
GROMOV’S SIMPLICIAL VOLUME VANISHING
CONJECTURE FOR POSITIVE SCALAR CURVATURE
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Abstract. In this paper, we prove Gromov’s simplicial volume van-
ishing conjecture for closed manifolds with spin universal cover. More
precisely, we show that if a closed oriented manifold admits a metric
of nonnegative scalar curvature and its universal cover is spin, then its
simplicial volume vanishes. In particular, a closed oriented aspherical
manifold with nonzero simplicial volume admits no metric of nonnega-
tive scalar curvature.

1. Introduction

1.1. Background. Scalar curvature plays a fundamental role in differential
geometry and in Einstein’s general theory of relativity, see Lichnerowicz [31],
Schoen-Yau [44, 45], Gromov-Lawson [23, 22], and Witten [53]. The study
of manifolds with controlled scalar curvature lies at the interface between
flexibility and rigidity. Although scalar curvature is the weakest curvature
invariant, it nevertheless imposes subtle topological constraints. A central
theme in scalar curvature geometry is to understand how positive scalar
curvature restricts the topological complexity of a manifold.

One of the fundamental results in this direction is the Lichnerowicz van-
ishing theorem [31], which detects topological complexity through a charac-
teristic number called Â-genus,

if a closed spin manifold admits a metric of positive scalar
curvature, then its Â-genus vanishes. (1.1)

Gromov’s simplicial volume is another important invariant that provides
a quantitative measure of the topological complexity of a manifold. It is
defined as the infimum of the sum of the absolute values of the coefficients
in a singular cycle representing the fundamental class. In [19, § 3.A] and
[20, § 3.13], Gromov conjectured that

if a closed oriented manifold admits a metric of positive
scalar curvature, then its simplicial volume vanishes. (1.2)

Guth [26] and Braun-Sauer [7] obtained bounds on simplicial volume using a
macroscopic version of scalar curvature and volume. Ma-Yu [34, 35] showed
that the simplicial norm of the Poincaré dual of the Â-class can be controlled
in terms of a scalar curvature lower bound, the volume, and the injectivity
radius of the universal cover.
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In this paper, we prove Gromov’s conjecture (1.2) for all closed oriented
manifolds whose universal cover is spin.

1.2. Main results. Let M be an m-dimensional closed oriented manifold.
Let [M ] ∈ Hm(M) be its fundamental class and Â(TM) ∈ H∗(M) be its
Ã-class. For k ∈ N, let Â[k](TM) ∈ Hk(M) denote the k-th degree compo-
nent of Â(TM). The cap product Â[k](TM) ∩ [M ] ∈ Hm−k(M) defines the
Poincaré dual of Â[k](TM). In particular, we have Â[0](TM) ∩ [M ] = [M ].

Let
∥∥Â[k](TM)∩[M ]

∥∥
ℓ1

be the simplicial norm of Â[k](TM)∩[M ], defined
as the infimum of the sum of the absolute values of the coefficients in a
singular cycle representative. In particular, the simplicial norm

∥∥[M ]
∥∥
ℓ1

of
the fundamental class is called the simplicial volume.

Theorem 1.1. Let M be an m-dimensional closed oriented manifold whose
universal covering M̃ is spin. Suppose that M admits a Riemannian metric
of positive scalar curvature. Then the Poincaré dual of each of the component
of the Â-class has vanishing simplicial norm; that is, for any 0 ⩽ k ⩽ m,∥∥Â[k](TM) ∩ [M ]

∥∥
ℓ1

= 0. (1.3)

In particular, when k = 0, the simplicial volume
∥∥[M ]

∥∥
ℓ1

vanishes.

Compared with Gromov’s conjecture (1.2), Theorem 1.1 gives a stronger
conclusion for closed manifolds whose universal cover is spin. Rather than
asserting only the vanishing of the simplicial volume, it proves the vanishing
of the simplicial norm of the Poincaré dual of every component of the Â-
class.

We also have the following consequence of the main theorem, which, in
particular, shows that nonvanishing simplicial volume obstructs the exis-
tence of metrics of nonnegative scalar curvature on aspherical manifolds.

Corollary 1.2. Let M be a closed oriented manifold with spin universal
cover. If it has positive simplicial volume, then it admits no Riemannian
metric of nonnegative scalar curvature. In particular, every closed oriented
aspherical manifold with positive simplicial volume admits no Riemannian
metric of nonnegative scalar curvature.

1.3. Techniques and related work. We now discuss some of the tech-
niques used in the proof and mention additional related work beyond that
already cited. The topics involved are broad, and the references below are
very incomplete.

1.3.1. Simplicial norms. One of the important features of the simplicial
norm is its sensitivity to large scale and negatively curved phenomena, and
hence its ability to detect geometric and topological complexity. For in-
stance, the simplicial volume vanishes for closed oriented manifolds with
an amenable fundamental group, while Gromov-Thurston [18, § 1.2] showed
that the simplicial volume of a hyperbolic manifold is proportional to its
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volume. Gromov [17] used simplicial volume to give a new proof of Mostow
rigidity. Since then, the simplicial norm has become an important invari-
ant in geometry, topology, and dynamics. For further developments, see
Thurston [49], Lück [33], Lafont-Schmidt [30], Bergeron-Şengün-Venkatesh
[4], Brock-Dunfield [8], Connell-Wang [12], and Löh-Moraschini-Raptis [32].

1.3.2. Scalar curvature geometry and index theory. The interaction between
scalar curvature and topology is a foundational subject in differential geom-
etry, see for example, Schoen-Yau [44, 46], Gromov-Lawson [21], Rosen-
berg [40, 41], Connes [13], Block-Weinberger [5, 6], Stolz [48], Roe [39],
Rosenberg-Stolz [42] and Zhang [57, 58].

The proof of our main result is inspired by the strategy of Connes-
Moscovici [14] in their approach to the Novikov conjecture. In their seminal
work, they proved the Novikov conjecture for groups satisfying property RD,
under the additional assumption that every group cohomology class admits
a representative cocycle of polynomial growth.

A key ingredient in the present paper is the quantitative index theory
developed in Ma-Yu [34, 35]. This theory allows us to use functional calculus
of the Dirac operator to construct explicit representatives of the fundamental
class and, more generally, of the Poincaré duals of the Â-class. In this way,
it establishes a direct connection between scalar curvature and simplicial
norm. Positive scalar curvature allows us to deform these homology cycles,
through a continuous deformation of the Dirac operator, to representatives
with arbitrarily small simplicial norm. An important new refinement in the
proof is the use of heat kernel to derive sharper estimates for the functional
calculus.

Quantitative index theory is closely related to quantitative operator K-
theory, see Yu [54, 55, 56], Oyono-Oyono-Yu [37], and Willett-Yu [52]. These
methods have found several applications in the study of topological rigidity,
the Novikov conjecture, and scalar curvature geometry, see, for example,
Guentner-Tessera-Yu [24], Gong-Wu-Yu [16], Nowak-Yu [36], Wang-Xie-Yu
[50, 51], and Chen-Wang-Xie-Yu [11].

Guth’s surveys [25, 27] introduce recent results in quantitative topol-
ogy and their connections with scalar curvature, systolic geometry, and
large scale geometry. For further developments, see Guth [26], Alpert-
Funano [3], Chambers-Dotterrer-Manin-Weinberger [9], Chambers-Manin-
Weinberger [10], Braun-Sauer [7], and Alpert-Balitskiy-Guth [1, 2].

1.3.3. A comment on our approach. We point out that our argument can
also be formulated in the framework of cyclic homology. The present proof,
however, works directly with singular homology, making the argument more
elementary. We hope that the present paper, together with Ma-Yu [34, 35],
may also serve as an accessible entry for readers interested in noncommu-
tative geometry, Connes-Moscovici’s higher index theorem, and index theo-
retic methods in the study of the Novikov conjecture.
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1.4. Organization of the article. In § 2, we introduce quantitative homol-
ogy, which interpolates between the homology of M and the group homol-
ogy of Γ. In § 3, we recall the quantitative index theorem, which expresses
Â[m−k](TM)∩ [M ] by explicit finite propagation operators associated to the
Dirac operator. In § 4, we recall some useful properties of the simplicial
norm. In § 5, we combine the quantitative index formula with heat kernel
estimates to prove the vanishing of the simplicial norms.

The symbol C denotes a positive constant. When the dependence of C
on certain parameters is important, this will be indicated by a subscript.
The value of C may change from line to line, even when the same notation
is used.

1.5. Acknowledgments. We thank Misha Gromov and Nigel Higson for
helpful comments and suggestions. Qiaochu Ma is partially supported by
NSF DMS-2247313. Jinmin Wang is partially supported by NSFC 12501169.
Zhizhang Xie is partially by NSF DMS-2247322. Guoliang Yu is partially
supported by NSF DMS-2247313. Bo Zhu is partially supported by NSFC
12501066.

2. Quantitative Homology

In this section, we introduce epsilon homology by Ma-Yu [34, 35, § 2],
a quantitative version of Alexander-Spanier homology. In § 2.1, we recall
the classifying map and the standard identification of the homology of the
classifying space with group homology. In § 2.2, we define epsilon homology.
In § 2.3, we show that epsilon homology interpolates between the homology
of the manifold and the homology of the classifying space.

2.1. Homology and large scale homology. Let M be a manifold with
its universal covering M̃ and fundamental group Γ = π1(M). Let BΓ be
the classifying space of Γ such that π1(BΓ) = Γ and its universal covering
EΓ = B̃Γ is contractible. Then there exists a canonical classifying map
f : M ! BΓ and the following commutative diagram

M̃ ∼= f∗(EΓ) EΓ

M BΓ
f

, (2.1)

which induces a morphism at the level of homology
f∗ : H∗(M)! H∗(BΓ). (2.2)

The homology H∗(BΓ) can be described explicitly in terms of the group
homology of Γ. We now recall the relevant definition.

Let Ck(Γ) be the space of Γ-invariant functions on Γk+1, with Γ acting
diagonally on Γk+1, that is,

Ck(Γ) =
{
α | α(γ0, · · · γk) = α(γγ0, · · · γγk) for any γ ∈ Γ

}
. (2.3)
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Let us define the coboundary map
∂ : Ck(Γ)! Ck+1(Γ),

∂α(γ0, · · · , γk+1) =
∑
i

(−1)iα(γ0, · · · , γ̂i, · · · γk+1),
(2.4)

where the ‘hat’ symbol over γi indicates that this variable is deleted. The
group cohomology H∗(Γ) of Γ is defined by the cohomology of the cochain
(∂,C∗(Γ)),

H∗(Γ) = H∗(∂,C∗(Γ)
)
. (2.5)

Similarly, let Ck(Γ) be the space of Γ-invariant measures on Γk+1, with Γ
acting diagonally on Γk+1, that is,

Ck(Γ) =
{
µ | µ(γ0, · · · γk) = µ(γγ0, · · · , γγk) for any γ ∈ Γ

}
. (2.6)

Let us define the boundary map
∂ : Ck(Γ)! Ck−1(Γ),

∂δ(γ0,··· ,γk) =
∑
i

(−1)iδ(γ0,··· ,γ̂i,···γk),
(2.7)

where δ(γ0,··· ,γk) is the delta measure at (γ0, · · · , γk) ∈ Γk+1. The group
homology H∗(Γ) of Γ is defined by the homology of the chain (∂,C∗(Γ)),

H∗(Γ) = H∗
(
∂,C∗(Γ)

)
. (2.8)

The following result is classical, we give the proof since it motivates further
discussions.

Proposition 2.1. We have
H∗(Γ) ∼= H∗(BΓ). (2.9)

Proof . The Γ-equivariant singular chain complex (∂,C∗(EΓ,Γ)) of EΓ com-
putes the homology H∗(BΓ) of BΓ, namely that

H∗
(
C∗(EΓ,Γ)

) ∼= H∗(BΓ). (2.10)
It suffices to construct a homotopy equivalence between (∂,C∗(Γ)) and
(∂,C∗(EΓ,Γ)).

First, since EΓ is contractible, we can assign to each (y0, · · · , yk) ∈
(EΓ)k+1 a singular simplex ∆(y0,··· ,yk) having vertices (y0, · · · , yk), such
that every subset of (y0, · · · , yk) is assigned to the corresponding face of
∆(y0,...,yk). Moreover, this assignment can be chosen Γ-equivariantly.

We choose a bounded fundamental domain F ⊂ EΓ and a base point
yb ∈ F . Define

f0,∞ : C∗(Γ)! C∗(EΓ,Γ),

f0,∞(δ(γ0,··· ,γk)) = ∆(γ0yb,··· ,γkyb).
(2.11)

The meaning of the notation f0,∞ will become clear soon in the next sub-
section.
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Conversely, define
f∞,0 : C∗(EΓ,Γ)! C∗(Γ),

f∞,0(∆) = δ(γ0,··· ,γk),
(2.12)

where ∆ is a singular simplex with vertices (y0, · · · , yk), and γ0, . . . , γk ∈ Γ
are chosen so that (y0, . . . , yk) ∈ γ0F × · · · × γkF . For instance, when
(Γ, BΓ, EΓ, F ) = (Zm,Tm,Rm, [0, 1)m), then a simplex ∆ with vertices
(y0, · · · , yk) is mapped to δ(⌊y0⌋,··· ,⌊yk⌋), where the floor function is taken
coordinatewise.

The fact that (2.11) and (2.12) define homotopy equivalent maps follows
from the usual prism operator argument in the proof of homotopy invariance
of singular homology, see Hatcher [28, Theorem 2.10]. In the present setting,
the same argument is applied equivariantly. □

The left hand sides of (2.1) and (2.2) contain fine small scale homological
information, while the right hand sides encode purely large scale homological
information. Thus, these suggest the existence of an interpolation describing
the transition from small scale to large scale homology, which we introduce
in the next subsection.

2.2. Epsilon homology. For any (x0, · · · , xk) ∈ M̃k+1, we define its di-
ameter by

diam(x0, · · · , xk) = max
0⩽i,j⩽k

d
M̃
(xi, xj). (2.13)

For any ε > 0, define the ε-diagonal of M̃k+1 by
diagε(M̃

k+1) = {(x0, · · · , xk) ∈ M̃k+1 | diam(x0, · · · , xk) ⩽ ε}. (2.14)

Let Ck
ε (M̃,Γ) be the space of Γ-invariant Borel functions on diagε(M̃

k+1).
We define a coboundary map

∂ : Ck−1
ε (M̃,Γ)! Ck

ε (M̃,Γ),

(∂f)(x0, · · · , xk) =
k∑

i=0

(−1)if(x0, · · · , x̂i, · · · , xk),
(2.15)

where the ‘hat’ symbol over xi indicates that this variable is deleted.
The epsilon cohomology H∗

ε (M̃,Γ) is defined as the cohomology of the
cochain complex (∂,C∗

ε (M̃,Γ)), that is,

H∗
ε (M̃,Γ) = H(∂,C∗

ε (M̃,Γ)). (2.16)

Likewise, let Cε
k(M̃,Γ) be the space of Γ-invariant measures supported on

diagε(M̃
k+1) ⊆ M̃k+1.

By viewing α ∈ C∗
ε (M̃,Γ) as a continuous function on Γ\M̃∗+1 and µ ∈

Cε
∗(M̃,Γ) as a measure on Γ\M̃∗+1, we can define a pairing ⟨·, ·⟩Γ between

C∗
ε (M̃,Γ) and Cε

∗(M̃,Γ) by the integral of α with respect to µ over Γ\M̃∗+1.
In other words, let F ⊂ M̃ be a bounded fundamental domain of Γ-action,
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then F × M̃k is a fundamental domain of the diagonal Γ-action on M̃k+1,
and

⟨α, µ⟩Γ =

∫
F×M̃k

αdµ. (2.17)

Note that diagε(M̃
k+1) ∩

(
F × M̃k

)
is compact, so the integral (2.17) is

finite.
We define the dual boundary map

∂ : Cε
k(M̃,Γ)! Cε

k−1(M̃,Γ),

⟨∂µ, α⟩Γ = ⟨µ, ∂α⟩Γ,
(2.18)

where ∂α is given in (2.15). We obtain a chain complex (∂,Cε
∗(M̃,Γ)).

We define the epsilon homology Hε
∗(M̃,Γ) to be the homology of the chain

complex (∂,Cε
∗(M̃,Γ)), that is,

Hε
∗(M̃,Γ) = H(∂,Cε

∗(M̃,Γ)). (2.19)

For ε ⩽ ε′, we have an inclusion from Cε(M̃,Γ) to Cε′(M̃,Γ), and we
denote the induced morphism at the level of homology by

f ε′,ε : Hε
∗(M̃,Γ)! Hε′

∗ (M̃,Γ). (2.20)
Then for ε ⩽ ε′ ⩽ ε′′, we have

f (ε′′,ε′)f (ε′,ε) = f (ε′′,ε). (2.21)
In other words, we have the following commutative diagram

Hε
∗(M̃,Γ) Hε′

∗ (M̃,Γ) Hε′′
∗ (M̃,Γ)

f (ε′′,ε)

f (ε′,ε) f (ε′′,ε′)
. (2.22)

2.3. Epsilon homology as an interpolation. Intuitively, epsilon homol-
ogy Hε(M̃,Γ) provides an interpolation between H∗(M) and H∗(BΓ) as ε
changes from 0 to ∞. To see this, we first extend (2.22) to limits.

The Γ-equivariant singular chain complex (∂,C∗(M̃,Γ)) of M̃ computes
the homology H∗(M) of M , namely that

H∗
(
C∗(M̃,Γ)

) ∼= H∗(M). (2.23)
We define

f ε,0 : C∗(M̃,Γ)! Cε
∗(M̃,Γ),

f ε,0(∆) = δ(x0,··· ,xk),
(2.24)

where ∆ is a simplex with vertices (x0, · · · , xk) ∈ M̃k+1, and δ(x0,··· ,xk) is
the delta measure at (x0, · · · , xk). Note that every singular simplex can be
subdivided into simplices whose vertices have diameter no more than ε, so
the map f ε,0 is well defined at the level of homology.
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We choose a bounded fundamental domain F ⊂ M̃ and define

f∞,ε : Cε
∗(M̃,Γ)! C∗(Γ),

f∞,ε(µ) =
∑

γ0,··· ,γk∈Γ

〈
µ,1(γ0F )×···×(γkF )

〉
Γ
δ(γ0,··· ,γk),

(2.25)

where

1(γ0F )×···×(γkF )(x0, · · · , xk) =

{
1, if xi ∈ γiF for every 0 ⩽ i ⩽ k,

0, otherwise.
(2.26)

Then we define the homological radius r(M) of M by the supremum of all
ε > 0 with the following property, for any x ∈ M̃ , the radius ε ball BM̃ (x, ε)
is contractible.

We now explain precisely that Hε(M̃,Γ) provides the desired interpola-
tion between H∗(M) and H∗(BΓ).

Proposition 2.2. Let M be a closed manifold with universal covering M̃ ,
fundamental group Γ, and canonical classifying map f : M ! BΓ. For
0 < ε < r(M), the map f ε,0 defined in (2.24) is a homotopy equivalence, in
particular,

Hε(M̃,Γ) ∼= H∗(M). (2.27)

Moreover, for any ε > 0 and f∞,ε defined in (2.25),

f∞,εf ε,0 = f∗. (2.28)

Equivalently, we have the following commutative diagram

lim −ε!0
Hε

∗(M̃,Γ) Hε
∗(M̃,Γ) lim−!ε!∞Hε

∗(M̃,Γ)

H∗(M) H∗(BΓ) ∼= H∗(Γ)

ε<r(M)

f (∞,ε)
∼=

f (ε,0)
∼=

f∗

, (2.29)

where the dashed arrow denotes a homotopy inverse when ε < r(M).

Proof . To construct a homotopy inverse, we use a local analogue of the
argument in Proposition 2.1. In the aspherical case, the key point was
that the contractibility of EΓ allowed us to reconstruct simplices from their
vertices in a Γ-equivariant way. Here we only need such a construction for
the ε-diagonal diagε(M̃k+1) defined in (2.14). Indeed, when 0 < ε < r(M),
the definition of the homological radius ensures that the inclusion

diag(M̃k+1) = diag0(M̃
k+1)! diagε(M̃

k+1), (2.30)
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is homotopic, in a way compatible with faces and Γ-equivariant. Then every
(x0, · · · , xk) ∈ M̃k+1 with diam(x0, · · · , xk) < r(M) can be filled by a sim-
plex ∆(x0,··· ,xk) compatibly with faces and with the Γ-action. This provides
the homotopy inverse to f ε,0.

We can check (2.28) directly from (2.1), (2.9), (2.24), and (2.25). □

3. Quantitative Index Theorem

In this section, we recall the quantitative index theorem by Ma-Yu [34, 35].
In § 3.1, we introduce a weakened spin condition, following Rosenberg [40].
In § 3.2, we construct a finite propagation representative of the higher index
following Roe [38]. In § 3.3, we state the quantitative index theorem, which
gives an explicit expression for the class Â(TM) ∩ [M ] in Hε

∗(M̃,Γ).
Throughout this paper, we focus our attention on the even dimensional

case for the quantitative index theorem. The odd dimensional quantitative
higher index theorem follows by a standard suspension argument.

3.1. Weakened spin condition. We now suppose that M̃ is spin, while
M itself is not necessarily spin. We use a construction of Rosenberg [40,
§ 3B] to handle this weaker spin condition.

Let P SOm

M̃
be the principal bundle of orthonormal oriented frames on M̃

and P
Spinm
M̃

the principal spin bundle. By the path lifting property, we can
define a double covering Γ̃ of Γ, using the pullback diagram

Γ̃ Aut(P
Spinm
M̃

)

Γ Aut(P SOm

M̃
)

, (3.1)

then Γ̃ acts by unitary bundle automorphisms on the spinor bundle S
M̃

as
well as L2

(
M̃, S

M̃

)
.

Let K Γ̃ be the space of Γ̃-invariant smooth kernel operators on L2
(
M̃, S

M̃

)
,

whose elements are of the form K = K(x, y) ∈ S
M̃,x

⊗ S∗
M̃,y

with

K(x, y) = γ̃−1K
(
γx, γy

)
γ̃ , (3.2)

where γ̃ ∈ Γ̃ and γ ∈ Γ is the image of γ̃.
Although K ∈ K Γ̃ is not Γ-invariant, its pointwise trace is Γ-invariant in

the sense that for any γ ∈ Γ,

TrSM̃

[
K(x, x)

]
= TrSM̃

[
K(γx, γx)

]
, (3.3)

which is a direct consequence of the fact that Γ̃ is a double covering of Γ.



10

Let D̃ be the Dirac operator on M̃ , then D̃ is Γ̃-invariant. Moreover, for
any ϕ ∈ S (R), the Schwartz space, the functional calculus ϕ(D̃) is a smooth
kernel operator and ϕ(D̃) ∈ K Γ̃.

Moreover, we recall the Schrödinger-Lichnerowicz formula [47, 31], which
plays a fundamental role in the index theoretic approach to scalar curvature
geometry,

D̃2 = ∆S
M̃ +

1

4
Sc

gTM̃ , (3.4)

where ∆S
M̃ is the Bochner Laplacian, and Sc

gTM̃ is the scalar curvature.

3.2. Finite propagation index representative. We now follow Roe’s
construction [38, Lemma 7.5]. Choose a smooth function ϕε,0(λ) such that

ϕε,0(λ) odd, ϕ′
ε,0(λ) even, ϕ′

ε,0(λ) ∈ S (R),

ϕε,0(±∞) = ±1, supp(ϕ̂′
ε,0(ξ)) ⊆ [− ε

6m , ε
6m ],

(3.5)

where ϕ̂′
ε,0 is the Fourier transform of ϕ′

ε,0. Then we have a smooth ϕε,1(λ)
such that

ϕε,1(λ) even, ϕε,1(λ) ∈ S (R),

ϕε,1(λ) = ϕε,0(λ)
2 − 1, supp(ϕ̂ε,1(ξ)) ⊆ [− ε

3m , ε
3m ].

(3.6)

Indeed, in the sense of distributions, we have
√
−1ξϕ̂ε,0(ξ) = ϕ̂′

ε,0(ξ), ξϕ̂ε,1(ξ) = (ϕ̂ε,0 ∗ ϕ̂′
ε,0)(ξ), (3.7)

where the convolution is well defined since the distributions have compact
support, see Rudin [43, §§ 6, 7] for details.

Let Iε be the “difference idempotent” defined by

Iε =

(
ϕ+
ε,1(D̃)2 −ϕ+

ε,1(D̃)
(
1− ϕ+

ε,1(D̃)
)
ϕ−
ε,0(D̃)

−ϕ−
ε,1(D̃)ϕ+

ε,0(D̃) −ϕ−
ε,1(D̃)2

)
, (3.8)

where the superscripts ± denote the restriction to L2(M̃, S±
M̃
). Note that in

operator K-theory, Iε can be regarded as a small scale representative of the
higher index of the Dirac operator D̃.

Combining (3.5), (3.6), and (3.8) with the finite propagation speed of the
wave operator, we conclude that Iε has propagation at most ε

m , that is, for
all x ∈ M̃ ,

supp(Iε(x, ·)) ⊆ BM̃ (x, ε
m), (3.9)

where Iε(x, y) is the kernel of Iε.
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3.3. Quantitative index theorem. Since Iε ∈ K Γ̃, we have for any γ̃ ∈ Γ̃,
the cyclic product index kernel Iε

(
x0, x1

)
· · · Iε

(
xk−1, xk

)
Iε
(
xk, x0

)
satisfies

Iε
(
x0, x1

)
· · · Iε

(
xk−1, xk

)
Iε
(
xk, x0

)
= γ̃Iε

(
γx0, γx1

)
· · · Iε

(
γxk−1, γxk

)
Iε
(
γxk, γx0

)
γ̃−1.

(3.10)

Hence its pointwise trace is Γ-invariant, that is,

TrSM̃

[
Iε
(
x0, x1

)
· · · Iε

(
xk−1, xk

)
Iε
(
xk, x0

)]
= TrSM̃

[
Iε
(
γx0, γx1

)
· · · Iε

(
γxk−1, γxk

)
Iε
(
γxk, γx0

)]
.

(3.11)

Moreover, by (3.9), we have

supp
(
Iε
(
x0, x1

)
· · · Iε

(
xk−1, xk

)
Iε
(
xk, x0

))
⊆ diagε(M̃

k+1). (3.12)

We now define the Connes-Chern chain Chεk
(
D̃
)
∈ Hε

k(M̃,Γ) of D̃ as an
antisymmetric measure

Chεk
(
D̃
)

=
∑

σ∈Sk+1

sgn(σ)TrSM̃

[
Iε
(
xσ(0), xσ(1)

)
· · · Iε

(
xσ(k), xσ(0)

)]
dv

M̃k+1(x0, · · · , xk),

(3.13)

where Sk+1 denotes the permutation group on (k+1) numbers, and sgn(σ)
denotes the sign of σ.

Before stating the index theorem, we recall the characteristic class Â(TM) ∈
H∗(M). For k ∈ N, let Â[k](TM) ∈ Hk(M) denote the k-th degree compo-
nent of Â(TM). Let RTM denote the Riemannian curvature associated to
the Riemannian metric gTM on M . Then Â(TM) can be represented by

Â(TM) = det 1/2

(
1

2πiR
TM/2

sinh
(

1
2πiR

TM/2
))

= Â[0](TM) + Â[4](TM) + Â[8](TM) + · · ·

= 1− 1

24
p1(TM) +

( 7

5760
p1(TM)2 − 1

1440
p2(TM)

)
+ · · ·

(3.14)

where pk(TM) ∈ H4k(M) is the k-th Pontryagin class of M .
The cap product Â[k](TM) ∩ [M ] ∈ Hm−k(M) defines the Poincaré dual

of Â[k](TM). Note that in particular, we have

Â[0](TM) ∩ [M ] = [M ], Â[m](TM) ∩ [M ] = Â(M), (3.15)

which are respectively the fundamental class and the Â-genus.
We now state the quantitative index theorem of Ma-Yu [34, 35].

Theorem 3.1. Let M be a closed manifold whose universal cover is spin.
Let Γ denote its fundamental group and f : M ! BΓ the canonical classifying
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map. For any ε > 0 and f ε,0 defined in (2.24), we have

f ε,0
(
Â[m−k](TM) ∩ [M ]

)
= Chεk

(
D̃
)
. (3.16)

Moreover, for f∞,ε defined in (2.25), in view of (2.28), we have

f∗
(
Â[m−k](TM) ∩ [M ]

)
= f∞,εf ε,0

(
Â[m−k](TM) ∩ [M ]

)
= f∞,εChεk

(
D̃
)
.

(3.17)

Equivalently, we have the following commutative diagram

Â[m−k](TM) ∩ [M ]

∈ H∗(M)

f (ε,0)(Â[m−k](TM) ∩ [M ])

= Chεk
(
D̃
)

∈ Hε
∗(M̃,Γ)

f∗(Â
[m−k](TM) ∩ [M ])

= f (∞,ε)Chεk
(
D̃
)

∈ H∗(BΓ) = H∗(Γ)

f (ε,0)

f∗

f (∞,ε)

.

(3.18)

Theorem 3.1 can be viewed as a simultaneous quantitative refinement
of Connes-Moscovici’s higher index theorem and Γ-higher index theorem
[14, Theorems 3.9, 5.4]. Indeed, identity (3.16) corresponds to the higher
index theorem, while identity (3.17) corresponds to the higher Γ-index theo-
rem. Identity (3.17) will play an important role in our estimate of simplicial
norms, so we now spell it out explicitly.

Let Iε be as in (3.8), and let F ⊂ M̃ be a bounded fundamental domain.
For ε > 0, γ, γ′ ∈ Γ, we define the localized component Iε,γ,γ′ of Iε by

Iε,γ,γ′ : L2(γ′F, S
M̃
)! L2(γF, S

M̃
),

Iε,γ,γ′s(x) =

∫
γ′F

Iε(x, x
′)s(x′)dv

M̃
(x′).

(3.19)

By the equivariance (3.2) of Iε, we have for any γ̃ ∈ Γ̃,
Iε,γ′′γ,γ′′γ′(γ′′x, γ′′x′) = γ̃′′Iε,γ,γ′(x, x′)(γ̃′′)−1. (3.20)

Combining (2.25), (3.13), and (3.16), we obtain the following explicit form
of the quantitative higher Γ-index theorem.

Theorem 3.2. Let M be a closed manifold with a spin universal covering
M̃ . Let Γ denote its fundamental group and f : M ! BΓ the canonical
classifying map. Then, for any ε > 0,

f∗
(
Â[m−k](TM) ∩ [M ]

)
=

∑
γ0=γk+1=1Γ,
γ1,··· ,γk∈Γ,
σ∈Sk+1

sgn(σ)TrL
2(γσ(0)F,SM̃

)
(
Iε,γσ(k+1),γσ(k)

· · · Iε,γσ(1),γσ(0)

)
δ(γ0,··· ,γk),

(3.21)
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where Sk+1 denotes the permutation group on (k + 1) numbers, sgn(σ)
denotes the sign of σ, and σ(k + 1) = σ(0). In particular, when k = m, we
have f∗

(
Â[0](TM) ∩ [M ]

)
= f∗[M ].

We note that (3.21) uses the standard formula expressing the L2-trace of
a kernel operator as the integral of the pointwise trace of its kernel. The
fact that the fundamental domain F ⊂ M̃ is not necessarily a smooth region
causes no difficulty. Indeed, after choosing a partition of unity on M and
lifting it to M̃ , the computation reduces locally to the usual trace formula
for smooth compactly supported kernels.

4. Simplicial Norm

In § 4.1, we recall the definition of simplicial norm and give some exam-
ples. In § 4.2, we recall Gromov’s mapping theorem. In § 4.3, we get useful
estimates for simplicial norms.

4.1. Definition and Examples. In [18], Gromov introduced the simplicial
norm, together with its important special case, the simplicial volume. We
now recall the definition.

For a singular homology class ω ∈ H∗(M) (with coefficients in R or C),
its simplicial norm ∥ω∥ℓ1 is defined by

∥ω∥ℓ1 = inf
[
∑

i ai∆i]=ω

∑
i

|ai| , (4.1)

where the infimum is taken over all singular cycles
∑

i ai∆i representing
ω. Equivalently, ∥ω∥ℓ1 is the infimal number of simplices that we need to
represent ω. In particular, the simplicial norm

∥∥[M ]
∥∥
ℓ1

of the fundamental
class [M ] ∈ Hm(M) is called the simplicial volume of M .

We discuss two elementary examples that explain the behavior of this
invariant.

First, the simplicial volume
∥∥[S1]

∥∥
ℓ1

of the circle S1 vanishes. Indeed,
let ∆100 be a singular 1-simplex winding 100 times around S1, then [S1] =
1

100∆100, and by (4.1), we have
∥∥[S1]

∥∥
ℓ1

⩽ 1
100 . Replacing 100 by an arbi-

trarily large number, we see that
∥∥[S1]

∥∥
ℓ1

= 0. More generally, Gromov [18,
§ 3.0] showed that if M has amenable fundamental group, then∥∥[M ]

∥∥
ℓ1

= 0. (4.2)
In contrast, Gromov-Thurston [18, § 1.2] proved that if M is a hyperbolic

manifold, then there is a constant Cm > 0 such that
∥[M ]∥ℓ1 = CmVol(M). (4.3)

This formula shows that the volume of a hyperbolic manifold is a homotopy
invariant, a fact lying at the heart of Mostow rigidity. To gain a sense of
intuition, we briefly recall the geometric idea in dimension two. A priori, a
singular simplex appearing in a cycle may have a very complicated image
and boundary. However, in a hyperbolic surface, we can replace each simplex
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by the geodesic simplex with the same vertices, and this does not change
the coefficients. Since this cycle still represents the fundamental class, its
total area must cover the area of the surface, and hence∑

i

|ai|Area(∆i) ⩾ Area(M). (4.4)

A classical result in hyperbolic geometry, dating back to the pioneering work
of Gauss, Lobachevsky, and Bolyai nearly two centuries ago, says that every
geodesic triangle in the hyperbolic plane has area bounded above (by π), in
sharp contrast with the Euclidean case. We then obtain∑

i

|ai| ⩾ Area(M)/π. (4.5)

This gives the basic reason why the simplicial volume of a hyperbolic surface
is proportional to its area.

These examples show that simplicial volume is sensitive to large scale
phenomena.

4.2. Gromov’s mapping theorem. The following result will be useful
when applying Theorem 3.2 to estimates of simplicial norms.

Proposition 4.1. Let M be a closed manifold with universal covering M̃ ,
fundamental group Γ, and canonical classifying map f : M ! BΓ. Then for
any homology class ω ∈ H∗(M), we have

∥ω∥ℓ1 = ∥f∗ω∥ℓ1 . (4.6)

Proof . Gromov’s mapping theorem [18, § 3.1] shows that the classifying
map f induces an isometric isomorphism on bounded cohomology. On the
other hand, by Gromov’s duality principle [18, § 1.1], the simplicial norm
can also be defined by pairing with bounded cohomology. Hence, f also
preserves simplicial norms. □

4.3. Simplicial norm estimates. The following estimate for the simplicial
norm plays a key role in the proof of the main theorem.

Proposition 4.2. Let (M, gTM ) be an m-dimensional closed oriented Rie-
mannian manifold whose universal covering M̃ is spin. Then for any k ∈ N
and ε > 0, ∥∥Â[m−k](TM) ∩ [M ]

∥∥
ℓ1

⩽ CVol(M) ·
(
sup

x,x′∈M̃
∥∥Iε(x, x′)∥∥End(S

M̃
)

)
·
(
sup

x∈M̃

∫
M̃

∥∥Iε(x, x′)∥∥End(S
M̃

)
dv

M̃
(x′)

)k
.

(4.7)

In particular, when k = m, we have Â[0](TM) ∩ [M ] = [M ].
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Proof . In (3.21), we obtain an explicit singular cycle representing the ho-
mology class f∗(Â[m−k](TM)∩[M ]). By the definition of the simplicial norm
in (4.1), the sum of the absolute values of the coefficients of this cycle gives
an upper bound for

∥∥f∗(Â[m−k](TM) ∩ [M ]
)∥∥

ℓ1
. Then by (4.6), this also

gives an upper bound for
∥∥Â[m−k](TM) ∩ [M ]

∥∥
ℓ1

. Therefore,∥∥Â[m−k](TM) ∩ [M ]
∥∥
ℓ1

⩽
∑

γ0=γk+1=1Γ,
γ1,··· ,γk∈Γ,
σ∈Sk+1

∣∣∣TrL2(γσ(0)F,SM̃
)
(
Iε,γσ(k+1),γσ(k)

· · · Iε,γσ(1),γσ(0)

)∣∣∣

⩽ C

∫
F×M̃k

∥Iε(x0, x1) · · · Iε(xk, x0)∥End(S
M̃

) dvM̃k+1(x0, · · · , xk)

⩽ C
(
sup

xk,x0∈M̃ ∥Iε(xk, x0)∥End(S
M̃

)

)
·
∫
F×M̃k

∥Iε(x0, x1) · · · Iε(xk−1, xk)∥End(S
M̃

) dvM̃k+1(x0, · · · , xk),

(4.8)

which implies (4.7). □
By the definition of Iε in (3.8) and the estimate (4.7), this reduces to

choosing suitable functions with compactly supported Fourier transforms,
so the following two terms tend to zero as ε!∞,∥∥Iε(x, x′)∥∥End(S

M̃
)
,

∫
M̃

∥∥Iε(x, x′)∥∥End(S
M̃

)
dv

M̃
(x′) (4.9)

The pointwise estimate is relatively straightforward. The main difficulty is
the integral estimate. Its form suggests using heat kernel estimates. We
shall first construct an auxiliary infinite propagation kernel using Gaussian
functions, and then cut off to obtain an finite propagation kernel.

5. Simplicial Norm Vanishing

In this section, we prove vanishing results for simplicial norms. In § 5.1,
we introduce some useful heat kernel estimates. In § 5.2, we construct and
estimate an auxiliary infinite propagation kernel. In § 5.3, we introduce the
cutoff and estimate the actual finite propagation kernel.

Again, we focus our attention on the even dimensional case. The odd
dimensional case follows from rescaling the metric and taking the product
with a closed odd dimensional hyperbolic manifold.

5.1. Heat kernel estimates. Let ∆̃ be the (nonnegative) scalar Laplacian
on M̃ . We denote its heat operator by e−s∆̃ and its heat kernel by ps(x, x

′).
By the maximum principle of the heat equation, see for instance Dodziuk

[15], for any w ∈ L2(M̃) with 0 ⩽ w ⩽ 1, we have

0 ⩽ e−s∆̃w ⩽ 1. (5.1)
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Consequently, the heat kernel satisfies

ps(x, x
′) ⩾ 0,

∫
M̃

ps(x, x
′)dv

M̃
(x′) ⩽ 1. (5.2)

The first inequality is immediate from the positivity preserving property.
The second inequality follows from applying (5.1) to the charateristic func-
tion of every compact K ⊂ M̃ ,

e−s∆̃(1K)(x) =

∫
K
ps(x, x

′)dv
M̃
(x′) ⩽ 1. (5.3)

The following estimate is classical, while we include a proof for complete-
ness.

Proposition 5.1. Under the positive scalar curvature assumption, there
exists c > 0 such that we have for any s > 0,∥∥e−sD̃2

(x, x′)
∥∥
End(S

M̃
)
⩽ e−csps(x, x

′). (5.4)

Proof . For any smooth u ∈ L2
(
M̃, S

M̃

)
, we set

us = e−sD̃2
u. (5.5)

By (3.4), we have

∂sus = −D̃2us = −
(
∆S

M̃ +
1

4
Sc

gTM̃

)
us. (5.6)

By (5.6), the pointwise norm function ∥us∥S
M̃

of us satisfies

1

2
∂s
(
∥us∥2S

M̃

)
= −Re

(
⟨∆S

M̃us, us⟩S
M̃

)
− 1

4
Sc

gTM̃ ∥us∥2S
M̃
. (5.7)

We have
1

2
∆̃
(
∥us∥2S

M̃

)
= Re(⟨∆S

M̃us, us⟩SM
)− ∥∇S

M̃us∥2T ∗M̃⊗S
M̃

. (5.8)

Adding (5.7) and (5.8), and using Kato’s inequality, see for instance Hess-
Schrader-Uhlenbrock [29], we get

1

2
(∂s + ∆̃)

(
∥us∥2S

M̃

)
=− ∥∇S

M̃us∥2T ∗M̃⊗S
M̃

− 1

4
Sc

gTM̃ ∥us∥2S
M̃

⩽−
∥∥d ∥us∥S

M̃

∥∥2
T ∗M̃⊗S

M̃

− 1

4
Sc

gTM̃ ∥us∥2S
M̃
.

(5.9)

While we also have
1

2
(∂s + ∆̃)

(
∥us∥2S

M̃

)
= ∥us∥S

M̃
· (∂s − ∆̃)

(
∥us∥S

M̃

)
−
∥∥d ∥us∥S

M̃

∥∥2
T ∗M̃⊗S

M̃

.
(5.10)

Comparing (5.9) and (5.10), we get

∥us∥S
M̃

(
(∂s + ∆̃)

(
∥us∥S

M̃

)
+

1

4
Sc

gTM̃ ∥us∥S
M̃

)
⩽ 0. (5.11)
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Using approximation, in the distribution sense, we have

(∂s + ∆̃)(∥us∥S
M̃
) ⩽ −1

4
Sc

gTM̃ ∥us∥S
M̃

⩽ −c ∥us∥S
M̃

(5.12)

for some c > 0 by the positive scalar curvature assumption.
We define a function

ws(x) = ecs ∥us(x)∥S
M̃

−
∫
M̃

ps(x, x
′)
∥∥u(x′)∥∥

S
M̃

dv
M̃
(x′). (5.13)

By (5.12), it satisfies

(∂s + ∆̃)(ws) ⩽ 0, w0 = 0. (5.14)

It follows from the parabolic maximum principle that ws ⩽ 0. In other
words, we have for any smooth u ∈ L2

(
M̃, S

M̃

)
,∥∥∥∥ ∫

M̃
e−sD̃2

(x, x′)u(x′)dv
M̃
(x′)

∥∥∥∥
S
M̃

⩽ e−cs

∫
M̃

ps(x, x
′)
∥∥u(x′)∥∥

S
M̃

dv
M̃
(x′).

(5.15)

For x′ ∈ M̃ and v ∈ S
M̃,x′ , choose a sequence of smooth compactly

supported sections converging distributionally to δx′v. Passing to the limit
in (5.15) gives ∥∥∥e−sD̃2

(x, x′)v
∥∥∥
S
M̃

⩽ e−csps(x, x
′) ∥v∥S

M̃
. (5.16)

Taking the supremum over all unit vectors v proves (5.4). □

5.2. Auxiliary infinite propagation kernel. In (3.5) and (3.6), we re-
place ϕ with auxiliary Φ and take

Φ̂′
ε,0(ξ) = 2e−(ξ/εβ)2/4, Φ′

ε,0(λ) =
2εβ√
π
e−(εβλ)2 ,

Φε,0(λ) =

∫ λ

0

2εβ√
π
e−(εβs)2ds, Φε,1 = Φ2

ε,0 − 1.

(5.17)

Here β > 0 is a parameter to be determined later. The reason for this choice
is that the Gaussian is preserved, up to rescaling, by the Fourier transform.
Replacing ξ by ξ/εβ corresponds under Fourier inversion to replacing λ by
εβλ. Hence, as ε!∞, we have Φε,1 ! 0.

We introduce the complementary error function for λ > 0,

erfc(λ) =

∫ ∞

λ

2√
π
e−s2ds =

2

π

∫ ∞

0

e−(1+s2)λ2

1 + s2
ds. (5.18)

The second identity is classical. It can be verified by differentiating both
sides with respect to λ.
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By (5.17) and (5.18), we have

Φε,0(λ) = sgn(λ)
(
1− erfc(εβ |λ|)

)
,

Φε,1(λ) = −2erfc(εβ |λ|) + erfc(εβ |λ|)2.
(5.19)

By the first and second representations in (5.18), using the substitutions
s = |λ| s1/2 and s = ε2β(1 + s2) respectively, we obtain

sgn(λ)erfc(εβ |λ|) = 1√
π

∫ ∞

ε2β
s−1/2λe−sλ2

ds,

erfc(εβ |λ|) =
∫ ∞

ε2β

εβ

πs(s− ε2β)1/2
e−sλ2

ds.

(5.20)

By (3.8), (5.19), and (5.20), every entry of Iε is a polynomial of sgn(λ)erfc(εβ |λ|)
and erfc(εβ |λ|). Therefore, by (4.7), it suffices to bound

1√
π

∫ ∞

ε2β
s−1/2

∫
M̃

∥∥(D̃e−sD̃2)
(x, x′)

∥∥
End(S

M̃
)
dv

M̃
(x′)ds,∫ ∞

ε2β

εβ

πs
√
s− ε2β

∫
M̃

∥∥e−sD̃2
(x, x′)

∥∥
End(S

M̃
)
dv

M̃
(x′)ds.

(5.21)

From (5.2) and (5.4), the first term in (5.21) can be bounded by
1√
π

∫ ∞

ε2β
s−1/2

∫
M̃2

∥∥(D̃e−D̃2)
(x, x′′)

∥∥
End(S

M̃
)

·
∥∥e−(s−1)D̃2

(x′′, x′)
∥∥
End(S

M̃
)
dv

M̃2(x
′′, x′)ds

⩽ 1√
π

∫ ∞

ε2β
s−1/2

∫
M̃2

∥∥(D̃e−D̃2)
(x, x′′)

∥∥
End(S

M̃
)

· e−c(s−1)p(s−1)(x
′′, x′)dv

M̃2(x
′′, x′)ds

⩽
(∫

M̃

∥∥(D̃e−D̃2)
(x, x′′)

∥∥
End(S

M̃
)
dv

M̃
(x′′)

)
· 1√

π

∫ ∞

ε2β
s−1/2e−c(s−1)ds

⩽ C

∫ ∞

ε2β
s−1/2e−csds = Cerfc(c1/2εβ).

(5.22)

Here the last inequality follows from∥∥(D̃e−D̃2)
(x, x′′)

∥∥
End(S

M̃
)
⩽ Ce−c(d

M̃
(x,x′′))2 (5.23)

for some C, c > 0, and the fact that M̃ has at most exponential volume
growth, see for example Chen-Wang-Xie-Yu [11, Lemma 3.8].

Using (5.2) and (5.4) again, the second term of (5.21) can be bounded by∫ ∞

ε2β

εβ

πs(s− ε2β)1/2
e−csds = erfc

(
c1/2εβ

)
. (5.24)
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For ε sufficiently large, we have erfc
(
c1/2εβ

)
⩽ e−cε2β . Hence by (5.22)

and (5.24), the right hand side of (4.7) tends to zero for the auxiliary infinite
propagation kernel.

5.3. Proof of the vanishing theorem. We now prove Theorem 1.1 by
passing from the auxiliary infinite propagation kernel to the finite propaga-
tion kernel.

Proof of Theorem 1.1. Choose a smooth even function ρ such that

0 ⩽ ρ ⩽ 1, supp(ρ) ⊆ [−1, 1], ρ = 1 on [−1/2, 1/2]. (5.25)

Recall that in the construction (3.5) and (3.6), it is enough to define ϕ̂′
ε,0 by

ϕ̂′
ε,0(ξ) = ρ

(6mξ
ε

)
Φ̂′
ε,0(ξ) = 2ρ

(6mξ
ε

)
e−(ξ/εβ)2/4. (5.26)

We claim that for any ℓ ∈ N, there are constants C, c > 0 such that

sup
λ∈R

(1 + |λ|)ℓ |(ϕε,0 − Φε,0)(λ)| ⩽ Ce−cε2(1−β)
,

sup
λ∈R

(1 + |λ|)ℓ |(ϕε,1 − Φε,1)(λ)| ⩽ Ce−cε2(1−β)
.

(5.27)

To see this, by (5.26) we get

̂(ϕε,0 − Φε,0)(ξ) = 2
(
ρ
(6mξ

ε

)
− 1
)e−(ξ/εβ)2/4

√
−1ξ

, (5.28)

which is supported on |ξ| ⩾ Cε. On this set,

e−(ξ/εβ)2/4 ⩽ e−cε2(1−β)
. (5.29)

Differentiating (5.28) finitely many times would produce a polynomial of
ε−1 and ξ, which can be absorbed into the Gaussian decay. We get the first
inequality in (5.27) by the inverse Fourier transform, and the second one
follows from (3.6) and (5.17).

By (5.22), (5.24), (5.27), and the Sobolev’s inequality, we obtain∫
M̃

∥∥Iε(x, x′)∥∥End(S
M̃

)
dv

M̃
(x′) ⩽ Ce−cε2β + Ce−cε2(1−β)+Cε. (5.30)

Here the factor CeCε arises because Iε has propagation at most ε/m. Thus
it should be integrated only over BM̃ (x, ε/m), whose volume is bounded by
some CeCε.

It suffices to choose β such that β > 0 and 2(1 − β) > 1, or equivalently
0 < β < 1/2. Then by (5.30), the right hand side of (4.7) tend to zero as
ε!∞. This completes the proof. □
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5.4. Obstruction to nonnegative scalar curvature. We now prove Corol-
lary 1.2.

Proof of Corollary 1.2. Suppose that ScgTM ⩾ 0 on M . If ScgTM is positive
at some point, the conformal Laplacian produces a metric of positive scalar
curvature, contrary to Theorem 1.1. Hence ScgTM ≡ 0. Bourguignon’s
deformation theorem then implies that gTM is Ricci-flat, otherwise M would
again admit a metric of positive scalar curvature. By the Cheeger-Gromoll
splitting theorem, the fundamental group π1(M) is virtually abelian and
therefore amenable. It then follows from Gromov’s mapping theorem [18,
§ 3.1] that

∥∥[M ]
∥∥
ℓ1

= 0, which contradicts the assumption.
If M is aspherical, then its universal cover is contractible, hence is spin.

The first assertion therefore applies to M . □

References
[1] H. Alpert, A. Balitskiy, and L. Guth. Macroscopic scalar curvature and codimension

2 width. J. Topol. Anal., 16(6):979–987, 2024.
[2] H. Alpert, A. Balitskiy, and L. Guth. Systolic almost-rigidity modulo 2. J. Eur. Math.

Soc. (JEMS), 28(4):1443–1455, 2026.
[3] H. Alpert and K. Funano. Macroscopic scalar curvature and areas of cycles. Geom.

Funct. Anal., 27(4):727–743, 2017.
[4] N. Bergeron, M. H. �Sengün, and A. Venkatesh. Torsion homology growth and cycle

complexity of arithmetic manifolds. Duke Math. J., 165(9):1629–1693, 2016.
[5] J. Block and S. Weinberger. Aperiodic tilings, positive scalar curvature and amenabil-

ity of spaces. J. Amer. Math. Soc., 5(4):907–918, 1992.
[6] J. Block and S. Weinberger. Arithmetic manifolds of positive scalar curvature. J.

Differential Geom., 52(2):375–406, 1999.
[7] S. Braun and R. Sauer. Volume and macroscopic scalar curvature. Geom. Funct.

Anal., 31(6):1321–1376, 2021.
[8] J. F. Brock and N. M. Dunfield. Norms on the cohomology of hyperbolic 3-manifolds.

Invent. Math., 210(2):531–558, 2017.
[9] G. R. Chambers, D. Dotterrer, F. Manin, and S. Weinberger. Quantitative null-

cobordism. J. Amer. Math. Soc., 31(4):1165–1203, 2018. With an appendix by Manin
and Weinberger.

[10] G. R. Chambers, F. Manin, and S. Weinberger. Quantitative nullhomotopy and ra-
tional homotopy type. Geom. Funct. Anal., 28(3):563–588, 2018.

[11] X. Chen, J. Wang, Z. Xie, and G. Yu. Delocalized eta invariants, cyclic cohomology
and higher rho invariants. Ann. K-Theory, 8(4):531–608, 2023.

[12] C. Connell and S. Wang. Homological norms on nonpositively curved manifolds. Com-
ment. Math. Helv., 97(4):801–825, 2022.

[13] A. Connes. Cyclic cohomology and the transverse fundamental class of a foliation. In
Geometric methods in operator algebras (Kyoto, 1983), volume 123 of Pitman Res.
Notes Math. Ser., pages 52–144. Longman Sci. Tech., Harlow, 1986.

[14] A. Connes and H. Moscovici. Cyclic cohomology, the Novikov conjecture and hyper-
bolic groups. Topology, 29(3):345–388, 1990.

[15] J. Dodziuk, Maximum principle for parabolic inequalities and the heat flow on open
manifolds, Indiana Univ. Math. J. 32 (1983), no. 5, 703–716.

[16] S. Gong, J. Wu, and G. Yu. The Novikov conjecture, the group of volume preserving
diffeomorphisms and Hilbert-Hadamard spaces. Geom. Funct. Anal., 31(2):206–267,
2021.



21

[17] M. Gromov. Hyperbolic manifolds (according to Thurston and Jørgensen). In Bour-
baki Seminar, Vol. 1979/80, volume 842 of Lecture Notes in Math., pages 40–53.
Springer, Berlin, 1981.

[18] M. Gromov. Volume and bounded cohomology. Inst. Hautes Études Sci. Publ. Math.,
(56):5–99, 1982.

[19] M. Gromov. Large Riemannian manifolds. In Curvature and topology of Riemannian
manifolds (Katata, 1985), volume 1201 of Lecture Notes in Math., pages 108–121.
Springer, Berlin, 1986.

[20] M. Gromov. Four lectures on scalar curvature. In Perspectives in scalar curvature.
Vol. 1, pages 1–514. World Sci. Publ., Hackensack, NJ, [2023] ©2023.

[21] M. Gromov and H. B. Lawson. Positive scalar curvature and the Dirac operator on
complete Riemannian manifolds. Inst. Hautes Études Sci. Publ. Math., (58):83–196,
1983.

[22] M. Gromov and H. B. Lawson, Jr. The classification of simply connected manifolds
of positive scalar curvature. Ann. of Math. (2), 111(3):423–434, 1980.

[23] M. Gromov and H. B. Lawson, Jr. Spin and scalar curvature in the presence of a
fundamental group. I. Ann. of Math. (2), 111(2):209–230, 1980.

[24] E. Guentner, R. Tessera, and G. Yu. A notion of geometric complexity and its appli-
cation to topological rigidity. Invent. Math., 189(2):315–357, 2012.

[25] L. Guth. Metaphors in systolic geometry. In Proceedings of the International Congress
of Mathematicians. Volume II, pages 745–768. Hindustan Book Agency, New Delhi,
2010.

[26] L. Guth. Volumes of balls in large Riemannian manifolds. Ann. of Math. (2),
173(1):51–76, 2011.

[27] L. Guth. Recent progress in quantitative topology. In Surveys in differential geome-
try 2017. Celebrating the 50th anniversary of the Journal of Differential Geometry,
volume 22 of Surv. Differ. Geom., pages 191–216. Int. Press, Somerville, MA, 2018.

[28] A. Hatcher. Algebraic topology. Cambridge University Press, Cambridge, 2002.
[29] H. Hess, R. Schrader, and D. A. Uhlenbrock. Kato’s inequality and the spectral dis-

tribution of Laplacians on compact Riemannian manifolds. J. Differential Geometry,
15(1):27–37, 1980.

[30] J.-F. Lafont and B. Schmidt. Simplicial volume of closed locally symmetric spaces of
non-compact type. Acta Math., 197(1):129–143, 2006.

[31] A. Lichnerowicz. Spineurs harmoniques. C. R. Acad. Sci. Paris, 257:7–9, 1963.
[32] C. Löh, M. Moraschini, and G. Raptis. On the simplicial volume and the Euler

characteristic of (aspherical) manifolds. Res. Math. Sci., 9(3):Paper No. 44, 36, 2022.
[33] W. Lück. L2-invariants: theory and applications to geometry and K-theory, volume 44

of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern
Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A
Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2002.

[34] Q. Ma and G. Yu. Small scale index theory, scalar curvature, and Gromov’s simplicial
norms. arXiv: 2508.14791, 2025.

[35] Q. Ma and G. Yu. Gromov’s simplicial volume vanishing conjecture for positive scalar
curvature and fundamental group decay. arXiv: 2606.29135, 2026.

[36] P. W. Nowak and G. Yu. Large scale geometry. EMS Textbooks in Mathematics. EMS
Press, Berlin, second edition, [2023] ©2023.

[37] H. Oyono-Oyono and G. Yu. On quantitative operator K-theory. Ann. Inst. Fourier
(Grenoble), 65(2):605–674, 2015.

[38] J. Roe. Partitioning noncompact manifolds and the dual Toeplitz problem. In Oper-
ator algebras and applications, Vol. 1, volume 135 of London Math. Soc. Lecture Note
Ser., pages 187–228. Cambridge Univ. Press, Cambridge, 1988.

[39] J. Roe. Coarse cohomology and index theory on complete Riemannian manifolds.
Mem. Amer. Math. Soc., 104(497):x+90, 1993.



22

[40] J. Rosenberg. C∗-algebras, positive scalar curvature, and the Novikov conjecture.
Inst. Hautes Études Sci. Publ. Math., (58):197–212, 1983.

[41] J. Rosenberg. C∗-algebras, positive scalar curvature and the Novikov conjecture. II.
In Geometric methods in operator algebras (Kyoto, 1983), volume 123 of Pitman Res.
Notes Math. Ser., pages 341–374. Longman Sci. Tech., Harlow, 1986.

[42] J. Rosenberg and S. Stolz. Metrics of positive scalar curvature and connections with
surgery. In Surveys on surgery theory, Vol. 2, volume 149 of Ann. of Math. Stud.,
pages 353–386. Princeton Univ. Press, Princeton, NJ, 2001.

[43] W. Rudin. Functional analysis. International Series in Pure and Applied Mathematics.
McGraw-Hill, Inc., New York, second edition, 1991.

[44] R. Schoen and S. T. Yau. Existence of incompressible minimal surfaces and the topol-
ogy of three-dimensional manifolds with nonnegative scalar curvature. Ann. of Math.
(2), 110(1):127–142, 1979.

[45] R. Schoen and S. T. Yau. On the proof of the positive mass conjecture in general
relativity. Comm. Math. Phys., 65(1):45–76, 1979.

[46] R. Schoen and S.-T. Yau. The structure of manifolds with positive scalar curvature.
In Directions in partial differential equations (Madison, WI, 1985), volume 54 of Publ.
Math. Res. Center Univ. Wisconsin, pages 235–242. Academic Press, Boston, MA,
1987.

[47] E. Schrödinger. Republication of: Dirac electron in the gravitational field I. Gen.
Relativity Gravitation, 52(1):Paper No. 4, 25, 2020. Translated from the 1932 German
original by Claus Kiefer.

[48] S. Stolz. Simply connected manifolds of positive scalar curvature. Ann. of Math. (2),
136(3):511–540, 1992.

[49] W. P. Thurston. Three-dimensional geometry and topology. Vol. 1, volume 35 of
Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 1997.

[50] J. Wang, Z. Xie, and G. Yu. Decay of scalar curvature on uniformly contractible
manifolds with finite asymptotic dimension. Comm. Pure Appl. Math., 77(1):372–
440, 2024.

[51] J. Wang, Z. Xie, and G. Yu. A proof of Gromov’s cube inequality on scalar curvature.
J. Differential Geom., 128(3):1285–1300, 2024.

[52] R. Willett and G. Yu. Higher index theory, volume 189 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 2020.

[53] E. Witten. A new proof of the positive energy theorem. Comm. Math. Phys.,
80(3):381–402, 1981.

[54] G. Yu. The Novikov conjecture for groups with finite asymptotic dimension. Ann. of
Math. (2), 147(2):325–355, 1998.

[55] G. Yu. The coarse Baum-Connes conjecture for spaces which admit a uniform em-
bedding into Hilbert space. Invent. Math., 139(1):201–240, 2000.

[56] G. Yu. The Novikov conjecture for algebraic K-theory of the group algebra over the
ring of Schatten class operators. Adv. Math., 307:727–753, 2017.

[57] W. Zhang. Positive scalar curvature on foliations. Ann. of Math. (2), 185(3):1035–
1068, 2017.

[58] W. Zhang. Nonnegative scalar curvature and area decreasing maps. SIGMA Symmetry
Integrability Geom. Methods Appl., 16:Paper No. 033, 7, 2020.



23

(Qiaochu Ma) Department of Mathematics, Texas A&M University
Email address: qiaochu@tamu.edu

(Jinmin Wang) State Key Laboratory of Mathematical Sciences, Academy
of Mathematics and Systems Science, Chinese Academy of Sciences

Email address: jinmin@amss.ac.cn

(Zhizhang Xie) Department of Mathematics, Texas A&M University
Email address: xie@tamu.edu

(Guoliang Yu) Department of Mathematics, Texas A&M University
Email address: guoliangyu@tamu.edu

(Bo Zhu) Yau Mathematical Sciences Center, Tsinghua University
Email address: zhub@tsinghua.edu.cn


	1. Introduction
	1.1. Background
	1.2. Main results
	1.3. Techniques and related work
	1.4. Organization of the article
	1.5. Acknowledgments

	2. Quantitative Homology
	2.1. Homology and large scale homology
	2.2. Epsilon homology
	2.3. Epsilon homology as an interpolation

	3. Quantitative Index Theorem
	3.1. Weakened spin condition
	3.2. Finite propagation index representative
	3.3. Quantitative index theorem

	4. Simplicial Norm
	4.1. Definition and Examples
	4.2. Gromov's mapping theorem
	4.3. Simplicial norm estimates

	5. Simplicial Norm Vanishing
	5.1. Heat kernel estimates
	5.2. Auxiliary infinite propagation kernel
	5.3. Proof of the vanishing theorem
	5.4. Obstruction to nonnegative scalar curvature

	References
	References

