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GROMOV’S SIMPLICIAL VOLUME VANISHING
CONJECTURE FOR POSITIVE SCALAR CURVATURE

QIAOCHU MA, JINMIN WANG, ZHIZHANG XIE, GUOLIANG YU, AND BO ZHU

ABSTRACT. In this paper, we prove Gromov’s simplicial volume van-
ishing conjecture for closed manifolds with spin universal cover. More
precisely, we show that if a closed oriented manifold admits a metric
of nonnegative scalar curvature and its universal cover is spin, then its
simplicial volume vanishes. In particular, a closed oriented aspherical
manifold with nonzero simplicial volume admits no metric of nonnega-
tive scalar curvature.

1. INTRODUCTION

1.1. Background. Scalar curvature plays a fundamental role in differential
geometry and in Einstein’s general theory of relativity, see Lichnerowicz [31],
Schoen-Yau [44, 45|, Gromov-Lawson [23, 22], and Witten [53]. The study
of manifolds with controlled scalar curvature lies at the interface between
flexibility and rigidity. Although scalar curvature is the weakest curvature
invariant, it nevertheless imposes subtle topological constraints. A central
theme in scalar curvature geometry is to understand how positive scalar
curvature restricts the topological complexity of a manifold.

One of the fundamental results in this direction is the Lichnerowicz van-
ishing theorem [31], which detects topological complexity through a charac-
teristic number called E—genus,

if a closed spin manifold admits a metric of positive scalar
curvature, then its A-genus vanishes.

(1.1)

Gromov’s simplicial volume is another important invariant that provides
a quantitative measure of the topological complexity of a manifold. It is
defined as the infimum of the sum of the absolute values of the coeflicients
in a singular cycle representing the fundamental class. In [19, §3.A] and
[20, §3.13], Gromov conjectured that

if a closed oriented manifold admits a metric of positive

1.2
scalar curvature, then its simplicial volume vanishes. (1.2)

Guth [26] and Braun-Sauer [7] obtained bounds on simplicial volume using a
macroscopic version of scalar curvature and volume. Ma-Yu [34, 35] showed
that the simplicial norm of the Poincaré dual of the A-class can be controlled
in terms of a scalar curvature lower bound, the volume, and the injectivity
radius of the universal cover.
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In this paper, we prove Gromov’s conjecture (1.2) for all closed oriented
manifolds whose universal cover is spin.

1.2. Main results. Let M be an m-dimensional closed oriented manifold.
Let [M] € H,,(M) be its fundamental class and A(TM) € H*(M) be its
A-class. For k € N, let AF(TM) € H*(M) denote the k-th degree compo-
nent of A(TM). The cap product A¥(TM) N [M] € H,,_,(M) defines the
Poincaré dual of A¥/(TM). In particular, we have AN(TM) N [M] = [M].

Let H‘Z[k] (TM)N[M] Hel be the simplicial norm of AW (T M)N[M], defined
as the infimum of the sum of the absolute values of the coefficients in a
singular cycle representative. In particular, the simplicial norm H[M ] H n of
the fundamental class is called the simplicial volume.

Theorem 1.1. Let M be an m-dimensional closed oriented manifold whose
universal covering M is spin. Suppose that M admits a Riemannian metric
of positive scalar curvature. Then the Poincaré dual of each of the component
of the A-class has vanishing simplicial norm; that is, for any 0 < k < m,

| AW/(TM) N [M]]],, = 0. (1.3)
In particular, when k = 0, the simplicial volume H[M]Hzl vanishes.

Compared with Gromov’s conjecture (1.2), Theorem 1.1 gives a stronger
conclusion for closed manifolds whose universal cover is spin. Rather than
asserting only the vanishing of the simplicial volume, it proves the vanishing
of the simplicial norm of the Poincaré dual of every component of the A-
class.

We also have the following consequence of the main theorem, which, in
particular, shows that nonvanishing simplicial volume obstructs the exis-
tence of metrics of nonnegative scalar curvature on aspherical manifolds.

Corollary 1.2. Let M be a closed oriented manifold with spin universal
cover. If it has positive simplicial volume, then it admits no Riemannian
metric of nonnegative scalar curvature. In particular, every closed oriented
aspherical manifold with positive simplicial volume admits no Riemannian
metric of nonnegative scalar curvature.

1.3. Techniques and related work. We now discuss some of the tech-
niques used in the proof and mention additional related work beyond that
already cited. The topics involved are broad, and the references below are
very incomplete.

1.3.1. Simplicial norms. One of the important features of the simplicial
norm is its sensitivity to large scale and negatively curved phenomena, and
hence its ability to detect geometric and topological complexity. For in-
stance, the simplicial volume vanishes for closed oriented manifolds with
an amenable fundamental group, while Gromov-Thurston [18, §1.2] showed
that the simplicial volume of a hyperbolic manifold is proportional to its
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volume. Gromov [17] used simplicial volume to give a new proof of Mostow
rigidity. Since then, the simplicial norm has become an important invari-
ant in geometry, topology, and dynamics. For further developments, see
Thurston [49], Liick [33], Lafont-Schmidt [30], Bergeron-Sengiin-Venkatesh
[4], Brock-Dunfield [8], Connell-Wang [12], and Léh-Moraschini-Raptis [32].

1.3.2. Scalar curvature geometry and index theory. The interaction between
scalar curvature and topology is a foundational subject in differential geom-
etry, see for example, Schoen-Yau [44, 46], Gromov-Lawson [21], Rosen-
berg [40, 41], Connes [13], Block-Weinberger [5, 6], Stolz [48], Roe [39],
Rosenberg-Stolz [42] and Zhang [57, 58].

The proof of our main result is inspired by the strategy of Connes-
Moscovici [14] in their approach to the Novikov conjecture. In their seminal
work, they proved the Novikov conjecture for groups satisfying property RD,
under the additional assumption that every group cohomology class admits
a representative cocycle of polynomial growth.

A key ingredient in the present paper is the quantitative index theory
developed in Ma-Yu [34, 35]. This theory allows us to use functional calculus
of the Dirac operator to construct explicit representatives of the fundamental
class and, more generally, of the Poincaré duals of the A-class. In this way,
it establishes a direct connection between scalar curvature and simplicial
norm. Positive scalar curvature allows us to deform these homology cycles,
through a continuous deformation of the Dirac operator, to representatives
with arbitrarily small simplicial norm. An important new refinement in the
proof is the use of heat kernel to derive sharper estimates for the functional
calculus.

Quantitative index theory is closely related to quantitative operator K-
theory, see Yu [54, 55, 56], Oyono-Oyono-Yu [37], and Willett-Yu [52]. These
methods have found several applications in the study of topological rigidity,
the Novikov conjecture, and scalar curvature geometry, see, for example,
Guentner-Tessera-Yu [24], Gong-Wu-Yu [16], Nowak-Yu [36], Wang-Xie-Yu
[50, 51], and Chen-Wang-Xie-Yu [11].

Guth’s surveys [25, 27] introduce recent results in quantitative topol-
ogy and their connections with scalar curvature, systolic geometry, and
large scale geometry. For further developments, see Guth [26], Alpert-
Funano [3], Chambers-Dotterrer-Manin-Weinberger [9], Chambers-Manin-
Weinberger [10], Braun-Sauer [7], and Alpert-Balitskiy-Guth [1, 2].

1.3.3. A comment on our approach. We point out that our argument can
also be formulated in the framework of cyclic homology. The present proof,
however, works directly with singular homology, making the argument more
elementary. We hope that the present paper, together with Ma-Yu [34, 35],
may also serve as an accessible entry for readers interested in noncommu-
tative geometry, Connes-Moscovici’s higher index theorem, and index theo-
retic methods in the study of the Novikov conjecture.
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1.4. Organization of the article. In § 2, we introduce quantitative homol-
ogy, which interpolates between the homology of M and the group homol-
ogy of I'. In §3, we recall the quantitative index theorem, which expresses
Alm—k] (TM)N[M] by explicit finite propagation operators associated to the
Dirac operator. In §4, we recall some useful properties of the simplicial
norm. In §5, we combine the quantitative index formula with heat kernel
estimates to prove the vanishing of the simplicial norms.

The symbol C' denotes a positive constant. When the dependence of C
on certain parameters is important, this will be indicated by a subscript.
The value of C' may change from line to line, even when the same notation
is used.

1.5. Acknowledgments. We thank Misha Gromov and Nigel Higson for
helpful comments and suggestions. Qiaochu Ma is partially supported by
NSF DMS-2247313. Jinmin Wang is partially supported by NSFC 12501169.
Zhizhang Xie is partially by NSF DMS-2247322. Guoliang Yu is partially
supported by NSF DMS-2247313. Bo Zhu is partially supported by NSFC
12501066.

2. QUANTITATIVE HOMOLOGY

In this section, we introduce epsilon homology by Ma-Yu [34, 35, §2],
a quantitative version of Alexander-Spanier homology. In §2.1, we recall
the classifying map and the standard identification of the homology of the
classifying space with group homology. In § 2.2, we define epsilon homology.
In § 2.3, we show that epsilon homology interpolates between the homology
of the manifold and the homology of the classifying space.

2.1. Homology and large scale homology. Let M be a manifold with
its universal covering M and fundamental group I' = m(M). Let BT be
the classifying space of I' such that 71 (BI') = I" and its universal covering

ET = BI is contractible. Then there exists a canonical classifying map
f: M — BT and the following commutative diagram

M = f*(ET) — ET

l J , (2.1)

M—1 . pr

which induces a morphism at the level of homology
fer Ho(M) — H.(BI). (2.2)

The homology H,(BT') can be described explicitly in terms of the group
homology of I'. We now recall the relevant definition.

Let C*(T') be the space of T-invariant functions on T**!, with T' acting
diagonally on T*+1, that is,

CHIT) = {a| a(yo,--m) = a(yy0, - y) for any 7 € T'}. (2.3)



Let us define the coboundary map
9: CHT) — CH(D),

i ~ 4
804(’)/0,-“ a7k+1) = Z<_1) 04('707"' y Viy '7k+1)7 (2 )

i
where the ‘hat’ symbol over ~; indicates that this variable is deleted. The
group cohomology H*(T") of T" is defined by the cohomology of the cochain

(9,c*(I),
H*(T') = H*(9,C*(I)). (2.5)

Similarly, let Cy(T") be the space of I'-invariant measures on T**!, with T
acting diagonally on I'**1 that is,
Cr(T) = {u | n0,- ) = p(vy0,- -, yw) forany y €T} (2.6)
Let us define the boundary map
0: Cx(T) — Cr_1(T),

i 2.7

85(707"'77.%) = Z(_l) 5(’}/07"'7’?737""7/6)7 ( )

where §y, ... 5,) is the delta measure at (yp,---,7) € I'*+1 The group
homology H,(I') of I is defined by the homology of the chain (9, C.(T")),

H.(I') = H,(0,C.(T)). (2.8)

The following result is classical, we give the proof since it motivates further
discussions.

Proposition 2.1. We have
H,.(T) = H.(BT). (2.9)

Proof. The I'-equivariant singular chain complex (9, C(ET,T")) of ET com-
putes the homology H,.(BI') of BI', namely that

H,(C.(ET,T)) = H.(BT). (2.10)

It suffices to construct a homotopy equivalence between (9,C.(I")) and
(0,C«(EL,T)).

First, since ET is contractible, we can assign to each (yo,- - ,yr) €
(ET)*+1 a singular simplex A(yo, ) having vertices (yo,---,yr), such
that every subset of (yo,---,yx) is assigned to the corresponding face of
A(yo,....yr)- Moreover, this assignment can be chosen I'-equivariantly.

We choose a bounded fundamental domain F' C ET and a base point
yp € F. Define

J0°°: C.(T) — CL(ET.T), o)
0, _ :
f Oo(d(vo,w,w)) = A yogs ys)”

The meaning of the notation f%> will become clear soon in the next sub-
section.



Conversely, define
foU: CW(ET,T) — Cy(I),

FUA) = b1, )

where A is a singular simplex with vertices (yo,-- ,yx), and Y0,..., v € I’
are chosen so that (yo,...,yx) € 7F X -+ x v F. For instance, when
(I,BT,ET,F) = (Z™, T™,R™,[0,1)™), then a simplex A with vertices
(Y0, ,yk) is mapped to d(|y,|,...,[y])» Where the floor function is taken
coordinatewise.

The fact that (2.11) and (2.12) define homotopy equivalent maps follows
from the usual prism operator argument in the proof of homotopy invariance
of singular homology, see Hatcher [28, Theorem 2.10]. In the present setting,
the same argument is applied equivariantly. ([l

(2.12)

The left hand sides of (2.1) and (2.2) contain fine small scale homological
information, while the right hand sides encode purely large scale homological
information. Thus, these suggest the existence of an interpolation describing
the transition from small scale to large scale homology, which we introduce
in the next subsection.

2.2. Epsilon homology. For any (xqg,- - ,x) € Mk“, we define its di-
ameter by

For any ¢ > 0, define the e-diagonal of M*+! by
diag_ (M*+1) = {(xq,- -+ ,x) € MM | diam(zg, - -+ ,25) < e}, (2.14)

Let C¥ (]\A/.f ,I') be the space of I'-invariant Borel functions on diagg(M k+1y,
We define a coboundary map

d: CH1(M,T) — C*(M,T),

k , (2.15)
(8f)(x0, T ,I’k) = Z(_l)lf(x(]a to 7/1'\7:7 T 7'1743)7
i=0
where the ‘hat’” symbol over z; indicates that this variable is deleted.
The epsilon cohomology H(M,T") is defined as the cohomology of the
cochain complex (9,C*(M,T')), that is,
HZ(M,T) = H(9,CZ(M,T)). (2.16)
Likewise, let 02(1\7 ,I') be the space of I'-invariant measures supported on
diag (Mk+1) C MFEL
By viewing a € C*(M,T) as a continuous function on T\M**! and u €
CE(M I') as a measure on F\M*+1 we can define a pairing (-, -)r between

C*(M I') and C¢ (M I') by the integral of o with respect to u over I\ M**+1.
In other words, let ' C M be a bounded fundamental domain of I'-action,
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then F x M* is a fundamental domain of the diagonal I'-action on M ket
and

(o, )T = /Fx]\N/[k adi. (2.17)

Note that diagE(MkH) N (F x Mk) is compact, so the integral (2.17) is
finite.
We define the dual boundary map

0: C§(M,T) — C;_,(M,T),

(2.18)
<8/‘7 Oé>1" = <M7 8001“7

where da is given in (2.15). We obtain a chain complex (9, CS(M,T)).
We define the epsilon homology HZ(M,I") to be the homology of the chain
complex (9,C¢(M,T)), that is,

H:(M,T) = H(8,C5(M,T)). (2.19)

For ¢ < €/, we have an inclusion from CE(M,F) to CSI(J\/Z, I'), and we
denote the induced morphism at the level of homology by

fE° HE(M,T) — HE (M,T). (2.20)

Then for € < &' < &”, we have
f(g/l7€,)f(8,75) _ f(E”’E)_ (221)
In other words, we have the following commutative diagram

"o’

— (e,e) , —~ (e",e") )y~
qe(M,0) 5 me o,y TS g o) (2.22)

\_/7

f(SN,E)

2.3. Epsilon homology as an interpolation. Intuitively, epsilon homol-
ogy HE(M,F) provides an interpolation between H,(M) and H.(BT') as ¢
changes from 0 to co. To see this, we first extend (2.22) to limits.

The I'-equivariant singular chain complex (0, C’*(M ,I')) of M computes
the homology H,.(M) of M, namely that

H.(C.(M,T)) = Ho(M). (2.23)
We define
€,0 o €T
P Ce(M,T) — CE(M,T),
170 0.(3.T) = CE(OL.T) oo
Jo(A) = 0(ag, o ap)s
where A is a simplex with vertices (xq, - ,x) € Mk+1, and Oz ... 7,) 18
the delta measure at (zg,--- ,2x). Note that every singular simplex can be

subdivided into simplices whose vertices have diameter no more than ¢, so
the map f0 is well defined at the level of homology.



We choose a bounded fundamental domain F C M and define
fOO7E: Ci(Mar) - C*(F)a
00, _ 2.25
) = Y (s Loy (1)) 100, ) (225)

Y0, YR ED

where

(2.26)

1, if z; € v F for every 0 < i < k,
:[I‘(’YOF)X"'X(’YkF)(xO7 o 7xk) =

0, otherwise.

Then we define the homological radius (M) of M by the supremum of all
e > 0 with the following property, for any 2 € M, the radius ¢ ball B (2, ¢)
is contractible.

We now explain precisely that H E(M ,I') provides the desired interpola-
tion between H,. (M) and H,(BT).

Proposition 2.2. Let M be a closed manifold with universal covering ]\7,
fundamental group I', and canonical classifying map f: M — BI'. For
0<e<r(M), the map f&° defined in (2.24) is a homotopy equivalence, in
particular,

He(M,T) = H,(M). (2.27)
Moreover, for any € > 0 and f°¢ defined in (2.25),
FEfl = fa (2.28)
Equivalently, we have the following commutative diagram
e<r(M)
L/ T~

lim _ HE(M,T) — HZ(M,T) $(M,T)

hm H
/ \ . (2.29)
(e,0) (o0,€)

~ [,(I)

where the dashed arrow denotes a homotopy inverse when € < r(M).

Proof. To construct a homotopy inverse, we use a local analogue of the
argument in Proposition 2.1. In the aspherical case, the key point was
that the contractibility of ET" allowed us to reconstruct simplices from their
vertices in a I'-equivariant way. Here we only need such a construction for
the e-diagonal diag,(M**!) defined in (2.14). Indeed, when 0 < ¢ < (M),
the definition of the homological radius ensures that the inclusion

diag(M**+1) = diagy(M*+1) — diag (M**1), (2.30)
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is homotopic, in a way compatible with faces and I'-equivariant. Then every
(wg, -+ ,x1) € MFT! with diam(zg, -+ ,21) < (M) can be filled by a sim-
plex A, ... 7,) compatibly with faces and with the I-action. This provides

the homotopy inverse to f&0.
We can check (2.28) directly from (2.1), (2.9), (2.24), and (2.25). O

3. QUANTITATIVE INDEX THEOREM

In this section, we recall the quantitative index theorem by Ma-Yu [34, 35].
In §3.1, we introduce a weakened spin condition, following Rosenberg [40].
In §3.2, we construct a finite propagation representative of the higher index
following Roe [38]. In § 3.3, we state the quantitative index theorem, which
gives an explicit expression for the class A(TM) N [M] in HE(M,T).

Throughout this paper, we focus our attention on the even dimensional
case for the quantitative index theorem. The odd dimensional quantitative
higher index theorem follows by a standard suspension argument.

3.1. Weakened spin condition. We now suppose that M is spin, while
M itself is not necessarily spin. We use a construction of Rosenberg [40,
§ 3B] to handle this weaker spin condition.

Let P]%io ™ be the principal bundle of orthonormal oriented frames on M
and P]%P M the principal spin bundle. By the path lifting property, we can
define a double covering T of I, using the pullback diagram

I' —— Aut(P2™)
M

l l , (3.1)

r —— Aut(P]%Om)

then I acts by unitary bundle automorphisms on the spinor bundle S7; as
well as Li(M, SJT/f)' N N

Let # T be the space of I'-invariant smooth kernel operators on L? (M S ]\7),
whose elements are of the form K = K(x,y) € S3; . ® S;:\Zy with

K(z,y) =7 'K (vz,7y)7, (3.2)

where 7 € I and v € I is the image of 7.
Although K € J# 1 is not I'-invariant, its pointwise trace is ['-invariant in
the sense that for any v € I,

T [K(z,2)] = TrSw (K (yz,vz)], (3.3)

which is a direct consequence of the fact that [ is a double covering of I,
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Let D be the Dirac operator on M , then D is f—invariant.NMoreover, for
any ¢ € .Z(R), the Schwartz space, the functional calculus ¢(D) is a smooth

kernel operator and ¢(D) € #L.

Moreover, we recall the Schrodinger-Lichnerowicz formula [47, 31], which
plays a fundamental role in the index theoretic approach to scalar curvature
geometry,

~ 1
D% = ASw + 1S et (3.4)

where A°¥ is the Bochner Laplacian, and chTﬂ is the scalar curvature.

3.2. Finite propagation index representative. We now follow Roe’s
construction [38, Lemma 7.5]. Choose a smooth function ¢, () such that

b 0(A) odd, gf)go()\) even, (;5’5,0()\) € Z(R),

= (3.5)
d=0(00) = £1, supp(6L9(€)) < [~55- 5o -

—

where ¢ , is the Fourier transform of ¢0- Then we have a smooth ¢ 1())
such that

Pe1(A) even, ¢.1(N) € Z(R),
6e1(N) = b0V — 1, supp(91(6)) C [~ 55, 5]

Indeed, in the sense of distributions, we have

V=1Eho(€) = BLo(€),  €hen(€) = (do * HLo)(E), (3.7)

where the convolution is well defined since the distributions have compact
support, see Rudin [43, §§6, 7] for details.
Let I be the “difference idempotent” defined by

(3.6)

fa=(_¢ 21(D)? —¢:,1<5>(1—¢:,1<5>)¢5,0<D>>7 58)

—1(D)¢lo(D) —¢21(D)?

where the superscripts + denote the restriction to LQ(M , Si—LM) Note that in
operator K-theory, I. can be regarded as a small scale representative of the
higher index of the Dirac operator D.

Combining (3.5), (3.6), and (3.8) with the finite propagation speed of the
wave operator, we conclude that I. has propagation at most =, that is, for

all z € M,
supp(L.(z, ) € BM(z, £), (3.9)

m

where I.(z,y) is the kernel of I..
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3.3. Quantitative index theorem. Since I, € Ji/f, we have for any v € T,
the cyclic product index kernel I, (aco, a:l) <o I (a:k,l, xk)Ig (xk, xo) satisfies

I (zg,21) -+ I (wh—1, 21) I (@, 20)

3.10
=3I (vzo,yx1) - - - L (vop—1, v ) I (Yak, y20) ¥~ (3.10)

Hence its pointwise trace is I'-invariant, that is,
TrSw [Ic (w0, x1) - - Ie (zh—1, w) I (2, 30) | (3.11)

= Tv5% [ 1. (ywo, va1) - - I (Yan—1, yar) I (Yan, v20) ]
Moreover, by (3.9), we have

supp (I (zo, 1) - - - Ie (zp—1, 2k ) L (@, 0) ) C diaga(ﬁkﬂ)- (3.12)

We now define the Connes-Chern chain Chj, (IN?) € H,‘z(]\/\/f, I) of D as an
antisymmetric measure

Chi (D)
= Y sen(0) T I (5(0), To(1)) - e (To(r)s To(0)) | dVgpees (@0, - s 2h),

0€6L 11

(3.13)

where Sy 1 denotes the permutation group on (k + 1) numbers, and sgn(o)
denotes the sign of o.

Before stating the index theorem, we recall the characteristic class fT(TM ) €
H*(M). For k € N, let AM(TM) € H*(M) denote the k-th degree compo-
nent of ﬁ(T M). Let R™ denote the Riemannian curvature associated to
the Riemannian metric g7 on M. Then A(TM) can be represented by

A(TM) = det 1/2< zi /2 )
sinh (iRTM/2>

21

N —~ ~ 3.14
= AT M) + AW (T M) + AR (TM) + - - (3:14)

1 7 , 1
—1—ﬂP1(TM)+ (57601?1(TM) - 1440132(TM))+“'

where py(TM) € H* (M) is the k-th Pontryagin class of M.
The cap product A¥(TM)N[M] € H,, (M) defines the Poincaré dual
of A/(TM). Note that in particular, we have

AONTAMY N [M] = [M],  AM(TM)N[M) = AM), (3.15)

which are respectively the fundamental class and the A\—genus.
We now state the quantitative index theorem of Ma-Yu [34, 35].

Theorem 3.1. Let M be a closed manifold whose universal cover is spin.
Let T denote its fundamental group and f: M — BT the canonical classifying
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map. For any e > 0 and &0 defined in (2.24), we have
FEO(AR(T M) N [M]) = Chi (D). (3.16)
Moreover, for f°¢ defined in (2.25), in view of (2.28), we have
Fo(A=H(TM) 0 [M]) = oo 20 (A (T ) 0 [M])

~ (3.17)
= f°Chg (D).
Equivalently, we have the following commutative diagram
R FENAR(TM) N [M]) Fo(Am=H(TAL) O [M])
Am=H(TMY N [M] peo _ i (B) F(o0:0) e ope (B
€ H.(M) = P — = [9Ch(D)

I
(3.18)

Theorem 3.1 can be viewed as a simultaneous quantitative refinement
of Connes-Moscovici’s higher index theorem and I'-higher index theorem
[14, Theorems 3.9, 5.4]. Indeed, identity (3.16) corresponds to the higher
index theorem, while identity (3.17) corresponds to the higher I-index theo-
rem. Identity (3.17) will play an important role in our estimate of simplicial
norms, so we now spell it out explicitly.

Let I. be as in (3.8), and let F C M be a bounded fundamental domain.
For e > 0, 7,7" € ', we define the localized component I. , . of I by

Is;y,’y’: L2(7/F7 S]Tj) - L2(’7Fa SM)’

Loy s(z) = /'F Ig(x,l'/)s(.f/)d’()]’q(x,). (3.19)
gl

By the equivariance (3.2) of I, we have for any v € L,

I oy iy (Y, 72" = ?"I,g,,y,,y/(x,x')(ﬁﬂ)_l. (3.20)

Combining (2.25), (3.13), and (3.16), we obtain the following explicit form
of the quantitative higher I'-index theorem.

Theorem 3.2. Let M be a closed manifold with a spin universal covering

M. Let T denote its fundamental group and f: M — BI' the canonical
classifying map. Then, for any e > 0,

fo(Al=R (T ) 0 [M)])
= Z sgn(a)TrLz('Y”(O)F’SM) (IE

Yo=Yk+1=1r,
Y1, 7’Yker,
€611

Vo (k+1)Vo(k) 167%(1)7%(0) ) 5(%,--- k)

(3.21)
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where Spyq denotes the permutation group on (k + 1) numbers, sgn(o)
denotes the sign of o, and o(k + 1) = 0(0). In particular, when k = m, we
have f. (AN(TM) N [M]) = f.[M].

We note that (3.21) uses the standard formula expressing the L2-trace of
a kernel operator as the integral of the pointwise trace of its kernel. The
fact that the fundamental domain F' C M is not necessarily a smooth region
causes no difficulty. Indeed, after choosing a partition of unity on M and
lifting it to M, the computation reduces locally to the usual trace formula
for smooth compactly supported kernels.

4. SIMPLICIAL NORM

In §4.1, we recall the definition of simplicial norm and give some exam-
ples. In §4.2, we recall Gromov’s mapping theorem. In §4.3, we get useful
estimates for simplicial norms.

4.1. Definition and Examples. In [18], Gromov introduced the simplicial
norm, together with its important special case, the simplicial volume. We
now recall the definition.
For a singular homology class w € H,(M) (with coefficients in R or C),
its simplicial norm ||w||, is defined by
ol = _ inf > Jail, (4.1)

[ ashi]=w 4

where the infimum is taken over all singular cycles ). a;A; representing
w. Equivalently, ||wl|[,1 is the infimal number of simplices that we need to
represent w. In particular, the simplicial norm H [M] H ” of the fundamental
class [M] € H,,(M) is called the simplicial volume of M.

We discuss two elementary examples that explain the behavior of this
invariant.

First, the simplicial volume H[Sl]H o, of the circle S I vanishes. Indeed,
let Ajgp be a singular 1-simplex winding 100 times around S!, then [S'] =
1—(1)0A100, and by (4.1), we have H[Sl]H(1 < 1—(1)0. Replacing 100 by an arbi-
trarily large number, we see that H [SY] H ;2 = 0. More generally, Gromov [18,
§ 3.0] showed that if M has amenable fundamental group, then

|[M]] . =0. (4.2)

In contrast, Gromov-Thurston [18, § 1.2] proved that if M is a hyperbolic
manifold, then there is a constant C}, > 0 such that

I[M]llr = Cn Vol(M). (4.3)

This formula shows that the volume of a hyperbolic manifold is a homotopy
invariant, a fact lying at the heart of Mostow rigidity. To gain a sense of
intuition, we briefly recall the geometric idea in dimension two. A priori, a
singular simplex appearing in a cycle may have a very complicated image
and boundary. However, in a hyperbolic surface, we can replace each simplex
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by the geodesic simplex with the same vertices, and this does not change
the coefficients. Since this cycle still represents the fundamental class, its
total area must cover the area of the surface, and hence

Z |a;] Area(A;) > Area(M). (4.4)

A classical result in hyperbolic geometry, dating back to the pioneering work
of Gauss, Lobachevsky, and Bolyai nearly two centuries ago, says that every
geodesic triangle in the hyperbolic plane has area bounded above (by 7), in
sharp contrast with the Euclidean case. We then obtain

Z la;| > Area(M)/m. (4.5)
i
This gives the basic reason why the simplicial volume of a hyperbolic surface
is proportional to its area.
These examples show that simplicial volume is sensitive to large scale
phenomena.

4.2. Gromov’s mapping theorem. The following result will be useful
when applying Theorem 3.2 to estimates of simplicial norms.

Proposition 4.1. Let M be a closed manifold with universal covering M,
fundamental group I', and canonical classifying map f: M — BI'. Then for
any homology class w € H. (M), we have

[wllgr = [l sl - (4.6)

Proof. Gromov’s mapping theorem [18, §3.1] shows that the classifying
map f induces an isometric isomorphism on bounded cohomology. On the
other hand, by Gromov’s duality principle [18, §1.1], the simplicial norm
can also be defined by pairing with bounded cohomology. Hence, f also
preserves simplicial norms. U

4.3. Simplicial norm estimates. The following estimate for the simplicial
norm plays a key role in the proof of the main theorem.

Proposition 4.2. Let (M, g"™) be an m-dimensional closed oriented Rie-

mannian manifold whose universal covering M is spin. Then for any k € N
and € > 0,

| Al =H (T M) [M])|| "

S CVOI(M) ) (Supm,x’eﬁ HIa(x’x/)HEnd(SM)> (47)
k
(supyerr [ sy o)

In particular, when k = m, we have Al0] (TM) N [M] = [M].
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Proof. In (3.21), we obtain an explicit singular cycle representing the ho-
mology class f,(A™~*(TM)N[M]). By the definition of the simplicial norm
in (4.1), the sum of the absolute values of the coefficients of this cycle gives
an upper bound for Hf* (/T[m_k] (TM)nN [M])Hel' Then by (4.6), this also

gives an upper bound for Hg[m*k] (TM)nN[M] Hzl' Therefore,
| A" =F(T M) 0 (M),

L2 (v, (0)F,S+7
< Z ‘Tr Cro( F557) (I&%(k+1)7“/a(k> o '157%0)7%(0))’
Yo=Yk+1=1r,
’yl?”. 7’Yk€F’
€611
4.8
<C o e (o, 21) - - Ie(k, ©0) | muacs ) Wprsn (T, -+ 5 k) -
X
< C(Supxk,l’oej\z ||Is(xk) xO)HEnd(Sﬂ) )
/F - e (@o, 21) - - Le(2h—1, ) lgnacs ) Agpes (o5 - k),
X
which implies (4.7). O

By the definition of I, in (3.8) and the estimate (4.7), this reduces to
choosing suitable functions with compactly supported Fourier transforms,
so the following two terms tend to zero as € — oo,

ng(x, m,)HEnd(Sﬁ) g /]\7 ||I€($’ x/)HEnd(SM) dvﬁ(ml) (4.9)

The pointwise estimate is relatively straightforward. The main difficulty is
the integral estimate. Its form suggests using heat kernel estimates. We
shall first construct an auxiliary infinite propagation kernel using Gaussian
functions, and then cut off to obtain an finite propagation kernel.

5. SIMPLICIAL NORM VANISHING

In this section, we prove vanishing results for simplicial norms. In §5.1,
we introduce some useful heat kernel estimates. In §5.2, we construct and
estimate an auxiliary infinite propagation kernel. In § 5.3, we introduce the
cutoff and estimate the actual finite propagation kernel.

Again, we focus our attention on the even dimensional case. The odd
dimensional case follows from rescaling the metric and taking the product
with a closed odd dimensional hyperbolic manifold.

5.1. Heat kernel estimates. Let A be the (nonnegative) scalar Laplacian
S

on M. We denote its heat operator by e~%2 and its heat kernel by ps(z,2').
By the maximum principle of the heat equation, see for instance Dodziuk

[15], for any w € L?(M) with 0 < w < 1, we have

0 < e~ By <1 (5.1)
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Consequently, the heat kernel satisfies

ps(z,2') >0, /Mps(x,x’)dvﬁ(m’) <1 (5.2)

The first inequality is immediate from the positivity preserving property.
The second inequality follows from applying (5.1) to the charateristic func-

tion of every compact K C M,

e*SA(ILK)(x) —/ ps(z, 2" )dvgy(2') < 1. (5.3)
K

The following estimate is classical, while we include a proof for complete-
ness.

Proposition 5.1. Under the positive scalar curvature assumption, there
exists ¢ > 0 such that we have for any s > 0,

“6_852(957 ') HEnd(Sﬁ) < e “ps(a, ). (5.4)

Proof. For any smooth u € L? (M, SM)? we set

ug = e=sD%y. (5.5)

By (3.4), we have
~ 1
Osus = —Dus = —(ASTV[’ + ZSCg@;)US. (5.6)

By (5.6), the pointwise norm function |jus| g _ of us satisfies
M

1 _ 1
505 (luslls, ) = = Re (A%5uy, u)sy, ) = 75¢ v lusl§ - (5.7)
We have

1~ _ _
FA( lusls ) = Re({(A%¥ug, us)s,,) — |V Wrus | (5-8)

*M@Sﬂ'
Adding (5.7) and (5.8), and using Kato’s inequality, see for instance Hess-
Schrader-Uhlenbrock [29], we get

5@+ B) (sl ) = = IVl o = 38¢mr sl o
< = iy I grasy — 38cmm Il -
While we also have
SO+ B) (sl ) = Il @~ B) (s ) 1)
~dluals, 1B s, -

Comparing (5.9) and (5.10), we get

~ 1
luslls,, (0 +B) (lluslls, ) + 78¢,0m s, ) <. (5.11)
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Using approximation, in the distribution sense, we have
~ 1
0+ B) (sl ) < —3Se,em uslls. < —clluslls (512

for some ¢ > 0 by the positive scalar curvature assumption.
We define a function

_ _cs o / / (i
ws(@) = e [lus(@)|s_ /Mps(%fﬂ ) [[u@)]s dvgz(a"). (5.13)
By (5.12), it satisfies

(05 + A)(ws) <0, wo = 0. (5.14)

It follows from the parabolic maximum principle that ws < 0. In other
words, we have for any smooth u € L? (M, SM)’

| e misring

St (5.15)

Le /Mps(x,:nl) Hu(:ﬁ')HSA7 dUM(CE/).

For ' € M and v € S ),
T

supported sections converging distributionally to §,/v. Passing to the limit
in (5.15) gives

choose a sequence of smooth compactly

e @'y < e polw,a) olls (5.16)

M

Taking the supremum over all unit vectors v proves (5.4). g
5.2. Auxiliary infinite propagation kernel. In (3.5) and (3.6), we re-
place ¢ with auxiliary ® and take
— B
Bo(€) = 27NN L) = e O,
’ ’ ™

1
X 928 (5.17)
0o VT
Here 8 > 0 is a parameter to be determined later. The reason for this choice
is that the Gaussian is preserved, up to rescaling, by the Fourier transform.
Replacing ¢ by &/&” corresponds under Fourier inversion to replacing A by
e\, Hence, as € — 0o, we have ®. 1 — 0.

We introduce the complementary error function for A > 0,

£ ()\) o /OO _32d . 2 /OO e_(1+52))‘2d (5 18)
eric = N \/7?6 S = . o 1 T 82 S. .

The second identity is classical. It can be verified by differentiating both
sides with respect to A.

e s, Dy =d2,— 1.

) £,

Q. o(N) =
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By (5.17) and (5.18), we have
D 0(A) = sgn(N) (1 — erfe(e” |A])), (5.19)
D1 () = —2erfe(e? |A]) + erfe(e? |A])2. '

By the first and second representations in (5.18), using the substitutions
s = |\ s"/2 and s = 2#(1 + s?) respectively, we obtain

Sgn()\)erfc(efg IAl) = 1/ 8_1/2>\€_S’\2ds,
£28

T
- 5 (5.20)
fe(e? A :/ L ——
erfe(e7 ) 28 7T8(8—525)1/26 5

By (3.8), (5.19), and (5.20), every entry of . is a polynomial of sgn(\)erfc(e” | \|)
and erfc(e” | A|). Therefore, by (4.7), it suffices to bound

1o -
NN 2 /MH(De P )(‘T’x/)HEnd(Sﬁ)dvﬂ(‘r/)dsv

€ —sD?2 / '
_ dv=(x")ds.
Lo == e @ sy Ao
From (5.2) and (5.4), the first term in (5.21) can be bounded by
1 > -1/2 7, —D>2 "
g Rl BN (R [P [
He 5= 1)D( HEnd )dv o (2" 2" )ds
L[ ~—D?
vl A I [ T
’ _C(S_l)p(s 1)( // ,)dUMQ(x”vx,)ds (522)
/ [(De ) (! HEnd dUN >>
L[ 12 —e(s—1)
L d
77 s s /e s
< C/ 571267 ds = Cerfe(c!/?£P).
Here the last inequality follows from
= _D2? —c(d+(z,x"))?
|(De )(xan”)HEnd(sM) < Ce el @27) (5.23)

for some C,c > 0, and the fact that M has at most exponential volume
growth, see for example Chen-Wang-Xie-Yu [11, Lemma 3.8].
Using (5.2) and (5.4) again, the second term of (5.21) can be bounded by

e B

6 —

/23 me “ds = erfc(cl/26'8). (5.24)
&
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For ¢ sufficiently large, we have erfc(clmgﬂ) < e~ Hence by (5.22)
and (5.24), the right hand side of (4.7) tends to zero for the auxiliary infinite
propagation kernel.

5.3. Proof of the vanishing theorem. We now prove Theorem 1.1 by
passing from the auxiliary infinite propagation kernel to the finite propaga-
tion kernel.

Proof of Theorem 1.1. Choose a smooth even function p such that
0<p<1, supp(p) C[-1,1], p=1lon[-1/2,1/2]. (5.25)
Recall that in the construction (3.5) and (3.6), it is enough to define @; by

DL o(6) = p(2E) DL o (€) = 2p(OmE) e €/=*/4, (5.26)

£ 3

We claim that for any ¢ € N, there are constants C, ¢ > 0 such that

sup(1 + [A))[ (920 — @ep) ()] < Ce
€
i (5.27)
sup(1+ A’ |(¢e1 — D21)(N)] < Ce™ 7.
AER
To see this, by (5.26) we get
_ —(&/€P)?/4
m e
(¢e,0 —®.0)(§) = 2(!’(6?6) - 1)ﬁ7 (5.28)
which is supported on [£] > Ce. On this set,
6_(5/‘65)2/4 < 8—052(1’6). (529)

Differentiating (5.28) finitely many times would produce a polynomial of
e~ and &, which can be absorbed into the Gaussian decay. We get the first
inequality in (5.27) by the inverse Fourier transform, and the second one
follows from (3.6) and (5.17).

By (5.22), (5.24), (5.27), and the Sobolev’s inequality, we obtain

/M (@, | s dogp(a’) < O™ 4 G700 (5.30)

Here the factor Ce®® arises because I. has propagation at most £/m. Thus

it should be integrated only over BM (x,e/m), whose volume is bounded by
some Ce,

It suffices to choose § such that § > 0 and 2(1 — ) > 1, or equivalently
0 < B < 1/2. Then by (5.30), the right hand side of (4.7) tend to zero as
€ — o0o. This completes the proof. (|
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5.4. Obstruction to nonnegative scalar curvature. We now prove Corol-
lary 1.2.

Proof of Corollary 1.2. Suppose that Scgrar > 0 on M. If Scyru is positive
at some point, the conformal Laplacian produces a metric of positive scalar
curvature, contrary to Theorem 1.1. Hence Scyram = 0. Bourguignon’s

deformation theorem then implies that g™ is Ricci-flat, otherwise M would
again admit a metric of positive scalar curvature. By the Cheeger-Gromoll
splitting theorem, the fundamental group w1 (M) is virtually abelian and
therefore amenable. It then follows from Gromov’s mapping theorem [18,
§3.1] that ||[M] Hzl = 0, which contradicts the assumption.

If M is aspherical, then its universal cover is contractible, hence is spin.
The first assertion therefore applies to M. O
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