor is defined by

Ric(T) (X1,....X) = Y (R(ej, X)) T) (X1, ... €j, ... Xg) -

We use the Ricci tensor to symbolize this as it is the Ricci tensor when evaluated on
vector fields and 1-forms. Specifically:

Ric(0) (X) = ¥ (R(e;.X) @) (¢;) =~ (LR (e;.X) ;) = 0 (Ric (X)).
Often it is referred to as W, but this can be confused with the Weyl tensor.
The Lichnerowicz Laplacian is defined as

ALT = V*VT +cRic(T)

for a suitable constant ¢ > 0. We shall see below that the Hodge Laplacian on forms
is of this type with ¢ = 1. In addition, interesting information can also be extracted
for symmetric (0,2)-tensors as well as the curvature tensor via this operator when

we use€ ¢ = 3-
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The Bochner technique works for tensors that lie in the kernel of some Lich-
nerowicz Laplacian

ALT = V*VT +cRic(T) = 0.

The idea is to use the maximum principle to show that T is parallel. In order to
apply the maximum principle we need g (V*VT,T) < 0 which by the equation for T
is equivalent to showing g (Ric(7),T) > 0.

The two assumptions A, 7 = 0 and g (Ric(T),T) > 0 we make about T require
some discussion.

The first assumption is usually implied by showing that the Lichnerowicz Lapla-
cian has an alternate expression such as we have seen for the Hodge Laplacian. The
fact that A, T = 0 might come from certain natural restrictions on the tensor or even
as a consequence of having nontrivial topology. In the next section several natural
Laplacians are rewritten as Lichnerowicz Laplacians.

The second assumption g (Ric (T'),T) > 0, is often difficult to check and in many
cases it took decades to sort out what curvature assumptions gave the best results.
The goal in this section is to first develop a different formula for Ric (7) and second
to change T in a suitable fashion so as to create a significantly simpler formula for
g(Ric(T),T). This formula will immediately show that g (Ric(7),T) is nonneg-
ative when the curvature operator is nonnegative. It will also make it very easy to
calculate precisely what happens when 7 is a (0, 1)- or (0,2)-tensor, a task we delay
until the next section. It is worthwhile mentioning that the original proofs of some
of these facts were quite complicated and only came to light long after the Bochner
technique had been introduced.

9.3.3. Simplification of Ric (7). Since Ryy : T,M — T,M is always skew-
symmetric it can be decomposed using an orthonormal basis of skew-symmetric
transformations E¢ € s0(7,M). A tricky point enters our formulas at this point.
It comes from the fact that if v and w are orthonormal, then v Aw € A2T, »M is a
unit vector, while the corresponding skew-symmetric operator, a counter clockwise
rotation of 77/2 in span {v,w}, has Euclidean norm /2. To avoid confusion and un-
necessary factors we assume that so (7,M) is endowed with the metric that comes
from A?T,M. With that in mind we have

Rxy = Y g(Rxy.Eq)Eq
= Y g(R(XNY),Eq)Eq
= Y s(R(Ea),XAY)Eq

= *Zg (Ea)X,Y)Eq.
This allows us to rewrite the Weitzenbock curvature operator.
LEMMA 9.3.3. For any (0 k)-tensor T
Ric(T) = —ZR Ea) (EeT),
ALT = V'VT —cY R(Eq)(EaT).

Moreover, Ric is self-adjoint.
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PROOF. This is a straightforward calculation:

Ric(T) (X1,....Xx) = Z(R(ej,X)T)(Xl,...,ej, S Xk)
—Zg (Ba)ej, Xi) (EaT) (Xi,...rej, ..., Xk)
=Y (EaT)(X1,....8(R(Ba)ej, Xi) e, ... X)
Z(EaT)(X], SR(EQ)Xi, ..., Xk)
= =Y (R(Za)(EaT)) (X1, Xiy o0, X) -

To check that Ric is self-adjoint select an orthonormal basis £ of eigenvectors for
R, ie., R(Ey) = AqEq. In this case,

g(Ric(T),8) = —) ¢(R(Ea)(EaT).S)
= *Zlag (Ea (EaT),S)
- Z)Lag Eal,EaS)

which is symmetric in 7 and S. (]

[I]

At first sight we have replaced a simple sum over j and i with a possibly more
complicated sum. The next result justifies the reformulation.

COROLLARY 9.3.4. IfR >0, then g(Ric(T),T) > 0. More generally, If R > k,

where k < 0, then g (Ric(T),T) > 2 where C depends only on the type of the
tensor.

PROOF. As above assume R (Ea) = Ao Z¢ and note that

g (Ric(T =Y Aa|ZaT* > kY |EaT)?.

This shows that the curvature term is nonnegative when k = 0. Clearly there is a con-
stant C > 0 depending only on the type of the tensor and dimension of the manifold
so that

CITP>Y BT
When k < 0 this implies:
g(Ric(T),T) > kC|T|*.
O

This allows us to obtain vanishing and estimation results for all Lichnerowicz
Laplacians on manifolds.

THEOREM 9.3.5. IfR > k and diam < D, then the dimension of
V={T €T (E)|ALT =V*VT +cRic(T) =0}
is bounded by

m-exp (D -C (n,kD?) \;Vkicl") ,

and when k =0 all T €V are parallel tensors.
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9.4. The Bochner Technique in General

The goal in this section is to show that there are several natural Lichnerowicz
Laplacians on Riemannian manifolds.

9.4.1. Forms. The first obvious case is that of the Hodge Laplacian on k-forms
as we already know that harmonic forms compute the topology of the underlying
manifold.

THEOREM 9.4.1 (Weitzenbock, 1923). The Hodge Laplacian is the Lichnerow-
icz Laplacian with ¢ = 1. Specifically,

Aw=(dé+dd)(w)=V*Vo+Ric(®).

PROOF. We shall follow the proof discovered by W. A. Poor. To perform the
calculations we need

80 (Xa,...Xx) = —Y.(VE)(Ei X, ..., X)),
do (Xo,...Xs) = Y.(=1)(Vx0) (Xo,.... %, ... X¢) -
We this in mind we get
Ao (X1, X%) = —Y (=) (Vﬁtha)) (Ej. X1, Riy oo Xi)

= —Z (Vg(th(x)) (Xl,...,Ej,...,Xk)7

5da)(X1,...,Xk) = —Z(V%j,ij>(X1,...,Xk)
_Z(—l)i (V%jyxi(i)) (Ej,Xl,...,Xi,...,Xk)
= (V*V(i))(Xl,...7Xk)
—&-Z(V%}_,Xia)) (Xl,...,Ej,...,Xk).
Thus

>
e
|

V'Vo+Y (R(Ej,X;) 0) (X1,....Ej,....Xp)
V*V@ + Ric (o).
O

9.4.2. The Curvature Tensor. We show that a suitably defined Laplacian on
curvature tensors is in fact a Lichnerowicz Laplacian. This Laplacian is a sym-
metrized version of (Vx (V*R)) (Y,Z,W) so as to make it have the same symmetries
as R. It appears as the right-hand side in the formula below.

THEOREM 9.4.2. The curvature tensor R on a Riemannian manifold satisfies
(V*VR)(X,Y,Z,W)+ 3Ric(R) (X,Y,Z,W)
= L (VxV'R)(Y.Z,W)— % (VyV*R) (X,Z,W)
+3(VZV'R)(W,X,Y) — L (VwV*R) (Z,X.Y).
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PROOF. By far the most important ingredient in the proof is that we have the
second Bianchi identity at our disposal. We will begin the calculation by considering
the (0,4)-curvature tensor R. Fix a point p, let X,Y,Z,W be vector fields with VX =
VY =VZ =VW =0 at p and let E; be a normal frame at p. Then

(V*VR)(X,Y,Z,W)

n
= - Z (V%,EIR) (vaaZaW)

(VE,xR) (Y.E;,Z W)+ (VL yR) (Ei,X,Z,W)

I
M:

Il
-

(VX E; R) (Y7E,',Z,W) + (V)%E,R) (Ei7X7Z7W)

Il
™=

1

—|—i R(E;,X)(R)) (Y,E:,Z,W)+ (R(E;,Y)(R)) (E;,X,Z,W)
i=1
= (VxV'R)(Y,Z,W) — (VyV'R) (X,Z,W)
—i R(E;X)(R))(E;,Y,Z,W) + (R(E.,Y) (R)) (X,E1,Z,W).
i=1

Note that the last two terms are half of the expected terms in —Ric (R) (X,Y,Z,W).
Using that R is symmetric in the pairs X,Y and Z,W we then obtain

(V*VR) (X,Y,Z,W)
= $(V'VR)(X,Y,Z,W)+ 3 (V*VR)(Z,W,X,Y)
= L((VxV'R)(Y,Z,W) — (VyV*R) (X,Z,W))
+3 ((V2V'R) (WX, Y) = (VwV'R) (Z,X,Y))

=

—5 Y (R(E.X) (R)) (E+.Y.Z,W) + (R(E.,Y) (R)) (X,E1,Z,W)

—_

—1 i R(Ei,Z) (R)) (Ei,W,X,Y)+ (R(E;,W)(R))(Z,E;,X,Y)

= S((VxV'R)(Y,Z,W) = (VyV'R) (X,Z,W))
+3((V2V'R)(W,X,Y) — (VwV*R) (Z,X,Y))
—IRic(R) (X,Y,Z,W).
O
One might expect that, as with the Hodge Laplacian, there should also be terms
where one takes the divergence of certain derivatives of R. However, the second

Bianchi identity shows that these terms already vanish for R. In particular, R is har-
monic if it is divergence free: V*R = 0.

9.4.3. Symmetric (0,2)-Tensors. Let /& be a symmetric (0,2)-tensor. If we
consider the corresponding (1,1)-tensor H, then we have defined (dVH) (X,Y) =
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(VxH)(Y)— (VyH) (X). Changing the type back allows us to define
d"h(X,Y,Z) = (Vxh) (Y.Z) — (Vyh) (X, Z).

In this form the definition is a bit mysterious but it does occur naturally in differential
geometry. Originally it comes from considering the second fundamental II for an
immersed hypersurface M" — R"*!. In this case the Codazzi-Mainardi equations
can be expressed as d¥ II = 0. Another natural situation is the Ricci tensor where
exercise 3.4.8 shows that

(dV Ric) (X,Y,Z) = (V'R) (Z,X,Y).

This formula also has a counter part relating Schouten and Weyl tensors discussed in
exercise 3.4.26.

Using this exterior derivative we obtain a formula that is similar to what we saw
for forms and the curvature tensor.

THEOREM 9.4.3. Any symmetric (0,2)-tensor h on a Riemannian manifold sat-
isfies

(VxV*h) (X) + (V*dvh) (X,X) = (V*VA) (X,X) + L (Ric (h)) (X, X).
PROOF. Observe that on the left-hand side the terms are
(VxV*h) (X) = — (Vi gh) (E,X)

and

(V*dvh) (X, X) _ (VE,.th) (Ei, X, X)

— (Vi.eh) (X.X)+ (Vi xh) (Ei.X).

Adding these we obtain
(VxV*h) (X) + (V*dvh> (X, X)
= (V*Vh)(X,X)+ (VE xh) (Ei,X) — (V& g,h) (Ei,X)
= (V'Vh)(X,X)+ (R(E;,X)h) (E;,X).
Using that & is symmetric we finally conclude that
(R(E1,X)h) (E;,X) = 5 (Ric(h)) (X, X),

thus finishing the proof. (]

A symmetric (0,2)-tensor is called a Codazzi tensor if d¥h vanishes and har-
monic if in addition it is divergence free. This characterization can be simplified
slightly.

PROPOSITION 9.4.4. A symmetric (0,2)-tensor is harmonic if and only if it is a
Codazzi tensor with constant trace.
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PROOF. In general we have that
(V'h)(X) = —(Vgh)(Ei,X)
= —(Vgh)(X,E)
=~ (Vxh) (B, E) + (d7h) (X, E, )
—  _Dy(uwh)+ (dvh) (X,E;,E;).
Thus Codazzi tensors are divergence free if and only if their trace is constant. O

This shows that hypersurfaces with constant mean curvature have harmonic sec-
ond fundamental form. This fact has been exploited by both Lichnerowicz and Si-
mons. For the Ricci tensor to be harmonic it suffices to assume that it is Codazzi,
but this in turn is a strong condition as it is the same as saying that the full curvature
tensor is harmonic.

COROLLARY 9.4.5. The Ricci tensor is harmonic if and only if the curvature
tensor is harmonic.

PROOF. We know that the Ricci tensor is a Codazzi tensor precisely when
the curvature tensor has vanishing divergence (see exercise 3.4.8). The contracted
Bianchi identity (proposition 3.1.5) together with the proof of the above proposition
then tells us

2Dxscal = —(V*Ric)(X)
Dy (trRic)
= Dy (scal).

Thus the scalar curvature must be constant and the Ricci tensor divergence free. [
9.4.4. Topological and Geometric Consequences.

THEOREM 9.4.6 (D. Meyer, 1971, D. Meyer-Gallot, 1975, and Gallot, 1981).
Let (M,g) be a closed Riemannian n-manifold. If the curvature operator is nonneg-
ative, then all harmonic forms are parallel. When the curvature operator is positive
the only parallel I-forms have | = 0,n. Finally when R > k and diam < D,

n

by (M) < (z) exp (D-C (n,kD?) V=AC)

PROOF. The first statement is immediate given the Weitzenbock formula for
forms. For the second part we note that when the curvature operator is positive, then
the formula

0 =g (Ric(0),0) =Y A¢|Zq0|’
shows that =, @ = 0 for all . Hence by linearity Lo = 0 for all skew-symmetric L.
If we assume m < n and select L so that L(e;) = 0 for i <m, L(e;;) = €41, then

0= (L(J)) (6],...,6,”) = —w(el,...,em,|,€m+1).

Since the basis was arbitrary this shows that @ = 0.
The last part follows from our general estimate from theorem 9.3.5. O
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We now have a pretty good understanding of manifolds with nonnegative (or
positive) curvature operator.

H. Hopf is, among other things, famous for the following problem: Does $% x §?
admit a metric with positive sectional curvature? We already know that this space has
positive Ricci curvature and also that it doesn’t admit a metric with positive curvature
operator. It is also interesting to observe that CP? has positive sectional curvature
but doesn’t admit a metric with positive curvature operator either. Thus, even among
4-manifolds, there seems to be a big difference between simply connected manifolds
that admit Ric > 0, sec > 0, and 9 > 0. We shall in chapter 12 describe a simply
connected manifold that has Ric > 0 but doesn’t even admit a metric with sec > 0.

Manifolds with nonnegative curvature operator can in fact be classified (see the-
orem 10.3.7). From this classification it follows that there are many manifolds that
have positive or nonnegative sectional curvature but admit no metric with nonnega-
tive curvature operator.

EXAMPLE 9.4.7. We can exhibit a metric with nonnegative sectional curvature
on CP24CP? by observing that it is an S! quotient of $ x §3. Namely, let S' act on
the 3-sphere by the Hopf action and on the 2-sphere by rotations. If the total rotation
on the 2-sphere is 27k, then the quotient is S? x S if k is even, and CP*4CP? if k is
odd. In all cases O’Neill’s formula tells us that the sectional curvature is nonnegative.
From the above-mentioned classification it follows, however, that the only simply
connected spaces with nonnegative curvature operator are topologically equivalent
to 82 x S, S*, or CP?. These examples were first discovered by Cheeger but with a
very different construction that also lead to other examples.

The Bochner technique has found many generalizations. It has, for instance,
proven very successful in the study of manifolds with nonnegative scalar curvature.
Briefly, what happens is that spin manifolds admit certain spinor bundles. These bun-
dles come with a natural first-order operator called the Dirac operator. The square
of this operator has a Weitzenbock formula of the form

V*V + % scal.

This formula was discovered and used by Lichnerowicz (as well as I. Singer, as
pointed out in [122]) to show that a sophisticated invariant called the A-genus van-
ishes for spin manifolds with positive scalar curvature. Using some generalizations
of this formula, Gromov-Lawson showed that any metric on a torus with scal > 0
is in fact flat. We just proved this for metrics with Ric > 0. Dirac operators and
their Weitzenbock formulas have also been of extreme importance in physics and
4-manifolds theory. Much of Witten’s work (e.g., the positive mass conjecture) uses
these ideas. Also, the work of Seiberg-Witten, which has had a revolutionary impact
on 4-manifolds, is related to these ideas.

In relation to our discussion above on positively curved manifolds, we should
note that there are still no known examples of simply connected manifolds that admit
positive scalar curvature but not positive Ricci curvature. This despite the fact that
if (M,g) is any closed Riemannian manifold, then for small enough € the product
(M X Sz,g—|—£2ds%) clearly has positive scalar curvature. This example shows that
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there are non-simply connected manifolds with positive scalar curvature that don’t
admit even nonnegative Ricci curvature. Specifically, select your favorite surface
M? with by > 4. Then by (M* x $?) > 4 and therefore by Bochner’s theorem can’t
support a metric with nonnegative Ricci curvature.

Finally, we present a more geometric result for the curvature tensor. It was first
established in [111], and then with a modified proof in [52]. The proof is quite
simple and based on the generalities developed above. In chapter 10 we will also
show that this result basically characterizes compact symmetric spaces as they all
have nonnegative curvature operator.

THEOREM 9.4.8 (Tachibana, 1974). Let (M,g) be a closed Riemannian man-
ifold. If the curvature operator is nonnegative and V'R = 0, then VR = 0. If in
addition the curvature operator is positive, then (M, g) has constant curvature.

PROOF. We know from above that
V*VR+ 1 Ric(R) =0.
So if the curvature operator is nonnegative, then VR = 0.

Moreover, when the curvature operator is positive it follows as in the case of
forms, that LR = 0 for all L € so (T,,M ). This condition implies, as we shall show
below, that R (x,y,y,z) = 0 and R (x,y,v,w) = 0 when the vectors are perpendicular.
This in turn shows that any bivector x Ay is an eigenvector for R, but this can only
happen if R = kI for some constant k.

To show that the mixed curvatures vanish first select L so that L(y) = 0 and
L(x) =z, then

0 = LR('xayay7-x) =—-R (L()C) 7)’7)’7)‘) _R(-xay7y7L(-x)) = _2R (x7y7yaz) .
Polarizing in y = v+ w, then shows that
R (x,v,w,z) = =R (x,w,1,2).

The Bianchi identity then implies

R()C, V7W7Z) = R(W,V,X,Z)—R(W,X,V,Z)
= —2R(w,x,v,z)
= 2R(x,w,v,2)
= -2R ()C,V, w, Z)
showing that R (x,v,w,z) = 0. O

9.4.5. Simplification of g (Ric(7T'),T). Finally we mention an alternate method
that recovers the formula for 1-forms and also gives a formula for general (0,2)-
tensors.

Having redefined the Weitzenbock curvature of tensors, we take it a step further
and also discard the orthonormal basis E. To assist in this note that a (0,k)-tensor T
can be changed to a tensor 7" with values in A2T'M. Implicitly this works as follows

g(L,T (X1,....,Xx)) = (LT) (X1, ..., Xg) forall L € s0 (TM) = A*TM.
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LEMMA 9.4.9. For all (0,k)-tensors T and S
g(Ric(T),8) =g (R(T).S).
PROOF. This is a straight forward calculation
gRic(T),S) = Y g(EaT,R(Za)S)
= Z(EaT) (eil,...,eik) (R(Eq)S) (eil,...,eik)
= Zg (Ea,f (€i1 , ...,e,-k)) g (R (Zq),S (e,-1 , ~-~,€ik))
= Zg (g (Ea, T (e,'l , ...,e,-k)) Ea) ,.§ (el-1 , ...,eik))
= )3 )
= g(®(7).9)
This shows again that Ric is self-adjoint as 9 is self-adjoint on A>T M. (]

This new expression for g (Ric(T),T) is also clearly nonnegative when the cur-
vature operator is nonnegative. In addition, it also occasionally allows us to show
that it is nonnegative under less restrictive hypotheses.

PROPOSITION 9.4.10. If @ is a I-form and X the dual vector field, then
O2Z)=XNZ

and
g§(R(d),d) =Ric(X,X).

PROOF. In this case

(Lw)(2) = -o(L(Z)
= —¢(X,L(2)
= —g(L,ZNX)

SO
D(Z)=XNZ.

This shows that the curvature term in the Bochner formula becomes
- Zg (R(Eq) (Eqw), ) = Zg (Eq®,R(Eq) @)
= Y 3(0(E) R(0(E)))
Y s(R(EinX),EiNX)
= Y R(X,E,E;.X)
Ric (X,X).

More generally, one can show that if @ is a p-form and
8 (Q (Xl ) "'7prl) 7XP) =0 (Xl ’ '-'7XP) )
then

p ) R
O X1, Xp) =Y (D) XinQ (X1, Xy X))
i=1
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Moreover, note that @ can only vanish when @ vanishes.
Next we focus on understanding Ric (/2) for (0,2)-tensors. Given a (0,2)-tensor
h there is a corresponding (1, 1)-tensor called H

h(z,w) =g(H (2),w).
The adjoint of H is denoted H*.
PROPOSITION 9.4.11. With that notation
h(z,w) =H (z) Aw—z AH* (w)
and h =0 if and only if h = Ag.

PROOF. We start by observing that

(Lh)(z,w) = —h(L(z),w)—h(z,L(w))
= —g(H(L(z)),w)—g(H (z),L(w))
= —g(L(z),H" (w))—g(L(w),H (2))
= —g(L,zAH*(W))—g(L,wAH(2))
= g(L,H(z)Aw—zAH"(w)).

Note that if # = Ag then H = AI = H*, thus 7 = 0. Next assume that / = 0. Then for
all z,w we have

AH(H(w)) = H(z)A\H(w)
= —H(w)AH(z)
wAH ()
— H(H(2) Aw.
But that can only be true if H*H = A% and H = A1. O

This indicates that we have to control curvatures of the type

g (ER(H (2)Aw—zANH* (W)),H (z) A\w—z ANH* (w)) .

If H is normal, then it can be diagonalized with respect to an orthonormal basis in
the complexified tangent bundle. Assuming that H (z) = Az and H (w) = uw where
z,w € T,M ® C are orthonormal we obtain

(m(H(z)Aw—zAH* (W), H () Aw— 2 AH* (w)) —A—alPg(RAw),ZAW).

The curvature term g (R (zAw),zAw) looks like a complexified sectional cur-
vature and is in fact called the complex sectional curvature. It can be recalculated
without reference to the complexification. If we consider z=x-+iyand w =u+1v,
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x,y,u,v € TM, then
gR(zAW),ZAW) = g(R(EAuU—YAV),xAu—yAv)
+g(RxAV+yAu),xAv+yAu)
= g(R@xAuw),xAu)+g(RHAV),yAV)
+g(RxAV),xAV)+g(R(yAu),yAu)
—2g(R(xAu),yAv)+2g(R(xAV),yAu)
= R(x,u,u,x)+R(y,v,v,y) +R(x,v,v,x) + R (y,u,u,y)
+2R (x,u,y,v) — 2R (x,v,y,u)
= R(x,u,u,x)+R(y,v,v,y)+R(x,v,v,x) + R (y,u,u,y)
—2(R(v,y,x,u) + R (x,v,y,u))
= R(x,u,u,x)+R(y,v,v,y) +R(x,v,v,x) + R (y,u,u,y)
+2R (y,x,v,u)
= R(x,u,u,x)+R(y,v,v,y) +R(x,v,v,x) + R (y,u,u,y)
+2R (x,y,u,v).
The first line in this derivation shows that complex sectional curvatures are nonneg-
ative when R > 0. Thus we see that it is weaker than working with the curvature
operator. On the other hand it is stronger than sectional curvature.
There are three special cases depending on the dimension of spang {x,y,u,v}.
When y = v = 0 we obtain the standard definition of sectional curvature. When

X, y, u, v are orthonormal we obtain the so called isotropic curvature, and finally if
u = v we get a sum of two sectional curvatures

2R (x,u,u,x) + 2R (y,u,u,y)

also called a second Ricci curvature when x,y,u are orthonormal.
The next result is a general version of two separate theorems. Simons and Berger
did the case of symmetric tensors and Micallef-Wang the case of 2-forms.

PROPOSITION 9.4.12. Let h be a (0,2)-tensor such that H is normal. If the
complex sectional curvatures are nonnegative, then g (Eﬁ (fz) ,iz) >0.

PROOF. We can use complex orthonormal bases as well as real bases to compute
g (%R () ,h). Using that H is normal we obtain a complex orthonormal basis ¢; of
eigenvectors H (e;) = A;e; and H* (e;) = A;e;. From that we quickly obtain

g(i)%(fz),fz) = Zg( ( e,,e]) h(e,-,ej)>
Zg( ej)Nej— e,-/\H*(ej)),H(ei)/\ej—ei/\H*(ej))

ZM l’ g(MR(eine)),eiNej).

O

In the special case where H is self-adjoint the eigenvalues/vectors are real and
we need only use the real sectional curvatures. When H is skew-adjoint the eigen-
vectors are purely imaginary unless they correspond to zero eigenvalues. This shows
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that we must use the isotropic curvatures and also the second Ricci curvatures when
M is odd dimensional. However, in this case none of the terms involve real sectional
curvatures.

These characterizations can be combined to show

PROPOSITION 9.4.13. ¢ (9{ (iz) ,ﬁ) > 0 for all (0,2)-tensors on T,M if all com-
plex sectional curvatures on T,M are nonnegative.

PROOF. We decompose h = hg + h, into symmetric and skew symmetric parts.
Then

g(R(R).h) = g (R (hs) k) +8 (R (ha) ha) + (R (hs) a) + (R (ha) ;)
= g(R(hy),hs) +g (R (ha) . ha) +28 (R (hy)  ha)
However,
g (SR (fzs) jla) = Zg (9% (fls (ei,e])) Jhy (ehej))
= —Zg (ER (izs (ej,e,)) hy (e],el))
= g (% (hy) ha).
So
g (R (R),h) =g (R (hs) hs) + & (R (a) ha)
and the result follows from the previous proposition. (]

9.5. Further Study

For more general and complete accounts of the Bochner technique and spin
geometry we recommend the two texts [122] and [76]. The latter book also has a
complete proof of the Hodge theorem. Other sources for this particular result are

[69], [102], and [115].

For other generalizations to manifolds with integral curvature bounds the reader
should consult [50]. In there the reader will find a complete discussion on general-
izations of the above mentioned results about Betti numbers.

9.6. Exercises

EXERCISE 9.6.1. Suppose (M",g) is compact and has b; = k. If Ric > 0, then
the universal covering splits:

(Mag) = (N7h) X (Rkag]R”) .
Give an example where b; < nand (M,g) = (R", gg»).

EXERCISE 9.6.2. Show directly that if E; is an orthonormal frame and V +— Vy X
is symmetric, then }; ¢ (Vg X, VxE;) = 0 without assuming that E; are parallel in the
direction of X.

EXERCISE 9.6.3. Show that for an oriented Riemannian manifold: (imd*~") -
kerd*~! and imd*~! (ker6k’1)L in QF (M).
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EXERCISE 9.6.4. Let (M",g) be a compact Riemannian manifold and E — M a
tensor bundle. Let W2 (E) denote the Hilbert space completion of I'(E) with square
norm Z{»‘:O ||V’T} ; eg,ifT € w2 (E), then T is defined as an element in L% and its
derivative VT as an L? tensor that satisfies (VT,VS) = (T,V*VS) forall S€ '(E). It
follows that T'(E) C W*2 (E) is dense. The Sobolev inequality can be used to show
that Nz W52 (E) = M=o W*” (E) for all p < . The techniques from section 7.1.5
can easily be adapted to show that a tensor 7 € W'” is Holder continuous when
p > n (see also [64]). This in turn shows that I'(E) = ;5o W52 (E).

(1) Show that for all T € I (E) there is a commutation relationship

k
V'V (va) —VH(V'YT) = Y CF (V’H’R@ va) ,
i=0

where C{‘ (Vk_iR ® ViT) is a suitable contraction.

(2) Assumethat T € W' (E) and T' € Wk (E) satisfy (77,S) = (VT, VS) for
all S € T'(E), i.e., V*VT = T’ weakly, show that T € W¥*1:2(E). Hint:
Define the weak derivatives V/*!T inductively using a relationship of the
form:

l
(V’“T, v’“s) _ (V’T’,V’S) +y (C{ (V’*"R@V"T) ,V’S) .
i=0

(3) Conclude that if 7" € T (E), then T € T (E) and V*VT =T".

EXERCISE9.6.5. Let (M", g) be a compact Riemannian manifold with diam M <
D, R >k, and E — M a tensor bundle with m-dimensional fibers and a Lichnerowicz
Laplacian Ay. The goal is to establish the spectral theorem for Ay and as a conse-
quence obtain the orthogonal decomposition I' (E) = ker Ay @ imAy.

(1) Consider the Hilbert space completion W' (E) of T'(E) as in exercise
9.6.4. Show that the right-hand side in (AL T, S) = (VT,VS)+c¢(Ric(T),S)
is symmetric and well-defined for all 7,S € W!? (E).

(2) Show thatinfycy12 7),—1 (ALT,T) > cCk, where k < 0 and C is the con-
stant in corollary 9.3.4.

(3) Show that a sequence 7; C W!?(E), where ||T;||, = 1 and (ALT;,T;) is
bounded, will have an L2-convergent subsequence that is also weakly con-
vergent in W' (E). Hint: Use theorem 7.1.18.

(4) Consider a closed subspace V C W'? (E) that is invariant under Az. Show
that the infimum A = infrcy, 7= (ALT,T) is achieved by a T € V, then
use exercise 9.6.4 to show that T € I'(E) and A, T = AT. Hint: Prove and
use that

2 2 e 2 2
|71+ V73 < timint (|73 + V5 2)
if T, — T (weak convergence) in W12 (E).

(5) Consider a finite dimensional subspace V C I'(E) that is spanned by eigen-
tensors 7; with Ay T; = A;T;. Show that dimV < mC (n,maxi 7L,~,c,D2k).
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(6) Show that all eigenspaces for Ay, are finite dimensional and that the set of
eigenvalues is discrete. Conclude that they can be ordered 4| < A, < ---
with lim; .., 7L,‘ = oo,

(7) Show that the eigenspaces for Ay, are orthogonal and that their direct sum
is dense in I'(E).

(8) Show thatI"(E) =kerA; @imA;. Hint: Use exercise 9.6.4.

EXERCISE 9.6.6. Let (M, g) be an n-dimensional Riemannian manifold that is
isometric to Euclidean space outside some compact subset K C M, i.e., M — K is
isometric to R" — C for some compact set C C R". If Ricg > 0, show that M = R".
Hint: Find a metric on the n-torus that is isometric to a neighborhood of K C M
somewhere and otherwise flat. Alternatively, show that any parallel 1-form on R" —C
extends to a harmonic 1-form on M. Then apply Bochner’s formula to show that it
must in fact be parallel when Ric, > 0, and use this to conclude that the manifold is
flat.

EXERCISE 9.6.7. Let (M,g) be an Einstein metric. Show that all harmonic
1-forms are eigen-forms for the connection Laplacian V*V.

EXERCISE 9.6.8. Given two vector fields X and Y on (M, g) such that VX and
VY are symmetric, develop Bochner formulas for Hess Jg(X,Y) and Alg(X,Y).

EXERCISE 9.6.9. For general tensors s; and s of of the same type show in
analogy with the formula

1
As Is|* = |Vs|* — g (V*Vs,s)
that:
Ag(s1,52) =2g(Vs1,Vs2) +g(V*Vsi,8) +g(s1,V*Vs2).
Use this on forms to develop Bochner formulas for inner products of such sections.

More generally consider the 1-form defined by o (v) = g(V,s1,s2) that repre-
sents half of the differential of g (s,s2). Show that

—8w = g(Vs1,Vs2)—g(V'Vsy,s)
do(X,Y) = gR(X,Y)s1,s2)—g(Vxs1,Vysa)+g(Vysi,Vxsa).
EXERCISE 9.6.10. Let (M, g) be n-dimensional.
(1) Show that

Lo=0
if L is skew-symmetric and @ is an n-form.
(2) Whenn =2,
LR=0

for all skew-symmetric L.
(3) For general L
Lvol =tr(L)vol.

EXERCISE 9.6.11 (Simons). Let (M, g) be a compact Riemannian manifold with
a (0,2)-tensor field & that is a symmetric Codazzi tensor with constant trace.
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(1) Show that if sec > 0, then VA = 0.
(2) Moreover, if sec > 0, then i = ¢ - g for some constant c.
(3) If the Gauss equations

R(X,Y,Z,W)=h(X,W)h(Y,Z)—h(X,Z)h(Y,W)
are satisfied and the trace of /1 vanishes, then
2 2 4
Az B> > [Vh|* = |n]*.
EXERCISE 9.6.12. Let (M",g) % R""! be an isometric immersion of a mani-

fold.

(1) Show that the second fundamental form II is a Codazzi tensor.

(2) Show Liebmann’s theorem: If (M,g) has constant mean curvature and
nonnegative second fundamental from, then (M, g) is a constant curvature
sphere.

On the other hand, Wente has exhibited immersed tori with constant mean cur-
vature (see Wente’s article in [55]).

EXERCISE 9.6.13 (Berger). Show that a compact manifold with harmonic cur-
vature and nonnegative sectional curvature has parallel Ricci curvature.

EXERCISE 9.6.14. Suppose we have a Killing field K on a closed Riemannian
manifold (M, g). Assume that @ is a harmonic form.

(1) Show that Lg® = 0. Hint: Show that Lg @ is also harmonic.

(2) Show that ig @ is closed, but not necessarily harmonic.

(3) Show that all harmonic forms are invariant under Isog (M).

(4) Give an example where a harmonic form is not invariant under all of
Iso (M).

EXERCISE 9.6.15. Let (M, g) be a closed Kihler manifold with Kéhler form o,
i.e., a parallel nondegenerate 2-form. Show

=N AN
———

k times

is closed but not exact by showing that 0 is proportional to the volume form.
Conclude that none of the even homology groups vanish.
EXERCISE 9.6.16. Let E — M be a tensor bundle.

(1) Let Q” (M, E) denote the alternating p-linear maps from TM to E (note
that Q° (M,E) =T (E)). Show that Q* (M) acts in a natural way from both
left and right on Q* (M, E) by wedge product.

(2) Show that there is a natural wedge product

QF (M,Hom (E,E)) x Q1 (M,E) — QP™ (M E).
(3) Show that there is a connection dependent exterior derivative

d” :QF (M,E) — QP! (M,E)
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with the property that it satisfies the exterior derivative version of Leibniz’s
rule with respect to the above defined wedge products, and such that for
s € [(E) we have: dVs = Vs.

(4) Think of R(X,Y)s € Q> (M,Hom (E,E)). Show that:

(dvodv) (s)=RAs

for any s € QP (M, E) and that Bianchi’s second identity can be stated as
d"R=0.

EXERCISE 9.6.17. If we let E = T M in the previous exercise, then
Q! (M, TM) =Hom (TM,TM)
will simply consist of all (1, 1)-tensors.

(1) Show that in this case dVs = 0 if and only if s is a Codazzi tensor.

(2) The entire chapter seems to indicate that whenever we have a tensor bundle
E and an element s € QP (M, E) with dVs =0, then there is a Bochner type
formula for s. Moreover, when in addition s is “divergence free” and some
sort of curvature is nonnegative, then s should be parallel. Can you develop
a theory in this generality?

(3) Show that if X is a vector field, then VX is a Codazzi tensor if and only if
R(-,-)X =0. Give an example of a vector field such that VX is Codazzi but
X itself is not parallel. Is it possible to establish a Bochner type formula
for exact tensors like VX = dVX even if they are not closed?

EXERCISE 9.6.18 (Thomas). Show that in dimensions n > 3 the Gauss equa-
tions (R = SAS) imply the Codazzi equations (dVS = 0) provided detS # 0. Hint:
use the second Bianchi identity and be very careful with how things are defined. It
will also be useful to study the linear map

Hom (A’V,V) — Hom (A*V,A%V),
T — TAS

for a linear map S : V — V. In particular, one can see that this map is injective only
when the rank of S'is > 4.






CHAPTER 10

Symmetric Spaces and Holonomy

In this chapter we give an overview of (locally) symmetric spaces and holonomy.
Most standard results are proved or at least mentioned. We give a few explicit exam-
ples, including the complex projective space, in order to show how one can compute
curvatures on symmetric spaces relatively easily. There is a brief introduction to
holonomy and the de Rham decomposition theorem. We give a few interesting con-
sequences of this theorem and then proceed to discuss how holonomy and symmetric
spaces are related. Finally, we classify all compact manifolds with nonnegative cur-
vature operator.

As we have already seen, Riemann showed that locally there is only one con-
stant curvature geometry. After Lie’s work on “continuous” groups it became clear
that one had many more interesting models for geometries. Next to constant curva-
ture spaces, the most natural type of geometry to try to understand is that of (locally)
symmetric spaces. One person managed to take all the glory for classifying symmet-
ric spaces; Elie Cartan. He started out in his thesis with cleaning up and correcting
Killing’s classification of simple complex Lie algebras and several years later all
the simple real Lie algebras. With the help of this and many of his different char-
acterizations of symmetric spaces, Cartan, by the mid 1920s had managed to give
a complete (local) classification of all symmetric spaces. This was an astonishing
achievement even by today’s deconstructionist standards, not least because Cartan
also had to classify the real simple Lie algebras. This in itself takes so much work
that most books on Lie algebras give up after having settled the complex case.

After Cartan’s work, a few people worked on getting a better conceptual under-
standing of some of these new geometries and also on offering a more global classi-
fication. Still, not much happened until the 1950s, when people realized a interesting
connection between symmetric spaces and holonomy: The de Rham decomposition
theorem and Berger’s classification of holonomy groups. It then became clear that
almost all holonomy groups occurred for symmetric spaces and consequently gave
good approximating geometries to most holonomy groups. An even more interesting
question also came out of this, namely, what about those few holonomy groups that
do not occur for symmetric spaces? This is related to the study of Kihler manifolds
and some exotic geometries in dimensions 7 and 8. The Kihler case seems to be
quite well understood by now, not least because of Yau’s work on the Calabi conjec-
ture. The exotic geometries have only more recently become better understood with
D. Joyce’s work.



312 10. SYMMETRIC SPACES AND HOLONOMY

[ group | rank | dim \
SUn+1) |n n(n+2)
SO(2n+1) | n n(2n+1)
Sp(n) n n(2n+1)
SO (2n) n n(2n—1)
TABLE 1. Compact Groups

| (complexified group)/group | rank | dim
SL(n+1,C)/SU(n+1) n n(n+2)
SO(2n+1,C)/SO(2n+1) | n n(2n+1)
Sp(n,C) /Sp(n) n n(2n+1)
SO (2n,C) /SO (2n) n n(2n—1)
TABLE 2. Noncompact Analogues of Compact Groups

10.1. Symmetric Spaces

There are many ways of representing symmetric spaces. Below we shall see
how they can be described as homogeneous spaces, Lie algebras with involutions, or
by their curvature tensor.

10.1.1. The Homogeneous Description. We say that a Riemannian manifold
(M, g) is a symmetric space if for each p € M the isotropy group Iso, contains an
isometry A, such that DA, : T,M — T,M is the antipodal map —/. Since isome-
tries preserve geodesics, any geodesic ¢ () with ¢(0) = p has the property that:
Apoc(t)=c(—t). This quickly shows that symmetric spaces are homogeneous and
hence complete. Specifically, if two points are joined by a geodesic, then the sym-
metry in the midpoint between these points on the geodesic is an isometry that maps
these points to each other. Thus, any two points that can be joined by a broken se-
quence of geodesics can be mapped to each other by an isometry. This shows that
the space is homogeneous.

A homogeneous space G/H = Iso/Iso, is symmetric provided that the symme-
try A, exists for just one p. In this case we can use A; = goA, og~!, where g is
an isometry that takes p to g. This means, in particular, that any Lie group G with
biinvariant metric is a symmetric space, as g — g~ ! is the desired symmetry around
the identity element. Tables 1-4 list some of the important families of homogeneous
spaces that are symmetric. They always come in dual pairs of compact and non-
compact spaces. There are many more families and several exceptional examples as
well.
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[ Iso | Iso, | dim rank | description
SO(n+1) | SO(n) n 1 Sphere
O(n+1) [O(n)x{l,-1} |n 1 RP"
U(m+1) | U(n)xU(1) 2n 1 CP"
Sp(n+1) | Sp(rn)xSp(1) |4n 1 HP"
Fy4 Spin (9) 16 1 OoP?
SO(p+gq) | SO(p) xSO(q) | pq min (p,q) | Real Grassmannian
SU(p+q) | S(U(p)xUl(gq)) | 2pg min (p,q) | Complex Grassmannian
SU (n) SO (n) (-0 n—1 R"sin C"

TABLE 3. Compact Homogeneous Spaces

[ Iso | Iso, [dim [ rank | description
SO(n,1) | SO(n) n 1 Hyperbolic space
O(n,1) |O(m)x{1,-1} |n 1 Hyperbolic RP"
U(n,1) | U(r)xU(1) 2n 1 Hyperbolic CP"
Sp(n,1) | Sp(n) xSp(1) | 4n 1 Hyperbolic HP"
F, %0 Spin (9) 16 1 Hyperbolic QP2
SO(p,q) | SO(p) xSO(q) | pq min(p,q) | Hyperbolic Grassmannian

SU(p,q) | S(U(p) xU(q)) | 2pq min (p,q) | Complex hyperbolic Grassmannian

SL (n,R) | SO (n) (=12 [ n—1 Euclidean structures on R”

TABLE 4. Noncompact Homogeneous Spaces

Here Spin (n) is the universal double covering of SO (n) for n > 2. We also have
the following special identities in low dimensions:
S0(2) = U(1),
Spin(3) SU(2) =Sp(1),
Spin(4) = Spin(3) x Spin(3).

Note that all of the compact examples have sec > 0 by O’Neill’s formula (see theo-
rem 4.5.3). It also follows from this formula that all the projective spaces (compact
and noncompact) have quarter pinched metrics, i.e., the ratio between the smallest
and largest sectional curvatures is % (see also section 4.5.3). These remarks are fur-
ther justified below.

In the tables there is a column called rank. This is related to the rank of a
Lie group as discussed in section 8.3. Here, however, we need a rank concept for
more general spaces. The rank of a geodesic ¢ : R — M is the dimension of parallel
fields E along ¢ such that R(E (¢),¢(¢)) ¢ (¢) = 0 for all 7. The rank of a geodesic
is, in particular, always > 1. The rank of a Riemannian manifold is defined as the
minimum rank over all of the geodesics in M. For symmetric spaces the rank can
be computed from knowledge of Abelian subgroups in Lie groups. For a general
manifold there might naturally be metrics with different ranks, but this is actually
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not so obvious. Is it, for example, possible to find a metric on the sphere of rank
> 1?7 A general remark is that any Cartesian product has rank > 2, and also many
symmetric spaces have rank > 2. It is unclear to what extent other manifolds can also
have rank > 2. All of the rank 1 symmetric spaces are listed in tables 3 and 4. The
compact ones are also known as CROSSes.

10.1.2. Isometries and Parallel Curvature. Another interesting property for
symmetric spaces is that they have parallel curvature tensor. This is because the
symmetries A, leave the curvature tensor and its covariant derivative invariant. In
particular, we have

DA, ((VxR) (Y,Z,W)) = (Vpa,xR) (DA,Y,DA,Z,DA,W),
which at p implies
~(VxR)(V.ZW) = (V_xR)(~Y,~Z,~W)
= (VxR)(Y,Z,W).
Thus, VR = 0. This almost characterizes symmetric spaces.

THEOREM 10.1.1 (Cartan). If (M,g) is a Riemannian manifold with parallel
curvature tensor, then for each p € M there is an isometry A, defined in a neigh-
borhood of p with DA, = —I on T,M. Moreover, if (M,g) is simply connected and
complete, then the symmetry is defined on all of M, and the space is symmetric.

PROOF. The global statement follows from the local one using an analytic con-
tinuation argument as in the proof of theorem 5.6.7 and the next theorem below. Note
that for the local statement we already have a candidate for a map. Namely, if € is
so small that exp,, : B(0,€) — B(p,€) is a diffeomorphism, then we can just define
Ap (x) = —x in these coordinates. It remains to see why this is an isometry when we
have parallel curvature tensor. Equivalently, we must show that in these coordinates
the metric has to be the same at x and —x. To this end we switch to polar coordinates
and use the fundamental equations relating curvature and the metric. The claim fol-
lows if we can prove that the curvature tensor is the same when we go in opposite
directions. To check this, first observe that at p

R(-,vV)v=R(-,—v)(—v).
So the curvatures start out being the same. If d, is the radial field, we also have
(Vo.R) =0.
Thus, the curvature tensors not only start out being equal, but also satisfy the same

simple first-order equation. Consequently, they remain the same as we go equal
distance in opposite directions. O

A Riemannian manifold with parallel curvature tensor is called a locally sym-
metric space.

It is worth mentioning that there are left-invariant metrics that are not locally
symmetric. The Berger spheres (€ # 1) and the Heisenberg group do not have parallel
curvature tensor. In fact, as they are 3-dimensional they can’t even have parallel Ricci
tensor.
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With very little extra work we can generalize the above theorem on the existence
of local symmetries. Recall that in the discussion about existence of isometries with a
given differential prior to theorem 5.6.7 we decided that they could exist only when
the spaces had the same constant curvature. However, there is a generalization to
symmetric spaces. We know that any isometry preserves the curvature tensor. Thus,
if we start with a linear isometry that preserves the curvatures at a point, then we
should be able to extend this map in the situation where curvatures are everywhere
the same. This is the content of the next theorem.

THEOREM 10.1.2 (Cartan). Suppose we have a simply connected symmetric
space (M, g) and a complete locally symmetric space (N,g) of the same dimension.
Given a linear isometry L : T,M — T;N such that

L(R8 (x,y)z) = R (Lx,Ly) Lz

for all x,y,z € T,M, there is a unique Riemannian isometry F' : M — N such that
D,F=L.

PROOF. The proof of this is, as in the constant curvature case, by analytic con-
tinuation. So we need only find these isometries locally. Given that there is an
isometry defined locally, we know that it must look like

F =exp, OLoexp;1 .

To see that this indeed defines an isometry, we have to show that the metrics in
exponential coordinates are the same via the identification of the tangent spaces by
L. As usual the radial curvatures determine the metrics. In addition, the curvatures
are parallel and satisfy the same first-order equation. We assume that initially the
curvatures are the same at p and ¢ via the linear isometry. But then they must be
the same in frames that are radially parallel around these points. Consequently, the
spaces are locally isometric. O

This result shows that the curvature tensor completely characterizes the sym-
metric space. It also tells us what the isometry group must be in case the symmetric
space is simply connected. This will be investigated further below.

10.1.3. The Lie Algebra Description. Finally, we offer a more algebraic de-
scription of symmetric spaces. There are many ways of writing homogeneous spaces
as quotients G/H, e.g.,

§3=SU(2) =S0(4)/SO(3)=0(4)/0(3).

But only one of these, O (4) /O (3), tells us directly that > is a symmetric space.
This is because the isometry A, modulo conjugation lies in O (4) as it is orientation
reversing. In this section we present two related descriptions based on Killing fields
and curvatures.

To begin we must understand how the map A, acts on iso. The push forward
(Ap), preserves Killing fields as A, is an isometry so there is a natural map (4,), =
O) 1 150 — i50.

Throughout the section let (M, g) be a symmetric space.
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PROPOSITION 10.1.3. Let p € M. The map ©, = (Ap), defines an involution
on iso. The 1-eigenspace is iso, and the (—1)-eigenspace consists of X such that
(VX)[p=0.

PROOF. Since AIZ, = id it is clear that also Gg =id. This shows that iso is a
direct sum decomposition of the (41)-eigenspaces for 6,,. Moreover, we have:

o (X)=(Ap), X =DA, (X|A;1) = DA, (X|Ap)
and as A is an isometry
(Ap), (VvX) = V(A,,)*V (Ap). X = V(AP)*VG(X)-
At p we know that DA, = —I so if 6 (X) = X, then X|, = —X|,, showing that
X €iso,. Conversely, if X € iso,, then also ¢ (X) € iso, and at p
Vo (X) = —VDA,,(V)G(X)
= —DA,(V,X)
= V,X
showing that ¢ (X) = X.
On the other hand, if 6, (X) = —X, then (VX) |, = 0 since at p
-V,.X=V_,0,(X)=V,X.
Conversely, if (VX)|, =0, then —X = o, (X) as the Killing fields agree at p and
both have vanishing derivative at p. (]
Recall from proposition 8.1.4 that there is a short exact sequence
0—is0, —is0o —t, =0
where
t, = {X|[,eT,M|X€iso}.
As M is homogeneous it follows that t, = 7,,M and since M is symmetric the (—1)-
eigenspace for o, is mapped isomorphically onto 7,M. We can then redefine t, as
the subspace
t, ={X €iso | (VX)|, =0}.
This gives us the natural decomposition iso = t, @ is0, and by evaluating at p the
alternate representation

iso ~T,M®s, C T,M®so(T,M),
where
s, ={(VX)|p €s0(T,M) | X €is0,}.
This leads to
PROPOSITION 10.1.4. Ifwe identify i50 ~ T,M ® s, then the Lie algebra struc-
ture is determined entirely by the curvature tensor and satisfies:
(1) IfX,Y € T,M, then X, Y] =R(X,Y) € s).
(2) If X € T,M and S € s, then [X,S] = =S (X).
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(3) IfS,T €5, then [S,T| =—(SoT —ToS) €s).
PROOF. We rely on proposition 8.1.3: For X,Y € iso we have
[VX,VY](V)+Vy [X,Y]=R(X,Y)V.

(1) When XY € t, note that [X,Y] = VyX — VxY vanishes at p so [X,Y] € iso,,.
The Lie derivative is then represented by (V [X,Y])|, € s,. To calculate this note
that [VX, VY] vanishes at p so (V[X,Y])|, =R(X|p,Y|p).

(2) When X € t, and Y € iso, we have [X,Y]| = VyX — VxY which at p reduces

to —Vxle.
(3) When X,Y € iso, it follows that [X,Y] = VxY — VyX also vanishes at p.
Moreover, (V [X,Y])|, = —[VX,VY]|,. O

We just saw how the Lie algebra structure can be calculated from the curvature,
but it also shows that the curvature can be calculated from the Lie algebra structure.
On a Lie algebra g the adjoint action is defined as

adx:g — @
Y — adx(Y)=I[X,Y]
and the Killing form by
B(X,Y)=tr(adyoady).

It is easy to check that the Killing form is symmetric and that ady is skew-symmetric
with respect to B:

B(adyY,Z)+B(Y,adx Z) = 0.

REMARK 10.1.5. In case of the Lie algebra iso ~ T,M ®© 5, the map ads : is0 —
is0, S € 5, is also skew-symmetric with respect to the natural inner product

g((X]’SI) ) (XZ’SZ)) = g(X17X2> +g(517S2) = g(leXZ) 7'[I'(S1 052)'

Thus

B(S,S) = tr(adgoads) = —tr (adgo (ads)™) < 0.
Moreover, if B(S,S) =0, then adg = 0 which in turn implies that S = 0 since adg (X ) =
[$,X] =S (X).

The next result tells us how to calculate the curvature tensor algebraically and is
very important for the next two sections.

THEOREM 10.1.6. IfX,Y,Z € t,, then R(X,Y)Z =[Z,[X,Y]] at p. In Lie al-
gebraic language on iso ~ T,M ©5,:

R(X,Y)Z = —Eldzoady(X)7
1
Rie(Y,2) = —3B(ZY).

Moreover; in case Ric = Ag, it follows that the curvature operator has the same sign

as A.
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PROOF. For completeness we offer a proof that does not rely on the previous
proposition. Instead it uses proposition 8.1.3: For X,Y,Z € iso we have V%(,YZ =
—R(Z,X)Y. If we additionally assume X,Y,Z € t,,, then VX = VY =VZ =0 at p.
Bianchi’s first identity then implies

R(X,Y)Z = R(X,Z2)Y-R(Y,2)X
= —V;VyX+V,VxY
= Vz[X,Y]
= [z,x.Y]].

For the Ricci tensor formula first note that the operator adz o ady leaves the de-
composition is0 ~ T,M & s, invariant since each of adz and ady interchange the
subspaces in this factorization. With this in mind we obtain

tr(adzoady |r,m) = tr(adz|s, oady |7,m)
tr (ady |T,,M oady |5p)
= fr (adyoadz\sp).

Using symmetry of B this gives:
B(Z,Y) =tr(ady cadz|s,) +tr (adzoady |7,1) = 2tr (adz oady |7,a) -
The formula for the curvature tensor then shows that
Ric(Z,Y) = —tr (adzoady |7,i) = f%B(Z,Y) .
In case Ric = Ag, A # 0 it follows that
gRX,Y)Z,W)|, = —g(adzoady (X),W)|,

- —%Ric(adzoady X), W),

1
= ﬁB(adzoady( )W)

- —%B(ady (X),adz (W)).
1
_ _ﬁB([X,Y],[WZ])

= 3 ,1 tr (adgy yjo (adpwz) ") -
The diagonal terms for the curvature operator then become
RLXAY), (L XiAY)) |, = Zg (X, Y)Y, X)) |

ZB (ad, (¥}) ,ady, (¥)))
= ——B Zadx, i)aZadXi(Y’))

Since ¥ ady, (X;) € s, it follows from remark 10. 1 5 that B(Y ady, (¥;), Y ady, (¥;)) <
0. Thus the eigenvalues of R have the same sign as the Einstein constant.
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In case Ric = 0 corollary 8.2.5 implies that M is flat in the more general case of
homogeneous spaces. O

Note that the formula is similar to the one that was developed for biinvariant
metrics in proposition 4.4.2. However, while left-invariant fields on a Lie group
are Killing fields as long as the metric is right-invariant, they generally don’t have
vanishing covariant derivative at the identity.

We can now give a slightly more efficient Lie algebra structure of a symmet-
ric space. Suppose (M,g) is a symmetric space and p € M. We define a bracket
operation on R, = T,M & so (T,M) by

[X,Y] = Rxy€so(T,M) forX,Y € T,M,
—[8,X] = [X,8]=S(X)eT,MforX € T,M and S € so(T,M),
5,8] = —(SoS' —S0S)€so(T,M) forS,S' €s0(T,M).

This bracket will in general not satisfy the Jacobi identity on triples that involve
precisely two elements from 7,M

[S, (X, Y]]+ [, [S, X]) + X, [, S]]
= —SoRxy+RxyoS—Rysx)+Rxsy)
= —SoRxy+RxyoS+Rgx)y+Rxsy):
But the other possibilities for the Jacobi identity do hold. When the triple involves

zero or one element from T, M this is straightforward, while if all three are from 7,M
it follows from the Bianchi identity

0 = RxyZ+RzxY-+RyzX
= [ZX Y]+ [z, X]]+[X,[¥,Z]].

Fortunately we have the following modification of theorem 10.1.2.

COROLLARY 10.1.7. Let (M,g) be a simply connected symmetric space. If
S e€so(T,M), then S € s, if and only if for all XY € T,M

—SoRxy+RxyoS+Rsx)y+Rxsy) =0

PROOF. We start by assuming that Z € iso, and S = (VZ) | ,. Since Z is a Killing

field we have LzR = 0. Since [V,Z]|, = S (V) for all V € T,M this implies that
0 = (LzR)y,V
= -5 (RX7yV) +RxyS V) +RS(X),YV +RX,S(Y)V-

The converse is proven using theorem 10.1.2 by constructing the flow of the
Killing field corresponding to S € so (7,M). In T,M construct the isometric flow for
S. Check that the assumption about S implies that the isometries in this flow satisfy
theorem 10.1.2 and then conclude that we obtain a global flow on M. This flow will
then generate the desired Killing field. O

Lett, C s, be the Lie algebra generated by the skew-symmetric endomorphisms
Rxy € so(T,M). We have basically established the following useful relationship
between the curvature tensor and Killing fields on a symmetric space.
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COROLLARY 10.1.8. Let (M,g) be a simply connected symmetric space. The
bracket structure on R, makes T,M @ s, into a Lie algebra with subalgebra ¢, =
T,M ®rp. In fact T,M © s, is characterized as the maximal Lie algebra: ¢, C
T,M © s, C Ng, (cp), where Noy, (¢p) is the normalizer of ¢, in R,. Moreover,
the Lie algebra involution on T,M © s, (and its restriction on c,) has T,M as the
(—1)-eigenspace and s, as the 1-eigenspace.

PROOF. We saw in the above corollary that any subalgebra of £ C so (7,M) such
that T,M @ £ C R, becomes a Lie algebra (i.e., also satisfies the Jacobi identity) must
be contained in 7,M & 5,. We also saw that T,M &5, C Naz, (¢p). O

We are now ready to attempt to reverse the construction so as to obtain sym-
metric spaces from suitable Lie algebras. Assume we have a Lie algebra g with a
Lie algebra involution ¢ : g — g. First decompose g = t® € where t is the (—1)-
eigenspace for o and € is the 1-eigenspace for 0. Observe that £ is a Lie subalgebra
as

olX,y] = [o(X),0(Y)]

Similarly, [¢,t] C tand [t,t] C .

Suppose further that there is a connected compact Lie group K with Lie algebra
£ such that the Lie bracket action of £ on t comes from an action of K on t. In case
K is simply connected this will always be the case. Compactness of K allows us to
choose a Euclidean metric on t making the action of K isometric. It follows that the
decomposition g = t @ is exactly of the type iso = t, @ is0,. Next pick a biinvariant
metric on K so that g = t® € is an orthogonal decomposition. Finally, if we can
also choose a Lie group G D K whose Lie algebra is g, then we have constructed
a Riemannian manifold G/K. To make it symmetric we need to be able to find an
involution A, on G/K. When G is simply connected ¢ will be the differential of a
Lie group involution A : G — G that is the identity on K. This defines the desired
involution on G/K that fixes the point p = K.

It rarely happens that all of the Lie groups in play are simply connected or even
connected. Nevertheless, the constructions can often be verified directly. Without
assumptions about connectedness of the groups there is a long exact sequence:

m (K) = m (G) = m (G/K) = mp (K) — 7 (G) — 7 (G/K) — 1,

where my denotes the set of connected components. As K and G are Lie groups
these spaces are in fact groups. From this sequence it follows that G/K is connected
and simply connected if 7y (K) — mp (G) is an isomorphism and 7; (K) — 71 (G) is
surjective.

This algebraic approach will in general not immediately give us the isometry
group of the symmetric space. For Euclidean space we can, aside from the standard
way using g = iso, also simply use g = R” and let the involution be multiplication
by —1 on all of g. For §* = O(4) /O(3), we see that the algebraic approach can
also lead us to the description 3 = Spin (4) /Spin (3) . However, as any Lie algebra
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description can be used to calculate the curvature, corollary 10.1.8 will in principle
allow us to determine iso.

It is important to realize that a Lie algebra g, in itself, does not give rise to a
symmetric space. The involution is an integral part of the construction and does
not necessarily exist on a given Lie algebra. The map —id can, for instance, not be
used, as it does not preserve the bracket. Rather, it is an anti-automorphism. This is
particularly interesting if g comes from a Lie group G with biinvariant metric. There
the involution A, (g) = g~ ! is an isometry and makes G a symmetric space. But
it’s differential on g is an anti-automorphism. Instead the algebraic description of G
as a symmetric space comes from using g x g with 6 (X,Y) = (¥,X). This will be
investigated in the next section.

10.2. Examples of Symmetric Spaces

We explain how some of the above constructions work in the concrete case of
the Grassmann manifold and its hyperbolic counterpart. We also look at complex
Grassmannians, but there we restrict attention to the complex projective space. Fi-
nally, we briefly discuss the symmetric space structure of SL (n) /SO (n) . After these
examples we give a formula for the curvature tensor on compact Lie groups with bi-
invariant metrics and their noncompact counter parts.

Throughout we use the convention that for X,Y € Maty;

(X,Y) =t (X'Y) =tr(XY*)
with the conjugation only being relevant when the entries are complex. This inner
product is invariant under the natural action of O (k) x O (/) on Maty; defined by:
O(k) X O(l) X Matgy; — Matyg,
(A,B,X) +— AXB !=AXB"
since
(01X0,2,01Y0,) = tr(05X*0701Y0,)
tr (03X*Y0,)
= tr(0,0:X™Y)
(X,Y).
This allows us to conclude that the metrics we study can be extended to the entire
space via an appropriate transitive action whose isotropy is a subgroup of the action
by O (k) x O(I) on Matyy;.
Theorem 10.1.6 is used to calculate the curvatures in specific examples and the
relevant Killing forms are calculated in exercise 10.5.6.

10.2.1. The Compact Grassmannian. First consider the Grassmannian of ori-
ented k-planes in R¥™, denoted by M = Gy (R*™). Each element in M is a k-
dimensional subspace of R¥ together with an orientation, e.g., G| (R*™!) = §".
We shall assume that we have the orthogonal splitting Rt/ = R¥ @ R/, where the
distinguished element p = R takes up the first k coordinates in R/ and is endowed
with its natural positive orientation.
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Let us first identify M as a homogeneous space. We use that O (k+1) acts
on R¥*! If a k-dimensional subspace has the positively oriented orthonormal ba-
sis ey, ...,ex, then the image under O € O (k+1) will have the positively oriented
orthonormal basis Oej,...Oe;. This action is clearly transitive. The isotropy group is
SO (k) xO(l) cO(k+1).

The tangent space at p = R¥ is naturally identified with the space of k x [ ma-
trices Maty,;, or equivalently, with R¥ @ R/, To see this, just observe that any k-
dimensional subspace of R¥*/ that is close to R* can be represented as a linear
graph over R¥ with values in the orthogonal complement R!. The isotropy action
of SO (k) x O(I) on Maty is:

SO(k)XO(l)XMathl —  Matyg,
(A,B,X) — AXB '=AXB.

If we define X to be the matrix that is 1 in the (1,1) entry and otherwise zero, then
AXB' = Ay (B;)", where A, is the first column of A and Bj is the first column of B.
Thus, the orbit of X, under the isotropy action, generates a basis for Mat,; but does
not cover all of the space. This is an example of an irreducible action on Euclidean
space that is not transitive on the unit sphere. The representation, when seen as acting
on R¥®@ R/, is denoted by SO (k) @ O (I).

To see that M is a symmetric space we have to show that the isotropy group
contains the required involution. On the tangent space T,M = Maty; it is supposed
to act as —1. Thus, we have to find (A, B) € SO (k) x O (/) such that for all X,

AXB' = —X.
Clearly, we can just set

A = L,

B = —I.

Depending on k and /, other choices are possible, but they will act in the same way.
We have now exhibited M as a symmetric space without using the isometry

group of the space. In fact SO (k+1) is a covering of the isometry group, although

that requires some work to prove. But we have found a Lie algebra description with

so(k+1) C iso,
so(k)xso(l) C isop,

and an involution that fixes so (k) x s0 (/).
We shall use the block decomposition of matrices in so (k+1):

X B
X( _ll;z X, ),X1 €so(k), X, €s0(l), B€ Matyy.

0 B
tp:{(—Bt O>|B€Matk><l},

If
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then we have an orthogonal decomposition:
so(k+1)=t,Dso(k)®so(l),

where t, = T,M. Note that t, consists of skew-symmetric matrices so

X,Y) =t (X'Y)=-tu(XY)=———B(X,Y).
(X.¥) =t (XY) = —w(XY) = ———B(X.Y)
This will be our metric on t,, and tells us that Ric = % g and

(R(X,Y)Y,X) = B([X,Y],[X,Y])ZHX,Y]|2ZO.

k+1-2
When k= 1orl =1, it is easy to see that one gets a metric of constant positive
curvature. Otherwise, the metric will have many zero sectional curvatures.
The calculations also show that in fact v, = s0 (k) @ so (/) and corollary 10.1.8
can be used to show that iso = so (k+1).

10.2.2. The Hyperbolic Grassmannian. Next we consider the hyperbolic ana-
logue. In the Euclidean space R*! we use, instead of the positive definite inner prod-
uct V' - w, the quadratic form:

)/ 0
t t k
viggw = v w
? < 0 —1I;
k k+1
= Z Viw; — Z Viw;.
i=1 i=k+1

The group of linear transformations that preserve this form is denoted by O (k).
These transformations are defined by the relation

X Ly X' =Iy.

Note that if k,/ > 0, then O (k, 1) is not compact. But it clearly contains the (maximal)
compact subgroup O (k) x O ().
The Lie algebra so (k,1) of O (k,1) consists of the matrices satisfying

Y~Ik,l+1k,1'Yt =0.

If we use the same block decomposition for Y as for Iy ;, then

YI B
Y = < BI’ Y, ),Yl €so(k),Y> €s0(l), BE Matyy.

Now consider only those (oriented) k-dimensional subspaces of R*! on which
this quadratic form generates a positive definite inner product. This space is the
hyperbolic Grassmannian M = Gy (R¥!) . The selected point is as before p = R*.
One can easily see that topologically: Gy (R*') is an open subset of Gy (R**') . The
metric on this space is another story, however. Clearly, O (k,[) acts transitively on
M, and those elements that fix p are of the form SO (k) x O (1) . One can, as before,
find the desired involution, and thus exhibit M as a symmetric space. Again some
of these elements act trivially, but at the Lie algebra level this makes no difference.
Thus, we have

so(k,l) =t,Dso (k) Dso(l),
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0 B
v (08 ) imem)

This time, however, t,, consists of symmetric matrices so
1

where

X,Y)=u(XY)=tu(XY)=——B(X.Y).
(X.Y) = (X'Y) = tr(XY) = - —B(X.Y)
This will be our metric on t,. Thus Ric = — %g and
1 2
R(X,Y)Y,X) = —=B([X,Y],[X,Y]) = —|[X,Y]|” <O0.
(R(X.Y)Y.X) = ——B(X.Y],[X,¥]) = = |[X.¥]]* <

This is exactly the negative of the expression we got in the compact case. Hence,
the hyperbolic Grassmannians have nonpositive curvature. When [/ = 1, we have
reconstructed the hyperbolic space together with its isometry group.

Again it follows that v, = so (k) @ so (/) and iso = so (k,[).

10.2.3. Complex Projective Space Revisited. We view the complex projective
space as a complex Grassmannian. Namely, let M = CP" = G, (C"), i.e., the com-
plex lines in C"*!. More generally one can consider Gy (C¥*!) and the hyperbolic
counterparts Gy ((Ck’l) of space-like subspaces. We leave this to the reader.

The group U (n+ 1) C SO (2n +2) consists of those orthogonal transformations
that also preserve the complex structure. If we use complex coordinates, then the
Hermitian metric on C"*! can be written as 7w = Y Zw;, where as usual, A* = A’ is
the conjugate transpose. Thus, the elements of U (n+ 1) satisfy A~! = A*. As with
the Grassmannian, U (n+ 1) acts on M, but this time, all of the transformations of
the form al, where ad = 1, act trivially. Thus, we restrict attention to SU (n+ 1),
which still acts transitively, but with a finite kernel consisting of those al such that
a1 =1.

If p = C is the first coordinate axis, then the isotropy group is S (U (1) x U (n)),
i.e., the matrices in U (1) x U (n) of determinant 1. This group is naturally isomorphic

to U (n) via the map
detA™! 0
A < 0 A ) .

The involution that makes M symmetric is then given by

(=" 0
0 -1, )’
We pass to the Lie algebra level in order to compute the curvature tensor. From
above, we have

su(n+1) = {A|A=-A"ttA =0},
u(n) = {B|B=-B'}.

—trB 0
B»—>< 0 B)'

The inclusion looks like
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Thus if elements of su (n+ 1) are written

—trB —7*
b4 B )’

and
_ 0 —z n
t, {( .0 ) |zeC }
we obtain
su(n+1)=t,du(n).
ForX,Y € t,

(X,Y) =tr(X*Y) = —tr (XY) = — B(X,Y).

2(n+1)
SoRic=(n+1) g and

RX.Y)Y.X) = [X,Y]]

_ —(Z'w—w*2) 0
a 0 wz* — zw*

_ |Z*W_W*Z|2 —tr((wz* _ZW*>2)

= 4|Im (z*w)|2 —2Re (z*w)2 +2 |z|2 |w|2.

2

To compute the sectional curvatures we need to pick an orthonormal basis X,Y
for a plane. This means that |z|* = |w|? = 1 and Re (z*w) = 0, which implies z*w =
ilm (z*w) and

sec(X,Y) = 4|Im(z*w)|* —2Re(Z*w)* +2z* |w|?

1
— 6* 2 —
|z*w] +2

< 2

Showing that % < sec < 2, where the minimum value occurs when z*w = 0 and
the maximum value when w = iz. Note that this scaling isn’t consistent with our
discussion in section 4.5.3 but we have still shown that the metric is quarter pinched.

10.2.4. SL(n) /SO (n). The manifold is the quotient space of the n x n matrices
with determinant 1 by the orthogonal matrices. The Lie algebra of SL (n) is
sl(n) = {X € Mat,x, | rX =0}.

This Lie algebra is naturally divided up into symmetric and skew-symmetric matrices
sl(n) = t@so (n), where t consists of the symmetric matrices. On t we can use the
usual Euclidean metric. The involution is obviously given by —I on t and I on so (n)
soo(X)=—-X".ForX,Y €t

(X,Y)=tr(X'Y) = tr(XY) = %B(X,Y).
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SoRic = —ng and (R(X,Y)Z,W) = ([X,Y],[Z,W]). In particular, the sectional cur-
vatures must be nonpositive.

10.2.5. Lie Groups. Next we check how Lie groups become symmetric spaces.

To this end, start with a compact Lie group G with a biinvariant metric. As usual,
the Lie algebra g of G is identified with 7,G as well as the set of left-invariant vector
fields on G. Since the left-invariant fields are Killing fields it follows that ady =2VX
is skew-symmetric. In particular, the Killing form is nonpositive and only vanishes
on the center of g. Thus, when g has no center, then g = —B defines a biinvariant as
ady is skew-symmetric with respect to B. This is the situation we are interested in.

The Lie algebra description of G as a symmetric space is given by (g®g,0)
with o (X,Y) = (¥,X) . Here the diagonal g* = {(X,X) | X € g} is the 1-eigenspace,
while the complement g = {(X,—X) | X € g} is the (—1)-eigenspace. Thus € =
g” =~ gand t = g-. We already know that g corresponds to the compact Lie group
G, so we are simply saying that G = (G x G) /G®. The Ricci tensor is given by
Ric = —%B = %g and the curvatures are nonnegative. Note that the natural inner
product on t is scaled by a factor of 2 from the biinvariant metric on g.

We can also construct a noncompact symmetric space using the same Lie algebra
g that comes from a compact Lie group without center. Consider: (g ® C, o), where
6 (X) = X is complex conjugation. Then £ = g C g®C and t =1ig. The inner product
on tis —B on g, while on t the metric is given by g (iX,iY) = —B(X,Y) =B (iX,iY).
This gives us Ric(iX,iY) = —%B (iX,iY) = —%g (iX,1Y) and nonpositive curva-
ture.

10.3. Holonomy

First we discuss holonomy for general manifolds and the de Rham decomposi-
tion theorem. We then use holonomy to give a brief discussion of how symmetric
spaces can be classified according to whether they are compact or not.

10.3.1. The Holonomy Group. Let (M,g) be a Riemannian n-manifold. If

¢ |a,b] — M is a unit speed curve, then

Pl
denotes the effect of parallel translating a vector from 7;.(,\M to T;;,)M along c. This
property will in general depend not only on the endpoints of the curve, but also on
the actual curve. We can generalize this to work for piecewise smooth curves by
breaking up the process at the breakpoints in the curve.

Suppose the curve is a loop, i.e., ¢(a) = ¢(b) = p. Then parallel translation
yields an isometry on 7,M. The set of all such isometries is called the holonomy
group at p and is denoted by Hol,, = Hol,, (M, g) . One can easily see that this forms
a subgroup of O(7T,M) = O(n). Moreover, it is a Lie group. This takes some
work to establish in case the group isn’t compact. The restricted holonomy group
Holg = Holg (M, g) is the connected normal subgroup that results from using only
contractible loops. This group is compact and consequently a Lie group. Here are
some elementary properties that are easy to establish:

oM = Tep)M
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(a) Hol, (R") = {1}
(

(b) Hol (5" R) =S0(n).
(©) Hol (H") = ( ).
(d) Hol (M,g) C ( ) if and only if M is orientable.
. (e) Hol, ( , g) ( ) = Holg (M, g), where M is the universal covering
of M.

(f) Hol, ) (My x M>, g1+ g2) = Hol, (My,81) x Hol, (M2, 8>).-

(g) Hol, (M,g) is conjugate to Hol, (M,g) via parallel translation along any
curve from p to q.

(h) A tensor at p € M can be extended to a parallel tensor on (M, g) if and only
if it is invariant under the holonomy group; e.g., if ® is a 2-form, then we require
that @ (Pv,Pw) = @ (v,w) for all P € Hol,, (M,g) and v,w € T,M.

We are now ready to study how the Riemannian manifold decomposes according
to the holonomy. Guided by (f) we see that being a Cartesian product is reflected in
a product structure at the level of the holonomy. Furthermore, (g) shows that if the
holonomy decomposes at just one point, then it decomposes everywhere.

To make things more precise, let us consider the action of Hol?, onT,M.If E C
T,M is an invariant subspace, i.e., Hol?, (E) C E, then the orthogonal complement
is also preserved, i.e., Holg7 (E*+) C E*. Thus, T,M decomposes into irreducible
invariant subspaces:

I,M=E ®-  DE.
Here, irreducible means that there are no nontrivial invariant subspaces inside E;.
Since parallel translation around loops at p preserves this decomposition, we see
that parallel translation along any curve from p to g preserves this decomposition.
Thus, we obtain a global decomposition of the tangent bundle into distributions, each
of which is invariant under parallel translation:

TM=mn& &N

With this we can state de Rham’s decomposition theorem.

THEOREM 10.3.1 (de Rham, 1952). If we decompose the tangent bundle of a
Riemannian manifold (M, g) into irreducible components according to the restricted
holonomy:

TM=m®o&---&n,
then around each point p € M there is a neighborhood U that has a product structure
of the form

(U>g) = (UIX"'XUk7gl+"'+gk)a
TU; = Ny,
Moreover, if (M, g) is simply connected and complete, then there is a global splitting
(M7g) = (MIX"'XMk7g1+"'+gk)a
™; = Nni.

PROOF. Given the decomposition into parallel distributions, we first observe
that each of the distributions must be integrable. Thus, we do get a local splitting into
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submanifolds at the manifold level. To see that the metric splits as well, just observe
that the submanifolds are totally geodesic, as their tangent spaces are invariant under
parallel translation. This gives the local splitting.

The global result is, unfortunately, not a trivial analytic continuation argument
and we only offer a general outline. Apparently, one must understand how simple
connectivity forces the maximal integral submanifolds to be embedded submani-
folds. Let M; be the maximal integral submanifolds for n); through a fixed p € M.
Consider the abstract Riemannian manifold

(My X+ X My, 81+ +8k) -

Around p, the two manifolds (M,g) and (Mj X --- X My, g1 + -+ g) are isomet-
ric to each other. As (M,g) is complete and each M; is totally geodesic it follows
that (M X -+ X My, g1+ -+ gi) is also complete. The goal is to find an isometric
embedding

(M,g) = (My X -~ X My, g1+ +8k)-
Completeness will insure us that the map is onto and in fact a Riemannian covering
map. We will then have shown that M is isometric to the universal covering of

(My X+ X My, 81+ +8k)
which is the product manifold
(M x - X Mg, g1+ + &)
with the induced pull-back metric. O
Given this decomposition it is reasonable, when studying classification prob-
lems for Riemannian manifolds, to study only those Riemannian manifolds that are

irreducible, i.e., those where the holonomy has no invariant subspaces. Guided by
this we have a nice characterization of Einstein manifolds.

THEOREM 10.3.2. If (M, g) is an irreducible Riemannian manifold with a par-
allel (1,1)-tensor T, then both the symmetric S = % (T +T*) and skew-symmetric

A= % (T —T*) parts have exactly one (complex) eigenvalue. Moreover, if the skew-
symmetric part does not vanish, then it induces a parallel complex structure, i.e., a
Kdihler structure.

PROOF. The fact that T is parallel implies that the adjoint is also parallel as the
metric itself is parallel. More precisely we always have:
g((VxT)(Y),Z) = g(VxT(Y),Z)—g(T (VxY),Z)
= Vxg(T(Y),Z2)—g(T(Y),Vx2) —g(T (VxY),Z)
= Vxg(V,T7°(2)) =g (Y,T" (VxZ)) — ¢ (VxY,T"(Z))
= gV (VxT")(2)).
Thus VS = 0 = VA and both are invariant under parallel translation.
First, decompose T,M = E| @ --- @ E into the orthogonal eigenspaces for S :

T,M — T,M with respect to distinct eigenvalues A < --- < A. As above, we can
parallel translate these eigenspaces to get a global decomposition TM =1 &--- SNy
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into parallel distributions, with the property that S|, = A; - 1. But then the decompo-
sition theorem tells us that (M, g) is reducible unless k = 1.

Second, the skew-symmetric part has purely imaginary eigenvalues, however,
we still obtain a decomposition T,M = F & --- @ F; into orthogonal invariant sub-
spaces such that A|r_has complex eigenvalue i, where y; < --- < p;. The same
argument as above shows that / = 1. If y; # 0, then J = iA is also parallel and only
has i as an eigenvalue. This gives us the desired Kéhler structure. (]

COROLLARY 10.3.3. A simply connected irreducible symmetric space is an Ein-
stein manifold. In particular, it has nonnegative or nonpositive curvature operator
according to the sign of the Einstein constant.

10.3.2. Rough Classification of Symmetric Spaces. We are now in a position
to explain the essence of what irreducible symmetric spaces look like. They are all
Einstein and come in three basic categories.

Compact Type: If the Einstein constant is positive, then it follows from Myers’
diameter bound (theorem 6.3.3) that the space is compact. In this case the curvature
operator is nonnegative.

Flat Type: If the space is Ricci flat, then it is flat. Thus, the only Ricci flat
irreducible examples are S' and R!.

Noncompact Type: When the Einstein constant is negative, then it follows from
Bochner’s theorem 8.2.2 on Killing fields that the space is noncompact. In this case
the curvature operator is nonpositive.

We won’t give a complete list of all irreducible symmetric spaces, but one in-
teresting feature is that they come in compact/noncompact dual pairs as described
in the above tables. Also, there is a further subdivision. Among the compact types
there are Lie groups with biinvariant metrics and then all the others. Similarly, in the
noncompact regime there are the duals to the biinvariant metrics and then the rest.
This gives us the following division explained with Lie algebra pairs that are of the
form (c,,t,) = (g,¢). In all cases there is an involution with 1-eigenspace given by
€, and ¢t is the Lie algebra of a compact group that acts on the (—1)-eigenspace t.
One can further use corollary 10.1.8 to show that for these examples t, = iso,,.

Type I: Compact irreducible symmetric spaces of the form (g,€), where g is
simple; the Lie algebra of a compact Lie group; and £ C g a maximal subalgebra,
e.g., (so(k+1),s0(k) xso(l)).

Type II: Compact irreducible symmetric spaces (¢@ €, At), where ¢ is simple
and corresponds to a compact Lie group. The space is a compact Lie group with a
biinvariant metric.

Type III: Noncompact symmetric spaces (g, £), where g is simple; the Lie alge-
bra of a non-compact Lie group; and £ C g a maximal subalgebra corresponding to a
compact Lie group, e.g., (50 (k,l),s0 (k) x s0 (1)) or (sl(n),s0(n))

Type IV: Noncompact symmetric spaces (¢® C,¢t), where ¢ is simple; cor-
responds to a compact Lie group; and ¢® C = ¢t @it its complexification, e.g.,
(s0(n,C),s0(n)).

Note that since compact type symmetric spaces have nonnegative curvature op-
erator, it becomes possible to calculate their cohomology algebraically. The Bochner



330 10. SYMMETRIC SPACES AND HOLONOMY

dim = n | Hol,, | Properties

n SO (n) Generic case

n=2m | U(m) Kihler

n=2m | SU(m) Kihler and Ricci flat

n=4m | Sp(1)-Sp(m) | Quaternionic-Kihler and Einstein
n=4m | Sp(m) Hyper-Kihler and Ricci flat
n=16 | Spin(9) Symmetric and Einstein

n=38 Spin (7) Ricci flat

n="17 Gy Ricci flat

TABLE 5. Holonomy Groups

technique tells us that all harmonic forms are parallel. As parallel forms are invariant
under the holonomy we are left with a classical invariance problem: Determine all
forms on a Euclidean space that are invariant under a given group action on the space.
It is particularly important to know the cohomology of the real and complex Grass-
mannians, as one can use that information to define Pontryagin and Chern classes for
vector bundles. We refer the reader to [109, vol. 5] and [84] for more on this.

10.3.3. Curvature and Holonomy. We mention, without proof, the general
classification of connected irreducible holonomy groups. Berger classified all possi-
ble holonomies. Simons gave a direct proof of the fact that spaces with nontransitive
holonomy must be locally symmetric, i.e., he did not use Berger’s classification of
holonomy groups.

THEOREM 10.3.4 (Berger, 1955 and Simons, 1962). Let (M, g) be a simply con-
nected irreducible Riemannian n-manifold. The holonomy Hol, either acts transi-
tively on the unit sphere in T,M or (M, g) is a symmetric space of rank > 2. Moreover,
in the first case the holonomy is one of the groups in table 5.

The first important thing to understand is that while we list the groups it is im-
portant how they act on the tangent space. The same group, e.g., SU (m) acts irre-
ducibly in the standard way on C™, but it also acts irreducibly via conjugation on
su(m) = R 1 Ttis only in the former case that the metric is forced to be Ricci flat.
The latter situation occurs on the symmetric space SU (m).

It is curious that all but the two largest irreducible holonomy groups, SO (n) and
U (m), force the metric to be Einstein and in some cases even Ricci flat. Looking
at the relationship between curvature and holonomy, it is clear that having small
holonomy forces the curvature tensor to have special properties. One can, using a
case-by-case check, see that various traces of the curvature tensor must be zero, thus
forcing the metric to be either Einstein or even Ricci flat (see [13] for details). Note
that Kéhler metrics do not have to be Einstein (see exercise 4.7.24). Quaternionic
Kihler manifolds are not necessarily Kihler, as Sp(1) - Sp(m) is not contained in
U (2m), in fact Sp(1)-Sp(1) = SO(4). Using a little bit of the theory of Kihler
manifolds, it is not hard to see that metrics with holonomy SU (n) are Ricci flat.
Since Sp (m) C SU (2m) it follows that hyper-Kéhler manifolds are Ricci flat. One
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can also prove that the last two holonomies occur only for Ricci flat manifolds. With
the exception of the four types of Ricci flat holonomies all other holonomies occur
for symmetric spaces. This follows from the above classification and the fact that
the rank one symmetric spaces have holonomy SO (n), U(m), Sp(1)-Sp(m), or
Spin (9).

This leads to another profound question. Are there compact simply connected
Ricci flat spaces with holonomy SU (m) , Sp (m) , Gy, or Spin (7)? The answer is yes.
But it is a highly nontrivial yes. Yau got the Fields medal, in part, for establishing the
SU (m) case. Actually, he solved the Calabi conjecture, and the holonomy question
was a by-product (see, e.g., [13] for more information on the Calabi conjecture).
Note that we have the Eguchi-Hanson metric (exercise 4.7.24 and 4.7.23) which is
a complete Ricci flat Kihler metric and therefore has SU(2) as holonomy group.
D. Joyce solved the cases of Spin (7) and G, by methods similar to those employed
by Yau. An even more intriguing question is whether there are compact simply
connected Ricci flat manifolds with SO (n) as a holonomy group. Note that the
Schwarzschild metric (see section 4.2.5) is complete, Ricci flat, and has SO (n) as
holonomy group. For more in-depth information on these issues we refer the reader
to [13].

A general remark about how special (# SO (n)) holonomies occur: It seems that
they are all related to the existence of parallel forms. In the Kéhler case, for exam-
ple, the Kédhler form is a parallel nondegenerate 2-form. Correspondingly, one has
a parallel 4-form for quaternionic-Kéhler manifolds, and a parallel 8-form for mani-
folds with holonomy Spin (9) (which are all known to be locally symmetric). This is
studied in more detail in the proof of the classification of manifolds with nonnegative
curvature operator below. For the last two exceptional holonomies Spin (7) and G,
there are also special 4-forms that do the job of identifying these types of spaces.

From the classification of holonomy groups we immediately get an interesting
corollary.

COROLLARY 10.3.5. If a Riemannian manifold has the property that the ho-
lonomy doesn’t act transitively on the unit sphere, then it is either reducible or a
locally symmetric space of rank > 2. In particular, the rank must be > 2.

It is unclear to what extent the converse fails for general manifolds. For non-
positive curvature, however, there is the famous higher-rank rigidity result proved
independently by W. Ballmann and Burns-Spatzier (see [8] and [22]).

THEOREM 10.3.6. A compact Riemannian manifold of nonpositive curvature of
rank > 2 does not have transitive holonomy. In particular, it must be either reducible
or locally symmetric.

It is worthwhile mentioning that in [10] it was shown that the rank of a compact
nonpositively curved manifold can be computed from the fundamental group. Thus,
a good deal of geometric information is automatically encoded into the topology.
The rank rigidity theorem is proved by dynamical systems methods. The idea is to
look at the geodesic flow on the unit sphere bundle, i.e., the flow that takes a unit
vector and moves it time ¢ along the unit speed geodesic in the direction of the unit
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vector. This flow has particularly nice properties on nonpositively curved manifolds.
The idea is to use the flat parallel fields to show that the holonomy can’t be transitive.
The Berger-Simons result then shows that the manifold has to be locally symmetric
if it is irreducible.

In nonnegative curvature, on the other hand, it is possible to find irreducible
spaces that are not symmetric and have rank > 2. On $% x S?> we have a product
metric that is reducible and has rank 3. But if we take another metric on this space
that comes as a quotient of $Z x S3 by an action of S' (acting by rotations on the first
factor and the Hopf action on the second), then we get a metric which has rank 2.
The only way in which a rank 2 metric can split off a de Rham factor is if it splits
off something 1-dimensional, but that is topologically impossible in this case. So in
conclusion, the holonomy must be transitive and irreducible.

By assuming the stronger condition that the curvature operator is nonnegative,
one can almost classify all such manifolds. This was first done in [52] and in more
generality in Chen’s article in [55]. This classification allows us to conclude that
higher rank gives rigidity. The theorem and proof are a nice synthesis of everything
we have learned in this and the previous chapter. In particular, the proof uses the
Bochner technique in the two most nontrivial cases we have covered: for forms and
the curvature tensor.

THEOREM 10.3.7 (Gallot and D. Meyer, 1975). If (M, g) is a compact Riemann-
ian n-manifold with nonnegative curvature operator, then one of the following cases
must occur:

(a) (M, g) is either reducible or locally symmetric.
(b) Hol® (M, g) = SO (n) and the universal covering is a homology sphere.
(©) Hol’ (M,g)=U (%) and the universal covering is a homology CP3.

PROOF. First we use the structure theory from section 7.3.3 to conclude that the
universal covering is isometric to N x R¥, where k > 0 if the fundamental group is
infinite. In particular, the manifold is reducible. Therefore, we can assume that we
work with a simply connected compact manifold M. Now we observe that either all
of the homology groups H? (M,R) =0 for p = 1,...,n— 1, in which case the space
is a homology sphere, or some homology group H? (M,R) # 0 for some p # 0, n.
In the latter case there is a harmonic p-form by the Hodge theorem. The Bochner
technique tells us that this form must be parallel, since the curvature operator is
nonnegative. The idea of the proof is to check the possibilities for this when we
know the holonomy.

We can assume that the manifold is irreducible and has transitive holonomy. The
Ricci flat cases are impossible as the nonnegative curvature would then make the
manifold flat. Thus, we have only the four possibilities SO (n),U (%), Sp(1)Sp (%),
or Spin (9) . In the latter two cases one can show from holonomy considerations that
the manifold must be Einstein. Tachibana’s result (see theorem 9.4.8) then implies
that the metric is locally symmetric. From the classification of symmetric spaces it
is further possible to show that the space is isometric to either HP% or OP2.

Now assume that the holonomy is SO (n) and that we have a parallel p-form ®.
When 0 < p <nandvy,...,v, € T,M it is possible to find an element of P € SO (n)
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such that P (v;) =v;, i =2,---,p and P (v;) = —v;. Therefore, when the holonomy
is SO (n) and @ is invariant under parallel translation, then

o(i,...,vp) = O(Pv,...,Pvp)
= CO(—Vl,Vz,...,Vp)
= —O)(Vl,...7vp).

This shows that @ = 0.

This leaves us with the case where the holonomy is U (%) i.e., the metric is
Kabhler. In this situation we show that the cohomology ring must be the same as that
of CP?, i.e., there is a homology class ® € H? (M, R) such that any homology class
is proportional to some power ®* = ® A ... A @. This can be seen as follows. Since
the holonomy is U (%) there must be an almost complex structure on the tangent
spaces that is invariant under parallel translation. After type change this gives us
a parallel 2-form @. Any other parallel 2-from must be a multiple of this form by
theorem 10.3.2, so dimH? = 1. The odd cohomology groups vanish, like in the
case where the holonomy is SO (n), since the antipodal map P = —I € U (%) when
n is even. More generally, consider a p-form 6 with 1 < p < n that is invariant
under U (%) Select an orthonormal basis ey, ...,e, for T,M. We claim that 8 has
the same values on any p vectors ¢;, , —-€iys where iy < --- <ip,. There is an element
P €U (%) such that P(e;) =¢; fori=1,....p— 1 and P(e,) = ei, so it follows that
0 (e1,...,ep) =0 (el,...,ep,l,e,'p). This can be repeated for p — 1 etc. This shows
that all p-forms must be multiples of each other. Now the powers @ = @ A--- A @
are all nontrivial parallel forms, so they must generate H>*. This shows that M has
the cohomology ring of CP3. O

There are two questions left over in this classification. Namely, for the sphere
and complex projective space we get only homology rigidity. For the sphere one
can clearly perturb the standard metric and still have positive curvature operator, so
one couldn’t expect more there. On CP?, say, we know that the curvature operator
has exactly two zero eigenvalues. These two zero eigenvalues and eigenvectors are
actually forced on us by the fact that the metric is Kihler. Therefore; if we perturb
the standard metric, while keeping the same Kéhler structure, then these two zero
eigenvalues will persist and the positive eigenvalues will stay positive. Thus, the
curvature operator stays nonnegative.

There are more profound results that tell us more about the topological structure
in cases (b) and (c). For case (b) one can use Ricci flow techniques to show that
the space is diffeomorphic to a space of constant curvature. This is a combination of
results by Hamilton (see [65]) and Bohm-Wilking (see [17]). In case (c) the universal
cover is biholomorphic to CP3. This was proven by Mok (see [86]) and can now also
be proven using the Ricci flow. In fact the entire result can be generalized using the
Ricci flow to hold under weaker assumptions (see [21]).

THEOREM 10.3.8 (Brendle and Schoen, 2008). If (M, g) is a compact Riemann-
ian n-manifold with nonnegative complex sectional curvature, then one of the follow-
ing cases must occur:
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(a) (M, g) is either reducible or locally symmetric.
(b) M is diffeomeorphic to a space of constant positive curvature.
(c) The universal covering of M is biholomorphic to CP3.

Given that there is such a big difference between the classes of manifolds with
nonnegative curvature operator and nonnegative sectional curvature, one might think
the same is true for nonpositive curvature. However, the above rank rigidity theorem
tells us that in fact nonpositive sectional curvature is much more rigid than nonneg-
ative sectional curvature. Nevertheless, there is an example of Aravinda and Farrell
showing that there are nonpositively curved manifolds that do not admit metrics with
nonpositive curvature operator (see [6]).

10.4. Further Study

We have not covered all important topics about symmetric spaces. For more
in-depth information we recommend the texts by Besse, Helgason, and Jost (see [13,
Chapters 7,10], [14, Chapter 3], [66], and [69, Chapter 6]). Another very good text
which covers the theory of Lie groups and symmetric spaces is [68]. O’Neill’s book
[89, Chapter 8] also has a nice elementary account of symmetric spaces. Finally,
Klingenberg’s book [73] has an excellent geometric account of symmetric spaces.

10.5. Exercises
EXERCISE 10.5.1. Let M be a symmetric space and X € t,,i.e., X is a nontrivial
Killing field with (VX) |, = 0.
(1) Show that the flow for X is given by F; = Aexpp(%x\p
(2) Show that ¢ (¢) = exp (tX|,) is an axis for Fy, e.g., Fs (c(t)) = c(t+5).
(3) Show that if ¢ (a) = ¢ (), then ¢ (a) = ¢ (b).
(4) Conclude that geodesic loops are always closed geodesics.

) OAp.

EXERCISE 10.5.2. Let M be a symmetric space. Show that the action of A, :
M — M on 7ty (M, p) is given by g~ g~ ! and conclude that 7y (M, p) is Abelian.
Hint: Every element of 7; (M, p) is represented by a geodesic loop which by the
previous exercise is a closed geodesic.

EXERCISE 10.5.3. Let M be a symmetric space and ¢ a geodesic in M.

(1) Let E (¢) be a parallel field along c¢. Show that R (E,¢) ¢ is also parallel.

(2) If E(0) is an eigenvector for R (+,¢(0)) ¢ (0) with eigenvalue x, then J (¢) =
sn (¢) E (r) and J (t) = s (¢) E (¢) are both Jacobi fields along c.

(3) Show that if J (¢) is a Jacobi field along ¢ with J (0) = 0 and J (fp) = O, then
J(%) -0

(4) With J as in (3) construct a geodesic variation c (s,¢) such that % (0,¢) =
J (1), ¢(s,0) =¢(0), and ¢ (s,t9) = c(to).

EXERCISE 10.5.4. Let M be a symmetric space.

(1) Show directly that if M is compact, then sec > 0. Hint: Argue by contra-
diction and produce a Jacobi field that is unbounded along a geodesic.
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(2) Show that if ¢ is a closed geodesic, then R (-, ¢) ¢ has no negative eigenval-
ues.
(3) Show that if M has Ric > 0, then sec > 0.

EXERCISE 10.5.5. Assume that M has nonpositive or nonnegative sectional cur-
vature. Let ¢ be a geodesic and E a parallel field along c¢. Show that the following
conditions are equivalent.

(1) g(R(E,¢)¢,E) =0 everywhere.
(2) R(E,¢)¢ =0 everywhere.
(3) E is a Jacobi field.

EXERCISE 10.5.6. (1) Let g be a real Lie algebra with Killing form B.
Show that the Killing form of the complixification g ® C is simply the
complexification of B.

(2) Show that the Killing forms of gl (n,C) and gl (n) are given by B(X,Y) =
2ntr (XY)—2trX trY. Hint: As abasis use the matrices E;; = [§;s0j:], . ,<,-

(3) Show that on sl (n,C) = sl (n) @ C the Killing form is B (X,Y) = 2ntr (XY).
Hint: Use (2) and the fact that I € gl(n,C) commutes with all elements in
5l(n,C).

(4) Show that sl(k+1,C) = su(k,l) ® C , and conclude that sl(k+1) and
su (k,l) have Killing form B(X,Y) =2 (k+1{)tr (XY).

(5) Show that on so (n,C) = so (n) ® C the Killing form is given by B(X,Y) =
(n—2)tr(XY). Hint: Use the basis E;; — Ej;, i < j.

(6) Show thatso (k+/,C) =so0 (k,/) ®C, and conclude that so (k,!) has Killing
form B(X,Y) = (k+1—2)tr (XY).

EXERCISE 10.5.7. Show that GL* (p+¢,R) /SO (p,q) defines a symmetric
space and that it can be identified with the nondegenerate bilinear forms on R” 19
that have index g.

EXERCISE 10.5.8. Show that U (p,q) /SO (p,q) defines a symmetric space and
that u(p,q) @ C = gl(p +4,C).

EXERCISE 10.5.9. Show that the holonomy of CP" is U (n).

EXERCISE 10.5.10. Show that a covering space of a symmetric space is also a
symmetric space. Show by example that the converse is not necessarily true.

EXERCISE 10.5.11. Show that a manifold is flat if and only if the holonomy is
discrete, i.e., hol, = {0}.

EXERCISE 10.5.12. Show that a compact Riemannian manifold with irreducible
restricted holonomy and Ric > 0 has finite fundamental group.

EXERCISE 10.5.13. Which known spaces can be described by SL (2,R) /SO (2)
and SL(2,C) /SU(2)?

EXERCISE 10.5.14. Show that the holonomy of a Riemannian manifold is con-
tained in U (m) if and only if it has a Kihler structure.
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EXERCISE 10.5.15. Show that if a homogeneous space has iso, = so (T,M) at
some point, then it has constant curvature.

EXERCISE 10.5.16. Show that the subalgebras so (k) x s0 (n — k) and u () are
maximal in so (n).

EXERCISE 10.5.17. Show that su (m) C so (m*—1). Hint: Let su(m) act on
itself.

EXERCISE 10.5.18. Show that for any Riemannian manifold t, C hol,. Give
an example where equality does not hold.

EXERCISE 10.5.19. Show that for a symmetric space v, = hol,. Use this to
show that unless the curvature is constant v, = hol, = iso,, provided t, C 50 (T,M)
is maximal.

EXERCISE 10.5.20. Show that SO (n,C) /SO (n) and SL (n,C) /SU (n) are sym-
metric spaces with nonpositive curvature operator.

EXERCISE 10.5.21. The quaternionic projective space is defined as being the
quaternionic lines in H"*!. This was discussed when n = 1 in exercise 1.6.22. Define
the symplectic group Sp(n) C SU(2n) C SO (4n) as the orthogonal matrices that
commute with the three complex structures generated by i,j,k on R*. An alternative
way of looking at this group is by considering n X n matrices A with quaternionic
entries such that

ATl =4%
Show that if we think of H"*! as a right (or left) H module, then the space of quater-
nionic lines can be written as

HP" = Sp(n-+1)/(Sp(1) x Sp(n)).
EXERCISE 10.5.22. Construct the hyperbolic analogues of the complex projec-
tive spaces. Show that they have negative curvature and are quarter pinched.

EXERCISE 10.5.23. Give a Lie algebra description of a locally symmetric space
(not necessarily complete). Explain why this description corresponds to a global
symmetric space. Conclude that a simply connected locally symmetric space admits
a monodromy map into a unique global symmetric space. Show that if the locally
symmetric space is complete, then the monodromy map is bijective.

EXERCISE 10.5.24. Show that if an irreducible symmetric space has strictly
positive or negative curvature operator, then it has constant curvature.

EXERCISE 10.5.25. Let M be a symmetric space. Show that if X € t, and
Y €isop, then [X,Y] € t,,.
EXERCISE 10.5.26. Let M be a symmetric space and X,Y,Z € t,,. Show that
RX.Y)Z = [Lx,Ly]Z,
Ric(X,Y) = —tr([Lx,Ly]).
EXERCISE 10.5.27. Consider a Riemannian manifold M and a p-form @ on

T,M. Show that @ has an extension to a parallel form on M if and only if ® is
invariant under Hol, (M).



CHAPTER 11

Convergence

In this chapter we offer an introduction to several of the convergence ideas for
Riemannian manifolds. The goal is to understand what it means for a sequence of
Riemannian manifolds or metric spaces to converge to a metric space. The first sec-
tion centers on the weakest convergence concept: Gromov-Hausdorff convergence.
The next section covers some of the elliptic regularity theory needed for the later
developments that use stronger types of convergence. In the third section we develop
the idea of norms of Riemannian manifolds as an intermediate step towards under-
standing convergence theory as an analogue to the easier Holder theory for functions.
Finally, in the fourth section we establish the geometric version of the convergence
theorem of Riemannian geometry by Cheeger and Gromov as well as its general-
izations by Anderson and others. These convergence theorems contain Cheeger’s
finiteness theorem stating that certain very general classes of Riemannian manifolds
contain only finitely many diffeomorphism types.

The idea of measuring the distance between subspaces of a given space goes
back to Hausdorff and was extensively studied in the Polish and Russian schools of
topology. The more abstract versions used here go back to Shikata’s proof of the
differentiable sphere theorem. Cheeger’s thesis also contains the idea that abstract
manifolds can converge to each other. In fact, he proved his finiteness theorem by
showing that certain classes of manifolds are precompact in various topologies. Gro-
mov further developed the theory of convergence to the form presented here that
starts with the weaker Gromov-Hausdorff convergence of metric spaces. His first
use of this new idea was to prove a group-theoretic question about the nilpotency
of groups with polynomial growth. Soon after the introduction of this weak conver-
gence, the earlier ideas on strong convergence by Cheeger resurfaced.

11.1. Gromov-Hausdorff Convergence

11.1.1. Hausdorff Versus Gromov Convergence. Atthe beginning of the twen-
tieth century, Hausdorff introduced what is now called the Hausdorff distance be-
tween subsets of a metric space. If (X, |--|) is the metric space and A, B C X, then

d(A,B) = inf{|ab||a€cA, be B},
B(Ae) = {xeX||xA| <€},
dy(A,B) = inf{e|ACB(B,e), BCB(A¢)}.

Thus, d (A,B) is small if some points in these sets are close, while the Hausdorff
distance dp (A, B) is small if and only if every point of A is close to a point in B and
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vice versa. One can easily see that the Hausdorff distance defines a metric on the
compact subsets of X and that this collection is compact when X is compact.

We shall concern ourselves only with compact or proper metric spaces. The
latter by definition have proper distance functions, i.e., all closed balls are compact.
This implies, in particular, that the spaces are separable, complete, and locally com-
pact.

Around 1980, Gromov extended the Hausdorff distance concept to a distance
between abstract metric spaces. If X and Y are metric spaces, then an admissible
metric on the disjoint union X UY is a metric that extends the given metrics on X and
Y.

With this the Gromov-Hausdorf{f distance is defined as

do—u (X,Y) =inf{dy (X,Y) | admissible metrics on X UY }.

Thus, we try to place a metric on X UY that extends the metrics on X and Y,
such that X and Y are as close as possible in the Hausdorff distance. In other words,
we are trying to define distances between points in X and Y without violating the
triangle inequality.

EXAMPLE 11.1.1. If Y is the one-point space, then

deH (X,Y) < radX
= infsup|x
Inf x@gl Y|
= radius of smallest ball covering X .

EXAMPLE 11.1.2. Using |xy| =D/2 forallx€ X,y €Y, where diamX, diamY <

D shows that
dG-n (X7Y) < D/2

Let (.# ,dc—pu) denote the collection of compact metric spaces. We wish to
consider this class as a metric space in its own right. To justify this we must show
that only isometric spaces are within distance zero of each other.

PROPOSITION 11.1.3. IfX andY are compact metric spaces withdg_p (X,Y) =
0, then X and Y are isometric.

PROOF. Choose a sequence of metrics |--|; on X UY such that the Hausdorff
distance between X and Y in this metric is < i~!. Then we can find (possibly discon-
tinuous) maps

I:X =Y, where |x; (x)|, <i™!,
Ji Y = X, where [yJ;(y)], <i ™'

Using the triangle inequality and that |--|; restricted to either X or Y is the given
metric |--| on these spaces yields
L) ()] < 2 +|xx),
i) D) < 2 [yl
xJioLi(x)] < 2!,
yhodi(y)| < 20
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We construct / : X — Y and J : Y — X as limits of these maps in the same way
the Arzela-Ascoli lemma is proved. For each x the sequence (I;(x)) in ¥ has an
accumulation point since Y is compact. Let A C X be select a countable dense set.
Using a diagonal argument select a subsequence /;; such that /;; (a) — I(a) for all
a € A. The first inequality shows that / is distance decreasing on A. In particular, it is
uniformly continuous and thus has a unique extension to a map / : X — Y, which is
also distance decreasing. In a similar fashion we also get a distance decreasing map
J:Y =X

The last two inequalities imply that / and J are inverses to each other. Thus,
both 7 and J are isometries. O

The symmetry and the triangle inequality are easily established for dg_g. Thus,
(A ,dG—p) becomes a pseudo-metric space, i.e., the equivalence classes form a met-
ric space. We prove below that this metric space is complete and separable. First we
show how spaces can be approximated by finite metric spaces.

EXAMPLE 11.1.4. Let X be compact and A C X a finite subset such that every
point in X is within distance € of some element in A4, i.e., dy (4,X) < €. Such sets
A are called e-dense in X. It is clear that if we use the metric on A induced by X,
then dg_g (X,A) < €. The importance of this remark is that for any € > 0 there
exist finite €-dense subsets of X since X is compact. To be consistent with our
definition of the abstract distance we should put a metric on X UA. We can do this
by selecting very small 6 > 0 and defining |xaly 4 = 8 + |xa|y forx € X and a € A.
Thus dg_p (X,A) < €+ 6. Finally, let 8 — 0 to get the estimate.

EXAMPLE 11.1.5. Suppose we have e-dense subsets
A={x1,....xx} CX, B={y1,...,yx} CY,
with the further property that
[l = [yvsl| < & 1< i<k

Then dg_p (X,Y) < 3e. We already have that the finite subsets are e-close to the
spaces, so by the triangle inequality it suffices to show that dg_p (A, B) < €. For this
we must exhibit a metric on AU B that makes A and B €-Hausdorff close. Define

xiyil = &,
|xiyj| fIlljn{|XiXk|+8+|Yij|}-

Thus, we have extended the given metrics on A and B in such a way that no points
from A and B get identified, and in addition the potential metric is symmetric. It then
remains to check the triangle inequality. Here we must show

’xiyj| < wiz| + |ij| )

’xixj| < x|+ ’)’kxjf )

|yz'yj| < il + |xk}’j’ .
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It suffices to check the first two cases as the third is similar to the second. For the
first we can assume that z = x; and find / such that

|yjxe| = €+ |[yjvi| + e -

Hence,
beoxe| + [ye| = [xixi] + &+ [yjyi| + Poxd
> x|+ &+ |y
> fxi)’j| .
For the second case select [,m with
viexil = |y + €+ paxil
exi| = ykym| + €+ [xmx; |-
The assumption about the metrics on A and B then lead to
yexil + |yexi| = [yl + &4 Paxil + yiym| + € + |xx; |
> x|+ ] + [xm] + x|

Z ’x,-xj| .

EXAMPLE 11.1.6. Suppose M; = S°/7; with the usual metric induced from
S3(1). Then we have a Riemannian submersion M; — S% (1/2) whose fibers have
diameter 27 /k — 0 as k — oo. Using the previous example it follows that M; —
$2(1/2) in the Gromov-Hausdorff topology.

EXAMPLE 11.1.7. One can similarly see that the Berger metrics (53,g8) —
$2(1/2) as € — 0. Notice that in both cases the volume goes to zero, but the cur-
vatures and diameters are uniformly bounded. In the second case the manifolds are
even simply connected. It should also be noted that the topology changes rather
drastically from the sequence to the limit, and in the first case the elements of the
sequence even have mutually different fundamental groups.

PROPOSITION 11.1.8. The “metric space” (M ,dG—g) is separable and com-
plete.

PROOF. To see that it is separable, first observe that the collection of all finite
metric spaces is dense in this collection. Now take the countable collection of all
finite metric spaces that in addition have the property that all distances are rational.
Clearly, this collection is dense as well.

To show completeness, select a Cauchy sequence {X,}. To establish conver-
gence of this sequence, it suffices to check that some subsequence is convergent.
Select a subsequence {X;} such that dg_g (X;,X;1) < 2/ for all i. Then select met-
rics [+[; ;41 on X; UX;y1 making these spaces 2~!-Hausdorff close. Now define a

metric |+|;;, ; on X;UX; j by

j—1
XiXjiril.. .= min Xjp 1 X; .
| i z+]’t,t+] {xi+k6Xi+k}{kZE)| i+k z+k+1|}
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This defines a metric |--| on ¥ = U;X; with the property that dpy (X;, X;+;) < 2771
The metric space is not complete, but the “boundary” of the completion is exactly
our desired limit space. To define it, first consider

X ={{xi} |xi €X;and |xix;| > Oasi,j—oo}.
This space has a pseudo-metric defined by
[{xi} {yi} = lim [x;y;] .
i—oo

Given that we are only considering Cauchy sequences {x;}, this must yield a metric
on the quotient space X, obtained by the equivalence relation

{xit ~ {yi} it [{xi} {yi}[ =0.

Now we can extend the metric on Y to one on X UY by declaring
o {xi | = lim [xexi|
1—0o0

Using that dy (Xj,X;1) <27/, we can for any x; € X; find a sequence {x;4;} € X
such that x; 1o = x; and ‘xi+jxi+j+1| < 27J. Then we must have |x,- {x,-+j}| < i
Thus, every X; is 2~/ -close to the limit space X . Conversely, for any given sequence
{x;} we can find an equivalent sequence {y;} with the property that [y, {y;}| <27**!
for all k. Thus, X is 2~F!-close to X;. O

From the proof of this theorem we obtain the useful information that Gromov-
Hausdorff convergence can always be thought of as Hausdorff convergence. In other
words, if we know that X; — X in the Gromov-Hausdorff sense, then after possibly
passing to a subsequence, we can assume that there is a metric on X U (U;X;) in
which X; Hausdorff converges to X. With a choice of such a metric it makes sense to
say that x; — x, where x; € X; and x € X. We shall often use this without explicitly
mentioning a choice of ambient metric on X U (U;X;) .

There is an equivalent way of picturing convergence. For a compact metric
space X define C(X) as the continuous functions on X and L™ (X) as the bounded
measurable functions with the sup-norm (not the essential sup-norm). We know that
L (X) is a Banach space. When X is bounded construct a map X — L*(X), by
sending x to the continuous function z — |xz|. This is usually called the Kuratowski
embedding when we consider it as a map into C (X) . The triangle inequality implies
that this is a distance preserving map. Thus, any compact metric space is isometric
to a subset of some Banach space L* (X)) . The important observation is that two such
spaces L (X) and L™ (Y) are isometric if the spaces X and Y are Borel equivalent
(there exists a measurable bijection). Moreover, if X C Y, then L= (X) C L (Y), by
extending a function on X to vanish on ¥ — X. Moreover, any compact metric space
is Borel equivalent to a subset of [0,1]. In particular, any compact metric space is
isometric to a subset of L ([0, 1]). We can then define

dc_n (va) = infdy (l (X) 7j(Y))>

where i : X — L ([0,1]) and j : Y — L= ([0, 1]) are distance preserving maps.
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11.1.2. Pointed Convergence. So far, we haven’t dealt with noncompact spaces.
There is, of course, nothing wrong with defining the Gromov-Hausdorff distance be-
tween unbounded spaces, but it will almost never be finite. In order to change this,
we should have in mind what is done for convergence of functions on unbounded
domains. There, one usually speaks about convergence on compact subsets. To do
something similar, we first define the pointed Gromov-Hausdorff distance

dg-n ((X,x),(Y,y)) = inf{dp (X,Y) + |xy[}.
Here we take as usual the infimum over all Hausdorff distances and in addition re-
quire the selected points to be close. The above results are still true for this modified
distance. We can then introduce the Gromov-Hausdorff topology on the collection of
proper pointed metric spaces .#, = {(X,x,|--|)} in the following way: We say that
(Xivxl" ‘|z> - (X’xv ||)

in the pointed Gromov-Hausdorff topology if for all R there is a sequence R; — R
such that the closed metric balls

(B(xivRi) »Xis ||z) - (B(X’R) X5 ‘D
converge with respect to the pointed Gromov-Hausdorff metric.

11.1.3. Convergence of Maps. We also need to address convergence of maps.
Suppose we have

Jo:Xe — X,
Xk — X,
Y, — Y.

Then we say that f;, converges to f : X — Y if for every sequence x; € X con-
verging to x € X it follows that fi (xx) — f (x). This definition obviously depends
in some sort of way on having the spaces converge in the Hausdorff sense, but we
shall ignore this. It is also a very strong type of convergence, for if we assume that
Xy =X,Y,=Y,and f; = f, then f can converge to itself only if it is continuous.

Note also that convergence of maps preserves such properties as being distance
preserving or submetries.

Another useful observation is that we can regard the sequence of maps f; as one

continuous map
F: (Ux,) —YU (Un) )
i i

The sequence converges if and only if this map has an extension

XU <Ux> —YU (UY) ,

in which case the limit map is the restriction to X. Thus, when X; are compact it
follows that a sequence is convergent if and only if the map

F: (le> —YU (UY)
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is uniformly continuous.

A sequence of functions as above is called equicontinuous, if for every € > 0 and
X € Xi there is an & > 0 such that f; (B (x¢,8)) C B(fx (xx),€) for all k. A sequence
is equicontinuous when, for example, all the functions are Lipschitz continuous with
the same Lipschitz constant. As for standard equicontinuous sequences, we have the
Arzela-Ascoli lemma:

LEMMA 11.1.9. An equicontinuous family fy : Xy — Y, where Xy — X, and
Yy — Y in the (pointed) Gromov-Hausdorf{f topology, has a convergent subsequence.
When the spaces are pointed we also assume that fi. preserves the base point.

PROOF. The standard proof carries over without much change. Namely, first
choose dense subsets A; = {a{,d},...} C X; such that @’ — a; € X as i — eo. Then
also, A = {a j} C X is dense. Next, use a diagonal argument to find a subsequence
of functions that converge on the above sequences. Finally, show that this sequence
converges as promised. (]

11.1.4. Compactness of Classes of Metric Spaces. We now turn our atten-
tion to conditions that ensure convergence of spaces. More precisely we want some
good criteria for when a collection of (pointed) spaces is precompact (i.e., closure is
compact).

For a compact metric space X, define the capacity and covering functions as
follows

Cap(e) = Capy (€)= maximum number of disjoint -balls in X,
Cov(e) = Covy (&)= minimum number of &-balls it takes to cover X.

First, note that Cov (g) < Cap(€). To see this, select a maximum number of
disjoint balls B (x;,€/2) and consider the collection B (x;, €). In case the latter balls do
not cover X there exists x € X —UB (x;,€) . This would imply that B (x, £/2) is disjoint
from all of the balls B (x;,£/2) . Thus showing that the original £/2-balls did not form
a maximal disjoint family.

Another important observation is that if two compact metric spaces X and Y
satisfy dg_pg (X,Y) < 0, then it follows from the triangle inequality that:

Covy (e+28) < Covy(e),
Capy (¢) > Capy (€+429).

With this information we can characterize precompact classes of compact metric
spaces.

PROPOSITION 11.1.10 (Gromov, 1980). For a class € C (M ,dg—pg) all of
whose diameters are bounded by D < oo, the following statements are equivalent:

(1) € is precompact, i.e., every sequence in € has a subsequence that is con-
vergent in (M ,dG_p) .

(2) There is a function N (€) : (0,0t) — (0,00) such that Capy (€) < N (€) for
allX € €.

(3) There is a function Ny (€) : (0,0) — (0,0) such that Covy (€) < N, (€) for
allX € €.



344 11. CONVERGENCE

PROOF. (1) = (2): If € is precompact, then for every € > 0 we can find
Xi,...,X; € € such that for any X € € we have that dg_g (X,X;) < €/4 for some
i. Then

Capy (¢) < Capy, (%) < max Capy, (%) .
l

This gives a bound for Capy (&) for each € > 0.

(2) = (3) Use N = Njy.

(3) = (1): It suffices to show that % is totally bounded, i.e., for each € > 0 we
can find finitely many metric spaces X1, ..., Xy € .# such that any metric space in €
is within € of some X; in the Gromov-Hausdorff metric. Since Covy (¢/2) < N (¢/2),
we know that any X € % is within § of a finite subset with at most N (%) elements in
it. Using the induced metric we think of these finite subsets as finite metric spaces.
The metric on such a finite metric space consists of a matrix (d;;), 1 <i,j <N (¢/2),
where each entry satisfies d;; € [0, D]. From among all such finite metric spaces, it is
possible to select a finite number of them such that any of the matrices (d;;) is within
¢/2 of one matrix from the finite selection of matrices. This means that the spaces are
within €/2 of each other. We have then found the desired finite collection of metric
spaces. (]

As a corollary we also obtain a precompactness theorem in the pointed category.

COROLLARY 11.1.11. A collection € C My is precompact if and only if for
each R > 0 the collection

{B(x,R) | B(x,R) C (X,x) €€} C (M ,dG-n)
is precompact.

In order to achieve compactness we need a condition that is relatively easy to
check.

We say that a metric space X satisfies the metric doubling condition with con-
stant C, if each metric ball B (p,R) can be covered by at most C balls of radius R/2.

PROPOSITION 11.1.12. If all metric spaces in a class € C (M ,dG—p) satisfy
the metric doubling condition with constant C < o and all have diameters bounded
by D < oo, then the class is precompact in the Gromov-Hausdorff metric.

PROOF. Every metric space X € ¢ can be covered by at most CV balls of ra-
dius 27¥D. Consequently, X can be covered by at most CV balls of radius € €
[27VD,27N*ID]. This gives us the desired estimate on Covy (€). O

Using the relative volume comparison theorem we can show

COROLLARY 11.1.13. For any integer n > 2, k € R, and D > 0 the following
classes are precompact:
(1) The collection of closed Riemannian n-manifolds with Ric > (n— 1)k and
diam < D.
(2) The collection of pointed complete Riemannian n-manifolds with Ric >
(n—1)k.
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PROOF. It suffices to prove (2). Fix R > 0. We have to show that there can’t
be too many disjoint balls inside B(x,R) C M. To see this, suppose B (x,€),...,
B (xn,€) C B(x,R) are disjoint. If B (x;,€) is the ball with the smallest volume, we
have

< vol B (x,R) < vol B (x;,2R) < v(n,k,2R)
~ volB(x;,€) — volB(xi,€) — v(nk,€) "
This gives the desired bound. (]

It seems intuitively clear that an n-dimensional space should have Cov (&) ~ g™"
as € — 0. The Minkowski dimension of a metric space is defined as

logCov (&
dimX = lim sup M.
e~0 —loge
This definition will in fact give the right answer for Riemannian manifolds. Some
fractal spaces might, however, have non-integral dimension. Now observe that
v(n,k,2R)
v(n,k,€)

—n

Therefore, if we can show that covering functions carry over to limit spaces, then
we will have shown that manifolds with lower curvature bounds can only collapse in
dimension.

LEMMA 11.1.14. Let € (N (€)) be the collection of metric spaces with Cov (€) <
N (€). If N is continuous, then € (N (€)) is compact.

PROOF. We already know that this class is precompact. So we only have to
show that if X; — X and Covy, (¢) <N (€), then also Covx (¢) < N (&) . This follows
easily from

COVX (8) < COVXI. (8 — ZdG,H (X,X,‘)) < N(E — ZdG,H (X,X,'))

and

N (e —2dg_n (X,X;)) = N (€) as i — oo.

11.2. Holder Spaces and Schauder Estimates

First, we define the Holder norms and Holder spaces, and then briefly discuss the
necessary estimates we need for elliptic operators for later applications. The standard
reference for all the material here is the classic book by Courant and Hilbert [37],
especially chapter IV, and the thorough text [54], especially chapters 1-6. A more
modern text that also explains how PDEs are used in geometry, including some of
the facts we need is [112], especially vol. III.
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11.2.1. Holder Spaces. Fix a bounded domain  C R”. The bounded continu-
ous functions from  to R¥ are denoted by C° (QJR") , and we use the sup-norm

[[ull co = sup |u (x)]
xXEQ

on this space. This makes C” (Q, Rk) into a Banach space. We wish to generalize this
so that we still have a Banach space, but in addition also take into account derivatives
of the functions. The first natural thing to do is to define C™ (Q, R¥ ) as the functions
with m continuous partial derivatives. Using multi-index notation, we define

oMy
2(x)" 9 ()
where I = (iy,...,i,) and |I| =i} + - - - + i,. Then the C"-norm is

lullon = llullco+ Y, |0l co-
1<|I|I<m

du=09/' - oru=

This norm does result in a Banach space, but the inclusions
c" (Q,R") ol (Q,Rk)
are not closed subspaces. For instance, f (x) = |x] is in the closure of
' ([-1,1],R) c C°([-1,1],R).

To accommodate this problem, we define for each o € (0,1] the C*-pseudo-
norm of u : Q — R¥ as
HM” = sup |M()C) _M(y)l
o —

x,yEQ |x _y|0£

When o = 1, this gives the best Lipschitz constant for u.

Define the Holder space C™% (€, R¥) as being the functions in C™ (Q,R¥) such
that all mth-order partial derivatives have finite C*-pseudo-norm. On this space we
use the norm

lullema = llullon + ¥ {|0"u| -

[I|=m

If we wish to be specific about the domain, then we write ||u||om.a o - With this nota-
tion we can show

LEMMA 11.2.1. C"™“ (Q,Rk) is a Banach space with the C"™%*-norm. Further-
more, the inclusion

cme (Q,Rk) ccmb (Q,Rk) ,
where B < a is always compact, i.e., it maps closed bounded sets to compact sets.

PROOF. We only need to show this in the case where m = 0; the more general
case is then a fairly immediate consequence.
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First, we must show that any Cauchy sequence {1;} in C* (Q,R¥) converges.
Since it is also a Cauchy sequence in C? (Q,R¥) we have that u; — u € C° in the
C%-norm. For fixed x # y observe that

Jui (x) —ui ()] Ju(x) —u(y)|
a — a
x| x|

As the left-hand side is uniformly bounded, we also get that the right-hand side is
bounded, thus showing that u € C*.
Finally select € > 0 and N so that for i, j > N and x # y

[ (i (%) = (%)) = (i () = (¥)) |

e —y|“

<eg

If we let j — oo, this shows that

(i (x) —u (%) = (i (v) —u )| _

< E.
e —y[“

Hence u; — u in the C%-topology.

Now for the last statement. A bounded sequence in C* (Q,Rk) is equicontinu-
ous so the Arzela-Ascoli lemma shows that the inclusion C%* (Q,Rk) cc? (Q,Rk)
is compact. We then use

|M(X)*I/l(y)| _ <u(x)u(y)|)ﬁ/a.|u(x)_u(y)1—[5/0{

\x—y|B B be—y[*

to conclude that
lullg < Clull )P/ 2+ lullco) =1

Therefore, a sequence that converges in C° and is bounded in C%, also converges in
Cﬁ,aslongasﬁ<oc§l. O

11.2.2. Elliptic Estimates. We now turn our attention to elliptic operators of
the form

Lu= aija,'aju + bia,'u =f,
where "/ = a/' and a"/,b' are functions. The operator is called elliptic when the
matrix (a'/) is positive definite. Throughout we assume that all eigenvalues for (a'/)
lie in some interval [A,A '], A > 0, and that the coefficients satisfy ||a"/|| , <A~

and ||bi H S A~!. We state without proof the a priori estimates, usually called the
Schauder or elliptic estimates, that we need.

THEOREM 11.2.2. Let Q C R" be an open domain of diameter < D and K C Q
a subdomain such that d (K,0Q) > 6. If a € (0,1), then there is a constant C =
C(n,a,A,8,D) such that

AN

€ (I1Lullca g+ llullcea)

llereg < € (Iulleo g+ lullcag)-

H“”cla,[(

N
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Furthermore, if Q has smooth boundary and u = @ on dQ, then there is a constant
C =C(n,a,A,D) such that on all of Q we have

el ez g < € (Mtllca g+ 19lc2a 20

One way of proving these results is to establish them first for the simplest oper-
ator:
Lu=Au= 5ij8i8ju.
Then observe that a linear change of coordinates shows that we can handle operators
with constant coefficients:
Lu=Au= aijaiaju.
Finally, Schauder’s trick is that the assumptions about the functions ¢’/ imply that
they are locally almost constant. A partition of unity type argument then finishes the
analysis.
The first-order term doesn’t cause much trouble and can even be swept under
the rug in the case where the operator is in divergence form:

Lu= aifaiaju+bi3iu =0; (aijaju) :

Such operators are particularly nice when one wishes to use integration by parts, as

we have
/ (8, (aij()ju)) h= —/ aij8ju8,-h
Q Q
when /= 0 on dQ. This is interesting in the context of geometric operators, as the
Laplacian on manifolds in local coordinates is of that form

1 ij
/vLuvol:/vai( detgi/'gij'aj”)-

The above theorem has an almost immediate corollary.

Lu=Agu=

Thus

COROLLARY 11.2.3. Ifin addition we assume that Haij Hcmﬂ’ < AL

then there is a constant C = C (n,m,a,A,8,D) such that
lllemiza e <€ (It cma g+ il cu ) -
And on a domain with smooth boundary,
el emizag < € (ullonag + 1@loniza z0)

The Schauder estimates can be used to show that the Dirichlet problem always
has a unique solution.

b|

cm,o

THEOREM 11.2.4. Suppose Q C R”" is a bounded domain with smooth bound-
ary. Then the Dirichlet problem
Lu = fa u‘aQ =0
always has a unique solution u € C>* (Q) if f € C*(Q) and ¢ € C*>* (9Q).
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Observe that uniqueness is an immediate consequence of the maximum princi-
ple. The existence part requires more work.

11.2.3. Harmonic Coordinates. The above theorems make it possible to intro-
duce harmonic coordinates on Riemannian manifolds.

LEMMA 11.2.5. If (M, g) is an n-dimensional Riemannian manifold and p € M,
then there is a neighborhood U > p on which we can find a harmonic coordinate
system x = ()c1 yeen ,x”) :U — R", i.e., a coordinate system such that the functions x'

are harmonic with respect to the Laplacian on (M, g) .

PROOF. First select a coordinate system y = (y',...,y") on a neighborhood
around p such that y (p) = 0. We can then think of M as being an open subset of R”
and p = 0. The metric g is written as g;; = g(d;,d;) = g (a%,., 887) in the standard
Cartesian coordinates (yl, e y") . We must then find a coordinate transformation
y +—> x such that

k ij ..k
A= ,/d:?tgijai (\/cvgij-g’f-ajx ) =0
To find these coordinates, fix a small ball B (0, €) and solve the Dirichlet problem
AF = 0, %=y ondB(0,¢).

We have then found 7 harmonic functions that should be close to the original coordi-
nates. The only problem is that we don’t know if they actually are coordinates. The
Schauder estimates tell us that

N

—slewson < €(18G=Dloesoe | e=m00] e pmon

c HAy“CO‘,B(O,s) :

If matters were arranged such that [|Ay||ca g ) — 0 as € — 0, then we could con-
clude that Dx and Dy are close for small €. Since y does form a coordinate system,
we would then also be able to conclude that x formed a coordinate system.

Now observe that if y were chosen as exponential Cartesian coordinates, then
we would have that dig;; = 0 at p. The formula for Ay then shows that Ay = 0 at
p. Hence, [|Ay||ca ¢ — 0 as € — 0. Finally recall that the constant C depends
only on an upper bound for the diameter of the domain aside from a,n,A. Thus,
[lx = ¥llc2a po.e) — 0 as & = 0. 0

One reason for using harmonic coordinates on Riemannian manifolds is that
both the Laplacian and Ricci curvature tensor have particularly elegant expressions
in such coordinates.

LEMMA 11.2.6. Let (M,g) be an n-dimensional Riemannian manifold with a
harmonic coordinate system x : U — R". Then
1
1 . »
Au= m&- ( detgy, -g”-aju) = g"did;u.
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2

1
EAgij+Q(g,ag) = 7RiCij = —Ric (8,',8]') .

Here Q is a universal rational expression where the numerator is polyno-
mial in the matrix g and quadratic in g, while the denominator depends

only on \/(Fglj
PROOF. (1) By definition:
0 = AF
= ﬁ&i ( detgy - gV - ajxk)
= gij8ia,-xk + ﬁ&i ( detgy, 'g"j) ~8jxk

= g9+ k=i (Vdetgy g ) - 8

Vdetgy
= 0+ 7@& ( detgy, ~gik)

= \/(%g”ai < detgst 'gik) .
Thus, it follows that

Au = 7ﬁg3,ai ( detgy - gV - 8ju)
N 1 y
= gdidju+ 7?6%7“ d; ( detgy -g”) -dju
= §Y9;0;u.

(2) Recall that if u is harmonic, then the Bochner formula for Vu is
A (% |Vu|2) — |Hessu|* +Ric (Vu, Vu).

Here the term |Hess u|2 can be computed explicitly and depends only on the metric
and its first derivatives. In particular,

1ag (ka, ka) _ ’Hessx"’z — Ric (ka,ka> .
Polarizing this quadratic expression gives us an identity of the form
1Ag (Vx',Vx/) — g (Hessx',Hessx/) = Ric (Vx', V') .
Now use that Vak = g%/ 9;x*9; = g% 9 to see that g (Vx', Vx/) = g'/. We then have
%Ag"j —g (Hessxi, Hessxj) = Ric (in, ij) ,
which in matrix form looks like

% [Agij] — [g (Hessxi,Hessxj)] = [g"k} -[Ric (0, d))] - [glj] .
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This is, of course, not the promised formula. Instead, it is a similar formula for the
inverse of [g;;]. Now use the matrix equation [gy] - [¢*/] = [8/] to conclude that

A (lsul-[])

[Agik] - [g"’ } +2

0

;g (Vgik, 7 )
= [Agil- [gkj} +2[Vgu]- {ng’} + [gi] - {Agk’} :
Inserting this in the above equation yields
~2[Vgu]- [Vg"’} &1] — lga] - [Ag"l} -]
= —2[Vgal]- [ng’} - la]
~2[gul- [g (Hessxk,Hessxl)} Te1s]
~2(gul - [°] - [Rie (3,9)] - [¢"] - [au]

—2[Vgu]- [ngl} &) —21[gal - {g (Hessxkaessxlﬂ .
2 [Ric(9:,9;)].

+ [gi] - [Ag"j }

[Agij]

Each entry in these matrices then satisfies

1Agi;+Qij(g,98) = —Ricy,
Qi = —2)z¢ (Vgikvngl) 8lj
ol

—ZZgikg (Hessx", Hessxl> 8ij-
k|l

O

It is interesting to apply this formula to the case of an Einstein metric, where
Ric;j = (n— 1) kg;;. In this case, it reads

JAgij=—(n—1)kg;j—Q(g,9g).

The right-hand side makes sense as long as g;; is C !. The equation can then be
understood in the weak sense: Multiply by some test function, integrate, and use
integration by parts to obtain a formula that uses only first derivatives of g;; on the
left-hand side. If g;; is C 1@ then the left-hand side lies in some CP; but then our
elliptic estimates show that g;; must be in C%PB. This can be bootstrapped until we
have that the metric is C*. In fact, one can even show that it is analytic. Therefore,
we can conclude that any metric which in harmonic coordinates is a weak solution
to the Einstein equation must in fact be smooth. We have obviously left out a few
details about weak solutions. A detailed account can be found in [112, vol. III].
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11.3. Norms and Convergence of Manifolds

We next explain how the C"™% norm and convergence concepts for functions
generalize to Riemannian manifolds. These ideas can be used to prove various com-
pactness and finiteness theorems for classes of Riemannian manifolds.

11.3.1. Norms of Riemannian Manifolds. Before defining norms for mani-
folds, let us discuss which spaces should have norm zero. Clearly Euclidean space
is a candidate. But what about open subsets of Euclidean space and other flat mani-
folds? If we agree that all open subsets of Euclidean space also have norm zero, then
any flat manifold becomes a union of manifolds with norm zero and therefore should
also have norm zero. In order to create a useful theory, it is often best to have only
one space with vanishing norm. Thus we must agree that subsets of Euclidean space
cannot have norm zero. To accommodate this problem, we define a family of norms
of a Riemannian manifold, i.e., we use a function N : (0,c0) — (0, o) rather than just
a number. The number N (r) then measures the degree of flatness on the scale of r,
where the standard measure of flatness on the scale of r is the Euclidean ball B (0, r) .
For small r, all flat manifolds then have norm zero; but as r increases we see that the
space looks less and less like B(0,r) and therefore the norm will become positive
unless the space is Euclidean space.

Let (M, g, p) be a pointed Riemannian n-manifold. We say that the C"™%-norm
on the scale of r at p:

||(M,g,p)||cm,a7r S Qa
provided there exists a C" 1% chart ¢ : (B(0,r),0) C R" — (U, p) C M such that

(nl) ID| <e€ onB(0,r) and [Dp~'| < e on U. Equivalently, for all v € R"
the metric coefficients satisfy

e 2050 < gV < 2280
(n2) For all multi-indices I with 0 < |I| <m
rlii+e Halgleoc <0.
Globally we define

1M, 8)llcne,, = sup (Mg, p)|cna. -
pEM

Observe that we think of the charts as maps from the fixed space B(0,r) into
the manifold. This is in order to have domains for the functions which do not refer
to M itself. This simplifies some technical issues and makes it more clear that we
are trying to measure how the manifolds differ from the standard objects, namely,
Euclidean balls. The first condition tells us that in the chosen coordinates the metric
coefficients are bounded from below and above (in particular, we have uniform el-
lipticity for the Laplacian). The second condition gives us bounds on the derivatives
of the metric.

It will be necessary on occasion to work with Riemannian manifolds that are
not smooth. The above definition clearly only requires that the metric be C"™% in
the coordinates we use, and so there is no reason to assume more about the metric.



11.3. NORMS AND CONVERGENCE OF MANIFOLDS 353

Some of the basic constructions, like exponential maps, then come into question, and
indeed, if m < 1 these concepts might not be well-defined. Therefore, we shall have
to be a little careful in some situations.

The norm at a point is always finite, but when M is not compact the global norm
might not be finite on any scale.

EXAMPLE 11.3.1. If (M, g) is a complete flat manifold, then ||(M, g)||cn.a . = 0
for all r <inj(M,g) . In particular, || (R", grn)||cma . = O for all . We will show that
these properties characterize flat manifolds and Euclidean space.

11.3.2. Convergence of Riemannian Manifolds. Now for the convergence con-
cept that relates to this new norm. As we can’t subtract manifolds, we have to resort
to a different method for defining this. If we fix a closed manifold M, or more gen-
erally a precompact subset A C M, then we say that a sequence of functions on A
converges in C"™% if they converge in the charts for some fixed finite covering of
coordinate patches that are uniformly bi-Lipschitz. This definition is clearly inde-
pendent of the finite covering we choose. We can then more generally say that a
sequence of tensors converges in C"™% if the components of the tensors converge in
these patches. This makes it possible to speak about convergence of Riemannian
metrics on compact subsets of a fixed manifold.

A sequence of pointed complete Riemannian manifolds is said to converge in
the pointed C™% topology, (M;,gi, pi) — (M, g, p), if for every R > 0 we can find a
domain Q D B(p,R) C M and embeddings F; : Q — M; for large i such that F; (p) =
pi, F; (Q) D B(pi,R), and F;*g; — g on  in the C"»* topology. It is easy to see that
this type of convergence implies pointed Gromov-Hausdorff convergence. When all
manifolds in question are closed with a uniform bound on the diameter, then the maps
F; are diffeomorphisms. For closed manifolds we can also speak about unpointed
convergence. In this case, convergence can evidently only occur if all the manifolds
in the tail end of the sequence are diffeomorphic. In particular, we have that classes
of closed Riemannian manifolds that are precompact in some C"™% topology contain
at most finitely many diffeomorphism types.

A warning about this kind of convergence is in order here. Suppose we have
a sequence of metrics g; on a fixed manifold M. It is possible that these metrics
might converge in the sense just defined, without converging in the traditional sense
of converging in some fixed coordinate systems. To be more specific, let g be the
standard metric on M = S?. Now define diffeomorphisms F; coming from the flow
corresponding to the vector field that is O at the two poles and otherwise points in
the direction of the south pole. As ¢ increases, the diffeomorphisms will try to map
the whole sphere down to a small neighborhood of the south pole. Therefore, away
from the poles the metrics F;*g will converge to 0 in some fixed coordinates. So they
cannot converge in the classical sense. If, however, we pull these metrics back by the
diffeomorphisms F_,, then we just get back to g. Thus the sequence (M, g) , from the
new point of view we are considering, is a constant sequence. This is really the right
way to think about this as the spaces (SZ,F,* g) are all isometric as abstract metric
spaces.
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11.3.3. Properties of the Norm. Let us now consider some of the elementary
properties of norms and their relation to convergence.

PROPOSITION 11.3.2. Given (M,g,p), m >0, a € (0,1] we have:

(W) [(M,g,p)llena, = || (M, 228, p) || cma 5, for all & > 0.

(2) The functionr— ||(M,g,p)l|lcne,, is increasing, continuous, and converges
toOasr—0.

(3) Suppose (M;,gi,pi) — (M,g,p) in C"™%*. Then

H(Mi’giﬂpi)HC’”-“,r — ”(Mag’p)HC’”v“,r for allr > 0.
Moreover, when all the manifolds have uniformly bounded diameter
H(Miagi)HCmtO‘,r - H(Mag)HCmv“,r for all r > 0.
4 If[|(M,g,p)llcma,, < Q, then for all x1,x2 € B(0,r) we have

e @min {|x; —x2[,2r — x| = P2} < [@(x1) (x2)| < €€ 1 —2c2].
(5) The norm ||(M, g, p)|| ¢, is realized by a C"*1-%-chart.
(6) If M is compact, then ||(M,g)||cn.a . = (M, g, p)||cna, for some p € M.

PROOF. (1) If we change the metric g to A%g, then we can change the chart
©:B(0,r) = Mto ¢* (x)=¢ (A~'x) : B(0,Ar) — M. Since we scale the metric at
the same time, the conditions nl and n2 will still hold with the same Q.

(2) By restricting @ : B(0,7) — M to a smaller ball we immediately get that r —
(M, g, p)| cna, is increasing. Next, consider again the chart P (x) = (2 7x) :
B(0,Ar) — M, without changing the metric g. If we assume that [|(M, g, p)||cna, <
0, then

1(M,8,p)l|oma 5, < max {Q=+[logA|,Q-A%}.

Denoting N (r) = ||(M, g, p) | cn.a ,» We obtain
N (Ar) <max {N(r) £ [logA|,N (r)-A%}.
By letting A = “, where r; — r, we see that this implies

limsupN (r;) < N(r).

N(r) = N (}Q)

max {N(ri) +

Conversely,

IN

logi
Ti

N (ri) - (;)2}

log L
i

So

N(r) < liminfmax {N(r,-)i

liminf N (r;).
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This shows that N (r) is continuous. To see that N (r) — 0 as r — 0, just observe that
any coordinate system around a point p € M can, after a linear change, be assumed to
have the property that the metric gy = &, at p. In particular |D@|,| = [Do~!|,| = 1.
Using these coordinates on sufficiently small balls will yield the desired charts.

(3) Fix r >0and Q > ||(M,g,p)||cna - Pick a domain Q > B (p,e?r) such that
for large i we have embeddings F; : Q — M; with the property that: F*g; — g in C"™%
on Q and F; (p) = p;.

Choose a chart ¢ : B(0,r) — M with properties nl and n2. Then define charts in
M; by ¢; = F;o¢ :B(0,r) — M; and note that since F;*g; — g in C"™%, these charts
satisfy properties nl and n2 for constants Q; — Q. This shows that

limsup ” (Mi,gi7pi) HC’"ra,r < H (Mvg’p)”C’"‘“,r .

On the other hand, if Q > ||(M;, gi, i) || cm.o , for a sufficiently large i, then select
a chart ¢; : B(0,r) — M; and consider ¢ = Fi_1 o@; on M. As before, we have

||(Magap)HCm>057r < Qi7
where Q; is close to Q. This implies

llmlan(M”g,,p,) ||Cm‘°‘,r > ||(M’g’p) HC’"va,r

and proves the result.

When all the spaces have uniformly bounded diameter we choose diffeomor-
phisms F; : M — M, for large i such that F;*g; — g. For every choice of p € M select
pi = F; (p) € M; and use what we just proved to conclude that

liminf || (M;, g:) || cna. . > sup |(M, g, p)l|cma -
p

Similarly, when p; € M; and p = F;~' (p;), it follows that

limsup |[(M; gi; pi) | ena » < sup [[(M, )| cna -
p

(4) The condition |D@| < €2, together with convexity of B(0,r), immediately
implies the second inequality. For the other, first observe that if any segment from
¢ (x1) to @ (xp) lies in U, then |D(p_1| < e2 implies, that

b1 —x2] < €2 |@(x1) @(x2)].

So we may assume that @(x;) and @(x») are joined by a segment c : [0, 1] — M that
leaves U. Split ¢ into ¢ : [0,#;) — U and ¢ : (t2,1] — U with ¢(t;) € dU. Then we
clearly have

[p(x1) 9(x2)| = L(c) > L(cljoy)) +Llcl,1)

e 2(L(¢ " ocljos)) +L(¢  ocly1)))

e 2 2r—|xi| = ral).

The last inequality follows from the fact that ! oc(0) = x; and ¢! oc(1) = xz,
and that ¢! o ¢ () approaches dB (0, ) as t approaches ¢; and t,.

(5) Given a sequence of charts ¢; : B(0,r) — M that satisfy nl and n2 with
Q; — O we can use the Arzela-Ascoli lemma to find a subsequence that converges to

AV
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a C"* 1% map ¢ : B(0,r) — M. Property (4) shows that ¢ is injective and becomes
a homeomorphism onto its image. This makes ¢ a chart. We can, after passing to
another subsequence, also assume that the metric coefficients converge. This implies
that ¢ satisfies nl and n2 for Q.

(6) Property (3) implies that p — ||(M, g, p)|cm.a , is continuous. Compactness
then shows that the supremum is a maximum. O

COROLLARY 11.3.3. If[|(M, g, p)|cna, < O, then B(p,e 9r) C U.

PROOF. Let g € dU be the closest point to p so that B(p,|gp|) CU. If c:
[0,|pg|] — M is a segment from p to g, then c(s) € B(p,|qp|) for all s < |gp|
and we can write ¢ (s) = @ (¢(s)), where ¢: [0, |gp|) € B(0,r) has the property that
lim,_, ;| |€(¢)| = r. Property (4) from proposition 11.3.2 then shows that

lap| > liF[1 lp(c(s)) @ (0)]
s—|qpl

> lim e min{|é(s)|,2r —|¢(s)|}
s—|qp|

lim e 2| (s)|

s—|qp|

Y

= ¢ 9
O

COROLLARY 11.3.4. If ||(M,g,p)||cna , = O for some r, then p is contained in
a neighborhood that is flat.

PROOF. It follows from proposition 11.3.2 that there is a C"*1** chart ¢ :
B(0,r) = U D B(p,e 9r) with Q = 0. This implies that it is a C' Riemannian
isometry and then by theorem 5.6.15 a Riemannian isometry. O

11.3.4. The Harmonic Norm. We define a more restrictive norm, called the
harmonic norm and denoted

h
|| (M7g7p)||cz’l"':a7r .

The only change in our previous definition is that ¢! : U — R” is also assumed to
be harmonic with respect to the Riemannian metric g on M, i.e., for each j

1 .
S} ( det [gy] - U) =0.
det [g.] i 8] - 8
PROPOSITION 11.3.5 (Anderson, 1990). Proposition 11.3.2 also holds for the
harmonic norm when m > 1.

PROOF. The proof is mostly identical so we only mention the necessary changes.
For the statement in (2) that the norm goes to zero as the scale decreases, just
solve the Dirichlet problem as we did when establishing the existence of harmonic
coordinates in lemma 11.2.5. There it was necessary to have coordinates around
every point p € M such that in these coordinates the metric satisfies g;; = &;; and
okgij =0at p. If m > 1, then it is easy to show that any coordinate system around p
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can be changed in such a way that the metric has the desired properties (see exercise
2.5.20).

The proof of (3) is necessarily somewhat different, as we must use and produce
harmonic coordinates. Let the set-up be as before. First we show the easy part:

o h h
liminf|[|(M;, gi, pi) | cma , > (M8, p) [ cma -

To this end, select Q > liminf ||(M;, g;, p;) ||}é‘lzn':a‘r. For large i we can then select charts

¢; : B(0,r) — M; with the requisite properties. After passing to a subsequence, we
can make these charts converge to a chart
¢ =1limF 'o@;:B(0,r) = M.

Since the metrics converge in C"™%, the Laplacians of the inverse functions must also
converge. Hence, the limit charts are harmonic as well. We can then conclude that

h
1(M,8.p)llcme, < O
For the reverse inequality

har har

limsup||(M;; gi, pi) | cma , < (Mg, P)|cna
select 0 > ||(M, g, p) H?;‘f,far Then, from the continuity of the norm we can find £ > 0
such that also ||(M, g, p) ||’é?n’,a7,+e < Q. For this scale, select
©:B0,r+e)—-UCM
satisfying the usual conditions. Now define
Ui = Fi(9(B(0,r+¢/2))) M.
This is clearly a closed disc with smooth boundary
AU, = Fi(9 (9B (0.7 +¢/2))).
On each U; solve the Dirichlet problem

v;:U; — RY
Agvi = 0,
vi = ¢ 'oF 'ondl;.

The inverse of y;, if it exists, will then be a coordinate map B (0,r) — U;. On the
set B(0,r+€&/2) we can compare ;o F; o @ with the identity map /. Note that
these maps agree on the boundary of B(0,r+¢€/2). We know that F*g; — g in the
fixed coordinate system ¢. Now pull these metrics back to B (0, r+ %) and refer to
them as g (= ¢*g) and g; (= @*F;*g;). In this way the harmonicity conditions read
Agl = 0 and Ag, ;o F;o @ = 0. In these coordinates we have the correct bounds for

the operator
1
Ag, = &' k0 + ——=0k (\/ det[g;] '85‘1) o
V/det[gi]
to use the elliptic estimates for domains with smooth boundary. Note that this is
where the condition m > 1 becomes important so that we can bound

(}clt[gi]ak ( det(gi] 'g{'d)
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in C*. The estimates then imply

IN

CllAg, (I - yioFro )]

[ = yioFio@llcnsia

Cm—le
= Ayl s
However, we have that
1
Al e = 7a< det[g;] - ’f’)
lautlon o = | s (VAT
1
o ( det|g -gkl>
H V det[g] ‘ [ ] Cm—l,a
= || Agd|| n-1a =0

In particular,
| yi0F0 @ nera — 0.

It follows that that y; must become coordinates for large i. Also, these coordi-
nates will show that || (Mi,g,',pi)Hlé%aJ < Q for large i. O

11.3.5. Compact Classes of Riemannian Manifolds. We can now state and
prove the result that is our manifold equivalent of the Arzela-Ascoli lemma. This
theorem is essentially due to J. Cheeger.

THEOREM 11.3.6 (Fundamental Theorem of Convergence Theory). For given
0>0n>2 m>0, ac (0,1, and r > 0 consider the class #™%*(n,Q,r) of
complete, pointed Riemannian n-manifolds (M,g,p) with ||(M,g)||cne, < Q. The
class ™% (n,Q,r) is compact in the pointed C"™P topology for all B < a.

PROOF. First we show that .# = .#"™%*(n,Q,r) is precompact in the pointed
Gromov-Hausdorff topology. Next we prove that .# is closed in the Gromov-
Hausdorff topology. The last and longest part is devoted to getting improved conver-
gence from Gromov-Hausdorff convergence.

Setup: Whenever we select M € .# , we can by proposition 11.3.2 assume that
it comes equipped with charts around all points satisfying nl and n2.

(A) # is precompact in the pointed Gromov-Hausdorft topology.

Define § = ¢~ 9r and note that there exists an N(n,Q) such that B(0,r) can be
covered by at most N balls of radius e~ - 6/4. Since ¢ : B(0,r) — U is a Lipschitz
map with Lipschitz constant < 2, this implies that U D B(p,§) can be covered by
N balls of radius /4.

Next we claim that every ball B(x, /- 8/2) C M can be covered by < N’ balls of
radius 8/4. For £ = 1 we just proved this. If B(x,£-6/2) is covered by B(x,9/4),...,
B(xy¢,9/4), then B (x,£-8/2+6/2) C |UB(x;, 8). Now each B(x;, 8) can be covered by
< N balls of radius 8/, and hence B (x, (£ 4 1)8/2) can be covered by < N-N* = N**!
balls of radius /4.

The precompactness claim is equivalent to showing that we can find a function
C(e) = C(&,R,K,r,n) such that each B(p,R) can contain at most C(g) disjoint &-
balls. To check this, let B(xy, €),...,B(xs, €) be a collection of disjoint balls in B(p,R).
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Suppose that £-6/2 < R < (£+1)3/2. Then

vol B(p,R) N1 (maximal volume of 8/4-ball)
N1 (maximal volume of chart)
N ™ ol B(0, )

V(R)=V(R,n,K,r).

INIAN IN A

As long as € < 8 each B(x;,€) lies in some chart ¢ : B(0,r) — U C M whose pre-
image in B(0,r) contains an e X - g-ball. Thus

vol B(p;,€) > e " vol B(0,€).

All in all, we get

V(R) > volB(p,R)
> ZvolB(p,-,e)
> s-¢"®.volB(0,¢).

Thus,
s<C(e)=V(R)-"® - (vol B(0,€))"".

Now select a sequence (M, g;, p;) in .#. From the previous considerations we
can assume that (M;, g;, p;) — (X,|-], p) in the Gromov-Hausdorff topology. It will
be necessary in many places to pass to subsequences of (M;, g;, p;) using various di-
agonal processes. Whenever this happens, we do not reindex the family, but merely
assume that the sequence was chosen to have the desired properties from the begin-
ning.

(B) (X,|-+|, p) is a Riemannian manifold of class C"* with ||(X,g)|cme , < Q

For each ¢ € X we need to find a chart ¢ : B(0,r) = U C X with ¢ = ¢ (0).
To construct this chart consider ¢; — ¢ and charts ¢; : B(0,r) — U; C M; with ¢; =
¢; (0). These charts are uniformly Lipschitz and so must subconverge to a map @ :
B(0,r) — U C X. This map will satisfy property (4) in proposition 11.3.2 and thus
be a homeomorphism onto its image. This makes X a topological manifold.

‘We next construct a compatible Riemannian metric on X that satisfies nl and n2.
For each ¢ € X consider the metrics ¢;'g; = g;.. written out in components on B(0, r)
with respect to the chart ¢;. Since all of the g;.. satisfy nl and n2, we can again
use Arzela-Ascoli to insure that the components g;.. — g.. in the C"# topology on
B(0,r) to functions g.. that also satisfy nl and n2. These local Riemannian metrics
are possibly only Holder continuous. Nevertheless, they define a distance as we
defined it in section 5.3. Moreover this distance is locally the same as the metric
on X. To see this, note that we work entirely on B(0,r) and both the Riemannian
structures and the metric structures converge to the limit structures.

Finally, we need to show that the transition function ¢! o y for two such charts
@,y : B(0,r) — X with overlapping images are at least C! so as to obtain a differ-
entiable structure on X. As it stands ¢! o y is locally Lipschitz with respect to the
Euclidean metrics. However, it is distance preserving with respect to the pull back
metrics from X. Calabi-Hartman in [23] generalized theorem 5.6.15 to this context.
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Specifically, they claim that a distance preserving map between C* Riemannian met-
rics is C1'%. The proof, however, only seems to prove that the map is C"%, which is
more than enough for our purposes.

(©) (M;,gi,pi) — (X,|-|,p) = (X,g,p) in the pointed C"P topology.

We assume that X is equipped with a countable atlas of charts ¢, : B(0,r) — Uy,
s =1,2.3,... that are limits of charts ¢;; : B(0,r) — U;; C M; that also form an atlas
for each M;. We can further assume that transitions converge: (pl-;1 0@y — o o
and that the metrics converge: gj.. — gs... We say that two maps Fj,F, between
subsets in M; and X are C"t1-B close if all the coordinate compositions o o Fo@;
and @, 0 F> o @y are C" 1B close. Thus, we have a well-defined C" 18 topology on
maps from M; to X. Our first observation is that

fis = (Piso(P;l :Us — Usg,

fi = @i O(Pfl Uy — Uy
“converge to each other” in the C"*1-B topology. Furthermore,

(fis)" gilu, — &lu,
in the C"P topology. These are just restatements of what we already assumed. In
order to finish the proof, we construct maps
¢ ¢
Fy: Q= JUs — Qi = | Uss
s=1 s=1

that are closer and closer to the fi;, s = 1,...,¢ maps (and therefore all fi;) as i — oe.
We will construct Fjy by induction on ¢ and large i depending on .

For ¢ = 1 simply define F;; = fj;.

Suppose we have Fy : Q; — Q; for large i that are arbitrarily close to fis, s =
1,...,0 as i — co. If Upy) NQp = &, then we just define Fj; | = Fjy on Q;p and
Fypr1 = fiex1 on Uy . In case Upy C Qy, we simply let Fyp | = Fjy. Otherwise, we
know that F;y and fjy, are as close as we like in the crtip topology as i — 0. So
the natural thing to do is to average them on Uy . Define Fyr; on Uy11 by

Fri1(x) = @urro(t(x)- @l 0 fir1 (x) + p2(x) - @1, 0 Fie(x)),
where U, Uy are a partition of unity for Uy, . This map is clearly well-defined
on Uy, since Wy (x) = 0 on Uy — Q. Now consider this map in coordinates

Ot 0Fi1001(y) = (io@u1(y)- 95 0 firs10 Q1 ()
+(H2°‘P£+1(Y))“Pizjr1OE(OWH()’)
= LFAY)+kRO)FR0)
Then
[ (F = F) + fo(F — Fi)l| cne1
C(n,m) | follcnrp - [[F2 = Fillcmerp -

This inequality is valid on all of B(0,r), despite the fact that F> is not defined on
all of B(0,r), since fi; - F; + iy - F» = F; on the region where F is undefined. By

| Fy + o F — Fi || cms1

IN
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assumption
||F2 _Fl ||C’"+]~ﬁ —0asi— oo,

so Fipi1 1s C"t1B close to fis, s =1,...,0+ 1 as i — oo.
Finally we see that the closeness of Fjy to the coordinate charts shows that it is
an embedding on all compact subsets of the domain. O

COROLLARY 11.3.7. Any subclasses of M™% (n,Q,r), where the elements in
addition satisfy diam < D, respectively vol <V, is compact in the cmB topology. In
particular, it contains only finitely many diffeomorphism types.

PROOF. We use notation as in the fundamental theorem. If diam(M, g, p) < D,
then clearly M C B(p,k-8/2) for k > D-2/s. Hence, each element in .#"™%(n,Q,r)
can be covered by < N* charts. Thus, C""P-convergence is actually in the unpointed
topology, as desired.

If instead, volM <V, then we can use part (A) in the proof to see that we can
never have more than k = V - "X . (vol B(0,€))~! disjoint €-balls. In particular,
diam < 2¢ - k, and we can use the above argument.

Finally, compactness in any cmB topology implies that the class cannot contain
infinitely many diffeomorphism types. (]

Clearly there is also a harmonic analogue to the fundamental theorem.

COROLLARY 11.38. Given Q@ >0,n>2, m>0, o € (0,1], and r > 0 the class
of complete, pointed Riemannian n-manifolds (M, g, p) with ||(M,g)||Mr. < Q is

closed in the pointed C™% topology and compact in the pointed C"™B topology for
all B < a.

The only issue to worry about is whether it is really true that limit spaces have
(M, g)||har, < Q.Butone can easily see that harmonic charts converge to harmonic
charts as in proposition 11.3.5.

11.3.6. Alternative Norms. Finally, we mention that the norm concept and its
properties do not change if nl and n2 are altered as follows:

(nl”) Dol [Do~"| < fi(n, Q)
(n2’) Ai197g o < f2(n,Q), 0 < |j| < m,
where f] and f, are continuous, fi(n,0,r) =1, and f>(n,0) = 0. The key properties
we want to preserve are continuity of ||(M,g)|| with respect to r, the fundamental
theorem, and the characterization of flat manifolds and Euclidean space.

Another interesting thing happens if in the definition of ||(M,g)||cne » we let
m = o = 0. Then n2 no longer makes sense since & = 0, however, we still have
a C%-norm concept. The class .#°(n,Q,r) is now only precompact in the pointed
Gromov-Hausdorff topology, but the characterization of flat manifolds is still valid.
The subclasses with bounded diameter, or volume, are also only precompact with re-
spect to the Gromov-Hausdorff topology, and the finiteness of diffeomorphism types
apparently fails. It is, however, possible to say more. If we investigate the proof
of the fundamental theorem, we see that the problem lies in constructing the maps
Fy - Qi — Q, because we only have convergence of the coordinates only in the 0
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(actually C*, o < 1) topology, and so the averaging process fails as it is described.
We can, however, use a deep theorem from topology about local contractibility of
homeomorphism groups (see [42]) to conclude that two CO-close topological embed-
dings can be “glued” together in some way without altering them too much in the C°
topology. This makes it possible to exhibit topological embeddings Fj; :  — M, such
that the pullback metrics (not Riemannian metrics) converge. As a consequence, we
see that the classes with bounded diameter or volume contain only finitely many
homeomorphism types. This closely mirrors the content of the original version of
Cheeger’s finiteness theorem, including the proof as we have outlined it. But, as
we have pointed out earlier, Cheeger also considered the easier to prove finiteness
theorem for diffeomorphism types given better bounds on the coordinates.

Notice that we cannot easily use the fact that the charts converge in C%(o <
1). But it is possible to do something interesting along these lines. There is an
even weaker norm concept called the Reifenberg norm that is related to the Gromov-
Hausdorff distance. For a metric space (X, |--|) we define the n-dimensional norm on
the scale of r as

1
I(X, |-DIIf = — supdgp (B(p,r),B(0,7)),
r peEX
where B(0,R) C R". The the r~! factor insures that we don’t have small distance
between B (p,r) and B(0,r) just because r is small. Note also that if (Xj,|-|;) —
(X,]-]) in the Gromov-Hausdorff topology then

G 117 = 1 - DI

for fixed n, r.
For an n-dimensional Riemannian manifold one sees immediately that

lim | (M, )]1” 0= 0.
r—0

Cheeger and Colding have proven a converse to this (see [31]). There is an € (n) >
0 such that if ||(X,|-+|)||" < &(n) for all small r, then X is in a weak sense an n-
dimensional Riemannian manifold. Among other things, they show that for small
r the a-Holder distance between B(p,r) and B(0,r) is small. Here the o-Holder
distance dy (X,Y) between metric spaces is defined as the infimum of

logmax{ |F (x) F (x)] sup |FI(Y1)F1(}’2)|}’

sup
X1#£X2 |x1x2‘a ,yl#yz ‘y1y2|a

where F : X — Y runs over all homeomorphisms. They also show that if (M;,g;) —
(X,|-+]) in the Gromov-Hausdorff distance and ||(M;, g;)||" < € (n) for all i and small
r, then (M;, g;) — (X,|-]) in the Holder distance. In particular, all of the M;s have to
be homeomorphic (and in fact diffeomorphic) to X for large i.

This is enhanced by an earlier result of Colding (see [36]) stating that for a
Riemannian manifold (M, g) with Ric > (n— 1) k we have that ||(M,g)|| is small if
and only if and only if

volB(p,r) > (1—0)volB(0,r)
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for some small §. Relative volume comparison tells us that the volume condition
holds for all small r if it holds for just one r. Thus the smallness condition for the
norm holds for all small r provided we have the volume condition for just some r.

11.4. Geometric Applications

To obtain better estimates on the norms it is convenient to use more analysis. The
idea of using harmonic coordinates for similar purposes goes back to [40]. In [70] it
was shown that manifolds with bounded sectional curvature and lower bounds for the
injectivity radius admit harmonic coordinates on balls of an a priori size. This result
was immediately seized by the geometry community and put to use in improving
the theorems from the previous section. At the same time, Nikolaev developed a
different, more synthetic approach to these ideas. For the whole story we refer the
reader to Greene’s survey in [55]. Here we shall develop these ideas from a different
point of view due to Anderson.

11.4.1. Ricci Curvature. The most important feature about harmonic coordi-
nates is that the metric is apparently controlled by the Ricci curvature. This is ex-
ploited in the next lemma, where we show how one can bound the harmonic C!%
norm in terms of the harmonic C' norm and Ricci curvature.

LEMMA 11.4.1 (Anderson, 1990). Suppose that a Riemannian manifold (M, g)

har

has bounded Ricci curvature [Ric| < A. For any ry <ry, K > |[(M,g,p)||¢1’,, , and
o € (0,1) we can find C (n,a,K,ry,rp, A) such that
h
||(M,g,p)HCa1,ra7,l < C(n,a,K,rl,rz,A) :

Moreover, if g is an Einstein metric Ric = kg, then for each integer m we can find a
constant C (n, o, K, ry,ra,k,m) such that

h
||(M7gap)HCL’1’lr+La,rl < C(ﬂ,a,K,I‘],Fz,k,m) :
PROOF. We just need to bound the metric components g;; in some fixed har-

monic coordinates. In such coordinates A = g'/9;0;. Given that ||(M, g, p) ||/é'fr,2 <K,

we can conclude that we have the necessary conditions on the coefficients of A =
8" d;d; to use the elliptic estimate

”gij"cl‘“,B(O,rl) <C(n,0,K,ri,r2) (’|Agij|’co,3(0,r2) + HgUHca,B(o,rz)) :
Since
Agij = —2Ric;; —20Q(g,0g)
it follows that
||Agij||c0,3(o,r2) <2A ||ginc0,B(o,r2) +C ||gij||cl,3(o,r2) :

Using this we obtain

N

HginCL"‘,B(O,rl) > C(”"X7K’r1’r2>(HAgUHCO,B(o,rZ)+HgiJ'Hca,B(o,r2))
< C(n,a,K,ri,r) (2A+C‘+1)||g,'j||cl"3(07r2>.
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For the Einstein case we can use a bootstrap method as we get C1'* bounds on the
Ricci tensor from the Einstein equation Ric = kg. Thus, we have that Ag;; is bounded
in C¥ rather than just C?. Hence,

Hg’.jHCla,B(OAn) < C(na.K,ri,r) (“Agij’|C“,B(0,r2) + Hgicha,B(o,rz))
< C(n7a7K7rlar25k)'C'Hgincl‘a’B(OJz)-
This gives C%% bounds on the metric. Then, of course, Ag;; is bounded in Cl’o‘7 and

thus the metric will be bounded in C*%. Clearly, one can iterate this until one gets
C"+1:% bounds on the metric for any . O

Combining this with the fundamental theorem gives a very interesting compact-
ness result.

COROLLARY 11.4.2. For given n > 2, Q,r,A € (0,) consider the class of
Riemannian n-manifolds with
IMglet, < o
Ric|] < A.
This class is precompact in the pointed CH* topology for any a € (0,1). Moreover,

if we take the subclass of Einstein manifolds, then this class is compact in the C™®
topology for anym > 1 and a € (0,1).

Next we show how the injectivity radius can be used to control the harmonic
norm.

THEOREM 11.4.3 (Anderson, 1990). Given n > 2 and a € (0,1), A, R > 0,
one can for each Q > 0 find r(n, o, A,R) > 0 such that any compact Riemannian
n-manifold (M, g) with
A,

[Ric|
. R

<
nj >

satisfies ||(M,g)||}gfa,, <.
PROOF. The proof goes by contradiction. So suppose that there is a Q > 0 such
that for each i > 1 there is a Riemannian manifold (M;, g;) with
Ric|] < A
inf > R
||(Mi,gi)|\?fra,,-—l > Q.

Using that the norm goes to zero as the scale goes to zero, and that it is continuous as

a function of the scale, we can for each i find r; € (0,i ") such that ||(M;, g;) || 1 )=

0. Now rescale these manifolds: g; = r;” 2gi. Then we have that (M;, g;) satisfies
|RIC| rl-A,
inj 'R,

—\ 1A
TR —")

IV IA
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We can then select p; € M; such that
_ / 0
1510 p2) [, [2,4 |

The first important step is to use the bounded Ricci curvature of (M;,g;) to con-
clude that the C'*¥ norm must be bounded for any y € (,1). Then we can assume
by the fundamental theorem that the sequence (M;, g;, p;) converges in the pointed
C1* topology, to a Riemannian manifold (M, g, p) of class C''?. Since the C1** norm
is continuous in the C!** topology we can conclude that

0.9, < | 2.0].

The second thing we can prove is that (M, g) = (R", ggn) . This clearly violates
what we just established about the norm of the limit space. To see that the limit space
is Euclidean space, recall that the manifolds in the sequence (M;, g;) are covered by
harmonic coordinates that converge to harmonic coordinates in the limit space. In
these harmonic coordinates the metric components satisfy

1 .
EAg_kl +0(g,9g) = —Ricy.

But we know that

|—Ric| < r;2Ag;
and that the g;; converge in the C''% topology to the metric coefficients gj; for the
limit metric. Consequently, the limit manifold is covered by harmonic coordinates
and in these coordinates the metric satisfies:

1
7880+ Q(g,dg) =0.

Thus the limit metric is a weak solution to the Einstein equation Ric = 0 and therefore
must be a smooth Ricci flat Riemannian manifold. Finally, we use that: inj (M;, §;) —
co. In the limit space any geodesic is a limit of geodesics from the sequence (M, g;),
since the Riemannian metrics converge in the C1'* topology. If a geodesic in the
limit is a limit of segments, then it must itself be a segment. We can then conclude
that as inj (M;, g;) — oo any finite length geodesic must be a segment. This, however,
implies that inj(M,g) = . The splitting theorem 7.3.5 then shows that the limit
space is Euclidean space. O

From this theorem we immediately get

COROLLARY 11.4.4 (Anderson, 1990). Letn >2 and A,D,R > 0 be given. The
class of closed Riemannian n-manifolds satisfying

Ric| < A,
diam < D,
infj > R
is precompact in the C"* topology for any « € (0, 1) and in particular contains only

finitely many diffeomorphism types.
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Notice how the above theorem depended on the characterization of Euclidean
space we obtained from the splitting theorem. There are other similar characteriza-
tions of Euclidean space. One of the most interesting ones uses volume pinching.

11.4.2. Volume Pinching. The idea is to use the relative volume comparison
(see lemma 7.1.4) rather than the splitting theorem. It is relatively easy to prove that
Euclidean space is the only space with

Ric > 0,
1B
lim Y80y
r—ee @1t
where @, r" is the volume of a Euclidean ball of radius r (see also exercises 7.5.8 and
7.5.10). This result has a very interesting gap phenomenon associated to it under the
stronger hypothesis that the space is Ricci flat.

LEMMA 11.4.5 (Anderson, 1990). For each n > 2 there is an € (n) > 0 such that
any complete Ricci flat manifold (M, g) that satisfies

volB(p,r) > (1 —¢€) @,r"
for some p € M is isometric to Euclidean space.

PROOF. First observe that on any complete Riemannian manifold with Ric > 0,
relative volume comparison can be used to show that

volB(p,r) > (1—¢€) @,r"

as long as
lim volB (p,r)
r—o0 ,r"
Therefore, if this holds for one p, then it must hold for all p. Moreover, if we scale
the metric to (M,A2g), then the same volume comparison still holds, as the lower
curvature bound Ric > 0 isn’t changed by scaling.
If our assertion is assumed to be false, then for each integer i there is a Ricci flat
manifold (M;, g;) with

lim YB@R)

r—ee  @r"

H(Mivgi)H}égTaJ # Oforall r > 0.

> (1-¢).

By scaling these metrics suitably, it is then possible to arrange it so that we have a
sequence of Ricci flat manifolds (M;, g;,¢;) with

vol B (g;,r)

lim @, 1" Z (1 - ii]) )
r—eo 7
~ \ | har
(M, 8i)lctey < 1,
- h
”(Mivgiaqi)”th:raJ € [05; 1} .

From what we already know, we can then extract a subsequence that converges in
the C"™* topology to a Ricci flat manifold (M, g,q). In particular, we must have that
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metric balls of a given radius converge and that the volume forms converge. Thus,
the limit space must satisfy

1B

llm Vo (q? r)
r—eo @, 1"

This means that we have maximal possible volume for all metric balls, and thus the

manifold must be Euclidean. This, however, violates the continuity of the norm in
the C1* topology, as the norm for the limit space would then have to be zero. (]

=1

COROLLARY 11.4.6. Letn>2, —o < A < A <o, and D, R € (0,00) be given.
There isa 6 = & (n,k ~R2) such that the class of closed Riemannian n-manifolds

satisfying

(n—1)A > Ric>(n—1)A,
diam < D,
volB(p,R) > (1-90)v(n,A,R)

is precompact in the C'** topology for any a € (0,1) and in particular contains only
finitely many diffeomorphism types.

PROOF. We use the same techniques as when we had an injectivity radius bound.
Observe that if we have a sequence (M;,g;, p;) where g; = kizgi, k; — oo, and the
(M;, g;) lie in the above class, then the volume condition reads

volBg, (pi,R-ki) = ki'volBg, (pi,R)
k' (1=90)v(n,A,R)
= (1-8)v(nA k%R k).

From relative volume comparison we can then conclude that for » < R - k; and very
large i,

v

volBg, (pi,r) > (1—8)v(n,A -klfz,r) ~(1-90)w,r".
In the limit space we must therefore have
volB (p,r) > (1—0) @,r" for all r.
This limit space is also Ricci flat and is therefore Euclidean space. The rest of the

proof goes as before, by getting a contradiction with the continuity of the norms. [

11.4.3. Sectional Curvature. Given the results for Ricci curvature we imme-
diately obtain.

THEOREM 11.4.7 (The Convergence Theorem of Riemannian Geometry). Given
R, K > 0, there exist Q,r > 0 such that any (M, g) with
inj > R,
lsec] < K
has ||(M,8)||"4", < Q. In particular, this class is compact in the pointed C"* topol-

cha

ogy forall a < 1.

Using the diameter bound in positive curvature and Klingenberg’s estimate for
the injectivity radius from theorem 6.5.1 we get
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COROLLARY 11.4.8 (Cheeger, 1967). For given n > 1 and k > 0, the class
of Riemannian 2n-manifolds with k < sec < 1 is compact in the C* topology and
consequently contains only finitely many diffeomorphism types.

A similar result was also proven by A. Weinstein at the same time. The hy-
potheses are the same, but Weinstein showed that the class contained finitely many
homotopy types.

Our next result shows that one can bound the injectivity radius provided that
one has lower volume bounds and bounded curvature. This result is usually referred
to as Cheeger’s lemma. With a little extra work one can actually prove this lemma
for complete manifolds. This requires that we work with pointed spaces and also
to some extent incomplete manifolds as it isn’t clear from the beginning that the
complete manifolds in question have global lower bounds for the injectivity radius.

LEMMA 11.4.9 (Cheeger, 1967). Given n > 2, v,K > 0, and a compact n-
manifold (M, g) with

[sec] < K
volB(p,1) > v,

)

forall p e M, then injM > R, where R depends only on n,K, and v.

PROOF. As for Ricci curvature we can use a contradiction type argument. So
assume we have (M;, g;) with inj M; — 0 and satisfying the assumptions of the lemma.
Find p; € M; with inj,, = inj(M;,g;) and consider the pointed sequence (M;, p;, i),
where g; = (injM;)~2g, is rescaled so that

inj(M;, &) = 1,
sec(Mi,g:)| < (inj(My,gi))> K = K;i — 0.

Now some subsequence of (M;, g;, p;) will converge in the pointed C'*%, & < 1, topol-
ogy to a manifold (M, g, p). Moreover, this manifold is flat since ||(M, g)||c1.« ; = 0.

The first observation about (M, g, p) is that inj(p) < 1. This follows because
the conjugate radius for (M;,g;) is > #/yK; — oo, so Klingenberg’s estimate for the
injectivity radius (lemma 6.4.7) implies that there must be a geodesic loop of length
2 at p; € M;. Since (M;,g;, p;) — (M, g, p) in the pointed C1:* topology, the geodesic
loops must converge to a geodesic loop of length 2 in M based at p. Hence, inj(M) <
1.

The other contradictory observation is that (M,g) = (R”,gg»). Using the as-
sumption vol B(p;, 1) > v the relative volume comparison (see lemma 7.1.4) shows
that there is a v/(n,K,v) such that vol B(p;,r) >V - r", for r < 1. The rescaled man-
ifold (M;, g;) then satisfies vol B(p;,r) >V -, for r < (inj(M;,g;))~'. Using again
that (M;,g;, pi) — (M, g, p) in the pointed C* topology, we get volB(p,r) >V - r"
for all r. Since (M, g) is flat, this shows that it must be Euclidean space.

To justify the last statement let M be a complete flat manifold. As the elements
of the fundamental group act by isometries on Euclidean space, we know that they
must have infinite order (any isometry of finite order is a rotation around a point
and therefore has a fixed point). So if M is not simply connected, then there is
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an intermediate covering R" — M — M, where 7, (M) = Z. This means that M =
R"~1 x ' (R) for some R > 0. Hence, for any p € M we must have

lim volB (p,r)

r—oo pn—1

< o

The same must then also hold for M itself, contradicting our volume growth assump-
tion. (]

This lemma was proved with a more direct method by Cheeger. We have in-
cluded this proof in order to show how our convergence theory can be used. The
lemma also shows that the convergence theorem of Riemannian geometry remains
true if the injectivity radius bound is replaced by a lower bound on the volume of
1-balls. The following result is now immediate.

COROLLARY 11.4.10 (Cheeger, 1967). Let n > 2, K,D,v > 0 be given. The
class of closed Riemannian n-manifolds with

lsec] < K,
diam < D,
vol > v

is precompact in the C'* topology for any o € (0,1) and in particular, contains only
finitely many diffeomorphism types.

11.4.4. Lower Curvature Bounds. It is also possible to obtain similar com-
pactness results for manifolds that only have lower curvature bounds as long as we
also assume that the injectivity radius is bounded from below.

We give a proof in the case of lower sectional curvature bounds and mention the
analogous result for lower Ricci curvature bounds.

THEOREM 11.4.11. Given R, k > 0, there exist Q, r depending on R, k such that
any manifold (M, g) with
e
R

seC

Vv 1V

inj
satisfies ||(M,g)l|c1 , < O

PROOF. It suffices to get a Hessian estimate for distance functions r(x) = |xp|.
Lemma 6.4.3 shows that

Hessr(x) < k-coth(k-r(x))g,

forallx € B(p,R) —{p}. Conversely, if r(xg) < R, then r(x) is supported from below
by f(x) = R — |xyo|, where yo = ¢(R) and c is the unique unit speed geodesic that
minimizes the distance from p to xy. Thus

Hessr > Hess f > —k - coth(|xoyo| - k)gr = —k - coth(k(R — r(x0)))gr

at xo. Hence |Hessr| < Q (k,R) on metric balls B (x,r) where |xp| > R/4 and r < R/4.
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For fixed p € M choose an orthonormal basis ey, ...,e, for T,M and geodesics
ci(t) with ¢;(0) = p, ¢;(0) = e;. We use the distance functions

r(x) = }xci (—§)| B (p, g) —R
to create a potential coordinate system

y(x) = (rl (x), ., 7" (x)) — (rl (p),...,r" (p)) .

By construction Dy|, (¢;) is the standard basis for TyR". In particular, y defines
a coordinate chart on some neighborhood of p with g;j|, = &;. While we can’t
define g;; on B(p,R/4), the potential inverse g/ = g (Vr',Vr/) is defined on the
entire region. The Hessian estimates combined with the fact that ’Vrk| =1 im-
ply that |dg'/| < Q(n,k,R) on B(p,R/4). In particular, |[67 —g"|]| < 1/10 for
x € B(p,8(n,k,R)). This implies that g/ has a well-defined inverse g;; on B(p,5)
with the properties that | [g;;|, — gij[+]| < /9 and |dg;;| < C(n,K,R) on B(p,$§).

By inspecting the proof of the inverse function theorem we conclude that y
is injective on B(p,d) and that B(0,5/4) C y(B(p,0)) (see also exercise 6.7.23).
Moreover, we have also established nl and n2. O

EXAMPLE 11.4.12. This theorem is actually optimal. Consider rotationally
symmetric metrics dr® + ¢2(r)d6?, where ¢ is concave and satisfies

0 (r) = r for0<r<l1-—g,
AN %r for1+¢e<r.
These metrics have sec > 0 and inj > 1. As € — 0, we get a C*! manifold with a C%!
Riemannian metric (M,g). In particular, ||(M,g)l|co.1 , < oo for all . Limit spaces

of sequences with inj > R, sec > —k? can therefore not in general be assumed to be
smoother than the above example.

EXAMPLE 11.4.13. With a more careful construction, we can also find Y, with

(r) = sinr for0<r<7%—e,
Velr) =19 1 for 5 <r.

Then the metric dr® + y2(r)d6? satisfies [sec| < 4 and inj > 1. As € — 0, we get

a limit metric that is C''. We have, however, only shown that such limit spaces are
Ch%forall a < 1.

Unlike the situation for bounded curvature we cannot get injectivity radius bounds
when the curvature is only bounded from below. The above examples are easily
adapted to give the following examples.

EXERCISE 11.4.14. Givena € (0,1) and € > 0, there is a smooth concave func-
tion pg (r) with the property that

r for0<r<e,
pelr)={

ar for2e <r.

The corresponding surfaces dr? + p2(r)d6? have sec > 0 and inj < 5¢, while the
volume of any R ball is always > anR?.
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Finally we mention the Ricci curvature result.

THEOREM 11.4.15 (Anderson-Cheeger, 1992). Given R,k > 0 and o € (0,1)
there exist Q, r depending on n, R, k such that any manifold (M",g) with

Ric —(n—1)k?,
inf > R

v

satisfies ||(M, g) ||, < O.

7r_

The proof of this result is again by contradiction and uses most of the ideas we
have already covered. However, since the harmonic norm does not work well without
control on the derivatives of the metric it is necessary to use the Sobolev spaces
WP c 1" to define a new harmonic norm with L” control on the derivatives. For
the contradiction part of the argument we need to use distance functions as above,
but we only obtain bounds on their Laplacians. By inspecting how these bounds
are obtained we can show that they — 0 as inj — oo and k — 0. This will assist in
showing that the limit space is Euclidean space. For more details see the original

paper [5].

11.4.5. Curvature Pinching. Let us turn our attention to some applications
of these compactness theorems. One natural subject to explore is that of pinching
results. Recall from corollary 5.6.14 that complete constant curvature manifolds
have uniquely defined universal coverings. It is natural to ask whether one can in
some topological sense still expect this to be true when one has close to constant
curvature. Now, any Riemannian manifold (M, g) has curvature close to zero if we
multiply the metric by a large scalar. Thus, some additional assumptions must come
into play.

We start out with the simpler problem of considering Ricci pinching and then
use this in the context of curvature pinching below. The results are very simple
consequences of the convergence theorems we have already presented.

THEOREM 11.4.16. Givenn>2,R, D >0, and A € R, thereisan € (n,A,D,R) >
0 such that any closed Riemannian n-manifold (M, g) with

diam < D,
infj > R,
Ric—-1g| < €

is CL% close to an Einstein metric with Einstein constant A.

PROOF. We already know that this class is precompact in the C1:* topology no
matter what € we choose. If the result is false, there would be a sequence (M;, g;) —
(M, g) that converges in the C** topology to a closed Riemannian manifold of class
CH® where in addition, Ric,, —A g,-’ — 0. Using harmonic coordinates we conclude
that the metric on the limit space must be a weak solution to

1
788 +0 (g,98) = —Ag.
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But this means that the limit space is actually Einstein, with Einstein constant 4, thus,
contradicting that the spaces (M;, g;) were not close to such Einstein metrics. O

Using the compactness theorem for manifolds with almost maximal volume it
follows that the injectivity radius condition could have been replaced with an almost
maximal volume condition. Now let us see what happens with sectional curvature.

THEOREM 11.4.17. Givenn>2,v,D>0, and AL € R, there isan € (n,A,D,v) >
0 such that any closed Riemannian n-manifold (M, g) with

diam < D,
vol > v,
[sec—A] < €

is C1% close to a metric of constant curvature 2.

PROOF. In this case first observe that Cheeger’s lemma 11.4.9 gives us a lower
bound for the injectivity radius. The previous theorem then shows that such metrics
must be close to Einstein metrics. We have to check that if (M;,g;) — (M, g), where
|secg, —A| — 0 and Ricy = (n— 1) Ag, then in fact (M, g) has constant curvature A.
To see this, it is perhaps easiest to observe that if M; > p; — p € M then we can use
polar coordinates around these points to write g; = dr* + griand g =d r* 4 g,. Since
the metrics converge in C'*, we certainly have that gri converge to g,. Using the
curvature pinching, we conclude from theorem 6.4.3

sn’lﬁi (ry) Sn/l—e,- (ri)g -
SNy g (ri) SNy _g (ri) "

with & — 0. Using that the metrics converge in C'% it follows that the limit metric
satisfies

g < Hessr, <

sn, (r
Hessr = —* () gr
smy, (r)
Corollary 4.3.4 then implies that the limit metric has constant curvature A. O

It is interesting that we had to go back and use the more geometric estimates for
distance functions in order to prove the curvature pinching, while the Ricci pinching
could be handled more easily with analytic techniques using harmonic coordinates.
One can actually prove the curvature result with purely analytic techniques, but this
requires that we study convergence in a more general setting where one uses L?
norms and estimates. This has been developed rigorously and can be used to improve
the above results to situations were one has only L? curvature pinching rather than
the L™ pinching we use here (see [99], [101], and [39]).

When the curvature A is positive, some of the assumptions in the above theorems
are in fact not necessary. For instance, Myers’ estimate for the diameter makes the
diameter hypothesis superfluous. For the Einstein case this seems to be as far as we
can go. In the positive curvature case we can do much better. In even dimensions, we
already know from theorem 6.5.1, that manifolds with positive curvature have both
bounded diameter and lower bounds for the injectivity radius, provided that there is
an upper curvature bound. We can therefore show
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COROLLARY 11.4.18. Given 2n > 2, and A > 0, there is an € = € (n,A) >0
such that any closed Riemannian 2n-manifold (M, g) with

[sec—A| <€
is C1% close to a metric of constant curvature M.

This corollary is, in fact, also true in odd dimensions. This was proved by Grove-
Karcher-Ruh in [59]. Notice that convergence techniques are not immediately appli-
cable because there are no lower bounds for the injectivity radius. Their pinching
constant is also independent of the dimension. Using theorem 6.5.5 we can only
conclude that.

COROLLARY 11.4.19. Givenn>2,and A >0, there is an € = € (n,A) > 0 such
that any closed simply connected Riemannian n-manifold (M, g) with

[sec—A| <€
is C1% close to a metric of constant curvature 2.

Also recall the quarter pinching results in positive curvature that we proved in
section 12.3. There the conclusions were much weaker and purely topological. These
results have more recently been significantly improved using Ricci flow techniques.
First in [17] to the situation where the curvature operator is positive and next in [20]
to the case where the complex sectional curvatures are positive.

In negative curvature some special things also happen. Namely, Heintze has
shown that any complete manifold with —1 < sec < 0 has a lower volume bound
when the dimension > 4 (see also [56] for a more general statement). The lower
volume bound is therefore an extraneous condition when doing pinching in negative
curvature. However, unlike the situation in positive curvature the upper diameter
bound is crucial. See, e.g., [58] and [47] for counterexamples.

This leaves us with pinching around 0. As any compact Riemannian manifold
can be scaled to have curvature in [—¢, €] for any €, we do need the diameter bound.
The volume condition is also necessary, as the Heisenberg group from the exercise
4.7.22 has a quotient where there are metrics with bounded diameter and arbitrarily
pinched curvature. This quotient, however, does not admit a flat metric. Gromov was
nevertheless able to classify all n-manifolds with

sec] < e(n),
diam < 1
for some very small € (rn) > 0. More specifically, they all have a finite cover that is a
quotient of a nilpotent Lie group by a discrete subgroup. Interestingly, there is also

a Ricci flow type proof of this result in [106]. For more on collapsing in general, the
reader can start by reading [48].

11.5. Further Study

Cheeger first proved his finiteness theorem and put down the ideas of C¥ con-
vergence for manifolds in [27]. They later appeared in journal form [28], but not all
ideas from the thesis were presented in this paper. Also the idea of general pinching
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theorems as described here are due to Cheeger [29]. For more generalities on con-
vergence and their uses we recommend the surveys by Anderson, Fukaya, Petersen,
and Yamaguchi in [55]. Also for more on norms and convergence theorems the sur-
vey by Petersen in [60] might prove useful. The text [57] should also be mentioned
again. It was probably the original french version of this book that really spread
the ideas of Gromov-Hausdorff distance and the stronger convergence theorems to a
wider audience. Also, the convergence theorem of Riemannian geometry, as stated
here, appeared for the first time in this book.

We should also mention that S. Peters in [95] obtained an explicit estimate for
the number of diffeomorphism classes in Cheeger’s finiteness theorem. This also
seems to be the first place where the modern statement of Cheeger’s finiteness theo-
rem is proved.

11.6. Exercises

EXERCISE 11.6.1. Find a sequence of 1-dimensional metric spaces that Haus-
dorff converge to the unit cube [0, 1]3 endowed with the metric coming from the
maximum norm on R3. Then find surfaces (jungle gyms) converging to the same
space.

EXERCISE 11.6.2. Assume that we have a map (not necessarily continuous)
F : X — Y between metric spaces such that for some € > 0:

\|x1x2| — \F(xl)F(xz)H <eg xxmeX

and
F(X) CY is e-dense.
Show that dg_g (X,Y) < 2€.

EXERCISE 11.6.3. C. Croke has shown that there is a universal constant ¢ (n)
such that any n-manifold with inj > R satisfies vol B(p,r) > ¢ (n) - r" for r < %. Use
this to show that the class of n-dimensional manifolds satisfying inj > R and vol <V
is precompact in the Gromov-Hausdorff topology.

EXERCISE 11.6.4. Let (M, g) be a complete Riemannian n-manifold with Ric >
(n—1)k. Show that there exists a constant C (n,k) with the property that for each
€ € (0,1) there exists a cover of metric balls B (x;,€) with the property that no more
than C (n, k) of the balls B (x;,5¢) can have nonempty intersection.

EXERCISE 11.6.5. Show that there are Bochner formulas for Hess (g (X,Y))
and A% g(X,Y), where X and Y are vector fields with symmetric VX and VY. This
can be used to prove the formulas relating Ricci curvature to the metric in harmonic
coordinates.

EXERCISE 11.6.6. Show that in contrast to the elliptic estimates, it is not possi-
ble to find C* bounds for a vector field X in terms of C° bounds on X and divX.

EXERCISE 11.6.7. Define C"™% convergence for incomplete manifolds. On such
manifolds define the boundary d as the set of points that lie in the completion but not
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in the manifold itself. Show that the class of incomplete spaces with |Ric| < A and
inj(p) > min{R,R-d (p,d)}, R < 1, is precompact in the C1:* topology.

EXERCISE 11.6.8. Define a weighted norm concept. That is, fix a positive func-
tion p (R), and assume that in a pointed manifold (M, g, p) the the points on the
distance spheres S (p,R) have norm < p (R). Prove the corresponding fundamental
theorem.

EXERCISE 11.6.9. Assume .7 is a class of compact Riemannian n-manifolds
that is compact in the C"™% topology. Show that there is a function f(r), where
f(r) = 0asr— 0, depending on . such that || (M, g)||cma , < f(r) forallM € 4.

EXERCISE 11.6.10. The local models for a class of Riemannian manifolds are
the types of spaces one obtains by scaling the elements of the class by a constant
— oo, For example, if we consider the class of manifolds with |sec| < K for some
K, then upon rescaling the metrics by a factor of A2, we have the condition |sec| <
A72K, as A — oo, we therefore arrive at the condition |sec| = 0. This means that the
local models are all the flat manifolds. Notice that we don’t worry about any type of
convergence here. If, in this example, we additionally assume that the manifolds have
inj > R, then upon rescaling and letting A — o we get the extra condition inj = co.
Thus, the local model is Euclidean space. It is natural to suppose that any class that
has Euclidean space as it only local model must be compact in some topology.

Show that a class of spaces is compact in the C"™* topology if when we rescale a
sequence in this class by constants that — oo, the sequence subconverges in the C"™%
topology to Euclidean space.

EXERCISE 11.6.11. Consider the singular Riemannian metric dr® 4 (ar)*d62,
a > 1, on R%. Show that there is a sequence of rotationally symmetric metrics on
R? with sec < 0 and inj = oo that converge to this metric in the Gromov-Hausdorff
topology.

EXERCISE 11.6.12. Show that the class of spaces with inj > R and |Vk Ric| <A
for k=0,...,m is compact in the C"*1:* topology.

EXERCISE 11.6.13 (S-h. Zhu). Consider the class of complete or compact n-
dimensional Riemannian manifolds with

conjrad > R,
[Ric| < A,
volB(p,1) >

Using the techniques from Cheeger’s lemma, show that this class has a lower bound
for the injectivity radius. Conclude that it is compact in the C** topology.

EXERCISE 11.6.14. Using the Eguchi-Hanson metrics from exercise 4.7.23
show that one cannot in general expect a compactness result for the class

Ric| < A,
volB(p,1) >
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Thus, one must assume either that v is large as we did before or that there a lower
bound for the conjugate radius.

weak

EXERCISE 11.6.15. The weak (harmonic) norm ||(M, g)||em. , is defined in al-
most the same way as the norms we have already worked with, except that we only
insist that the charts ¢ : B(0,r) — Uy are immersions. The inverse is therefore only
locally defined, but it still makes sense to say that it is harmonic.

(1) Show that if (M,g) has bounded sectional curvature, then for all Q > 0
there is an r > 0 such that ||(M, g) Hgf“akJ < Q. Thus, the weak norm can be
thought of as a generalized curvature quantity.

(2) Show that the class of manifolds with bounded weak norm is precompact
in the Gromov-Hausdorff topology.

(3) Show that (M, g) is flat if and only if the weak norm is zero on all scales.



CHAPTER 12

Sectional Curvature Comparison II

In the first section we explain how one can find generalized gradients for dis-
tance functions in situations where the function might not be smooth. This critical
point technique is used in the proofs of all the big theorems in this chapter. The
other important technique comes from Toponogov’s theorem, which we prove in the
following section. The first applications of these new ideas are to sphere theorems.
We then prove the soul theorem of Cheeger and Gromoll. After that, we discuss
Gromov’s finiteness theorem for bounds on Betti numbers and generators for the
fundamental group. Finally, we show that these techniques can be adapted to prove
the Grove-Petersen homotopy finiteness theorem.

Toponogov’s theorem is a very useful refinement of Gauss’s early realization
that curvature and angle excess of triangles are related. The fact that Toponogov’s
theorem can be used to get information about the topology of a space seems to origi-
nate with Berger’s proof of the quarter pinched sphere theorem. Toponogov himself
proved these comparison theorems in order to establish the splitting theorem for
manifolds with nonnegative sectional curvature and the maximal diameter theorem
for manifolds with a positive lower bound for the sectional curvature. As we saw
in theorems 7.2.5 and 7.3.5, these results in fact hold in the Ricci curvature setting.
The next use of Toponogov’s theorem was to the soul theorem of Cheeger-Gromoll-
Meyer. However, Toponogov’s theorem is not truly needed for any of the results
mentioned so far. With little effort one can actually establish these theorems with
more basic comparison techniques. Still, it is convenient to have a workhorse the-
orem of universal use. It wasn’t until Grove and Shiohama developed critical point
theory to prove their diameter sphere theorem that Toponogov’s theorem was put to
serious use. Shortly after that, Gromov put these two ideas to even more nontrivial
use, with his Betti number estimate for manifolds with nonnegative sectional cur-
vature. After that, it became clear that in working with manifolds that have lower
sectional curvature bounds, the two key techniques are Toponogov’s theorem and
the critical point theory of Grove-Shiohama.

The idea of triangle comparison for surfaces goes back to Alexandrov who in
turn influenced Toponogov, however it is interesting to note that in fact Pizzetti had
already established the local triangle comparison on surfaces at the beginning of the
20th century (see [93]).

377
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FIGURE 12.1.1.

12.1. Critical Point Theory

In the generalized critical point theory developed here, the object is to define
generalized gradients of continuous functions and then use these gradients to con-
clude that certain regions of a manifold have no topology. The motivating basic
lemma is the following:

LEMMA 12.1.1. Let (M,g) be a Riemannian manifold and f : M — R a proper
smooth function. If f has no critical values in the closed interval [a,b], then the
pre-images =1 ([—oo,b]) and f~! ([—oo,a]) are diffeomorphic. Furthermore, there
is a deformation retraction of f~!([—oo,b]) onto f~!([—e0,a)), in particular, the
inclusion

FH ([=eova]) = 7 ([e0,0])

is a homotopy equivalence.

PROOF. The idea for creating such a retraction is to follow the negative gradient
field of f. Since there are no critical points for f the gradient —Vf is nonzero
everywhere on f~!([a,b]). Next construct a bump function y : M — [0, 1] that is
1 on the compact set f~! ([a,b]) and zero outside some compact neighborhood of
f~"([a,b)) . Finally consider the vector field

v/

5
IVf]

This vector field has compact support and therefore must be complete (integral curves
are defined for all time). Let F' denote the flow for this vector field. (See figure
12.1.1)

For fixed g € M consider the function ¢ — f (F' (¢)) . The derivative of this func-
tion is g (X, Vf), so as long as the integral curve ¢ — F’ (q) remains in f~! ([a,b]),
the function ¢ — f (F'(q)) is linear with derivative -1. In particular, the diffeomor-
phism F~¢: M — M must carry f~! ([—oo, b]) diffeomorphically into f~! ([—c0,a]).

The desired retraction is given by:

rt:fil([_m’b]) - fﬁl([_‘xﬁb])a
o - {2 it f(p)<a.

X=—-vy-

FIU@=a (py if a< f(p) <b.
Then ry = id, and r; maps f~' ([0, b]) diffeomorphically into f~! ([~e0,a]). O
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Notice that we used in an essential way that the function is proper to conclude
that the vector field is complete. In fact, if we delete a single point from the region
f~'([a,b]), then the function still won’t have any critical values, but clearly the
conclusion of the lemma is false.

We shall try to generalize this lemma to functions that are not even C'. To min-
imize technicalities we work exclusively with distance functions. There is, however,
a more general theory for Lipschitz functions that could be used in this context (see
[35]). Suppose (M,g) is complete and K C M a compact subset. Then the distance
function

r(x) = [xK| = min{|xp| | p € K}

is proper. Wherever this function is smooth, we know that it has unit gradient and
therefore is noncritical at such points. However, it might also have local maxima, and
at such points we certainly wouldn’t want the function to be noncritical. To define the
generalized gradient for such functions, we list all the possible values it could have
(see also exercise 5.9.28 for more details on differentiability of distance functions).
Define pg to be a choice of a unit speed segment from p to g, its initial velocity is
ﬁ and ﬁ]} the set of all such unit vectors ﬁ We can also replace g by a set K with
the understanding that we only consider the segments from p to K of length | pK]. In

the case where r is smooth at x, we clearly have that —Vr = R At other points, xK

might contain more vectors. We say that r is regular, or noncritical, at x if the set xK
is contained in an open hemisphere of the unit sphere in 7,M. The center of any such
hemisphere is then a possible averaged direction for the negative gradient of r at x.
Stated differently, we have that r is regular at x if and only if there is a unit vector
S
v € T,M such that £ (V,R) < m/2 for all R € xK. Clearly v is the center of such a
hemisphere. We can quantify being regular by saying that r is a-regular at x if there
—

exists v € TyM such that £ (v, 1}) < o for all )} € xK. Thus, r is regular at x if and
only if it is #/2-regular. Let Ry (x,K) C T,:M be the set of all such unit directions v at
o-regular points x.

Evidently, a point x is critical for r if the segments from K to x spread out at x,
while it is regular if they more or less point in the same direction (see figure 12.1.2).

It was Berger who first realized and showed that a local maximum must be critical in
the above sense. Berger’s result is a consequence of the next proposition.

PROPOSITION 12.1.2. Suppose (M, g) and r (x) = |xK| are as above. Then:

Q) )7( is closed and hence compact for all x.

(2) The set of a-regular points is open in M.

(3) The set Ry (x,K) is convex for all a < m /2.

@) If U is an open set of a-regular points for r, then there is a unit vector
field X on U such that X|x € Ry (x,K) for all x € U. Furthermore, if ¢ is an
integral curve for X and s < t, then

le(s) K| —|e (1) K| > cos(a) (£ —s).
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P

FIGURE 12.1.2.

PROOF. (1) Let xg; be a sequence of unit speed segments from x to K with )@
converging to some unit vector v € T,M. Clearly, exp, (¢v) is the limit of the segments
xq; and therefore is a segment itself. Furthermore, since X is closed exp, (|xK|v) € K.

(2) Suppose x; — x, and x; are not a-regular. We shall show that x is not o-

regular. This means that for any unit v € T,M there is some x?( such that £ (v, R ) >
o. So fix a unit v € T,M and choose a sequence v; € T,,M converging to v. By
assumption éévi,)ﬁ ) > o for some )ﬁ . Now select a subsequence so that the

unit vectors x;K converge to a w € T,M. Thus Z(v,w) > «a. Finally note that the

segments x; K = exp,, (tx,ﬁK), t € [0, ]x; K|] must converge to the geodesic exp, (tw),

t € [0, |xK|] which is then forced to be a segment from x to K.
(3) First observe that for each w € T,M, the open cone

Cow)y={veTM| L(vw)<a}
is convex when o < 7/2. Then observe that Ry (x,K) is the intersection of the cones

BN
Cq ()7( ) s )7( € xK and is therefore also convex.

(4) For each p € U select v, € Ry (p,K) and extend v, to a unit vector field
V,,. It follows from the proof of (2) that V), (x) € Ry (x,K) for x near p. We can then
assume that V), is defined on a neighborhood U, on which it is a generalized gradient.
Next select a locally finite collection {U;} of U,s and a corresponding partition of
unity A;. Then property (3) tells us that the vector field V = Y A;V; is nonzero. Define
X =V/y|.

Keep in mind that the flow of X should decrease distances to K so it is easier
to consider —r instead of r. Property (4) is clearly true at points where r is smooth,
because in that case the derivative of — (roc¢) (s) = —|c(s) K| is

g(X,—Vr)=cosZ(X,—Vr)=cosZ (Xg?() > cos ().

Now observe that since —r o ¢ is Lipschitz continuous it is also absolutely continu-
ous. In particular, —r o c is almost everywhere differentiable and the integral of its
derivative. It might, however, happen that —r o ¢ is differentiable at a point x where
Vr is not defined. To see what happens at such points we select a variation ¢ (s,?)
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such that r — ¢(0,7) is a segment from K to x; ¢(s,0) = ¢(0,0) € K; ‘ (st)‘

constant in ¢ and hence equal to the length of the ¢-curves; and ¢(s,1) = ¢ (s) is the
integral curve for X through x = ¢ (0). Thus
dt)

dt

J¢
ot

@
ot

1
re WP < (

<3
< 5]

= E(C_s)

with equality holding when s = 0. In particular, the right-hand side is a support func-
tion for the left-hand side. Assuming that r o ¢ is differentiable at s = 0 we obtain

d(roc) dE

ds 0= g

— (505 0)
(s
ol
R
= —rweos (£(x.3K)).

r(x)

)
%))

Thus
d K
—Mh:o = cos (L (X,)}))
ds
> cosd.
This proves the desired property. U

We can now generalize the above retraction lemma.

LEMMA 12.1.3 (Grove-Shiohama). Let (M,g) and r(x) = |xK| be as above. If
all points in r~! (Ja,b]) are a-regular for a < 1/2, then r~' ([—eo,d]) is homeomor-
phic to r=' ([—eo,b]), and r~' ([—oo, b]) deformation retracts onto r=' (|—,al).

PROOF. The construction is similar to the first lemma. We can construct a com-
pactly supported “retraction” vector field X such that the flow F’ for X satisfies

r(p)—r(F'(p)) >t-cos(a), t >0if p,F' (p) € r~([a,b]).
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For each p € r~! (b) there is a first time t, < 22 for which F'» (p) € r~! (a). The

— Ccoso
function p ~ 1, is continuous and thus we get the desired retraction

rl:r_l([fw,b]) — r_l([*”’b])’
B » it r(p)<a
n(p) = {Ft'tp(p) if a<r(p)<b

O

REMARK 12.1.4. The original construction of Grove and Shiohama actually
shows something stronger, the distance function can be approximated by smooth
functions without critical points on the same region the distance function had no
critical points (see [62].) This has also turned out to be important in certain contexts.

The next corollary is our first simple consequence of this lemma.

COROLLARY 12.1.5. Suppose K is a compact submanifold of a complete Rie-
mannian manifold (M, g) and that the distance function |xK| is regular everywhere
on M — K. Then M is diffeomorphic to the normal bundle of K in M. In particular, if
K ={p}, then M is diffeomorphic to R".

PROOF. We know that M — K admits a vector field —X such that |xK| increases
along the integral curves for —X. Moreover, near K the distance function is smooth,
and therefore X can be assumed to be equal to —x? near K. Consider the normal
exponential map exp™ : T-K — M. It follows from corollary 5.5.3 that this gives a
diffeomorphism from a neighborhood of the zero section in T+K onto a neighbor-
hood of K. Also, the curves ¢ — exp (¢v) for small # coincide with integral curves
for —X. In particular, for each v € T K there is a unique integral curve for —X de-
noted ¢, (¢) : (0,00) — M such that lim,_, ¢, (#) = v. Now define our diffeomorphism
F:TYK — M by

F(0,) = pforthe origin in TPLK,
F(tv) = ¢, (t) where [v|=1.

This clearly defines a differentiable map. For small 7 this is just the exponential map.
The map is one-to-one since integral curves for —X can’t intersect. The integral
curves for —X must leave all of the sublevels of the proper function |xK|. Conse-
quently they are defined for all + > 0. This shows that F is onto. Finally, as it is
a diffeomorphism onto a neighborhood of K by the normal exponential map and
the flow of a vector field always acts by local diffeomorphisms we see that it has
nonsingular differential everywhere. (]

12.2. Distance Comparison

In this section we introduce the geometric results that will enable us to check that
various distance functions are noncritical. This obviously requires some sort of angle
comparison. The most important step in this direction is supplied by the Toponogov
comparison theorem. The proof we present is probably the simplest available and is
based upon an idea by H. Karcher (see [34]).
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FIGURE 12.2.1.

FIGURE 12.2.2.

Some preparations are necessary. Let (M,g) be a Riemannian manifold. We
define two very natural geometric objects:

Hinge: A hinge consists of two segments px and Xy that form an interior angle o
atx,i.e., £ (ﬁ, @ ) = a if the specified directions are tangent to the given segments.
See also figure 12.2.1.

Triangle: A triangle consists of three segments Xy, yz, zx that meet pairwise at
the three vertices x,y, z.

In both definitions one could use geodesics instead of segments. It is then pos-
sible to have degenerate hinges or triangles where some vertices coincide without
the joining geodesics being trivial. This will be useful in a few situations. In figure
12.2.2 we have depicted a triangle consisting of segments, and a degenerate triangle
where one of the sides is a geodesic loop and two of the vertices coincide.

Given a hinge or triangle, we can construct comparison hinges or triangles in
the constant curvature spaces SY.

LEMMA 12.2.1. Suppose (M,g) is complete and has sec > k. Then for each
hinge or triangle in M we can find a comparison hinge or triangle in S} where the
corresponding segments have the same length and the angle is the same or all cor-
responding segments have the same length.

PROOF. Note that when k > 0, then corollary 6.3.2 implies diamM < 7/ Vk=
diamS}. Thus, all segments have length < 7 / Vk.

The hinge case: We have segments px and Xy that form an interior angle o0 =
Z (xp,x¥) at x. In the space form first choose a segment prxz of length |px|. Atx; we
can then choose a direction m so that / (m,m) = . Then along the unique
geodesic going in this direction select yy so that |xgyx| = |xy|. This is the desired
comparison hinge.

The triangle case: First, pick x; and yj such that |xy| = |x;yx|. Then, consider
the two distance spheres dB (xy, |xz|) and 9B (yk,|yz|). Since all possible triangle
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FIGURE 12.2.3.
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FIGURE 12.2.4.

inequalities between x,y,z hold, these distance spheres are nonempty and intersect.
Let z; be any point in the intersection.

To be honest here, we must use Cheng’s diameter theorem 7.2.5 in case any of
the distances is 7r/v/k. In this case there is nothing to prove as (M, g) = . O

The Toponogov comparison theorem can be stated as follows.

THEOREM 12.2.2 (Toponogov, 1959). Let (M,g) be a complete Riemannian
manifold with sec > k.

Hinge Version: Given any hinge with vertices p,x,y € M forming an angle o
at x, it follows, that for any comparison hinge in S} with vertices py, Xy, yx we have:
[Pyl < |prye| (see also figure 12.2.3).

Triangle Version: Given any triangle in M, it follows that the interior angles

are no smaller than the corresponding interior angles for a comparison triangle in
Sl’l
i

The proof requires a little preparation. First, we claim that the hinge version
implies the triangle version. This follows from the law of cosines in constant curva-
ture. This law shows that if we have p,x,y € S} and increase the distance |py| while
keeping |px| and |xy| fixed, then the angle at x increases as well. For simplicity, we
consider the cases where k = 1,0, —1.

PROPOSITION 12.2.3 (Law of Cosines). Let a triangle be given in S}, with side
lengths a,b,c. If a denotes the angle opposite to a, then
k=0: a®=b*+c>—2bccosa.
k= —1: cosha = coshbcoshc— sinhbsinhccos .
k=1: cosa=cosbcosc+sinbsinccosa.
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PROOF. The general setup is the same in all cases. Suppose that a point p € S}
and a unit speed segment o : [0,c] — S} are given. The goal is to understand the
function |6 (¢) p| = r (o () (see also figure 12.2.4). As in corollary 4.3.4 and theo-
rem 5.7.5 we will use the modified distance function f;. The Hessian is calculated
in example 4.3.2 to be Hess f; = (1 —kf;)g. If we restrict this distance function to
o (1), then we obtain a function p (t) = f o 6 (¢) with derivatives

pt) = g(6,Vh),
p) = (1-kp(1)).

We now split up into the three cases.
Case k = 0: We have more explicitly

p)=5(roc ()
and
p(t) = 8 (d-vvzrz) )
p (1) 1.

So if we define b = |po (0)| and « as the interior angle between ¢ and the line
joining p with ¢ (0), then

cos(m—a)=—cosa=g(6(0),Vr).

After integration of p = 1, we get

W) = PO)+p(0) 1457

1 1
= Ebz—lrcosa-t—ﬁ—itz.

Now set t = ¢ and define a = |po (c)], then

1 1 1
5(12: ibz—b‘C'COS(x+502,

from which the law of cosines follows.
Case k = —1: This time

p (1) =cosh(roo(r))—1
with
p(t) = sinh(roc(1))g(Vra),
p(t) = p@)+1=cosh(roo(r)).
As before, we have b = |po (0)|, and the interior angle satisfies

cos(m—a)=—coso =g (6(0),Vr).
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Thus, we must solve the initial value problem

p -—p = L,
p(0) = cosh(b)—1,
p(0) = —sinh(b)coscr.
The general solution is
p(t) = Cicosht+Cysinhr—1

= (p(0)+1)cosht+p (0)sinhr—1.
So if we let t = ¢ and a = |pc(c)| as before, we arrive at
cosha — 1 = coshbcoshc —sinhbsinhccosa — 1,

which implies the law of cosines again.
Case k = 1: This case is completely analogous to k = —1. Now

p=1—cos(roo(r))

and
pip = 1,
p(0) = 1-cos(b),
p(0) = —sinbcosa.
Then,
p(t) = Cicost+Cysint+1

(p(0)—1)cost+p (0)sinz+1,
and consequently
1 —cosa = —cosbcosc—sinbsinccosa + 1,

which implies the law of cosines. ]

The proof of the law of cosines suggests that when working in space forms it is
easier to work with a modified distance function, the main advantage being that the
Hessian is much simpler.

LEMMA 12.2.4 (Hessian Comparison). Let (M,g) be a complete Riemannian
manifold, p € M, and r (x) = |xp|. If secM > k, then the Hessian of r satisfies

Hess fy < (1-kfi)g
in the support sense everywhere.

PROOF. We start by noting that this estimate was proven in theorem 6.4.3 when
the distance function is smooth. The proof can then be finished in the same way as
lemma 7.1.9. O
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FIGURE 12.2.5.

We are ready to prove the hinge version of Toponogov’s theorem. The proof
is divided into the three cases: k = 0,—1,1 with the same set-up. Let p € M and
a geodesic ¢ : [0,L] — M be given. Correspondingly, select j € S} and a segment
¢:[0,L] — S}. With the appropriate initial conditions, we claim that

lpe(@)| <|pe(r)l-
If we assume that |xp| is smooth at ¢ (0) . Then the initial conditions are

peO) < 1520
(Vre) < (Vo).

In case r is not smooth at ¢ (0), we can just slide ¢ down along a segment joining p
with ¢(0) and use a continuity argument. This also shows that we can assume the
stronger initial condition
[pe(0)] <1pe(0)].

In figure 12.2.5 we have shown how ¢ can be changed by moving it down along
a segment joining p and ¢ (0). We have also shown how the angles can be slightly
decreased. This will be important in the last part of the proof. Note that we could
instead have used exercise 5.9.28 to obtain these initial values as the restriction of r
to ¢ always has one sided derivatives.

PROOF. Case k = 0: We consider the modified functions
1

pr) = g(rOC(t))z,
~ L,
plr) = 5(r00(t))2-
For small ¢ these functions are smooth and satisfy
p(0) < p(0),
pO) < p(0).

Moreover, for the second derivatives we have
p < 1 in the support sense,
p =1,
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whence the difference y (1) = p (1) — p (¢) satisfies

v(©0) > 0,
w(0) = 0,
W (r) > 0 in the support sense.

This shows that y is a convex function that is positive and increasing for small 7.
Thus, it is increasing and positive for all 7. This proves the hinge version.
Case k = —1: Consider

p(t) = coshroc(t)—1,
p(t) = coshFoc(t)—1.
Then
p(0) < p(0),
p0) < p(0),
p < p-+1inthe support sense,
p = p+1L
The difference y = p — p satisfies
v(©) > 0,
() = 0,
W (r) > () in the support sense.

The first condition again implies that y is positive for small ¢. The last condition
shows that as long as Y is positive, it is also convex. The second condition then
shows that y is increasing for small z. It follows that y cannot have a positive
maximum as that violates convexity. Thus y keeps increasing.

Case k = 1: This case is considerably harder. We begin as before by defining

p(t) = 1—cos(roc(t)),
p(t) = 1—cos(Foc(t))

and observe that the difference y = p — p satisfies

v(©0) > 0
w(0) = 0,
W (r) > —wy(t) in the support sense.

That, however, looks less promising. Even though the function starts out being pos-
itive, the last condition only gives a negative lower bound for the second derivative.
This is where a standard trick from Sturm-Liouville theory will save us. For that to
work well it is best to assume s (0) > 0. Thus, another little continuity argument is
necessary as we need to perturb ¢ again to decrease the interior angle. If the interior
angle is positive, this can clearly be done, and in the case where this angle is zero the
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hinge version is trivially true anyway. We compare y to a new function ¢ (¢) defined
by

é = _(1+8)C7
¢0) = y(0)>0,
§0) = y(0)>0.

For small ¢ we have
d2
p7el (w(t)—C (@)

Y

Y () +(1+&) ()
= CO)-y@)+eC()
> 0.
This implies that y () — £ (t) > 0 for small ¢. To extend this to the interval where

€ (¢) is positive, i.e., for

T — arctan (M)

v(0)
Vite ’

consider the quotient y/&. This ratio satisfies

<

0 = 1,
(#) > 1 forsmallz.

Should the ratio dip below 1 before reaching the end of the interval it would have a
positive local maximum at some #y. At this point we can use support functions Y
for y from below, and conclude that also w5/ has a local maximum at #y. Thus, we

have
> (s
> -
o= ()

_ Wslo) o Cl) d (W Wsli)
= Cd 2w () w- Bt
—ys(to)—6  ws(h)
5 T Y
e ys(t)—6
¢ (t0)

But this becomes positive as § — 0, since we assumed g (f9) > 0. Thus we have
a contradiction. Next, we can let € — 0 and finally, let y (0) — 0 to get the desired
estimate for all # < 7 using continuity. (]

REMARK 12.2.5. Note that we never really use in the proof that we work with
segments. The only thing that must hold is that the geodesics in the space form are
segments. For k < 0 this is of course always true. When k > 0 this means that the
geodesic must have length < #/Vk. This was precisely the important condition in the
last part of the proof.
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12.3. Sphere Theorems

Our first applications of the Toponogov theorem are to the case of positively
curved manifolds. Using scaling, we can assume throughout this section that we
work with a closed Riemannian n-manifold (M, g) with sec > 1. For such spaces we
have established:

(1) diam (M, g) < &, with equality holding only if M = §"(1).

(2) If nis odd, then M is orientable.

(3) If nis even and M is orientable, then M is simply connected and inj (M) >
7 /+/max sec.

(4) If M is simply connected and maxsec < 4, then inj (M) > m/+/max sec.

(5) If M is simply connected and maxsec < 4, then M is homotopy equivalent
to a sphere.

We can now prove the celebrated Rauch-Berger-Klingenberg sphere theorem, also
known as the quarter pinched sphere theorem. Note that the conclusion is stronger
than in corollary 6.5.6. The part of the proof presented below is also due the Berger.

THEOREM 12.3.1. IfM is a simply connected closed Riemannian manifold with
1 <sec <4— 9, then M is homeomorphic to a sphere.

PROOF. We have shown that the injectivity radius is > #/\/4=5. Thus, we have
large discs around every point in M. Select two points p,q € M such that |pg| =
diam M and note that diamM > injM > 7/2. We claim that every point x € M lies in
one of the two balls B (p,#/v4-§), or B(g,%/v4-§), and thus M is covered by two
discs. This certainly makes M look like a sphere as it is the union of two discs. Below
we construct an explicit homeomorphism to the sphere in a more general setting.

Fix x € M and consider the triangle with vertices p,x,q. If, for instance, |xg| >
/2, then we claim that |px| < #/2. First, observe that since ¢ is at maximal distance
from p, it must follow that ¢ cannot be a regular point for the distance function to p.
Therefore, given a segment xq there is a segment pq such that the interior angle at g
satisfies o = Z (g#,qp) < /2. The hinge version of Toponogov’s theorem implies

cos|px| > cos|xq|cos|pg|+ sin|xg|sin|pg|cos a
> cos|xq|cos|pq|.

Now, both |xq|,|pg| > #/2, so the left-hand side is positive. This implies that |px| <
/2 as desired (see also figure 12.3.1 for the picture on the comparison space). (]

Michaleff and Moore in [81] proved a version of this theorem for closed simply
connected manifolds that only have positive isotropic curvature (see exercise 3.4.17
and also section 9.4.5). Since quarter pinching implies positive complex sectional
curvature and in particular positive isotropic curvature this result is stronger. In fact
more recently Brendle and Schoen in [20] have shown that manifolds with positive
complex sectional curvature admit metrics with constant curvature. This result uses
the Ricci flow.

Note that the above theorem does not say anything about the non-simply con-
nected situation. Thus we cannot conclude that such spaces are homeomorphic to
spaces of constant curvature. Only that the universal covering is a sphere. The proof
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FIGURE 12.3.1.

in [20], however, does not depend on the fundamental group and thus shows that
strictly quarter pinched manifolds admit constant curvature metrics.

The above proof suggests that the conclusion of the theorem should hold as
long as the manifold has large diameter. This is the content of the next theorem.
This theorem was first proved by Berger for simply connected manifolds by using
Toponogov’s theorem to show that there is a point where all geodesic loops have
length > 7 and then appealing to the proof of theorem 6.5.4. The present version is
known as the Grove-Shiohama diameter sphere theorem. It was for the purpose of
proving this theorem that Grove and Shiohama introduced critical point theory.

THEOREM 12.3.2 (Berger, 1962 and Grove-Shiohama, 1977). If (M,g) is a
closed Riemannian manifold with sec > 1 and diam > #/2, then M is homeomorphic
to a sphere.

PROOF. We first give Berger’s index estimation proof that follows his index
proof of the quarter pinched sphere theorem. The goal is to find p € M such that all
geodesic loops at p have length > 7 and then finish by using the proof of theorem
6.5.4. Select p,q € M such that |pg| = diamM > 7/2. We claim that p has the desired
property. Supposing otherwise we get a geodesic loop ¢ : [0,1] — M based at p of
length < 7. As p is at maximal distance from g we can find a segment gp, such that
the hinge spanned by pg and c¢ has interior angle < #/2. While c¢ is not a segment
it is sufficiently short that the hinge version of Toponogov’s theorem still holds for
the degenerate hinge with sides gp, ¢ and angle @ < 7/2 at p (see also picture 12.3.2,
where we included two geodesics from p to g). Thus

0 > cos|pq|
> cos|pg|cosL(c)+sin|pg|sinL(c)cosa
> cos|pg|cosL(c).

This is clearly not possible unless L (¢) = 0.

Next we give the Grove-Shiohama proof. Fix p,q € M with |pg| = diamM > 7/2.
The claim is that the distance function from p only has ¢ as a critical point. To see
this, let x € M — {p,q} and « be the interior angle between any two segments Xp
and Xq. If we suppose that & < 7/2, then the hinge version of Toponogov’s theorem
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FIGURE 12.3.2.

implies

cos|pal
cos | px| cos |xg| + sin | px| sin |xg| cos &

vV IV vV

cos | px|cos|xq| .

But then cos |px| and cos |xg| have opposite signs. If, for example, cos |px| > 0 then
it follows that cos | pg| > cos |xg|, which implies |xg| > | pg| = diam M. Thus we have
arrived at a contradiction (see also figure 12.3.3 for the picture on the comparison
space).

We construct a vector field X that is the gradient field for x — |xp| near p and
the negative of the gradient field for x — |xq| near ¢. Furthermore, the distance to
p increases along integral curves for X. For each x € M — {p, g} there is a unique
integral curve ¢ (¢) for X through x. Suppose that x varies over a small distance
sphere dB (p, €) that is diffeomorphic to §"~!. After time , this integral curve will
hit the distance sphere dB(g,€) which can also be assumed to be diffeomorphic to
§"~1. The function x — t, is continuous and in fact smooth as both distance spheres
are smooth submanifolds. Thus we have a diffeomorphism defined by

dB(p,€) x[0,1] — M—(B(p,e)UB(q,€)),
(x,1) = cx(t-ty).

Gluing this map together with the two discs B(p,€) and B(q, €) then yields a con-
tinuous bijection M — S". Note that the construction does not guarantee smoothness
of this map on dB (p,€) and dB(q, €). O

Aside from the fact that the conclusions in the above theorems could possibly be
strengthened to diffeomorphism, we have optimal results. Complex projective space
has curvatures in [1,4] and diameter /2 and the real projective space has constant
curvature 1 and diameter #/2. If one relaxes the conditions slightly, it is, however,
still possible to say something.

THEOREM 12.3.3 (Brendle-Schoen 2008 and Petersen-Tao 2009). Let (M, g) be
a simply connected of dimension n. There is € (n) > 0 such that if | <sec <4+,
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FIGURE 12.3.3.

then M is diffeomorphic to a sphere or one of the projective spaces CP"*, HP"/*,
OoP2.

The spaces CP"2, HP"*, or OP? are known as the compact rank 1 symmet-
ric spaces (CROSS). The quaternionic projective space is a quaternionic generaliza-
tion of complex projective space HP™ = §%"+3 /53 but the octonion plane is a bit
more exotic: F4/Spin (9) = OP? (see also chapter 10 for more on symmetric spaces
spaces). The theorem as stated was proven in [100] and uses convergence theory and
the Ricci flow. It relies on a new rigidity result by Brendle and Schoen (see [21]) that
generalizes an older result by Berger and several subtle injectivity radius estimates
(see also section 6.5.1 for a discussion on this).

For the diameter situation we have:

THEOREM 12.3.4 (Grove-Gromoll, 1987 and Wilking, 2001). If (M, g) is closed
and satisfies sec > 1, diam > /2, then one of the following cases holds:

(1) M is homeomorphic to a sphere.

(2) M is isometric to a finite quotient S" (1) /T, where the action of T is re-
ducible (has an invariant subspace).

(3) M is isometric to one of CP", HIP™ or CP™ /Z; for m odd.

(4) M is isometric to QP2.

Grove and Gromoll settled all but part (4), where they only showed that M had
to have the cohomology ring of OP?. It was Wilking who finally settled this last case
(see [119]).

12.4. The Soul Theorem

The idea behind the soul theorem is a similar result by Cohn-Vossen for convex
surfaces that are complete and noncompact. Such surfaces must contain a core or
soul that is either a point or a planar convex circle. In the case of a point the surface
is diffeomorphic to a plane. In the case of a circle the surface is isometric to the
generalized cylinder over the circle.

THEOREM 12.4.1 (Gromoll-Meyer, 1969 and Cheeger-Gromoll, 1972). If (M, g)
is a complete noncompact Riemannian manifold with sec > 0, then M contains a soul
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S C M. The soul S is a closed totally convex submanifold and M is diffeomorphic
to the normal bundle over S. Moreover, when sec > 0, the soul is a point and M is
diffeomorphic to R".

The history is briefly that Gromoll-Meyer first showed that if sec > 0, then M is
diffeomorphic to R”. Soon after, Cheeger-Gromoll established the full theorem. The
Gromoll-Meyer theorem is in itself remarkable.

We use critical point theory to establish this theorem. The problem lies in finding
the soul. When this is done, it will be easy to see that the distance function to the
soul has only regular points, and then we can use the results from the first section.

Before embarking on the proof, it might be instructive to consider the following
less ambitious result.

LEMMA 12.4.2 (Gromov’s critical point estimate, 1981). If (M, g) is a complete
open manifold of nonnegative sectional curvature, then for every p € M the distance
Sfunction |xp| has no critical points outside some ball B(p,R) . In particular, M must
have the topology of a compact manifold with boundary.

PROOF. Assume we a critical point x for |xp| and that y is chosen so that
Z (pk,p¥) < 7/3. The hinge version of Toponogov’s theorem implies that

2 2 2
lxyl= < |py|”+|xpl” = 2|py| |xp|cos §

2 2
lpy[" + [xpl™ = py[xp] .
Next use that x is critical for p to select segments px and Xy that form an angle < 7/2
at x. Then use the hinge version again to conclude

> < e+ |yl

2 2 2
< xpl”+pyl” +|xp|” = |pyl [xp]
2|xp* + |pyl* = |pyl [xp] -

A

This forces |py| < 2|xp|.

Now observe that there is a fixed bound on the number of unit vectors at p that
mutually form an angle > 7/3. Specifically, use that balls of radius /6 around these
unit vectors are disjoint inside the unit sphere and note that

v(in—1,1,7) < v(n—1,0,7) <61

v(nfl,l,%) - v(nfl,O,%) -

Finally, we conclude that there can be at most 6"~ ! critical points x; for |xp| such
that |x;11 p| > 2 |x;p| for all i. This shows, in particular, that the distance function |xp|
has no critical points outside some large ball B (p,R). O

The proof of the soul theorem depends on understanding what it means for a
submanifold and more generally a subset to be fotally convex. The notion is similar
to being totally geodesic. A subset A C M of a Riemannian manifold is said to be
totally convex if any geodesic in M joining two points in A also lies in A. There are in
fact several different kinds of convexity, but as they are not important for any other
developments here we confine ourselves to total convexity. The first observation is
that this definition agrees with the usual definition of convexity in Euclidean space.
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Other than that, it is not clear that any totally convex sets exist at all. For example, if
A ={p}, then A is totally convex only if there are no geodesic loops based at p. This
means that points will almost never be totally convex. In fact, if M is closed, then M
is the only totally convex subset. This is not completely trivial, but using the energy
functional as in section 6.5.2 we note that if A C M is totally convex, then A C M
is k-connected for any k. It is however, not possible for a closed n-manifold to have
n-connected nontrivial subsets as this would violate Poincaré duality. On complete
manifolds on the other hand it is sometimes possible to find totally convex sets.

EXAMPLE 12.4.3. Let (M, g) be the flat cylinder R x S'. All of the circles {p} x
S! are geodesics and totally convex. This also means that no point in M can be totally
convex. In fact, all of those circles are souls (see also figure 12.4.1).

EXAMPLE 12.4.4. Let (M,g) be a smooth rotationally symmetric metric on
R? of the form dr* + p? (r)d6?, where p < 0. Thus, (M, g) looks like a parabola of
revolution. The radial symmetry implies that all geodesics emanating from the origin
r = 0 are rays going to infinity. Thus the origin is a soul and totally convex. Most
other points, however, will have geodesic loops based there (see also figure 12.4.1).

The way to find totally convex sets is via convexity of functions.

LEMMA 12.4.5. If f: (M,g) — R is concave, in the sense that the Hessian is
weakly nonpositive everywhere, then every superlevel set A ={x e M | f (x) > a} is
totally convex.

PROOF. Given a geodesic ¢ in M, we have that the function f o c has nonpositive
weak second derivative. Thus, f oc is concave as a function on R. In particular, the
minimum of this function on any compact interval is obtained at one of the endpoints.
This finishes the proof. U

We are left with the problem of the existence of proper concave functions on
complete manifolds with nonnegative sectional curvature. This requires the notions
of rays and Busemann functions from sections 7.3.1 and 7.3.2.
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LEMMA 12.4.6. Let (M, g) be complete, noncompact, have sec > 0, and p € M.
If we take all rays R, = {c : [0,00) = M | ¢(0) = p} and construct

= inf b,
f = jnf e
where b denotes the Busemann function, then f is both proper and concave.

PROOF. First we show that in nonnegative sectional curvature all Busemann
functions are concave. Using that, we can then show that the given function is con-
cave and proper.

Recall from section 7.3.2 that in nonnegative Ricci curvature Busemann func-
tions are superharmonic. The proof of concavity is almost identical. Instead of the
Laplacian estimate for distance functions, we must use a similar Hessian estimate.
If r(x) = |xp|, then we know that Hessr vanishes on radial directions d, = Vr and
satisfies Hess 7 < r~! g on vectors perpendicular to the radial direction. In particular,
Hessr < r~!g at all smooth points. We can then extend this estimate to the points
where r isn’t smooth as we did for modified distance functions. We can now proceed
as in the Ricci curvature case to show that Busemann functions have nonpositive
Hessians in the weak sense.

The infimum of a collection of concave functions is clearly also concave. So
we must show that the superlevel sets for f are compact. Suppose, on the con-
trary, that some superlevel set A = {x € M | f (x) > a} is noncompact. If a > 0, then
{xe M| f(x) >0} is also noncompact. So we can assume that a < 0. As all of the
Busemann functions b, are zero at p also f (p) = 0. In particular, p € A. Using non-
compactness select a sequence p; € A that goes to infinity. Then consider segments
PPk, and as in the construction of rays, choose a subsequence so that m converges.
This forces the segments to converge to a ray emanating from p. As A is totally con-
vex, all of these segments lie in A. Since A is closed the ray must also lie in A and
therefore be one of the rays ¢ € R,. This leads to a contradiction as

a<f(c(t) Sbe(c(r)) =—t— —ee.

We need to establish a few fundamental properties of totally convex sets.

LEMMA 12.4.7. IfA C (M,g) is totally convex, then A has an interior, denoted
by intA, and a boundary dA. The interior is a totally convex submanifold of M, and
the boundary has the property that for each x € A there is an inward pointing vector
w € T,M such that any segment Xy with y € intA has the property that Z (w, Xy ) < /2.

Some comments are in order before the proof. The words interior and bound-
ary, while describing fairly accurately what the sets look like, are not meant in the
topological sense. Most convex sets will in fact not have any topological interior at
all. The property about the boundary is called the supporting hyperplane property.
Namely, the interior of the convex set is supposed to lie on one side of a hyperplane
at any of the boundary points. The vector w is the normal to this hyperplane and can
be taken to be tangent to a geodesic that goes into the interior. It is important to note
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that the supporting hyperplane property shows that the distance function to a subset
of intA cannot have any critical points on dA (see also figure 12.4.2).

PROOF. The convexity radius estimate from theorem 6.4.8 will be used in many
places. Specifically we shall use that there is a positive function € (p) : M — (0,0)
such that r,, (x) = |xp| is smooth and strictly convex on B (p,€ (p)) — {p}.

First, let us identify points in the interior and on the boundary. To make the
identifications simpler assume that A is closed.

Find the maximal integer k such that A contains a k-dimensional submanifold
of M. If k = 0, then A must be a point. For if A contains two points, then A also
contains a segment joining these points and therefore a 1-dimensional submanifold.
Now define N C A as being the union of all k-dimensional submanifolds in M that
are contained in A. We claim that N is a k-dimensional totally convex submanifold
whose closure is A. This means we can define intA = N and dA = A — N.

To see that it is a submanifold, pick p € N and let N, C A be a k-dimensional
submanifold of M containing p. By shrinking N, if necessary, we can also assume
that it is embedded. Thus there exists 6 € (0,€(p)) so that B(p,8) NN, = N,.
The claim is that also B(p,6) NA = N,. If this were not true, then we could find
q € ANB(p,8) — Np. Now assume that & is so small that also 6 < inj,. Then we
can join each point in B(p,8) NN, to g by a unique segment. The union of these
segments will, away from ¢, form a cone that is a (k+ 1)-dimensional submanifold
contained in A (see figure 12.4.3), thus contradicting maximality of k. This shows
that N is an embedded submanifold as we have B(p,8) NN = N,,.

What we have just proved can easily be modified to show that for points p € N
and g € A with the property that [pg| < inj, there is a k-dimensional submanifold
N, C N such that ¢ € N,. Specifically, choose a (k— 1)-dimensional submanifold
through p in N perpendicular to the segment from p to g, and consider the cone over
this submanifold with vertex ¢g. From this statement we get the property that any
segment Xy with y € N must, except possibly for x, lie in N. In particular, N is dense
in A.

Having identified the interior and boundary, we have to establish the supporting
hyperplane property. First, note that since N is totally geodesic its tangent spaces
T,N are preserved by parallel translation along curves in N. For p € dA we then
obtain a well-defined k-dimensional tangent space T,A C T,M coming from parallel
translating the tangent spaces to N along curves in N that end at p. Next define the
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tangent cone at p € dA
CyA={veT,M|exp,(tv) €N forsomes >0} .

Note that if v € CpA, then in fact exp, (tv) € N for all small ¢ > 0. This shows that
CpA is a cone. Clearly C,A C T,A and is easily seen to be open in T,A.

In order to prove the supporting half plane property we start by showing that C,A
does not contain antipodal vectors £v. If it did, then there would be short segments
through p whose endpoints line in N. This in turn shows that p € N.

For p € dA and € > 0 assume that there are g € A, = {x €A | |[xdA| > €} with
|gp| = €. The set of such points is clearly 2e-dense in dA. So the set of points p € dA
for which we can find an € > 0 and g € A, such that |gp| = € is dense in JA. We
start by proving the supporting plane property for such p. We can also assume € is so
small that r, (x) = |xg| is smooth and convex on a neighborhood containing p. The
claim is that Z(—Vr,,v) < #/2 for all v € C,A. To see this, observe that we have a
convex set

A'=ANB(q,¢),
with interior
N' =ANB(q,e)CN
and p € dA’ (see figure 12.4.3). Thus C,A’ C C,A and T,A = T,A’. The tangent cone
of B(q,¢€) is given by

_ T
CoB(g.8) = {veT,M| £(v,~Vr,) < 5}
as r is smooth at p, thus
T
o' = {veTpA| L(n—Vr) < 2.

If C,A" G CpA, then openness of C,A in T,A implies C,A contains antipodal vectors.
At other points p € dA select p; — p where
T
CpA= {v eET,A| L(v,—wi) < E} .
These open half spaces will have an accumulation half space

{veTpA|4(v,—w)< g}

By continuity C,A C {v € T,A | Z(v,—w) < §}. As CpA C T,A is also open it must
be contained in an open half space. U

The last lemma we need is

LEMMA 12.4.8. Let (M,g) have sec > 0. If A C M is totally convex, then the
distance function r : A — R defined by r (x) = |xdA| is concave on A. When sec > 0,
then any maximum for r is unique.

PROOF. We shall show that the Hessian is nonpositive in the support sense. Fix
g €intA, and find p € dA so that | pg| = |gdA|. Then select a segment pg in A. Using
exponential coordinates at p we create a hypersurface H which is the image of the
hyperplane perpendicular to ﬁ This hypersurface is perpendicular to ﬁ, the second
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fundamental form for H at p is zero, and H NintA = &. (See figure 12.4.4.) We have
that f (x) = |xH| is a support function from above for r(x) = |xdA| at all points on
pq-

Select a point p’ # p,q on the segment pg, i.e., |pp'| + |p'q| = |pq|. One can
show as in section 5.7.3 that f is smooth at p’ except possibly when p’ = q. We
start by showing that the support function f is concave at p’ # q. Note that pqg is an
integral curve for V f. Evaluating the fundamental equation (see 3.2.5) on a parallel
field, along pg, that starts out being tangent to H, i.e., perpendicular to ﬁ therefore
yields:

%Hessf(E,E) = —R(E,VfVf,E)—Hess’ f(E,E)
< 0.

Since Hess f (E,E) = 0 at p we see that Hess f (E,E) < 0 along pg (and < 0 if
sec > 0). This shows that we have a smooth support function for |xdA| on an open
and dense subset in A.

If £ is not smooth at g, we can find a hypersurface H' as above that is perpendicu-

lar to p—’q> at p’ and has vanishing second fundamental form at p’. For p’ close to g we
have that |xH'| is smooth at ¢ and therefore also has nonpositive (negative) Hessian
at g. In this case we claim that |pp’| + |xH’| is a support function for |xdA|. Clearly,
the functions are equal at ¢ and we only need to worry about x where |xdA| > |pp'|.
In this case we can select z € H' with |xdA| = |zdA| + |xH’|. Thus we are reduced to
showing that |zdA| < |pp/| for each z € H'.

As f is smooth at p’ it follows that |xdA| is concave in a neighborhood of p’.
Now select a segment p’z. By the construction of H we can assume that p'z is

contained in H’ and therefore perpendicular to p—’q> Concavity of x — |xdA| along
the segment then shows that |zdA| < |p’dA| as it lies under the tangent through p'.
This establishes our claim.

Finally, choose a concave ¢ : [0,00) — [0,0) with ¢ (0) = 0 and ¢’ > 0. Then
¢ or will clearly also be concave. Moreover, if we select ¢ to be strictly concave and
sec > 0, then ¢ o r will be strictly concave. In case it has a maximum it follows that
it is unique as in the construction of a center of mass in section 6.2.2. O
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We are now ready to prove the soul theorem. Start with the proper concave
function f constructed from the Busemann functions. The maximum level set

Ci={xeM]| f(x) =maxf}

is nonempty and convex since f is proper and concave. Moreover, it follows from
the previous lemma that C; is a point if sec > 0. This is because the superlevel sets
A={xeM|f(x)>a} are convex with dA = f~! (a), so f (x) = [xdA| on A. If C;
is a submanifold, then we are also done. In this case |xCy| has no critical points, as
any point lies on the boundary of a convex superlevel set. Otherwise, C; is a convex
set with nonempty boundary. But then |xdC)| is concave on C;. The maximum set
C, is again nonempty, since C is compact and convex. If it is a submanifold, then we
again claim that we are done. For the distance function |xC,| has no critical points,
as any point lies on the boundary for a superlevel set for either f or [xdC;|. We can
iterate this process to obtain a sequence of convex sets C; D Cy D --- D Ci. We claim
that in at most n = dimM steps we arrive at a point or submanifold S that we call
the soul (see figure 12.4.5). This is because dimC; > dimC;j . To see this suppose
dimC; = dimCjy;. Then intC;;; will be an open subset of intC;. So if p € intCj;
then we can find § such that

B(p, 6)NintCiyy = B(p, 6) NintC;.

Now choose a segment ¢ from p to dC;. Clearly |xdC;| is strictly increasing along c.
On the other hand, ¢ runs through B (p,§) NintC;, thus showing that |xdC;| must be
constant on the part of ¢ close to p.
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Much more can be said about complete manifolds with nonnegative sectional
curvature. A rather complete account can be found in Greene’s survey in [60]. We
briefly mention two important results:

THEOREM 12.4.9. Let S be a soul of a complete Riemannian manifold with
sec > 0, arriving from the above construction.

(1) (Sharafudtinov, 1978) There is a distance nonincreasing map Sh: M — S
such that Sh|s = id. In particular, all souls must be isometric to each other.

(2) (PerelI’man, 1993) The map Sh: M — S is a submetry. From this it addi-
tional follows that S must be a point if all sectional curvatures based at
Jjust one point in M are positive.

Having reduced all complete nonnegatively curved manifolds to bundles over
closed nonnegatively curved manifolds, it is natural to ask the converse question:
Given a closed manifold S with nonnegative curvature, which bundles over S ad-
mit complete metrics with sec > 0? Clearly, the trivial bundles do. When § = T2
Ozaydin-Walschap in [91] have shown that this is the only 2-dimensional vector bun-
dle that admits such a metric. Still, there doesn’t seem to be a satisfactory general
answer. If, for instance, we let S = 527 then any 2-dimensional bundle is of the form
($3x C) /S", where S' is the Hopf action on S and acts by rotations on C in the
following way: @ x z = @*z for some integer k. This integer is the Euler number
of the bundle. As we have a complete metric of nonnegative curvature on S x C,
the O’Neill formula from theorem 4.5.3 shows that these bundles admit metrics with
sec > 0.

There are some interesting examples of manifolds with positive and zero Ricci
curvature that show how badly the soul theorem fails for such manifolds. In 1978,
Gibbons-Hawking in [53] constructed Ricci flat metrics on quotients of C? blown up
at any finite number of points. Thus, one gets a Ricci flat manifold with arbitrarily
large second Betti number. About ten years later Sha-Yang showed that the infinite
connected sum

(S x S?) 4 (ST x S?) 8- £ (STx $7) ¢+
admits a metric with positive Ricci curvature, thus putting to rest any hopes for gen-
eral theorems in this direction. Sha-Yang have a very nice survey in [55] describing
these and other examples. The construction uses doubly warped product metrics on
I x S x S' as described in section 1.4.5.

12.5. Finiteness of Betti Numbers
We prove two results in this section.

THEOREM 12.5.1 (Gromov, 1978 and 1981). There is a constant C (n) such that
any complete manifold (M, g) with sec > 0 satisfies
(1) 7 (M) can be generated by < C (n) generators.
(2) For any field F of coefficients the Betti numbers are bounded:

Zn:bi (M,F) = Zn:dimH,- (M,F) < C(n).
i=0 i=0
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Part (2) of this result is considered one of the deepest and most beautiful results
in Riemannian geometry. Before embarking on the proof, let us put it in context.
First, we should note that the Gibbons-Hawking and Sha-Yang examples show that a
similar result cannot hold for manifolds with nonnegative Ricci curvature. Sha-Yang
also exhibited metrics with positive Ricci curvature on the connected sums

(S x S?) 8 (S* x §) g+ £ (S? x §%).

k times

For large k, the Betti number bound shows that these connected sums cannot have
a metric with nonnegative sectional curvature. Thus, there exist simply connected
manifolds that admit positive Ricci curvature but not nonnegative sectional curva-
ture. The reader should also consult our discussion of manifolds with nonnegative
curvature operator in sections 9.4.4 and 10.3.3 to see how much more is known about
these manifolds.

In the context of nonnegative sectional curvature there are three difficult open
problems. They were discussed and settled in chapters 9 and 10 for manifolds with
nonnegative curvature operator.

(H. Hopf) Does S? x S admit a metric with positive sectional curvature?

(H. Hopf) For M?", does sec > 0 (> 0) imply x (M) >0 (> 0)?

(Gromov) Does sec > 0 imply Y7 b; (M,FF) <2"?

Recall that these questions were also discussed in section 8.3 under additional
assumptions about the isometry group.

First we establish part (1) of Gromov’s theorem. The proof resembles that of the
critical point estimate lemma 12.4.2 from the previous section.

PROOF OF (1). We construct what is called a short set of generators for 7r; (M) .
Consider 7; (M) as acting by deck transformations on the universal covering M and
fix p € M. Inductively select a generating set {g,g2, ...} such that

(@) |pg1(p)| < |pg(p)| forall g € m (M) —{e}.

(b) [pgr(p) < [pg(p)| for all g € m (M) — (g1, 8k-1)-

We claim that £ (pgk(p ,W) > n/3 for k < 1. Otherwise, the hinge version
of Toponogov’s theorem would imply

&P eaP)l> < Ipac(p)+Ipi(p)
—Ipgk(p)lpgi(p)]
< Ipailp)l.
But then
Ip(g; &) (P)] < lpai(p)l,
which contradicts our choice of g;. Therefore, we have produced a generating set

with a bounded number of elements. O

The proof of the Betti number estimate is established through several lemmas.
First, we need to make three definitions for metric balls. Throughout, fix a Rie-
mannian n-manifold M with sec > 0 and a field IF of coefficients for our homology
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theory
H,(\F) = H. () = Ho () - & Hy ().
For A C B C M define
rank; (A CB) = rank(H(A) — Hi(B)),
rank, (A CB) = rank(H.(A)— H.(B)).

(>3]

Note that when A C B C C C D, then
rank. (A C D) <rank, (B CC).

It follows that when A, B are open, bounded, and A C B, then the rank is finite, even
when the homology of either set is not finite dimensional. Figure 12.5.1 pictures
a planar domain where infinitely many discs of smaller and smaller size have been
extracted. This yields a compact set with infinite topology. Nevertheless, this set has
finitely generated topology when mapped into any neighborhood of itself, as that has
the effect of canceling all of the smallest holes.

Content: The content of a metric ball B(p,r) C M is

contB(p,r) =rank, (B(p,£) C B(p,r)).

Corank: The corank of a set A C M is defined as the largest integer k such that
we can find k metric balls B(py,r1), ..., B(px, i) with the properties

(a) There is a critical point x; for p; with |p;x;| = 10r;.

®)r;>3r_fori=2,...,k.

©AC N B(piri).

Compressibility: A ball B(p,R) is said to be compressible if it contains a ball
B(x,r) C B(p,R) such that
(a) r <R/,
(b) contB (x,r) > contB (p,R).
If a ball is not compressible we call it incompressible. Note that any ball with content
> 1, can be successively compressed to an incompressible ball.

We connect these three concepts through a few lemmas that will ultimately lead
us to the proof of the Betti number estimate. Observe that for large r, the ball B(p,r)
contains all the topology of M, so

contB (p,r) :Zbi(M).
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Also, the corank of such a ball will be zero for large r by lemma 12.4.2. The idea is
to compress such a ball until it becomes incompressible and then estimate its content
in terms of balls that have corank 1. In this way, we will be able to successively
estimate the content of balls of fixed corank in terms of the content of balls with one
higher corank. The proof is then finished first, by showing that the corank of a ball
is uniformly bounded, and second, by observing that balls of maximal corank must
be contractible and therefore have content 1 (otherwise they would contain critical
points for the center, and the center would have larger corank).

LEMMA 12.5.2. The corank of any set A C M is bounded by 100".
PROOF. Suppose that A has corank larger than 100”. Select balls B (p1,71), - .-,

B(px, rr) with corresponding critical points xj, ..., x;, where k > 100". Now choose
7 € A and select segments zx;. One can check that in the unit sphere:
vin—1,1,7)

< (127)"" ' < 40".
V(n—l,l,ﬁ)_( ) -

Since k > 40" there will be two segments Zx; and Zx; that form an angle < 1/6 at z.
Figure 12.5.2 gives the pictures of the geometry involved.
Note that |zp;| < r; and ’zp j| <r;. The triangle inequality implies
|in| < 101’,‘+|Zpi| < 117‘,‘,
’zxj‘ > 10r;j—r; > 9r;.
Also, r; > 3r;, so ’z,xj| > |zx;|. The hinge version of Toponogov’s theorem then
implies

baxj|? < o] + el — 2|2x] |ox;| cos &
31
= ol lonil® = T lexil x|
3 2
< <|ij|4|zxi|>-

In other words: |x,-xj| < |zx,| — % |zx;|. Now use the triangle inequality to conclude

‘Pixj‘ > ‘ij’_|ZPi|
> 10r;—|zp;| — |zpil
> 8r;
Z 24rl~
> 20r;, =2|pixi| .

Yet another application of the triangle inequality will then imply ‘xix i ’ > |pixi| . Since
x; is critical for p;, we use the hinge version of Toponogov’s theorem to conclude

1 2
pixj| < |pixi|” x| < ||+ o | pixil ) -
[pix|” < Ipiil® + iy | < ( x| + 5 [pixil
Thus, {
pixj| < |xixj| + 5 |pixi| < |xixj| + Sr;.
o] < x|+ 3 i < i +5
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FIGURE 12.5.2.

The triangle inequality implies
|2xj| < |pixj| + |zpil < |pixj|+ri < |xixj| + 61
However, we also have
|2xi| > 10r; — |zp;i| > 9r;,
which together with
3
e < Jzxj| = 7 lexi
implies
27
x| < Jexj] = i
Thus, we have a contradiction:
27
i+ i < x| < | + 6.
t

Having established a bound on the corank, we next check how the topology
changes when we pass from balls of lower corank to balls of higher corank. This
requires two lemmas. The first is purely topological and its proof can be skipped.

LEMMA 12.5.3. Assume that we have bounded open sets sz i=1,...mand
j=0,...,n+1with Bl ¢ B/"™" C M", then

rank;, (UB? C UB?H) ranky <UB? - UB';{H)
i i i i
x k-1 k1
Y Yk (ﬂBEl c mBa.“) -

1=0ip<---<ip_g s=0 s=0

IN

IN

PROOF. To see why we need multiple intermediate coverings consider the com-
mutative diagram
kerL — V — imL

10 Lf {
imL — imL — O
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where the rank of f is clearly not bounded by the ranks of the other two maps be-
tween the exact sequences.

We use the generalized Mayer-Vietoris double complex of singular chains with
coefficients IF (see also [19, Sections 8 and 15]):

Cha= D G (nLoBl).
ig<-++<ig
This comes with the boundary maps

.J J
8.CM = Coiy

ol J
6.Cp,q = Gt

where 8 comes from the inclusions C, (ﬁfzoBl{) —C, (ﬂ#zBl{) with sign (—1)’
for I =0,...,q. The choice of sign is consistent with the usual Mayer-Vietoris se-
quence. Moreover, 98 = 8. Define d = (—1)” § (eth) to make them anticommute.
We then obtain a new chain complex with vector spaces @];:OC[, «; and boundary
maps D = d + 3 defined as:

kK~ k—1 )
Di=0Cii—r = D=oCrr1-1
J J J J J J J
(c07k7cl_’k717...,ck70> — (560,/("‘861,1(717"'76%71,1 +8ck,0> .

The d-complex can be augmented by adding the natural inclusions 0 : C;];,o —

Cp (U,B{ ) The images of this map generates the d-homology, so let C[J; =1imd to
obtain a diagram with exact columns:

ol ol ol
o &, &, &d L
0l 04 0l
o &, &y, & cly &
0l 0l 0l
0 & ¢ & d & o &
ol ol ol
0 0 0
Any D-cycle (Clj,k— 1) defines a d-cycle 601{,0 € C,{ since
98¢} ) = —0dc] , = 00c]_, | =0.

Conversgly, any 8-cycle ce C,{ comes from a D-?ycle: We need c{ s € Cl]; i
such that 86{’,{71 = 786;71,]{7[4»1' Start by finding Ci,o such that 50%0 = c. Since

0dcy , = —9dc] , = 0 we can by exactness of d find ¢]_, ; with —3c;_, , = dci
etc.
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This correspondence also preserves being a boundary and thus gives an isomor-
phism between D-homology and regular d-homology. This is crucial for the proof
as it shows how to represent homology classes by chains in the intersections. That
said, as we don’t generate cycles in the intersections, they don’t immediately create
homology classes.

We use a modified version of Cheeger’s cohomology proof in [30]. To prove
the lemma consider a finite dimensional subspace Z; C EB;‘ZOC?J{_ ; of D-cycles that

contains no nontrivial D-boundaries. Let Z,? =07, C C,? be the isomorphic subspace
of d-cycles. Specifically: z = dzx € Z, where (z;4—;) € Z. We claim that there is
a filtration Z{ © Z} © -~ D ZF"! with the properties that

k-1 k-1
dim (Z,i/Z,i“) < Z rank; (ﬂ fo C ﬂBfﬁ)
1<+ <lg—| s=0 s=0
and Z’k‘“ consists of d-cycles that are mapped to d-boundaries in C,](‘“. This will
prove the lemma if Zg is chosen to map isomorphically to its image in H ( l-Bf.‘“ )
For the construction choose inverses 9! : 9C} , — C}, with 99~ '¢ = ¢, and
name the inclusion maps f/ : C, (UiB{ _1) — G, (U,-B{ ) Note also that the restric-
tion maps z + z; x—; are linear.
The construction is inductive and relies on finding suitable linear maps L' : Z,l( —
Cf.k_ ; Whose images consists of d-cycles and then define

7t ={zezl| 0 @) eacti, b
This will show that
k—1 k1
dim (Z,l(/Z,lfl) < Z rank; (ﬂ fo C ﬂBff) .
i <-+<ig_y s=0 s=0
Starting with / = 0 we set L (z) = zo,
Z ={zeZ} | f' (z04) €9CI,},

and note that we trivially have dzgx = 0.
Now assume we have L' : Z{ — C},_, with the properties that

oL (z) = floo M (0zpm),
o' @) = fle s (Qupr)+£ (37 () =o0.

This is clearly valid for / = 0. We can then define Z,lfl as above and with that
L () =1 f! (Zl+1,k7171) Lo (2).

It follows from our induction hypotheses on L and the fact that (Zz,kfz) is a D-cycle
that

oL (z) = e (Bugiaeio1),
8Ll+l (Z) — fl+1 .. .fl (aZH—l,k—l—l) _|_fl+l <5Ll (Z)) —0.
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Finally, when z € Z;"! we have that f**1L* (z) € 9C{ 1|, and

8fk+1Lk (Z) _ fk+1fk . 'fl (5Zk70) _ fk+1 . "fl (Z)

showing that also f**!... f1(z) is a d-boundary. O

Let A (k) denote the set of balls in M of corank > k, and € (k) the largest content
of any ball in £ (k).

LEMMA 12.5.4. There is a constant C (n) depending only on dimension such
that

Ck)<C)E (k+1).

PROOF. Clearly % (k) is always realized by some incompressible ball B (p,R).
Now consider a ball B (x,r) where x € B(p,R/4) and r < R/100. We claim that this
ball lies in Z (k+ 1) . To see this, first consider the balls

B(x,{5) cB(p.%) cB(x,5) CB(p.R).
If there are no critical points for x in B (x,®/2) — B (x,®/10), then

rank. (B (x,15) C B (x, %))

5
> rank, (B (p, g)

This implies that contB (p,R) < contB (x,R/2) and thus contradicts incompressibility
of B(p,R). We can now show that B (x,r) € # (k+1). Using that B(p,R) € £ (k),
select B(p1,r1), ..., B(pi,r1), | >k, as in the definition of corank. Then pick a
critical point y for x in B (x,R/2) — B (x,R/10) and consider the ball B (x, *//10). Then
the balls B(p1,71),.... B(p1,r1), B (x,%1/10) show that B (x,r) has corank > +1 > k.

Now cover B(p,R/5) by balls B (p,-, 10‘"‘3R) ,i=1,...,m. If in addition the
balls B (p,-, 10_"_3R/2) are pairwise disjoint, then

v(n,0,R)

—on. 10”<n+3>.
"= (1,0, 10-13R))

Since B(p;,R/2) C B(p,R) it follows that
m m
contB (p,R) < rank, <U B(pi,107"°R) c | JB (pi, §)> )
i=1 i=1
To estimate

rank, (UB(pi,lo_”_3R) C UB(Pi7§)> )

i=1 i=1
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use the doubly indexed family B/ = B (pi,10/™"3R), j=0,...,n+ 1. Note that for
fixed j the family covers B (p,&/s). It follows from lemma 12.5.3 that

rank, <63(p,-,10—"—31e) C OB(Pi,§)>

i=1 i=1

m m
< rank, (UB(pi, 107"°R) c | B (ps, 10—2R)>
i=1 i=1
n m—1 k ]
< Y)Y Y rank <ﬂB pi;, 1007"73) € ﬂB(pix,IO"”zR)>.

J=0 k=0 ip<---<iy s=0

When (}_yB (p,'t7 10/ _”_3R) # o the triangle inequality shows that

N

(B (pi, 107" °R) C B(pi),10/""R)
=0

c B (piov loj_n_zg)

N
c (B(pi, 107" ?R).
t=0

Consequently, as long as j < n we have

N s
rank, (mB (pi,, 10/7"°R) (B (i 10j_”_2R)> < contB (pj,, 10/ "2 &)
=0 t=0
where B (p;,, 10/ 28) € 2 (k+1).
The number of intersections (\_oB (p;,,10/~"3R) with j < n and s < 2"-
10"("+3) is bounded by

7L on.10n(n+3)
nj=Y2 .
j=0

So we obtain an estimate of the form € (k) < C(n) %€ (k+1). O

PROOF OF (2). The above lemma implies that
contM =€ (0) < € (k) - (C(n))F,

where k < 100" is the largest possible corank in M. It then remains to check that
¢ (k) = 1. However, it follows from the above that if 2 (k) contains an incompress-
ible ball, then £ (k+ 1) # . Thus, all balls in Z (k) are compressible, but then they
must have minimal content 1. O

The Betti number theorem can easily be proved in the more general context of
manifolds with lower sectional curvature bounds, but one must then also assume an
upper diameter bound. Otherwise, the ball covering arguments, and also the esti-
mates using Toponogov’s theorem, won’t work. Thus, there is a constant C (n,k*D)
such that any closed Riemannian n-manifold (M, g) with sec > k and diam < D has
the properties that

(1) m (M) can be generated by < C (n,kD?) elements,
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(2) Y obi(M,F) <C(n,kD?).

It is also possible to reach a stronger conclusion (see [116]). In outline this is done
as follows. First one should use simplicial instead of singular homology. If one
inspects the proof of lemma 12.5.3 with this in mind, then one can, from a sufficiently
fine simplicial subdivision of M relative to the doubly indexed cover, create a CW
complex X that uses at most C (msz) cells as well as maps M — X — M whose
composition is the identity. In other words M is dominated by a CW complex with a
bounded number of cells. This will also give a bound for the Betti numbers.

12.6. Homotopy Finiteness

This section is devoted to a result that interpolates between Cheeger’s finiteness
theorem and Gromov’s Betti number estimate. We know that in Gromov’s theorem
the class under investigation contains infinitely many homotopy types, while if we
have a lower volume bound and an upper curvature bound as well, Cheeger’s result
says that we have finiteness of diffeomorphism types.

THEOREM 12.6.1 (Grove and Petersen, 1988). Given an integer n > 1 and num-
bers v,D,k > 0, the class of Riemannian n-manifolds with

diam < D,
vol > v,
sec > —K?

contains only finitely many homotopy types.

As with the other proofs in this chapter we need to proceed in stages. First, we
present the main technical result.

LEMMA 12.6.2. For M as in the theorem, there exists & = & (n,D,v,k) € (O, %)
and 8 = 6 (n,D,v,k) > 0 such that if p,q € M satisfy |pq| < 8, then either p is
a-regular for q or q is a-regular for p.

PROOF. The proof is by contradiction and based on a suggestion by Cheeger.
For simplicity assume that k = —1. Suppose there are points p,g € M that are not
o-regular with respect to each other and with |pg| < 8. Then the two sets pzq> cT,M
and E; C T;M of unit vectors tangent segments joining p and g are by assumption

(7 — «)-dense in the unit spheres. It is a simple exercise to show that if A C §"~!,

then the function
volB (A,1)

vin—1,1,t
is nonincreasing (see also exercise 7.5.(1 8 for a H)IOI‘C general result). In particular,
for any (7 — a)-dense set A C "
vol (S”_1 -B(A,a)) = volS"~! —volB(A, )
vin—1,1,0)
vin—1,1,Tt—a)
vin—1,1,r—a)—v(n—1,1,a)
vin—1,1,7—a) '

< vols" ! —vols™ 1.

vols" 1.
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Now choose & < 7 such that

vin—1L,l,r—a)—v(n—1,1,a)

lS"_1~
Vo vin—1,1,r—a)

b v
/ (sng (0))" Vet = =
0 6
Thus, the two cones in M (see exercise 7.5.19) satisfy

g1 7B(ﬁ,a) (

vol B p,D) <

vol 8" () (¢,D) <

ANl= O <=

We use Toponogov’s theorem to choose & such that any point in M that does not
lie in one of these two cones must be close to either p or g. Figure 12.6.1 shows how
a small 6 will force the other leg in the triangle to be smaller than r. To this end, pick
r > 0 such that

v(n,—1,r) = %

We claim that if § is sufficiently small, then

n—1_p(>> n—1_p(=>2
M=B(p,r)UB(q.r)UB° 5(pi.a) (p.D)UB’ p(aa) (¢,D).
This will, of course, lead to a contradiction, as we would then have
v < volM

< ol <B (p,r)UB(q,r) UBSYH_B(E;'OQ (p,D) UBSVHI_B(%’“) (an)>

4-%<v.

To see that these sets cover M, observe that if

IA

x¢ " H(pie) (p.D),

then there is a hinge xp and pg with angle < « (see figure 12.6.1).
Thus, we have from Toponogov’s theorem that

cosh |xg| < cosh|pg|cosh|xp| — sinh|pg|sinh |xp|cos () .
If also

xééBS"’l—B(ﬁ,oo (

4,D),
we have in addition,

cosh|xp| < cosh|pg|cosh|xg| — sinh|pg|sinh|xg|cos (@).
If |xp| > r and |xq| > r, we get

cosh|xg| < cosh|pg|cosh|xp|— sinh|pg|sinh|xp|cos (@)
< cosh|xp]|
+ (cosh|pg| — 1) cosh D — sinh | pg| sinhrcos ()



412 12. SECTIONAL CURVATURE COMPARISON II

FIGURE 12.6.1.

and
cosh|xp| < cosh|xg]
+ (cosh|pgq| — 1) cosh D — sinh | pg| sinh rcos (¢t) .
However, as |pg| — 0, we see that the quantity
f(lpql) = (cosh|pg|—1)coshD —sinh|pg|sinhrcos (@)
~ (~sinhreosa) |pgl + 0 (|pql’)
becomes negative. Thus, we can find & (D, r, &) > 0 such that for |pg| < § we have
(cosh|pg| — 1) cosh D — sinh |pg| sinhrcos (o) < 0.
We have then arrived at another contradiction, as this would imply
cosh |xg| < cosh|xp|
and

cosh |xp| < cosh |xq]

at the same time. Thus, the sets cover as we claimed. As this covering is also
impossible, we are lead to the conclusion that under the assumption that |pg| < &,
we must have that either p is a-regular for g or g is a-regular for p. O

As it stands, this lemma seems rather strange and unmotivated. A simple analy-
sis will, however, enable us to draw some very useful conclusions from it.

Consider the product M x M with the product metric. Geodesics in this space
are of the form (cy,c¢y), where both ¢y, ¢, are geodesics in M. In M x M we have the
diagonal A = {(x,x) | x € M}. Note that

TppA={(wv)[veT,M},
and the normal bundle
Ty pA={(,—v) [veT,M}.

Therefore, if (ci,c2) : [a,b] = M x M is a segment from (p,q) to A, then ¢; (b) =
—¢; (b) . Thus these two segments can be joined at the common point ¢; (b) = ¢; (b)
to form a geodesic from p to g in M. This geodesic is, in fact, a segment, for other-
wise, we could find a shorter curve from p to ¢. Dividing this curve in half would
then produce a shorter curve from (p,q) to A. Thus, we have a bijective corre-
spondence between segments from p to ¢ and segments from (p,q) to A. Moreover,

V2-|(p.q)Al = |pql.
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FIGURE 12.6.2.

The above lemma implies
COROLLARY 12.6.3. Any point within distance 8 //2 of A is a-regular for A.

Figure 12.6.2 shows how the contraction onto the diagonal works and also how
segments to the diagonal are related to segments in M.

Thus, we can find a curve of length < - oi  |(p,q) Al from any point in this neigh-
borhood to A. Moreover, this curve depends continuously on (p,q). We can trans-

late this back into M. Namely, if |pg| < 8, then p and g are joined by a curve ¢ —

H(p,q,t),0 <t <1, whose length is < C(‘)/Ea |pq| . Furthermore, the map (p,q,t) —
V2

cos o

in the constructions below.

H (p,q,t) is continuous. For simplicity, we let C =
We now have the first ingredient in our proof.

COROLLARY 12.6.4. If fo, f1 : X — M are two continuous maps such that
[fo(x) fi(x)[ <&
forall x € X, then fy and fi are homotopy equivalent.

For the next construction, recall that a k-simplex A* can be thought of as the set
of affine linear combinations of all the basis vectors in R¥! je.,

Ak:{(x°7,..,x’<) x4 f =Tandx?,... ¥ e [0,1]}.

The basis vectors ¢; = (!

iy

,8F) are the vertices of the simplex.
LEMMA 12.6.5. Suppose we have k+ 1 points py, ..., px € B(p,r) CM.If

ck—1

2r
Cc—1

<0,

then we can find a continuous map

f:AN=B(pr+2r-C c-1
M p? C*l b

where f(e;) = p;.
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h

FIGURE 12.6.3.

PROOF. Figure 12.6.3 gives the essential idea of the proof. The construction is
by induction on k. For k = 0 there is nothing to show.

Assume that the statement holds for k and that we have k + 2 points py, ..
Di+1 € B(p,r). First, we find a map

9

c-1
with f (e;) = p; for i = po, ..., pr. We then define

ch—1
f:Ak—>B(p,2r-C- —|—r>

_ k+1_1
FoA B(p,r—i—Zr-C-CCl),

0
f(x07,..,xk,xk+l) — H(f<zkx xl’""’zkxkxi>,pk+1’xk+l>'
i=1 i=1

This clearly gives a well-defined continuous map as long as

() e
Pk+1 Sy . = p R . PPk+1
Zi‘{:l x! Z?:l x! Zi‘(:l x! Z;{:l x!

ck—1
< <2r-C~ c_1 +r> +r
Ck+l 1
= 2re—
c—1
< 0.
Moreover, it has the property that
7O < Ippeal + |prsa 7O
k+1 _ 1
< 2r-C- ———.
= rrereTeT
This concludes the induction step. (]
Note that if we select a face spanned by, say, (e, ...,ex) of the simplex A¥, then

we could, of course, construct a map in the above way by mapping e; to p;. The
resulting map will, however, be the same as if we constructed the map on the entire
simplex and restricted it to the selected face.

We can now prove finiteness of homotopy types. Observe that the class we work
with is precompact in the Gromov-Hausdorff distance as we have an upper diameter
bound and a lower bound for the Ricci curvature. Thus it suffices to prove
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LEMMA 12.6.6. There is an € = € (n,k,v,D) > 0 such that if two Riemannian
n-manifolds (M, g) and (N,g>) satisfy

diam < D,
vol > v,
sec > —k? ,

and
de—p (M,N) < g,
then they are homotopy equivalent.

PROOF. Suppose M and N are given as in the lemma, together with a metric
on M UN, inside which the two spaces are € Hausdorff close. The size of € will be
found through the construction.

First, triangulate both manifolds in such a way that any simplex of the triangula-
tion lies in a ball of radius €. Using the triangulation on M, we can construct a con-
tinuous map f : M — N as follows. First use the Hausdorff approximation to map all
the vertices {p;} C M of the triangulation to points {¢;} C N such that |p;q;| < €. If
( Pig>-++> p,-n) forms a simplex in the triangulation of M, then by the choice of the tri-
angulation {p,-o, e ,p,'”} C B(x, ¢€) for some x € M. Thus {q,-o, e ,q,'n} CB (qi0,4£).
Therefore, if

-1

8¢
C—-1

<4,

then lemma 12.6.5 can be used to define f on the simplex spanned by ( Digs -+ pi,,).
In this way we get a map f : M — N by constructing it on each simplex as just
described. To see that it is continuous, we must check that the construction agrees
on common faces of simplices. But this follows as the construction is natural with
respect to restriction to faces of simplices. We need to estimate how good a Hausdorff
approximation f is. To this end, select x € M and suppose that it lies in the face
spanned by the vertices (pio, ce p,-n) . Then we have

|xf(x)| < |xl7i0| + |Pi0 f(X)|
< 2e+et g f(x)]
c"—1
< 3e+4e+8¢-C-
< +4€e+ C c_1
c"—1
= T7e+4+8&-C- .
+ ¢ Cc—-1

We can construct g : N — M in the same manner. This map will, of course, also
satisfy

c"—1

c—1"

lye()| <7e+8¢-C-
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It is now possible to estimate how close the compositions fo g and go f are to the
identity maps on N and M, respectively, as follows:

yfog)l < Iye)|+1g(y)fogy)l

c"—1
< lde+16¢e-C- ;
< + C—1
-1
|xgof(x)] < lde+16ge-C- c—1
As long as
14e+16e-c.- L 5
c—-1 ’
we can then conclude that these compositions are homotopy equivalent to the respec-
tive identity maps. In particular, the two spaces are homotopy equivalent. U
Note that as long as
Cn+1 -1
l4e+ 16 - ———— < 9,
+ Cc—-1

the two spaces are homotopy equivalent. Thus, € depends in an explicit way on
C= Cfa and 6. It is possible, in turn, to estimate ¢ and & from n,k,v, and D. Thus
there is an explicit estimate for how close spaces must be to ensure that they are
homotopy equivalent. Given this explicit €, it is then possible, using our work from
section 11.1.4 to find an explicit estimate for the number of homotopy types.

To conclude, let us compare the three finiteness theorems by Cheeger, Gro-
mov, and Grove-Petersen. There are inclusions of classes of closed Riemannian
n-manifolds

diam < D diam < D diam < D
{ sec ; 2 }D vol > v D vol > v
= sec > —k? |sec|] < k*

with strengthening of conclusions from bounded Betti numbers to finitely many ho-
motopy types to compactness in the C1:* topology. In the special case of nonnegative
curvature Gromov’s estimate actually doesn’t depend on the diameter, thus yielding
obstructions to the existence of such metrics on manifolds with complicated topol-
ogy. For the other two results the diameter bound is still necessary. Consider for
instance the family of lens spaces {$°/Z,} with curvature = 1. Now rescale these
metrics so that they all have the same volume. Then we get a class which contains
infinitely many homotopy types and also satisfies

vol =,
1>sec > 0.

The family of lens spaces {S3 / Zp} with curvature = 1 also shows that the lower
volume bound is necessary in both of these theorems.

Some further improvements are possible in the conclusion of the homotopy
finiteness result. Namely, one can strengthen the conclusion to state that the class
contains finitely many homeomorphism types. This was proved for n # 3 in [61] and
in a more general case in [94]. One can also prove many of the above results for
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manifolds with certain types of integral curvature bounds, see for instance [99] and
[101]. The volume [60] also contains complete discussions of generalizations to the
case where one has merely Ricci curvature bounds.

12.7. Further Study

There are many texts that partially cover or expand the material in this chapter.
We wish to attract attention to the surveys by Grove in [55], by Abresch-Meyer,
Colding, Greene, and Zhu in [60], by Cheeger in [30], and by Karcher in [34]. The
most glaring omission from this chapter is probably that of the Abresch-Gromoll
theorem and other uses of the excess function. The above-mentioned articles by Zhu
and Cheeger cover this material quite well.

12.8. Exercises

EXERCISE 12.8.1. Let (M,g) be a closed simply connected positively curved
manifold. Show that if M contains a totally geodesic closed hypersurface, then M is
homeomorphic to a sphere. Hint: first show that the hypersurface is orientable, and
then show that the signed distance function to this hypersurface has only two critical
points - a maximum and a minimum. This also shows that it suffices to assume that
H'(M,7,) =0.

EXERCISE 12.8.2. Let (M, g) be a complete noncompact manifold with sec >0
and soul S C M.

(1) Show thatif X € TS and V € TS, then sec (X,V) = 0.

(2) Show that if the soul has codimension 1 and trivial normal bundle, then
(M,g) = (SxR,gs+dr?).

(3) Show that if the soul has codimension 1 and nontrivial normal bundle, then
a double cover splits as in (2).

EXERCISE 12.8.3. Show that the solution to

{ = —(1+g)¢,
¢0) = w(0)>0,
£0) = w(0)>0.

is given by

_ (¥ (0)* . v(0)-VIte
c@)= \/(W(O))2+1+£'Sln (v1+€-t+arctan (l;/(()))) .

EXERCISE 12.8.4. Show that the converse of Toponogov’s theorem is also true.
In other words, if for some k the conclusion to Toponogov’s theorem holds when
hinges (or triangles) are compared to the same objects in S,%, then sec > k.

EXERCISE 12.8.5. Let (M, g) be a complete Riemannian manifold. Show that if
all sectional curvatures on B (p,2R) are > k, then Toponogov’s comparison theorem
holds for hinges and triangles in B (p,R).
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EXERCISE 12.8.6. Let (M, g) be a complete Riemannian manifold with sec > k.
Consider f (x) = |xg| — |xp| and assume that both |xq| and |xp| are smooth at x. Show
that Toponogov’s theorem can be used to bound |V f||, from below in terms of the
distance from x to a segment from g to p.

EXERCISE 12.8.7 (Heintze and Karcher). Let ¢ C (M,g) be a geodesic in a
Riemannian n-manifold with sec > —k2. Let T (c,R) be the normal tube around ¢ of
radius R, i.e., the set of points in M that can be joined to ¢ by a segment of length
< R that is perpendicular to c. The last condition is superfluous when c is a closed
geodesic, but if it is a loop or a segment, then not all points in M within distance
R of ¢ will belong to this tube. On this tube introduce coordinates (r,s,0), where r
denotes the distance to c, s is the arclength parameter on ¢, and 6 = (6',...,6"?)
are spherical coordinates normal to c. These give adapted coordinates for the distance
r to c. Show that as r — 0 the metric looks like

100 - 0 000 - 0
010 -0 000 - 0

gr)=| 000 0| 001 0| 23
000 - 0 000 - 1

Using the lower sectional curvature bound, find an upper bound for the volume den-
sity on this tube. Conclude that

VO]T(C,R) S f(n,k7R,L(C)),

for some continuous function f depending on dimension, lower curvature bound,
radius, and length of ¢. Moreover, as L(c) — 0, f — 0. Use this estimate to prove
lemmas 11.4.9 and 12.6.2. This shows that Toponogov’s theorem is not needed for
the latter result.

EXERCISE 12.8.8. Show that any vector bundle over a 2-sphere admits a com-
plete metric of nonnegative sectional curvature. Hint: You need to know something
about the classification of vector bundles over spheres. In this case k-dimensional
vector bundles are classified by homotopy classes of maps from S!, the equator of
the 2-sphere, into SO (k). This is the same as m; (SO (k)), so there is only one 1-
dimensional bundle, the 2-dimensional bundles are parametrized by Z, and for k > 2
there are two k-dimensional bundles.

EXERCISE 12.8.9. Use Toponogov’s theorem to show that b, is convex when
sec > 0.
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Cartesian, 41, 159
distance, 168
exponential, 157
harmonic, 349
normal at a point, 59, 191
polar, 13
Covariant derivative, 46
in parallel frame, 198
second, 49
Covering space, see Riemannian
Critical point estimate, 394
Critical point theory, 378
Curvature
Complex, 87
constant, 68
directional, 67, 75
form, 92
fundamental equations, 74
in dimension 2, 70
in dimension 3, 70, 86
Isotropic, 87
of product metric, 86
operator, 67, 93, 300, 402
classification of > 0, 332
on symmetric spaces, 318
representation in a frame, 91
Ricci, 69, 233, 363
in harmonic coordinates, 349
Riemannian, 64
scalar, 70, 300
sectional, 68, 93, 193, 377
Cut locus, 184

Derivative

Lie, 34
Dirac operator, 300
Directional derivative, 33
Dirichlet problem, 348
Displacement function, 207
Distance function, 78, 80, 147, 159, 160
Divergence, 59
divergence

of vector field, 39
Doubly warped products, 18

Eguchi-Hanson metric, 132
Einstein

constant, 69

metric, 69, 328

notation, 11
Einstein tensor, 87
Elliptic estimates, 347
Elliptic operators, 347

INDEX

Energy functional, 151
Euclidean space, 2
curvature of, 67
isometry group, 8
Exponential map, 155
Lie group, 31
Exponential map comparison, 215
Extrinsic geometry, 80

Fibration, 190
Finiteness theorem
for diffeomorphism types, 361, 369
in positive curvature, 368
for fundamental groups, 250
for homotopy types, 410
Focal point, 83
Frame, 13
left-invariant, 13
normal at a point, 46, 59
Frankel’s theorem, 224, 227
Functional distance, 150
Fundamental equations
for curvature, 74
Fundamental theorem
of convergence theory, 358
of Riemannian geometry, 43

Gauss equation, 76, 86
Gauss lemma, 158
Geodesic, 140, 155, 158
Gradient, 34
Grassmannian
compact
as a symmetric space, 321
hyperbolic
as a symmetric space, 323

Hadamard-Cartan theorem, 202
Harmonic function, 240
Hessian, 39
Hessian comparison, 386
Hinge, 383
Hodge theorem, 287
Holonomy, 326
Holonomy classification, 330
Homogeneous space, 8
completeness, 186
k-point, 227
Hopf fibration, 4, 9, 19
Hopf problem, 273, 300, 402
Hopf-Rinow theorem, 176
Hyperbolic space, 5
as rotationally symmetric surface, 15
as surface of revolution, 14
geodesics, 144
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isometry group, 8 biinvariant metric, 31
left-invariant metric, 116 geodesics, 145
Poincaré model, 111 geodesics of biinvariant metric, 189
Riemann’s model, 112 Line, 254
upper half plane model, 111 Local models, 375
Hypersurface )
in Euclidean space, 78 Manifold
Riemannian, 2
Index form, 229 SU(2),9, 117
Index Lemma, 229 Maximum principle, 60, 238
Index notation, 26 Metric
Injectivity radius, 157 ball, 146
Injectivity radius estimate biinvariant, 31, 145, 189, 264
by Cheeger, 368 as a symmetric space, 312, 326
generalization of Cheeger’s lemma, 375 coordinate representation, 12
in general, 217 distance, 145
in positive curvature, 218 Einstein, 69
Integrable system, 88 frame representation, 13
Intrinsic geometry, 80 functional, 150, 189
Isometric immersion, 3 homogeneous, 8
Isometry Kihler, 62, 308, 333, 335
distance preserving, 168 left-invariant, 9
Riemannian, 2 local representation, 12
Isometry group, 8, 269 on frame bundle, 231
Hyperbolic space, 8 on tangent bundle, 231
of Euclidean space, 8 Riemannian, 2
of the sphere, 8 rotationally symmetric, 15
Isothermal coordinates, 130 computation of curvatures, 99
Isotropy group, 8 scalar flat, 100
Taylor expansion, 161, 191
Jacobi field Mixed curvature equation, 76
along a geodesic, 199 Myers’ diameter estimate, 211
for a distance function, 81
Norm
Killing field, 41, 267, 268 e 346
Killing form, 32 for manifolds, 352
Koszul formula, 44 harmonic
Kulkarni-Nomizu product, 90 for manifolds, 356
Kuratowski embedding, 341 of tensors, 24
weak
Laplacia'n, 39 . for manifolds, 376
coordinate representation, 60 weighted
in harmonic coordinates, 349 for manifolds, 375

on forms, 286
Laplacian estimate, 241
Law of cosines, 384
Left-invariant

Norm estimate
using distance functions, 369
using harmonic coordinates, 363
Normal curvature equation, 76

frame, 13
metric, 9 Obstructions
Length functional, 151 constant sectional curvature, 167
Length of curve for negative sectional curvature, 202
in metric space, 188 for nonnegative sectional curvature, 401,
in Riemannian manifold, 146 402
Lichnerowicz formula, 300 for positive curvature operator, 300

Lie group, 9 for positive Ricci curvature, 300
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for positive scalar curvature, 300
for positive sectional curvature, 213
for Ricci flatness, 258

Parallel
tensor, 47
vector field, 61
Parallel curvature, 314
Parallel field
along curve, 197
for a distance function, 83
Partial derivatives
first, 136
second, 136
third, 195
Partials derivatives
and curvature, 196
Pinching theorem
for Ricci curvature, 371
for sectional curvature, 372
Precompactness theorem
for lower Ricci curvature bounds, 344
for spaces with bounded norm, 358
in Gromov-Hausdorff topology, 343
Preissmann’s Theorem, 207
Product
Cartesian, 26, 86
doubly warped, 18, 102
warped, 96
Product spheres
computations of curvatures, 97
Projective space
complex, 9, 22, 122
as a symmetric space, 324
computation of curvatures, 325
holonomy of, 335
quaternionic, 336
real, 11
Pseudo-Riemannian manifold, 5

Quarter pinching, 87, 390

Radial curvature equation, 75
Rank, 313, 331
rigidity in nonpositive curvature, 331
Ray, 254
de Rham’s decomposition theorem, 327
Ricci equations, 86
Ricci Identity, 64
Riemannian
covering, 10, 202
curvature tensor, 64
embedding, 3
immersion, 3
isometry, 2, 164

manifold, 2
metric, 2
submersion, 4, 118, 169, 190

Scaling, 88

Schouten tensor, 90

Schur’s lemma, 71
Schwarzschild metric, 103
Second covariant derivative, 49

Second fundamental form, see Shape operator

Segment, 147, 158
characterization, 181
Segment domain, 181
Semi-Riemannian manifold, 5
Shape operator, 79
Slice Theorem
The, 170
Soul theorem, 393
Space form
rotationally symmetric, 17
Space Forms
Projective models, 186
Sphere, 3
as surface of revolution, 14
computation of curvatures, 96
doubly warped product, 19
geodesics on, 144
isometry group, 8
Sphere theorem
Berger, 221
Grove-Shiohama, 391
Rauch-Berger-Klingenberg, 222, 390
Spin manifolds, 300
Splitting theorem, 254
Subharmonic function, 239
Submetry, 169
Superharmonic function, 239
Surface
of revolution, 13
rotationally symmetric, 14
Symmetric space, 312, 315
computation of curvatures, 317
existence of isometries, 315
Symmetry Rank, 280
Synge’s lemma, 212

Tangential curvature equation, 76
Topology

manifold, 148

metric, 148
Toponogov comparison theorem, 384
Torus, 10, 26
Totally Geodesic, 165
Triangle, 383
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Type change, 22

Variational field, 152
Variations, 152
First Variation Formula, 152
Second Variation Formula, 200
Volume comparison
absolute, 236
for cones, 264
relative, 237, 264
Volume form, 59

Warped product, 104
global characterization, 178
local characterization, 106
Weak second derivatives, 238
Weyl tensor, 91

427



	Preface
	Chapter 1. Riemannian Metrics
	1.1. Riemannian Manifolds and Maps
	1.2. The Volume Form
	1.3. Groups and Riemannian Manifolds
	1.4. Local Representations of Metrics
	1.5. Some Tensor Concepts
	1.6. Exercises

	Chapter 2. Derivatives
	2.1. Lie Derivatives
	2.2. Connections
	2.3. Natural Derivations
	2.4. The Connection in Tensor Notation
	2.5. Exercises

	Chapter 3. Curvature
	3.1. Curvature
	3.2. The Equations of Riemannian Geometry
	3.3. Further Study
	3.4. Exercises

	Chapter 4. Examples
	4.1. Computational Simplifications
	4.2. Warped Products
	4.3. Warped Products in General
	4.4. Metrics on Lie Groups
	4.5. Riemannian Submersions
	4.6. Further Study
	4.7. Exercises

	Chapter 5. Geodesics and Distance
	5.1. Mixed Partials
	5.2. Geodesics
	5.3. The Metric Structure of a Riemannian Manifold
	5.4. First Variation of Energy
	5.5. Riemannian Coordinates
	5.6. Riemannian Isometries
	5.7. Completeness
	5.8. Further Study
	5.9. Exercises

	Chapter 6. Sectional Curvature Comparison I
	6.1. The Connection Along Curves
	6.2. Nonpositive Sectional Curvature
	6.3. Positive Curvature
	6.4. Basic Comparison Estimates
	6.5. More on Positive Curvature
	6.6. Further Study
	6.7. Exercises

	Chapter 7. Ricci Curvature Comparison
	7.1. Volume Comparison
	7.2. Applications of Ricci Curvature Comparison
	7.3. Manifolds of Nonnegative Ricci Curvature
	7.4. Further Study
	7.5. Exercises

	Chapter 8. Killing Fields
	8.1. Killing Fields in General
	8.2. Killing Fields in Negative Ricci Curvature
	8.3. Killing Fields in Positive Curvature
	8.4. Exercises

	Chapter 9. The Bochner Technique
	9.1. Hodge Theory
	9.2. 1-Forms
	9.3. Lichnerowicz Laplacians
	9.4. The Bochner Technique in General
	9.5. Further Study
	9.6. Exercises

	Chapter 10. Symmetric Spaces and Holonomy
	10.1. Symmetric Spaces
	10.2. Examples of Symmetric Spaces
	10.3. Holonomy
	10.4. Further Study
	10.5. Exercises

	Chapter 11. Convergence
	11.1. Gromov-Hausdorff Convergence
	11.2. Hölder Spaces and Schauder Estimates
	11.3. Norms and Convergence of Manifolds
	11.4. Geometric Applications
	11.5. Further Study
	11.6. Exercises

	Chapter 12. Sectional Curvature Comparison II
	12.1. Critical Point Theory
	12.2. Distance Comparison
	12.3. Sphere Theorems
	12.4. The Soul Theorem
	12.5. Finiteness of Betti Numbers
	12.6. Homotopy Finiteness
	12.7. Further Study
	12.8. Exercises

	Bibliography
	Index

