
1944 МАТЕМАТИЧЕСКИЙ СБОРНИК Т. 15(57), N. 3 

RECUEIL MATHEMATIQUE~ ~ 

On the least prime in an arithmetic progression 
II. The Deuring—Heilbronn phenomenon 

U. V. Linn'k (Leningrad) 

In this section we shall give the complete proof of the theorem which 
was stated in the part I of this paper (we shall quote it under the 
index [1]): 

T h e o r e m . / / / € [ 1 , 0—1]; (/, D)=l,then for the least prime pmm(l,D) 
in the progression Dx + l we have the estimates 

Pmin(l,D)<DC» (2) 

C0 being an absolute constant. 
In [I] the estimate (2) was proved, only for one half of Z's for each 

D, namely for such /'s for which the exclusive real character X (modD) 
(if present), equals to (—1) (cf. [1], § 30). We shall prove also a «weak 
asymptotic law» analogous to that of [I] § 30, (98) and valid from small 
primes in all progressions. 

§ i 

In [I], § 3 was introduced the positive constant c0 which may be cal­
led «Page —Landau constant» [7] such that there are no zeros of any L(s, y) 
(modD) in the rectangle l>a> l — ^ , ] / | < D , except, possibly, one 
real zero po of a series L(s, y) belonging to an «exclusive» real character 
у (modD). If such an «exclusive character» X (mod D) does not exist, then 
the «basic theorem» alone leads to the following asymptotic law (cf. [I], 
§ 30. (98)). 

l,...,oo 

If S(AT,/) = 2 Л (л)*-"'*; x=lniV,then 

С ИУ\ S(N-1)JV I 3 M V , , on f Af \ , 6 \ rxi-nr-dx=n5)--2-(1+2eexp(-f»nicj+iiij; 
Jf x 

provided M > Bz In D. 
Hence (2) follows immediately. 
Thus, to prove (2) without limitations, we may assume that the ex­

clusive character X(modD) does really exist. 
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§ 2 

The character X(n) may be a non-primitive character (modD). In this 
case[4], we transform it into a primitive real character Хх(л) to a modu­
lus DJD. 

The series L (s, Xx) will have the same zeros, as L (s, X) in a > 0, since 
we have [4] 

P/D 

By a lemma by A. Walfisz [5] we have 

V n 
where TJ= + 1 or — 1 , -фг is a fundamental discriminant, and f—М is 
Kronecker's symbol. The behaviour of the real zero po of the series L(s, Xx) 
is well known to be connected with the class-number theory of the cor­
pus fcCjAjl^) the famous Siegel's estimate [6] 

l - P 0 > C . D r « ; s > 0 
arbitrary, belongs to the subject, but we shall not use it here, because 
Ce cannot be effectively calculated. We shall use the weaker estimates 
by A. Page [7] 

M. Deuring [8] (1933) and H. Heilbronn [9] (1934) have discovered 
an exceedingly important fact which we shall call here «Deuring—Heil­
bronn phenomenon». Suppose that there exists a sequence of exclusive 
characters (modDx) for which the zero % draws very near to the point 
5 = 1 . Then it proves that the zeros of all L-series to all the moduli, say 
<D~ for | / | < D recede from the line c = l and approach the critical line 
a = ~ except, of course, the zero p0. We shall now give a more precise 
statement of the fact. 

Second basic theorem («Deuring—Heilbronn phenomenon») 

Let po be the exclusive zero (for the modulus D). Let. a § = 1 — f$e, 
p t == * D > 1. Then the rectangle 

1 > a ^ l - c 3
1 ^ , | / | < l n 3 D 

3 j n £ ) > I I -

contains no zeros of any L (s, -/) to any modulus < D% (in particular, 
to the modulus D) except the zero po of Lis,^). 

§ 4 
As we shall see, here again the «density—property» [I], (d) is of great 

importance. If it holds for the series L(s,x) with the moduli D'<D% 
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then the second basic theorem is rather easy to prove by the methods 
of [3]. So the main difficulty consists in the avoiding the property (d) 
which requires complicated computations. We consider now all the L-series 
with primitive non-principal characters to all the moduli Z)'<Z)2. They 
have no zeros in | / | < D , s > 1 — ^ ^ . except the zero p0 (cf. Page [7], 
Lemma 9). We consider now the rectangle 

There exist one or several series L(s,-/) whose zeros in this rectangle 
have the largest real part. We take one of them, say L{s, X2) with a pri­
mitive X2 (mod L>8), D2<D\ It has a zero ц=$г + иг with I ^ K l n ' D 
such that if any of our L(,s,x)' s has a zero pi = Pi + /7i with | /^ |<ln8Z), 
p ; ^ p 0 , then р;<р2 . We denote i - p i = ^ (cf. [I], § 2). 

The function X1(n)X2(n) is a character (mod DXD2). There are two dif­
ferent cases in its behaviour: it may be a non-principal or a principal 
character (the last case may occur only if Х1(л) = Х2(п)). We form now 
the «Faltung» of the series L (5, X,) and L(s, X2)—the series L(s, X2X2); 
and introduce the function 

F(s) = L ( s , X t ) . L ( s + aei XkXf), (5) 

where o 0 =l—p o . We remark that F(s) is an integer function. This is 
trivial if XXX2 is non-principal, and follows from the fact, that L{stX2 
has a simple zero s = po and L(s + a0, X2Xa) a simple pole s = pe if Xx = X2, 
In this, case F ( p e ) # 0 . We have also DxDt^D\ 

§ 5 

We introduce the function 

f(s) = ^(syX2) + ^(s + a0,X1X2) = ^(s). (6) 

It will play here a role analogous to that of a the function with the 
same notation in myj papers «On Dirichlet's L-series and prime-number 
sums» [1] and [I]. 

We have for a > 1 

/(s)=-S-4<-)-' (7)' 
n=l 

where 
f X t ( / i ) ( l - / r e » ) f o r X 1 ( n ) = - l , - | 

fln = X2(n) + X,X2(n)/r°« = U 2 ( n ) ( l + л-«.) forX, (n) = + 1, [ (8) 
lX2(n) forX1(«) = 0. J 

§ 6 

The function f(s) has no poles inside the rectangle 1 — i ^ o " < ° < 1 » 
| / | < l n s D and has one or several poles on the left vertical side of it 
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(cf. § 4). We take such a pole, px = ?, + //,, Р ^ - Щ Г , ' ;M<li i aD. 

We may assume ^ ^ < 4 • I n fact> i n v i e w of (3)> l n p . 0 < 7 l n D and 

if ^ i £ ^ > -I , then the second basic theorem is proved with c2 = v . We 
in D 3 ^ 

shall now introduce some useful notations: & will denote the sequence 
of all the numbers which are products of a square > 1 and a «quadrat-
frei» number whose prime factors p imply the unity value to the chara­
cter Xx: X 1 (p )= + 1. The set ($$ has a well known arithmetical meaning 
in к (|/v\D t), we may also define it as a set of all]numbers n for which 
the coefficients bn in the expansion 

oo 

C W M s . X J - S j ? (a>l) (9) 

are different from zero. 
®(N) will denote the system of numbers belonging to @ and <AT; 

A(M) denotes the quantity of such numbers; A(N, Mx) denotes the quan­
tity of numbers / ^6® (AT) whose prime factors are all >ЛГ1; ®(АГ, Nt) 
is the set of nx's; АГ* = ехр (o,001 г щ ^ 1 п W(D)) (cf. [!],§ 11); j x - l / I n D ; 
(Л1, У, z)-circle denotes the circle is — г | < У containing' M poles 
of /(s); ( < M , У, z)-circle and ( ^ Af, У, z)-circle are analogous notations; 
c0, clf c8,... are positive constants < 1; K0, Kx, . .^K/^K/CK/-^ K/-s, ...,K§) 
are constants > 1; C1? C2,... is another set of similar constants. 

§ 7. First fundamental lemma 

There exist Cx > 10, C2>C19 С3, C4 I . . . such that for a certain 
AT6[£>Cl, £>Ct] we have 

MN,N*)> ё ^ о exp ( - C 4 V ( D ) ) . (10) 

In point of fact, this theorem becomes non-trivial only for Uf*(D)<^7r-. 
It is perhaps worth mentioning that the estimate (10)v for l F(D)> 

> T-J~7)- immediately implies Siegel's class-number theorem for к ( ] / ^ D ) . 
We shall prove this theorem in using the lemmas of the papers [1] and* 

[I]; the case ¥ ( D ) > (InD)0»001 is rather simple and the arguments of [1] 
are sufficient to treat it. The case W(D)€[c9f (InD)0»001] is treated by the 
complicated methods of [1]. 

§ 8 

L e m m a I. / / p denotes the typical pole of /(s), 0 < G < 2 , then 

| /( s>- S ^9\<Ci\nD(\t\ + 2). (11) 

P r o of. As D.D^D", this follows from [I], Lemma V, § 6. 
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L e m m a II. Any circle with the radius ^ £ [ l n D , 2 ] and the center 

l + it contains no more than C6r In D( | / | + 2) poles of /(s), each counted 
times its residue. 

Proof . These poles are the zeros of L(s, X2) • L (s + a0, X2X2) and, 

as <*t<lnD, this follows "from [1], § 5, Lemma IV. 

L e m m a III. The function f(s) has a pole ?2 = $2 + it2, subject to fal­
lowing condition: 

(2) | / 2 ; < l n 8 D . 

(3) There are no other poles in 

a > ^ + l n V = P- + ^ | / - / 2 | < l n 3 D . 

P roo f . p1 = B1 + //1 is the pole with £ i = 1 — " У ^ - If there are other 
poles in c>p 1 - fp . , \t — t1\<\n9D9 we proceed by the «shifting process» 
as in [1], Lemma I, and obtain thf required pole in no more than InD 
steps. 

§9 
We shall now prove (10) for .W(D)£ [(lnD)°>001, - ^ - ] closely fol­

lowing the argument of the paper [1]. We shall mark the corresponding 
steps and refer for the proof to the paper [1]. 

Lem ma IV. On the line с = c2 = p2 + C7 y. there exists a point s2 = % + H 
with the following properties: 

(1) K - / 2 | < l n D ; 
(2) | /(5 f) | = P l n D with C 8 l n D > P > ^ ; 

(3) | / < s 3 ) l > ^ l n D for s, = s2 + r; r = - ~ C7|i; 

(4) | / ( s ) | < 2 P l n D for s = o2 + it; | / - / 2 | < (In InD)2 ( ^ f ^ ) -

P roof . Cf. [1], §§ 2, 3, 4. 
L e m m a V. There exists a point sA = sA-\-ircA under conditions: 

(*) - 4 — e i C9\nD ' 

(2) l T 4 - T t | < ( l n l n D ) » ; 

P l n D 
(3) \f(s.)\>Cl 0 (¥ (D))1/2 

Proof . Cf. [1], §§ 5, 6. 
L e m m a VI. For 8f = D c» we have 

2 J f e ! M r ^ i > C u ( l n D ^ T . (12) 
P> Y;* 



352 U. V. Linnik 

Proof . We obtain proof of this lemma by J, E. Littlewood's sum­
mation method with the aid of Г-function (cf. [1], §§ 7, 8). 

§ io 

We introduce now the sums S(n)= Y, aplnp . 
i \ i j - < p < n 

L e m m a V I I : 

2 ls("); fl8-Q"i,o>g»0nP)t-°-fi- (13) 

Proof . Cf. [1], §§ 7 - 8 . 
L e m m a . VIII. There exists a number N^iN^,^2] such that 

\S(N1)\>Nt*n, «д = 8 ^ . 

P roof . Cf. [1], §§ 7 - 8 . 
§ и 

We choose now a positive integer v such that N2 = ATJ€[8~2,8^J = 
_ [ D 2 c s / > c 9 ] and form then {S(N1)}V= 2 Efai), where 

5 (X) = 2 fl V • a^v In л • - • In pv /17'**. 

L e m m a IX: 
l ^ n J K exp Cl9V(D). 

Proo f . D*c*>Nt = NX^Ny, hence 
4C 9 lnD ^ r W(D) 

" lniV lF ^ ^ * In 4T(D) ' 

i E (n2) j < v! 2v In Л • • . In pv < v! 2 V ( * ! U 2 L ± ^ ; ± ^ ^ 

= *f (in iV2)v<Cv5 (in D)v<Cv5 exp C14 Т ^ < 

<C?8 exp (1000C1 4T(D))< exp(C18\F(D)), 
q. e. d. 

§ 12 

If ^€©(N2)* then for at least one prime /?7- in the decomposition 
/z1 = p 1 - . -p v we must have: | a p . j = l — p?° [by (9)]. Hence 

i 5 (n j | < I 1 - P7~°° • exp Cl8 W (D)< I 1 - N 7 ^ ! • exp C13 ¥ (D). 

We have by Lemma VIII 

I S (AT,) I = ] S (iVx) j* > tfi-D > N2 exp ( - C16 V ( D ) ) . 

Each term of S(N2) involves only prime factors > M ̂ , and hence, by 

Lemma IX, 

A(N2,Nv) > M2 exp ( -C l e \F(D)) e*P ( - C „ ЧГ ( D ) ) -
- N 2 | l - ^ 7 0 o l exp C„.\F(Z?)> 

> iV2 exp (~C 1 7 ^(D)) — ATa| 1—ЛГгСо1 exp C 1 3 ^(#) -
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We may now distinguish two cases: 

I. l -ATrG o<exp ( - 2 ( C 1 8 + C17)4?-(D)). In this case, A{N%,N*)>-

> \- N2 exp ( — C17 W(D)) and so (10) is proved. 

II. l -N 2 - °o>exp (-C1 8*F(D), where C18 = 2(C18 + C17). Then we 

must have: a0 > ^--^-^ exp ( — C20
 lF(D)), as JV2 < exp 4C9 In D. Hence 

e x p ( C 2 0 W ( D ) ) > u ^ L n 5 = c ^ 

¥ (D) > - * In J*- = J - In a0 - l ^ t > * In «.; 
* - 2 0 ^ 1 9 ^ 2 0 20 ^ *~20 

since 

¥(D) >-(lnD)0'001 > 2 i ^ i . (14) 
*- 20 

In view of the extremal properties of T-
v-_~ this is the second basic 

1 In и 
theorem of § 3„with с3 = 7Г7Г- . If it holds, then (10) is of no use, since 

' 2 0 

it was introduced only to prove that theorem. Though it is true even 
then (it may be easily deduced from the second basic theorem), we shall 
not prove it. 

§13 
We proceed now to the proof of (10) for 

¥ ( D ) 6 [ ^ , ( l n D r ' 0 0 1 ] 

We putK o = (C6Ce+100) l i e,K1 = K; ' 1 ,K , = Kiand proceed as in [I], § 8. 
Let р2 = ра + /т]о b e ^ е pole of Lemma III {ti0~t2). We take а0 = р4 + Кхр 

and consider the segment @Ло=<3(а0, \t— *q0\<ln3 D]. 
If /?>VF(D), then, by virtue of Lemma II and of the inequality 

p2> 1 — г-ЦА any circle 5 —z0!</?p- with z06@«.0 contains no more than 
10C6/? poles of /(s), i. e. is a ( < 10Ce/?,/?a,z0)-circle. 

We consider now two cases: 
P. The analogous property holds also for the circles with /?6[4K2, ЩО)], 

or, more precisely, any circle |s —z0 |</?u with z0 6 ©*0; /?6[4КХ, Ф"Ф)1 
is a (<K2/?,/?p,Zo)-circle. 

IP. The property does not hold, and there is a z0£@ao and an 
/? € [4K, Д" Ф)] such that the circle |s—-z0 | < # P isa(>Ka/?,/?p-,z0)-ci'rcle. 

§ И 
We shall at first discuss the easier case P. In this case, we shall prove 

even a sharper result than (10). 
L e m m a IX. In case P we have for a certain K3 > 10 and M=DK*:: 

the number of primes belonging to & (N) is 

In particular, (10) holds, since the number of primes <Afa /5 <Nw<D, 
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Proof . We obtain, as in [I], § 9, proof of the Lemma VI, by 
J. E. Littlewood's summation method for 86(0,1): 

— 2 a n A ( n ) n - i T < » . e - 5 n = 2 ткГ(pk — 1\)№*&-?к + 0 ( l n 2 D ) . (15) 
?kes 

Here р/с runs over the poles of f(s) in the stripe — a0 < c < 1, and mk is the 
multiplicity of the corresponding zero of F(s) = L (s, X2) . L{s + o0, ХгХ2). 
Denoting here ( — ln8) = x, we can write (cf. [I], § 9) 

CO 

2 mk Г ( P f c - /Y)0)8*» • 3-P* j = 8-*«-n | 2 Г (Pfc- /ti.) exp ( - 4 + tft)* I. 
' РЛЕ © k=-oo 

со 

Here \Fe(x)== 2 Г(РА —/т}о) е х Р( —°/r+tffr)x are the exponential series 
Л'с=— с о 

satisfying the five conditious of the Lemma II in [I], § 4, with — e'k+ itu — 
= PA- — pa —«.;" P» instead of |B0 in [I], and the condition (3) is replaced 
by a stronger condition: 

P*<P. + M o r | / - 4 o ! < l n a D , Д = 1п£>, ^ = Ce; Л 2 - К 2 . 
Hence, by this Lemma, there exist K6, K7, K8 all > 10 and depending 

on K2 and Ce only such that for XX = K9 In D; X2 = K7 InD we have: 

j V . W I ' r f ^ o ^ . (16) 

Hence we obtain for a certain ?€[X1? X2]: 
l l 

i ^ ( £ ) | > ^вК 7 Kg 

Denoting ^ - ^ о - ^ Л ^ б ^ * 8 , £>A'] and taking into account that 

p 2 > 1 - ^ j — - we obtain from (15) 

I Ц арА (р)г** . ,-P/VXj > Ni w±Z.*»li£i) 
P 

and a fortiori 

2 I V! l n * * ^p /-V l | > К] e x p ( - K i e T ( D ) ) . (17) 
p 

Hence either (14). or the second basic theorem follow by the same reason­
ing, as in § 1 3 of the present paper. (14) follows from the second basic 
theorem, but is of no use if the theorem is proved. 

We shall consider now the case II of § 14. Here we proceed by the 
methods of [I], §§ 9 - 2 6 . 

L e m m a X. In case II of § 14 there exists a point z1 — xl + irtl sub­
ject to following conditions: 

(1) ^ ^ ^ + 2h.K^^B, + ^ with Д€[1, 2\nW(D)] integer, h j . - ; 
<(lnD)1 0 . 
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(2) The circle \s^~z1| < 4 • 2>* • /<1p. = 4A1j* is a (P\, U^, zj-circle 

with P£[^,2C2W(D)]. 

(3) The segment © K , | / — ^ | < ln3D] bears only (<2PA2, 4Axu, z)-
circtes. 

(4) Т/к? segments <3 [a;; i / — ^ | < In2 D] with as = ax + 2 ^ ; / = 1, 2 , . . . 
. . . , [2 In ¥ (D)] foar ол/у ( < 8 K , • 2*A1; 4 • 2'A,JS z)-circles. 

P r o o f . Cf. [1], § 9, Lemma VIII. 

§ 16 
з 

In s ^ 3 2 + ~ a , \t — У1г\'<: ln2D, the function f{s) is regular by con-? 
strtiction of zx (cf. [I]). 

We introduce now the function (cf. (7), § 5) 
CO 

BV (s)=- 2J —jf— 2J 2 J -p&- • 

5 
Here p denotes a typical prime. For a > — , we have obviously: 

Bv(s)=- 2 £ + 0(1). 

L e m m a XI. In *>>l—~, 10W (D) < R < -i l n D > we ha^e 

InD > 4 / \ x g j 

I B* (s) I < C21 ̂  In W (D) exp (o,001 F ^ In W (D)) . 

/и particular, in a > l 7-7) 

|B*(s ) |< I n D
a / • 

1 V (¥(D))J/3 

Я^ге w assume W {D) > 10. 
P r o o f . Cf. [I], § 11, Lemma X. 

We now introduce the functions 

/i(s) = / ( s ) - * * ( s ) , ?(5) = 5^Й- . 

As was explained in [I], § 12, we shall try to avoid the «density diffi­
culties» of the direct study of the poles of /(s) by replacing the function 
/(s) by a new formation Q W ^ . l i z ?

 2 being a suitable constant 
for a given D. We consider the maxima M] = Maj of | <p-(s)| on the segments 
© h j W v i x K l n 2 / ) ] for a / = p i + 2 J V (/ = <>, 1,2, . ' . . , /) (cf. [I], § 14). 

L e m m a XII. There exists an integer /0€j[0, /—1] sttf/z //ш/ 

^ / r f i < ( l - ( - ^ ) A f / . , A f / + 1 > ( l - 1 7 ^ i ) Mj ( / < / . ) , 

Mk> 10"6PlnD. 
(P /s //*£ number of Lemma X). 
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P r o o f . Cf. [1], Lemma XII; §§ 14 and 15. 
Let v be the point of @[a/o; | / — ч]г\ < ln 2 D] which is the nearest 

to if\x and such that <f(v) = Mj0. 
L e m m a XIII. Ifz£<5 [aio; \ t — цх | < In2 D], then the equation <?(s)—®{v)= 

= ?i (s) = 0 ftas ш the circle | s ~ z j < 10""5 • 2'"° • A^ /70 more than 
K11\n(j0 + 2) zeros. 

P r o o f . Cf. [I], § 16, Lemma XIII. 
L e m m a XIV. If Re [Ax • 2*>, A, • 2>o In In D], /Aw /Ae' quantity of 

zeros of ^ ( s ) ш ' s — vx | </?a dfles n#/ exceed K12/?? K12 depending on Kt 
only. 

§ 18 

L em ma XV. The quantity of zeros and poles of <p2(s) in any circle 
of the type \s — {l + iT)\ < ^ does not exceed C2 2!nD(|T| + 2). 

P r o o f . Cf. [I], § 17, Lemma XV. 
L e m m a XVI. <?x(s) has no zeros and poles in a > ofo, |/ —/vxj< 

< 2 , and in a > 1 + \x. 
P r o o f . The first assertion follows easily by definition of MjV. For 

the second cf. [I], § 19, Lemma XVII. (Z = ©(v)). 

We introduce now Q (w) ~ ;г :г^Ц w i ^ ^ = ?(v) and consider the 
integral 

* W = i $ ^ ' ( w - Z T j Q H d w , ( 1 8 
2 - icx> 

where z% = Iv so that v —о/0 + /т1в 
Then we obtain (cf. [I], § 19 and § 20, Lemma XVIII): 

Ф(*) = 2 ±'w* r(P*-^i)8"? f c + /?b, (19) 
Р/С 

where p* runs over the poles of Q(w) between c = l - f u and the contour L 
(belonging to the stripe 0,6<a<0,65) 

\RL'<o'^4ni0D. (20) 

We denote now c;0 = a0, v = a0 + rcl = p0. Denoting р* — р0= — <** + //*> 
so that — dA<0-for |/ /c |<(lnD)2, — *Q + it0, Г/ = Г(р|- + ^1) , —In3-х, 
we obtain 

CO 

Ф (x) = *a°* ^ ± miri' exP ( ~ a/ + lti)x + RL> 
/ v = - C O 

where the sign ( + ) is to be taken for the zeros of ?x(s), the sign ( —) 
for the poles, — /n,< — 1 and + my equals to the multiplicity of the 
zero p/. 
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It must be remarked that for | / ; | < ^ - ~ we have the sign ( —) only 

If _ 0 ; . < 1 - . 2 / о . Л 1 а = ^ . 

L e m m a XVII. For W(D) >K1Z there exist two constants K14c and K1S 
depending on Klt K„ . . . , K12 only (K 1 4 >10; K15 >K 1 4 ) such that for 
X1 = K1€\nD9 X2 = K15\nD we have 4 5 

-Y2 

\lS(x)l4x>w^f, (21) 

where 

S ( x ) = 2 +Щ exp( — Gj+itfix. 

Proof . This is a straightforward analogon of the crucial Lemma XIX, [I]. 
Cf.•[!], § 21, Lemmas XIX, XX. 

We must remark that if W(D)<K13t then we have the case I of § 15 
with Kle instead of K2 and then the first fundamental lemma of § 7 is 
proved. Hence in what follows we assume l F(D)>K 1 3 . 

§ 20 

We introduce now the transform (cf. [1], § 24)]: 

2-Hoo 

E(y,k) = ±. [ r ^ ^ d w , 
2-ioo 

and obtain ([i], § 26) 

]nD oo 

+ Vn+1(n) • Е(Ьп, m + 2)\+Rl 

with | R , К ехр С -~ In D In In D Л provided §-' < exp(In D(In In D)"=). 
Here 

F m + 1 (И) = 2 «Pi • • • flft„H lnpx . . . ln/>m+lf 

F m + 1 (n) < 10* • 3m • (In «)m+i (cf. [I], § 23; (74)). (22) 

L e m m a XVIII.. For Mv = Klt \^4JD) > x € fX" X^ we have 

м ,r 

*(*)< S ( - f i^r |S m | +^ *=~ l n 8 <23> 
m=0 

| /?„! < 2exp Г — у In D • In In D\ 
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Here 
с© 

Proof. Cf. [I], § 25, Lemma ХХП. 

§ 21 

From (19) and (21) we conclude that there exists a l£[Xl9 X2] such that 

| ф ( { ) | > к й Ш ' Л (24) 

And hence, in virtue of (22), there exists an /n0<Af<r such that 

S m ° ' >1ПШТШ^ ^ = <! = a-i. (25) (In/))•"• K18(*"(£>))3 ' 

We denote now А(л) = Д а р . In virtue of (22) and the estimates for 
pin 

E(y, Л1.-И) and E(y, m0 + 2)([I], § 24, Lemma XXI), we get from (25)t 

V vm.+iW г inn | £ ( n . . V . 

+1 E ( £ ; m. + ?) | ] >2кГ8-^))-з • (26). 

We divide the segment [AT?-99, ATJ into partial segments of the type 
[ N N 1 9??з, -^ ; the extreme left segment may be not representable in this 
form, but it may be ommitted (cf. [I], § 28); the segment [N19 MXD] is 
divided into the segments [N1-2r, M1-2r+1] with an analogous proviso. 

We have then, by [I], § 28: 
r-I-l 

I ^ Q ; , /n0 + l ) | + J E ( ^ , m e + 2 ) | < 2 : - ' exp(KltW(D)) (27) 

in the segment [^Д, ^ ] dW", AfJ 

| £ ( ^ , « . 4 - l ) | + J £ ( ^ , m 0 + 2 ) | < e x p ( - | ) e x p ( K l t «
r ( D ) ) (28) 

in the segment [/v\ • 2r, /v\ • 2r+1] с [Af1( /v\D]. 
§ 22 

Lemma XIX. For a suitable r„ we have either 

2 A (".)ln «i > % e*P ( - K „ Ч- (D)), 
.Л"1/2,,о'п<„1<.\1/2»"> 
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or 
2 A (nL) In n± > Nx • 2-0 exp ( - K21 4; (D)); 

ЛЧ-2 Г о <П1<ЛГ.2 Г в + 1 

the summaition runs over п/s with Vm+.t (nL) Ф 0. 
Proof. Suppose that K21 being not fixed, these estimations do not 

hold. Taking into account the estimates (22), (26), (27) and (28), we get, 
as Mt <ex*: 

* ^b^K*-"-+OI+Kr1."--K)]< ^ (\tlDY 

r - f l 

< К™0+1 • exp (К, Д (D)) • { 2 ¥ ~ + 
r = 0 

+ 2 2 ? " - e x P ( - 2 r / 4 ) } e x p ( - K 2 1 W ( D ) ) ^ x , (29) 

к«„-и < K | « * < exp (2MV In KI6) = exp (2KX. In К» ^щщ) < 

< exp (K2„W (£>)). 

Hence, if K21 > 100(Ki9 + K20), we obtain that the left hand side of (26) 

is AT1exp(-%?^(D)^)i If Ka„>6K l s this is obviously impossible. 

We may now put Kn = 100(K18 + K19 + K20), and the lemma is proved, 

§ 23 

By Lemma XIX, there exists a number N2 6[N°-S9, NtD] such that 

2 A(n 1) lnn 1>^ 2exp(-K 2 0
ir(D)) 1 (30) 

where n/s run over the numbers with Vma+i («i) Ф 0. Each number nt 
consists of mt + l prime factors >ЛЛ?. Hence we obtain 

2 A («.) > 1 с й г о e x P ( - K = « 4'(D>>- <31> 
Lemma XX. We have: either 

Д (ЛГЁ> N,0 > ^ _ е х р ( - К „ *F(D)) (32) 

er the second basic theorem is true. 
Proof. By the same argument as that of § 13. Hence, either the se­

cond basic theorem, or the first fundamental lemma of § 7, is true. We have 
now to prove that this theorem follows from the fundamental lemma i. e. 
-from (10). To this end, we shall prove the «second fundamental lemma*. 

§ 24 

Returning to the relation (9), we put: 

2 £=*. (fc) 
H < D 0 , 5 2 

file:///tlDY
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S e c o n d f u n d a m e n t a l l e m m a : 

A (M„ AM < C29L (1, Хг)^г(ЧГ(0)У for N>D (34) 

Proof . For proof we shall apply Viggo Brim's sieve method. To 
this end,,we need some further lemmas. We have by (9) in a > 1 

CO 

C(s) -L(s ,X)= 2 ^ > 6 n ^ 0 if and only if ng®. 
n = l 

The left hand side can be decomposed in a > 1 into the infinite pro­
duct 

v 

Tz^r1orXl(p) = 0, ( r - L ^ f o r X 1 ( / ' ) = + l . 

We introduce now the function 
со 

1 

We have 

Ф 

Ф (s) = 

<5>=nr=W = 2 £ <*>»)• 
pee n = l 

(s) = C(s)L(s,X). [ J ( 1 - ^ ) ^ ( 5 ) , 

(35) 

(36) 
P / D I 

where RD±(S) is a Dirichlet's series which is absolutely convergent in 

o > - y and so is 0(1) in a ^ 0,51. 

§ 25 

L e m m a XXI. For N > \ we have 

C(N)= 2 ^ ^ ^ ^ ( O L f b X J . P ^ + e . A ^ ^ . D 1 / . , 
n < N 

«>.-nO-J-) 
P/Di 

Proof . Using (36), we obtain with a=l+~ 
1пЛГ 

o-fiT 
C(iV) = ^ lim С ^<D(s)ds + 0 ( i ) . 

a-iT 

It is well known (cf. Page, [7]), that 

\ \ С Ns 1 1 n~« 
|__ J ^ л - ^ 5 - 1 | < Л ^ я forn<iV; 

а-гТ 
а+гГ 

1п-

(37) 
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Taking into account these estimates, and putting T = N, we move the 
vertical segment to S =0,51 , passing the pole s = l with the residue 
L(l ,X x) • RDIW • PD! The remainder term is then easily proved to be 
of order Af0'52 - Dx/2 (9f. Page, [7]). 

§ 26 

If сП1Ф 0 and л1 = ?а1 . - . q*r - n[ being primes, then cni = 2rcn{. Hence 
the quantity 2 cnlf where пг runs over all the numbers such that 

ni<N 

n^qai'. . . qarn'ly equals to 2r 2 *n, where ЛГ = — — and n runs over 

all numbers < iV ' . This remarks and the estimate (37) enable us to ap­
ply the sievg method. 

We shall use the adaptation of Viggo Brim's method exposed in 
Schnirelmann's celebrated work «Uber additive Eigenschaften von Zah-
len» (Math- Annalen, 107, 1933). We shall quote it after the russian 
translation [10]. 

L e t qx, q*> • ••, qr be all primes < Л/V, 6®. We put С (AT; ^ , qif. . . qr)=-
2 cnithe sum being extended over all n[s which are not divisible by 

The symbolic formula (63) (Schnirelmann, [10]), being adapted to our 
C(N,qiy . . . , qr) holds, in virtue of the preceding remarks: 

r r 

C<N,flf?if...lfr)<C<JV)-2 2 c ( £ ) + 4 2 S C ( ^ - ) -

r min(x-i,rn_i> r 

-8 2 2 2 c ( ^ ) + ^ 2 -
min(x-l,rr)-i) 

••• 2 2Ч^т^;> 
Here l < r n < r n _ i < . . . <r2< t\< r is any fixed sequence of indices. 

We have now, by (37) 

C(M1) = M1 • / ^ ( 1 ) • L(1,XX) • P D l + 0 • A ^ D 1 / . . 
Hence 

r r 

CW ? 1 , . . . ? r )<L( l , I I ) i ? i ,A{ l -22^ + 4 2 2-1^7- •••+ • 
r min(-/-l,rn-i) 

+2г"22--- 2 б - ^ - } + * 
a=l p<a X=i * 

/ ? < ( 2 r + l ) 4 2 r 1 + l)2---(2r„_ t + l ) 2 ^ 5 2 D 1 / i (cf[10],(68)). 

We consider now the elementary symmetric functions S^\ Sg>,.. * 

of the quantities -^—, т^~ > • • • > 7r^~ • n i s P r o v e d i n ' l10l» t h a t 
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if 0 < S<}> < In h0 with ft0 = 1,29; m = 1,2 , . . ., /z, then the sum £ in the 
figured brackets { } 

£<2' in0--fv) 
We fix now the system of indices r1? r2, . . . , rn > 1* by the conditions, 
ihat rx is the least number for which 

r2 is the least number for which 

•><..= i i < H , n.-n Q-£>>k-
T/, is the least integer for which 

0 <..- s ,'<'"".• п.- п 0-D>*. 
v=r/rbl V v-rfc-fl 

rn is the least integer, for which 

°<*«= П £<»**., П„- П 0-£)>i-
As the numbers </y form a part of all primes < Л/V, we have for qr >C„, 
A = g < l , 2 9 = ft.: 

and hence by [10], (84) and (99): 

Е < 2 , > П ( , - 1 ) . 
v=l v 

As q, < AT» < D?>001 we obtain for Я > D\. 
Г 

С (AT; ?,, </a, • • • , ft.) < C25L (1, XJP^A/ • П ( J - f ) + 

r 

4-eCttA>».«DV. <2C„L(l,X1)PZ)lA/i Д f l - Л (38) 

*s 1 ( 1 'Х«»17ЙГо7Ь у ( 4 )- Here ^ = П0-т)-
«/*>i 
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We have now, by (33) and (9): 
i 

V - i q/lt! 

• п .„о+>'-) - п (>+;.)" 

Now, iVr = exp f 0,001 ^ § 1 п ' Г ф Л and so [10] 

ln 2L>, 
П (>+»•) <C«i^-<C„(T(D)r 

Hence P,„ П 0 " ? " ) < C - " I ? " a n d h e n c e f o r N>D* 
v 1 " V 

С OV. </lr . . . , </,) : Cse £- L (1, X,) («F(D))% (39) 

This enables us to prove (34). Namely if Al (N, Nv) denotes the quantity 
of all quadretfrei numbers belonging to ®(N, Nv), then we have* obviously 

A 1 ( A f , ^ ) = s C , s ^ L ( l , X 1 ) ( 4 r ( D ) ) i 

bv (39) for N 3* D" > D\. 
Hence, for N У•• Dl°: 

A(N,NV)<C» >] - ^ ( l , X 1 ) ( « f ( D ) ) « + 

+ 0 ( | ^ J V ) < C s , ^ / . ( l > X 1 ) ( ' F ( D ) ) i . (40) 
This is (34). 

§ 27 

L e m m a XXil: 

Proof . Bv the fundamental lemmas (10) and (34) we have for a cer­
tain N^[D^^,Dl<^\, / ( „ 1 0 : 

. \ ( / v , . A ' , , ) - ^ „ - L ' x p C •K.-A-iD)), (41) 

L ( 1 . X , ) W(, ••• :v , n „ n a ; (42) 
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(41) and, (42) lead immediately to (40). 
i 

§ 28. Proof of the second basic theorem 

We return to (9). The series Lis,^) has the zero s = j30. We apply 
J. E. Littlewood's summation formula to (9) in the point s = B0: 

For 8 = D70»51 we have 

2-Иоо со 

± J 8« ,«-w .r(w-p.)C(iv)L(w;x1)(/«'=2^e"? n-
2-ioo n = l 

Moving the contour to з = -2> w e Pass through the only pole u>=l, since 

the simple pole iv = po of T(w— p0) is cancelled by the zero po of L(w, XJ. 
Hence we obtain 

2 JS H n ^ ^ Г 0 ~ ML (1, X,) + 6Dro,oos. ( 4 3 ) 
n = l 

As p„ ^ 1 - ,-% , S == D-^i, we obtain 

00 

Hence r ( 1
1 _^pL(l ,X 1 )SPo- i . _ i _ ^ 8pe-i > 1; i n v i r t u e of ( 4 0 ) 

» 1Гехр(-УмУ(Р)) J exp ( - K^F (D)) 
Г (1 - M -> K2b\nD ~' C„V > K^liTp • {44> 

Now 
j _ I _ < 2(1-&) = &., . , lnD = i . 

Hence, by (44) 

2 > Я , ( - ^ > ( Д ) > > e p ( K > i , ( 0 B > j f c > V ( D ) > j l l n i . . ( 4 5 ) 

In virtue of the extremal properties of *F(D)/ln(D), this is the second 
basic theorem of § 3 with 

§ 29. The weak asymptotic law 
Theorem. // 

l,...,oo 

S(N,l)= 2 A (n) *-"/*, х = 1пЛГ, M>BQ\nDf 
n=I(modJD; 



On the least prime in an arithmetic progression 365 

(B0 a positive absolute constant), then 

j dx \ Щ1Лйх = ̂ щ{ \ dx $ (l-X^OI'iWr^dx} 
M ж 3f 

M 
{l+28( C 4 a 0 pn6 + JL | . ( 46 ) 

P.roof. We follow closely the proof bf (98) ([1], § 30). We divide 

4 the stripe T < a < 1 into the stripes S3fc: 

, 2**Mn[c4|i,) . 2*lnc4ito . n , M 

1- Wf>— < e < l — n j o - (« = 0,1, ...,&). 
We cut out of each 337c the rectangle 

|/1<min (In (c4o.„)]100 • 2100<*+-), In3D) 

and denote it by /?fc0. 
We cut out of 58ft(fc > 1) a sequence of pairs of symmetric rectangles 

21Mk(lnc^)100 < |* |<22M/i*ln (сл))го(>, 

220ofe (InсЛ)200 < | /1<230oft(ln c4a0)300,..., 2I0l"i3*< | /1 < In2 £>, 

and denote them by Rko, Rklt ..t,Rim.- Let Qkn be the quantity of L-series 

with zeros in /?*„. Then, by definition of Q { -~^- J we shall have 

Q*n<Q ( — £ 5 ^ - ) < exP(B(2* lnc^»)n+1) 

by the first basic theorem; we get now, with notations analogous to those 
of PL § 30 

^ ) S ( A M ) = l + X1Wr(P.Jexp(-o.x) + 

+ ЪТТ + Ш (cf- (101), [i]), 

9k 

. 2 exp (B • (2* ln e r f * 1 J • exp ( - 210оЫ(1п (сЛ))п) < 

< Cn In D • exp (B • 2" ln (с л ) ) • exp ( - х с г ^ i f f i " * * ) • 

This is < JjrlnD • exp ( -B 1 ln (Qi,^*-1) for x > Bt \n D. For 

2*-1 ln > ln (c4»-0) > ln ln D, В, > б this is < ̂  - ^ g 2 - . Hence, if k0 is the 
least number for which 2*»"1 In (c^0) > In ln D, then we have (cf. [1], (102)): 
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fce 

^ ) S ( A f , / ) ^ l + X J / ) I 4 W e x p ( ~ a 0 x ) + 2 ^ + ffD, 
Л - 1 

2M 2x 

$*$£«x|< „,(-*-.«.«£$*>.) 
M x 

4k °° 

2 (exp(l?.2*c^>)exp(-.2-*-). 2 §^f^< 

^ In2 D f M l r t ( c 4 u 0 ) \ , . , . ', p.4 

Hence 

2M X* I 'M *ж 

JVf a- " M i 

+ « . ( . .„p(-c ,^>-)+ «.-!*£). 

We have now (cf. (98), [1]) 

5 ^ J ( 1 - Г (p.) c -*) dx = 3 f ^ - Г (Э.) • Щ^ , 
M X 

For a„/W 2*0,1 this is > 6,001 Af\ For e.M < 0,1 this is > 3~-

ЛЛ 2' 

0,00boM>0,001 — . Hence, for M > B0 In D we can write 
1*0 

\ dx J * ^ d x = ^ L - { \dx $ (1 - X , (/) 1ЧР.)*-**)Лс} 

This is what we set out to prove; (2) follows immediately-
In the section III of the present paper 1 shall eive a more precise 

asymptotic law, 
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О наименьшем простом числе в арифметической прогрессии 
II. «Эффект Deuring— Heilbronn'a» 

Ю. В. Линник (Ленинград) 

(Резюме) 

В этой статье дается теорема, которая вместе с разделом «I.Основ­
ная теорема» первой части завершает доказательство неравенств 

h m IFD < 0 ° " (l> 

/ W (/,£>)< DC», (2) 

где pmin{l, D)—наименьшее простое число в прогрессии Dx-{-l; (i, D) — I, 
/ € [ 1 , 0 - 1 ] . 

Эта теорема («эффект Deuring —Heilbronn'a») относится к «исклю-
оо 

чительному характеру» X(n)(modD),T. е. такому, что ряд 2 Х(/2)я-3 

n = i 

имеет реальный нуль р0 > 1 — с° , и гласит: 

если а0=1— ро, ц,о = _ _ _ > 1 у Д70 прямоугольник 

\>a^l~c3 ~$Ц^, | / | < l n 3 D 
3 I n Z) ' ' • ' 

не содержит нулей ни одного L {s, х) по всел* модулям < D2 (<? частности, 
modD), кроме, разумеется, одного рв. Далее доказываются «слабые 
асимптотические закономерности». Пусть 

1,| . . . ,оо 

S(N,l) = ^ А (л) Г"*/*, х = 1пАГ. 
n=l (mod D) 

Если модуль D не имеет исключительного характерах (л), то при Af>CiltiD 
2М 2а: 

Если имеется исключительный Х(п) с соответствующим нулем р#,ч 

2М 2ж 

5 d x $ Щг1Чх= jfey \ dx [ (1-Х{1)Гф9)е-°°*)йх 
М х 

Г „ М ft 1 

|1+2в(С^.)-с.ПГВ- + п^} 

2М 2ж 2М 2я 

М х М х 

М 


