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On the least prime in an arithmetic progression
II. The Deuring—Heilbronn phenomenon

U. V. Linn’k (Leningrad)

In this section we shall give the complete proof of the theorem which
was stated in the part I of this paper (we shall quote it under the
index [1]):

Theorem. Ifl€[l, D—1]; (I, D)= 1, then for the least prime pmm(l D)
in the progression Dx-1 we have the estimates

s I ppn (@ D)
fim = < e, 0

Prnin ([, D) < Df% (2)

C, being an absolute constant.

In [I] the estimate (2) was proved only for one half of I'’s for each
D, namely for such I's for which the exclusive real character X (mod D)
(if present), equals to (—1) (cf. [1], § 30). We shall prove also a «weak
asymptotic law» analogous to that of [1] § 30, (98) and valid from small
primes in all progressions.

§1

In [1], § 3 was introduced the positive constant ¢, which may be cal-
led «Page—Landau constant» [7] such that there are no zeros of any L (s, y)

(mod D) in the rectangle 1.2>0 > 1—1 b 111<D, except, possibly, one

real zero 3, of a series L (s, x) belonging to an «exclusive» real character
7.(mod D). If such an «exclusive character» X (mod D) does not exist, then
the «basic theorem» alone leads to the following asymptotic law (cf. [1],
§ 30, (98)).

If S(N, )= D A(n)e-"/“ x=1In N, then

n=i

R
SN, 1 3me
de N dx—?(D)~—§~<l+2fJexp< 1mD>+1nD>
x

provided M = B, In D.
Hence (2) follows immediately.

Thus, to prove (2) without limitations, we ma} assume that the ex-
clusive character X (mod D) does really exist.

’x:/'ag
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§2

The character X (n) may be a non-primitive character (mod D). In this
case[4], we transform it into a primitive real character X, (n) to a modu-
lus D,[D.

The series L (s, X,) will have the same zeros, as L (s, X) in s > 0, since

we have [4]
- X
LX) =TT (1==2) L (s, ).
/D
By a lemma by A. Walfisz [5] we have

X, (n)= (%)y

Where n=+1or —1, nD, is a fundamental discriminant, Aand ("’—%) is

Kronecker’s symbol. The behaviour of the real zero B, of the series L (s, X,)
is well known to be connected with the class-number theory of the cor-
pus k(}/%D,) the famous Siegel’s estimate [6]

1—B,>CD:%; 2> 0

arbitrary, belongs to the subject, but we shall not use it here, because
C. cannot be effectively calculated. We shall use the weaker estimates
by A. Page [7]

1*3 '—_c]
‘°>1/Dlmml’ ) (3)
' X))
N L(,IL/VbNMDl (4)

§3
M. Deuring [8] (1933) and H. Heilbronn [9] (1934) have discovered
an exceedingly important fact which we shall call here «Deuring—Heil-
bronn phenomenon». Suppose that there exists a sequence of exclusive
characters (mod D,) for which the zero B, draws very near to the point
s=1. Then it proves that the zeros of all L-series to all the moduli, say
< D? for |t|< D recede from the line s =1 and approach the critical line

s-——%, except, of course, the zero 8,. We shall now give a more precise
statement of the fact.

Second basic theorem («Deuring—Heilbronn phenomenon»)
Let B, be the exclusive zero (for the modulus D). Let ¢,=1-—8,,

1 ,
o= nD 1. Then the rectangle

1>c>1—c3“;rf‘1‘;° , |t|<In*D

coritains no zeros of any L (s, y) to any modulus < D* (in particular,
to the modulus D) except the zero B, of L (s,X,).
§4
As we shall see, here again the «density—property» [I], (d) is of great
importance. If it holds for the series L (s, x) with the moduli D" <D?
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then the second basic theorem is rather easy to prove by the methods

of [3]. So the main difficulty consists in the avoiding the property (d)
which requires complicated computations. We consider now all the L-series
with primitive non-principal characters to all the moduli D’ < D*. They

have no zeros in |{|<(D, s > ]’*"2—1%03 except the zero B, (cf. Page [7],
Lemma 9). We consider now the rectangle
| ¢ I s
7»\(?4:\\\1*2—1%5, !l‘i-:}]n D.
There exist one or several series L (s, y) whose zeros in this rectangle
have the largest real part. We take one of them, say L (s, X,) with a pri-

mitive X, (mod D,), D, << D*. It has a zero o,=3,+if, with |£,{<In®*D
such that if any of our L (s, y)’s has a zero ¢, =B+ it, with |#|<In° D,

B, # B, then B8, We denote 1—8, =2 (ct. [1], § 2).

‘The function X, ()X, (n) is a character (mod D,D,). There are two dif-
ferent cases in ijts behaviour: it may be a non-principal or a principal
character (the last case may occur only if X, (n)=X,(n)). We form now

the «Faltung» of the series L (s, X)) and L (s, X,)—the series L (s, X,X,),
and introduce the function

F(S):L(sa Xz) - L (S"{‘ Co, X1X2)7 (5)

where o,=1—8,. We remark that F(s) is an integer function. This is
trivial if XX, is non-principal, and {follows from the fact, that L (s, X,
has a simple zero s=8, and L (s+s,, X,X,) a simple pole s=8, if X, =X,,
In this, case F(B,)==0. We have also D,D, < D%

§5

We introduce the function
’ _ L’ _ - F’
1) =F (5, XD+ 1 (45, X,X)=F(s) (6)

It will play here a role analogous to that of a the function with the
same notation in my; papers «On Dirichlet’s L-series and prime-number
sums» [1] and [I].

We have for ¢ > 1

©o N 4
jio)=—2 =5 (7)
n={ -
where

(X, (n)(1—n) forX, (n)=—1,
a,=X,(M+XX,(myn =13 X, (n)(1 +n=) forX,(m)=+1, ¢ (8)

Xy(n) for X, (n) =0.
§6
. - - 5 ¥ (D) .
The function f(s) has no poles inside the rectangle 1———m—D-<c\<_l,

1{{<In*D and has one or several poles on the left vertical side of it
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: 0 . (D .
(cf. § 4). We take such a pole, 0, =3, +it,, 31:1—%13—), t,|<<in* D.

We may assume whgg) < . In fact, in view of (3), Iny, < S InD and

if Ll(g) > 3 , then the second basic theorem is proved with ¢, 4} . We
shall now mtroduce some useful notations: & will denote the sequence

of all the numbers which are products of a square > 1 and a «quadrat-
frei» number whose prime factors p imply the unity value to the chara-
cter X,: X, (p)=+1. The set @ has a well known arithmetical meaning
in k (]/ wD,), we may also define it as a set of alljnumbers n for which
the coefficients b, in the expansion

(a>1) (9)

_1
! n®

L) L(s, X ) =

MAS

are different from zero.
& (N) will denote the system of numbers belonging to & and <N,

A(N) denotes the quantity of such numbers; A (N, N,) denotes the quan-
tity of numbers n, €  (N) whose prime factors are all > N,; & (N, N,)

is the set of 1,’s; Nw — exp (o 001 ,;:‘(g) n W D))(ef ,§ 11); p=1/In D;
(M, Y, 2)-circle denotes the circle !s—z <Y containing] M poles
of f(s); (<M, Y,2)circle and (> M, Y, 2)-circle are analogous notations;

€y, €,, €, ... are positive constants < 1; K,, K,, ..., K;=K;(Kj-,, Kj-s, ..., K,)
are constants > 1; C,, C,, ... is another set of similar constants.

8§ 7. First fundamental lemma

There exist C, > 10, C,> Cl, C,, C,,... such that for a certaia
N €[DC¢, D] we have '

AN, Nw) > m exp (—C, ¥ (D)). (10)

In point of fact, this theorem becomes non-trivial only for ¥ (D) <3¢ l'D

It is perhaps worth mentioning that the estimate (10) for ‘F(D)}

> -m% immediately implies Siegel’s class-number theorem for k (/" — D).

We shall prove this theorem in using the lemmas of the papers [1]and.
[I]; the case W (D)= (In D)%% js rather simple and the arguments of [1]
are sufficient to treat it. The case W (D)€ [c,, (In D)%% ] is treated by the
complicated methods of [I].

§8
Lemma I. If p denofes the iypical pole of f(s), 0<c -2, then
11— X 75 <CinD(t]+2). (11)
fp-sl<t .

Proof. As D,D, < D* this follows from [I}, Lemma V, § 6.
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Lemma II. Any circle with the radius r € []»- ID, 2] and the center

1+ it contains no more than C,rinD(|{|+2) poles of f(s), each counted

times its residue.
Proo’r These poles are the zeros of L (s, X,)- L(s+g,, X,X,) and,

4as o, 1 D, this follows from [1}, § 5, Lemma IV.

Lemma 111. The function f(s) has a pole 5,=3,--it,, subject to fol-

lowing condition:
: , V(D
() 31— 0

(2) |£, < In®D.

(3) There are no ofher poles in
5>32‘|“1‘H_ID‘= .32";‘%"’ [t'_'tquglnsD'

‘If (D)

Proof. o, =8, if, is the pole with 38,=1— L If there are other

poles in ¢ > B8, +uv, |f—{,|<<In®*D, we proceed by t_he «shifting process»
as in [1], Lemma 1, and obtain th¢ required pole in no more than In D
steps.
§9

We shall now prove (10) for W (D)€ [(ln Dy®.oot) 1—"39—] closely fol-
lowing the argument of the paper [1]. We shall mark the corresponding
steps and refer for the proof to the paper [1].

Lemma IV. On the line s =c,=8,+C, v there exzstsa point s,=8, -+ it
with the /ollowzng properties: :

(1) [~ |<InD;

@) 1/(s,)]=Pn D with C, lnD>P>%‘

G 1) > mD for s,=s,+r r= b Cow

(4) 17(s)|<2PInD for s=a,+it; |{—1,|<(Inln D) (H_WJ
Proof. Cf. [1], §§ 2, 3, 4.

Lemma V. There exists a point s,==s, - i, under condifions:

- In¥(D)
(]) "'4"“‘0_1 C,InD )

(2) |5, —%,| = (InIn D);

- _{’Jn D
@) 17(6)1> Cio il

Proof. Cf. [1], §§ 5, 6.
Lemma VI. For &;,=D7C we have

}2 aplnp P >C“(lnD)f --------- (12)
o ,

p= \—u



352 U. V. Linnik

Proof. We obtain proof of this lemma by J. E. Littlewood’s sum-
mation method with the aid of I'function (cf. [1], §§ 7, 8).

§ 10

We introduce now the sums S (n)= 2 = l,np
Nyp<psn

Lemma VII:

(13)

61n
2 !S(n) P \I‘(D)/lnD e Clo(lnD

n>Nyg

Proof. Cf. [1], §§ 7--8.
Lemma. VIIL. There exists a number N,€[Nw,3;"] such that

IS(N)|>Ny*p, op ‘431”,(_0)

nD
Proof. Cf. [1], §§ 7—8.
. § 11
We choose now a positive integer v such that N,=Ny€[8;2, 8,4 =
=[D%*s, D*%] and form then {S(N,)}¥= > E(n,), where

ni<Ns

E(nx): 2 ap - @p, In Py ‘Inpyn t“
Pyees D=l
Lemma IX:

te(n,) < exp C,, (D).
Proof. D > N,=Ny=> Ny,; hence

Inp, +---4 11 py \)‘*:

v

;E(nl)g<v!2v1np1...mpv<v!2v<

12V . v (D)IlninD _
— 2 (In N,)* < Ct, (In D) < CY, exp €y~ (= <

< CY, exp (1000C,, ¥ (D)) < exp (C,, W (D)),

§ 12
1f rzz(_&i(Nz), then for at least one prime p; in the decomposition
n,=p,--py we must have: [q,.|=1—p [by (9)]. Hence
1&(ny) | <|1—p;e - exp Cpy W(D) <[ 1Nz -expCy; W (D).
We have by Lemma VIII |
IS(NL)|=ISN,) >Ny 0 >N, exp (—C, ¥ (D).
Each term of S(Ng) involves-only prime factors > N, and hence, by
Lemma IX,
A(N,,Nvw) > N, exp (—C,, U (D)) exp (—C,, ¥ (D)) —
—N,|1—-N7%| exp C,, ¥ (D) >
> N, exp (—C,, (D)) —N,|1—N;%| exp C,; ¥ (D).
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We may now distinguish two cases:
I. 1—N;%<exp (—2(C3+C,,) W (D)). In this case, A(N,,N¢)=
i N, exp (—C,, ¥(D)) and so (10) is proved. .

1. 1—Nj%>exp (—C,,¥W(D), where C,;=2(C,,+C,,). Then we
must have: o, > Z‘_glln_[) exp (—C,, ¥(D)), as N,=<<exp 4C,InD. Hence
. 1 tto

exp (Cy ¥ (D)) > ConinD = C,y?

19

. 1 :
! (D)>—C2; n &= n po—“zi” >ZC__ 11 v

since
In Cl, :

..0

W (D) > (In Dy*-oor = 2 12 (14)

In view of the extremal properties of ?n(?[;) this is the second basic

theorem of § 3, with ¢, = . If it holds, then (10) is of no use, since

1
2Cy
it was introduced only to prove that theorem. Though it is true even
then (it may be easily deduced from the second basic theorem), we shall
not prove it.

§ 13
We proceed now to the proof of (10) for

W(D)e[ (In D)® 001] )

We put K,=(C,C,+ 100)**°, K, = K" , K,=Kj3 and proceed as in [I], § 8.
Let p,==8,- in, be the pole of Lemma I (me=1,). We take o, =B, + K,

and consider the segment &,,= & (a,, |t —1,|<1n® D].
If R= ¥ (D), then, by virtue of Lemma II and of the inequality
B, 1——;%%}, any circle 's—z,! < Rp with z,€ &,, contains no more than

10C,R poles of f(s), i. e. is a (= 10C, R, Ry, 2,)-circle.

We consider now two cases:

1*. The analogous property holds also for the cuclesvuth RE[4K,, ¥(D)],
or, more precisely, any circle |s—z,| < Rv with z,€ &,,; R€[4K,, ¥ (D)]
is a (<K,R,Ryp,z,)-circle.

11". The property does not hold, and there is a 2,€S,, and an

R €[4K,, ¥ (D)] such that the circle |s—z, | < Rp isa (> K, R, Ry, z,)-circle.

§ 14

We shall at first discuss the easier case 1*. In this case, we shall prove
even a sharper result than (10).
‘Lemma IX. In case 1> we have for a cerfain K, > 10 @nd N = D%s:
the number of primes belonging to & (N) is ' '
> gotnp O (— K ¥ (D)). |
In particular, (10) holds, since the number of primes <N is < Nw <D.
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Proof. We obtain, as in [I], § 9, proof of the Lemma VI, by
J- E. Littlewood’s summation method for 3€(0,1):

— N, A () =i = ) g I (o;~—zq)0“" “#% -0 (In*D). (1)

OLGC’

Here p;. runs over the poles of f(s) in the stripe —s, <521, and m; is the
multiplicity of the corresponding zero of F(s)=L (s, X,) - L (s-+g,, X,X,).
Denoting here (—In 8)=x, we can write (cf. [I], § 9)

' Z my T (pg.— in,) 3% - 3~ ""'—3 3-"‘{ Z, I' (o, — i) exp (— i i) x

T kES l‘—oo
‘Here Vo (x)= D) T (pr—in,) exp(—op-+itx)x are the exponential series
Fe=—co

satisfying the five conditious of the Lemma II in {1}, § 4, with — o)} it; =
=pr—B,—er; B, instead of 3, in [I], and the condition (3) is replaced
by a stronger condition: .
Bi<Batp.for [{—u, «<In*D, A—=1InD, A,=C, A,=K,.
Hence, by this Lemma, there exist K,, K,, K, all > 10 and depending
on K, and C; only such that for X,=K, In D; X,=K, InD we have:
T in D
\ 1, () x> = (16)
Py 8
X1 :
Hence we obtain for a certain £€[X,, X,]:
1
Denoting e*=-3;*-= N, €| D¥s, DX7] and takmg into account that

pz =1 —1D) we obtain from (15)

— KW (D
| 3} 4, (p) prive - emviva| > N, P KD
p

and a fortiori

| Sia, np- e > 7 exp(— Ky ¥ (D). (17)
D

Hence either (14), or the second basic theorem follow by the same reason-
ing, as in § 13 of the present paper. (14) follows from the second basic
theorem, but is of no use if the theorem is proved.

§ 15

We shall consider now the case Il of § 14. Here we proceed by the
methods of [1], §§ 9— 26.

Lemma X. In case 11 of § 14 there exists a point z, ==, -+ in, sub-
ject to following conditions:

(1) o,=B.,4+2. K,p=8,+A,p with j,€[1, 2 InW(D)] integer, |}l
< (In D),
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{2) The circle [s—z,| <4 2. Kjo=4Av is a (PA,, 4)v, 2)-circle
with P [ o, 20w (D)] |

(3) The segment ©|a,, |{—mn,|=<1In*D] bears only (<<2PA,, 4Au, 2)-
circles.

(4) The segments G[oj; t—mn,|<1n*D] With o;=2,--2Ap; j=1,2,.
v. ., [21InW (D)] bear only (<8K 2’A1, 4. ')Q\IU, z)-circles.

Proof. Cf.[l], § 9, Lemma VIII.

§ 16
Ino=8 +% w, |{—m,'<<In*D, the function f(s) is regular by con=

struction of z, (cf. [I]).
We introduce now the function (cf. (7 ), §5)

a,lnp a,lnp
== 3 TN R=n.

)

PNy m=2 p

Here p denotes a typical prime. For o >%, we have obviously:

Be(s)=— 3 SI+0(1),

PNy
Lemma XI. In.a,/1-i5-5, 10 (D) < \»9 In D, we have
Ba(5)] < Can ‘;,“(g) In'¥ (D) exp (0,001 5 1n W (D) ) .
In particular, in ¢.>1— ](}:‘(.Q
| Be ()] << 00

‘ (¥ (D)*s
Here we assume V' (D) > 10.
Proof. Cf. [I], § 11, Lemma X.
) § 17

We now introduce the functions

J.(8)=7F(5)—Bu(s), of(s)=LLL.

s—1in,

As was explained in [I], § 12, we shall try to avoid the «density diffi-
culties» of the direct study of the poles of f(s) by replacing the function

j(s) by a new formation Q(w)= :w()W) ., Z being a suitable constant
for a given D. We consider the maxima M; = M,; of [ o(s)| on the segments
Sloj; |t <im, | <In®D] for o;=8,+ 20 (1=0,1,2,..., [) (cf. [1], § 14).

Lemma XII. There exists an integer ]06[0, l—— 1] such that

Mg < (1= ) Miy My (1= ) My (< o).

M;, > 107°PIn D.
(P is the number of Lemma X).
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Proof. Cf. [1], Lemma XII; §§ 14 and 15.

Let v be the point of &{[sj; |f—mn,|<In*D] which is the nearest
to in, and such that ¢ (v)= M;,. ‘

Lemma XIII. If 2€ &[oj,; |t —m,| < In® D), then the equation ¢ (s)—o (v)=
=q¢,(S)=0 has in the circle |s--z!<107°.2io.Aw no more than
K, In(j,+2) zeros.

Proof. Cf. [1], § 16, Lemma XIII.

Lemma XIV. If R€E[A, -2/, A -2ioInln D], then the quantity of
zeros of ¢, (8) in 's—v, | <Rw does not exceed K,,R, K,, depending on K,
only. ‘

_ § 18

Lemma XV. The quantity of zeros and poles of ¢,(s) in any circle
of the type |s—(14+iT)| < 1i0 does not exceed C,,'nD(|T |+ 2).

Proof. Cf. [I], § 17, Lemma XV.

Lemma XVI. ¢,(s) has no zeros and poles in s > g, |t —1Iv,| <

< “nzD)I ,and in ¢ > 14,

Proof. The first assertion follows easily by definition of M;,: For
the second cf. [I], § 19, Lemma XVII. (Z=10o(v)).

§ 19
We introduce now Q(w):z—il(wv()wf) with chp(v) and consider the
integral .
. E N
@) =g | T W—im)Qwdw, 18)
where <, = Iv so that v==g; +ir,.
Then we obtain (cf. {I], § 19 and § 20, Lemma XVIII):
@ (x)= D\ + ml (pr—i%,) 5+ R, (19)

Pk

where pr runs over the poles of Q(w) between ¢ =14y and the contour L
(belonging to the stripe 0,6 <(c < 0,65)

'Ry! < 306 [nto D, (20)

We denote now o;, =0, V=ua,+i5,=0p,. Denoting pr—p,= —ox+il,
so that —o; <0 for |fx!<(InDy, ~—o,+ity, Ij=1'(p;+i%,), —Ind=x,
we obtain

C@(x)=en® > L ml;- exp(—o;+if) X+ R,

k=-oco

where the sign () is to be taken for the zeros of ¢,(s), the sign (—)
for the poles, —m;< —1 and -+m; equals to the multiplicity of the
Z€ro pj.
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It must be remarked that for ]t,-{<l—":£ we have the sign (—) only

if —G]<%'270.A1}L=—’;—p. .
Lemma XVII. For W(D) > K, there exist two constants K,, and K,

depending on Ky, K, ..., K, only (K., >10; K,;>K,,) such that for
X,=K,,.nD, X,=K,,InD we have

X

2 InD
\ 1S () dx > i (21)
X3
Where: \

S(x)= D\ +m; exp(—as;+it))x.

Proof. This is a straightforward analogon of the cruciai Lemma XIX, [t].
Cf. 1], § 21, Lemmas XIX, XX.

We must remark that if W (D)< K,,, then we have the case I of § 15
with K,, instead of K, and then the first fundamental lemma of § 7 is
proved. Hence in what follows we assume W (D) > K

13°*

§ 20
We introduce now the transform (cf. [1], § 24)]:

2-}ico
e L W — i)
EQ, b=g; Q_Sm e i L
and obtain ([1], § 26)
InD n co ‘ )
=3 3 {Y”’f;;(_?»:""—E(‘&n, m+1)+
m=0 n==2

Ve (M) - EGR, m+2) J’ +R,

with |R,|<<exp (—% InDinlnD > provided 31 < exp (In D (In In D)),
Here

Vit (”) - 2 Apy « -« Qpyyia Inp, ... Inpp.,,

PLese:Pm+1=1

Ve, (1) < 104 3. (Inmy™t  (cf. [1], § 23; (74)). (22)

V(D)

Lemma XVIIL For M=K,y py XE[X,, Xl we have

My

1
@ (X) < 2 (-in—ﬁ)—,;;;';
m=0

> R, x=-—In? (23)

-

1R2[<2exp<—;~lnD- lnlnD).
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Here

= 3 {Vur MR B o g 1)+ Vs, (1) - E (B0, m42).
m Zi m 1

Proof. Cf. [I], § 25, Lemma XXII.

§ 21

From (19) and (21) we conclude that there exists a EE,[XI, X,] such that

; 1 : .
@ E) > 7<~"(@TD")Y es. (24)
And hence, in virtue of (22), there exists an m, < My such that
W
Zmo | N, N,=e=a1 (25)

(In D)™ Ky (Y (D))
We denote now A(n)=Hap. In virtue of (22) and the estimates for

p/n

E(y, my+1) and E(y, m,+2) (1], § 24, Lemma XXI), we get from (25)

Vings1 () [ Inn n j
Z (lnl;)m"—ﬂ[mo‘f‘l JLE<N_2amo+l>l+

N%9<nop g
N, .
+E(R,m+2) | 1> g o (29)
We divide the segment [N3%, N,] into partial segments of the type

[,ﬁ’:, , 1;,] the extreme left segment may be not representable in this

form, but it may be ommitted (cf. [I], § 28); the segment [N,, N,D] is
divided into the segments [N,-27, N,-2"+'] with an analogous proviso.
We have then, by [I], § 28:

|E(x; me+1) |+ E (& ,m.,+2)j 2 exp (K B (D) (21)

in the segment [ N‘l, g‘] C N, N,]

]E ﬁ-l,mo+1>§+i5< mo+2> exp(———)exp(Ku‘F(D)) (28)

in the segment [N, - 2", N, - 2"+'] [N, N,D].
§ 22

-

Lemma XIX. For a suitable r, we have either

3 Alm)inn > 5y exp (=K, WD),

N1/RTOT I <Ny
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or
> A(n)Inn, > N, - 2% exp (—K,, ¥ (D));

ro+1
EYR AP SAL

the summaition runs over 1n,’s With V., (n,) = 0.
Proof. Suppose that K,, being not fixed, these estimations do net

hold. Taking into account the estimates (22), (26), (27) and (28), we get,
as N, < eXz:
Vmwi(”x) Inn_ | n | "
2 <1nD>'"°+*[mo+1"‘zE(NL”"“JF‘)H@E(N"Z,mo%—Z)]<

V¥ ngD Ny

- 1

<Km"’—M eXp(KIQ‘L (D)) - !2 o +

r=0

- . ; ,

+Z 27 -exp(—274) § exp (— Ky, ¥ (D) N, (29)
=0
, 2 V(D)

Kﬁ“rl K Me eXp (QM‘I In Kls) = €Xp <2K1a sz lné(b)) <

< exp (Ko ¥ (D)) |
Hence, if K,, > 100(K,,+ K,,), we obtain that the left hand side of (26)
is N, exp(-—lfz?i’ ¥ (D) ) s If K,, >6K,, this is obviously impossible.
We may now put K, =100(K,,+K,,+K,,), and the lemma is proved,

§ 23
By Lemma XIX, there exists a number N, €[N%®, N,Dj such that
> A inn > Nyexp(—Ky ¥ (D)), (30)

N2 2
where 11,’s run over the numbers with Vmgi4€n,) # 0. Each number n,
consists of m,+1 prime factors > Ny. Hence we obtain

N, . ,
Y AM) > g P (—Ku V(D). (31)
N2/2<n1< N
Lemma XX. We have: either
ANy Nu) > 512 exp (— Koy W (D)) (32)

or the second basic theorem is true.

Proof. By the same argument as that of § 13. Hence, either the se-
cond basic theorem, or the first fundamental lemma of § 7, is true. We have
now to prove that this theorem follows from the fundamental lemma. i. e.
from (10). To this end, we shall prove the «second fundamental lemma».

-

§ 24
Returning to the relation (9), we put:
b'b
D =W (33)

n<p0,5?
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Second fundamental lemma:
AN, Nw) < C,L (1, X,) 52 w (Y(D))* for N > D°. (34)
Proof. For proof we shall apply Viggo Brun’s sieve method. To
this end, we need some further lemmas. We have by (9) in ¢ > 1

[e ]

L) L(s, X)= %%, b, 0 if and only if n€®.
n=1

The left hand side can be decomposed in ¢ > 1 into the infinite pro-
duct

C(S)L(S> Xl): H P(p)’ P(p) _ —25 for X, (p)— —1;

1
1 _p-—s‘ for X1 (p)=0,

(1= )for‘l (p)~+1

We introduce now the function

o)~ I1 =5 = -3 @0, (35)
PEC n=1
We have E
@)= LX) [T (1=5 ) Rou(s), (36)
P/D1

ﬁhere Rp,(s) is a Dirichlet’s series which is absolutely convergent in
c>~ and so is O(1) in ¢ = 0,51.

§ 25
Lemma XXI. For N> 1 we have
C(N)= > ¢a=NRp, (1)L (1, X,) - Pp,+6 . N¥* . DV2, (37)
nN
Pp, = s 1—_>
Proof. Using (36), we obtain with a-:i—[—-]—nl—N:
a-+iT
C(N)= 2” lim g T 0 (s)ds+0 (4).
® e T ’

It is well known (cf. Page, [7]), that

a-t+iT Ne
1 1 nja 7° .
2 g TN—Nforn<N,
a=iT Iln—l
n
a+iT

a-iT

5:—, S Af '“ds‘ ;N“‘:‘:&—’for‘n}m
n
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Taking into account these estimates, and putting T=N, we move the
vertical segment to ¢ =0,51, passing the pole s=1 with the residue

L(1,X,)- Rp,(1) - Pp, The remainder term is then easily proved to be
of order N . D': (cf. Page, [T]).

§ 26

If cpy # 0 and n, =(o, . . . ¢, - n; being primes, then c¢,, = 27c,;. Hence
the quantity Z Cpy, Where n, runs over all the numbers such that

nl\

n, :q(’-l s qarnir Cquals to 27 Z Cn, where N’ =

ni<N Yo, 90,
all numbers < N’. This remarks and the estimate (37) enable us to ap-
ply the sieve method.

We shall use the adaptation of Viggo Brun’s method exposed in
Schnirelmann’s celebrated work «Uber additive Eigenschaften von Zah-
len» (Math. Annalen, 107, 1933). We shall quote it after the russian
translation [10].

Let ¢,, ¢,,. .., ¢, beall primes < Nw; €®. Weput C(N; ¢,, ¢y, . .- q,) =

> ¢n the sum being extended over all n,s which are not divisible by
n1<N

Gi» Gas - 5
The symbolic formula (63) (Schnirelmann, [10]), being adapted to our
C(N, qy, - - ., (qr) holds, in virtue of the preceding remarks:

and n runs over

C(N, G, s+ - 1 4) < C(N) —2 EC <q>’r42 Z (qaq(;)—
min(x-1,rn_1)

”822 Z C(qa xq>+2m

a=1 f<a a=1
min(x—i,rp_l)

N
2 e (igyara )

Here 1<r, <rmpa<...<r,<r, <r is any fixed sequence of indices.
We have now, by (37)

C(N,)=N, - Ro,(1) - L(1,X,) - Pp, 0 - N3#D"x,
Hence

it <X R (1230 445 3 et

e=1 f<a
min(z-1,r3~1)

2n 1 1 .
—|—’2 ZZ... Z mj"‘R,

a=1 f<a A=1
R < (2r+ 10 @r,£1) - -(2rag+ 1) NO2 DYz (cf[10], (68)).

We consider now the elementary symmetric functions S, S®

m yYmir et
2 2

of the quantities - >— ,—>—,...,———. It is proved in [10], that
q"m‘il 1 qrm +“~ qrm—‘l
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if 0<S® < In h, with 1,=129;m=1,2,...,n, then the sum E in the
figured brackets { }

E<21[J(1-7).
v=1

We fix now the system of indices r,, r,, ..., r, =1 by the conditions,
that r, is the least number for which -

T1

0<o,= 3 p<nn, [[= H (=)>u
v=ra+1 v=T1d

-

r, is the least number for which

r1

0<s,— Z__\lnho, II,= II (1—_>>h

v=rg-+4 g v=ratl
‘1. is the least integer for which

Tk-1 . Tk-1

D<= ;4<1nh°, H 11 (1 ">>h2

v=Tl+1 ¥ v=rk+1

rn is the least integer, for which

T -1 -1
0<o= II z<mi, J[ =T (1=7)>p-
V= Tn+1 v=ra+1

As the numbers ¢; form a part of all primes < Ny, we have for ¢, >C
< 1,29 = h,:

23

1 P .
Gry << qr/ha 0, < thg’ sy g < (]}/"h,

and hence by [10], (84) and (99):

2h
R < Cuqrh—1 NOR2D2 < Cqu'ﬁNU’mD;/jf

E _2
<21 I=I (1 4v> .
As gp < Ny < DP9 we obtain for N > D2

C(Ni 4y - -+, 4) =< Coul (1, X)Pp,N - [ (1 _£> +
w=1 ]

HICLAEDY: <20,L (1, X)PoN + ] (1=7) (38)
v .

as L(1, X)>VD 5 DY (4). Here Pp, = H(1~-—>

/Dy
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We have now, by (33) and (9):
]

N Gew e 1( ) ()

n(,l'i',“ q/hl

IIou<l+l’> H <l >
N gl P /D p 1‘)0 52
SO L 2.
gy L)

\mx, N =exp (0 001’85 1nw (D)) and so [10]

D,
II (14 2) < Cajin’ < €, (F (D))"

Tt U2

Hence Py, H <1 Ty > < C‘,q~~~\[»)—’—}~ and hence for N=D?
v

C NGy o) = Coyy LX) (D))

(39)

This enables us to prove (34). Namely if A, (N, Ny) denotes the quantity
of all quadretfrei numbers belonging to & (N, Nv), then we have obviously

AL (N, Ny = Co 3 L1, X,) (F (D)

by (39) for N = D° > Di.
Hence, for N = D'*:

AN, Nw) =€ L(1, X)(F (D) +

23 4..1 qu

g 1o

+0 () 'N) < Coyy L(1, X)(F (D))"
This is (34). :
§ 27
Lemma XXi{l:
W exp (— Ku't' (D))

L(1,X)) > KoinD

(40)

Proof. By the fundamental lemmas (10) and (34) we have for a cer-

fain N, €PNy DRl Ko 1O

AN NG exp (R (DY

2 S arnmecrndd cGopiiie, ot 15 00T N G

(@n

(4
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(41) and (42) lead immediately -to (40).
(]

§ 28. Proof of the second basic theorem

We return to (9). The series L (s, X,) has the zero s=38,. We apply
J. E. Littlewood’s summation formula to (9) in the point s=38,:
For 8= D3%% we have

24ic0 ©

1 afo— | b” —én
m ) 07 T—B)TONL 0, X,) dw— 3 et

Moving the contour to 3=—;_—, we pass through the only pole w=1, since

the simple pole w=8, of I'(w—8,) is cancelled by the zero B, of L (w, X,).
Hence we obtain

\

3 et =t —BL (1, X,) 0D, (43)

©2

As B,=>1—2

inD’ = D% we obtain

< bn —on — 5 b”
> e DI < Cy Y =W
o n=1 n<DO,5? ,
Hence F“(_ll——'so)>" (1, X,)abo-1 . @;W, 81 > 1; in virtue of (40)
1 Wexp(— Kyl (D)) 1 exp(— Ky (D))
T (—8) KyuInD " CoW Ky InD : (44
Now
1 1
—(—-—~—p—o—j< ( 0) 260, GolnD—P'—.‘.

Hence, by (44)

exp (— Ky¥ (D))

> ;P T (D) > -, W(D)> g=Ingle-. (45)

2

Fo Ky
In virtue of the extremal properties of W (D)/In(D), this is the second
basic theorem of § 3 with

1 1
C, —R— 04—2K“.
§ 29. The weak asymptotic law
Theorem. If
S(N, )= Z A(nyemnN, x=InN, M>B,InD,
n=l(modD)
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(B, a positive absolute constant), then

¥

X

riudx |2 D g — ; (10) { ziidxi‘i (1— X ()T (B,) e-50%) dx} :
M ’ M x :

!1+26(c ve) 5’“D+mo} (46)

Proof. We follow closely the proof of (98) ([l], § 30). We divide
the stripe i/c: 1 into the stripes B,:

__2"“1" (Cato)
_ InD

13
L

" We cut out of each B, the rectangle
(1] <min (In (¢,p,)]"*° - 21949, In® D)

and denote it by Ry,.
We cut out of %, (k > 1) a sequence of pairs of symmetric rectangles

Rkn' ]
zxook(ln 54!"0)100 < lf|<22°°kt_fln (649‘0))”01
2200k (111 €)™ << |1 <297 (I €0)", ..., 299 <[ £] < In* D,
and denote them by Ry, R, ..s, Rig,- Let Qun be the quantity of L-series

with zeros in Rxn. Then, by definition of Q (%‘%) we shall have

25 1
Qo< Q (Fp 3 ) < exp (B(2In o))

by the first basic theorem; we get now, with notations analogous to those
of 1], § 30

%‘DS(N [)— 14X, (1) (Bo) exp (—s,%) +

+2 tmp  (cf (101, [,

k—1
n lnD- exp (—xc, g——llr{%c!&

9k
2 eXp (B (2" ll’l C‘Po)n‘*"i) exp( 210°kﬂ(1n (C‘P'o))n) <
n=0
-
<C, InD-exp(B- 2% In (¢ o)) - €XP (——xcaz ! :l;(gwo) .

This is < %lnD .exp(—B, In (c)2%*) for x> B, In D. For

251 In = In (¢,ue) > In1n D, B, > 6 this is < 5 % Hence, if k, is the

least number for which 2k In (¢,u,) = InIn D, then we have (cf. [1], (102)):

9%
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ko

t DS (N, ()= 14+ X, (1) I‘(Bo)eXP(—vnx)+2N+|nD'

W 2
z . M In(egr)
lS Sﬁédx eXP(‘——Z“ 1c3_l_n(ﬁ‘“i_
x
ak i
+ 2 {exp(B - 2M D) exp (—2'00Fy Z (l:c,xx) PTTIN
k-1

< '35 i exp(—c MJP—“‘“—")— (M > B, InD).

Hence
2}[ E N1 M X
2(D) \ %“ )dxﬁ\dx§(1~ 1(1 Y1 (3,) € %) dx +
l X
Ml 10 )
- M? <6 exp(-c 1?1(16) )>J h. (”‘)

-

We have now (cf. (98), [1])

M p(e“o‘f)
Vax § (1 —r @) sy ax =" =13, ,
M x

(y— 1 (y+2)
P(y)=Y0" R
For s,M=0,1 this is > 0,001 M*. Fer ¢,M < 0,1 this is

« 0,0015,M >0 001 — . Hence, for M > B,In D we can wnte

»

,!1,}_26(‘: u) HI/J_*_ 1
{ D"
This is what we set out to prove: (2) follows immediately.
In the section 11 of the present paper 1 shall oive a inore
asymptotic law,

- 3me

e

2x .
S(N. 1) ‘
dx;S § (A dx—o(D){\dx (1— l(1)[('30)8.(,Jc)djvc} .

precise
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3

O HaMMeHbLUEM IIPOCTOM YHCIE B apmpmeTﬂqecKoii NPorpeccHH
II. «3ddext Deuring —Heilbronn’a»

10. B. JIunnuk (Jlenuurpap)
(Pestome) I

B aroii cratbe faercsi TeopeMa, KoTopasi BMecre ¢ paspesiom «I.OcHoB-
Hasl TeopeMas IepBOil Y4acTM 3aBEpIUAET JOKAa3aTebCTBO HEPABEHCTB

— Inpy, (I, D) )
tim - rmin 02 < oo, )

D—-oo

pmin(LD) < DCO, (2)
TA€ Pmin (!, D) —HanMeHblIee MPOCTOE YHUCJIO B nporpeccuu Dx+1; (i,D)=1,
le[l,D—1].
Jra Teopema («dpdext Deuring — Heilbronn’a») oTHocUTCS K «HMCKJIO-
unTenbHOMy Xapaktepy» X (n)(mod D), t. e. TaKoMy, uto psig, ¥ X (1) n—*
n=1

MMEeT peasibHlil Hynb B, > 1—

D ’

1

ecau cozl_Bo: 51.0:?01—"3

> 1, mo npamoyzoavhui

Il >0=1—c¢, — 22 |t <In*D

He co0epucum HyAaed HU 001020 L (s, %) no écem modyaam < D* (6 wacmnocmu,
mod D), kpome, pasymeemcs, ooHoeo B,. Jlanee [0Ka3bIBAKTCA «cClladbie
aCHMINTOTHYECKHE 3aKOHOMepHocTH». IlycThb

1, ee. y00

S(N,l)= Z A(n)eN, x=InN.

n=l (mod D)

Ecsi Moy D He uMeeT HCKIIIoYnTebHOr 0 XapaKrepa X (11), ro npu M>C,1nD

Jg SS(N P dx =gy <1+29 exp (Tap ) )+
M x

Ecau umeercs ucxmoqwrenbﬂbm X (n) ¢ COOTBETCTBYIOIIUM HyJeM B,,
°0=1_‘Boy Po =

o TO

M 22 M 2

S(N.O 1 _ ‘ - )
édxg s dx_?(D)l\S{dxg(l X (1) I'(8,) e=) dx

T —e M ]
. { 1426 (c )" TnD +m} .



