No. 3] Proc. Japan Acad., 50 (1974) 179

40. Omn the Existence of Global Solutions of Mixed Problem
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Department of Applied Physics, Osaka City University

(Comm. by Kosaku YoSIDA, M. J. A.,, March 12, 1974)

1. Introduction and summary. We study a mixed initial-bounda-
ry value problem of non-linear Boltzmann equation. The boundary
condition considered here is the periodicity condition, to which the
perfectly reflective boundary condition for the case of a rectangular
domain can be reduced, [1]. Our hypotheses on collision operators are
those for the so-called cut-off hard potentials, [2]. The solutions for
the mixed problem have been known to exist only locally in time, [1].
Our aim is to show their global existence.

We denote by f=f(t, x, &) the density distribution of gas particles
at time ¢ >0 with respect to the position x=(«,, z,, ;) € R* and velocity
E=(£,&,,&) e R®. Our mixed problem is

A e O
(1.1a) Franiad Ity o, +QLf, 11,
1.1b) f is periodic in z,
110 S le=0=/S0=>0,
. 1 et / / - y
wg WHa=5 ], a0E=EL0U@IEN+ IGO0

— f(&)9(9)}dE dw.
Here f(p)=f(,z,7n), etc., while weS? cosl=(0,&—¢&)/|6—¢&|, p=¢
+(v,6—&)wand 7 =& — (0, §—&)w. The assumption of the cut-off hard
potential means, [2], that there exist constants ¢,,9,>0, 0<i<1 and
for any v>0,

1.3) 0<q@,0)<q|cosb|(v+v7%), rq(v,ﬁ)sin0d0>qlv(1+v)“‘.
0

Let 2C R® be a fundamental rectangular domain of the periodicity
condition. Let g(&)=e ¥"* be a Maxwellian (Gaussian) distribution.
With suitable changes of variables z, & and ¢, we may assume that,
with {h&)}_1={1, & &2 &0 [EF), ‘

ao ([ w@ieowa=|[ n@o@drd, 1<i<s.

Put 4;=h;9*. Define the (formal) operators L and I" as
(1.5)  Lu=g7*Qlg% g*ul,  I'lu,vl=g7*Qlg*u, g*v].
Under the assumption (1.3), L takes the form, [2],



180 S. UkAl [Vol. 50,

(1.6)  L=A+K; Au=—v@u, Ku= jmK(e,e'm(s')ds'.

Noting that Qlg, g1=0, [2], we put f= ¢+ g*u and rewrite (1.1) with
u=u(t, xz, &) as

ou u

3
0
1.7 _— i [' y y
(1.7a) o 2, € o, + I'lu, ul
1.7b) u is periodic in z,
1.7¢) ” paudede=0, >0, 1<i<5,
2XR3
1.7d) U |y o= "Uy.

Here the additional constraints (1.7c) arise from the well-known con-
servation laws, [11, for (1.1).

Let 1>0 and let H(T®) be the Sobolev space on the torus 7°=R*/0.
We may admit a non-integer for I. Let us consider the Hilbert space
H, of functions u=u(x, &) defined as

(1.8) H,=LyR*; H(T%), (M,W)L=IR3 (u(-, 8,0, L gmdE.
We define the operator B in H; as
3
(1.9) B=-3 ¢ 9 +L,
i=1 aﬁb‘,,

with D(B)={uec H;; >3, &y, +(&)u € H,} as the domain of definition.
The following is a key theorem for our existence proof.

Theorem 1.1. Let 1>0, then,

(i) B is a generator of a contraction semi-gmup e's,

(ii) B has 0 as an eigenvalue with the five-dimensional eigenspace
spanned by {y;};_;. Denote its eigenprojection by P.

(i) >0, Yr<p, 3C,>0, Yt>0, ||e(I—P)|<C,e .

Once this theorem is proved, we can construct solutions of (1.7) by
the iteration procedure by which Grad [1] obtained local solutions of
(1.7) using only the estimate |[eZ||<1.

More precisely, we shall consider the Banach space H, ;;

H, ,={u(x, &) ; A+]&DPu e L7 (R®*; HL(T?)},
||u!fz,ﬁ:§g£ (L +[&DP Jul- 5 &) llay sy,

and think of B of (1.9) as the operator in H, , with D(B)=H,, ;... We
shall later see that I'[u, u] € H, , whenever « € 9(B) if 1>0.5, 3>0. We
regard the mixed problem (1.7) as the evolution equation in H, , with
1>0.5, p>1.5;
a1y @
dt

where du/dt is the derivative of u in the strong topology of H,, and
Ker (P) is the null space of the projection P on H, defined in Theorem
1.1. Note that H, ;,C H, if $>1.5. Now, our existence theorem reads as

(1.10)

=Bu(®)+I'lu@®), u®)], u@) e Ker (P), u(+0)=u,
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Theorem 1.2. Let 1>0.5, >1.5, e>0 and 0<y<p. Then there
exist positive constants a, and a, such that, of uye Hy ., 5,1.. Ker (P)
and if || Ugllis1sep114. <y, then (1.11) has a unique solution

u(t) € Ly ([0, o) ; Hl+l+¢,ﬁ+l+e) N CY[0, o) ; Hl+1,ﬂ+1) N Cy([0, co) ;?Hl,p)
satisfying
(112) ||u(t)“L+1+5”9+1+5£C(26~n.
Thus the solution f of (1.1) tends to g exponentially when ¢t—oco.

2. Lemmas on collision operators. We denote by o(4) the
spectrum of an operator A, and by ¢.(4), ¢,(4), d,(4) the essential,
point, discrete spectrum of A.

The conditions (1.3) and that q is measurable lead to the following
lemmas ([1], [2]),

Lemma 2.1. u(&) is measurable on R® and v,<v(&) <v,(1+|€]) with
some positive constants y,, v,.

Lemma 2.2. (i) K(&,¢&) is measurable and symmetric on R* X R®.

(i) Y8=0,%,>0,Yee R, f K &)L+ g <r(L+[ED
(i) %>0, Vgezes,f &) K (¢, &) dg' <k.
RS

Lemma 2.3. (i) L is self-adjoint, non-positive in H, with (L)
=DM ={ueH,;v(&ue H,}.

(ii) For L in Li(R®, 0eo, (L) with the eigenspace spanned by
{1

Lemma 2.4. (i) For any 1>1.5 and B>1, A~ ['[u,v] is bounded
fromH, ;x H, s;into H, ;; 3, ;> 0, Yu,veH, 4 (|47, 01|05 [l 0]l

(ii) If1>1.5, p>2.5, and we H, ,;, then I'lu,u] € Ker (P). (Note
that I'lu,ul=A4""I'lu,ul e H, ,_,CH, since f—1>1.5.)

3. Outline of the proof of Theorem 1.1. In this section we
think of 4, K and L as operators in H,. Define the operator 4, as

. 3 3
GD  DU)={ueH; Nt B},  A=—2&-l.
v= i= i

It is anti-self-adjoint and generates a unitary group e‘4.. Moreover,
(A, =1R and o,(4,)={0}, corresponding eigenfunctions being constant
in z. Since the C,-semigroup e exists, ||e*|<e *!, and since 4, and
4 commute, e*e’4e form a C,-semigroup, [3]. Denote its generator as
A. It is not difficult to show

Lemma 3.1. () A=A,+4, D(A)=DA) N D). (i) || e?]|<e .
(iii) o(A)=0,(A)={2; Re 2= —v(8), & € R%}.

Thus the resolvent (1—A)~! exists if Re 1> —y,. The following is
a key to the proof of Theorem 1.1.

Lemma 3.2. Let1>0. (i) K(A—A)™'is compact on H,, Re 1>y,.
(i) For any > —v,, | K(A—A)!|—0 (2|—o00) uniformly for i, Re 2>5.

The proof is carried out with the aid of the Fourier series repre-
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sentation of u e H, and

Lemma 3.3. A7'K and consequently KA~ is compact on LA(R®).

Let us define the operator B as
3.2) B=A+K=A,+L, DB)=D(A)=D(A) ND(L).

Since K is bounded, B is a generator of C,-semigroup e’?, and owing
to Lemma 2.3, B is dissipative. Therefore we see

Theorem 3.1. B is maximally dissipative.

As a consequence, g(B)C{1; Re 2<0}. On the other hand Lemma
3.2, (i) implies that K is A-compact, [4], so that ¢.(B)=0¢.(4) and each
A€ d4(B) is a pole of the resolvent (1—B)~!. Moreover,

Theorem 3.2. (1) For any B> —vy, 0,(B)N{2; Re1>=p} is a finite
set. (i) >0, o,(B)\{0}C{2; Re A< —y}. (iii) 0 € 0,(B) with the eigen-
space spanned by {V;}:_,, and is a simple pole of (A—B)~".

Proof. (i) follows from Lemma 3.2, (ii). Suppose y € R', iy € 64(B),
and let « be a corresponding eigenfunction; Bu=dyu. Then (A,u,n),
+ (Lu, u);=1iy(u, w); whence Lu=0 by the non-positivity of L and A,u
=1yu, i.e., ir € 0,(4,)={0}. This and (i) imply (ii).

The Fourier series representation gives

Lemma 3.4. Write A=p+1. For any B> —v, ue H,,

* —1,, 12 T 2
J_ 16— Al dr< T u,

- 0

(3.3)

G as i dr< E - juli
Since D(B)=9D(A), the second resolvent equation holds, giving
—B)'=0—A) "+ Z0);
Z)=0—A) "I —-EKG—A)")KQ—A)™,
and, since both e’ and e‘4 are C,-semigroups, we have, by the inverse
Laplace transformation, for any §,>0,

3.5  ePu—eiuts—lim L [T e Zudi, >0, ue DB).

a—c LT J Bo—ia

3.9

Define the integral
(3.6) Z@(t):% j " e Z(@+ipdr.

Lemmas 3.2 and 3.4 lead to

Lemma 3.5. Let 3> —y, be such that 2¢& o,(B) for all 2, Re 2=p.

(1) The integral Z,(t) converges absolutely in the weak operator
topology of H,. (i) 3C,>0, Yt>0, | Z,(»)|<C,.

Theorem 3.3. Let —u<p<O0, then
3.7 ef=e'4+e"Z,(t)+ P, t>0.

Proof. Lemma 3.2, (ii) allows us to shift the integration path in
(3.5) to the line Rei=p, and Res,, e“Z~(2)=R¢;->sl=0 e(A—B)'=P by
Theorem 3.2, (iii).
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Now, Theorem 1.1 follows from Theorems 3.1, 3.2, 3.3 and Lemma
3.5, (ii).
4. OQutline of the proof of Theorem 1.2. Let ¢>0. Define
Sl,ﬂ,e:L:o([Oy 00); Hl+1+e,ﬂ+1+e) N CY[0, o00) Hz+1,,9+1) n C}([O, 00) ; Hz,p);
and put, with y e R,
4.1 Il =lherseprees  |u=sup e lu@®]l

In this section we think of operators 4,K,A and B in H,, with
DM=D(A)=DB)=H,,,,,,- The operators e'4 of the previous section
form a semigroup also on H, ;, though it is neither strongly continuous
nor has A as a generator. Nevertheless, we can show

Lemma 4.1. Let uye H, 1. 511.c €0, and put o(t)=e"“u,.

D o) e S, (D lp®|<e™ ||u,l. (i) ¢'(B)=Apt) where ¢'(t)
is the derivative of ¢(t)in the strong topology of H, .

The following lemma plays an essential role for our purpose, the
assertion (ii) of which is due to Grad [1].

Lemma 4.2. Let f(t) € S, ,., and define x(t):j” et-94/ 1 (s)ds.
0

(i) 7@ eSip. (i) Vr<u0,|xlr<max<1, Yy )mr.

—
(i) Y®O=Ax®+AS@), in H,,.
Put w(t) =o(t) + x(t) and consider the integral equation

(4.3) w(t) = wd) + j 0 =91 K u(s)ds.

Using the Neumann series, we easily see

Lemma 4.3. Let u, and f(t) be as in Lemmas 4.1 and 4.2. Then,
(4.3) has a unique solution w(t) € S, ., which is also a unique solution
within S, ;. of the equation
4.4 w' (t)=Bu(t) + A1), n H, 55 u(+0)=u,.

By virtue of Theorem 1.1, (iii), we can show, using the arguments
given in [1],

Lemma 4.4. Let 10, $=1.5, y<y, and let u, f(t) and u(t) be
those of the previous lemma. Suppose, further, that u,, Af(t) € Ker (P),
then, with some positive constants a=a, ;.. and b=>b,, ., we have
u(t) € Ker (P) and
4.5) |ul, <o ]|+ D),

Proof of Theorem 1.2. Let 1>0.5, =15, ¢>0 and let
Up€ Hyp1yvpi1:. N Ker (P).  Consider the integral equation

(4.6) u(t)= e“iuo+f e“”S’AKu(s)ds+jt e =94 u(s), u(s)lds,
0 0
which we solve by the iteration
@7 ur(t)=ethuy+ j " g9 Kyn(s) ds+f =94 [yr(s), ur-(s)]ds,
0 0
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for n>1 aud #°({)=0. Lemmas 2.4 and 4.4 imply u*(¢) € S, ;. N Ker (P)
and for 0<y <w,, With p=2,,1,. ps145

(4.8 [ur | <allull+ by [u"~"[,
Choose «, and «, as
1 1 s
4.9 <o, <———of, =_— (1—+1—4dabya).
4.9 o daby 44} 20y ( nay)
Let ||, <a,, then |u"| <a,, from (4.8). Similarly, we can get
(4.10) |[urtt —ur | < 2bpee, |u —ut ", n>1

whence u™(¢) converges in H,. ., ;... to some u(t) e L;([0,00); Hy 1. girss)
NCY0, 00); H,., 5,0 NKer (P) uniformly in ¢, and |u|,<a, It is not
difficult to see that this u(¢) is a desired solution of (1.11).

A more detailed exposition will be presented elsewhere.
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