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Introduction

Free probability theory is a quite recent theory, bringing together many
different fields of mathematics, for example operator algebras, random
matrices, combinatorics, or representation theory of symmetric groups.
So it has a lot to offer to various mathematical communities, and in-
terest in free probability has steadily increased in recent years.

However, this diversity of the field also has the consequence that it
is considered hard to access for a beginner. Most of the literature on
free probability consists of a mixture of operator algebraic and proba-
bilistic notions and arguments, interwoven with random matrices and
combinatorics.

Whereas more advanced operator algebraic or probabilistic exper-
tise might indeed be necessary for a deeper appreciation of special
applications in the respective fields, the basic core of the theory, how-
ever, can be mostly freed from this and it is possible to give a fairly
elementary introduction to the main notions, ideas and problems of
free probability theory. The present lectures are intended to provide
such an introduction.

Our main emphasis will be on the combinatorial side of free prob-
ability. Even when stripped from analytical structure, the main fea-
tures of free independence are still present; moreover, even on this more
combinatorial level it is important to organize all relevant information
about the considered variables in the right way. Anyone who has tried
to perform computations of joint distributions for non-commuting vari-
ables will probably agree that they tend to be horribly messy if done
in a naive way. One of the main goals of the book is to show how
such computations can be vastly simplified by appropriately relying on
a suitable combinatorial structure — the lattices of non-crossing parti-
tions. The combinatorial development starts from the standard theory
of Mobius inversion on non-crossing partitions, but has its own spe-
cific flavor — one arrives to a theory of free or non-crossing cumulants
or, in an alternative approach, one talks about R-transforms for non-
commutative random variables.

xiii



Xiv INTRODUCTION

While writing this book, there were two kinds of readers that we
had primarily in mind:

(a) a reader with background in operator algebras or probability
who wants to see the more advanced “tools of the trade” on
the combinatorial side of free probability;

(b) a reader with background from algebraic combinatorics who
wants to get acquainted with a field (and a possible source
of interesting problems) where non-trivial combinatorial tools
are used.

We wrote our lectures by trying to accommodate readers from both
these categories. The result is a fairly elementary exposition, which
should be accessible to a beginning graduate student or even to a strong
senior undergraduate student.

Free probability also has applications outside of mathematics, in
particular in electrical engineering. Our exposition should also be use-
ful for readers with engineering background, who have seen the use of
R- or S-transform techniques in applications, for example in wireless
communications, and who want to learn more about the underlying
theory.

We emphasize that the presentation style used throughout the book
is a detailed one, making the material largely self-contained, and only
rarely requiring that other textbooks or research papers are consulted.
The basic units of this book are called “lectures.” They were written
following the idea that the material contained in one of them should be
suitable for being presented in one class of a first-year graduate course.
(We have in mind a class of 90 minutes, where the instructor presents
the essential points of the lecture, and leaves a number of things for
individual study.)

While the emphasis is on combinatorial aspects, we still felt that
we must give an introduction of how the general framework of free
probability comes about. Also, we felt that the flavor of the theory
will be better conveyed if we show, with moderation and within a self-
contained exposition, how analytical arguments can be interwoven with
the combinatorial ones. However, it should be understood that in the
analytical respects, this book is only an appetizer and an invitation
to further reading. In particular, the analytical framework used for
illustrations is exclusively that of a C*-probability space. The reader
should be aware that some of the most significant applications of free
probability to operator algebras take place in the more elaborate frame-
work of W*-probability spaces; but going to W*-structures (or in other
words, to von Neumann algebra theory) did not seem possible within
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the detailed, self-contained style of the book, and within the given page
limits.

A consequence of the frugality of the analytic aspects covered by the
book is that we do not discuss free entropy and free Fisher information,
and how free cumulants can be used in some cases to perform free
information calculations. Free entropy is currently one of the main
directions of development in free probability; for an overview of the
topic see the recent survey by Voiculescu [85].

Coming to things that are not covered by the book we must also say,
with regret, that we only consider free independence over the complex
field. The combinatorial ideas of free probability have a far-reaching
extension to the situation when free independence is considered over
an algebra B (instead of just C) — the reader interested in this direction
is referred to the memoir [73].

References to the literature are not made in the body of the lectures,
but are collected in the “Notes and comments” section at the end of
the book. The literature on free probability is growing at an explosive
rate, and, with due apologies, we felt it is beyond our limits to even
try to provide an exhaustive bibliography. We have followed the line
of only citing the research work which is presented in the lectures, or
is very directly connected to it. For a more complete image of work
in this field, the reader can consult the survey papers indicated at the
beginning of the “Notes and comments” section.

So, to summarize, from one point of view this is a research mono-
graph, presenting the current state of the combinatorial facet of free
probability. At the same time it is an introduction to the field — one
which is, we hope, friendly and self-contained. Finally, the book is
written with the specific purpose of being used for teaching a course.
We hope this will be a contribution towards making free probability
appear more often as a topic for a graduate course, and we look forward
to hearing from other people how following these lectures has worked
for them.

Finally we would like to mention that the idea of writing this book
came from a sequence of lectures which we gave at the Henri Poincaré
Institute in Paris, during a special semester on free probability and
operator spaces hosted by the institute in Fall 1999. Time has flown
quickly since then, but we hope it is not too late to thank the Poincaré
Institute, and particularly the organizers of that special semester —
Philippe Biane, Gilles Pisier, and Dan Voiculescu — for the great envi-
ronment they offered us, and for the opportunity of getting started on
this project.
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Basic concepts






LECTURE 1

Non-commutative probability spaces and
distributions

Since we are interested in the combinatorial aspects of free probabil-
ity, we will focus on a framework which is stripped of its analytical
structure (i.e. where we ignore the metric or topological structure of
the spaces involved). The reason for the existence of this monograph
is that even so (without analytical structure), the phenomenon of free
independence is rich enough to be worth studying. The interesting
combinatorial features of this phenomenon come from the fact that
we will allow the algebras of random variables to be non-commutative.
This certainly means that we have to consider a generalized concept of
“random variable” (since in the usual meaning of the concept, where
a random variable is a function on a probability space, the algebras of
random variables would have to be commutative).

Non-commutative probability spaces

DEFINITION 1.1. (1) A non-commutative probability space
(A, p) consists of a unital algebra A over C and a unital linear func-
tional

p: A—=C; p(ly) =1
The elements a € A are called non-commutative random variables
in (A, ). Usually, we will skip the adjective “non-commutative” and
just talk about “random variables a € A.”

An additional property which we will sometimes impose on the
linear functional ¢ is that it is a trace, i.e. it has the property that

o(ab) = p(ba), Y a,be A.

When this happens, we say that the non-commutative probability space
(A, p) is tracial.
(2) In the framework of part (1) of the definition, suppose that A4 is
a x-algebra, i.e. that A is also endowed with an antilinear x-operation
A>ar— a* € A, such that (a*)* = a and (ab)* = b*a* for all a,b € A.
If we have that
p(a*a) >0, Yae A,

3



4 1. NON-COMMUTATIVE PROBABILITY SPACES AND DISTRIBUTIONS

then we say that the functional ¢ is positive and we will call (A, ¢) a
k*-probability space.

(3) In the framework of a x-probability space we can talk about:

e selfadjoint random variables, i.e. elements a € A with the prop-
erty that a = a*;

e unitary random variables, i.e. elements u € A with the property
that u*u = uu* = 1;

e normal random variables, i.e. elements a € A with the property
that a*a = aa”*.

In these lectures we will be mostly interested in x-probability spaces,
since this is the framework which provides us with a multitude of excit-
ing examples. However, plain non-commutative probability spaces are
also useful, because sometimes we encounter arguments relying solely
on the linear and multiplicative structure of the algebra involved —
these arguments are more easily understood when the x-operation is
ignored (even if it happened that the algebra had a s-operation on it).

REMARKS 1.2. Let (A, ¢) be a x-probability space.
(1) The functional ¢ is selfadjoint, i.e. it has the property that

ola*) = ¢(a), Yae A.

Indeed, since every a € A can be written uniquely in the form a = x+1iy
where z,y € A are selfadjoint, the latter equation is immediately seen
to be equivalent to the fact that ¢(z) € R for every selfadjoint element
x € A. This in turn is implied by the positivity of ¢ and the fact that
every selfadjoint element « € A can be written in the form x = a*a—b*b
for some a,b € A (take e.g. a = (x+14)/2, b= (z —14)/2).

(2) Another consequence of the positivity of ¢ is that we have:

lp(b*a)|* < p(a*a)p(b*d), Y a,bc A. (1.1)

The inequality (1.1) is commonly called the Cauchy—Schwarz in-
equality for the functional ¢. It is proved in exactly the same way as
the usual Cauchy—Schwarz inequality (see Exercise 1.21 at the end of
the lecture).

(3) If an element a € A is such that p(a*a) = 0, then the Cauchy—
Schwarz inequality (1.1) implies that ¢(ba) = 0 for all b € A (hence
a is in a certain sense a degenerate element for the functional ¢). We
will use the term “faithful” for the situation when no such degener-
ate elements exist, except for a = 0. That is, we make the following
definition.
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DEFINITION 1.3. Let (A, p) be a x-probability space. If we have
the implication:

ac A, pla*a) =0 = a=0,
then we say that the functional ¢ is faithful.

ExaMpPLES 1.4. (1) Let (€2, Q,P) be a probability space in the
classical sense, i.e. () is a set, Q is a o-field of measurable subsets of ()
and P : Q@ — [0,1] is a probability measure. Let A = L*>*(Q, P), and
let ¢ be defined by

ola) = /Q a(w)dP(w), ac A.

Then (A, ) is a *-probability space (the x-operation on A is the oper-
ation of complex-conjugating a complex-valued function). The random
variables appearing in this example are thus genuine random variables
in the sense of “usual” probability theory.

The reader could object at this point that the example presented in
the preceding paragraph only deals with genuine random variables that
are bounded, and thus misses for instance the most important random
variables from usual probability — those having a Gaussian distribution.
We can overcome this problem by replacing the algebra L>°(£2, P) with:

L (Q,P):= (] L(QP).

1<p<oo

That is, we can make A become the algebra of genuine random variables
which have finite moments of all orders. (The fact that L>~(Q, P) is
indeed closed under multiplication follows by an immediate application
of the Cauchy-Schwarz inequality in L*(Q, P) — cf. Exercise 1.22 at
the end of the lecture.) In this enlarged version, our algebra of random
variables will then contain the Gaussian ones.

Of course, one could also point out that in classical probability there
are important cases of random variables which do not have moments
of all orders. These ones, unfortunately, are beyond the scope of the
present set of lectures — we cannot catch them in the framework of
Definition 1.1.

(2) Let d be a positive integer, let M;(C) be the algebra of dxd com-
plex matrices with usual matrix multiplication, and let tr : My(C) — C
be the normalized trace,

d
1
tr(a) = 3 Za“ for a= (ozij)f’j:l € My(C). (1.2)
i=1
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Then (My(C),tr) is a s-probability space (where the x-operation is
given by taking both the transpose of the matrix and the complex
conjugate of the entries).

(3) The above examples (1) and (2) can be “put together” into
one example where the algebra consists of all the d x d matrices over
L>*=(Q, P) :

A= Mq(L= (£, P)),

and the functional ¢ on it is

p(a) = /tr(a(w))dP(w), a € A

The non-commutative random variables obtained here are thus ran-
dom matrices over (2, Q, P). (Observe that this example is obtained
by starting with the space in Example 1.4.1 and by performing the
d x d matrix construction described in Exercise 1.23.) We will elabo-
rate more on random matrix examples later (cf. Lectures 22 and 23).

(4) Let G be a group, and let CG denote its group algebra. That
is, C(G is a complex vector space having a basis indexed by the elements
of G, and where the operations of multiplication and *-operation are
defined in the natural way:

CG = {Z ayg | oy € C, only finitely many «, # 0},
G
with g
(Z agg) . (Z @Lh) = Zagﬁh(gh) = Z( Z agﬁh) k,
g.h kEG g,h: gh=k
and .
(Z agg> = Z@gg_l.

Let e be the unit element of G. The functional 7 : CG — C defined

by the formula
TG (Z Ozgg> = Qe

is called the canonical trace on CG. Then (CG, 7¢) is a *-probability
space. It is easily verified that 7 is indeed a trace (in the sense of
Definition 1.1.1) and is faithful (in the sense of Definition 1.3).

(5) Let H be a Hilbert space and let B(H) be the algebra of all
bounded linear operators on H. This is a *-algebra, where the adjoint
a* of an operator a € B(H) is uniquely determined by the fact that

(a&,m) = (£, a*n), VE&neH.
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Suppose that A is a unital x-subalgebra of B(H) and that &, € H is

a vector of norm one (||&,|| := (&, &,)'/? = 1). Then we get an example
of x-probability space (A, ¢), where ¢ : A — C is defined by:
o(a) == (a&,, &), a € A. (1.3)

A linear functional as defined in (1.3) is usually called a vector-state
(on the algebra of operators A).

EXERCISE 1.5. (1) Verify that in each of the examples described
in 1.4, the functional considered as part of the definition of the -
probability space is indeed positive.

(2) Show that in Examples 1.4.1-1.4.4, the functional considered as
part of the definition of the x-probability space is a faithful trace.

DEFINITION 1.6. (1) A morphism between two s-probability
spaces (A, ¢) and (B, ) is a unital x-algebra homomorphism ¢ : A —
B with the property that ¢y o & = ¢.

(2) In the case when (B,1) is a *-probability space of the special
kind discussed in Example 1.4.5, we will refer to a morphism ® from
(A, p) to (B,1) as a representation of (A, ¢). So, to be precise, giving
a representation of (A, ) amounts to giving a triple (H, ®,&,) where
H is a Hilbert space, ® : A — B(H) is a unital *-homomorphism, and
&, € H is a vector of norm one, such that p(a) = (®(a)é,,&,) for all
a € A

REMARK 1.7. The x-probability spaces appearing in Examples
1.4.1, 1.4.2 and 1.4.4 have natural representations, on Hilbert spaces
related to how the algebras of random variables were constructed — see
Exercise 1.25 at the end of the lecture.

x-distributions (case of normal elements)

A fundamental concept in the statistical study of random variables is
that of distribution of a random variable. In the framework of a *-
probability space (A, ), the appropriate concept to consider is the *-
distribution of an element a € A. Roughly speaking, the x-distribution
of a has to be some “standardized” way of reading the values of ¢ on
the unital *-subalgebra generated by a.

We start the discussion of #-distributions with the simpler case
when a € A is normal (i.e. is such that a*a = aa*). In this case the
unital x-algebra generated by a is

A = span{a*(a*)" | k,1 > 0}; (1.4)

the job of the x-distribution of ¢ must thus be to keep track of the
values ¢(a®(a*)!), where k and [ run in NU {0}. The kind of object
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which does this job and which we prefer to have whenever possible is
a compactly supported probability measure on C.

DEFINITION 1.8. Let (A, ) be a x-probability space and let a be a
normal element of A. If there exists a compactly supported probability
measure g on C such that

/zk 2 du(2) = p(a®(a*)), for every k,l € N, (1.5)

then this g is uniquely determined and we will call the probability
measure p the x-distribution of a.

REMARKS 1.9. (1) The fact that a compactly supported probabil-
ity measure p on C is uniquely determined by how it integrates func-
tions of the form z +— 2*z! with k,! € N is an immediate consequence
of the Stone-Weierstrass theorem. Or more precisely: due to Stone-
Weierstrass, 4 is determined as a linear functional on the space C(K)
of complex-valued continuous functions on K, where K is the support
of p; it is then well known that this in turn determines p uniquely.

(2) It is not said that every normal element in a *-probability space
has to have a x-distribution in the sense defined above. But this turns
out to be true in a good number of important examples. Actually,
this is always true when we look at x-probability spaces which have a
representation on a Hilbert space, in the sense of the above Definition
1.6 (see Corollary 3.14 in Lecture 3); and civilized examples do have
representations on Hilbert spaces — see Lecture 7.

REMARK 1.10. (The case of a selfadjoint element)
Let (A, ) be a #-probability space, and let a be a selfadjoint element
of A (that is, we have a = a*, which implies in particular that a is
normal). Suppose that a has *-distribution yx, in the sense of Definition
1.8. Then p is supported in R. Indeed, we have

f1e=zPaue) = =26 -2 due)

= /(CQZE — 22— 22 du(z)
— 2p(aa*) — pla?) — p{ (a")?) = 0.

Since z +— | z — z |? is a continuous non-negative function, we must
have that z — Z vanishes on the support supp(u) of our measure, and
hence:

supp(p) C{z€C|z=2z} =R.
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So in this case p is really a measure on R, and Equation (1.5) is better
written in this case as

/ﬂnm@yzwm@, VpeN. (1.6)

Conversely, suppose that we have a compactly supported measure p
on R such that (1.6) holds. Then clearly yu is the *-distribution of a in
the sense of Definition 1.8 (because [ zFz' du(z) becomes [ " dpu(t),
while o(a*(a*)!) becomes ¢(a**)).

The conclusion of this discussion is that for a selfadjoint element
a € A it would be more appropriate to talk about the distribution
of a (rather than talking about its %-distribution); this is defined as a
compactly supported measure on R such that (1.6) holds. But there
is actually no harm in treating a as a general normal element, and in
looking for its x-distribution, since in the end we arrive at the same
result.

ExamMpPLES 1.11. (1) Consider the framework of Example 1.4.1,
where the algebra of random variables is L>(€2, P). Let a be an element
in A; in other words, a is a bounded measurable function, a : Q2 — C.
Let us consider the probability measure v on C which is called “the
distribution of ¢” in usual probability; this is defined by

v(E) = P({weQ:a(w) € E}), E C C Borel set. (1.7)

Note that v is compactly supported. More precisely, if we choose a
positive r such that |a(w)| < r, V w € Q, then it is clear that v is
supported in the closed disc centered at 0 and of radius r.

Now, a is a normal element of A (all the elements of A are normal,
since A is commutative). So it makes sense to place a in the framework
of Definition 1.8. We will show that the above measure v is exactly the
x-distribution of a in this framework.

Indeed, Equation (1.7) can be read as

/f ) dv(z /f (w), (1.8)

where f is the characteristic function of the set E. By going through the
usual process of taking linear combinations of characteristic functions,
and then doing approximations of a bounded measurable function by
step functions, we see that Equation (1.8) actually holds for every
bounded measurable function f : C — C. (The details of this are
left to the reader.) Finally, let k,[ be arbitrary non-negative integers,
and let 7 > 0 be such that |a(w)| < r for every w € Q. Consider a
bounded measurable function f : C — C such that f(z) = z*z' for
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every z € C having |z| < r. Since v is supported in the closed disc of
radius r centered at 0, it follows that

/C £(2) dv(z) = /C 5 (),

and, consequently, that

/Q f(aw)) dP(w) = / 0 a@) dPw) = (d*(a)').

Thus for this particular choice of f, Equation (1.8) gives us that
[ ) = e
C

and this is precisely (1.5), implying that v is the x-distribution of a in
the sense of Definition 1.8.

(2) Consider the framework of Example 1.4.2, and let a € My(C)
be a normal matrix. Let A{,..., Ay be the eigenvalues of a, counted
with multiplicities. By diagonalizing a we find that

17

d
1 B
tr(a®(a*)") = =) AN k.l €N.
) = 53 e
The latter quantity can obviously be written as [ 2*z" du(z), where

> 6, (1.9)

(05 stands here for the Dirac mass at A € C). Thus it follows that a
has a s-distribution p, which is described by Equation (1.9). Usually
this u is called the eigenvalue distribution of the matrix a.

One can consider the question of how to generalize the above fact
to the framework of random matrices (as in Example 1.4.3). It can be
shown that the formula which appears in place of (1.9) in this case is

d
1
= JRNE ] (1.10)

where a = a* € My(L>*~ (€2, P)), and where \(w) < --- < \g(w) are
the eigenvalues of a(w), w € Q. (Strictly speaking, Equation (1.10)
requires an extension of the framework used in Definition 1.8, since
the resulting averaged eigenvalue distribution p will generally not have
compact support. See Lecture 22 for more details about this.)

fh =

SIS

Our next example will be in connection to a special kind of element
in a x-probability space, called a Haar unitary.
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DEFINITION 1.12. Let (A, ¢) be a x-probability space.
(1) An element u € A is said to be a Haar unitary if it is a unitary
(i.e. if wu* = w*u = 1) and if

o(uf) =0, Ykez\{0}. (1.11)

(2) Let p be a positive integer. An element u € A is said to be a
p-Haar unitary if it is a unitary, if «” = 1, and if

o(uf) =0, for all k € Z such that p does not divide k. (1.12)

REMARKS 1.13. (1) The name “Haar unitary” comes from the fact
that if v is a Haar unitary in a *-probability space, then the normalized
Lebesgue measure (also called “Haar measure”) on the circle serves as
«-distribution for u. Indeed, for every k,i € NU {0} we have

o e O iR £
Pluh(w)!) = ol l)—{l iy

and the computation of the integral

21
/Zkzl dz :/ ei(k—l)tﬂ
T 0 2m

(where T = {z € C | |z| = 1} and dz is the normalized Haar measure
on T) gives exactly the same thing.

(2) Haar unitaries appear naturally in the framework of Example
1.4.4. Indeed, if ¢ is any element of infinite order in the group G,
then one can verify immediately that g viewed as an element of the
s-probability space (CG, 7¢) is a Haar unitary.

(3) The p-Haar unitaries also appear naturally in the framework of
Example 1.4.4 — an element of order p in G becomes a p-Haar unitary
when viewed in (CG,7g). It is immediately verified that a p-Haar
unitary has x-distribution

1 p
p==>Y 0, (1.13)
p =
j
where A\q,..., A, € C are the roots of order p of unity.

EXAMPLE 1.14. Let (A, ) be a x-probability space, and let u € A
be a Haar unitary. We consider the selfadjoint element v 4+ u* € A,
and we would like to answer the following questions.

(1) Does u + u* have a *-distribution?

(2) Suppose that u + u* does have a -distribution p. Then, as
observed in Remark 1.10, p is a probability measure on R, and satisfies
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Equation (1.6). Do we have some ‘“nice” formula for the moments
[ t* du(t) which appear in Equation (1.6)?

Let us note that the second question is actually very easy. Indeed,
this question really asks for the values ( (u+ u*)*), k € N, which are
easily derived from Equation (1.11). We argue like this: due to the fact
that v and u* commute, we can expand

k
k . .
u+u*)k = ) d (u)R
=3 (5w
=
Then we use the fact that u* = u™!

the latter equation, to obtain:

Pty =3 (5) et

J=0

and we apply ¢ to both sides of

It only remains to take (1.11) into account, in order to get that:

/tk dult) = {(()k if k is odd 114)

k/2) if k£ is even.

This is the answer to the second question.

Now we could treat the first question as the problem of finding a
compactly supported probability measure ;1 on R which has moments
as described by Equation (1.14). This is feasible, but somewhat cum-
bersome. It is more convenient to forget for the moment the calculation
done in the preceding paragraph, and attack question (1) directly, by
only using the fact that we know the s-distribution of w. (The distri-
bution of u+ u* has to be obtainable from the x-distribution of u!) We
go like this:

k

et =3 (et

k
= (k> /zjék_j dz (by Remark 1.13.1)
0 T
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- %(/0 (2cost)* dt + /Oﬂ(2cost)k dt)

—T

1 T
= —/ (2cost)" dt.
0

™

For the last integral obtained above, our goal is not to compute it ex-
plicitly (this would only yield a more complicated derivation of Equa-
tion (1.14)), but to rewrite it in the form [ ¢*p(¢)dt, where p is an
appropriate density. This is achieved by the change of variable

2cost =, dt = d(arccos(r/2)) = —dr/v4 — 12,

which gives us that

1 [T 1 [? dr
— 2COStkdt:—/ T’k—.
WA( R

In this way we obtain that

plwruy) = [ o a k=0, (115
R
where p(t) is the so-called “arcsine density on [—2,2]”:
—— if |t] <2
P(f) {o if [] > 2. (1.16)

So, as a solution to the first question of this example, we find that
the distribution of u + u* is the arcsine law.

x-distributions (general case)

Let us now consider the concept of x-distribution for an arbitrary (not
necessarily normal) element a in a x-probability space (A, ¢). The
unital x-subalgebra of A generated by a is

A, = span{a® ... af® | £ >0, e(1),...,e(k) € {1,%} }, (1.17)
i.e. it is the linear span of all the “words” that one can make by using
the “letters” a and a*. The values of ¢ on such words are usually

referred to under the name of *-moments.

DEFINITION 1.15. Let a be a random variable in a *-probability
space (A, ¢). An expression of the form

o(afW - a*®) with k>0 and e(1),...,e(k) € {1,%},  (1.18)

is called a *-moment of a.
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So in this case the *-distribution of @ must be a device which keeps
track of its x-moments. Unlike in the case of normal elements, there
is no handy analytic structure which does this. As a consequence, we
will have to define the x-distribution of a as a purely algebraic object.

NOTATION 1.16. We denote by C(X, X*) the unital algebra which
is freely generated by two non-commuting indeterminates X and X*.
More concretely, C(X, X*) can be described as follows. The monomials
of the form XMW ... X where k > 0 and £(1),...,e(k) € {1, %}, give
a linear basis for C(X, X*), and the multiplication of two such mono-
mials is done by juxtaposition. C(X, X*) has a natural x-operation,
determined by the requirement that the x-operation applied to X gives
X*.

DEFINITION 1.17. Let a be a random variable in a *-probability
space (A, ¢). The x-distribution of a is the linear functional

p:CX, X*) - C
determined by the fact that:
M(Xe?(l) .. .Xe(k‘)) — cp(ae(l) .. .ae(k)>, (1.19)
for every k > 0 and all £(1),...,e(k) € {1, *}.

REMARKS 1.18. (1) The advantage of the formal definition made
above is that even when we consider random variables which live in
different x-probability spaces, the corresponding *-distributions are all
defined on the same space C(X, X*) (and hence can be more easily
compared with each other).

(2) Definition 1.17 will apply to a even if a happens to be normal. In
this case the functional p of (1.19) could actually be factored through
the more familiar commutative algebra C[X, X*] of polynomials in two
commuting indeterminates. But this would not bring much benefit to
the subsequent presentation. (In fact there are places where we will
have to consider all the possible words in a and a* despite knowing
a to be normal — see e.g. the computations shown in the section on
Haar unitaries of Lecture 15.) So it will be easier to consistently use
C(X, X*) throughout these notes.

(3) If @ is a normal element of a x-probability space, then the -
distribution of a is now defined twice, in Definition 1.8 and in Definition
1.17. When there is a risk of ambiguity, we will distinguish between
the two versions of the definition by calling them “k-distribution in
analytic sense” and respectively “c-distribution in algebraic sense.”

DEFINITION 1.19. Let (A, ¢) be a *-probability space, and let a be
a selfadjoint element of 4. In this case, the x-moments from (1.18) are
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just the numbers (a*), k > 0, and they are simply called moments of
a. Following the standard terminology from classical probability, the
first moment ¢(a) is also called the mean of a, while the quantity

Var(a) := ¢(a®) — p(a)?
is called the variance of a.

REMARK 1.20. We would like next to introduce an important ex-
ample of x-distribution, which is in some sense a non-normal counter-
part of the Haar unitary; and moreover, we would like to show how
the analog of the questions treated in Example 1.14 can be pursued
for this non-normal example. The discussion will be longer than that
for the Haar unitary (precisely because we do not have an analytic
«-distribution to start from), and will be the object of the next lecture.

Exercises

EXERCISE 1.21. (1) Let (A, ) be a x-probability space, and let a, b
be elements of A. By examining the quadratic function

t— @((a—th)*(a—1tb)), teR,
prove that
(Rep(v'a)) < p(a"a)p(b'D).

(2) Prove the Cauchy—Schwarz inequality which was stated in Re-
mark 1.2.2.

EXERCISE 1.22. Let (€2, Q, P) be a probability space, and consider
the space of functions

L*(Q,P):= () L"(Q,P)

1<p<oo

(as in Example 1.4.1).

(1) Prove that the spaces intersected on the right-hand side of the
above equation form a decreasing family (that is, LP(Q2, P) D L4(Q), P)
for p < q).

(2) Observe that L*~(§, P) could also be defined as N,LP(<2, P)
with p running in N\ {0}. Or equivalently, observe that L>*~(, P)
could be defined as the algebra of complex random variables on €2 which
have finite moments of all orders.

(3) Prove that L>~(Q, P) is closed under multiplication.

[Hint for part (3): use the Cauchy—Schwarz inequality in L?(€2, P).]
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EXERCISE 1.23. Let (A, ¢) be a x-probability space and let d be a
positive integer. Let M;(A) be the space of d x d matrices over A,

Md(A> = {(aij)f’jzl | Qg5 € A for 1 S ’l,j S d}
On My(A) we can define canonically a #-operation by

( (aij)g,jzl )* = (bij)?,j:b

where by; = aj; for 1 < i,j < d; thus My(A) becomes a *-algebra.
Then consider the linear functional ¢4 : My(A) — C defined by

d
1
pa(d) = - > plan), for A= (ai)l;_, € Ma(A).
i=1

Note that My(A) is canonically isomorphic to M;(C) ® A, and that
under this isomorphism ¢, corresponds to tr ® ¢.

(1) Verify that (My(A), ¢q) is a x-probability space.

(2) Show that if the x-probability space (A, ¢) is tracial, then so is
(Ma(A), pa).

(3) Show that if the functional ¢ is faithful, then so is ¢g.

EXERCISE 1.24. Let (A, ¢) and (B, 1) be x-probability spaces, and
suppose that ¢ is faithful. Let ® be a morphism between (A, ¢) and
(B, ). Prove that & is one-to-one.

EXERCISE 1.25. (1) Consider the #-probability space discussed in
Example 1.4.1. Write a representation of this s-probability space, living
on the Hilbert space L*(Q, Q, P).

(2) Consider the x-probability space discussed in Example 1.4.2.
Write a representation of this x-probability space, living on the Hilbert
space C*".

(3) Consider the x-probability space discussed in Example 1.4.4.
Write a representation of this x-probability space, living on the Hilbert

space I*(G) :={§: G — C| Y 1&)* < oo}

EXERCISE 1.26. Let (A, ¢) be a «-probability space, let a be a nor-
mal element of A, and suppose that a has x-distribution p in analytic
sense (i.e. in the sense of Definition 1.8).

(1) Let P : C — C be a polynomial in z and Zz, and let v be the
probability measure on C defined by:

v(E) = p( P YE)), for E C C Borel set.

Show that v is compactly supported and that the normal element b :=
P(a,a*) € A has x-distribution v.
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(2) By using the result in part (1), describe the x-distributions of
the following elements: i) a*; ii) a+ «, where « is an arbitrary complex
number; iii) ra, where r is an arbitrary positive number.

EXERCISE 1.27. Do the analog of the first question treated in Ex-
ample 1.14 for a p-Haar unitary.






LECTURE 2

A case study of non-normal distribution

In this lecture we study the example of the so-called “vacuum-state”
on the x-algebra generated by the one-sided shift operator, and see how
the important concept of semicircular random variable is connected to
it.

Description of the example

NOTATION 2.1. Throughout the lecture we fix a *-probability space
(A, ) and an element a € A, such that:
(i) a*a = 14 # aa™;
(ii) @ generates A as a *-algebra.

One refers to the condition a*a = 14 by saying that a is an isom-
etry; since the above assumption (i) also requires that aa* # 14, one
can rephrase it by saying that “a is a non-unitary isometry.”

Some more assumptions made on a and (A, ¢) will be stated after
we observe the following simple consequence of (i) and (ii).

LEMMA 2.2. A = span{a™(a*)" | m,n > 0}.

PRrROOF. The condition a*a = 14 immediately implies that for every
m,n,p,q > 0 we have:

a™tPT (@) ifn<p
(am(a*)") : (ap(a*)q) = { am(a*)e itn=p (2.1)

a™(a@*) Pt if n > p.

Since the family {a™(a*)" | m,n > 0} is, clearly, also closed under
x-operation, it follows that its linear span has to be equal to the unital
x-subalgebra of A generated by a. But this is all of A, by (ii) of
Notation 2.1. U

NoOTATION 2.3. In addition to what was stated in 2.1, we will make
the following assumptions on a and (A, ¢) :
(iii) the elements {a™(a*)" | m,n > 0} are linearly independent;

19
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(iv) the functional ¢ : A — C satisfies (and is determined by) the
equation

1 fm=n=
tm=n=20 (2.2)

0 otherwise,

pa™(@)") = {
for m,n € NU {0}.

REMARK 2.4. As the reader may recognize, Equation (2.1) is con-
nected to a semigroup structure on (NU{0})?, where the multiplication

is defined by

(m+p—mn,q) ifn<p
(m,n) - (p,q) = { (m,q) if n=p (2.3)
(m,n—p+q) ifn>p.

This is called the bicyclic semigroup, and is a fundamental example in a
class of semigroups with a well-developed theory, which are called “in-
verse semigroups.” So from this perspective, the algebra A appearing
in this example could be called “the semigroup algebra of the bicyclic
semigroup.”

REMARK 2.5. From another perspective, the algebra A is related
to an important example from the theory of C*-algebras, called the
Toeplitz algebra, and obtained by completing A with respect to a suit-
able norm. Equivalently, the Toeplitz algebra can be defined as the
closure in the norm-topology of 7(A) C B(I?), where 7w : A — B(I?) is
the natural representation described in what follows.

Consider the Hilbert space [ := [*(N U {0}). The vectors of [?
are thus of the form & = (ay)g>0, where the a4 are from C and have
> neo lak]® < co. The inner product of & = (ay)k>0 with n = (B )k>0 is

<€7 77) = Z akBk'
k=0

For every n > 0 we denote:
&, :=1(0,0,...,0,1,0,...,0,...), (2.4)

with the 1 occurring on component n. Then &y,&;,...,&,,... form an
orthonormal basis for [2.
Let S € B(I?) be the one-sided shift operator, determined by
the fact that
an = §n+1; Vn Z 0.

Its adjoint S* is determined by
S*& =0 and S*, =81, Vn>1.
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It is immediate that S*S = 1p(2) (the identity operator on [?), but
SS* # 1pa2).

Since (@™ (a*)"™ )mn>o form a linear basis in A, we can define a linear
map 7 : A — B(I?) by asking that:

w(a™(a*)") = S™(S")", VYV m,n >0.

It is easily verified that 7 is a unital *-homomorphism. (The mul-
tiplicativity of 7 follows from the fact that, as a consequence of the
relation S*S = 1p2), the product of two members of the family
(S™(S*)™ )m.n>o is described by the same rules as in Equation (2.1).)

Now, it is also easy to see that the operators (S™(S*)™ ), n>0 are
linearly independent (see Exercise 2.22 at the end of the lecture). This
implies that the x-homomorphism 7 defined above is one-to-one, hence
it actually gives us an identification between the algebra A fixed in
Notation 2.1 and an algebra of operators on /2.

Let ¢o : B(I*) — C be the functional defined by

eo(T) = (T, &), T € B(I?), (2.5)

where &y is the first vector of the canonical orthonormal basis considered
n (2.4). If myn € NU{0} and (m,n) # (0,0) then

o (S™(S™)™) = (5™ (57) 0, L) = ((57)"S0, (57)"&0),
which is equal to 0 because at least one of (S*)"¢, and (S*)"& is
the zero-vector. Comparing this with (2.2) makes it clear that 7 is
a morphism between (A, ¢) and (B(I?), ¢o), in the sense discussed in
Definition 1.6 of Lecture 1. Or, in the sense of the same definition,
(12,7, &) is a representation of (A, ) on the Hilbert space [2.

As mentioned above, the closure 7 of 7(.A4) in the norm-topology of
B(1?) is called the Toeplitz algebra. Moreover, the restriction to 7 of
the functional ¢g defined by Equation (2.5) is called “the vacuum-state
on the Toeplitz algebra” (which is why, by a slight abuse of terminology,

the x-algebraic example discussed throughout the lecture is also termed
in that way).

REMARK 2.6. Our goal in this lecture is to look at the x-distribution
of the non-normal element a which was fixed in Notation 2.1. But as
the reader has surely noticed, the equation describing A in Lemma, 2.2
is a repeat of Equation (1.4) from the discussion on normal elements, in
Lecture 1. Does this indicate that we can treat a as if it was normal? It
is instructive to take a second to notice that this is not the case. Indeed,
the unique compactly supported probability measure on C which fits
the s-moments in (2.2) is the Dirac mass dy — so we would come to
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the unconvincing conclusion that a has the same *-distribution as the
zero-element of A.

The point here is that, besides the information given in (2.2), one
must also understand the process (quite different from the case of nor-
mal elements) of reducing a word a*) - - - ¢*®) to the form a™(a*)". Or
at least, one should be able to understand how to distinguish the words
a®M ... q#*) which reduce to 14 from those which reduce to something
else. The latter question is best clarified by using a class of combina-
torial objects called Dyck paths.

Dyck paths

DEFINITION 2.7. (1) We will use the term NE-SE path for a path
in the lattice Z? which starts at (0,0) and makes steps either of the
form (1,1) (“North-East steps”) or of the form (1,—1) (“South-East
steps”).

(2) A Dyck path is a NE-SE path v which ends on the z-axis,
and never goes strictly below the z-axis. (That is, all the lattice points
visited by 7 are of the form (i, 7) with j > 0, and the last of them is of
the form (k,0).)

REMARKS 2.8. (1) For a given positive integer k, the set of NE-SE
paths with k steps is naturally identified with {—1,1}*, by identifying
a path v with the sequence of +1s which appear as second components
for the k steps of .

Concrete example: here is the NE-SE path of length 6 which cor-
responds to the 6-tuple (1,—1,—1,1,—1,1).

This path is not a Dyck path, because it goes twice under the x-axis.

(2) Let k be a positive integer, and consider the identification de-
scribed above between the NE-SE paths with & steps and {—1,1}*. Tt
is immediately seen that a k-tuple (\1,..., \x) corresponds to a Dyck
path if and only if

MA N 20, Y1<)<k
(2.6)
Mt A =0,

From the equality stated in (2.6) it is clear that Dyck paths with &
steps can only exist when £ is even.
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Concrete examples: there are 5 Dyck paths with 6 steps. We draw
them in the pictures below, and for each of them we indicate the corre-
sponding tuple in {—1,1}° (thus listing the 5 tuples in {—1,1}% which
satisfy (2.6)).

(+1,+1,+1,-1,—-1,-1)

(+1,+1,—-1,+1,—-1,-1)

(+1,+1,—-1,—-1,+1,-1)

(+1,—-1,4+1,+1,—-1,-1)

(+1,—1,+1,—1,+1,-1)

The Dyck paths can be enumerated by using a celebrated “reflection
trick” of Desiré André, and turn out to be counted by the (even more
celebrated) Catalan numbers.
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NoOTATION 2.9. For every integer n > 0 we will denote by C), the
nth Catalan number,

1 [2n (2n)!
= S L) L 2.

¢ n—|—1<n> nl(n+1)! (2.7)
(with the convention that Cy = 1).

REMARK 2.10. An equivalent (and often used) way of introducing
the Catalan numbers is via the following recurrence relation:

CO - 01 =1
(2.8)
Cp=23751C-1Cpy, P22

It is not hard to see that the numbers defined by (2.7) do indeed satisfy
the recurrence (2.8). One way of proving this fact can actually be read
from the following discussion about the enumeration of Dyck paths (see
the last paragraph in Remark 2.12).

PrRoOPOSITION 2.11. For every positive integer p, the number of
Dyck paths with 2p steps is equal to the pth Catalan number C,,.

PROOF. Let us first count all the NE-SE paths which end at a given
point (m,n) € Z*. A NE-SE path with u NE-steps and v SE-steps ends
at (u+wv,u—wv), so there are NE-SE paths arriving at (m,n) if and only
if (m,n) = (u+ v,u —v) for some u,v € NU {0} with v + v > 0; this
happens if and only if m > 0, |n| < m, and m,n have the same parity.
If the latter conditions are satisfied, then the NE-SE paths arriving at
(m, n) are precisely those which have (m+n)/2 NE-steps and (m—n)/2
SE-steps. These paths are hence counted by the binomial coefficient
((mf;) /2), because Remark 2.8.1 identifies them with the m-tuples in
{=1,1}" which have precisely (m + n)/2 components equal to 1.

In particular, it follows that the total number of NE-SE paths ar-
riving at (2p,0) is (‘jf).

We now look at the NE-SE paths arriving at (2p,0) which are not
Dyck paths. Let us fix for the moment such a path, ~, and let 5 €
{1,...,2p — 1} be minimal with the property that v goes under the
r-axis after j steps. Then + is written as a juxtaposition of two paths,
v =7 V9’ where 7/ goes from (0,0) to (j,—1), and 4" goes from
(7,—1) to (2p,0). Let 7" be the reflection of 4/ in the horizontal line
of equation y = —1; thus 7/7’ is a path from (j,—1) to (2p, —2). Then
let us define F(7) :=~+' V", a NE-SE path from (0,0) to (2p, —2).

[Concrete example: suppose that p = 10 and that « is the NE-SE
path from (0,0) to (20,0) which appears drawn in bold-face fonts in
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the following picture. It is not a Dyck path, and the first time when
it goes under the z-axis is after 5 steps. Thus for this example, the
decomposition v = vV 4" described above looks as follows: ~' has
5 steps, going from (0,0) to (5,—1), and 4" has 15 steps, going from
(5,—1) to (20,0).

0
-2
The reflection of 4 in the horizontal line of equation x = —1 is shown

in the above picture as a thinner line, going from (5, —1) to (20, —2).
The path F(v) goes from (0,0) to (20, —2); it is obtained by pursuing
the first five steps of -, and then by continuing along the thinner line.|

So, the construction described in the preceding paragraph gives a
map F from the set of NE-SE paths ending at (2p,0) and which are
not Dyck paths, to the set of all NE-SE paths ending at (2p, —2). The
map F is a bijection. Indeed, if § is a NE-SE path ending at (2p, —2),
then there has to be a minimal j € {1,...,2p — 1} such that [ is at
height y = —1 after j steps. Write § = ' v #” with ' from (0,0)
to (j,—1) and 8" from (j,—1) to (2p, —2), and let 3" be the reflection
of 6" in the line y = —1; then v := ' Vv B; is the unique path in the
domain of F' which has F(v) = (.

It follows that the number of NE-SE paths which end at (2p, 0) but
are not Dyck paths is equal to the total number of NE-SE paths ending
at (2p, —2), which is (pzfl). Finally, the number of Dyck paths with 2p

steps is
2 2 1 2
() -62)-7(0) -
p p—=1/) p+1\p

REMARK 2.12. Another approach to the enumeration of Dyck paths
is obtained by making some simple remarks about the structure of such
a path, which yield a recurrence relation. Let us call a Dyck path ~
irreducible if it only touches the x-axis at its starting and ending points
(but never in between them). For instance, out of the 5 Dyck paths
pictured in Remark 2.8.2; 2 paths are irreducible and 3 are reducible.

Given an even integer k > 2. If 7y is an irreducible Dyck path with &
steps, then it is immediate that the k-tuple in {—1,1}* associated to ~y
is of the form (1,\1,..., \p_2,—1), where (Ay,..., A\p_2) € {—1,1}+2

0
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corresponds to a Dyck path with k& — 2 steps. Conversely, it is also
immediate that if (Aj,...,\p_2) € {—1,1}¥72 corresponds to a Dyck
path, then (1,\y,..., \_2,—1) € {—1,1}* will correspond to an irre-
ducible Dyck path with & steps. Thus the irreducible Dyck paths with
k steps are in natural bijection with the set of all Dyck paths with k& —2
steps.

On the other hand, suppose that v is a reducible Dyck path with
k steps, and that the first time when ~ touches the z-axis following
to its starting point is after j steps (1 < j < k). Then v splits as
a juxtaposition v = +' V +”, where +' is an irreducible Dyck path
with j steps and +” is a Dyck path with & — j steps. Moreover, this
decomposition is unique, if we insist that its first piece, v/, is irreducible.

For every p > 1, let then D, denote the number of Dyck paths with
2p steps, and let D, be the number of irreducible Dyck paths with 2p
steps. The observation made in the preceding paragraph gives us that

Dy, =D\Dy 1+ DyDp o +---+ D, \Di+D,, p=>2. (2.9)

(Every term D} D,,_; on the right-hand side of (2.9) counts the reducible
Dyck paths with 2p steps which touch for the first time the z-axis after
2j steps.) The observation made one paragraph before the preceding
one says that D, = D), 1, V p > 2. This equality is also true for p =1,
if we make the convention to set Dy := 1. So we get the recurrence

Dy=D; =1
(2.10)
Dy=3"_1Dj1Dyj, p>2.

This is exactly (2.8), and shows that D, = C,, V p > 1.

The argument presented above can be viewed as an alternative proof
of Proposition 2.11. On the other hand, since the derivation of (2.10)
was made independently from Proposition 2.11, a reader who is not
already familiar with Catalan numbers can view the above argument
as a proof of the fact that the numbers introduced in Notation 2.9 do
indeed satisfy the recurrence (2.8).

The distribution of a + a*

We now return to the example of (A, ¢) and a € A introduced in
Notations 2.1 and 2.3. The connection between the x-distribution of a
and Dyck paths appears as follows.
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PROPOSITION 2.13. Let k be a positive integer, let (1), ... (k) be
in {1,%}, and consider the monomial a*1) ---a*®) € A. Let us set

1 ife(j) = = ,
Aj = {_1 ife(j) = 1 for1<j <k, (2.11)

and let us denote by v the NE-SE path which corresponds to the tuple
(Ao s Ap) € {—=1,1}*. Then

gp(ag(l) . as(k)) _ 1 if v 1s a Dyck path (2.12)
0 otherwise.

PROOF. It is convenient to use the representation of (A, ) dis-
cussed in Remark 2.5. With notations as in that remark, we write:

o(ac™ . .aa(’f)) = (Sa(l) SR &o)
= (&, (SEM) .. (e, (2.13)

Applying successively the operators (S5(M)*, ... (S=*))* to &, takes us

either to a vector of the orthonormal basis {&, | n > 0} of I2, or to the

zero-vector. More precisely: by keeping track of how A, ..., A\, were

defined in Equation (2.11) in terms of (1), ..., e(k), the reader should
have no difficulty to verify by induction on j, 1 < 7 < k, that
Sty A >0,0 + X >0,

(S0 .. (55 W)*gy = oM N >0 (214)

0 otherwise.

If we make j = k in (2.14) and substitute this expression into (2.13),
then we obtain:

) .. ge )y — (€0 Enipin) Y N >0,1<j<k
0 otherwise
1 ifzg:1A¢20for1§j<k
and if Zle A\ =0
0 otherwise
1 if v is a Dyck path
0 otherwise

(where at the last equality sign we used Equation (2.6) of Remark
2.8). O

Let us next consider the selfadjoint element a + a* € A, and ask
the following two questions (identical to those asked in Example 1.14
of Lecture 1, in connection to Haar unitaries).
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(1) Does a+ a* have a *-distribution in analytic sense (as discussed
in Definition 1.8) 7

(2) Suppose that a + a* does have a x-distribution p. Then (as ob-
served in Remark 1.10) p is a compactly supported probability measure
on R, determined by the fact that

/tk du(t) = p((a+a*)*), Vk>0.

Do we have some “nice” formula for the moments of u (or in other
words, for the values of ¢( (a + a*)*), k > 0) ?

We can derive the answer to the second question as an immediate
consequence of Proposition 2.13.

COROLLARY 2.14. If k is an odd positive integer, then
ol(a+a)) =0,
If kK = 2p is an even positive integer, then
pllata)) =G,
where C,, is the pth Catalan number.

PROOF.

o (a+a’)t) = so< Z PRI () )
e(1),...,e(k)e{l,*}
=Y (@)
e(1),...,e(k)e{l,*}
= Z 1 (by Proposition 2.13).
Dyck paths
with k steps

So ¢((a + a*)*) is equal to the number of Dyck paths with k steps,
and the result follows from Proposition 2.11. O

It remains to look at the first question asked above about a + a*,
that of finding (if it exists) a compactly supported probability measure
p on R which has moment of order k equal to ¢( (a+a*)¥), k > 0. The
answer to this question turns out to be the following.

PROPOSITION 2.15. The distribution of a+a* in (A, p) is the mea-
sure du(t) = 5=v/4 — t2dt on the interval [-2,2].
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Proor. By taking into account Corollary 2.14, what we have to
show is that

2 0 if k£ is odd

/ VA—dt =19, Samo (2.15)

_9 m(p) if k£ is even, k = 2p.

The case of odd k is obvious, because in that case t — t*y/4 — 2 is an

odd function. When £k is even, k = 2p, we use the change of variable
= 2cosf, dt = —2sinfdf, with # running from 7 to 0. We obtain

that:

2 m
/ tP\4 — 2 dt = / 2212 cos? ) sin® 0 df) = 4P (I, — I,41),
—2

0
where

I, = / cos’?§db, p>0.
0

The integral I, has already appeared in Example 1.14 of Lecture 1; in
fact, if we combine Equation (1.14) of that example with the calcula-
tions following it (in the same example), we clearly obtain that

™ (2p
[p_ﬁ(p)7 pZOJ

and (2.15) quickly follows. O

Proposition 2.15 can be rephrased by saying that a + a* is a semi-
circular element of radius 2, in the sense of the next definition.

DEFINITION 2.16. Let (A, ) be a x-probability space, let = be
a selfadjoint element of A and let r be a positive number. If x has
distribution (in analytical sense, as in Remark 1.10 of Lecture 1) equal
to —2;v/r2 — t2dt on the interval [—r,7], then we will say that x is a
semicircular element of radius r.

REMARKS 2.17. (1) It is customary to talk about semicircular el-
ements, despite the fact that the graph of a function of the form
[—r,7] 3 t — 25V/r? — 12 is not exactly a semicircle (but rather a
semi-ellipse). Semicircular elements will play an important role in sub-
sequent lectures — see e.g. Lecture 8. The semicircular distribution is
also a fundamental object in random matrix theory; we will address
this relation in Lecture 22.

(2) The semicircular elements of radius 2 are also called standard
semicircular, due to the fact that they are normalized by the variance.
Indeed, it is immediate that a semicircular element x of radius r has

its variance Var(z) := p(z?) — p(z)? given by
Var(z) = r%/4.
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(It is in fact customary to talk about semicircular elements in terms
of their variance, rather than radius. Of course, the above equation
shows that either radius or variance can be used, depending on the
user’s preference.)

(3) Strictly speaking, the above definition has only introduced the
concept of a centered semicircular element; it is quite straightforward
how to adjust it in order to define a “semicircular element of mean
m € R and radius r > 0,” but this will not be needed in the sequel.

(4) The proof shown above for Proposition 2.15 was immediate, but
not too illuminating, as it does not show how one arrives to consider
the semicircular density in the first place. (It is easier to verify that
the given density has the right moments, rather than derive what the
density should be!) We will conclude the lecture by elaborating on this
point. The object which we will use as an intermediate in order to
derive p from the knowledge of its moments is an analytic function in
the upper half plane called the Cauchy transform.

Using the Cauchy transform

DEFINITION 2.18. Let p be a probability measure on R. The
Cauchy transform of y is the function G, defined on the upper half
plane Ct ={s+ it |s,t € R, t > 0} by the formula:

Gu(z):/R L due), zect.

z—1

REMARKS 2.19. (1) It is easily verified that G, is analytic on C*
and that it takes values in C™ :={s+1it | s,t € R, t < 0}.

(2) Suppose that p is compactly supported, and let us denote r :=
sup{|t| | t € supp(n)}. We then have the power series expansion:

[e.9]
Qn

Gulz) =) o > (2.16)

n=0

where oy, := [ t" du(t) is the nth moment of p, for n > 0. Indeed, for
|z| > r we can expand:

1 ="

o :Zﬁ’ V t € supp(pu).
n=0

The convergence of the latter series is uniform in ¢ € supp(u); hence

we can integrate the series term by term against du(t), and (2.16) is

obtained.
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Note that the expansion (2.16) of G, around the point at infinity
has as an obvious consequence the fact that

lim 2GL(z) = 1. 2.17

z€Ct, |z]—00 H( ) ( )

REMARK 2.20. The property of the Cauchy transform that we want

to use is the following: there is an effective way of recovering the prob-

ability measure p from its Cauchy transform G, via the Stieltjes in-

version formula. If we denote

1
he(t) := —;%G“(t +ig), YVe>0,VteR (2.18)

(where “3” stands for the operation of taking the imaginary part of a

complex number), then the Stieltjes inversion formula says that
du(t) = lin% he(t) dt. (2.19)

The latter limit is considered in the weak topology on the space of
probability measures on R, and thus amounts to the fact that

/R PO aut) =t | F(Oh(2) . (2.20)

for every bounded continuous function f: R — C.

The fact that (2.19) holds is a consequence of the connection be-
tween the Cauchy transform and the family of functions (P.).~o defined
by
1 e
T2+ 2’
which forms the so-called “Poisson kernel on the upper half plane.” For
every € > 0 and ¢ € R we have that

he(t) = —23 / L )

P.(t) := fore >0and t € R,

s t+ie—s

1 t—s—i1¢
S R A S

ﬂ“/R@—s)u& uls)

- %/R (t — 3; + &2 dps)
:/Rps(t—s)du(s).

The last expression in the above sequence of equalities is called a con-
volution integral, and one of the fundamental properties of the Poisson
kernel is that the h. given by such an integral will converge weakly to
p for e — 0.
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Let us record explicitly how the Stieltjes inversion formula looks in
the case when the Cauchy transform G, happens to have a continuous
extension to C* UR. The values on R of this extension must of course
be given by the function g obtained as

g(t) = hH(l) Gu(t+1ie), teR. (2.21)
E—
It is immediate that in this case the measures h.(t) dt converge weakly

to —%%g(t) dt. Hence in this case the Stieltjes inversion formula is
simply telling us that:

du(t) — —%%g(t) dt, (2.92)

with g defined as in (2.21).

Let us now look once more at the random variable a fixed at the
beginning of the lecture, and see how we can use the Cauchy transform
in order to derive the distribution of a + a* from the knowledge of its
moments.

LEMMA 2.21. Suppose that i is a probability measure with compact
support on R such that

0 iof k is odd
t*du(t) =
/R p(t) {L(Qp) if k is even, k = 2p.

pHi\p
Then the Cauchy transform of u s
Guz) =" zecC". (2.23)
(Note: on the right-hand side of (2.23) we can view

V22 —4:=vVz2—-2-Vz+2,

where z +— /2 £ 2 is analytic on C\ {F2 —it | t > 0} D C*, and is
defined such that it gives the usual square root for z € R, z > 2.)

PrROOF. We know that for |z| sufficiently large we have the series
expansion (2.16), which becomes here

= C
G“(Z) - Z Z?p;il’

p=0

with C, the pth Catalan number. The recurrence relation (2.8) of the
Catalan numbers and some elementary manipulations of power series
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then give us that:

1 o0
:;+Z 2pt1 (ZCJ 1Cp- J)
=
- —ZZZ% 1'z2p g+1

p=1 j=1
1 1 =Cio1 (—~ Cpj
AP <Z Fo)
Jj=1 p=J
1 1= Cjy
RS
7j=1
1 1
= -4+ -G, (2)?
Z+Z u(z)

It follows that G, satisfies the quadratic equation
G.(2)> —2Gu(2) +1=0, z2€C".

(The above computations only obtain this for a z such that |z| is large
enough, but after that the fulfilling of the quadratic equation is ex-
tended to all of C* by analyticity.) By solving this quadratic equa-
tion we find that G,(2) = (2 £ V22 —4)/2, and from the condition
lim|,| oo 2G(2) = 1 we see that the “—” sign has to be chosen in the
“+” of the quadratic formula. O

Finally, let us remark that the analytic function found in Equation
(2.23) has a continuous extension to C* UR, where the extension acts

on R by:
(t—iv4a—12)/2 if|t] <2
t—g(t) = -
(t—+Vt2—4)/2 if |t| > 2.
By taking the imaginary part of g, and by using the observation made

at the end of Remark 2.20, we see why the semicircular density is the
appropriate choice in the statement of Proposition 2.15.

Exercises

EXERCISE 2.22. Let S € B(I?) be the shift operator considered
in Remark 2.5, and let {&, | n > 0} be the orthonormal basis of /2
considered in the same remark.

(1) Let (m,n) # (0,0) be in (NU {0})2. Based on the fact that
(S™(S*)"&, , &m) = 1, show that

S™(S*)" ¢ span{S*(S*)! | either k >m, or k=m and [ >n }.
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(2) By using the result in part (1) and the lexicographic order on

(Nu {O})z, prove that the operators (.S™(S*)" ) n>0 form a linearly
independent family in B(I?).

EXERCISE 2.23. Write a proof of Proposition 2.13 which only uses
the framework introduced in Notations 2.1 and 2.3, and does not appeal
to the representation of a as a shift operator.

EXERCISE 2.24. Re-derive the formula (1.16) from Example 1.14,
by starting from Equation (1.14) of the same example and by using the
Stieltjes inversion formula.



LECTURE 3
C*-probability spaces

C*-algebras provide a natural environment where non-commutative
probabilistic ideas can be seen at work. In this lecture we provide
some basic background for our readers who are not familiar with them.
The emphasis will be on the concept of C*-probability space and on the
relations between spectrum and *-distribution for a normal element in
a C*-probability space.

The line followed by our sequence of lectures does not require any
substantial C*-algebra apparatus, and we hope it will be comprehensi-
ble to present the fairly few and elementary C*-algebra facts which are
needed, at the places where they appear. We will keep to minimum
the number of statements which have to be accepted without proof —
for instance in the present lecture the only such statement is that of
Theorem 3.1, which collects some fundamental facts about the spectral
theory of normal elements.

Functional calculus in a C*-algebra

A C*-probability space is a x-probability space (A, ) where the
x-algebra A is required to be a unital C*-algebra. Being a unital C*-
algebra means that (in addition to being a unital x-algebra) A is

endowed with a norm || - || : A — [0,00) which makes it a complete
normed vector space, and such that we have:

[labl[ < [[al[ - |]b]], V¥ a,be A (3.1)

lla*al| = ||a||?, ¥ ac€ A. (3.2)

Out of the very extensive theory of C*-algebras we will only need some
basic facts of spectral theory, which are reviewed in a concentrated way
in the following theorem. Recall that if A is a unital C*-algebra and if
a € A, then the spectrum of a is the set

Sp(a) = {2z € C| z1l4 — ais not invertible}.
THEOREM 3.1. Let A be a unital C*-algebra.

(1) For every a € A, Sp(a) is a non-empty compact subset of C,
contained in the disc {z € C | |z| < ||a||}.

35
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(2) Let a be a normal element of A, and consider the algebra
C(Sp(a)) of complex-valued continuous functions on Sp(a). There ex-
ists a map ® : C(Sp(a)) — A which has the following properties:

(i) @ is a unital x-algebra homomorphism.

(i) [N = I[fllsc, ¥ f € C(Sp(a)) (where for f € C(Sp(a)) we
define || f]|o == sup{|f(2)| | z € Sp(a)})-

(iii) Denoting by id : Sp(a) — C the identity function id(z) = z, we
have that ®(id) = a.

REMARKS 3.2. Let A be a unital C*-algebra, let a be a normal
element of A, and let ® : C(Sp(a)) — A have the properties (i), (ii)
and (iii) listed in Theorem 3.1.2.

(1) Condition (ii) (together with the linearity part of (i)) implies
that ¢ is one-to-one. Hence in a certain sense, ¢ provides us with a
copy of the algebra C'(Sp(a)) which sits inside A.

(2) Suppose that p : Sp(a) — C is a polynomial in z and z, i.e. it
is of the form

p(z) = Z ;22 2 € Sp(a). (3.3)

4,k=0
Then the properties (i) and (iii) of ® immediately imply that

d(p) = Z o pa (a*)". (3.4)

7,k=0

(3) The preceding remark shows that the values of ® on polynomi-
als in z and Z are uniquely determined. Since these polynomials are
dense in C'(Sp(a) ) with respect to uniform convergence, and since (by
(i)+(ii)) @ is continuous with respect to uniform convergence, it follows
that the properties (i), (ii) and (iii) determine ® uniquely.

(4) The name commonly used for ® is functional calculus with
continuous functions for the element a. A justification for this name
is seen by looking at polynomials p such as the one appearing in Equa-
tion (3.3). Indeed, for such a p, the corresponding element ®(p) € A
(appearing in (3.4)) is what one naturally tends to denote as “p(a).”
It is in fact customary to use the notation

“f(a)” instead of “®(f)” (3.5)

when f is an arbitrary continuous function on Sp(a) (not necessarily a
polynomial in z and z). The notation (3.5) will be consistently used in
the remainder of this lecture.

REMARKS 3.3. Let A be a unital C*-algebra. Theorem 3.1.2 con-
tains in a concentrated way a good amount of information about the
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spectra of the normal elements of A. We record here a few facts which
are immediately implied by it. (Note: it is handy to record these facts
as consequences of Theorem 3.1; but the reader should be warned that
in a detailed development of basic C*-algebra theory, some of these
facts would be proved directly from the axioms, preceding the discus-
sion about functional calculus.)

(1) If @ is a normal element of A, then

|lal| = [|a"|| = sup{|z| | = € Sp(a)}. (3.6)
This is seen by using (ii) of Theorem 3.1.2 for the functions id and id
on Sp(a).

(2) If x is a selfadjoint element of A then Sp(z) C R. Indeed, when
we apply (i) of Theorem 3.1.2 to the function id — id on Sp(z), we
get that

||z — x*|| = sup{|z — Z| | z € Sp(z)}. (3.7)
The left-hand side of (3.7) is 0; hence so must be the right-hand side
of (3.7), and this implies that Sp(z) C {zr€ C:2—-2z=0} =R.

Conversely, if z € A is normal and has Sp(z) C R, then it follows
that x = x*; this is again by (3.7), where now we know that the right-
hand side vanishes.

(3) If w is a unitary element of A, then Sp(u) C T={2€ C: |z| =
1}. And conversely, if u € A is normal and has Sp C T then u has to
be a unitary. The argument is the same as in part (2) of this remark,
where now we use the equation:

11— wul] = sup{| 1 — |2*| | = € Sp(u)}.

The following statement is known as the “spectral mapping theo-
rem.”

THEOREM 3.4. Let A be a unital C*-algebra, let a be a normal
element of A, and let f : Sp(a) — C be a continuous function. Then
the element f(a) € A (defined by functional calculus) has

Sp( f(a)) = f(Sp(a)). (3.8)

PROOF. By considering functions of the form z — f(z) — A on
Sp(a) (where A € C), one immediately sees that it suffices to prove the
following statement. Let A and a be as above, and let g : Sp(a) — C
be a continuous function, then:

g(a) is invertible in A < 0 ¢ g(Sp(a) ). (3.9)

The implication “<” in (3.9) is immediate: if 0 & g(Sp(a) ), then
one can define the continuous function h = 1/g : Sp(a) — C, and the
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properties of functional calculus imply that the element h(a) € A is an
inverse for g(a).

In order to prove the implication “=" in (3.9), we proceed by con-
tradiction. Assume that g(a) is invertible in A, but that nevertheless
there exists z, € Sp(a) such that g(z,) = 0. Let us pick a positive num-
ber a > ||g(a)~!||. Because of the fact that g(z,) = 0, one can construct
a function h € C(Sp(a)) such that h(z,) = « while at the same time
|9 - ||l < 1. (Indeed, there exists ¢ > 0 such that |g(z)| < 1/« for
all z € Sp(a) with |z — z,| < €, and one can construct h with values in
[0, ] and supported inside the disc of radius /2 centered at z,. For
instance h(z) := a-max(0,1—2|z—z,|/¢) will do.) From the properties
of functional calculus it follows that the element h(a) € A is such that
its norm equals

[[h(a)|] = [[h]|oc >
while at the same time we have:
lg(a) - h(a)|| = |g - hllo < 1.
We then get that
a < ||h(a)|] = Ilg(a)™" - (g(a) - R(a))]] < llg(a) ] - [lg(a) - A(a)]] < o,
a contradiction. O

REMARK 3.5. Let A be a unital C*-algebra. It is customary to
define the set of positive elements of A as

AT :={pe A|p=p*and Sp(p) C [0,00)}. (3.10)
It is fairly easy to show that
p,g€ AT, a,8€0,00) = ap+ fBge AT, (3.11)

i.e. that A" is a convex cone in the real vector space of selfadjoint
elements of A — see Exercise 3.18 at the end of the lecture. Moreover,
the cone A" is “pointed,” in the sense that AT N (—A") = {0}. (Or
in other words: if a selfadjoint element z € A is such that both z and
—x are in AT, then = 0. This is indeed so, because z, —z € AT =
$p(x)  [0.50) N (—00,0] = {0} = [[]| = sup{|2| | = € Sp(x)} = 0.

Note also that the spectral mapping theorem provides us with a rich
supply of positive elements in A. Indeed, if a is an arbitrary normal
element of A and if f : Sp(a) — [0,00) is a continuous function, then
the element f(a) is in A* (it is selfadjoint because f = f, and has
spectrum in [0, c0) by Theorem 3.4).

Recall from Lecture 1 that a linear functional ¢ : A — C is declared
to be positive when it satisfies the condition p(a*a) > 0,V a € A. This
brings up the question of whether there is any relation between A" and



C*-PROBABILITY SPACES 39

the set {a*a | a € A}. It is quite convenient that these two sets actually
coincide.

PROPOSITION 3.6. Let A be a unital C*-algebra, and consider the
set AT of positive elements of A (defined as in Equation (3.10) of the
preceding remark). Then

At ={a*a | a € A}. (3.12)

PROOF. “C” Let p be in A", and define a = f(p) (functional cal-
culus) where f is the square root function on the spectrum of p. Then
the properties of functional calculus immediately give us that a = a*
(coming from f = f) and that a*a = a® = (f?)(p) = p.

“D” Fix an a € A, for which we want to prove that a*a € A™. It is
clear that a*a is selfadjoint, the issue is to prove that Sp(a*a) C [0, 00).

Consider the functions f, g : Sp(a*a) — [0, 00) defined by

f(t) == max(0,t), g¢(t):=max(0,—t), t€ Sp(a“a),

and denote f(a*a) =: z, g(a*a) =: y. We have that z,y € AT (cf. the
second paragraph of Remark 3.5). The properties of functional calculus
also give us that
r—y=a'a, xy=1yxr=0>0. (3.13)
Consider now the element b := ay € A. We have (by direct calcu-
lation and by using (3.13)) that

b*b = ya*ay = y(z — y)y = —y°.

Since y € AT, it is immediate by functional calculus that y* € A;
hence it follows that b*b € —AT. We leave it as an exercise to the
meticulous reader to go through the details of why “b*b € —A™” implies
“b = 0" — cf. Exercise 3.20 at the end of the lecture. Here we will
assume that this is proved, and will finish the argument as follows:

y=-0b=0 = {’|teSp(y)}=Sp(y’) = {0}
= Sp(y) = {0}
= |lyll = sup{[t| | t € Sp(y)} = 0.
So we found that y = 0, and therefore a*a =z —y =2 € A", O

C*-probability spaces

DEFINITION 3.7. A C*-probability space is a *-probability space
(A, ) where A is a unital C*-algebra.

Let us note that in the C*-framework, the expectation functional
is automatically continuous. More precisely, we have the following.
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PROPOSITION 3.8. Let (A, ¢) be a C*-probability space. Then
lp(a)] < |lall, VaeA (3.14)

PRrROOF. We first pick an arbitrary element p € A". We know that
©(p) € [0,00) (by Proposition 3.6 and the positivity of ¢). We claim
that:

e(p) < llpll (3.15)
Indeed, we have (by Theorem 3.1.1 and Equation (3.10) of Remark 3.5)
that
Sp(p) € {z € C| |z] <|lpl[} N[0, 00) = [0, |[pl|]-
As a consequence, we can use functional calculus to define the ele-
ment b := (||p|| — p)/? € A (or more precisely, b := f(p) where

f € C(Sp(p)) is defined by f(t) = (|lpl| —¢)"*, ¢t € Sp(p)). It is
immediate that b = b* and that p + b? = ||p|| - 1.4; therefore

1Pl = #(p) = ¢(b70) > 0,
and (3.15) is obtained.
Now for an arbitrary a € A we have
p(a)] = (1 - a)l
< ¢(a*a)"*  (by Cauchy Schwarz — cf. Lecture 1)
<||a*al|*/? (by (3.15), where we take p = a*a)
= [[al] (by (3.2)).
O
REMARK 3.9. The following partial converse of Proposition 3.8 is
also true. Let A be a unital C*-algebra. Let ¢ : A — C be a linear
functional such that |p(a)| < ||al|, V a € A, and such that ¢(14) =1

(where 14 is the unit of A). Then ¢ is positive, and hence (A, ¢) is a
C*-probability space. See Exercise 3.21 at the end of the lecture.

ExaAMPLE 3.10. Let €2 be a compact Hausdorff topological space,
and let 1 be a Radon probability measure on the Borel g-algebra of €.
(Asking the probability measure p to be “a Radon measure” amounts
to requesting that for every Borel set A C {2 one has

p(A) =sup{u(K) | K C A, compact} = inf{u(D) | D D A, open}.

In many natural situations — when € is a compact metric space, for
instance — one has that every probability measure on the Borel o-
algebra of (2 is actually a Radon measure.)
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Consider the algebra A = C(Q2) of complex-valued continuous func-
tions on €, and let ¢ : A — C be defined by

w(f)z/ﬂf du, f €A (3.16)

Then (A, ¢) is a C*-probability space, and all the elements of A are nor-
mal. The functional calculus with continuous functions for an element
a € A is reduced in this case to performing a functional composition —
see Exercise 3.22 below.

There are two important theorems in functional analysis which are
worth recalling in connection to this example. First, a basic theorem
of Riesz states that every positive linear functional on C(2) can be
put in the form (3.16) for an appropriate Radon probability measure p.
Second, a theorem of Gelfand states that every commutative unital C*-
algebra A can be identified as C'(Q2) for a suitable compact Hausdorff
space €. Hence the example presented here is the “generic” one, as far
as commutative C*-probability spaces are concerned.

In non-commutative examples, C*-algebras appear most frequently
as x-subalgebras A C B(H) (H Hilbert space), such that A is closed in
the norm-topology of B(H). We present here the example of this kind
which is the C*-counterpart of Example 1.4.4 from Lecture 1.

ExaMPLE 3.11. Let G be a discrete group, and let A : G —
B(I?(G)) be its left regular representation. This is defined by
the formula

Mg)en =En, Y g, heG, (3.17)

where {&, | h € G} is the canonical orthonormal basis of I?(G). (That
is, every A(g) is a unitary operator on [?((), which permutes the or-
thonormal basis {¢, | h € G} according to the formula (3.17).) It is not
hard to show that the operators ( A(g) )sec are linearly independent,
and that their linear span is a unital *-algebra of B([*(G)), isomor-
phic to the group algebra CG from Example 1.4.4. (See Exercise 3.24
below.) The closure in the norm-topology:

Cra(G) 1=l span{(g) | g € G} )

is then a unital C*-algebra of operators on [*(G); it is called the re-
duced C*-algebra of the group G.

Let e be the unit of G and let & be the corresponding vector in
the canonical basis of [*(G). Let T be the vector-state defined by &, on
C:ed(G):

T(T) = (T€, &), T € Cry(Q). (3.18)
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Then (C¥,(G), ) is an example of C*-probability space.

Let us observe that when 7" is the image of } «a,9 € CG via the
canonical isomorphism CG ~ span{A(g) | g € G} C C*,(G), then we
get

7(T) = <(Z O‘g)‘(g))éeage> = <Zag€ga§e> = Q.

So, via natural identifications, 7 extends the trace 75 on CG which
appeared in Example 1.4.4. Thus, in a certain sense, (C}4(G), T) is an
upgrade of (CG, 7¢) from the x-algebraic framework to the C*-algebraic
one.

Moreover, the C*-probability space (C,,(G), T) retains the pleasing
features which we trust that the reader has verified (in the course of
solving Exercise 1.5) for the canonical trace on CG. That is, we have
the following.

PROPOSITION 3.12. In the framework of the preceding example, the
functional T is a faithful trace on Cky(G).

PROOF. The traciality of 7 is immediate. Indeed, since 7 is con-
tinuous (by Proposition 3.8) and since the linear span of the operators
{A(g) | g € G} is dense in C¥,(G), it suffices to check that

T(Mg1) - Mg2) ) = 7(Mg2) - Mg1) ), YV 91,92 €G. (3.19)

But (3.19) is obviously true — both sides are equal to 1 when g; = g5 ',
and are equal to 0 otherwise.

In order to prove that 7 is faithful on C}, (G), it is convenient that
(in addition to the left translation operators A(g)) we look at right
translation operators on 1*(G). So, for every g € G let us consider
the unitary operator p(g) on [*(G) which permutes the canonical basis
(&n)nec according to the formula:

p(9)én = &ng—1, hEG.

Then p : G — B([*(G)) is a unitary representation, called the right
regular representation of G. It is immediately verified that the left and
the right translation operators commute with each other:

p(9)A(g") = Md')plg), Y g,9 €G. (3.20)

If in (3.20) we fix an element ¢ € G and make linear combinations
of the operators A(¢), followed by approximations in norm, we obtain
that

p(g)T=Tp(g), VgeG, VT eC,G). (3.21)
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Now, let T' € C¥ 4(G) be such that 7(T*T") = 0. Since
7(T*T) = (T"TE, &) = |ITE|),
we thus have that T¢, = 0. But then for every g € G we find that

T& =T(p(g ")) = plg~")(TE) =plg~") - 0=0.

(The second equality follows by Equation (3.21).) So T" vanishes on the
orthonormal basis (§;)sec of [*(G), and this implies that 7 =0. O

x-distribution, norm and spectrum for a normal element

PROPOSITION 3.13. Let (A, @) be a C*-probability space, and let a
be a normal element of A Then a has a x-distribution pu in analytic
sense (as described in Definition 1.8). Moreover:

(1) The support of p is contained in the spectrum of a.

(2) For f € C(Sp(a)) we have the formula

/ f = o(f(a)), (3.22)

where on the right-hand side f(a) € A is obtained by functional calcu-
lus, and on the left-hand side p is viewed as a probability measure on

Sp(a).

PRrROOF. Let @ : C(Sp(a)) — A be the functional calculus for a,
as in Theorem 3.1.2 (®(f) = f(a), for f € C(Sp(a))). Then o ® :
C(Sp(a)) — C is a positive linear functional, so by the theorem of
Riesz mentioned in Example 3.10 there exists a probability measure p
on the Borel g-algebra of Sp(a) such that

(po®)(f) = [ £ du ¥ 1 € C(Spla)) (3.23)

If we set f in (3.23) to be of the form f(z) = 2"2z" for some m,n > 0,
then ®(f) = a™(a*)" (cf. Remark 3.2.2), and (3.23) gives us that

e(a™(a™)") = / 22" du(z), ¥ m,n > 0. (3.24)
Sp(a)

Of course, the measure p of (3.23), (3.24) can also be viewed as a
compactly supported measure on C, with supp(p) C Sp(a). In this in-
terpretation, (3.24) tells us that u is the x-distribution of a, in analytic
sense, while (3.23) becomes (3.22). O

COROLLARY 3.14. Let (A, ) be a x-probability space. If (A, )
admits a representation on a Hilbert space (in the sense of Definition
1.6), then every normal element of A has a *-distribution in analytic
sense.
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PROOF. The existence of representations means in particular that
we can find a C*-probability space (B, 1) and a unital x-homomorphism
® : A — B such that 1) o ® = . For every normal element a € A, it
is clear that b := ®(a) is a normal element of B; hence, by Proposition
3.13, b has a *-distribution g in analytic sense. But then for every
m,n > 0 we can write:

pa™(@")") = (®(a™(a®)")) = (6™ (b")") = /Z’”Z" dp(z),
which shows that p is the x-distribution of a as well. U

In the rest of this section we look at some additional facts which can
be derived for a C*-probability space where the expectation is faithful.

PROPOSITION 3.15. Let (A, ) be a C*-probability space such that
@ is faithful. Let a be a normal element of A, and let u be the *-
distribution of a in analytic sense. Then the support of u is equal to

Sp(a).

PrOOF. The inclusion “C” was observed in Proposition 3.13, so we
only have to prove “2”. Let us fix an element A € Sp(a), and assume
by contradiction that A ¢ supp(p). Since C\ supp(p) is an open set of
p-measure 0, it follows that we can find 7 > 0 such that u( B(\;r)) =0,
where B(A\;r) :={z € C | |z— A <r}. Let f:Sp(a) — [0,1] be a
continuous function such that f(A) = 1 and such that f(z) = 0 for all
z € Sp(a) with |z — A| > r (e.g. f(2) = max(0,1 — |A — z|/r) will do);
and let us define b := f(a) € A, by functional calculus. Property (ii)

from Theorem 3.1.2 gives us that ||b|]| = 1, so in particular we know
that b # 0. On the other hand we have that
o(b*b) = p(b?) (since f = f, which implies b = b*)

/f2 du (since ? = f*(a), and by Prop. 3.13)

< / 1 dp,
B(\;r)

with the last inequality holding because f? is bounded above by the
characteristic function of B(A;r). We thus get

p(b"0) < p(B(A;r)) =0,
and this contradicts the faithfulness of ¢. 4

REMARK 3.16. The above proposition can be read as follows: if
(A, p) is a C*-probability space such that ¢ is faithful, and if a is a
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normal element of A, then knowledge of the x-distribution u of a allows
us to compute the spectrum of a, via the formula

Sp(a) = supp(p). (3.25)

Note that knowledge of 1 will then also give us the norm of a — indeed,
from (3.25) and Equation (3.6) of Remark 3.3.1 it follows that

|lal| = sup{|z| | z € supp(p)}- (3.26)

The following proposition indicates another (more direct) way of com-
puting the norm of a from combinatorial information on *-moments.

PROPOSITION 3.17. Let (A, ) be a C*-probability space such that
@ 18 faithful. For every a € A (normal or not) we have that

lall = tim ( (a*a)" )2 (327

ProOF. Equivalently, we have to show that
pll = lim o(p™)"'", (3.28)
where p := a*a € A" and where we used the C*-axiom (3.2). An

immediate application of functional calculus shows that p" € A",V n >
1; so the sequence appearing on the right-hand side of Equation (3.28)
consists of non-negative numbers. Note also that for every n > 1 we
have:

(™M™ < (|lp"HY" (by Proposition 3.8)
< (llpl")"™  (by Equation (3.1))
= [Ipll-

So what we actually have to do is to fix an a € (0, ||p||), and show that
o(p")/™ > a if n is sufficiently large.

Now, we have that Sp(p) C [0, ||p||] (same argument as in the proof
of Proposition 3.8). Moreover, from Remark 3.3.1 we infer that ||p|| €
Sp(p). Let u be the *-distribution of p, in analytic sense. Then ||p|| €
supp(u) (by Proposition 3.15), and it follows that we have

p(18, [lpll) >0, v 0 < B <|lpll- (3.29)

For the number « € (0, ||p||) which was fixed above, let us choose
a 0 € (o,]|p||) (for instance 8 = (a + ||p||)/2 will do). Then we can
write, for every n > 1:

o) = / NZCE / e du(t) = 8- u([3, lIpll])-

Sp(P)N[B,|lpl[]
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(The first equality follows by Proposition 3.13.2.) Hence

P > 6 p([8, PV, V=1, (3.30)
and the right-hand side of (3.30) exceeds o when n is sufficiently large
(since (3.29) implies that u([3, ||p||] )™ — 1 as n — o0). O

Exercises

Exercises 3.18-3.20 fill in the details left during the discussion on pos-
itive elements of a C*-algebra (cf. Remark 3.5, proof of Proposition

3.6).

EXERCISE 3.18. Let A be a unital C*-algebra.
(1) By using functional calculus, prove that if z is a selfadjoint
element of A and if o € R is such that a > ||z||, then we have

||l — z|| = a — inf( Sp(x) ).

(2) By using the formula found in part (1) of the exercise, prove
that if =,y are selfadjoint elements of A, then

inf(Sp(z +y)) > inf(Sp(z) ) + inf(Sp(y) ).

(3) Consider the set AT of positive elements of A (defined as in
Equation (3.10) of Remark 3.5). Prove that if p,q € AT and if a, 3 €
[0, 00), then ap 4+ g € A*.

EXERCISE 3.19. Let A be a unital C*-algebra and let a,b be ele-
ments of A. Prove that Sp(ab) U {0} = Sp(ba) U {0}.
[This is a version of the exercise, usually given in a basic algebra course,
which goes as follows: for a, b elements of a unital ring, prove that 1—ab
is invertible if and only if 1 — ba is invertible.]

EXERCISE 3.20. Let A be a unital C*-algebra, and let b € A be
such that Sp(b*b) C (—o0,0]. The goal of this exercise is to draw the
conclusion that b = 0.

(1) Prove that b*b+bb* € — A" (where A" is defined as in Equation
(3.10) of Remark 3.5).

[Hint: Omne has —b*b € A" by hypothesis and —bb* € A" due to
Exercise 3.19. Then use Exercise 3.18.]

(2) Let x := (b+b*)/2 and y := (b—b*)/2i be the real and imaginary
parts of b. Verify that b*b + bb* = 2(z* + y?), and conclude from there
that 22 + y> € AT N (—A").

(3) Prove that b = 0.
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EXERCISE 3.21. (1) Let K be a non-empty compact subset of
[0,00), and consider the algebra C(K') of complex-valued continuous
functions on K. Suppose that ¢ : C(K) — Cis a linear functional such
that |o(f)| < ||fllees V f € C(K), and such that ¢(1¢xy) = 1 (where
Lok is the function constantly equal to 1). Let h be the function in
C(K) defined by h(t) =t, for t € K. Prove that ¢(h) > 0.

[Hint: In order to verify that ¢(h) € R look at functions of the form
h +ialek), @ € R. Then in order to verify that ¢(h) > 0 look at
functions of the form h — ale(xy, a € [0,00).]

(2) Let A be a unital C*-algebra. Let ¢ : A — C be a linear
functional such that |p(a)| < [la||, ¥ a € A, and such that p(14) = 1.
Prove that ¢ is a positive functional, and hence that (A, ) is a C*-
probability space.

[Hint: Given p € AT, observe that the inequality ¢(p) > 0 can be
reduced to the statement of part (1), by using functional calculus for
the element p.]

EXERCISE 3.22. Consider the framework of Example 3.10 (A =
C'(Q2), where € is a compact Hausdorff space).

(1) Show that for every a € A we have that Sp(a) = {a(w) | w € 2}
(i.e. it is the range of @ when a is a viewed as a function from Q to C).

(2) Let a be an element in A, and let f be a function in C'(Sp(a) ).
Note that, from part (1) of this exercise, it makes sense to define the
composition foa:Q — C, by (foa)(w) = f(a(w)), w € 2. Prove that
the functional calculus with continuous functions for a € A gives the
equality f(a) = foa.

EXERCISE 3.23. Let A and B be unital C*-algebras, and let ¥ :
A — B be a unital *-homomorphism. Let a be a normal element of A,
and denote W(a) =: b (so b is a normal element of B).

(1) Observe that Sp(b) C Sp(a).

(2) Let f be a function in C(Sp(a)), and denote the restriction of
f to Sp(b) by f,. Prove that U(f(a)) = f,(b). [In other words, prove
the “commutation relation” W(f(a)) = f(¥(a)), for f € C(Sp(a).]

EXERCISE 3.24. Consider the framework of Example 3.11 (where A
is the left regular representation of a discrete group G).

(1) Let g1, ..., 9, be some distinct elements of G, let aq, ..., a, be
in C, and consider the operator T = >"" | a;\(g;) € B(I*(G) ). Verify
the equality ||TE.|P = S0 [l

(2) By using part (1) of the exercise, prove that the family of oper-
ators (A(g))gec is linearly independent in B(1%(G) ).






LECTURE 4

Non-commutative joint distributions

The discussion of the concept of joint distribution is a point where
things really start to have a different flavor in non-commutative prob-
ability, compared to their classical counterparts. To exemplify this,
let us look for instance at the situation of selfadjoint elements in -
probability spaces. During the discussion in Lecture 1 the reader prob-
ably sensed the fact that, when taken in isolation, such an element
is more or less the same thing as a classical real random variable —
it is only that we allow this real random variable to live in a fancier
(non-commutative) environment. Thus studying the distribution of
one selfadjoint element in a *-probability space is not much of a de-
parture from what one does in classical probability. In this lecture we
will observe that the situation really becomes different when we want
to study at the same time two or more selfadjoint elements which do
not commute, and we look at the joint distribution of these elements.

Besides introducing the relevant definitions and some examples, the
present lecture brings up only one (simple, but important) fact: the
class of isomorphism of a x-algebra/C*-algebra A is determined by
knowledge of the joint *-distribution of a family of generators, with
respect to a faithful expectation functional ¢ : A — C. This is sig-
nificant because it opens the way, at least in principle, to studying
isomorphisms of C*-algebras by starting from combinatorial data on
x-moments of generators.

Joint distributions

NOTATIONS 4.1. Let s be a positive integer.

(1) We denote by C(Xj,...,X;) the unital algebra freely gener-
ated by s non-commuting indeterminates X, ..., X,;. More concretely,
C(Xj, ..., X,) can be described as follows. The monomials of the form
X Xpy oo+ X, wheren > 0and 1 < 7rq,...,7, < s give a linear ba-
sis for C(X7, ..., Xs), and the multiplication of two such monomials is
done by juxtaposition.

(2) Let A be a unital algebra, and let aq,...,as be elements of
A. For every P € C(Xy,...,X,) we will denote by P(ay,...,as) the

49
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element of A which is obtained by replacing X1, ..., X, with aq, ..., as,
respectively, in the explicit writing of P. Equivalently,
(C<X1,...,XS>9P|—>P(a1,...,a5)€A (41)

is the homomorphism of unital algebras uniquely determined by the
fact that it maps X, to a,, for 1 <r <.

DEFINITION 4.2. Let (A,¢) be a non-commutative probability

space, and let aq, ..., as be elements of A.
(1) The family
{p(ap, ---a,)|n>1,1<ry,....r <s} (4.2)
is called the family of joint moments of a4, ..., as.
(2) The linear functional p : C(X7,..., X;) — C defined by
W(P) = o(Plar,...,a,) ), PEC(Xy,...,X,)  (43)

is called the joint distribution of ay,...,a, in (A, ¢).

The joint distribution of a4, ..., as is thus determined by the fact
that it maps every monomial X,, --- X, into the corresponding joint
moment, ¢(a,, -+-a., ), of a, ..., as.

REMARK 4.3. It is clear that the above definitions can, without
any problems, be extended to the case of an arbitrary family (a;)ier
of random variables. ([ is here an index set which might be infinite,
even uncountable.) The joint distribution of (a;);c; is then a linear
functional on the unital algebra C(X; |7 € I), which is freely generated
by non-commuting indeterminates X; (i € I). We leave it to the reader
to write down the exact wording of Definition 4.2 for this case.

ExAMPLES 4.4. (1) Let (2, Q, P) be a probability space, and let
fi,.- -, fs : & — R be bounded random variables. Then fi,..., fs are
at the same time elements of the non- Commutative probability Space
L>*(Q, P) appearing in Example 1.4.1 (with ¢(a) = [, a(w ) for
a € L>(£, P)). The joint distribution p of fl, .., fs in LOO(Q P)
determined by the formula:

(X, X)) / Fr(@) - fon(w) dP(), (4.4)

holding for every n > 1 and 1 < ry,...,7, < s.

In this particular example, there exists a parallel concept of joint
distribution of fi,..., fs coming from classical probability: this is the
probability measure v on the Borel g-algebra of R® which has, for every
Borel set £ C R?,

v(E)=P({we Q| (filw)...., fi(w)) € E}). (4.5)
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(Note that the assumption that fi,..., f; are bounded implies that v
has compact support.) The functional p of Equation (4.4) is closely
related to this probability measure. Indeed, an argument very similar
to the one shown in Example 1.11.1 gives us that for every ky, ..., ks >
0 we have:

/ tlfl o 't’sCS dy(tl>""t5) - / fl(w)kl ’ "fs(w)ksdp(w);
s Q

this implies that the above Equation (4.4) can be written as

w( Xy - X)) = / try ooty du(ty, ... ts) (4.6)

(form>Tand 1 <rq,...,7r, <).

It is clear that the probability measure v is better suited for study-
ing the s-tuple (fy, ..., fs) than the functional p on C(X7, ..., X,); this
is not surprising, since the concept of non-commutative joint distribu-
tion is not meant to be particularly useful in commutative situations.
However, what one should keep in mind in this example is that the
non-commutative joint distribution for fi,..., fs is an algebraic (albeit
clumsy) incarnation of its classical counterpart.

(2) Let d be a positive integer, and consider the x-probability space
(M4(C), tr) from Example 1.4.2 (the normalized trace on complex d x d
matrices). Let A;, Ay € My(C) be Hermitian matrices. Their joint
distribution p : C(X;, X3) — C is determined by the formula

w( Xy - X)) =tr(A, - A), Vn>1, V1<ry,...,r, <2

Unless A; and As happen to commute, the functional p cannot be
replaced by a simpler object (like a probability measure on R?) which
records the same information.

EXAMPLE 4.5. Let (A, ¢) be a x-probability space, and let =,y be
selfadjoint elements of A. For every n > 1 one can expand (x + y)"
as a sum of 2" non-commutative monomials in z and y (even though,
of course, the usual binomial formula does not generally apply). As a
consequence, the moments ¢((z +y)"), n > 1 (and hence the distri-
bution of x + y) are determined by knowledge of the joint distribution
of z and y.

On the other hand it is quite clear that, for x and y as above, just
knowing what are the individual distributions of x and of y will not
generally suffice in order to determine the distribution of x + y. In
the remainder of this example we point out how this can be nicely
illustrated in the situation of the group algebra (cf. Example 1.4.4).



52 4. NON-COMMUTATIVE JOINT DISTRIBUTIONS

Let G be a group and let g,h € G be two elements of infinite
order. Consider the #-probability space (CG, 7¢), as in Example 1.4.4.
Recall that CG has a canonical linear basis indexed by G; the elements
of this basis are denoted by the same letters as the group elements
themselves, and they are unitaries in CG. Thus we have in particular
that g, h € CG, and that ¢g* = g~ !, h* = h™L.

As observed in Lecture 1 (cf. Remark 1.13) each of g and h becomes
a Haar unitary in (CG, 74); as a consequence, each of the selfadjoint
elements z := g + ¢ ! and y := h + h~! has an arcsine distribution
(cf. Lecture 1, Example 1.14).

So, if in the framework of the preceding paragraph, we look at the
element

A=z+y=g+g ' '+h+h'eCq, (4.7)

then A will always be a sum of two selfadjoint elements with arcsine
distributions. Nevertheless, the distribution of A is not uniquely de-
termined, but will rather depend on what group G and what elements
g, h € G we started with. A way of understanding how the distribution
of A relates to the geometry of the group GG goes by considering the
subgroup of G generated by g and h, and by looking at closed walks in
the corresponding Cayley graph — see Exercise 4.15 below (which also
contains the relevant definitions). In order to try one’s hand at how
this works in concrete situations, the reader could consider for instance
the situations when

(1) G = 7Z?, with g = (1,0) and h = (0, 1), or

(2) G is the non-commutative free group on two generators, G = F,
and g, h are two free generators of IFs.

In situation (1) the corresponding Cayley graph is the lattice Z?,
and the counting of closed walks which yields the moments of A is
quite straightforward (see Exercise 4.16 at the end of the lecture). The
formula obtained is

722 (A") = (2;)2 if n is even, n = 2p. (48)

In situation (2), the Cayley graph which appears is a tree (i.e. a
graph without circuits), and the counting of closed walks which gives
the moments of A is a well-known result of Kesten. One obtains a
recurrence relation between moments, which can be expressed concisely
as a formula giving the moment generating series:

- o 2//1—1222 -1
> T, (AT =
n=0

1— 1622

=1+42>+282* +23220 4.+ (4.9)
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Among the several possible derivations of the formula (4.9), there is
one which illustrates the methods of free probability — this is because
in situation (2) the elements z = u + v* and y = v + v* of CF, will
turn out to be freely independent (in a sense to be defined precisely in
the next Lecture 5), and consequently one can use the technique for
computing the distribution of a sum of two freely independent elements
— see Example 12.8.2 in Lecture 12.

Joint *-distributions

REMARK 4.6. Let (A, @) be a sprobability space and let a be an
element of A. By looking at what is the x-distribution of a in algebraic
sense (Definition 1.17), we see that this really is the same thing as
the joint distribution of a and a*, with the only difference that we re-
denoted the indeterminate Xy of C(X1, Xs) by X7, and we used this
notation to introduce a x-operation on C(X7y, Xs). It will be convenient
to have this formalism set up for tuples of elements as well. We thus
introduce the following notations.

NOTATIONS 4.7. Let s be a positive integer.

(1) We denote by C(Xy, X7, ..., X, X¥) the unital algebra freely
generated by 2s non-commuting indeterminates X, X7,..., X, X;
(this is the same thing as C(X1,..., Xo5) but where we re-denoted
Xoi1y .-, Xos as X7, ..., X7, respectively). C(Xy, X7, ..., X, X7) has
a natural x-operation, determined by the requirement that the -
operation applied to X, gives X, for 1 <r <s.

(2) Let A be a unital x-algebra and let aq, ..., as be elements of A.
For every @ € C(X;y, X, ..., X, XJ) we will denote by Q(ay,...,as)
the element of A which is obtained by replacing X; with a;, X7 with
ai,...,Xs with as, X7 with a} in the explicit writing of (). Equivalently,

C(X1, X7, X, X5 5Q — Qar,...,a,) €A (4.10)

is the unital *-homomorphism uniquely determined by the fact that it
maps X, to a,, for 1 <r <s.

DEFINITION 4.8. Let (A, ) be a x-probability space, and let

ai, ..., as be elements of A.
(1) The family

> < <
n>1,1<r, T <8 } (4'11)

1. .. gfn
{80(0’7“1 OJTH) 81,...7571 c {17*}

is called the family of joint x-moments of a, ..., as.
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(2) The linear functional pu : C(Xy, X7,..., X, XF) — C defined
by

w(@Q) = o(Qar, - a)), QEC(Xy X, X0 X)  (412)
is called the joint %-distribution of ay,...,as in (A, p).

In a certain sense, the main goal of this monograph is to study
joint x-distributions which appear in connection to the framework of
free independence. This means in particular that many interesting
examples will come into play once we start to discuss free independence
(beginning in the next lecture, and continuing throughout the rest of
the book). For the time being let us have a quick look at an example
which (by adjusting the corresponding name from C*-theory) could be
called “the x-algebra of the rotation by 6.”

EXAMPLE 4.9. Let 6 be a number in [0, 27]. Suppose that (A, ¢)
is a x-probability space where the x-algebra A is generated by two
unitaries uy, us which satisfy

Uty = ePuguy, (4.13)

and where ¢ : 4 — C is a faithful positive functional such that
o) = {

We will discuss later in this lecture why such a x-probability space
does indeed exist; right now let us assume it does, and let us make
some straightforward remarks about it. Observe that from (4.13) we
get

1 fm=n=0

0 otherwise, for m,n € Z. (4.14)

(ueg) - (fud) = PTG
U'U = e Uy Uy ),
T g * imnb 1m 2n ) . .

This in turn implies that
A = span{uf*ul | m,n € Z} (4.16)

(since the right-hand side of (4.16) is, as a consequence of (4.15), a
unital x-algebra which contains u; and wug). In particular this shows
that the linear functional ¢ is completely described by Equation (4.14).
Another fact which quickly follows is that ¢ is a trace. Indeed, verifying
this fact reduces to checking that for every m,n,p,q € Z we have
o( (uf'uy) - (uhug) ) = @ (ujug) - (ui'uy) );

but (from (4.14) and (4.15)) both sides of this equation are equal to
e~ wwhen (p,q) = —(m,n), and are equal to 0 in all other cases.

Let p @ C(X1, X7, Xo, X3) — C be the joint *-distribution of the
unitaries u; and uy. Then for every n > 1 and rq,...,r, € {1,2},
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€1,...,6n € {1, %}, the value of  on the monomial X7!--- X7 is ei-
ther 0 or of the form e*? for some k € Z. More precisely: an im-
mediate computation (left to the reader) shows that p(X;!--- X;") is
non-zero precisely when the number of X; appearing in the sequence
Xit, ..., X5 is equal to the number of X{ appearing in the sequence,
and the same when counting the occurrences of X, and of X;. In the
case when the latter conditions are fulfilled, we get that

WXE X5 = e, (4.17)

where k € Z can be interpreted as the oriented area enclosed by a
suitably traced walk on the lattice Z? — see Exercise 4.17 at the end of
the lecture.

Joint x-distributions and isomorphism

THEOREM 4.10. Let (A, ) and (B,1) be *-probability spaces such
that ¢ and v are faithful. We denote the units of A and of B by 14
and lg, respectively. Suppose that aq,...,as € A and by,...,by € B
are such that:

(i) a1,...,as and 14 generate A as a *-algebra;

(ii) by, ...,bs and 1g generate B as a x-algebra;

(iii) the joint *-distribution of ay,...,as in (A, p) is equal to the
joint x-distribution of by, ..., bs in (B,1)).

Then there exists a *-isomorphism ® : A — B, uniquely deter-
mined, such that ®(ay) = by, ..., ®(as) = bs. This O is also an isomor-
phism between (A, @) and (B,1)), i.e. it has the property that o® = .

PRrOOF. Observe that the hypotheses (i) and (ii) amount to

A={P(ay,...,a,) | P e C(Xy, X},..., X, X))
(4.18)
B: {P(bl,...,bs) ‘ PGC<X1,XI,...,XS,X;>}

(since on the right-hand sides of Equations (4.18) we have unital *-
subalgebras of A and of B which contain aq,...,as and by, ..., b, re-
spectively).

Let p @ C(Xy,X{,..., X, X)) — C be the common joint *-
distribution of aq,...,as and of by,...,bs. From the definition of u
and the fact that the functionals ¢ and v are faithful, it is immediate
that for P,Q € C(Xy, X7, ..., X, XI) we have:

Plar,...,a,) = Qlay,...,as) &  p((P-Q)(P-Q))=0
& Pby,...,b) =Q(by,....b,).
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As a consequence, it makes sense to define a function ® : A — B by
the formula

®( Play,...,a,) ) = P(by,...,b,), PeC(Xy,X:, ..., X, X5,

and moreover this function is bijective. Indeed, from the equivalences
observed above it follows that the definition of ® is coherent and that
® is injective, whereas Equations (4.18) imply that @ is defined on all
of A and it is surjective.

The formula defining & clearly implies that & is a unital -
homomorphism and that ®(a,) = b,, 1 < r < s. Moreover, we have
that 1 o ® = ¢; indeed, this amounts to the equality

W( P(by,...,b) ) =¢( Play,...,a,)), ¥V PeCXy, X5, ..., X, X5,

which is true, since both its sides are equal to u(P). The uniqueness
of ® with the above properties is clear. O

We now upgrade the preceding theorem to the framework of a
C*-probability space. What is different in this framework is that, if
ai,...,as generate A as a unital C*-algebra, then the polynomials
P(ay,...,as) (with P € C(Xy, X7,..., X5, X)) do not necessarily ex-
haust A, they will only give us a dense unital *-subalgebra of A. But
this issue can be easily handled by using a norm-preservation argument.

THEOREM 4.11. Let (A, @) and (B,1) be C*-probability spaces such
that @ and v are faithful. We denote the units of A and of B by 14
and 1p, respectively. Suppose that aq,...,as € A and by,..., by € B
are such that:

(i) ai,...,as and 14 generate A as a C*-algebra;

(ii) by, ...,bs and 1z generate B as a C*-algebra;

(iii) the joint *-distribution of ay,...,as in (A, p) is equal to the
joint x-distribution of by, ..., bs in (B,1).

Then there exists an isometric x-isomorphism ® : A — B, uniquely
determined, such that ®(a;) = by,...,P(as) = bs. This ¢ is also an
isomorphism between (A, ) and (B,1), i.e. it has the property that

Yol =op.
PROOF. Let us denote
Ag = {P(al,...,as) | P c C(Xl,X;(,...7XS,X*>},

and

BO = {P(bl,...,bs) | Pe C<X1,X;,...,XS,X:>}.
It is clear that Ay is a unital x-subalgebra of A, and hypothesis (i)
of the theorem gives us that Ay is dense in A in the norm-topology.
(Indeed, it is immediate that the closure of Ay in the norm-topology



JOINT #-DISTRIBUTIONS AND ISOMORPHISM 57

is the smallest unital C*-subalgebra of A which contains ay, ..., as.)
Likewise, we have that By is a dense unital x-subalgebra of B.

The x-probability spaces (Ay, ¢|Ao) and (By,¥|By) satisfy the hy-
potheses of Theorem 4.10 (with respect to the given ay,...,as and
bi,...,bs). So from that theorem and its proof we know that the map
Dy : Ay — By defined by

QO(P(al,...,as)):P(bl,...,bs)

(where P runs in C(Xy, X7,..., X, X¥)) is an isomorphism of *-
probability spaces between (Ao, p|.Ag) and (By, ¥|By).

The point of the proof is to observe that the map @, is isometric
on Ay, i.e. that for every P € C(Xy, X7, ..., X, XI) we have

[|P(ay,...,as)||la=[|P(b1,...,bs)||5- (4.19)
Indeed, given a polynomial P € C(X1, X7,..., X, X), we compute:
|P(ay,...,a5)||a = lim @( (P(ay,...,as) Play, ... a))" )"

n—oo

= lim ¢( (P*P)"(ay,...,a,) )"/*"

where p denotes the common joint *-distribution of a4, ..., as and of
by, ...,bs, and where at the first equality sign we used Proposition 3.17
from the preceding lecture. Clearly, the same kind of calculation can
be done for the norm ||P(by,...,bs)||s, and (4.19) follows.

Now, a standard argument of extension by continuity shows that
there exists a unique continuous function ® : A — B such that
®| Ay = Pg. The properties of ¢y of being a *-homomorphism and
of being isometric are immediately passed on to ®, by continuity. We
have that ® is one-to-one because it is isometric. The range of ® is com-
plete (being an isometric image of A), hence closed in B; since ran(®)
contains the dense *-subalgebra By of B, it follows that ran(®) = B,
hence that ® is onto. Thus ® has all the properties appearing in the
statement of the theorem. The uniqueness of ® follows from the fact
that, in general, a unital *-homomorphism defined on A is determined
by its values on aq, ..., as. O

REMARKS 4.12. (1) The kind of isomorphism which appeared
in Theorem 4.11 is suitable for the category of unital C*-algebras,
i.e. it includes the appropriate metric property of being isometric
(||®(a)||s = ||al|, for every a € A). It is worth mentioning here that
in fact a bijective unital *-homomorphism between unital C*-algebras
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is always isometric (the metric property is an automatic consequence
of the algebraic ones). See Exercise 4.18 at the end of the lecture.

(2) Theorem 4.11 has a version where the families ay,...,as and
bi,...,bs consist of selfadjoint elements (of A and of B, respectively),
and where hypothesis (iii) in the theorem is adjusted to require that the
joint distribution of aq, ..., as in (A, ¢) is equal to the joint distribution
of by,...,bs in (B,1). In order to obtain this version of the theorem
one can either repeat (with trivial adjustments) the proof shown above,
or one can invoke the actual statement of Theorem 4.11 in conjunction
with the (trivial) trick described in Exercise 4.19

(3) Another possible generalization of Theorem 4.11 is in the direc-
tion of allowing the families of generators considered for A and B to
be infinite. The precise statement appears in Exercise 4.20 at the end
of the lecture.

ExAMPLE 4.13. We look again at the situation of Example 4.9,
but now considered in the C*-framework. So let 6 be a fixed number
in [0, 27r]. Suppose that (A, ¢) is a C*-probability space where the C*-
algebra A is generated by two unitaries i, us which satisfy Equation
(4.13), and where ¢ : A — C is a faithful positive functional satisfy-
ing Equation (4.14). Then exactly as in Example 4.9 we see that the
relations (4.15) hold, and imply that

(i) A = clspan{u"uy | m,n € Z} (where “cl span” stands for
“norm-closure of linear span”), and

(ii) ¢ is a trace.

Now, Theorem 4.11 implies that a C*-probability space (A, ¢) as
described in the preceding paragraph is uniquely determined up to
isomorphism. In particular, the isomorphism class of the C*-algebra
A involved in the example is uniquely determined; it therefore makes
sense (and it is customary) to refer to such an A by calling it the
C*-algebra of rotation by 6.

Of course, in order to talk about the C*-algebra of rotation by 6
one must also show that it exists —i.e. one must construct an example
of C*-probability space (A, ¢) where ¢ is faithful and where Equations
(4.13) and (4.14) are satisfied. In the remainder of this example we
show how this can be done.

Consider the Hilbert space [*(Z?), and denote its canonical or-
thonormal basis by {{umn) | m,n € Z}. It is immediate that one
can define two unitary operators Uy, Us on [(Z?) by prescribing their
action on the canonical orthonormal basis to be as follows:

Ulg(m n) — £(m+1 n)
' —im ’ m,n € Z. 4.20
{ Uz€(m,n) e nt 1) (4.20)
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Let A be the C*-subalgebra of B(I*(Z?)) which is generated by U; and
Us, and let ¢ : A — C be the vector-state defined by the vector £ );
that is,

o(T) = (T¢0,0),&0,0), T €A (4.21)

From (4.20) it is immediate that U,Us = ¢?UsU; (indeed, both U U,
and e?U,U; send §(mom) tO e*imef(mﬂynﬂ), for every m,n € Z). So in
order for the C*-probability space (A, ¢) to have the required proper-
ties, we are only left to check that ¢ is faithful.

Observe that even without knowing that ¢ is faithful, we can
see that it is a trace. This is checked exactly as in Example 4.9,
where Equation (4.16) is now replaced by the fact that A equals
cl span{U"Uy | m,n € Z}; the details of this are left to the reader.

Now suppose that 7" € A is such that (7*T) = 0. Since o(T*T) =
| T¢0,0)||?, we thus have that T¢( o) = 0. But then for every m,n,p,q €
7 we can write:

(TE(mmy> Epay) = (T(UT"UF)E0,0), (UTUS)E(0,0))

{
(UTU5) T (U"U3)¢0.0) €0.0))

= e(YU3)" T(U"U3))

= p((U"UN)(UYUT) (since ¢ is a trace)
= <(U1mU2n)(Ung)*T§(0,0)y§(o,o)>

=0 (because T¢(g,0) = 0).

Hence (T¢(mn), &(p,q)) = 0 for all m,n, p,q € Z, and this clearly implies
that 7= 0 (thus completing the verification of the faithfulness of ¢).

Without going into any details, we mention here that the univer-
sality and uniqueness properties of the C*-algebra A of rotation by 6
can be obtained without taking the canonical trace ¢ : 4 — C as part
of our initial data (but then the arguments are no longer as simple as
shown above).

Exercises

Exercises 4.14-4.16 fill in some of the details remaining from the dis-
cussion in Example 4.5.

EXERCISE 4.14. Let G be a group which is generated by two el-
ements g, h € G, both of infinite order and such that none of them
generates G by itself. Consider the s-probability space (CG,75) and
the element A = g+ g1 +h+h™! € CG (as in Example 4.5). Verify
that 7¢(A) = 0, 7¢(A?) = 4, 76(A3) = 0, but that the value of 7g(A?)
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is not uniquely determined. What are the minimal and maximal values
which 7g(A*) can have, under the given hypotheses?

EXERCISE 4.15. Consider the framework of Exercise 4.14, and
consider the Cayley graph of G with respect to the set of genera-
tors {g,g ', h,h='}. (The vertices of this graph are the elements
of G. Two vertices g1,90 € G are connected by an edge of the
graph precisely when g; g2 € {g,97', h,h'}, or, equivalently, when
g,'g1 € {g,g7 ", h,h7'}.) Prove that for every n > 1, the moment
Ta(A™) is equal to the number of closed paths of length n in the Cay-
ley graph, which begin and end at the unit element e of G.

EXERCISE 4.16. (1) Consider the framework of Exercises 4.14 and
4.15, where we set G = Z* and g = (1,0),h = (0,1). Observe that in
this case the Cayley graph of G with respect to the set of generators
{9,971, h, h~'} is precisely the square lattice Z2.

(2) Prove that the number of closed paths in the square lattice Z>
which have length n and which begin and end at (0,0) is equal to

{ 0 if n is odd

(2;,”)2 if n is even, n = 2p.
Observe that this implies formula (4.8) stated in Example 4.5.

EXERCISE 4.17. Refer to the notations in the last paragraph of
Example 4.9. Given a positive integer n and some values rq,...,r, €
{1,2}, €1,...,&, € {1, %}, consider the n-step walk 7 in the lattice Z>
which starts at (0,0) and has its jth step (1 < j < n) described as
follows:

e if 7; =1 and ¢; = 1, then the jth step of 7 is towards East;

o if 7; =1 and ¢; = —1, then the jth step of « is towards West;

o if r; = 2 and ¢; = 1, then the jth step of v is towards North;

o if r; = 2 and €; = —1, then the jth step of v is towards South.

(1) Prove that pu(X;!--- X:*) is different from 0 if and only if the
path  is closed (that is, v ends at (0,0)).

(2) Suppose that 7 is closed. Verify the formula stated in Equation
(4.17) of Example 4.9, where k € Z denotes the signed area enclosed
by the path v that is, k£ is given by the contour integral

k—/xdy——/ydw.
v il

EXERCISE 4.18. (1) (Detail left from the Remark 4.12) Let A and
B be unital C*-algebras, and let ® : A — B be a bijective unital
s-homomorphism. Prove that ||®(a)||s = ||a||4, V a € A.
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(2) (A generalization of part (1), which is used in Lecture 7) Let
A and B be unital C*-algebras, and let ® : A — B be a unital *-
homomorphism which is one-to-one. Prove that ||®(a)||sz = ||al|a,
Vae A
[Hint: It suffices to check that ||®(p)||s = ||p||4 for p € AT. In part (1)
this is because Sp(p) = Sp(®(p)). In part (2), one only has Sp(®(p)) C
Sp(p); but if it happened that ||®(p)|| < ||p||, then one could use the
functional calculus of p and Exercise 3.23 to obtain a contradiction.]

EXERCISE 4.19. (1) Let (A, ¢) be a x-probability space, and let
ai,...,as be selfadjoint elements of A. Let p: C(Xy,..., X;) — C be
the joint distribution of aq,...,as and let g : C(Xy, X ..., X, X)) —
C be the joint *-distribution of ai,...,as (in (A, ¢)). Prove the
relation g = p o II, where II is the unital homomorphism from
C(Xy, X} ..., X, X¥) to C(Xy,...,X) uniquely determined by the
condition that II(X,) =TI(X*) = X, for 1 <r <s.

(2) By using the first part of this exercise, give a proof of the self-
adjoint version of Theorem 4.11 which is described in Remark 4.12.

EXERCISE 4.20. (Generalization of Theorem 4.11 to the case of
infinite families of generators) Let (A, ¢) and (B, 1) be C*-probability
spaces such that ¢ and v are faithful. We denote the units of A and
of B by 14 and 1g, respectively. Suppose that (a;);c; and (b;);e; are
families of elements of A and respectively of B, indexed by the same
index set I, such that:

(j) {ai | i € I} U {14} generate A as a C*-algebra;

(Gj) {bi | i € I} U{1p} generate B as a C*-algebra;

(jij) for every finite subset {iy,...,is} of I, the joint *-distribution
of aj,,...,a;, in (A, ) is equal to the joint x-distribution of b;,, ..., b;,
in (B,4).

Prove that there exists an isometric *-isomorphism & : A — B,
uniquely determined, such that ®(a;) = b; for every i € I. Prove
moreover that this @ is also an isomorphism between (A, ¢) and (5, ),
i.e. it has the property that ¥ o & = .

[Hint: Reduce these statements to those of Theorem 4.11, by consid-
ering the unital C*-subalgebras of A and of B which are generated by
finite subfamilies of the a; and the 0;.]

E]






LECTURE 5

Definition and basic properties of free
independence

In this lecture we will introduce the basic concept which refines “non-
commutative probability theory” to “free probability theory” — the no-
tion of free independence. As the name indicates, this concept should
be seen as an analog of the notion of independence from classical prob-
ability theory. Thus, before we define free independence we recall this
classical notion. Since we are working with algebras which might be
non-commutative, it is more appropriate to formulate the concept of
classical independence on this more general level, where it corresponds
to the notion of a tensor product.

We will also derive some very basic properties of free independence
in this lecture. A more systematic theory, however, will be deferred to
Part 2.

The classical situation: tensor independence

DEFINITION 5.1. Let (A,¢) be a non-commutative probability
space and let I be a fixed index set.

(1) Unital subalgebras (A;);c; are called tensor independent, if
the subalgebras 4; commute (i.e. ab = ba for all a € A; and all b € A;
and all i, 5 € I with ¢ # j) and if ¢ factorizes in the following way:

o([Tw) =TTt (5.1)

JjeJ JjeJ

for all finite subsets J C I and all a; € A; (j € J).

(2) Tensor (or classical) independence of random variables is defined
by tensor independence of the generated unital algebras; hence “a and
b tensor independent” means nothing but a and b commute and mixed
moments factorize, i.e.

ab = ba and p(a"b™) = p(a™)p(d™) Yn,m > 0. (5.2)

From a combinatorial point of view one can consider tensor inde-
pendence as a special rule, namely (5.2), for calculating mixed moments
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of independent random variables from the moments of the single vari-
ables. Free independence will just be another such specific rule.

REMARK 5.2. Note that in the non-commutative context we have to
specify many more mixed moments than in the commutative case. If a
and b commute then every mixed moment in ¢ and b can be reduced to
a moment of the form ¢(a™0™) and thus the factorization rule in (5.2)
for these contains the full information about the joint distribution of
a and b, provided we know the distribution of @ and the distribution
of b. If, on the other hand, a and b do not commute then p(a™b™) is
only a very small part of the joint distribution of a and b, because we
have to consider moments like p(a™b™a™b™2 - --a™b™ ), and these
cannot be reduced in general to just p(a"b™). As first guess for a
factorization rule for non-commutative situations one might think of a
direct extension of the classical rule, namely

p(a™b™ - a™ ™) = @(a™) - p(0™2) - p(a™) - (™). (5.3)
This, however, is not the rule of free independence. One sees easily
that (5.3) is not consistent in general if one puts, for example, some
of the m; or some of the n; equal to 0. If one is willing to accept
this deficiency then the rule (5.3) can be used to define the so-called
“Boolean independence.” One can develop elements of a Boolean prob-
ability theory, however, its structure is quite trivial compared to the
depth of free probability theory. We will not elaborate more on this
Boolean factorization rule, but want to present now the more interest-
ing rule for free independence. As the reader might have guessed from
the preceding remarks, the rule for free independence is not as straight-
forward as the above factorization rules. Actually, the definition of free
independence might look somewhat artificial at first, but we will see
throughout the rest of the book that this is a very important concept
and deserves special attention. In the last section of this lecture we
will also comment on the way in which free independence is, despite
the more complicated nature of its rule for calculating mixed moments,
a very natural concept.

Definition of free independence

DEFINITION 5.3. Let (A, ¢) be a non-commutative probability
space and let I be a fixed index set.
(1) Let, for each i € I, A; C A be a unital subalgebra. The
subalgebras (A;);c; are called freely independent, if
(p(a/l..'a/k) :0

whenever we have the following.
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k is a positive integer;

aj € Ay (i(j) € I) forall j =1,... k;

p(a;) =0forall j=1,... k;

and neighboring elements are from different subalgebras, i.e.
i(1) #£1i(2), i(2) #i(3), ..., i(k—1) #i(k).

(2) Let X; C A (i € I) be subsets of A. Then (X});c; are called
freely independent if (A;);c; are freely independent, where, for i € I,
A; := alg(1, &;) is the unital algebra generated by X;.

(3) In particular, if the unital algebras A; := alg(1, a;) generated by
elements a; € A (i € I) are freely independent, then (a;);c; are called
freely independent random variables.

(4) If, in the context of a *-probability space, the unital x-algebras
A; = alg(1, a;,a) generated by the random variables a; (i € I) are
freely independent, then we call (a;);c; *-freely independent.

REMARKS 5.4. (1) Clearly, free independence is a concept with
respect to a linear functional ¢; random variables which are freely in-
dependent with respect to some functional ¢ are in general not freely
independent with respect to some other functional ). So a more pre-
cise name would be “freely independent with respect to .” However,
usually it is clear to which ¢ we refer. In particular, it is understood
that if we are working in a non-commutative probability space (A, ¢),
then our free independence is with respect to this .

(2) Note: the condition on the indices in the definition of free in-
dependence is only on consecutive indices; i(1) = i(3), for example, is
allowed. We also do not require that the first and the last element are
from different subalgebras, thus i(1) = i(k) is in general allowed.

(3) Let us state more explicitly the requirement for freely inde-
pendent random variables: (a;);c; are freely independent if we have
¢(Pi(ai)) .- Pe(aixy))) = 0 for all polynomials Py,..., P, € C(X)
in one indeterminate X and all i(1) # (2) # --- # i(k), such that
@©(Pj(aijy)) =0forall j=1,... k.

(4) Note that the index set I might be infinite, even uncountable;
but this is not really an issue. Free independence of (\A4;);c; is the same
as free independence of (A;), e for all finite subsets J of 1.

(5) Free independence of random variables is defined in terms of
the generated algebras, but one should note that it extends also to the
generated C*-algebras; see Exercise 5.23.

(6) Sometimes we will have free independence between sets of ran-
dom variables where some of the sets consist only of one element. Usu-
ally, we will replace these sets just by the random variables. So, for
example, free independence between {a,as} and b (for some random
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variables aj, as, b in a non-commutative probability space) means free
independence between {ay, as} and {b}, which is by definition the same
as free independence between the unital algebra generated by a; and
as and the unital algebra generated by 0.

NoTATION 5.5. Instead of saying that algebras, sets, or random
variables are “freely independent” we will often just say that they are
free. In the same way, *-free means the same as “x-freely indepen-
dent.” Instead of “free independence” one often also uses freeness.

The example of a free product of groups

Before we start to take a closer look at the structure of our definition,
we want to present one basic model for freely independent random vari-
ables. Indeed, this example was the starting point of Voiculescu and
motivated the above definition of free independence. This example
takes place in the probability space (CG, 1) of the group algebra of a
group G, in the special situation where the group G is the free prod-
uct of subgroups G;. Let us first recall what it means that subgroups
are free. Freeness in the context of groups is a purely algebraic con-
dition (i.e. does not depend on any linear functional) and means that
we do not have non-trivial relations between elements from different
subgroups.

DEFINITION 5.6. Let G be a group and (G});e; subgroups of G. By
e we will denote the common neutral element of all these groups. The
subgroups (G;);es are free if for all & > 1, all i(1),...,i(k) € I with

i(1) # 1(2) # --- #i(k) and all g1 € Giy)\{e}, ..., g € Giy\{e} we
have that g; - - - gx # e.

ExAMPLE 5.7. Let ), be the free group with n generators,
i.e. F, is generated by n elements fi,..., f,, which fulfill no other
relations apart from the group axioms. Then we have F; = Z and
within

F, 1 = group generated by fi,..., fmin
the groups
F,, = group generated by fi,..., fim
and
F,, = group generated by fini1,---, fmin

are free.
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If one has the notion that groups are free then a canonical question
is whether for any given collection (G;);cr of groups (not necessarily
subgroups of a bigger group) one can construct some group G such that
the G; are (isomorphic to) subgroups of this G and that, in addition,
they are free in G. The affirmative answer to this is given by the free
product construction.

DEFINITION 5.8. Let G; (i € I) be groups with identity elements
e; (i € I), respectively. The free product G := *;c;G; is the group
which is generated by all elements from all G; (i € I) subject to the
following relations:

(1) the relations within each G; (i € I);

(2) the identity element e; of G, for each i € I, is identified with
the identity element e of G:

e=e; for all7 € I.

ExAMPLE 5.9. With the notion of the free product we can rephrase
the content of Example 5.7 also as

Fm+n = ]Fm * ]Fn

REMARKS 5.10. (1) An important property of the free product of
groups is its universality property. Whenever we have a group F' and
group homomorphisms 7; : G; — F for all ©+ € I, then there exists a
unique homomorphism 7 : *;,c;G; — F, which extends the given n;,
i.e. n|g, = m;, where we, of course, identify G; with a subgroup of the
free product. This universality property determines the free product
uniquely (up to group isomorphism), the only non-trivial point is to see
that such an object indeed exists. The above, more explicit definition,
can be used to show this existence.

(2) Even more explicitly, we can describe the free product G =
x;c7G; as follows:

G={etU{gi...gr | g; € Gigyy,i(1) #i(2) # --- # i(k), g5 # eiyy }
and multiplication in G is given by juxtaposition and reduction to
the above form by multiplication of neighboring terms from the same
group.

(3) In particular, for g; € G;(j) such that g; #e (j =1,...,k) and
i(1) # -+ #i(k) we have gy --- g # e; i.e. the G; (i € I) are indeed
free in *;c;G;.

The relation between the group algebra of the free product of groups

and the concept of free independence is given in the following propo-
sition. Of course, this relation is the reason for calling this concept
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“free” independence. Let us emphasize again, that whereas “free” in
an algebraic context (as for groups or algebras) just means the absence
of non-trivial algebraic relations, in our context of non-commutative
probability spaces “free” is a very specific requirement for a fixed lin-
ear functional.

PROPOSITION 5.11. Let G; (i € I) be subgroups of a group G. Then
the following are equivalent.

(1) The groups (G;)icr are free.

(2) The algebras (CG;)ier (considered as subalgebras of CG) are

freely independent in the non-commutative probability space (CG,1g).

PROOF. First, we prove the implication (1) = (2). Consider

Y aflgeClyy  (1<j<k)

9€Gi(5)

such that (1) # i(2) # --- # i(k) and 7¢(a;) =0 (i.e. o) = 0) for all
1 < j < k. Then we have

TG(%"'%)ZE‘(( Z g191 Z Oégkgk>

91€Gy(1) 9kEGi(k)

= > ey (e g,

91€G; (1), 9k EGi(k)

For all gy,...,gr with ag)...agz) # 0 we have g; # e for all j =

.k and i(1) # i(2) # - - - # i(k), and thus, by Definition 5.6, that
g1-..gx # €. This implies 7¢(ay - - - a;) = 0, and thus the assertion.

Now let us prove (2) = (1). Consider k € N, i(1),...,i(k) € I
with i(1) # i(2) # --- # i(k) and g1 € Giy)\{e}, ..., g1 € Giw\{e}-
The latter means that 7¢(g;) = 0 for all j = 1,...,k and thus, by the
definition of free independence, we also have 7¢(g; - - - gx) = 0, which is
exactly our assertion that gy - - - g # e. O

REMARKS 5.12. (1) The group algebra CG can be extended in a
canonical way to the so-called group von Neumann algebra L(G). We
will not address von Neumann algebras and the corresponding W*-
probability spaces in this book, but let us make at least some remarks
about this on an informal level. In Example 3.11, we saw how one
can extend the group algebra CG of a discrete group to a C*-algebra

* 1(G) by taking the norm closure of CG in the left regular represen-
tation. If one takes instead a closure in a weaker topology, then one
gets a bigger object, the group von Neumann algebra L(G). The desire
to understand the structure of such von Neumann algebras is a driving
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force for investigations in operator algebras. In particular, Voiculescu’s
motivation for starting free probability theory was to understand the
structure of such L(G) in the case where G = G x (G5 is a free product
group. Similarly, as G * G5 is built out of G; and G5 and C(G; *Gy) is
built out of CG; and CGy, one would hope to understand L(G %G2) by
building it out of L(G;) and L(G2). However, this cannot be a purely
algebraic operation. There is no useful way of saying that L(G;) and
L(G5) are algebraically free in L(G). (Note that by completing the
group algebra in some topology we necessarily have to go over from
finite sums over group elements to infinite sums.) What, however, can
be extended from the level of group algebras to the level of von Neu-
mann algebras is the characterization in terms of 7¢. 7¢ extends to a
faithful state (even trace) on L(G) (in the same way as it extends to
*4(G), see Example 3.11) and we still have that L(G;) and L(Gs)
are freely independent in (L(G; * G3),7g). Thus understanding free
independence may shed some light on the structure of L(G; * G3).

(2) In particular we have that L(FF,,) and L(IF,,) are freely indepen-
dent in (L(F,4m), 7w,,,,). This was the starting point of Voiculescu;
in particular he wanted to attack the (still open) problem of the iso-
morphism of the free group factors, which asks the following: is it true
that L(F,) and L(F,,) are isomorphic as von Neumann algebras for all
n,m > 27

(3) Free independence has in the mean time provided a lot of infor-
mation about the structure of L(F,). The general philosophy is that
these so-called free group factors are one of the most interesting class of
von Neumann algebras after the well-understood hyperfinite ones and
that free probability theory provides the right tools for studying this
class.

Free independence and joint moments

Let us now start to examine the concept of free independence a bit more
closely. Although not as obvious as in the case of tensor independence,
free independence is from a combinatorial point of view nothing but
a very special rule for calculating joint moments of freely independent
variables out of the moments of the single variables. Or in other words,
we have the following important fact.

If a family of random variables is freely independent, then the joint
distribution of the family is completely determined by the knowledge of
the individual distributions of the variables.

The proof of the following lemma shows how this calculation can
be done in principle.
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LEMMA 5.13. Let (A, ) be a non-commutative probability space
and let the unital subalgebras A; (i € 1) be freely independent. Denote
by B the algebra which is generated by all A;, B = alg(A; | 1 € I).
Then ¢|g is uniquely determined by |4, for all i € I and by the free
independence condition.

PRrROOF. Each element of B can be written as a linear combination
of elements of the form a; - - - ar where a; € A (i(j) € I). We can
assume that (1) # ¢(2) # --- # i(k). (Otherwise, we just multiply
some neighbors together to give a new element.) Let a;---a, € B
be such an element. We have to show that ¢(a;...ax) is uniquely
determined by the |4, (i € I).

We prove this by induction on k. The case k£ = 1 is clear because
a; € A;1). In the general case we put

aj = a; — p(a;)1 € Ay (1=1,... k).

Then we have

plar---ax) = o((aF + @(a)1) - - (af + p(ax)1))
= p(af---ay) + rest,
where
rest = Z so(a;;(l) T CLZ(S)) : Sp(aq(l)) T go(aq(k,s)),

and the sum runs over all disjoint decompositions

(p(1) < -~ <p(s))U(qg(l) <+ <qlk—ys)) =(1,...,k) (s < k).
Since go(a;?) = 0 for all 5 it follows, by the definition of free indepen-
dence, that ¢(a$---al) = 0. On the other hand, all terms in rest are
of length smaller than k, and thus are uniquely determined from the
induction hypothesis. U

NOTATION 5.14. The operation of going over from some random
variable a to
o

a’:=a—(a)l

is usually called the centering of a.

EXAMPLES 5.15. Let us look at some concrete examples. In the
following we fix a non-commutative probability space (A, ¢) and con-
sider two free subalgebras A and B. For elements a,ai,as € A and
b,bi, by € B we want to calculate concretely some mixed moments of
small length. The main trick is to reduce a general mixed moment to
the special ones considered in the definition of free independence by
centering the involved variables.
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(1) According to the definition of free independence we have directly
w(ab) = 0 if p(a) = 0 and p(b) = 0. To calculate ¢(ab) in general we
center our variables as in the proof of the lemma:

0=¢((a—p(@))b—e®)1))
= p(ab) — ¢(al)p(b) — p(a)p(1b) + p(a)e(b)p(1)
= p(ab) — p(a)p(b)
which implies
w(ab) = ¢(a)p(b) if a and b are free. (5.4)
(2) In the same way we write
p((a1 = p(a1)1)(b = @(b)1)(az — p(az)1)) =0
implying
e(arbag) = p(araz)p(b) if {ay,as} and b are free. (5.5)

(3) All the examples up to now yielded the same result as we would
get for tensor independent random variables. To see the difference
between “free independence” and “tensor independence” we consider
now @(aibjasghy). Starting from

¢ ((a1 = p(a)1) (b — p(b1)1) (a2 — p(az)1)(b2 — (b2)1)) =0

one arrives after some calculations at

p(arbaazhs) = p(aiaz)p(br)p(ba) + @lar)p(az)p(bibs)
— p(a1)p(b)plaz)p(bz), (5.6)
if {ay,a2} and {by, by} are free.

Some basic properties of free independence

Although the above examples are only the tip of an iceberg they allow
us to infer some general statements about freely independent random
variables. In particular, one can see that the concept of free indepen-
dence is a genuine non-commutative one and only trivial shadows of it
can be seen in the commutative world.

REMARKS 5.16. (1) When can commuting random variables a and
b be freely independent? We claim that this can only happen if at least
one of them has vanishing variance, i.e. if

pla—p(@1)?) =0 or  o((b—e®)1)*) =0.
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Indeed, let a and b be free and such that ab = ba. Then, by combining
Equations (5.4) (for a® and b* instead of @ and b) and (5.6) (for the
case that a; = ay = a and by = by = b), we have

p(a®)p(b?) = p(a®’)
= p(abab)

= p(a®)p(b)” + p(a)(b*) — p(a)o(b),
and hence
0= (p(a®) = @(a)®) (¢(b*) — @(b)*)
=p((a—w(@)1)?) - ¢((b - ¢(0)1)%),
which implies that at least one of the two factors has to vanish.

(2) In particular, if a and b are classical random variables then
they can only be freely independent if at least one of them is almost
surely constant. This shows that free independence is really a non-
commutative concept and cannot be considered as a special kind of
dependence between classical random variables.

(3) A special case of the above is the following. If a is freely in-
dependent from itself then we have p(a?) = ¢(a)?. If we are in a
«-probability space (A, ¢) where ¢ is faithful, and if a = a*, then this
implies that a is a constant: a = ¢(a)l. Another way of putting this
is as follows. If the algebras A; and Ay are x-free in the x-probability
space (A, ) and if ¢ is faithful then

AinA, =ClL

Another general statement about freely independent random vari-
ables which can be inferred directly from the definition is that constant
random variables are freely independent from everything. Because of
its importance we state this observation as a lemma.

LEMMA 5.17. Let (A, ) be a non-commutative probability space
and B C A a unital subalgebra. Then the subalgebras C1 and B are
freely independent.

Proor. Consider ay,...,a; as in the definition of free indepen-
dence, with k& > 2 (the case k = 1 is clear). Then we have at least one
a; € C1 with ¢(a;) = 0. But this means a; = 0, hence a;---a; = 0
and thus ¢(a - - ax) = 0. O

In the next proposition we observe the fact that free independence
behaves nicely with respect to the tracial property. To prove this we
need a bit of information on how to calculate special mixed moments
of freely independent random variables.
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LEMMA 5.18. Let (A, ) be a non-commutative probability space,
and let (A;)icr be a freely independent family of unital subalgebras of A.
Let ay, ... ay be elements of the algebras A;ny, ..., Ay, respectively,
where the indices i(1),...,i(k) € I are such that

i(1) £i(2),. ik — 1) # k),
and where we have p(ay) = --- = @(ay) = 0. Likewise, let by, ..., b be
elements of Ajqy, ..., Aju, respectively, such that

J) #5(2),-.., 5= 1) # 5(0),
and such that (b)) = --- = (b)) = 0. Then we have
gp(al . 'Gkbl e bl)

_ { plash) - plante) i =1, i() =3 (Dseonill) =505

PROOF. One has to iterate the following observation: either we
have i(k) # j(l), in which case

w(al...akbl...bl) — 0’
or we have i(k) = j(1), which gives

SO(CM e akbl e bl) = (p(al o Q1 ((akbl)o + gp(akbl)l) . bl_1 c. b1>

=0+ gp(akbl) : 90((11 c. ak_lbl_l N bl)
O

PROPOSITION 5.19. Let (A, p) be a non-commutative probability
space, let (A;)ier be a freely independent family of unital subalgebras of
A, and let B be the subalgebra of A generated by U;cr A;. If p|a, is a
trace for every i € I, then @|g is a trace.

PROOF. We have to prove that ¢(ab) = @(ba) for all a,b € B.
Since every element a from B can be written as a linear combination
of 1 and elements of the form a; - - - a; (for £ > 1, a, € A;( such that

i(1) #£i(2) # ... #i(k) and p(a;) = --- = p(ax) = 0), it suffices to
prove the assertion for a and b of the special form a = a;---a; and b =
by -+ by with a, € Ay and by € A where i(1) # i(2) # ... # i(k)

and j(1) # j(2) # ... # j(l), and such that ¢(a;) = -+ = p(ag) =0
and p(by) = -+ = ¢(b;) = 0. But in this situation we can apply the
previous Lemma 5.18 and get

SO(CM ceagh - 'b1) = 0 - 5i(k)j(k) T 5i(1)j(1) : Qp(albl) T sﬁ(akbk)
and

(b -+ -bray -~ ar) = 6w - 051i1) - - Ojwyiq) - P(brar) - - - p(bray).
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The assertion follows now from the assumption that ¢ is a trace on
each A;, since this means that ¢(a,b,) = ¢(bya,) for all p. O

For some more general observations which one can derive directly
from the definition of free independence, see Exercises 5.22—5.25.

REMARK 5.20. One general observation which is worth spelling
out explicitly is that free independence is (in the same way as classical
independence) commutative and associative, in the sense that

A1, Ay free — As, A free

and

Xl, XQ U Xg free } { Xl U XQ, X3 free

Xy, X3 free X, Xy free } — Xy, Xy, A5 free

The commutativity is obvious from the definition, associativity will be
addressed in Exercise 5.25.

REMARK 5.21. The fact that the joint distribution of a free family
is determined by the individual distributions can be combined with
Theorem 4.11 of the preceding lecture — this will enable us to talk
about C*-algebras defined by a family of x-free generators with given
«-distributions. (At least it will be clear that the class of isomorphism
of such a C*-algebra is uniquely determined. The issue of why the
C*-algebra in question does indeed exist will be discussed separately
in the next two lectures.)

For instance one can talk about

{ “the unital C*-algebra generated by 3 free

selfadjoint elements with arcsine distributions.” (5.8)

This means: a unital C*-algebra A endowed with a faithful posi-
tive functional ¢, and generated by 3 free selfadjoint elements x1, x5, 73,
where each of 1, x9, 3 has arcsine distribution with respect to ¢. (Re-
call that the arcsine distribution was discussed in Example 1.14.) The
C*-algebra A is, up to isomorphism, uniquely determined, by the fact
that the above conditions determine the joint distribution of 1, x5, x3,
and by Theorem 4.11 (see also Remark 4.12.1).

Of course, when referring to a C*-algebra introduced as in (5.8),
one must also make sure that a C*-algebra satisfying the required con-
ditions does indeed exist. For the example at hand, this is (inciden-
tally) very easy — we can just take A to be the unital C*-subalgebra
of C7,4(F3) which is generated by the real parts of the 3 canonical uni-

(§]

tary generators of C ,(Fs). In general, this kind of approach does not

necessarily take us to look at the reduced C*-algebra of a free group,
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but rather to a more general type of free product construction, which
is discussed in the next two lectures.

Are there other universal product constructions?

Before we continue our investigation of the structure of free indepen-
dence we want to pause for a moment and consider the question how
special free independence is. Has it some very special properties or is it
just one of many examples of other forms of independence? We know
that we have free independence and tensor independence. What are
other examples?

Let us formalize a bit what we mean by a concept of independence.
Independence of subalgebras A; (i € I) should give us a prescription for
calculating a linear functional on the algebra generated by all A; if we
know the value of the functional on each of the subalgebras (as Lemma
5.13 assures us for the case of free independence). This prescription
should be universal in the sense that it does not depend on the actual
choice of subalgebras, but works in the same way for all situations.

So what we are looking for are universal product constructions in
the following sense: given any pair of non-commutative probability
spaces (A1, ¢1) and (As, p2), we would like to construct in a universal
way a new non-commutative probability space (A, ), where A consists
of all linear combinations of possible words made of letters from A; and
from Ay. (Thus, A := A; % Ay is the so-called algebraic free product
of A; and Ay. We will say more about this in the next lecture.)

One can formulate this in an abstract way by using the language
of category theory (one is looking for a construction which is natu-
ral, i.e. commutes with homomorphisms), but it can be shown that
in the end this comes down to having formulas for mixed moments
o(arbiagbs - - - apby,) (where a; € Ay and b; € Ay) which involve only
products of moments of the a; and moments of the b;, such that in each
such product all a; and all b; appear exactly once and in their original
order.

Let us make the type of formulas a bit clearer by writing down some
examples for small n. The case n = 1 yields only one possibility for
such a product, thus

p(arbr) = epi(ar)pa(br), (5.9)

whereas n = 2 gives rise to four possible contributions:
p(arbiasbs) = apy(araz)pa(bibe) + Bpi(ar)pi(az)pa(biba)
+yp1(araz)p2(bi)p2(b2) + 01 (a1)pi(az)p2(br)e2(b2). (5.10)
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Universality of the construction means that the coefficients €, o, 3, v,
do not depend on the special choice of the non-commutative probability
spaces (A1, 1), (Az, @2), nor the special choice of the elements a;, b;,
but that these coefficients are just some fixed numbers.

The question is now: how much freedom do we have to choose the
coefficients ¢, a, 3,7,0 in the above formulas? Of course, the coeffi-
cients cannot be totally arbitrary, because we clearly want to impose
the following consistency requirements:

(1) the formulas must be consistent if we put some of the a; or b
equal to 1;

(2) the formulas must respect associativity, i.e. in the iterated case
of three or more algebras the resulting formula must be independent of
the order in which we iterate.

The first requirement, for example, gives us directly

L=p(1-1) =ep(lga(1) =&,

so for n = 1 we have no choice but

p(ab) = p1(a)pa(b). (5.11)

This means in particular that
p(a) = ¢i(a) Va € A, (5.12)
p(b) = ¢2(b) Vb€ Ay, (5.13)

which agrees with our expectation that such an universal product con-
struction should be an extension of given states to the free product of
the involved algebras.
For n = 2, we get, by putting a; = a3 = 1 in (5.10):
p2(b1bz) = @ (b1bs)
= ap1(1-1)pa(biba) + Bp1(1)e1(1)pa2(bibs)
+ 71(1 - 1)ipa(br1)@2(b2) + 001 (1)1 (1)pa2(b1)pa(b2)
= (a+ B)p2(bibz) + (v + 6)p2(b1)p2(b2).
Since we can choose any probability space (Asg, ¢2) and arbitrary el-

ements by,by € Ajy, the above equality has to be true for arbitrary
©a(b1bs) and arbitrary ¢o(by)ps(by), which implies that

a+pf=1 and v+d=0. (5.14)
Similarly, by putting by = by = 1 in (5.10), we obtain
a+y=1 and O+ =0. (5.15)



ARE THERE OTHER UNIVERSAL PRODUCT CONSTRUCTIONS? 7

Note that these relations imply in particular (by putting b, = 1 in
(5.10)) that

plarbiaz) = p(araz)e(br).
The relations (5.14) and (5.15) give us some substantial restrictions for
our allowed coefficients in (5.10), but still it looks as if we could find a
1-parameter family of such formulas for n = 2.

However, associativity will produce more restrictions. Let us con-
sider three probability spaces (A1, ¢1), (Asz, p2), (As, p3) with elements
ar,as € Ay, by, by € Ay, 1,0 € Az and let us calculate ¢(ajc1bicaashs).
We can do this in two different ways. We can read it either as
w(ai(erbica)ashs) or as p((ajcr)by(c2as)bs). In the first case we cal-
culate

p(ai(cibica)agby) = ap(araz)p(cibicabe) + Bp(ar)p(az)p(cibicabs)
+yp(araz)p(cibica)p(be) + dp(ar)p(az)p(cibica)p(ba),
and reformulate this further by using
p(c1bicaby) = ap(cic)p(biba) + Bo(cr)p(c2)p(bibs)
+p(cre)e(bi)p(ba) + dp(cr)p(cz) p(b1)p(b2)
and
p(cibica) = p(crc2)p(br).
This leads to a final expression where the term (ajas)@(b1be)p(cic2)
appears with coefficient o2, i.e.,
p(ar(cibica)agby) = a®p(araz)p(biba)p(cicy) + - --

On the other hand, in the second case we calculate

p((arc1)bi(c2a2)be) = ap(arcicaas)p(bibe) + Bp(arcr)p(caaz)(biby)
+ yp(arcicaas)p(br)p(b2) 4 dp(aict)p(caaz)p(bi)p(ba).
By using
p(arc102a5) = (ai(c12)az) = (araz)p(cicy)
and
plaicr) = p(ar)p(cr),  pleaaz) = p(c2)p(az),
we finally get an expression in which the term p(ajaz)p(b1be)p(cico)
appears with coefficient «,
p((arc1)bi(c2a2)be) = ap(araz)p(bibz)p(cicz) + - -

Since the other appearing moments can be chosen independently
from ¢(ayaz)p(bi1bz)p(cica), comparison of both calculations yields that
a? = . Thus we only remain with the two possibilities « = 1 or @ = 0.
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By (5.14) and (5.15), the value of o determines the other coefficients
and finally we arrive at the conclusion that, for n = 2, we only have
the two possibilities that either « = 1 and § = v = § = 0, which means

plarbrazbs) = p(araz)p(bibs),
or that « =0, = =1, 6 = —1, which means

p(arbiarba) = p(araz)p(br)p(ba) + @(ar)p(az)p(bibs)
— p(a1)e(az)p(b)p(bs).

But the first case is the formula which we get for tensor independent
variables (see Equation (5.2)), whereas the second case, is exactly the
formula (5.6), which describes freely independent random variables.
Thus we see from these considerations that on the level of words of
length 4 there are only two possibilities for having universal product
constructions. It can be shown that this is also true for greater lengths:
although the number of coefficients in universal formulas for expressions
o(arbiagbs - - - anby,) grows very fast with n, the consistency conditions
(in particular, associativity) give such strong relations between the al-
lowed coefficients that in the end only two possibilities survive — either
one has tensor independence or one has free independence.

This shows that free independence, which might appear somewhat
artificial on first look, is a very fundamental concept — it is the only
other possibility for a universal product construction.

Exercises

EXERCISE 5.22. (1) Prove that functions of freely independent ran-
dom variables are freely independent: if a and b are freely independent
and f and g polynomials, then f(a) and g(b) are freely independent,
too.

(2) Make the following statement precise and prove it: free inde-
pendence is preserved via taking homomorphic images of algebras.

EXERCISE 5.23. Let (A, ) be a C*-probability space, and let
(A;)icr be a freely independent family of unital *x-subalgebras of A.
For every i € I, let B; be the closure of A; in the norm-topology. Prove
that the algebras (B;);c; are freely independent.

EXERCISE 5.24. Let (A, ¢) be a s-probability space. Consider a
unital subalgebra B C A and a Haar unitary v € A such that {u,u*}
and B are free. Show that then also B and u*Bu are free. (The algebra
u*Bu is of course u*Bu := {u*bu | b € B} C A.)
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EXERCISE 5.25. In this exercise we prove that free independence
behaves well under successive decompositions and thus is associative.
Let (A;)ier be unital subalgebras of A and, for each i € I, (BY);ecs0)
unital subalgebras of A;. Then we have the following.

(1) If (A;)ie; are freely independent in A and, for each i € I,
(B)jcaq) are freely independent in A;, then all (B!);crjesq) are freely
independent in A.

(2) If all (BY)ier,jesq) are freely independent in A and if, for each
i € I, A; is the algebra generated by all B! for j € J(i), then (A;)ics
are freely independent in A.

EXERCISE 5.26. If we consider, instead of unital algebras and unital
linear functionals, just algebras and linear functionals, then we might
also ask about the existence of universal product constructions in this
frame. We have to give up the first consistency requirement about set-
ting some of the random variables equal to 1, and we can only require
associativity of the universal product construction. Of course, the ten-
sor product and the free product are still examples of such products.
Show that in such a frame there exists exactly one additional example
of a universal product if we also require the natural extension properties
(5.12), (5.13) and the factorization property (5.11) to hold. Describe
this additional example.






LECTURE 6

Free product of x-probability spaces

In order to use free independence we have to be able to find suf-
ficiently many situations where freely independent random variables
arise. In particular, given a family of non-commutative probability
spaces (A;, ), i € I, we should be able to find “models” of the (A;, ;)
sitting inside some bigger non-commutative probability space (A, ¢),
such that the A; are freely independent in (A, ¢). To put it in other
words: if free independence is to be a structure as powerful as classical
independence, then it should allow us to make assumptions such as
“let x; be freely independent and identically distributed random vari-
ables” (with a given distribution). In classical probability theory it is
of course the existence of product measures (or of tensor products in
the more general algebraic frame) which ensures this. In this lecture
we discuss the free counterpart of this construction — free products of
non-commutative probability spaces.

Free product of unital algebras

Similar to the free product of groups discussed in the preceding lecture,
the free product of a family {A; | ¢ € I} of unital algebras will be a
unital algebra A whose elements are words made with “letters” from
the A;. Before describing how exactly we make words with letters from
the A;, let us state the formal definition of the free product in terms of
its universality property (this is analogous to the universality property
stated for free products of groups in Remark 5.10.1 of the preceding
lecture).

DEFINITION 6.1. Let (A;)ier be a family of unital algebras over
C. The (algebraic) free product with identification of units of
the A; is a unital algebra A, given together with a family of unital
homomorphisms (V; : A; — A);es, such that the following universality
property holds: whenever B is a unital algebra over C and (®; : A; —
B);c; is a family of unital homomorphisms, there exists a unique unital
homomorphism ® : A — B such that doV; =, Vi e [.

81
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NOTATIONS 6.2. We now make some clarifying comments related
to the preceding definition (and also introduce at the same time a num-
ber of useful notations). So let us consider the setting of Definition 6.1.
Quite clearly, the free product algebra A is determined up to isomor-
phism (in the obvious way, common to all situations when objects are
defined by universality properties). On the other hand, the homomor-
phisms V; : A; — A turn out to be one-to-one (see the discussion in
the next Remark 6.3); so by a slight notational abuse we can assume
that A contains every A; as a unital subalgebra. This makes the map
V; disappear (or rather, V; simply becomes the inclusion of A; into A).
This version of the free product algebra (which contains every A; as a
unital subalgebra) is somewhat more “canonical”; it is the one which
is usually considered, and is denoted as

A = xier Ay (6.1)

We should warn the reader here that the simplified notation in Equation
(6.1) comes together with the following convention: by relabeling the
A; if necessary, we assume that they all share the same unit, while on
the other hand an intersection A;, N A;, for 7; # i3 does not contain
any element which is not a scalar multiple of the unit. (This is the case
even if we are looking at a free product of the form, say, A = BxBx B,
for some given unital algebra B. Before being embedded inside A, the 3
copies of B that we are dealing with have to be relabeled as By, By, Bs,
with B, N B; = Cl 4 for i # j.)

The structure of the free product A = *;c;.A; is better understood
if one identifies A as being spanned by certain sets of “words” made
with “letters” from the algebras A;. In order to describe this, let us
choose inside every A; a subspace A¢ of codimension 1 which gives a
complement for the scalar multiples of the unit of A;. (A way of finding
such a subspace A¢ which fits very well the spirit of these lectures is
by setting A? := ker(y;), where ¢; : A; — C is a linear functional such
that ¢;(14,) = 1.) Once the subspaces A¢ are chosen, we get a direct
sum decomposition for the free product algebra A = *;c;.A;, as follows:

A=Cla (é GB Wzlzn)v (6.2)

i1, ,in €1

11742, ,in—1F0n

where for every n > 1 and every iy,...,i, € [ such that i; #
19,y in_1 7 1, We set
Wi..in =span{a; ---a, | a; € A7 ..., a, € A} }. (6.3)
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Thus every Wi, ;. is a set of “words” of a specified type, and the free
product #;c7A; can be understood in terms of such linear subspaces
of words via Equation (6.2). It is also worth recording that for every
n > 1 and every iy,...,7, € I such that ©; # 49,...,4,_1 # iy, the
space W, ;. of Equation (6.3) is canonically isomorphic to the tensor
product A7 ® ---® A7 , via the linear map determined by

A Q@A 301 ® - Qap—aran € Wiy, i, (6.4)
for a; € A7, ... a, € A7..

11 ?

REMARK 6.3. One might object at this point that our presentation
of the free product A = *;c;.A; lacks in the following respects: first we
did not give a proof that an algebra A with the universality property
stated in Definition 6.1 does indeed exist, and then in Notations 6.2 we
presented some properties of this hypothetical algebra A which again
we gave without proof. For the reader interested in filling in these gaps,
let us make the observation that the two shortcomings mentioned above
can be made to cancel each other, by reasoning in the following way. Let
(A;)ier be a family of unital algebras for which we want to construct the
free product. For every i € I consider a linear functional ¢; : A; — C
such that ¢;(14,) = 1, and the subspace A¢ := ker(¢;) C A;. Then
consider the vector space

A:m@(é P oo (6.5)
n=1

) _1'1 77777 _inEI )
11 #19,..., Gy —1Fin

The point to observe is that on this vector space A one can rigorously
define a multiplication which reflects the intuitive idea of how “words”
can be multiplied by concatenation. Thus A becomes a unital algebra
over C, and the algebras A; are naturally embedded inside it (via A; ~
Cl @ A?, i € I); finally, the universality properties known for tensor
products and direct sums can be used in order to deduce that A indeed
has the universality property required by Definition 6.1.

In this approach, the tedious details which have to be verified are
then concentrated in the process of making sure that the “natural”
definition of the multiplication on A indeed makes sense, and gives
us an algebra. We will leave it as an exercise to the conscientious
reader to work out the formula for how to multiply two general tensors
ay®---®al, and af ® -+ ® al) — see Exercise 6.15. Here we will only
discuss, for illustration, one simple example of such a multiplication.

Say for instance that we have chosen two distinct indices i1 # o in [
and some elements ay, by € A9, as, by € A%, and that we want to figure

(R

out the formula for multiplying the elements a; ® ay and by ® by of A.
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The first candidate which comes to mind as result of this multiplication
is a1 ® (azbe) ® by (obtained by concatenating the two given tensors
and by using the multiplication of A;,). But a; ® (azby) ® by does not
necessarily belong to any of the summands in the direct sum in (6.5),
as azby may not belong to A7,. In order to fix this, we thus consider
(similar to the pattern of notation used in Lecture 5) the centering of
asba,
(CLng)O = a262 — (,02‘2 (CLng) . ]._Ai2 € A;;.
Then the candidate for the product of a; ® as and by ® by becomes:
a1 ® (agb2)’ ® ay + @i, (azbs) - (a1by).
This is closer to what we need, but still requires the centering of a,by,
(a1b1)0 = a1b1 — 902'1 (albl) . 1"41'1 € A?l.

By replacing a1b; by (a1b1)° 4 @i, (a1b1) - 1 in the preceding form of the
candidate for the product, we arrive at the correct definition:

(a1 ®ag) - (by ®@by) = (goil(albl)goig(ang)) -1
+ @i, (aghs) - (a1b1)’ + a1 ® (azbs)° @ by.

(Thus (a1®az)-(b2®b1) is an element of C1BAS7 © (A9 ®A; ®A7 ) C A.)

A final point: from the approach suggested in this remark, it would
seem that the free product *;c;.4; actually depends on the choice of
a family of linear functionals ¢; : A; — C, i € I. It is indeed true
that the decomposition of 4 appearing on the right-hand side of (6.5)
depends on the choice of ¢;. But the class of isomorphism of A itself
does not depend on the ; — this is immediate from the fact that A has
the universality property required in Definition 6.1.

Free product of non-commutative probability spaces

DEFINITION 6.4. Let (A;, ¢;)icr be a family of non-commutative
probability spaces. Consider the free product algebra A = x;c7.A; and
its direct sum decomposition as described in Equation (6.2) of Nota-
tions 6.2, where the subspaces A9 C A; are defined as AY := ker(y;),
i € I. The free product of the functionals (¢;);c; is defined as the
unique linear functional ¢ : A — C such that ¢(14) = 1 and such
that ©W;,.. ., = 0 for every n > 1 and every iy,...,i, € I with
11 # 19,19 # 13,...,1,_1 # 1, The notation used for this functional
v : A — Cis x;c70;. The corresponding non-commutative probability
space (A, p) is called the free product of the non-commutative
probability spaces (A;, ¢;) for i € I, and one writes sometimes

(A, 80) = ¥l (-Am%)
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(instead of (A, p) = (*kierAi, *icrpi ))-

REMARK 6.5. In the situation of Definition 6.4, the restriction of
the free product functional ¢ to an A; is equal to the original ¢; :
A; — C which we started with. Indeed, ¢ is defined such that ker(¢) D
A? = ker(yp;); hence the functionals ¢|4, and ¢; coincide on A? and
on C1, and must therefore be equal to each other. Thus if (A, ¢) =
x;cr(Ai, pi), then every (A;, ¢;) is indeed “a subspace” of (A, ).

PROPOSITION 6.6. Let (A;, pi)icr be a family of non-commutative
probability spaces, and let (A, ) be their free product. Then we have
the following.

(1) The subalgebras A;, i € I, are freely independent in (A, ¢).

(2) (A,p) has a universality property, described as follows. Let
(B,v) be a non-commutative probability space, suppose that for every
i € I we have a homomorphism ®; between (A;, ;) and (B,v) (in
the sense that ®; : A; — B is a unital homomorphism such that 1 o
O, = ; ), and suppose moreover that the images ( ®;(A;) )icr are freely
independent in (B,1). Then there exists a homomorphism ® between
(A, ) and (B,v), uniquely determined, such that ®|A; = ®; for every
1€ 1.

Proor. (1) Let iy,...,i, € I be such that iy # ig,... 0,1 #
in, and let a; € A;,...,a, € A;, be such that p(a;) = -+ =
¢(a,) = 0. In the terminology used in Definition 6.4 we thus have
ay € A, ..., a, € A7 . But then ay ---a, € Wi, i, C ker(p), and we
get that ¢(ay - --a,) = 0, as required by the definition of free indepen-
dence.

(2) By the universality property of A (cf. Definition 6.1) we know
that there exists a unique unital homomorphism ® : A — B such that
®|A; = ;, Vi € I. We have to show that ® also has the property that
Yo ®d = p. In view of the definition of ¢, it suffices to check that ¢ o ®
vanishes on each of the linear subspaces W, ;. of A, for every n > 1

77777

77777

and every iy # ig,...,i,_1 # i, in I. So in other words it suffices to
fix such n and iy, ..., 1,, then to pick some elements a; € A7 ,...,a, €
A? . and to prove that (¢ o ®)(ay ---a,) = 0.
For the aq,...,a, picked above, let us denote
@(al) = Cbil(CLl) = bla ey CID(an) = q%ﬂ(Cln) = bn

Then for every 1 < k < n we have that b, € ®; (A;,) and that
Y(br) = V(s (ar))
=y, (ar) (since ¥ o ;= ;)
=0 (since ay, € .Afk).



86 6. FREE PRODUCT OF %-PROBABILITY SPACES

But now, since the algebras ( ®(A;) )ic; are free in (B, 1)), it follows
that ¢ (by - - - bg) = 0. Thus

(o ®)(ar---an) = ¢(P(ar) -+ B(an)) = P(by---by) =0,
as desired. 0

EXERCISE 6.7. Let G4,...,G,, be groups and G = Gy % --- x G,,
the free product of these groups (as discussed in the part of Lecture 5
about free products of groups). Show that

(CGy,76,) % - % (CGum, 76,) = (CG,7¢). (6.6)

We conclude this section by noting that a free product of tracial
non-commutative probability spaces is again tracial.

PROPOSITION 6.8. Let (A;, vi)icr, be a family of non-commutative
probability spaces, and let (A, ) be their free product. If p; is a trace
on A; for every i € I, then p is a trace on A.

PRroOF. This is an immediate consequence of Proposition 5.19: the
subalgebras (A;);c; of A are freely independent and | A; = ¢; is a
trace for every ¢ € I, hence ¢ is a trace on the subalgebra generated
by UierA; (which is all of A). O

Free product of x-probability spaces

REMARK 6.9. Let (A;, ;)icr be a family of x-probability spaces.
One can of course view the (A;, ¢;) as plain non-commutative prob-
ability spaces, and consider their free product (A, ¢) defined in the
preceding section. It is moreover fairly easy to see that the algebra
A = x;c1A; has in this case a natural x-operation on it, uniquely de-
termined by the fact that it extends the *-operations existing on the
algebras A;, i € I. Referring to the direct sum decomposition

A=Cla® (é @ Wllzn)
n=1 i

112195 in_1#in

discussed in the preceding sections (cf. Equations (6.2) and (6.3)
above), we have that the *-operation on A maps W, _;, onto W;
via the formula

nr--yil’

(al...an)*:a;’;...ai

(holding for a; € A7, ..., a, € Aj , where n > 1 and where iy, ..., i, €

11

I are such that iy # iy, ...,9,1 # i,). This immediately implies that
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the free product functional ¢ = *;c7¢p; is selfadjoint on A, in the sense
that it satisfies the equation

ola*) = p(a), Yac A

Nevertheless, it is not clear from the outset that the free product (A, )
of the (A;, p;) is a x-probability space — indeed, it is not clear whether
 satisfies the positivity condition ¢(a*a) > 0, a € A. The main goal
of the present section is to prove that the desired positivity of ¢ does
actually take place. The proof will rely on some basic facts about
positive matrices, which are reviewed next.

REMARK 6.10. Recall that a matrix A € M,,(C) is said to be pos-
itive when it satisfies one (hence all) of the following equivalent con-
ditions:

(1) A is selfadjoint and all its eigenvalues are in [0, 00);

(2) A can be written in the form A = X*X for some X € M, (C);

(3) one has (A€, &) > 0 for every € € C", where (, ) is the standard

inner product on C".
(The equivalence between (1) and (2) above is a particular case of
Proposition 3.6, used for the C*-algebra M,,(C). But, of course, in this
particular case we do not have to refer to Proposition 3.6, for example
for (1) = (2) one can simply find X by diagonalizing the matrix A.)

A fact about positive matrices which we want to use concerns the
entry-wise product — also called Schur product — of matrices. Given
A = (ay)}j=; and B = (by)};—; in M,(C), the Schur product of A

and B is the matrix S := (a;;045)} ;.

LEMMA 6.11. Let A = (a;j)};=; and B = (by)};—, be two posi-

tive matrices in M,(C). Then the Schur product S = (a;;by;)} =, is a
positive matriz as well.

Proor. We will show that S satisfies condition (3) from Remark
6.10. For & = (&1, ...,&,) € C™ we clearly have:

n

(S6,€) =Y aibi&& (6.7)

ij=1

But then let us write A = X*X, where X = (24);;-, € M,(C). For
every 1 <1,j < n we have a;; = Y, _, T;xx;, and substituting this in
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(6.7) we get:
(S¢,6) = Z Tratnsbi &G
i,7,k=1
== Z(Z bz] gjxk’] gzxkz ))
= <B77k777k> >0,
where ng := (§12k1, -+ -, §nTpn) € C* for 1 < k < n. d

Positive matrices appear in the framework of a x-probability space
in the following way.

LEMMA 6.12. Consider a unital x-algebra A equipped with a linear
functional ¢ : A — C. Then the following statements are equivalent:

(1) ¢ is positive, i.e. we have p(a*a) >0,V a € A;

(2) for alln > 1 and aq,...,a, € A, the matric (gp(afaj))zjzl €
M, (C) is positive.

PROOF. (2) = (1) is clear ((1) is the particular case “n = 1" of

(2)).

(1) = (2): Given n > 1 and ay, ..., a, € A, we verify that the ma-

trix A = (p(aja ))J | satisfies condition (3) of Remark 6.10. Indeed,
for every € = (&1,...,&,) € C™ we can write:
(A€, &) = Y plaia,)&8 = (Z SR

3,j=1 2,7=1
=) (X ga) ) 20
i=1 =1
O

We can now give the positivity result announced at the beginning
of this section.

THEOREM 6.13. Let (A;, vi)icr be a family of x-probability spaces.
Then the functional @ := %1 A; is positive, and hence the free product
(A, ) := xier( A, i) is a x-probability space.
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PROOF. In order to prove the positivity of ¢, we will rely on the
direct sum decomposition

n=0 0] eees in€l
117095 yipg— 1 Fin

This is the same as in Equation (6.2) above, with the additional con-
vention that, for n = 0, the subspace W, ;. indexed by the empty

0-tuple is C1. Observe that, as an immediate consequence of Lemma
5.18 from the preceding lecture we have that, for iy #£ 49, ... i, 1 # iy

a‘ndjl %j%"'ajm—l ?é]m in I:

i1y yim) # (1, Jm) = (a*b) =0, YaeW, .. (6.8)
VbeW;, .

Consider now an element a € A and write it as
N

n=0 LSS in€l
i1 i Hin
for some N > 0 and where a;, . ;, € Wi, i, for every 0 <n < N and
every iy % iy # - - - 7& in in I. Then we have

5> DN DI GRS

aaaaa in€l j15--Jm €L
11#12# Fin 11?5]2# Fim

m,n=0
N
:Z Z (p(az,...,inail,“.,in)) (69)
n=0

i1seemin€l
i1#in# Fin

where at the last equality sign we made use of the implication (6.8).
In view of (6.9), we are clearly reduced to proving that ¢(b*b) > 0

when b belongs to a subspace W, ;.. Fix such a b. We can write
P
b= Z agk)a(zk) al?,
k=1

where aﬁf) S .A? for 1 <m <n, 1<k <p. We thus have:

Z <a;’€>* al* ag”...anl))
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p
= Z gp(agk)*agl)) - la*ql) (by Lemma 5.18).

n n
k=1

Since p|A; = p; for all i, what we have obtained is that:

P
o0'h) = 3 i (@ al) - i, (aP*a). (6.10)
kl=1

Now for every 1 < m < n let us consider the matrix B,, =
(i, (a0 € M,(C), and let S be the Schur product of the
matrices By, ... ;Bn. Lemma 6.12 gives us that each of By,..., B, is
positive, and a repeated application of Lemma 6.11 gives us that S is
positive as well. Finally, we observe that Equation (6.10) amounts to
the fact that ¢(b*b) is the sum of all the entries of S; hence, by taking
¢=(1,1,...,1) € CP, we have p(b*b) = (S¢, () > 0. O

Finally, let us point out that the two basic properties of the expecta-
tion functional which were followed throughout the preceding lectures
— traciality and faithfulness — are preserved when one forms free prod-
ucts of x-free probability spaces. The statement about traciality is a
particular case of Proposition 6.8 from the preceding section, while the
statement about faithfulness is treated in the next proposition.

PROPOSITION 6.14. Let (A;, vi)icr, be a family of x-probability
spaces, and let (A, p) be their free product. If p; is faithful on A;
for every i € I, then ¢ is faithful on A.

PROOF. As in the proof of Theorem 6.13, we will use the direct
sum decomposition of A into subspaces W;, ;. (for n > 0 and i; #
ig # -+ # i, in I). The very same calculation which led to Equation
(6.9) in the proof of Theorem 6.13 shows that it suffices to prove the
implication “p(b*b) = 0 = b = 0” for an element b which belongs to one
of the subspaces W, ;.. We will prove this implication by induction
on n.

The cases n = 0 and n = 1 of our proof by induction are clear.
Indeed, in the case n = 0 we have that b € C1, hence the implication
to be proved reduces to “|A|* = 0 = XA = 0" (for some A € C). In
the case n = 1 we have that b € W, C A; for some ¢ € I, and the
implication “p(b*b) = 0 = b = 0” follows from the hypothesis that
¢|A; (which is just ;) is faithful.

So it remains that we verify the induction step, n — 1 = n, for
n > 2. Consider some indices i; # iy # --+ # 1, in I and an element
be W, such that ¢(b*b) = 0. In view of how the space W is

----- in 1ye5tn
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defined, we can write
b=z + -+ 2pYp (6.11)

for some p > 1, where zy,...,2, € W;, and vy1,...,yp € Wi, .-
Moreover, by appropriately regrouping the terms and by incorporating
the necessary linear combinations, we can assume that in (6.11) the
elements z1, ..., z, are linearly independent. The fact that p(b*b) =0
entails that:

= w( O @) O ) ) = olyiriam).

k=1
If we also make use of Lemma 5.18 from the preceding lecture, we thus
see that we have obtained:

p

> olyim)e(aia) = 0. (6.12)

k=1

Now, the matrix ((p(y,’;yl) )p is positive (since ¢ is positive, and

k=1
by Lemma 6.12), hence we can find a matrix B = (f;), ,—, such that

((p(yZyl) )Z ., = B*B. Written in terms of entries, this means that we
have: 7

e (yryr) Zﬁhkﬁhz, V1<kll<p.

h=1

We substitute this in (6.12) and we get:

kzl (Z ﬁhkﬂhl) ﬂﬁkl‘z)
( Z @ﬂmﬂi@)

1 k=1
< Zﬁhkxk '(iﬂhkaﬁc))-
k=1

By using the positivity of ¢, we infer that:

h

sl

=1

< Zﬁhkxk Zﬁhkxk ) =0, V1I<h<p. (6.13)
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Moreover, since ¢|.A;, is ¢;, and is thus faithful (by hypothesis), Equa-
tion (6.13) has as consequence that

p
Zﬂhkwkzo, V1<h<p.

k=1

This in turn implies that (G, = 0 for every 1 < h, k < p, because the
elements z1,...,z, € W;, are linearly independent. As a consequence,
we obtain that

p
CWiye) = > B =0, 1<k <p.
h=1

But ¢ is faithful on W, ., by the induction hypothesis; so from the
latter equalities we infer that y; = --- =y, = 0, and we can conclude
that b = Ziﬁ LY = 0. ]

Exercises

EXERCISE 6.15. In the setting of Remark 6.3, describe precisely the
multiplication operation on the vector space A introduced in Equation
(6.5), and prove that in this way .4 becomes a unital algebra.

[Hint: In order to spell out the multiplication of two tensors ¢} ®- - -®al,
and af ® - - - ®a,, one can proceed by induction on m +n. If a], € A9
and ay € A% with i,, # j;, then the desired product is simply defined
tobed| ® - ®ad, ®a|®---®al. If i, = j; =: i, then consider the
element

b= ® - @) (@ Ba)

which is defined by the induction hypothesis, and define the product
ofdf ®---®a, and af ® --- ® al’ to be

AR -®a, @ (a,d)’ ®@ay® - @ a, + @i(a,ay) - b]

EXERCISE 6.16. (f.i.d. sequences)

Let p be a probability measure with compact support on R. Show
that one can find a x-probability space (A, ) where ¢ is a faithful
trace, and a sequence (z,,),>1 of freely independent selfadjoint random
variables in A, such that each of the x; has distribution .

EXERCISE 6.17. Let (A, ) be a x-probability space and let a be
an element of A. Sometimes we need to make the following kind of
assumption (see e.g. Lecture 15 below): “by enlarging (A, ) (if neces-
sary), we may assume that there exists a Haar unitary u € A such that
a and u are *-free.” Explain why one can make such an assumption.
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EXERCISE 6.18. State and prove an analog of Proposition 6.6, hold-
ing in the framework of *-probability spaces.

EXERCISE 6.19. Let (A, ) be a #-probability space. Let (z;)icr
be a freely independent family of selfadjoint elements of A, such that
the unital *-algebra generated by {z; | i € I} is all of A. Suppose in
addition that for every ¢ € I the element z; has distribution p; with
respect to ¢, where p; is a compactly supported probability measure
on R (as in Remark 1.10 of Lecture 1), and such that the support of
; is an infinite set. Prove that ¢ is a faithful trace on A.

[Hint: For faithfulness, it suffices to check that the restriction of ¢ to
{P(z;) | P € C[X]} is faithful, for every i« € I. This happens because a
non-zero polynomial in C[X] cannot vanish everywhere on the support

of ;]






LECTURE 7

Free product of C*—probability spaces

After discussing free products for non-commutative probability spaces
and for x-probability spaces in the preceding lecture, we will now look
at the corresponding concept for C*-probability spaces. We will restrict
our attention to the technically simpler case of C*-probability spaces
(A, @) where ¢ is a faithful trace. We will show how for such spaces the
free product at the C*-level can be obtained from the free product as
x-probability spaces by using the basic concept of Gelfand—Naimark—
Segal (or GNS for short) representation.

The GNS representation

In this section we consider the framework of x-probability spaces. Re-
call from Lecture 1 (Definition 1.6) that by a representation of a -
probability space (A, ¢) we understand a triple (H, 7, &) where H is a
Hilbert space, m : A — B(H) is a unital *-homomorphism and ¢ is a
vector in ‘H, such that the relation p(a) = (7(a)&, ) holds for every
ac A

REMARK 7.1. (The space L*(A, p))
Let (A, ) be a x-probability space. Consider the positive definite
sesquilinear form on A defined by:

(a,b) == ¢(b*a), a,be A. (7.1)

By using the Cauchy—Schwarz inequality for ¢ (Lecture 1, Equation
(1.1)), one sees immediately that N := {a € A | (a,a) = 0} can also
be described as {a € A | (a,b) = 0 for all b € A}, and is therefore
a linear subspace of A. It is a standard procedure to consider the
quotient space A/N, endowed with the inner product inherited from
the sesquilinear form (7.1), and then to take the completion of A/N
with respect to this inner product. The result is a Hilbert space which
is customarily denoted as “L%(A, ¢).”

Rather than remembering the (somewhat uncomfortable) procedure
described above for constructing L?*(A, ), it is easier to remember
L*(A, ¢) in the following way: there exists a linear map

Asarae LA ) (7.2)
95
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such that:
(i) {@|a € A} is a dense subspace of L?(A, ), and
(ii) (@,b) = p(b*a), ¥ a,be A
Referring to the notations of the preceding paragraph, the map from
(7.2) sends an element a € A to its coset in the quotient A/N C
L?*(A, ). But in the concrete manipulations of L?(A, o) this actually

never appears, it is always the combination of properties (i) 4 (ii) from
(7.3) that is used.

The GNS representation for (A, ¢) is defined in the way described
in the next proposition. Some comments around the condition (7.4)
imposed on A in this proposition are made in Remark 7.4.

(7.3)

PROPOSITION 7.2. Let (A, ) be a *-probability space, and let us
assume that

A =span{u | u € A, u is a unitary }. (7.4)

Then for every a € A there exists a unique bounded linear operator

m(a) € B(L*(A, ¢)) such that
m(a)b=ab, Vbe A. (7.5)
The map 7 : A — B(L*(A, )) so defined is a unital x-homomorphism.

Moreover, the triple (L2(A, ), m,1) is a representation of (A, ),

where 1 is defined according to the conventions of notation in (7.3),
with 1 = 14, the unit of A.

DEFINITION 7.3. This special representation of (A, ) described in
the preceding proposition is called the GNS representation.

PROOF. Most of the verifications required in order to prove this
proposition are trivial (and will be left to the reader). The only point
that we will examine here is why the formula (7.5) defines a bounded
linear operator on L?(A,p). It is immediate that (given a € A) it
suffices to prove the existence of a constant k(a) > 0 such that

llabllz2a) < k(@) - [bll 2. ¥ b€ A (7.6)
indeed, once this is done, a standard continuity argument will extend
the map b — ab from the dense subspace {b | b € A} to a bounded

linear operator on L%(A, ¢).
Now, the set

{a € A| there exists k(a) > 0 such that (7.6) holds} (7.7)

is a linear subspace of A. The verification of this fact is immediate
(the reader should have no difficulty in noticing that k(a;) + k(az) can
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serve as k(a; + az) and that |a|k(a) can serve as k(aa)). But on the
other hand, let us observe that the set introduced in (7.7) contains all
the unitaries of A. Indeed, if u € A is a unitary then (7.6) is satisfied
for the constant k(u) = 1:

[lubl | z2(a0) = (ub, ub)/? = p(b*u ub)'/? = (b*6)"/? = |[b]| 24,

for all b € A.

Consequently, the hypothesis that A is the linear span of its
unitaries implies that the set appearing in (7.7) is all of A (as we
wanted). O

REMARK 7.4. The hypothesis (7.4) that A is the span of its uni-
taries is for instance satisfied whenever A is a unital C*-algebra — see
Exercise 7.20 at the end of the lecture. It is fairly easy to relax this
hypothesis without changing too much the argument presented above
— see Exercise 7.22. On the other hand, one should be warned that this
hypothesis cannot be simply removed (that is, the boundedness of the

operators b — ab on L*(A, ) cannot be obtained in the framework of
an arbitrary s-probability space — see Exercise 7.23).

We next point out how GNS representations can be recognized (up
to unitary equivalence) by using the concept of a cyclic vector.

DEFINITION 7.5. Let A be a unital x-algebra, let H be a Hilbert
space, and let 7 : A — B(H) be a unital *-homomorphism. A vector
1 € 'H is said to be cyclic for 7 if it satisfies:

c{r(a)n|ae A} =H, (7.8)
where “cl” denotes closure with respect to the norm-topology of H.

It is obvious that, in the notations of Proposition 7.2, the vector
1 is cyclic for the GNS representation 7 : A — B(L%(A, ¢)) — indeed,
the subspace {m(a)1 | a € A} is nothing but the dense subspace {a |
a € A} from (i) of (7.3). On the other hand, we have the following
proposition, which says that in a certain sense the GNS representation
is the “unique” representation (H,m,&) of (A, ) such that ¢ is cyclic
for .

PROPOSITION 7.6. Let (A, @) be a x-probability space, and assume
that (A, ) satisfies the hypothesis of Proposition 7.2 (hence that it has
a GNS representation). Let (H,p,&) be a representation of (A, @) such
that & is cyclic for p. Then (H, p, &) is unitarily equivalent to the GNS
representation (L?(A, go),ﬂ,/l\), in the sense that there exists a linear
operator U : L*(A,p) — H which is bijective and norm preserving,

such that U(1) = €, and such that Un(a)U* = p(a) for every a € A.
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PROOF. Let us observe that
lp(@)élln = [[allzza,p), Vae€ A (7.9)

Indeed, both sides of Equation (7.9) are equal to ¢(a*a)'/?; for instance
for the left-hand side we compute like this:

lp(@)éll5, = (p(a)€, p(a)E)n = (p(a*a)é. E)w = plaa).

Due to (7.9), it makes sense to define a function Uy : {a | a € A} —
‘H by the formula

Us(a) = p(a)é, a€ A. (7.10)
Indeed, if a vector in the domain of Uy can be written as both @ and

b for some a,b € A, then we get that Ha/_\bHLQ(A,Lp) = 0, hence that
l|p(a — b)¢|| = 0 (by (7.9)); and the latter fact implies that p(a) =
p(b)E.

It is immediate that the map U, defined by (7.10) is linear, and
Equation (7.9) shows that Up is isometric. The usual argument of
extension by continuity then shows that one can extend U, to a lin-
ear norm preserving operator U : L*(A,p) — H. The range-space
ran(U) is complete (since it is an isometric image of the complete
space L*(A,)), hence it is closed in H. But we also have that
ran(U) D ran(Up) = {p(a)¢ | a € A}, and the latter space is dense
in ‘H, by the hypothesis that & is cyclic for p. In this way we obtain
that U is surjective.

We have thus defined a linear operator U : L*(A, ¢) — H which is
bijective and norm preserving, and has the property that U(a) = p(a)
for every a € A. The latter property gives in particular that U (T) =
p(14)¢ = &. From the same property we also infer that

Ur(a)b = p(a)Ub, ¥ a,be A (7.11)

(we leave it as an immediate exercise to the reader to check that both
sides of (7.11) are equal to p(ab)¢). Equation (7.11) implies in turn that
Un(a) = p(a)U, ¥V a € A, hence that Un(a)U* = p(a), ¥V a € A. O

REMARK 7.7. We conclude this section with an observation con-
cerning faithfulness. Let A be a unital x-algebra, let 7 : A — B(H) be
a unital *-homomorphism, and let n be a vector in the Hilbert space
‘H. Tt is customary to say that 7 is separating for 7 if the map
A3 aw mw(a)n € H is one-to-one (equivalently, if for a € A we have
the implication 7(a)n =0 = a = 0).

Now let (A, ) be a x-probability space which satisfies the hy-
pothesis of Proposition 7.2, and consider the GNS representation
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(L*(A, ), m,1). It is an immediate exercise, left to the reader, that
we have the equivalence:

¢ is faithful < 1 is a separating vector for 7. (7.12)

A consequence of (7.12) which is worth recording is that if ¢ is faithful,
then 7 : A — B(L?*(A, ¢)) is one-to-one (indeed, the injectivity of 7 is
clearly implied by the existence of a separating vector).

Free product of C*-probability spaces

We will restrict our attention to the main situation considered through-
out these lectures, when the expectation functional is a faithful trace.
The construction of a free product of C*-probability spaces will be ob-
tained from the corresponding construction at the level of x-probability
spaces, by using the GNS representation. Before going into the precise
description of this, it is useful to note the following fact.

LEMMA 7.8. Let (Ay, po) be a x-probability space such that ¢, is
a faithful trace. Suppose that A, satisfies the hypothesis of Proposi-
tion 7.2, and consider the GNS representation (L2(A,,¢,), 7, 1), as
described in that proposition. Let us denote

A= e(n(A) © BILH(Aq ).
If T € A is such that T1 =0, then T = 0.
PROOF. Observe that for every a,b,c € A, we have:
(r(c)a,b) = (r(c)1, ba*). (7.13)

~

Indeed, the left-hand side of (7.13) is (¢a, b) = ¢(b*ca), while the right-
hand side is (c, &l\*> = p(ab*c). But ¢(b*ca) = ¢(ab*c), due to the
assumption that ¢ is a trace.

By approximating an arbitrary operator T' € A with operators of
the form 7(c), ¢ € A, (while a,b € A, are fixed), we immediately infer
from (7.13) that we actually have

(Ta,b) = (T1,ba*), YT €A, abe A, (7.14)
Let now 7' € A be such that 71 = 0. From (7.14) we then obtain

~

that (T'a,b) =0, V a,b € A,. Since {a | a € A,} is a dense subspace
of L*(A,, p,), and T is a bounded linear operator, this in turn gives us
that T'= 0. O

THEOREM 7.9. Let (A;, p:)ier be a family of C*-probability spaces
such that the functionals p; : A; — C, i € I, are faithful traces. Then
there exists a C*-probability space (A, p) with ¢ a faithful trace, and
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a family of norm-preserving unital *-homomorphisms W; : A; — A,
1 € I, such that:

(1) gDOWiZQOi, V’iE[,'

(ii) the unital C*-subalgebras (W;(A;))icr form a free family in
(A, 0);

(iil) UsesWi(A;) generates A as a C*-algebra.

Moreover, (A, ) and (W; : Ay — A)icr are uniquely determined
up to isomorphism, in the sense that if (A',¢") and (W} : A; — A')ier
have the same properties, then there exists a C*-algebra isomorphism
b A— A such that ¢' o ® = ¢ and such that Lo W; = W/ Vi€ I.

PROOF. In order to construct (A, ¢), let us first consider the free
product of x-probability spaces (A,, ©,) = *icr(A;, vi), as discussed in
Lecture 6. Recall that in particular we have A, = *;c1.A; as in Equation
(6.1) of Notations 6.2, and that every A; is hence viewed as a unital
k-subalgebra of A,. Let us also record here the fact that ¢, is a faithful
trace on A, (by Propositions 6.8 and 6.14).

We claim that the linear span W := span{u € A, | u is unitary} is
all of A,. Indeed, for every ¢ € I we have that

W D span{u € A; | u is unitary} = A;

(with the latter equality holding because A; is a C*-algebra, and by
Exercise 7.20). Hence W D U;er A;. But W is a unital x-subalgebra of
A, (immediate verification); so it follows that Y contains the unital
x-subalgebra of A, generated by U,cr.A;, which is all of A,.

We thus see that (A,,¢,) satisfies the hypothesis of Proposi-
tion 7.2, and we can therefore consider the GNS representation
(L2( Ao, 00),m, 1) for (Ao, @,). Since ¢, is faithful, we have that
7: A, — B(L*(A,, ¢,)) is one-to-one (cf. Remark 7.7).

Let us consider the unital C*-subalgebra

A= cl(n(A,)) C B(L*(A,, ©,)).

Moreover, for every ¢ € I let us denote by W; : A; — A the unital x-
homomorphism which is obtained by suitably restricting 7 (this makes
sense, since A; is contained in the domain of w, while A contains its
range). We have that W, is one-to-one (because 7 was like that); in
view of the fact that A; and A are unital C*-algebras, we can thus infer
that W is norm preserving (cf. Exercise 4.18).

Let ¢ : A — C be the positive functional defined by the vector
1 e L2 Ay, ,); that is,

~

o(T) :=(T1,1), T € A.
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Then, clearly, (A, ) is a C*-probability space. Note that Lemma 7.8
gives us the faithfulness of ¢ on A. Indeed, for T € A we have that
o(T*T) = ||T1||% so we get that o(T*T) =0 = T1 =0= T = 0,
with the last implication given by Lemma 7.8.

By taking into account how the GNS representation is defined, it
is immediate that we have

o(m(a)) = pola), VaeA,. (7.15)

Since the W; considered above are obtained by restricting 7, Equation
(7.15) says in particular that ¢ o W; = ¢;, for every i € I.

In order to complete the required list of properties for (A, ¢) and
for (W;);es, one is left to make the following three remarks.

(a) From (7.15) and the fact that (\A;);c; are freely independent in
(Ao, ©o), it follows that the family (W;(A;))es is freely independent in
(A, ).

(b) From (7.15) and the fact that ¢, is a trace on A4, it follows (by
using the density of 7(A4,) in A) that ¢ is a trace on A.

(c) From the fact that (A;);c;r generate A, as a *-algebra and the
density of 7(A,) in A it follows that (W;(A;))ies generate A as a C*-
algebra.

The easy verifications required in the three remarks (a), (b), (c)
listed above are left as an exercise to the reader.

Finally, the uniqueness part of the theorem is a consequence of
Theorem 4.11 (in the version described in Exercise 4.20, which allows
infinite families of generators). U

DEFINITION 7.10. Let (A;, vi)ie; be a family of C*-probability
spaces such that the functionals ¢; : A; — C, i € I, are faithful
traces. A C*-probability space (A, p) together with a family of ho-
momorphisms (W; : A; — A);cr as appearing in Theorem 7.9 will be
called a free product of the C*-probability spaces (A;, ©;)ic;.

It was observed in Theorem 7.9 that, up to isomorphism, there
actually exists only one free product (A, ) of the C*-probability spaces
(A;, ¢:)ier, and the corresponding homomorphisms (W; : A; — A)ier
are one-to-one and norm preserving. Same as in the algebraic case
(cf. Notations 6.2), we will make a slight notational abuse and assume
that A contains every A; as a unital C*-subalgebra. This will make
the W; disappear out of the notations (they become the inclusion maps
of the A; into A), and will give us a more “canonical” incarnation of
(A, ¢) which we will call the free product of the C*-probability spaces
(A;, ©i)icr- The customary notation for this canonical free product is:

(A, ) = *xic1 (A, 9i).- (7.16)
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(This happens to be the same notation as used for the free product of
x-probability spaces in Lecture 6 — we will make sure in what follows
to state explicitly which of the two is meant, whenever there can be
some ambiguity about this.)

When we deal with the canonical C*-free product of Equation
(7.16), the C*-algebra A will be a completion of the algebraic free
product *;c7.A; which was described in Notations 6.2. In the operator
algebra literature it is customary (for reasons that we do not go into
here) to say that A is the reduced free product of the C*-algebras
(A;)ier, with respect to the family of functionals (¢; : A; — C)ie.

Example: semicircular systems and the full Fock space

In this section we present an important situation involving a C*-algebra
which appears as reduced free product — the C*-algebra generated by
a semicircular system.

DEFINITION 7.11. Let (A, ¢) be a x-probability space. A semicir-
cular system in (A, p) is a family xy, ...,z of selfadjoint elements
of A such that:

(i) each of zy,..., 7, is a standard semicircular element in (A, ¢)
(in the sense of Definition 2.16 and Remarks 2.17);

(ii) x1, ...,z are free with respect to .

REMARK 7.12. (The C*-algebra of a semicircular system)

Let (A, ) and (B,v) be C*-probability spaces such that ¢ and 9
are faithful. Let xy,...,z; be a semicircular system in (A4, ), and
let y1,...,yx be a semicircular system in (B,%). Let M C A and
N C B be the unital C*-subalgebras generated by {x1,...,z;} and by
{y1,...,yr}, respectively. Then the C*-probability spaces (M, p| M)
and (N, |N) satisfy the hypotheses of Theorem 4.11, with respect
to their systems of generators xi,...,z; and yi,...,y,x. Hence, by
Theorem 4.11, there exists a C*-algebra isomorphism ® : M — N
such that ®(z;) = y;, 1 < i < k. (This is analogous to the discussion
in Remark 5.21.)

Thus we see that all the semicircular systems of the kind appearing
in the preceding paragraph generate, up to isomorphism, the same C*-
algebra My. This M, is called the C*-algebra of a semicircular
system with k elements.

Of course, in order to introduce the C*-algebra My, one must also
make sure that semicircular systems with k elements can indeed be
constructed in the C*-framework. This is a direct consequence of the
fact that one can form free products of C*-probability spaces, as ex-
plained in the preceding section. In fact, it is immediate that My is
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nothing but the reduced free product of k copies of C[—2,2], where
the expectation functional ¢ : C[—2,2] — C is integration against the
semicircular density, o(f) = % f_22 ft)v4 —t2dt.

On the other hand it is noteworthy that semicircular systems may
arise naturally without requiring us to manifestly perform a free prod-
uct construction. The remaining part of this lecture will be devoted to
showing how this happens in the framework of the so-called creation
and annihilation operators on the full Fock space.

DEFINITIONS 7.13. Let 'H be a Hilbert space.
(1) The full Fock space over H is defined as

F(H) = é HE, (7.17)

The summand H®° on the right-hand side of the above equation is a
one-dimensional Hilbert space. It is customary to write it in the form
CQ for a distinguished vector of norm one, which is called the vacuum
vector.

(2) The vector state 7, on B(F(H)) given by the vacuum vector,

™(T) = (T, Q), T € B(F(H)), (7.18)

is called the vacuum expectation state.
(3) For each & € H, the operator I(§) € B(F(H)) determined by
the formula

1 = ¢
(6 ® - ®E& = ER6HR B, (7.19)
Vn>1,VE&,. .. & eH

is called the (left) creation operator given by the vector &.
(4) As one can easily verify, the adjoint of [(§) is described by the
formula:

1) = 0
l(é)*gl - <£17£>Qa 5167’( (720)
)G @ ®& = (£,)60 -0, ‘
Vin>2 VE&,... 6 €H,

and is called the (left) annihilation operator given by the vector &.

REMARKS 7.14. Consider the framework of the preceding defini-
tions.

(1) Instead of Equation (7.17), one could describe the full Fock
space F(H) by using an orthonormal basis. More precisely: if an
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orthonormal basis {&; | ¢ € I} of H is given, then (just from how
tensor products and direct sums of Hilbert spaces are formed) we get
an orthonormal basis of F(H) described as:

(2) The third part of the preceding definitions states implicitly that
the formulas (7.19) do indeed define a bounded linear operator {(§) on
F(H), the adjoint of which acts by the formulas (7.20). A quick proof
of the first of these two facts is obtained by considering an orthonormal
basis {¢; | i € I} of H such that one of the & is a scalar multiple of
¢, and by examining how [(£) acts on the corresponding basis (7.21) of
F(H). What one gets is that, more than just being a bounded linear
operator on F(H), [(§) is actually a scalar multiple of an isometry. The
verification that [(§)* acts indeed as stated in (7.20) is immediate, and
is left to the reader.

(3) From (7.19) it is clear that the map H 3 & — [(§) € B(F(H))
is linear.

(4) Another important formula (also immediate to verify, and left
as an exercise) is that

L)L) = (0. &) Fay, VEnNEH. (7.22)

As a consequence of this formula, note that a finite product of operators
from {I(§) | £ € H} U{l(&)* | £ € H} can always be put in the form

a - 1(&) - U&m)l(m)" - - - 1mn)” (7.23)

forsomea € C,n,m > 0,and &1, ..., &m, My -+ -, € H. (We carry the
scalar « for convenience of notation — but clearly, a can be absorbed
into 1(&;) whenever m > 1, and « can be absorbed into [(7;)* whenever
n > 1.) Indeed, suppose we are starting with a product

a- l(Cl)e(l) e l(gp)a(p) (7.24)

with o € C, (1,...,(, € H and ¢(1),...,e(p) € {1,*}. If there exists
1 <k <p-—1such that e(k) = * and e(k + 1) = 1, then:

Z(Ck)e(k)l((kﬂ)a(kﬂ) = 1(G) " 1(Chr1) = (Chr1, C) Lre);

thus (at the cost of adjusting the scalar o by a factor of ((xy1, (k) we
can remove the kth and the (k + 1)th factors in the product (7.24),
and replace the monomial appearing there by one of a shorter length.
By repeating this process of shortening the length as many times as
possible, we will bring the monomial (7.24) to a stage where there is
no 1 <k < p—1such that e(k) = * and £(k + 1) = 1; and when this
is done, the monomial (7.24) will have to look as in (7.23).
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The connection between free probability and the framework intro-
duced in Definitions 7.13 comes from the fact that orthogonality of
vectors translates into free independence of the corresponding creation
and annihilation operators.

PROPOSITION 7.15. Let 'H be a Hilbert space and consider the C*-
probability space (B(F(H)), ). Let Hi, ..., Hy be a family of linear
subspaces of H, such that H; L H; for i # j (1 < i,j5 < k). For
every 1 < i < k let A; be the unital C*-subalgebra of B(F(H)) gen-
erated by {I(§) | £ € H;}. Then Ay, ..., Ay are freely independent in
(B(F(H)), 7).

PRrROOF. For 1 <i < klet B; C A; be the unital x-algebra generated
by {l(§) | € € H;}. Tt will suffice to prove that By,..., By are freely
independent (cf. Lecture 5, Exercise 5.23).

For 1 <1 < k, the elements of B; are obtained as linear combina-
tions of finite products of operators from {I(¢) | £ € H;} U{l(§)* | € €
H;}. By taking into account Remark 7.14.4, it then follows that every
T € B; can be put in the form:

p
T =alron + Y UE1) - Um0 - Unjni)"s  (7:25)
j=1

where for 1 < j < p we have (m(j),n(j5)) # (0,0) and &1, ..., &m(),

77]'71, Ce anj,n(j) c Hl
Note also that for T" as in (7.25) we have 73¢(T") = «. This is because
for every 1 < 7 < p we have:

(L&) -+ U&mG)L(105.0)" - - H(jin(i)) ")
= {L052)" - 10sini)) " H(Eim(i)) ™ -+ - 1(E52)"2) = 0, (7.26)
where the last equality occurs because
m(j) # 0= U&mi)" - 1(§.0)" =0,
while
n(j) # 0= 1(nj1)" - lnjn) = 0.

A moment’s thought shows that the discussion in the preceding para-
graph has the following consequence: if for 1 < i < k we denote

B :={T € B; | ru(T) = 0},

then BY can also be described as

B = spen{U(&) &) -1y | 700N 7o)
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Now let us go ahead and prove the required free independence of
By, ...,By. To this end we fix some indices iy,...,4, € {1,...,k} such
that i1 # 4a,...,7-1 # i, and some elements T\ € B7,,...,T, € B .
Our goal is to show that (77 ---T,,) = 0.

By taking (7.27) into account, we can assume without loss of gen-
erality that for every 1 < j < p the operator Tj is of the form

Ty = U&n) - U&m)l i)+ - Unjni))” (7.28)

for some (m(j),n(j)) # (0,0) and some vectors &j1,...,&m(),
Njts - Ming) € Hi,- We distinguish two possible cases.

Case 1. There exists j € {1,...,p — 1} such that n(j) # 0 and
m(j+ 1) # 0.

In this case, when we replace T; and Tj;; from (7.28) we get a
product containing two neighboring factors (7 ,,¢;))* and [(§41,1). But
the product of these two factors is (§;11,1,7jn())1#), and is hence
equal to 0, due to the hypothesis that H;, L H;, . So in this case we
get that 73741 = 0, and the vanishing of 73(1} - - - T},) follows.

Case 2. The situation of Case 1 does not hold. That is, for every
j €{1,...,p— 1} we have that either n(j) =0 or m(j +1) = 0.

In this case it is immediate that when we replace each of 71, ..., T,
from (7.28) we get a product of the form [(&1) - 1(&n)l(m)* -+ 1(n,)*
with m+n=3""_ (m(j)+n(j)) > 0. The vacuum expectation of this
product is 0, by exactly the same argument as in (7.26). So we obtain
that 7p¢(T7 ---T,) is equal to O in this case as well. O

Let us note, moreover, that semicircular elements also appear nat-
urally in the framework of creation and annihilation operators on the
full Fock space.

PROPOSITION 7.16. Let ‘H be a Hilbert space and consider the C*-
probability space (B(F(H)), ). Then for every & # 0 in H, the ele-
ment (&) +1(&)* is semicircular of radius 2||&|| (in the sense of Lecture
2, Definition 2.16).

PROOF. Due to the linearity of £ — [(£) we may assume that ||£|| =

1. Then we have [(§)*1(§) = 1x@) (by (7.22)), while [(§)I(&)* # 1r@m)
(as implied for instance by the fact that [(£)*Q = 0). Also, by exactly
the same argument as in (7.26) we see that we have

e (1 (1)) = { i

otherwise.
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Now, let us consider again the x-probability space (A, ) and the
special non-unitary isometry a € A which were considered (and fixed)
throughout Lecture 2. Based on the properties of /() which were
put into evidence in the preceding paragraph, we can proceed ex-
actly as in the discussion of Remark 2.5 in order to define a unital
s-homomorphism ¢ : A — B(F(H)) such that ®(a) = [(£) and such
that 7y o ® = . Then we have that ®(a + a*) = [(§) + 1(£)*, and it
follows that the distribution of I(£) + I(£)* in (B(F(H)), ) coincides
with the distribution of a + a* in (A, ¢). But the latter distribution
is indeed the semicircular one of radius 2, as verified in Proposition
2.15. O

As a consequence of the preceding two propositions, we see that
semicircular systems do indeed arise in the framework of the full Fock
space.

COROLLARY 7.17. Let 'H be a Hilbert space and consider the C*-
probability space (B(F(H)), ). Let &, ..., & be an orthonormal sys-
tem of vectors in H. Then the elements

&) +1(&)" -, 1(&k) + (&)

form a semicircular system in (B(F(H)), 7).

ProoF. The free independence of 1(&) + 1(&)*, ..., 1(&) + 1(&)*
follows from Proposition 7.15, and the fact that every [(&;) + [(§;)* is
standard semicircular follows from Proposition 7.16. U

We will conclude this discussion by pointing out that the above
considerations on the full Fock space really give us a concrete realization
of the C*-algebra Mj introduced in Remark 7.12. The only thing
which prevents us from plainly applying Remark 7.12 to the operators
&)+ &) ... L&) + (&) is that, obviously, the vacuum state 73
is not faithful on B(F(H)). A way of circumventing this problem is
indicated by the next proposition.

PROPOSITION 7.18. Suppose that H is a Hilbert space of dimen-
sion k, and that &1, ..., & is an orthonormal basis of H. Consider the
C*-probability space (B(F(H)), ™), and let M denote the unital C*-
subalgebra of B(F(H)) generated by 1(&1)+1(&1)%, ..., 1(&) +1(&)*. Let
us also make the notation 7| M =: ¢. Then

(1) the vacuum vector ) is cyclic for M — that is, {TQ | T € M}
is a dense subspace of F(H),

(2) ¢ is a trace on M,

(3) ¢ is faithful on M.
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ProoF. Throughout the proof we will denote by M, the unital
x-algebra generated by (&) + 1(&)%, ..., (&) + (&)™ (thus M, is a
dense unital *-subalgebra of M).

(1) Let us denote {TQ | T € M, } =: F, (linear subspace of F(H)).
Observe that 2 € F, (since Q = 1p(#(1)<2), and that & € F, for every
1 <4<k (since & = (I(&) + 1(&))N2). Going one step further, we see
that &, ®&;, € Fo, V 1 <iy,i5 < k — indeed, we can write

51'1 @ fiQ = (MSH) + l(gh)*)élz - 51'1,1'29 € :FO'
In general, it is easy to prove by induction on n that
i ®---®& €F,, Yn>1, V1<a,... 0, <k (7.29)

The induction step “n — 1 = n” (for n > 3) follows immediately by
using the identity, for all 1 < 4q,...,7, <k,

§i @ @&, = (1(&, +1(8,)" )0 ® - ®&,) = 01,5, @ - ® &, ).

From (7.29) (and the fact that F, 5 Q) we infer that F, contains an
orthonormal basis of F(H). This implies that F, is a dense subspace
of F(H), and the same must then be true for {TQ) | T € M} D F,.

(2) Proposition 5.19 gives us that ¢ is a trace on M,; then a
straightforward approximation argument shows that ¢ must also be
a trace on M = cl(M,).

(3) This is a repetition of the argument presented in Lemma 7.8.
We start by observing that

(T(AQ), BQ) = (TQ,BA*Q), ¥V A,B,Te M. (7.30)

Indeed, the left-hand side of (7.30) is ¢(B*T'A), while the right-hand
side is @(AB*T), and these quantities are equal to each other due to
the traciality of .

Now let T € M be such that p(7*T) = 0; this means that
TQ = 0 (since (T*T) = ||TQ||?). But then from (7.30) we get that
(T(AQ), BQ) =0, for all A, B € M. Since (by part (1) of the proposi-
tion) AQ and Bf) are covering a dense subspace of F(H), we conclude
that 7' = 0. U

COROLLARY 7.19. In the notations of the preceding proposition we
have that M = My, the C*-algebra of a semicircular system with k
elements.

PROOF. One only has to apply the considerations from Remark
7.12 to (M, p) where ¢ = | M. O
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Exercises

EXERCISE 7.20. Let A be a unital C*-algebra. Prove that A =
span{u € A | u is unitary}.
[Hint: It suffices to take an element x € A such that x = z* and
|z|| <1, and write it as = (u + v)/2 with w, v unitaries. Find such
u and v by using the functional calculus of x.]

In the next exercise we will use the following definition.

DEFINITION 7.21. Let A be a unital x-algebra.

(1) An element p € A is said to be a projection if it satisfies
p=p"=p.

(2) An element v € A is said to be an isometry if it satisfies
v*v = 1 4. (In particular every unitary is an isometry.)

(3) An element w € A is said to be a partial isometry if both
w*w and ww* are projections. (In particular every isometry is a partial
isometry, and every projection is a partial isometry.)

EXERCISE 7.22. Prove that the conclusion of Proposition 7.2 still
holds if the hypothesis (7.4) is replaced by the weaker condition that
A is generated (as a *-algebra) by the set

W ={w e A| w is a partial isometry }.
[Hint: Prove that the set appearing in (7.7) during the proof of Propo-
sition 7.2 is a subalgebra of A, which contains W.]

EXERCISE 7.23. Let v be the standard normal distribution on R,

that is,

1 2
dy(t) = —e 12 dt.

V2r

Consider the #-probability space (A, ¢) where
A= L7 (R,7) = Mgy P (R, 7),
and where ¢ : A — C is defined by

o(f) = / T, feA

Show that L?(A, ) = L*(R,~) and that there exists f € A such that
g — fg is not a bounded operator on L?(A, ).

The next two exercises take place in the framework of the full Fock
space F(H) over a Hilbert space ‘H. In addition to creation and anni-
hilation operators, one can also consider operators on F(H) defined as
follows.
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DEFINITION 7.24. Let H be a Hilbert space, and let F(H) be the
full Fock space over H (as in Definitions 7.13). For every T' € B(H),
the operator A(T') € B(F(H)) defined by the formula:

AT = 0
ADG @ ®86 = (T&)R®&E® @&, (7.31)
Vn>1, V&, . & eH

is called the gauge operator associated to 7.

EXERCISE 7.25. In the framework of the preceding definition, check
the following properties of the gauge operators A(T).

(1) For every T' € B(H), Equation (7.31) does indeed define a
bounded linear operator A(T") on F(H), and we have [|A(T)]| = ||T||.

(2) The map T — A(T) is a unital *-homomorphism from B(H) to
B(F(H)).

(3) For all {,n € H and all T' € B(H) we have that

HE)*AT)(n) = (T, )17 (7.32)

EXERCISE 7.26. Let ‘H be a Hilbert space and consider the C*-
probability space (B(F(H)), 7). Let Hy, ..., Hy be a family of linear
subspaces of H, such that H; L H; for i # j (1 <1i,j < k). For every
1 <i <k let A; be the unital C*-subalgebra of B(F(H)) generated by
{1&) | £ € HiJU{A(T) | T € B(H), T(H;) C H; and T vanishes on H&
H;}. Prove that Ay, ..., Ay are freely independent in (B(F(H)), 7).

EXERCISE 7.27. By using the framework of the full Fock space,
prove the following statement. Let (A, ¢) be a x-probability space and
let a1,as € A be semicircular elements of radii r; and respectively 7,
such that aq is free from ay. Then a; + a9 is a semicircular element of

radius /7% + 73.

EXERCISE 7.28. Let (A, ) be a C*-probability space such that ¢
is faithful, and let = be a selfadjoint element of A. Suppose that the
distribution of z is of the form p(t) dt on an interval [a,b] C R, where

p : la,b] — R is a continuous function such that fab p(t)dt =1 and such
that p is not identically equal to zero on any subinterval (¢, d) C |a, b]
(a < ¢ < d<b). Prove that there exists an element y = y* € A such
that:

(i) the unital C*-subalgebra of A generated by y is equal to the
unital C*-subalgebra generated by z, and

(ii) the distribution of y is precisely the uniform distribution on the
interval [0, 1].
Hint: Try y = f(x) where f : [a,b] — [0,1] is defined by f(t) =
fat p(s)ds,a <t <b]
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EXERCISE 7.29. (1) Consider the unital C*-algebra A described in
expression (5.8), in Remark 5.21. Prove that A is isomorphic to the C*-
algebra (denoted in the above Remark 7.12 by M3j) of a semicircular
system with 3 elements.

(2) Generalize part (1) of the exercise to the unital C*-algebra gen-
erated by k free selfadjoint elements x1, ...,z such that the distribu-
tion of each of xy,...,x; satisfies the hypotheses of Exercise 7.28.
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LECTURE 8

Motivation: free central limit theorem

One of the main ideas in free probability theory is to consider the notion
of free independence in analogy with the notion of classical or tensor
independence. In this spirit, the first investigations of Voiculescu in
free probability theory focused on free analogs of some of the most
fundamental statements from classical probability theory. In particu-
lar, he proved a free analog of a central limit theorem and introduced
and described a free analog of “convolution.” His investigations were
quite analytical and centered around the concept of the “R-transform,”
an analytic function which plays the same role in free probability the-
ory as the logarithm of the Fourier transform in classical probability
theory. However, in this analytic approach it is not so obvious why
the R-transform and the logarithm of the Fourier transform should be
analogous.

Our approach to free probability theory is much more combinato-
rial in nature and will reveal in a clearer way the parallelism between
classical and free probability theory.

In order to see what kind of combinatorial objects are relevant for
free probability theory, we will begin by giving an algebraic proof of the
free central limit theorem. This approach will show the similar nature
of classical and free probability theory very clearly, because the same
kind of proof can be given for the classical central limit theorem. Most
of the arguments will be the same, only in the very end one has to
distinguish whether one is in the classical or in the free situation. For
convenience, we will restrict the discussion to the simplest case where
we have identically distributed variables.

Convergence in distribution

Let (A, ) be a x-probability space and a,as,... € A a sequence of
identically distributed selfadjoint random variables which are either
tensor independent or freely independent. Furthermore, assume that
the variables are centered, ¢(a,) = 0 (r € N), and denote by o2 :=
¢(a?) the common variance of the variables. (Note that ¢p(a?) > 0
because ¢ is positive and a, selfadjoint.) A central limit theorem asks

115



116 8. MOTIVATION: FREE CENTRAL LIMIT THEOREM

about the limit behavior of
aq + 4 an

VN
if N tends to infinity.
Of course, one has to specify the kind of convergence, and the only
meaningful way for this is convergence of all moments or “convergence
in distribution.” So let us first define this concept.

DEFINITION 8.1. Let (An,¢n) (N € N) and (A,¢) be non-
commutative probability spaces and consider random variables ay €
Ay for each N € N, and a € A. We say that ay converges in
distribution towards a for N — oo, and denote this by

if we have
Alim on(ay) = p(a™) Vn eN.

REMARKS 8.2. (1) This form of convergence seems to be weaker
than the usual form of convergence appearing in the classical central
limit theorem. There statements are usually in terms of “weak conver-
gence.” If ay and a have distributions in analytical sense uy and u,
respectively — which are, by our Definition 1.8, compactly supported
probability measures on R — then the classical notion of “convergence
in distribution” (or “convergence in law”) of the random variables ay
to the random variable a means by definition the weak convergence of
un towards pu, i.e.

Nli_rg()/f(t) dun(t) = /f(t) dp(t) for all bounded continuous f.

Clearly, by an application of Stone-Weierstrass, the convergence of all
moments is enough to ensure the convergence of all continuous func-
tions f on the compact support of u, and thus our notion of conver-
gence in distribution coincides in this situation with the corresponding
classical notion.

(2) Note that the above remark applies only to situations where
the limit element a has a compactly supported distribution (as it is
required in our Definition 1.8 of “distribution in analytical sense”).
Thus this remark does not seem to be relevant for the classical central
limit theorem. Since the normal density does not have compact sup-
port, a classical normal random variable does not have a distribution
in our analytical sense and Stone-Weierstrass is not enough to ensure
that the convergence of moments in the classical central limit theorem
implies weak convergence. However, the normal distribution is still
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“nice” enough to allow this conclusion, namely it is determined by its
moments.

DEFINITION 8.3. Let p be a probability measure on R with mo-

ments
My, = /t”du(t).
R

We say that p is determined by its moments, if p is the only
probability measure on R with these moments, i.e. if for any probability
measure v on R we have

/t”du(t):mn VneN = V= [
R

REMARKS 8.4. (1) It makes sense to push our definition of distri-
bution in analytical sense a bit further and allow probability measures
which are determined by their moments as candidates for such a distri-
bution, even if they do not have compact support. This gives us more
flexibility in connecting our combinatorial considerations with classical
analytical considerations. We will point out explicitly if we want to
consider distributions in analytical sense in this more general frame.

(2) The relevance for us of probability measures determined by their
moments comes from the following two well-known facts from classical
probability theory.

(i) The normal distribution is determined by its moments.
(ii) Let probability measures p and py (N = 1,2,...) on R be
given such that p is determined by its moments and that the
i have moments of all orders. If we have
lim [ t"dun(t) :/t"du(t) Vn=12...,
R R

N—o0
then py converges weakly to .

These two facts imply that for the weak convergence of classical random
variables to a normal distribution it is enough to check the convergence
of all moments. Thus, in order to prove the classical central limit theo-
rem (in the case where all involved random variables possess moments
of all orders) it is enough to prove the convergence of all moments —
which is exactly what our notion of convergence in distribution asks
for.

General central limit theorem

In order to see that we have convergence in distribution of
(a1 + -+ an)/V'N we should calculate the limit N — oo of all mo-
ments of (a; + -+ ay)/V/N. Let us first see how much we can say
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about such moments for finite N. In the following we fix a positive
integer n. Then we have

1<r(1),...,r(n)<N

Since all a, have the same distribution we have

cp(ar(l) Ce ar(n)) = go(ap(l) .. .ap(n))
whenever
r(@)=r@) <= p@)=p{) V 1<ij<n

(This is a consequence of the fact that both tensor independence
and free independence give a rule for calculating mixed moments
from the values of the moments of the variables.) Thus the value
of p(aray...arm)) depends on the tuple (r(1),...,7(n)) only through
the information on which of the indices are the same and which are
different. We will encode this information by a partition (i.e. a decom-
position into disjoint subsets) m = {Vq,...,V;} of the set {1,...,n}.
This partition 7 is determined as follows. Two numbers p and ¢ be-
long to the same block V,,, of m (for some m = 1,...,s) if and only if
r(p) = r(q). We will write (r(1),...,r(n)) = in this case,

[(r(1),...,r(n)) =7 < [r(p) =r(q) if and only if p ~, ¢]. (8.1)
Furthermore we denote the common value of p(a,q). .. ar(n)) for all
tuples (r(1),...,r(n)) with (r(1),...,7(n)) =7 by k.

For illustration, consider the following example. Since a; has the
same moments as ay, since as has the same moments as as, and since ag
has the same moments as ag, the free/tensor independence of ay, as, as
produces for ¢(ajasaiaiazas) the same result as the free/tensor inde-
pendence of az, as, as for p(arasararasag), and we denote the common
value of both expressions by

R{(1,3,4),(2,5),(6)} — @(a1a2a1ala2a3) = 90(a7a5a7a7a5a8)-
With these notations we can continue the above calculation with
(a1 + -+ +an)") = Z Fom - AN
7 partition of {1,...,n}
where AY is the number of tuples corresponding to 7, i.e.
AN = #L(r(1),...,r(n)) =7 |1 < r(1),...,7(n) < N}

Note that the number of terms in the above sum does not depend on
N, the only dependence on N is via the numbers AY. It remains to
examine the contribution of the different partitions. We will see that
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most of them will give no contribution in the normalized limit, only
very special ones survive.

First, we will argue that partitions with singletons do not con-
tribute: Consider a partition 7 = {V4,..., V;} with a singleton, i.e. we
have V,,, = {r} for some m and some r. Then we have

Kr = @(ar@y - Qr . Gpy) = P(ar) - @(Ary - - Q.. Gpy),

because {a,1y,...,ar, ..., 0y} is either tensor independent or freely
independent from a,. (This factorization follows from Equation (5.2)
in the tensor case, and from Equation (5.5) in the free case.) However,
since our variables are centered, we get x, = 0. Thus only such parti-
tions 7 contribute which have no singletons, i.e. only = = {V4,..., V,}
where each block V;,, (m = 1,...,s) has at least two elements. Note
that this implies in particular that in our sum we can restrict to
m={W,...,Vs} for which s <n/2.

Consider now a m = {V4, ..., Vi}; then we have N possibilities for
the common index corresponding to the first block Vi, N—1 possibilities
for the common index corresponding to the second block V, (since this
index has to be different from the one of the first block), and so on.
Thus, if we denote by |r| the number of blocks of 7, we have that

AN = N(N—1)--- (N — |z + 1),
which grows asymptotically like NI7! for large N. Thus

. ap+---+an\" Y Aiy
Nhi%o‘p« JN ))—NIEEOZNWW

™

= lim Z NIml=(/2)

N—oo

Now note that for each appearing 7 the factor NIT1=(*/2) has a limit
(because only |7| < n/2 appear in our sum), and that this limit is either
1 or 0, depending on whether |r| = n/2 or |r| < n/2. This means, in
the limit N — oo all partitions with |7| < n/2 are suppressed and we
get exactly a contribution k. for each 7 which has the property that
it has no singleton and that its number of blocks is equal to n/2. This
means of course that 7 has to be a pair partition or pairing, i.e. a
partition where each block V,,, consists of exactly two elements.
Thus, we have now arrived at the following result:

e () )= X e e

7 pair partition
of {1,..., n}
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Up to now, there has been no difference between the case of tensor
independence and the case of free independence. The structure of the
limiting moments is in both cases the same, namely they are calculated
by summing over pair partitions. However, we still have not determined
the weighting factors k, for these pair partitions. That is the point
where we have to distinguish the two cases.

However, before we do this, let us note that the general formula
(8.2) is enough to conclude that odd moments vanish in both cases.
This conclusion comes from the simple observation that there are no
pair partitions of a set with an odd number of elements. Thus:

, a + - an\\
J\}lir;ow (<T> ) =0 for n odd. (8.3)

Classical central limit theorem

The actual calculation of the limit distribution will now depend on
whether we have classically independent or freely independent vari-
ables. Let us first consider the classical case. The factorization rule
(5.2) for tensor independent random variables gives directly that for
any pair partition 7, the corresponding k, factorizes into a product of
second moments, thus we have k, = ¢". So we get in this case

. ap+---+an\"\ _ . : s
A;Lmoogo (<T> > =0 <#pa1r partitions of {1,... ,n(}) )
8.4

[t is easy to see that the number of pair partitions of the set {1,...,n}
is, in the case n even, given by (n —1)-(n —3)---5-3- 1.

On the other hand, one can also check quite easily that these num-
bers are exactly the moments of a centered normal distribution. We
leave this as an exercise to the reader, see Exercise 8.22.

Putting all this together, we have thus proved the following version
of the classical central limit theorem.

THEOREM 8.5. (Classical central limit theorem)
Let (A, @) be a x-probability space and ai,as,... € A a sequence of
independent and identically distributed selfadjoint random wvariables.
Furthermore, assume that all variables are centered, ¢(a,) =0 (r € N),
and denote by 02 := p(a?) the common variance of the variables. Then

we have
ap+ -+ an distr

VN

where x is a normally distributed random variable of variance o>.
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REMARKS 8.6. (1) Let us recall that this statement means explicitly

. a; +---+anx\" 1 42792
lim (—) ) = /t”e /207 gy Vn e N.
NHOOQO( VN V2mo? Jr

(2) According to our Remarks 8.4, the normal distribution is deter-
mined by its moments and our algebraic form of the classical central
limit theorem is equivalent to the usual formulation in terms of weak
convergence.

(3) Note also that it is implicit in the definition of a *-probability
space (A, ) that all variables have moments of all orders. In our
algebraic frame we are not able to deal with situations where some
moments do not exist.

Free central limit theorem

Now we want to switch to the free case. So we start off again with
the general formula (8.2) and it remains to specify what the weighting
factors K, are in the case of freely independent random variables.

Since we know that the odd moments vanish in this case, too, it
suffices to consider even moments. So let n = 2k be even and consider
a pair partition 7 = {V;,...,Vi}. Let (r(1),...,7(n)) be an index-
tuple corresponding to this m, (r(1),...,r(n))=m. Then there exist
the following two possibilities.

(1) All consecutive indices are different:

r(1) #r(2) # - #r(n).
Since ¢(ar(m)) = 0 for all m = 1,...,n, we have by the definition of
free independence

K = P(ary arm)) = 0.
(2) Two consecutive indices coincide, i.e.
r(m)=r(m+1)=r for somem=1,...,n—1.
Because the index r does not appear any more among the other in-
dices we have that {a,(1), ..., Gram-1), Grmt2), - - -, Grmy} is free from
Ar(m)Gr(m+1) = Gra, and we get by the factorization property (5.5)
that
Ry = 90(@7“(1) QG ar(n))
= @(ar(l) C o Ap(m—1)0r(m+2) """ ar(n)) : (P(arar)
= ()O(ar(l) © o r(m—1)0r(m+2) """ ar(n)) : 02‘

It is clear that we can repeat the above argument in the second
case and either get zero for k, or reduce the length of the considered
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moment further. We repeat this iteration until either we get zero in one
of the steps or until we arrive at the moment ¢(1). In the latter case,
the corresponding pairing will give a contribution o™. Thus we see that
in the free case only special pairings will make a contribution. These
special pairings are exactly those for which in each iteration step we
are in the second case, i.e. we successively can find consecutive indices
which coincide.

Let us consider a pairing 7 which does not have this property
(i.e. which will contribute k, = 0). We want to see that we can char-
acterize such a pairing in a geometrical way. The fact k, = 0 means
that eventually our iterative procedure produces a pairing 7 of m > 0
elements to which case (1) applies. Thus 7 does not pair any neighbors.
Take any pair a; < as of 7. This does not consist of neighbors, thus
there must be some elements between a; and as. If we find another
pair a] < a), between a; and ay (i.e. a1 < @) < @)y, < ag) then we rename
this pair (af,ay) to (a1, as). We continue in this way until we find no
other pair between a; < as. But there must still be at least one other
element b with a; < b < ay (otherwise the pair a1, ay would consist of
neighbors), and this b must be paired with a ¢ with either ¢ < a; or
¢ > ay. Thus we see that 7 must be “crossing” in the sense that there
exist p1 < q1 < pa < g9 such that p; is paired with ps and ¢, is paired
with ¢o. Clearly, the original © must exhibit the same crossing prop-
erty. Thus we have seen that x, = 0 implies that 7 must be crossing in
the above sense. On the other hand, if x, = ¢™, which means that we
can reduce 7 by iterated application of case (1) to the empty pairing,
then 7 cannot have this crossing property.

So we have arrived at the conclusion that in the free case exactly
those pairings contribute which are not crossing in the above sense.
This “non-crossing” feature is the basic property on which our descrip-
tion of free probability theory will rest.

NOTATION 8.7. A pairing of {1,...,n} is called non-crossing if
there does not exist 1 < p; < ¢1 < p2 < g2 < n such that p; is paired

with p, and ¢; is paired with go. The set of non-crossing pairings of
{1,...,n} is denoted by NCsy(n).

Thus we have shown

. a1+...+aN n B n
N <(T) ) = Dno, (85)

where

D, = #{71' | 7 non-crossing pair partition of {1,... ,n}}
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ExAMPLES 8.8. It is quite easy to calculate the number of non-
crossing pair partitions explicitly. Let us first count them for small n.
Of course, for odd n we have D, = 0; thus we only have to consider
even n. In the pictures below, the geometrical meaning of the property
“non-crossing” will become obvious; namely, a pairing 7 of {1,...,n}
is non-crossing if we can draw the connections for the pairs of 7 in
the half-plane below the numbers 1,...,n in such a way that these
connections do not cross.

e Dy = 1; there is only one pairing of 2 elements, and this is

also non-crossing: 9

L

e Dy = 2: here are the two non-crossing pairings of 4 elements:
1934 12314

JU Y]

Note that there is one additional, crossing, pairing for n = 4,

namely
12314

&J

e Dg = 5; here are the five non-crossing pairings of 6 elements:

L9345 1234|_|56 12|_|3456
U U Y] Y
123456 123456

The other 10 of the 15 pairings of 6 elements are crossing.

We see that the Catalan numbers 1,2,5 show up here. It is quite
easy to see that this is true in general

LEMMA 8.9. The number Dsqy of non-crossing pair partitions of the
set {1,...,2k} is given by the Catalan number C.

PROOF. Since clearly D, = 1 = (1, it suffices to check that the
Do, fulfill the recurrence relation of the Catalan numbers. Let m =
{Vi,...,Vk} be a non-crossing pair partition. We denote by V] that
block of m which contains the element 1, i.e. it has to be of the form
Vi = (1,m). Then the property “non-crossing” enforces that, for each
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Vi (j # 1), we cannot have a crossing between V; and V;, i.e. we have
either 1 < V; <mor 1 <m < V,. (In particular, this implies that m
has to be even, m = 2[.) This means that 7 restricted to {2,...,m—1}
is a non-crossing pair partition of {2,...,m — 1} and 7 restricted to
{m+1,...,n} is a non-crossing pair partition of {m+1,...,n}. There
exist D,, o many non-crossing pair partitions of {2,...,m — 1} and
D,,_,, many non-crossing pair partitions of {m-+1, ..., n}, where we put
consistently Dy := 1. Both these possibilities can appear independently
from each other and m = 2l can run through all even numbers from 2
to n. Hence we get

k
Dy = Z Doq—1yDap—p)-

=1

But this is the recurrence relation for the Catalan numbers, so the
assertion follows. O

Another possibility for proving Do, = Cj is addressed in Exercise
8.23.

Since we know from Lecture 2 that the Catalan numbers are also the
moments of a semicircular variable, we have thus proved the following
version of the free central limit theorem.

THEOREM 8.10. (Free central limit theorem)
Let (A, ) be a *-probability space and ai,as,... € A a sequence
of freely independent and identically distributed selfadjoint random
variables. Assume furthermore p(a,) = 0 (r € N) and denote by
o? := p(a?) the common variance of the variables. Then we have

(11—|—---—|—aN distr
—_— — 5,
vVIN

where s is a semicircular element of variance o>.

REMARKS 8.11. (1) According to the free central limit theorem the
semicircular distribution has to be considered as the free analog of the
normal distribution and is thus one of the basic distributions in free
probability theory.

(2) As in the classical case, the assumptions in the free central limit
theorem can be weakened considerably. For example, the assumption
“identically distributed” is essentially chosen to simplify the argument;
the same proof works if one replaces this by

sup |p(al')| < oo VneN
ieN
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and
ot im tim 15" e

Our parallel treatment of the classical and the free central limit
theorem shows the similarity between these two theorems very clearly.
In particular, we have learned the simplest manifestation (on the level
of pairings) of the following basic observation: the transition from clas-
sical to free probability theory is equivalent, on a combinatorial level,
to the transition from all partitions to non-crossing partitions.

The multi-dimensional case

One of the main advantages of our combinatorial approach to free prob-
ability theory is the fact that, in contrast to an analytical treatment, a
lot of arguments can be extended from one variable to several variables
without any problems. In the following we want to demonstrate this
for the free central limit theorem.

ExXAMPLE 8.12. To motivate the problem, let us consider the case
of two variables. So we now have two sequences aq, as, ... and by, bs, . ..
of selfadjoint variables such that the sets {a1, b1}, {ag, b2}, ... are free
and have the same joint distribution. We do not necessarily assume
that the a are free from the b. Then, under the assumption that all
our variables are centered, we get from our one-dimensional free central
limit theorem 8.10 that

a1+ -+ an distr

HS
VN 1

for a semicircular element s; and that
by + -+ bn distr

%S
VN i

for another semicircular element s,. However, what we want to know
in addition is the relation between s; and s;. We will see that the
joint distribution of the pair (sq, s9) is determined by knowledge of the

covariance matrix

p(ara.) p(arb,)

o(bray)  o(brb;)
of a, and b, (which is independent of r by our assumption on identical
joint distribution of the families {a,,b,}). Furthermore, calculation
of the joint distribution of s; and sy from this covariance matrix is
very similar to calculation of the moments of a semicircular element
from its variance 2. This will be the content of our multi-dimensional
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free central limit theorem 8.17. We will present and prove this in the
following in full generality for arbitrarily many sequences; however, it
might be illuminating for the reader to restrict its statement to the
case of two sequences ai,as,... and by, bo, ..., as considered in this
example.

We will now treat the general multi-dimensional case by looking
at arbitrarily many sequences, which will be indexed by a fixed index
set I (which might be infinite). So, we replace each a, from the one-
dimensional case by a family of selfadjoint random variables (aff))ie I
and assume that all these families are free and each of them has the
same joint distribution and that all appearing random variables are
centered. We want to investigate the convergence of the joint distribu-
tion of the random variables ((a&l) +-- CLS\Z,))/\/N)Z.E] when N tends
to infinity. Let us first define the obvious generalization of our notion
of convergence to this multi-dimensional setting.

DEFINITIONS 8.13. (1) Let (An,¢n) (IV € N) and (A, ¢) be non-
commutative probability spaces. Let I be an index set and consider

for each ¢ € I random variables agf,) € Ay and a; € A. We say that

(ag\i,))ig converges in distribution towards (a;);c; and denote this
by
i distr
(agv))z-ef — (@i)ier,
if we have that each joint moment of (a%))ie ; converges towards the
corresponding joint moment of (a;);er, i.e. if we have for all n € N and
all i(1),...,i(n) €T

J\}E%o ¢N(a%(1)) . a%””) = (a1 Ain))- (8.6)

(2) In the context of *-probability spaces we will say that (a%))ie I
converges in x-distribution towards (a;);c; and denote this by
i *—distr
(CLSV))IEI — (@i)ier,
if we have that each joint *-moment of (ag\?)ie ; converges towards the
corresponding joint *-moment of (a;);ey, i.e. if

; ; distr
(ai (@f))) e = (@i, a}ier.
REMARK 8.14. Since free independence is equivalent to the validity
of a collection of equations between moments, it is an easy but impor-

tant observation that free independence goes over to the limit under
convergence in distribution. Exercise 8.25 will ask for a proof of that
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statement. An application of this idea will appear later in the proof of
Proposition 8.19.

Let us now look at our multi-dimensional version of the free central
limit theorem. The calculation of the joint distribution of our normal-
ized sums ((agi) +oF a%))/\/ﬁ)iel works in the same way as in the
one-dimensional case. Namely, we now have to consider for all n € N
and all i(1),...,i(n) € I

g0((&&@'(1» T O B A S IR (L)

= Z g&(ari((ll))) e afj(%))). (8.7)

1<r(1),...,r(n)<N

Again, we have that the value of @(agi((ll))) e af((n")))) depends on the tuple

(r(1),...,7(n)) only through the information on which of the indices
are the same and which are different, which we will encode as before
by a partition 7 of {1,...,n}. The common value of gp(aff((ll))) . ~a£z(%)))
for all tuples (r(1),...,r(n)) == will now, in addition, also depend
on the tuple (i(1),...,i(n)) and we will denote it by k[i(1),...,i(n)].
The next steps are the same as before. Singletons do not contribute
because of the centeredness assumption and only pair partitions give

the leading order in N and survive in the limit. Thus we arrive at

(1(1)) (1(1)) (i(n) (i(n))

a +--+a a T ta
lim < 1 N % N >
N VN VN
= Z Hw[i(l)a ,’L(ﬂ)]
7 pair partition
of {1,..., n}
It only remains to identify the contribution x,[i(1),...,i(n)] for a pair
partition w. As before, the free independence assumption implies that
kr[i(1),...,i(n)] = 0 for crossing 7. So consider finally a non-crossing

m. Remember that in this case we can find two consecutive indices
which coincide, i.e. 7(m) = r(m + 1) = r for some m. Then we have

Keli(1),...,i(n)] = gp(aqﬂi((l))) - i) gimD) L (i)

T r r(n)

_ (i(1)) (i(m—=1)) _(i(m+2)) (i(n)) i(m)) , (i(m+1
= (Al QI GOy (gfim) g im 1))
_ (i(1)) (i(m—1)) _(i(m+2)) (i(n))

- Sp(ar(l) T ar(m—l) ar(m+2) T a'r(n) ) " Ci(m)i(m+1)

where (cqj)ijer with ¢ = go(ag)afnj)) is the covariance matrix of

(agi))z‘el'
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Iterating this will lead to the final result that r.[i(1),...,i(n)]
is, for a non-crossing pairing 7, given by the product of covariances
[T(p.0)ex Citwyita) (ome factor for each block (p, q) of 7).

This form of the limiting moments motivates the following general-
ization of the notion of a semicircular element to the multi-dimensional
case.

DEFINITION 8.15. Let (¢;;); jer be a positive definite matrix. A fam-
ily (s;)ier of selfadjoint random variables in some x-probability space
is called a semicircular family of covariance (c¢;;); jes, if its distri-
bution is of the following form: for all n € N and all i(1),...,i(n) € I
we have

©(Si(1) - - - Si(n)) = Z KrlSi1) - - - Si(n)) (8.8)
7T non-crossing pair partition
of {1,..., n}
where
KrlSi(1)s - - -5 Si(n)) = H Ci(p)i(q)- (8.9)
(pg)em

EXAMPLES 8.16. (1) For illustration, let us write down the formulas
(8.8) explicitly for small moments:

©(SaSp) = Cap, ©(Sa565eSd) = CabCed + CadChes

O(Sa5pScSdSeSf) = CabCedCef + CabCefCae
+ CadCocCef + CafCbcCde + CafCheCed-

(2) If I consists just of one element then the above definition re-
duces, of course, to the definition of a semicircular element. More
generally, each element s; from a semicircular family is a semicircular
element. Note, however, that in general the s; are not free. In Corol-
lary 8.20 we will see that the free independence of the s; is equivalent
to the diagonality of the covariance matrix. So in the case that the
covariance matrix is just the identity matrix, our semicircular family
reduces to a “semicircular system” in the sense of our Definition 7.11.
We have to warn the reader that many authors mean by “semicircular
family” the more restricted notion of a “semicircular system.”

With our notion of a semicircular family we can summarize our cal-
culations in the following multi-dimensional version of the free central
limit theorem.

THEOREM 8.17. (Free CLT, multi-dimensional version)
Let (A, ) be a x-probability space and {agz)}ig,{ag)}ig, - CAa
sequence of freely independent sets of selfadjoint random variables with
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the same joint distribution of (agj))ie[ for allr € N — the latter meaning
that, for any choice of n € N and i(1),...,i(n) € I, the moment
(@ . )Y does not depend on r. Assume furthermore that all
variables are centered

e =0 (reNjiel)

r

and denote the covariance of the variables by
cij = plala?) (.5 €).
Then we have
ORI (1) :
<a1 + +GN> distr (8:)ier, (8.10)
iel

VN

where (s;)ier is a semicircular family of covariance (¢;j)i jer-

REMARKS 8.18. (1) Clearly, we can also prove a multi-dimensional
version of the classical central limit theorem in the same way. Then
the limit is a “Gaussian family” (multivariate normal distribution),
whose joint moments are given by a similar formula as for semicircular
families, the only difference is again that the summation runs over all
pairings instead of non-crossing pairings. So for a Gaussian family
(x;)ier of covariance (¢;;); jer we have

O(X1X9T3T4) = C12C34 + C14C23 + C13C24

and the moment ¢(z12923242526) is given as a sum over the 15 pairings
of 6 elements. This combinatorial description of the joint moments of
Gaussian families usually goes under the name of “Wick formula” (in
particular, in the physical community).

(2) According to the previous remark, a semicircular family is to
be considered as the free analog of a multivariate normal distribution.

A simple special case of a semicircular family is given if the covari-
ance is a diagonal matrix. We can use our free central limit theorem
to conclude quite easily that this is equivalent to having freely inde-
pendent semicircular elements. This is a special case of the following
proposition.

PROPOSITION 8.19. Let (s;)ier be a semicircular family of covari-
ance (¢ij)ijer and consider a disjoint decomposition I = nglfp. Then
the following two statements are equivalent.

(1) The sets {s; | i € Ii},...,{si|i € I4} are freely independent.

(2) We have ¢;; = 0 whenever i € I, and j € I, with p # q.
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PROOF. Assume first that the families ({s; | i € ]p})p:1 _, are free
and consider ¢ € I, and j € I, with p # ¢. Then the free independence

of 5; and s; implies in particular
cij = ¢(sisj) = p(s:)p(s) = 0.
If however we have ¢;; = 0 whenever ¢ € I, and j € I, with p # ¢, then

we can use our free central limit theorem in the following way. Choose
in some *-probability space (B,%) a freely independent sequence of

sets {agi)}ie I {ag)}iel, ... of random variables such that (a,(f))iel has
for each r = 1,2, ... the same joint distribution, which is prescribed in

the following way:

e for each p = 1,...,d, the family (aﬁ))mp has the same joint
distribution as the family (s;)ier,;

o the sets {al” | i€ I,},... {a\” | i € I,} are free.

Note that the free product construction for *-probability spaces from
Lecture 6 ensures that we can find such elements a!”. Furthermore, by
the free independence between elements corresponding to different sets

I,,, we have for 7 € I, and j € [, with p # ¢ that

U(aPal?) = y(al) - Pa?)) = 0 = p(s:s;).
Thus the covariance of the family (aﬁi))ie 7 is the same as the covariance
of our given semicircular family (s;);c;. But now our free central limit
theorem tells us that
(1) (1)
al +"'+G/N> distr
Si)iels 8.11

() ™ e (8.11)
where the limit is given exactly by the semicircular family from
which we started (because this has the right covariance). But by
our construction of the a'” we have now in addition that the sets
{@” 4+ + agf,))/\/N}ielp (p=1,...,d) are freely independent. As
we observed in Remark 8.14 (see also Exercise 8.25), free independence
passes over to the limit, and so we get the wanted result that the sets
{si}icr, (p =1,...,d) are freely independent. O

Note that this proposition implies that x, [si(l), e si(n)] vanishes if
the blocks of 7 couple elements which are free.

COROLLARY 8.20. Consider a semicircular family (s;)ic; of covari-
ance (c;j)ijer- Then the following are equivalent.

(1) The covariance matriz (c;j); jer is diagonal.

(2) The random variables (s;);cr are free.
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EXAMPLE 8.21. Assume s; and sy are two semicircular elements
which are free. Let us also assume that both have variance 1. Then
the above tells us that their mixed moments are given by counting
the non-crossing pairings which connect s; with s; and se with sy (no
blocks connecting s; with sy are allowed). For example, we have in
such a situation

©(5151525251525251) = 2,

because there are two contributing non-crossing pairings, namely

5151852825158252851
51518528251 8525251 |_| U
u u \_l and

Conclusion and outlook

The general conclusion which we draw from this lecture is that non-
crossing partitions appear quite naturally in free probability. From a
combinatorial point of view, the transition from classical probability
theory to free probability theory consists of replacing all partitions by
non-crossing partitions.

But there are also more specific features shown by our treatment
of the free central limit theorem. In the next lectures we will gener-
alize to arbitrary distributions what we have learned from the case of
semicircular families, namely:

(1) it seems to be canonical to write moments as sums over non-
crossing partitions;

(2) the summands k are multiplicative in the sense that they fac-
torize in a product according to the block structure of m;

(3) the summands k, reflect free independence quite clearly, since
K [si(l), el si(n)] vanishes if the blocks of 7 couple elements which are
freely independent.

More concretely, we will write moments of random variables as

olay -+ ap) = Z Krlay, ..., an), (8.12)

T non-crossing partition

where the k. (“free cumulants™) factorize in a product according to the
block structure of 7. The difference from the present case is that we do
not only have to consider non-crossing pairings, but we have to sum over
all non-crossing partitions. Before we introduce free cumulants in full
generality, we have to talk about the definition and basic properties of
non-crossing partitions. In particular, we should also understand how
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to invert the relation (8.12) by so-called “Mobius inversion.” This will
be the content of the next two lectures.

Exercises

EXERCISE 8.22. Show that

1 42 2 0 lfTLOdd
/t”e Bt qr =
V2ro? Jr o"-(n—1)-(n—3)---5-3-1 ifneven.

EXERCISE 8.23. Another possibility for proving Do, = C} is to
present a bijection between non-crossing pair partitions and Dyck
paths. Here is one: we map a non-crossing pair partition 7 to a Dyck

path (iy,...,4,) by
Im = +1 <= m is the first element in some V; € 7

Iy = —1 <= m is the second element in some V; € 7

Here are some examples for this mapping:

on=2
. L)
en=4
. L L
2
en==0

2]
E=ipl
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7]

Prove that this mapping gives a bijection between Dyck paths and
non-crossing pair partitions.

~

EXERCISE 8.24. (1) Prove that for every positive definite matrix
(¢ij)ijer one can find a semicircular family of covariance (¢;;);jer in
some x-probability space.

[Hint: one possibility is to use the free central limit theorem and the
fact that positivity is preserved under limit in distribution; another
possibility is to use the next part of this problem.]

(2) Show that each semicircular family can be written as a linear
combination of free semicircular elements.

EXERCISE 8.25. Let (A,¢) and (An,on) (N € N) be non-

commutative probability spaces, and consider random variables a,b €
distr

A and ay,by € Ay (N € N) such that (ay,by) — (a,b). Assume
that for each N € N the random variables ay and by are free (with
respect to py). Show that then also a and b are free (with respect to
).

EXERCISE 8.26. Fill in the details in the following use of the free
central limit theorem to infer that the distribution of the sum of cre-
ation and annihilation operators on a full Fock space has a semicircular
distribution.

Consider in the non-commutative probability space (B(F(H)), )
for a fixed f € H the variable I(f) 4 [*(f). Show that, for each natural
N, this has the same distribution as the random variable

Z(L\/N'EMC> 4 1*(L\/N'Ew) (8.13)

in the non-commutative probability space (B(F(Hy)), T, ) with
Hy =H® --OH.
N ti
Show that the random variable (8.13) is the sum of N free random

variables and apply the free central limit theorem to infer that the
random variable [(f) 4+ {*(f) is a semicircular element.






LECTURE 9

Basic combinatorics I: non-crossing partitions

In the preceding lecture we saw that a special type of partitions seems to
lie underneath the structure of free probability. These are the so-called
“non-crossing” partitions. The study of the lattices of non-crossing
partitions was started by combinatorialists quite some time before the
development of free probability. In this and the next lecture we will
introduce these objects in full generality and present their main com-
binatorial properties which are of relevance for us.

The preceding lecture has also told us that, from a combinatorial
point of view, classical probability and free probability should behave
as all partitions versus non-crossing partitions. Thus, we will also keep
an eye on similarities and differences between these two cases.

Non-crossing partitions of an ordered set

DEFINITIONS 9.1. Let S be a finite totally ordered set.

(1) We call m# = {V4,...,V,} a partition of the set S if and only
if the V; (1 < i < r) are pairwise disjoint, non-void subsets of S such
that ViU---UV, = 5. We call Vi, ..., V., the blocks of 7. The number
of blocks of 7 is denoted by |r|. Given two elements p,q € S, we write
p ~» q if p and ¢ belong to the same block of 7.

(2) The set of all partitions of S is denoted by P(S). In the special
case S = {1,...,n}, we denote this by P(n).

(3) A partition 7 of the set S is called crossing if there exist p; <
q1 < p2 < g2 in S such that p; ~7 pa % q1 ~7 o

.pl... ql... p2 PPN Q2...

If 7 is not crossing, then it is called non-crossing.
(4) The set of all non-crossing partitions of S is denoted by NC(S).
In the special case S = {1,...,n}, we denote this by NC(n).

We get a linear graphical representation of a partition 7 by writing
all elements from S in a linear way, supplying each with a vertical

135
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line under it and joining the vertical lines of the elements in the same
block with a horizontal line. For example, consider the partition
{{1,4,5,7},{2,3},{6} } of the set {1,2,3,4,5,6,7}. Graphically this
looks as follows:
1234567
L |

The name “non-crossing” becomes evident in such a representation.
An example of a crossing partition is 7 = {{1,3,5},{2,4} } which
looks like this:

12345

(4]

REMARKS 9.2. (1) Of course, NC(S) depends only on the number
of elements in S. In the following we will use the natural identification
NC(Sy) =2 NC(Sy) for #5; = #S5 without further comment.

(2) In many cases the following recursive description of non-crossing
partitions is of great use: a partition = of {1,...,n} is non-crossing if
and only if at least one block V' € 7 is an interval and 7\V is non-
crossing, i.e. V' € m has the form V = {k,k+ 1,...,k + p} for some
1<k<nandp>0,k+p<nand we have

m\V e NC({1,...;k—1Lk+p+1,...,n})=ZNC(n—(p+1)).
As an example consider the partition

m={{1,10},{2,5,9},{3,4},{6},{7,8} }
of {1,...,10}:

Let us verify that 7 € NC(10) by doing successive “interval-stripping”
operations. We first remove the intervals {3,4}, {6}, and {7, 8}, which
reduces us to:

I

Now {2,5,9} is an interval and can be removed, so that we are left
with the interval {1,10}:

‘12 ) 910

1 10
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NoTATIONS 9.3. (1) If S (totally ordered) is the union of two dis-
joint sets Sy and Sy then, for my € NC(S;) and m € NC(Ss), we let
m U e be the partition of S which has as blocks the blocks of m; and
the blocks of m5. Note that 7 U 7y is not automatically non-crossing.

(2) Let S be a totally ordered set. Let W be a non-empty subset
of S, on which we consider the order induced from S. For 7 € NC(S)
we will denote by 7|y the restriction of = to W, i.e.

mlw :={V NW |V block of 7}. (9.1)

It is immediately verified that =|/W € NC(W). Note that in the par-
ticular case when W is a union of some of the blocks of m, the above
equation reduces to just

mlw={Ven|VCW}eNCW).

Note that for n < 3 all partitions are non-crossing and accordingly
we have #NC(1) = 1, #NC(2) = 2, #NC(3) = 5. Out of the 15
partitions of 4 elements exactly one is crossing, thus we have #NC'(4) =
14. We recognize here the occurrence of the first few Catalan numbers
1, 2, 5, 14 (cf. Notation 2.9). The next proposition shows this is not
an accident.

PROPOSITION 9.4. The number of elements in NC(n) is equal to
the Catalan number C,,.

PROOF. For n > 1 let us denote #NC'(n) =: D,,, and let us also
set Dy := 1. We will verify that the numbers D,, satisfy

Dn = ZDilenflﬁ n Z 1. (92)
i=1

Since this recursion characterizes the Catalan numbers (as discussed
e.g. in Lecture 2, Remark 2.12), the verification of (9.2) will give us
the assertion.

For n > 1 and 1 < i < n let us denote by NC®(n) the set of
non-crossing partitions m € NC'(n) for which the block containing 1
contains ¢ as its largest element. Because of the non-crossing condition,
a partition 7 € NC®(n) decomposes canonically into 7 = 7 U 7y,
where 7, € NC@(4) and m € NC({i +1,...,n}); thus we have

NCW(n) =2 NCY(i) x NC(n — ).

However, by restricting m to {1,...,7 — 1} we see that NC@(4) is in
bijection with NC'(i — 1). It follows that

NCD(n) = NC(i —1) x NC(n —1),
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and, by taking cardinalities, that:
#NCY(n) = D; D, for 1 <i<n. (9.3)

(The cases i = 1 and ¢ = n of (9.3) involve the appropriate use of a set
NC(0) with #NC(0) = 1, or can simply be checked directly.)

Since NC(n) = U, NC®(n) and this is a disjoint union, we get
that (9.2) follows from (9.3). O

REMARK 9.5. Forn > 1, let NC(2n) denote the set of non-crossing
pair-partitions of {1,...,2n}, as discussed in the preceding lecture.
Comparing the preceding proposition with Lemma 8.9 we see that we
have

#NC(n) = #NCs(2n), n>1, (9.4)

One can in fact check this equality by a direct bijective argument — see
Exercise 9.42 at the end of the lecture.

In the remaining part of this section we will show how paths on Z?
can be used to obtain a more refined enumeration of the set NC(n).
The paths being used are the so-called Lukasiewicz paths; they provide
a generalization of the Catalan paths from Lecture 2.

DEFINITIONS 9.6. (1) We will use the term almost-rising path
for a path in Z* which starts at (0,0) and makes steps of the form
(1,4) where i € NU{—1,0}. (Thus an almost-rising path has “rising”
steps, except for some possible “flat” steps of the form (1,0) and some
“falling” steps of the form (1, —1).)

(2) A Lukasiewicz path is an almost-rising path v which ends on
the x-axis, and never goes strictly below the z-axis. That is, all the
lattice points visited by v are of the form (7, j) with 7 > 0, and the last
of them is (n,0), where n is the number of steps of .

The set of all Lukasiewicz paths with n steps will be denoted as
Luk(n).

REMARKS 9.7. (1) Let 7 be an almost-rising path with n steps,
and let the steps of v be denoted (in the order they are made) as
(1, A\1),...,(1,A,). Information about the path is then completely
recorded by the n-tuple

Odse s An) € (Nu{—l,O})

which will be referred to as the rise-vector of the path +. Indeed, if
the rise-vector (Aq,...,\,) of v is given, then v can be described as
the path which starts at (0,0) and visits successively the lattice points
(17 A1)7 (2, )\1 + )\2), Cee (n,/\1 + -+ >\n)

n
)
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Concrete example: here is the almost-rising path of length 6 which
has rise-vector (2,—1,0,—1,—1,1).

This path ends on the z-axis, but is not a Lukasiewicz path (as it goes
under the z-axis after 5 steps).

(2) Let v be an almost-rising path with rise-vector (Aq,...,\,). It
is clear that the condition for v to be a Lukasiewicz path is expressed
in terms of the rise-vector as follows:

A4+ 220, VI<j<n,
(9.5)
M+-4+ X =0.

PROPOSITION 9.8. Let n be a positive integer.

(1) Let m = {W1,...,V;.} be a partition in NC(n). For 1 <i<r
let us denote the minimal element of V; by a;. Consider the numbers
Ay A € NU{—1,0} defined as follows:

- Vi — 1 ifm:bai,forsomelgigr (9.6)
—1 otherwise.
Then (A1, ..., \n) is the rise-vector of a unique Lukasiewicz path with

n steps.

(2) For every m € NC(n), let us denote by A(w) the Lukasiewicz
path obtained from  in the way described in part (1) of the proposition.
Then 7 +— A(m) is a bijection between NC(n) and the set Luk(n) of
Lukasiewicz paths with n steps.

Proor. (1) For 1 <m < n we have

I R D e W (9.7)
e e

where (for 1 < j <r) we make the convention that the sum » " 1<p<m A,
pGVj

is equal to 0 if {1 < p < m | p € V;} = 0. From the definition of
A1, ..., A, it is clear that each of the r sums on the right-hand side
of (9.7) is non-negative, and it is equal to 0 in the case when m = n.
This implies that the n-tuple (A, ..., \,) satisfies (9.5), and is thus the
rise-vector of a Lukasiewicz path.

(2) We will prove that A is bijective by explicitly describing its
inverse function, II : Luk(n) — NC(n).
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So given a path v € Luk(n), we have to indicate the recipe for how
to construct the partition 7 = II(y) of {1,...,n}. Let r be the number
of non-falling steps of v, and let us denote by 1 = a; < ay < -+ <
a, < n the positions of these r steps among the n steps of 7. For every
1 <4 < r the two lattice points connected by the a;th step of v must
be of the form

(That is, the a;th step of the path v is (1,&;), and makes the path go
from (a;—1, h;) to (a;—1, h;)+(1,&;).) In order to describe the partition
m = II(y), we first stipulate that 7 will have r blocks V4,...,V,, and
that V; 3 a; for every 1 < i < r. Then what is left (if we want
to determine 7 completely) is to take the elements from {1,...,n}\
{ai,...,a,}, and assign each of them to one of the blocks Vi,...,V,.
The recipe for doing this is described as follows. Let b be an element
of {1,...,n}\{ai,...,a,}. The bth step of =y is a falling one, hence the
two lattice points connected by it are of the form (b—1,1) and (b,l—1)
for some [ > 1. There have to exist values of i, 1 <17 < r, such that

a; < band [l —1, l] C [hl,hl + 51] (99)

(with h;, & as in (9.8)); this is clearly seen when one draws the path ~,
and observes that the first b — 1 steps of v give a piecewise linear graph
connecting (0,0) with (b—1,1). We assign b to the block V;, where i is
the largest value in {1,...,r} for which (9.9) holds.

[Concrete example: suppose that n = 8 and that v € Luk(8) has
rise-vector (2,1,—1,—1,0,—1,1,—1):

This path has four non-falling steps, the 1st, the 2nd, the 5th and the
7th step. Thus the partition = = II(7y) of {1,...,8} must have four
blocks Vi,...,Vy, such that V; 2 1, Vo 2 2, V335, V;, © 7. In order
to complete the description of 7, we have to consider the remaining

elements 3,4,6,8 of {1,...,8}, and assign every one of them to one of
the blocks Vi, ..., Vs. By using the recipe described above we get:
3eV,, 4eVy, 6e€Vy, 8€Vy, (9.10)

thus arriving to m = { {1,4,6},{2,3},{5},{7.8} }. Referring to the
picture of v, one can describe the assignments in (9.10) as “projecting
towards left.” For instance, the 6th step of v connects the lattice
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points (5, 1) and (6, 0); if one shoots an arrow (so to speak) horizontally
towards left from this segment, then the arrow will land on the rising
step which goes from (0,0) to (1,2) — this leads to the assignment
“6 € ‘/'177 ]

We leave it as an exercise to the reader to check that the con-
struction described above always produces a partition 7 of {1,...,n}
which is non-crossing, and where (referring to the notations in (9.8))
the blocks Vi, ..., V. of 7 satisfy:

min(V;) = a; and Vil=1+¢&, 1<i<r. (9.11)

Finally, it is easily verified that the map IT : Luk(n) — NC(n) obtained
from the above construction is indeed an inverse for A. O

REMARK 9.9. The bijection NC(n) > © < ~ € Luk(n) found
in Proposition 9.8 has good properties when one compares the block
structure of 7w versus the “step-structure” of 7. Indeed, it is clear that
when 7 and ~ correspond to each other, the number of blocks of 7 is
equal to the number of non-falling steps of . Even more precisely, for
any given k € {1,...,n}, the number of blocks with &k elements in 7
can be retrieved as the number of steps of the form (1,5 — 1) in ~.

REMARK 9.10. An important benefit of the direct bijection between
NC(n) and Luk(n) comes from the fact that Lukasiewicz paths can
be nicely enumerated via a “cyclic permutation” trick (which is also
known as Raney’s lemma). The idea when performing this trick goes
as follows. Take a Lukasiewicz path with n steps, add to it a falling
step (1,—1), and do a cyclic permutation of the total n+ 1 steps. This
results in an almost-rising path with n + 1 steps, going from (0, 0) to
(n+1,-1).

In order to clarify what is being done, let us look at a concrete
example. Suppose that we start with the example of v € Luk(8) which
appeared in the proof of Proposition 9.8. We add to it a 9th falling step
(1, —1), and then we decide to read the 9 steps by starting with the 5th
step, and by going cyclically. The result is the following almost-rising
path with 9 steps:

Or suppose that we start with the same v € Luk(8), add to it a 9th
falling step (1,—1), and then decide to read the 9 steps by starting
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with the 9th step (the one we have just added). The result is the path
in the following picture:

So to summarize, the input for performing the cyclic permutation
trick consists of a path v € Luk(n) and a number m € {1,...,n+ 1}
(the number m indicates where to start the cyclically permuted reading
of the steps). The output is an almost-rising path with n + 1 steps
v, which goes from (0,0) to (n + 1,—1). If the rise-vector of v is
(A1, ..., An), then 7 can be defined formally by saying that its rise-
vector (Aq, ..., Apa1) is:

Ais o dms) = Qs Ay =L A4, o A1), (9.12)

where the right-hand side of (9.12) is to be read as “(Ay,..., A\, —1)”
if m=1andas “(—=1,\,...,A\,)" if m=n+1.
What makes the cyclic permutation trick useful is that it is bijective.

PROPOSITION 9.11. Let n be a positive integer. The construc-
tion formalized by Equation (9.12) gives a bijection between Luk(n) X
{1,...,n+ 1} and the set of all almost-rising paths going from (0,0)
to (n+1,-1).

Proor. We show that the map defined by the construction in
(9.12) is one-to-one on Luk(n) x {1,...,n + 1}. So suppose that 5
is associated by this construction to (v, m) € Luk(n) x {1,...,n+1};
we want to prove that v and m can be retrieved from 7. Quite clearly,
we will be done if we can find m; indeed, knowing m will tell us what

component of the rise-vector (A1, ..., \,11) of 7 we have to delete, and
then how to cyclically permute what is left, in order to obtain the
rise-vector (Aq,...,\,) of 7.

Now, here is the observation which tells us how to determine m
from the knowledge of 4. Look at the heights (i.e. second components)
of the points in Z? which are visited by 7. Let h be the smallest such
height, and suppose that the first time that 7 visits a point of height
h is after ¢ steps, 1 < g < n+ 1. (Note that h < —1, since ¥ ends at
(n + 1,—1). This explains why we cannot have ¢ = 0 — it is because
7 starts at height 0 > h.) So h and ¢ are found by only looking at
~; but on the other hand it is easily seen that they are related to the
rise-vector (Aq,...,\,) of v and to m via the formulas:

h=Xm+-+X—1, ¢g=(n+2)—m.



NON-CROSSING PARTITIONS OF AN ORDERED SET 143

In particular it follows that m can be retrieved from ¢ by the formula
m=(Mn+2)—qge{l,...,n+1}; (9.13)

this completes the proof of the injectivity of the map considered in the
proposition.

For proving surjectivity, one essentially repeats the same arguments
as above: find an m € {1,...,n+ 1} by the formula (9.13), and then
find a path v € Luk(n), all by starting from 7, only now 7 is allowed
to be an arbitrary almost-rising path going from (0,0) to (n + 1, —1).
We leave it as an exercise to the reader to adjust the arguments for
how m and = are obtained, and to verify the fact that (v, m) is indeed
mapped onto the given 7. O

Now let us show some concrete applications of the Lukasiewicz
paths to the enumeration of non-crossing partitions.

COROLLARY 9.12. Let n be a positive integer, and let r,...,1, €
N U {0} be such that r1 + 2ry + -+ - + nr, = n. The number of parti-
tions m € NC(n) which have ry blocks with 1 element, ry blocks with 2
elements, ..., r, blocks with n elements is equal to

n!

. 9.14
TI!TQ!"'Tn!(n+1_<r1+r2+"'+rn))! ( )

PROOF. The bijection observed in the part (2) of Proposition 9.8
puts the given set of non-crossing partitions in one-to-one correspon-
dence with the set of paths

v has 7y steps (1,k — 1), for 1 < k < n, }

Loy, rn = {'Y € Luk(n) and n — (ry + --- +7,) steps (1, —1)

The bijection from Proposition 9.11 puts £,, .. x{1,...,n+ 1} into
one-to-one correspondence with

_ ~ almost-rising path with r; steps
Ly r =<7 of the form (1,k—1), for 1 <k <mn,
and with (n +1) — (11 + -+ r,) steps of (1, —1)

So the number of non-crossing partitions counted in this corollary is
equal to (#L,, _.)/(n+ 1). But on the other hand it is clear that
#L,, . . is equal to the multinomial coefficient

(n+1)!
Tll---rn!((n+ 1) - (r +---+rn)>!
and the result follows. O

Y

By the same method, one can prove the following.
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COROLLARY 9.13. For 1 < k <n we have that
4{r € NC(n) | 7 has k blocks } =~ [ " " (9.15)
n\ k k-1 ) :

The proof of this corollary is left as an exercise to the reader (cf.
Exercise 9.39 at the end of the lecture). Let us mention here that the
numbers of the form appearing on the right-hand side of (9.15) are
usually called Narayana numbers.

The lattice structure of NC(n)

NC(n) is not just a collection of partitions, but is a quite structured
set. Namely, NC(n) is a poset (short for “partially ordered set”), where
the partial order is defined as follows.

DEFINITIONS 9.14. (1) Let m,0 € NC(n) be two non-crossing par-
titions. We write m < ¢ if each block of 7 is completely contained in
one of the blocks of o (that is, if 7 can be obtained out of o by refining
the block structure). The partial order obtained in this way on NC(n)
is called the reversed refinement order.

(2) The maximal element of NC(n) with respect to the reversed
refinement order is the partition consisting of only one block and is
denoted by 1,,. The partition consisting of n blocks, each of which has
one element, is the minimal element of NC(n) and is denoted by 0,,.

An important feature of the reversed refinement order on NC'(n) is
that it makes NC'(n) into a lattice.

DEFINITIONS 9.15. Let P be a finite partially ordered set.

(1) Let m,0 bein P. If theset U ={r € P|7>mand 7 > o} is
non-empty and has a minimum 7y (that is, an element 75 € U which is
smaller than all the other elements of U) then 7y is called the join of
7 and o, and is denoted as 7V 0.

(2) Let m,0 bein P. If theset L={p e P|p<mand p<o}is
non-empty and has a maximum py (that is, an element py € L which
is larger than all the other elements of L) then py is called the meet
of m and o, and is denoted as ™ A 0.

(3) The poset P is said to be a lattice if every two elements 7,0 € P
have a join 7 V o and a meet m A 0.

REMARKS 9.16. (1) Let P be a finite lattice. An immediate induc-
tion argument shows that every finite family of elements mq,...,m € P
have a join (i.e. the smallest common upper bound) 7 V - -V m; and
a meet (i.e. the largest common lower bound) m A - -+ A 7.
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In particular, by taking 7, ..., 7 to be a list of all the elements of
P we see that P must have a maximum element, usually denoted by
1p, and a minimum element, usually denoted by Op. (Thus 0p and 1p
are such that 0p <7 < 1p,Vm € P.)

(2) Let P be a finite poset. It is useful to note that if P has a
maximum element 1p and if every two elements 7,0 € P have a meet,
then P is a lattice. Indeed, if every two elements have a meet then it
follows by induction on k that p; A--- A py exists for every finite family
Pl -, pr € P. Now let m,0 € P be arbitrary, and consider the set U
={r € P|7>m 7> 0} This set is non-empty (it contains e.g.
the maximum element 1p of P), so we can list it as U = {p1, ..., px}
and we can consider the element py = p1 A -+ A pg. It is immediately
verified that 7V o exists, and is equal to py.

Of course, one could also dualize the above argument, and obtain
that if P has a minimum element Op and if every two elements 7,0 € P
have a join, then P is a lattice.

ProPOSITION 9.17. The partial order by reversed refinement in-
duces a lattice structure on NC(n).

PROOF. In view of the preceding remark, and since NC'(n) has a
maximum element 1,, it will suffice to show that any two partitions
m,0 € NC(n) have a meet 7 A 0. And indeed, for 7 = {V;,...,V,}
and o = {Wy,..., W}, it is immediate that the formula

{VinW; |1<i<r, 1<j<s, V,NnW,; #0} (9.16)

defines a partition in NC(n) which is smaller (in the reversed refine-
ment order) than 7 and than o, and is on the other hand the largest
partition in NC'(n) having these properties. O

EXAMPLE 9.18. An example for the partial order on NC(8) is

{(1,3),(2),(4,5),(6,8),(7)} < {(1,3,6,7,8),(2), (4,5},
or graphically

L UE = 2

Examples for join and meet are

UV ITUT =T e TLD A 2] =TU

REMARK 9.19. The partial order by reversed refinement can also
be considered on the set P(n) of all the partitions of {1,...,n}, and
turns P(n) into a lattice as well.



146 9. BASIC COMBINATORICS I: NON-CROSSING PARTITIONS

The formula describing the meet m Ao of two partitions 7,0 € P(n)
is exactly the same as in Equation (9.16) in the proof of Proposition
9.17. As a consequence, it follows that for 7,0 € NC(n) the partition
“mAo” is the same, no matter whether the meet is considered in NC'(n)
or in P(n).

The join 7 V ¢ of two partitions m,0 € P(n) can be described as
follows: two elements a,b € {1,...,n} belong to the same block of 7V o
if and only if there exist & > 1 and elements ag, ay, . .., a9 € {1,...,n}
such that ag = a, as, = b, and we have

g ~xp Q1 Yo Q2 Y vt g A2k—1 Yo A2k- (9-17)

(We can require the above sequence of equivalences to begin with ~
and end with ~, due to the fact that we are allowing for example
ap = ap, Or agg—1 = a%-)

Unlike the situation with the meet, the join of two partitions 7,0 €
NC(n) may not be the same in P(n) as it is in NC(n). For example
in NC(4) we have

(L35 2h 4 v {1 {241 31} = {{1,2,3,4} } = 1y
if we calculated the same join in the lattice of all partitions P(4) the
result would be the crossing partition { {1,3},{2,4} }. In what follows,
our joins will be considered (unless specified otherwise) in NC'(n) rather

than in P(n).

REMARK 9.20. The following picture shows the partitions in the
lattice NC(4), arranged according to the number of blocks. This ar-
rangement corresponds to the poset structure, at least in the rough
sense that 1, is at the top, 04 is at the bottom, and in general the
larger partitions in NC'(4) “tend to occupy higher positions” in the
picture. (See also Exercise 10.30 in Lecture 10.)

L1
ety Uy e Uy

S O N O I S L I
i



THE LATTICE STRUCTURE OF NC(N) 147

Note the up-down symmetry for the numbers of partitions sitting
at each level in the above picture. This reflects a property of NC(n)
called self-duality. Moreover, it turns out that there exists an im-
portant anti-isomorphism K : NC(n) — NC(n), called the Kreweras
complementation map, which implements this self-duality.

We should point out immediately that here the analogy with the
lattice of all partitions breaks down. The lattice P(n) is not self-dual
(as one can see, for example, by looking at the picture of P(4)) and
thus cannot have a complementation map. This combinatorial differ-
ence between all and non-crossing partitions will result in properties
of free probability theory for which there is no classical analog (see, in
particular, lecture 14 on products of freely independent random vari-
ables).

DEFINITION 9.21. The complementation map K : NC(n) —

NC(n) is defined as follows. We consider additional numbers 1,...,7n

and interlace them with 1,...,n in the following alternating way:
1122...nn.

Let 7 be a non-crossing partition of {1,...,n}. Then its Kreweras

complement K(7) € NC(1,...,n) & NC(n) is defined to be the
biggest element among those 0 € NC(1,...,7n) which have the prop-
erty that

TUoce NC(1,1,...,n,n).

ExXAMPLE 9.22. Consider the partition
m:={{1,2,7},{3},{4,6},{5}, {8} } € NC(8).
For the complement K (7) we get

K(ﬂ-) = { {1}7 {27 3, 6}7 {47 5}7 {77 8}} )

as can be seen from the graphical representation:

1122334455667788
=l

The following exercise contains some fundamental properties of the
complementation map K, which follow directly from its definition.

EXERCISE 9.23. Let K : NC'(n) — NC(n) be the Kreweras com-
plementation map.

(1) Give a precise formulation and a proof for the following state-
ment. “For every m € NC(n), the partition K?(r) is obtained by a
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cyclic permutation of 7.” Observe in particular that K?(w) always has
the same block structure as 7.

(2) Observe that K?" is the identity map of NC(n). As a conse-
quence show that K is a bijection. Describe the inverse K 1.

(3) Show that K is a lattice anti-isomorphism, i.e. that 7 < o
implies that K (o) < K(m). Note in particular that K(0,) = 1,, and
K(1,) = 0,.

(4) Show that for any 7 € NC(n) we have

7| + |K ()| = n + 1. (9.18)

REMARK 9.24. Once the Kreweras complementation map is intro-
duced, one can look at the following enumeration problem, which is
an analog of Corollary 9.12. Given ry,..., 7, q1,...,¢, € N U {0},
how many partitions 7 € NC(n) are there such that 7 has r; blocks
with 4 elements and K(m) has ¢; blocks with ¢ elements, for every
1 <1¢ < n? Of course, in order for any such 7 to exist, the numbers
T1yeeoyTny q1, - - -5 @n must fulfill the conditions

r+2rg+---+nr,=n=q +2¢+---+ng,
and (in view of the above relation (9.18))
Pttt g =0+ L

If these conditions are satisfied, then it turns out that the enumera-
tion problem stated above has a nice answer, the required number of
partitions is equal to

n.(r1+---+rn—1)!(q1+---+qn—1)!

bl gl g

(9.19)

The factorization of intervals in NC

An important property of non-crossing partitions is that intervals in
NC(n) factorize into products of other NC'(k).
Let us first recall what we mean by an interval in a poset.

NOTATION 9.25. For a poset P and m,0 € P with 7 < ¢ we denote
by [r, o] the interval

o] ={reP|rn<7<0}.

REMARK 9.26. Clearly, [r, o] inherits the poset structure from P.
Note moreover that if P is a lattice then for any m < 77, 75 < 0 we have
7 <17 V1,1 ATy < o and thus [r, o] is itself a lattice.

Next we recall the notion of direct product for posets.
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DEFINITION 9.27. Let Py, ..., P, be posets. The direct product

of the partial orderson P, ..., P, is the partial order on P, x---x P,
defined by
(1o m0) < (01,00 y00) <= T < 0; Vi=1,...,n.

REMARK 9.28. If all P, are lattices then P, x- - - x P, is also a lattice,
and the meet and the join on P are given by the componentwise meet
and join on F;, respectively:

(T1y e, T) V (01, yon) = (M Vor, ...,V op),

(T1y ey M) A(O1y oo y0n) = (ML AOL oy T A Oy).
Now we can state the factorization property for intervals in NC.

THEOREM 9.29. For any m,0 € NC(n) with 7 < o there ezists a

canonical sequence (ki,...,k,) of non-negative integers such that we
have the lattice-isomorphism
[m,0] =2 NC(1)" x NC(2)" x --- x NC(n)™. (9.20)

Proor. We clearly have

[71—7 U] = H [77-|V7 U|V]'

Veo

But it is immediate that for every V' € o, the order-preserving bijection
from V onto {1,...,|V|} will identify [r|y,o|y] to an interval of the
form [r, 1] for some 7 € NC(|V]). Thus it remains to perform the
factorization for intervals of the form [7,1;], k > 1.

For an interval of the form [, 1;], we proceed as follows. By ap-
plying the complementation map K on NC(k), we see that |7, 1] is
anti-isomorphic to [K(1x), K(7)] = [0, K(7)]. But for the latter we
know again that

0, KM= T [Oclw, K(7)lwl-

WeK(r)

Since each [Og|w, K(7)|w] is just NC(W) (2 NC(|W|) ), we thus ob-
tain that [7,1;] is anti-isomorphic to the product [[y ¢y NC(IW]).
Finally the latter product is anti-isomorphic to itself (by applying the
product of complementation maps), and hence it gives the desired fac-
torization of |7, 1x]. O

DEFINITION 9.30. The product decomposition observed in the
above proof will be called the canonical factorization of [r, o].
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ExAMPLE 9.31. To illustrate the above let us present the canonical
factorization for [7,0] C NC(12), where

={(1,9),(2,5),(3), (4),(6),(7,8),(10), (11), (12)} and
={(1,6,9,12), (2,4, 5),(3),(7,8), (10,11)}.
First we get
[m,0] = [{(1,9),(6), 12)}, e oa2y] X [{(2,5), (4}, L2
X [{3)}: gyl x [{(7,8)}, Lz ] > [{(10), (1)}, 130,13
= [{(1,3),(2), (4}, La] x [{(1,3),(2)}, 15]
X [11, 11] x [1g, 13] X [0q, 15].

By invoking the complement we get

[{(17 3)7 (2)7 (4)}7 14] = NC<2)2
{(1,3),(2)}, 1s] = NC(1) x NC(2)
[11,14] = NC(1)
(19, 15] &2 NC(1)?,

which yields finally that
[r,0] = NC(1)* x NCO(2)*,

The specifics of working with non-crossing partitions can be seen
well in the above decomposition of [{(1,3),(2),(4)}, 14]. Since we are
not allowed to start our chain from {(1,3),(2),(4)} to 14 by putting
together the blocks (2) and (4) (otherwise we would get a crossing
partition), this decomposition is NC(2)?, and not NC(3), as one might
expect on first glance (and as it is in the lattice of all partitions).

REMARK 9.32. In Theorem 9.29, the emphasis was on the fact that
the factorization of the interval |7, o] is canonical, i.e. there is a precise
recipe for how to obtain the exponents ky, ..., k, on the right-hand side
of Equation (9.20). The canonical nature of this factorization will be
discussed further in Lecture 18, in connection to the concept of relative
Kreweras complement K,(m) (cf. Lemma 18.6).

On the other hand, it is natural to ask: could there also exist some
“non-canonical” factorization for the interval [1,0] C NC(n)? In other
words, is it the case that the exponents kq,...,k, on the right-hand
side of (9.20) are in fact uniquely determined? Phrased like this, the
question clearly has a negative answer, as the exponent k; is not deter-
mined at all (which in turn happens because #NC(1) = 1). But it is
nevertheless interesting to observe that the other exponents ko, ..., k,
are uniquely determined. In the remaining part of this section we will
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outline an argument which proves this via the enumeration of multi-
chains in the lattices NC(n).

NoOTATION 9.33. Let P be a poset. For every £ > 1 we denote
P® = {(my,...,m) € P¥ | m <y < --- < i} (9.21)

(So in particular P() = P, while P® is essentially the set of all in-
tervals of P.) The k-tuples in P*) are called multi-chains of length
k — 1 in the poset P.

The enumeration of multi-chains in the lattices NC(n) involves a
generalization of the Catalan numbers, described as follows.

NOTATION 9.34. For every n, k > 1 we will denote

1 k41
cﬁ>:;%:T(Mn )). (9.22)

The numbers of the form C’,(Lk) are called Fuss—Catalan numbers.
Note that in the particular case k = 1 we get

oW _ 1 2n _C
n n+ 1 n )

the Catalan numbers which have repeatedly appeared in the preceding
lectures.

PROPOSITION 9.35. The multi-chains of length k—1 in NC(n) are
counted by the Fuss—Catalan number oM.

#NCn)® = c® VY k>1 (9.23)

Note that the case k = 1 of Equation (9.23) corresponds to the fact,
proved earlier in this lecture, that #NC(n) is equal to the Catalan
number C,,. We will not elaborate here on how that argument could
be extended in order to prove the general case of Equation (9.23), but
an alternative way of obtaining Proposition 9.35 will be outlined in
Example 10.24 of the next lecture. (Let us mention here that the only
place where we use Proposition 9.35 is in the proof of Proposition 9.38,
which in turn is not used anywhere else in the remainder of the book.)

LEMMA 9.36. Suppose that r;s > 1 and my,...,m.,ny,...,ng > 2
are such that

ch ..o — o). o) (9.24)

mi me ni Ns

for every k > 1. Then

max(my,...,m,) = max(ni,...,ng).
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PROOF. Assume by contradiction that the two maxima are not
equal to each other, e.g. that

m :=max(my,...,m,) > max(n,...,ng).

Note that m > 3 (since m > n; > 2). Let k be a positive integer such
that p := mk+(m—1) is a prime. (The existence of such a k is ensured
by a well-known theorem of Dirichlet, which guarantees that if a and
b are relatively prime, then the arithmetic progression {ak + blk > 1}
contains infinitely many prime numbers.) For this choice of k and p
observe that the Fuss-Catalan number C% is divisible by p. This is
because one can write

(mk +2)--- (mk+ (m —1))(mk +m)

m!

where p divides the numerator of the fraction but does not divide the
denominator. In particular it follows that p divides the product ap-
pearing on the left-hand side of Equation (9.24).

On the other hand let us observe that (for the k£ and p found above)
the prime number p does not divide any Fuss—Catalan number C% with
n < m. This is because when we write
o) _ (nk+2)---(nk+ (n—1))(nk+n)

n

Cck) —

m

Y

n!

we have that p is larger than any of the factors appearing in the numer-
ator of the latter fraction (indeed, it is clear that p = mk + (m — 1) >
nk +n). But then p does not divide the right-hand side of Equation

(9.24) — contradiction! O

LEMMA 9.37. Suppose that r,s > 1 and mq,...,m,,nq,...,Ng > 2
are such that (9.24) holds for every k > 1. Thenr = s, and the s-tuple
ni,...,ns is obtained by a permutation of my, ..., m,.

Proor. This is immediate, by induction on r 4+ s and by using the
preceding lemma. 0

We finally arrive to the following proposition, which clearly implies
that the exponents ks, ..., k, in the canonical factorization of Theorem
9.29 are uniquely determined.

ProprosiTION 9.38. Suppose that r,s > 1 and that mq,...,m,,
Nni,...,Ng > 2 are such that

NC(my) x -+ x NC(m,) = NC(ny) X --- x NC(ns). (9.25)

Then r = s, and the s-tuple nq,...,ng s obtained by a permutation of

my,...,My.
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PRrooOF. It is immediate that if P;,..., P. are finite posets and if
P =P, x---x P,, then we have canonical identifications

P® > p®) s PR k> 1,

where the superscripts “(k)” are in reference to multi-chains of length
k — 1, as in Notation 9.33. By applying this to the specific case when
P =NC(my) x ---x NC(m,) and by using Proposition 9.35, we thus
see that the number of multi-chains of length k£ — 1 in this lattice is
equal to CF) ... O 1f we do the same for the lattice Q = NC(ny) x
-+ X NC(ns), and if we take into account that P and ) must have the
same number of multi-chains of length k—1, we obtain that (9.24) holds
for every £ > 1. The assertion then follows from Lemma 9.37. U

Exercises

EXERCISE 9.39. Supply a proof of the Corollary 9.13.
[Hint: use Propositions 9.8 and 9.11, then do a direct enumeration for
the set of almost-rising paths from (0,0) to (n + 1, —1) which have
exactly n + 1 — k falling steps.|

NoTATION 9.40. Let n be a positive integer, and let S, denote
the group of all permutations of {1,...,n}. For a € S, and 7 =
{Vi,...,V;} € P(n) one can form a new partition {a(V3),...,a(V;)} €
P(n), which will be denoted as « - 7.

EXERCISE 9.41. Let n be a positive integer.

(1) Let @ be an automorphism of the poset NC(n) (which means
that ® : NC(n) — NC(n) is bijective, and has the property that
T < o0& d(r) < Do), for m,0 € NC(n)). Prove that there exists
a € S, such that ®(7) = a - 7 for every m € NC(n).

(2) Prove that the group of automorphisms of the poset NC(n) is
isomorphic to the dihedral group with 2n elements.

[Hint: let v € S, be the cyclic permutation which has v(i) = i + 1
for 1 <i<mn-—1,and y(n) = 1. Let § € S, be the order-reversing
permutation which has (i) = n+ 1 —14 for 1 < i < n. Prove that
a permutation a € S, has the property that a - 7 € NC(n) for every
m € NC(n) if and only if a belongs to the subgroup of S, generated

by 3 and +.]

EXERCISE 9.42. Let n be a positive integer, and let NCE(2n) be
the set of partitions m € NC'(2n) with the property that every block of
7 has even cardinality. Let K5, denote the Kreweras complementation

map on NC(2n).
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(1) Prove that

every block of 7 is contained
Ky, (NCE(2n)) = ¢ 7€ NC(2n) | eitherin {1,3,...,2n — 1}
orin {2,4,...,2n}

(2) Recall that NC5(2n) denotes the set of non-crossing pair-
partitions of {1,...,2n}. Prove that the map

NCy(2n) 5 v (Kon(m)){1,3,...,2n — 1}

is a bijection between NCy(2n) and NC({1,3,...,2n—1}) = NC(n).
[Hint: NC5(2n) is the set of minimal elements of NCE(2n), with re-
spect to the partial order induced from NC(2n). Hence Ks,(NCy(2n))
must be the set of maximal elements of K,(NCE(2n)).]

EXERCISE 9.43. Let ¢ € NC(n) be an interval partition, which
means that all its blocks consist of consecutive numbers, i.e. all V € ¢
are of the form V = {p,p+1,p+2,...,p+ 7} for some 1 < p <n and
r > 0 such that p+r < n. Prove that in such a case the join of o with
any element in NC(n) is the same in P(n) and in NC(n): we have for
any m € NC(n) that o Vnewm) ™= 0 V) 7.



LECTURE 10

Basic combinatorics II: Mobius inversion

Motivated by our combinatorial description of the free central limit
theorem, in the following we will use the non-crossing partitions to
write moments ¢(aq - -a,) of non-commutative random variables in
the form

olay---a,) = Z Relal, ..., ap)],

TeENC(n)

where the k, are some new quantities called free cumulants. Of course,
we should be able to invert this equation in order to define the free
cumulants in terms of the moments. This is a special case of the general
theory of Mobius inversion and Mobius function — a unifying concept
in modern combinatorics which provides a common frame for a variety
of situations.

We will use the framework of a finite poset P. Suppose we are given
two functions f,g: P — C which are connected as follows:

f(m)=> glo), T€P.

oceP

o<m
This is a quite common situation and it is often useful to invert the
above relation, i.e. to write an equation which expresses the values
of g in terms of those of f. This is indeed possible, by using a two-
variable function p (which depends only on the poset P, but not on the
particular choice of the functions f and g). The function p is called the
Mobius function of the poset P, and the formula retrieving the values
of g from those of f is called the Mobius inversion formula. In order
to present it, we will introduce a suitable concept of convolution in the
poset framework.

Convolution in the framework of a poset

DEFINITION 10.1. Let P be a finite poset, and let us denote (same
as in Lecture 9, Notation 9.33)

PP .= {(x,0) | 7,0 € P, n <o} (10.1)
155
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For F,G : P — C, their convolution F % G is the function from
P® to C defined by:

(F*xG)(m,0):= Z F(m,p)G(p,0). (10.2)

pEP
m<p<o

Moreover, we will also consider convolutions f « G for f : P — C
and G : P® — C; the function f * G is defined from P to C, and is
described by the formula

(f*@)(0) == f(p)Glp,0). (10.3)

pEP
p<o

REMARK 10.2. On occasion it is useful to keep in mind that the
convolution operations defined above can be regarded as matrix multi-
plications. In order to regard them in this way, let us denote #P =:n
and let us consider a way of listing

P={m,...,m} (10.4)

which has the following property: for every 1 < i < j < n, either the
elements m; and 7; are incomparable or they are such that m; < m;.
(That is, the listing in (10.4) is made such that it never happens that
¢ < j and m; > m;. Such listings can always be found — cf. Exercise
10.25 at the end of the lecture.) Then to every function F : P? — C
let us associate an upper triangular n x n matrix Tr = (t;;)7,_,, where

0 ifi>j

F(my,m) ifi=j

F(m,m;) ifi<jand m <

0 if 7 < j and m;, m; not comparable.

It is immediately verified that the convolution of two functions F, G :

P®?) — C amounts to the multiplication of the corresponding upper
triangular matrices:

Trg = TrTg. (10.5)
Moreover, by using the same listing (10.4) let us also associate to every
function f : P — C a 1 x n matrix (or row-vector) vy which has the
ith component equal to f(m;), for 1 < i < n. Then the second kind
of convolution introduced in Definition 10.1 immediately reduces to
matrix multiplication via the formula

VrsGq = Ung, (106)
holding for any f : P — C and any G : P® — C.
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REMARK 10.3. The convolution operations defined above have the
natural properties one would expect: they are associative and they are
distributive with respect to the operation of taking linear combinations
of functions on P® or on P. The associativity property, for instance,
amounts to the fact that we have

(F+xG)«H=F=x(G«H), (f«+G)xH=fx(GxH)

for F,G,H : P® — Cand f: P — C. All these properties can be eas-
ily verified directly from the definitions, or by using the interpretation
via matrix multiplication described in Remark 10.2.

Another immediate observation is that the function ¢ : P® — C
defined by

1 if m=0
d(m, o) = { 0 if ©<o (10.7)

is the unit for our convolution operations. This is because, in the inter-
pretation of Remark 10.2, the corresponding upper triangular matrix
Ty is precisely the unit n x n matrix.

Moving one step further, let us also record the situation with in-
verses under convolution.

PROPOSITION 10.4. Let P be a finite poset, and consider the convo-
lution operation for functions on P® as in Definition 10.1. A function
F : P@? — C is invertible with respect to convolution if and only if it

has F(m,7) # 0 for every m € P.

Proor. “=" If F has an inverse under convolution G, then for
every m € P we have:

1 = 6(r,7) = (F* G)(m,7) = F(m, 1)G(m, ),
and this implies that F(m,7) # 0.

“«<" Let us consider a listing of P as in Remark 10.2, and the re-
lation between convolution and matrix multiplication described there.
Let us denote

T :={T € M,(C) | there exists ' : P® — C such that T' = Tr}.

From the observations made in Remark 10.2 it is clear that 7 is closed
under addition, multiplication, and scalar multiplication. It is also
immediate that 7 contains all the n x n diagonal matrices. Based on
these facts, it is easy to verify that if T" € 7 is invertible, then we must
have T~! € T as well (cf. Exercise 10.26 at the end of the lecture).
But then let 7 : P — C be such that F(r, ) # 0 for every 7 € P.
Then the matrix Tr € 7T is invertible (because it is upper triangular
with non-zero diagonal entries). As observed above, it follows that
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T:' € T, i.e. there exists a function G : P® — C such that T,' =
Tq. For this G we have that Tp.q = Tr1g = Ts, which implies that
F %G =6 (and the relation G * F' = § is obtained in exactly the same
way). O

It is now easy to formalize the idea about Mdbius inversion which
was discussed in the introduction to this lecture.

DEFINITION 10.5. Let P be a finite poset. The zeta function of
Pis ¢ : P® — C defined by

((m,0)=1, VY (7, 0)ecP?.

The inverse of ( under convolution is called the Mobius function of
P, and is denoted by .

Note that the definition of the Mobius function as an inverse makes
sense due to Proposition 10.4 and to the fact that {(m,7) =1 # 0, for
all m € P.

If there is a possibility of ambiguity on which poset we are referring
to, we will write (p and respectively pp instead of just ¢ and pu.

PROPOSITION 10.6. Let P be a finite poset, and let p be the Mobius
function of P. For two functions f,qg: P — C the statement that

fr)y=> glo) VreP (10.8)
15 equivalent to _
g(m) =Y flo)ulo,m) VmeP. (10.9)

o<m

PrOOF. Equation (10.8) amounts to saying that f = g % (, while
(10.9) amounts to g = f * . But it is clear that the latter two facts
are equivalent to each other (by the associativity of convolution, and
since ¢ and p are inverse to each other). 0

REMARK 10.7. Let P be a finite poset, and let © be the Mobius
function of P. We have that p is uniquely determined by the relation
i * ¢ = 6, which amounts to the following system of equations in the
values of p:

—~ 0 ifr<o.
<r<o

S uim,7) = {1 ifm=o (10.10)
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Equivalently, 4 is determined by the relation ¢ * ¢ = §, which gives the
system of equations

S ulro) = {1 ifm=o (10.11)

—~ 0 ifrm<o.
7<rt<0o
When computing p in specific examples, the systems of equations
in (10.10) and/or (10.11) can be used to determine the values (7, o)
by induction on the length of the interval [m,0]. Let us briefly state
here the poset terminology needed in order to continue the discussion.

DEFINITIONS 10.8. Let P be a finite poset.

(1) For 7 < o in P, the length of the interval [, o] is the
largest integer [ having the following property: one can find elements
P0s P15+, p1 € P such that m = py < p; < --+ < p = 0. (By conven-
tion, if 7 = o, then the length of [m, o] is taken to be 0.)

(2) In the particular case when the length of the interval |7, o] is
equal to 1, we will say that o covers w. This is clearly equivalent to
the fact that m < o and there is no element p € P such that 7 < p < 0.

REMARK 10.9. Let us return to the framework of Remark 10.7.
Let us pick one of the systems of equations (those in (10.10), say)
which appeared there, and let us explain how they can be used to
compute inductively the values of . We can think of these equations
like this: first we have u(m,m) = 1 for every @ € P, after which we

have p(m,0) = —1 whenever o covers 7. (Indeed, if o covers 7 then
the corresponding Equation (10.10) becomes u(mw,7) + u(mw, o) = 0,
giving u(m,0) = —p(m,m) = —1.) The determination of the values

of p can continue in this manner, by induction on the length of the
interval [m, o]: if [, o] has length [ and if we assume the values of u to
be known for all the intervals of length smaller than [, then Equation
(10.10) can be rewritten as

:u(ﬂ-70-) - Z /L(W,T); (10‘12)

TEP
7<r<o

this will determine the value of u(m, o), since all the intervals appearing
on the right-hand side of (10.12) have length strictly smaller than .

ExAMPLE 10.10. Let us compute the Mobius function for the lat-
tice NC'(3) of non-crossing partitions of {1,2,3}. One can write ex-
plicitly NC'(3) = {03, 71, 72,73, 13}, where 03 and 13 are the minimal
and maximal partitions of {1,2,3} and where = { {1},{2,3} },
mn={{L1,3},{2} }, 3 ={ {1,2},{3} }. We have that every 7; covers
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03 and that 13 covers every 7;, hence
(03, 73) = pu(7i, 13) = —1, 1< <3.

Besides this, the only value of p which is left to be computed is (03, 13).
We obtain this value by using Equation (10.12):

(03, 13) = —<M(03, 03) 4 (03, 71) 4+ (03, 72) + N(03773>)
- (1-1-1-1)
= 2.

Mbobius inversion in a lattice

The following proposition shows that, in the context of a lattice, one
can also write down “partial versions” of the Mobius inversion formula.
This will be of prominent importance in the next lecture where it will
yield directly an important property of free cumulants.

PROPOSITION 10.11. Let P be a finite lattice and let ju be the Mobius
function of P. Consider two functions f,q : P — C which are related

by
fr)=> g(x) VreP

TEP
<t

Then, for all w, T € P with w < 7, we have the relation:

Y fouler) =) g(n). (10.13)

oeP TeP
w<lo<T TVw=T

ProoFr. We have

Y feplor)= > Y glmplo,r) =Y > plo,)g(n).

oceP ccP weP TeP occP
w<o<T w<lo<t 7<lo <t wVwlo<T

Consider now m € P with 7 < 7. Since also w < 7, we have rVw < 7.
We will distinguish the two cases either tVw =7 or 7 Vw < 7. In the
first case, the corresponding sum over ¢ reduces to one term for o =
mVw = 7 and gives the contribution pu(o, 7)g(w) = p(7, 7)g(m) = g(m).
In the second case, the corresponding sum over ¢ vanishes because

Z w(o,7) =0 ifrvw<r

oceP
TVw<lo<T

by the recursion formula (10.11) for the Mobius function. Thus our
above calculation leads finally to

Y flomlor)= > gln).

oEP TeP
wlo<T <7, TVW=T
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Since the requirement 7 V w = 7 includes 7 < 7, this is exactly the
assertion. 0

REMARK 10.12. Note that in the case when w = 0p (the minimal
element of P) the formula (10.13) reduces to the Mdobius inversion
formula of Proposition 10.6,

S Ho)ulo.7) = 9(r)

oceP
o<T

(because mV0p = 7 for all 7 € P). On the other hand, if in Proposition
10.11 we consider the case when w = 7, then we just get

f(r) =Y g(m)

TeP
<t

(because m V 7 = 7 is equivalent to 7 < 7). In general, the formula
(10.13) can be viewed as a kind of a partial M&bius inversion, standing
“in between” the two equations which relate f and g in Proposition
10.6.

We now present an immediate consequence of Proposition 10.11,
which is helpful in concrete computations of Mébius functions (in par-
ticular it will help us find the M&bius function of NC'(n) in the next
section). One can think of the next corollary as a version of Equation
(10.12) from Remark 10.9, where the following improvement is made:
if in Corollary 10.13 the element w € P is picked to be “close to Op,”
then the summation in (10.14) will not have too many terms, and will
give us a shot at a tractable formula for p(0p, 1p).

COROLLARY 10.13. Let P be a finite lattice and let u be the Mobius
function of P. Then, for every w # 0p we have that

> w0p,m) =0. (10.14)

TeP
TVw=1p

Proor. Consider the function g : P — C defined by
g(m) == p0p,m), e P.

Let us look at the function f := g % ( obtained from ¢ by partial
summations: for every 7 € P we have

flo)=> glm)= > u(0p,m)(n,0)

TeP TeP
<o Op<n<o

1 ifo= Op
0 otherwise.

~ (1 O0m,0) = {
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We apply the preceding proposition to these functions f and g, where
in Equation (10.13) we pick the element w given in the statement of
the corollary and we make 7 = 1p. We obtain:

> foulo1p) =Y gln). (10.15)

oceP TeP
w<o<lp TVw=1lp
The left-hand side of Equation (10.15) is equal to 0, because we have
f(o) =0 for all the elements o involved in that summation. Thus the
right-hand side of (10.15) must vanish as well. O

The Mobius function of NC

The example which gave the name to the Mobius inversion is, natu-
rally, due to M&bius and occurred in number theory (where P is the
set of positive integers equipped with the partial order given by divis-
ibility). For the present lectures, our main interest is however in the
Mébius function of the poset P = NC(n) of non-crossing partitions of
{1,...,n}.

Computation of the Mobius functions of the NC'(n) is largely sim-
plified by the canonical factorization of intervals observed in Lecture
9, combined with the following general fact.

PROPOSITION 10.14. (1) Let P and Q be finite posets, and suppose
that ® : P — @ is a poset isomorphism. Then pg(®(m), (o)) =
pp(m, o) for every w,o € P such that m < o (and where pp and pg are
the Mébius functions of the lattices P and @, respectively).

(2) Let Py, Py, ..., Py be finite posets, and consider their direct prod-
uct P = Py X Py X+« X Py (with partial order as described in Definition
9.27). Then for m < oy in Py, ..., m < o} in P, we have

pp( (w1, ... 7)), (01,...,0k) ) = pp (m1,01) - pp, (g, k). (10.16)

The statements in Proposition 10.14 have routine verifications,
which are left to the reader (cf. Exercise 10.27 at the end of the lecture).

Now let us turn to the lattices of non-crossing partitions NC(n).
For every n > 1 we will denote the Mobius function of NC(n) by fi,.
Moreover, let us use the notation

Sp = tn(0p, 1), n>1, (10.17)

where 0,, and 1,, are the minimum and maximum elements of NC(n),
respectively. Due to the factorization result observed in the last section
of Lecture 9, the values of the M6bius functions of the lattices NC(n)
will be completely (and explicitly) determined as soon as we figure out



THE MOBIUS FUNCTION OF NC 163

what are the numbers s,,. Indeed, let 7 < ¢ be in NC'(n) and suppose
that the interval [r, o] has the canonical factorization

[m,0] = NC(1)* x NC(2)¥ x -+ x NC(n)*";
then Proposition 10.14 clearly gives us that

fin(m, ) = stk gkn (10.18)

n

The first few of the numbers s, are s; = 1 (since in NC(1) we have
0; = 1), s = —1 (because in NC(2) we have that 15 covers 0y — cf.
Remark 10.9), and s3 = 2 (see Example 10.10). The general formula
for the s, turns out again to be related to the Catalan numbers.

PROPOSITION 10.15. For every n > 1, p,(0,,1,) is a signed Cata-
lan number,

pn (0, 1,) = (=1)" 1O, 1. (10.19)

PrROOF. We will use the short-hand notation p,(0,,1,) =: s, in-
troduced in Equation (10.17).

Let us fix for the moment an n > 4. We will invoke Corollary
10.13 in the situation when the poset P (appearing in the corollary) is
P = NC(n), and when the special element w € P is the non-crossing
partition

w:={{1},{2},....,{n—2},{n—1,n}}.

In order to apply Corollary 10.13 to the above P and w more effi-
ciently, let us observe that the set {m € NC(n) | 7Vw = 1,,} which ap-
pears in the corollary can be listed explicitly: it is {1, }U{m,..., 71},
where m == {{1,...,n — 1},{n} } and where for every 2 <i <n—1
we set m; = {{i,...,n—1},{1,...,i—1,n} }. Indeed, let 7 € NC(n)
be such that # Vw = 1,,. Then 7 cannot have a block which is com-
pletely contained in {1,...,n — 2}. (To see why, suppose such a block
exists, and denote its minimal and maximal elements by a and by b,
respectively. Denote {a,...,b} = V and {1,...,n} \ V =: W. Then
the partition with two blocks p = {V, W} € NC(n) is a common upper
bound for 7 and for w, contradicting the fact that 7Vw = 1,,.) So every
block of 7 either contains n — 1 or it contains n. If n — 1 and n lie in
the same block of 7 then it follows that = = 1,,, while in the opposite
case we get that m has exactly two blocks. In the latter case we denote
by ¢ the minimal element of the block of m which contains n — 1, and
an immediate non-crossing argument proves that we must have m = 7;
(where m; was defined above).
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Now let us apply Corollary 10.13 to the situation at hand. We
obtain that

n—1

i=1
For each 1 <4 <n —1 it is immediate that the canonical factorization
of the interval [0, m;] is

[0, 7] = NC (i) x NC(n — ),

hence the formula (10.18) gives us that p,(0,, ;) = s;s,—;. The equa-
tion obtained by applying Corollary 10.13 is thus:

n—1
Snt+ Y Sisui =0. (10.20)
=1

The above equation was derived for n > 4, but it is immediate (by
plugging in the values of s1, s9, s3 observed preceding this proposition)
that it actually holds for n > 2.

If we now set ¢, := (—1)"s,.1, for n > 0, and we rewrite Equation
(10.20) in terms of the ¢, we get

n—1
Cp—1 — Zciflcnfifl =0, n>2.
i=1
This means that we have encountered again the recurrence relation

n
Cp = E Cic1Cn—i, N =1,
=1

which determines the sequence of Catalan numbers (cf. Lecture 2,
Remark 2.12). Thus ¢, is equal to the nth Catalan number C,,, and
the result follows. 0

Multiplicative functions on NC

The discussion of the preceding section suggests that the Mébius func-
tions of the lattices NC(n) should be looked at together (for all values
of n at the same time). Moreover Equation (10.18) shows that the
Mébius functions on the NC(n) form a multiplicative family, in the
sense of the following definition.

DEFINITION 10.16. Let (a,),>1 be a sequence of complex numbers.
Define a family of functions F}, : NC'(n)®® — C, n > 1, by the following
formula: if 7 < ¢ in NC(n) and if the canonical factorization of the
interval [, o] is

[m,0] = NC(1)* x NC(2)%2 x -+ x NC(n)*",
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then we have
F,(m,0) = aak? .. af (10.21)

Then (F),),>1 is called the multiplicative family of functions on
NC® determined by the sequence (v, )p>1.

In general, a family of functions (F, : NC(n)? — C),>; will be
said to be multiplicative if it arises from some sequence of a,, in the
way described above. (The «, in this case will be uniquely determined,
a, = F,(0,,1,) forn > 1.)

REMARK 10.17. The algorithm for determining the canonical fac-
torization of an interval [r, o] C NC(n) is fairly straightforward, and,
as a consequence, so is the algorithm for computing a specific value for
a multiplicative family on NC(n)®. See for instance the concrete Ex-
ample 9.31; for the interval [r, 0] C NC(12) considered there, Equation
(10.21) simply reduces to

F12(7T7 U) = 0/110/21'

A way to capture what is going on here is to describe explicitly the
following properties of a multiplicative family (F},)

o)
n=1"

(i) Let # < ¢ be in NC(n), where 0 = {Vi,...,V,}. For every
1 < k < r consider the unique order-preserving bijection from Vj
to {1,...,|Vk|}, and let m, € NC(|Vi|) be the image of 7|V by this
bijection. Then

Fo(m,0) = Flvy (71, Lyyp) -+ Flvg (7, L) (10.22)

(ii) For every n > 1 and every m € NC(n) we have that
F,.(m,1,) = F,(0,, K(m)), (10.23)
where K (m) is the Kreweras complement of 7.
(iii) For m = {W1,...,V.} € NC(n) we have that
Fo(On, ) = o) - v (10.24)

where the «a;’s are as in Definition 10.16, that is, ap = Fj (0, 1) for
k>1.

EXERCISE 10.18. (1) Verify the properties of a multiplicative family
on NC® which are stated in (i), (ii), (iii) of the preceding remark.

(2) Conversely, let (a,),>1 be a sequence of complex numbers and
let (F, : NC(n)® — C),>; be a family of functions such that (i), (ii)
and (iii) of Remark 10.17 hold. Prove that (F},),>1 is the multiplicative
family of functions on NC® determined by the sequence (ay,)n>1.
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The solution to Exercise 10.18 is obtained by essentially copying
the proof of Theorem 9.29, and is left to the reader.

Let us now also consider the one-variable version of the concept of
a multiplicative family.

DEFINITION 10.19. Given a sequence (o, )n>1 of complex numbers,
define a family of functions f, : NC'(n) — C, n > 1, by the following
formula: if 7 = {V4,...,V.} in NC(n), then

Fa(m) = - gy (10.25)
Then (f,)n>1 is called the multiplicative family of functions on
NC determined by the sequence (a,)n>1-

In general, a family of functions (f,, : NC(n) — C),>1 will be said

to be multiplicative if it arises from some sequence of «,, in the way

described above. (The «,, in this case will be uniquely determined,
a, = fn(l,) for n > 1.)

So the multiplicativity of a family (f,),>1 on NC means that
one has a factorization of the f, according to the block structure
of the non-crossing partitions that the f, are applied to. For ex-
ample, if (f,)n>1 and (ay,),>1 are as above and if we look at © =
{(1,10),(2,5,9),(3,4),(6),(7,8)} € NC(10), then we have fio(m) =
aiaiag (which is simply because 7 has 1 block with 1 element, has 3
blocks with 2 elements, and has 1 block with 3 elements).

In connection to Definition 10.19, we will also use the following
notation.

NOTATION 10.20. Let (ay,)n>1 be a sequence of complex numbers,
and let (f,)n>1 be the multiplicative family of functions on NC' which
is determined by (a;,),>1. Then we will use the notation

g = fu(m) for m € NC(n),
and we will refer to the family of numbers (ax)penzenc(n) as the mul-
tiplicative extension of (a;,),>;. When using the multiplicative ex-

tension (o )nenrenc(n) we will occasionally just say that “m — a; is
multiplicative.”

PROPOSITION 10.21. Let (fy)n>1 be a multiplicative family on NC,
and let (F,),>1 be a multiplicative family on NC®. Then the family
(fn * Fo)n>1 s multiplicative on NC' as well.

PROOF. For every n > 1 we denote f, x F,, =: g,,, and we also make
the notation

671, = gn(ln) = Z fn<7—)Fn(T7 1n)

TENC(n)
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Let us fix for the remaining of the proof an n > 1 and a partition
m={W,...,V;} € NC(n). Our goal for the proof is to verify that

gn(T) = Bpa -+ By-

We consider the canonical lattice isomorphism between the interval
[0,,, 7] € NC(n) and the direct product NC(|V1]) x --- x NC(|V;|), as
discussed in Lecture 9 (cf. the proof of Theorem 9.29). This isomor-
phism is explicitly described as

[Onaﬂ_] ST (7_17"'77—1“) € NC(|‘/1|) XX NC(H/TDa

where 7, is the image of 7|V}, under the order-preserving bijection be-

tween Vi, and {1,...,|Vk|}, 1 <k <r. Note that for 7 and (7y,...,7,)
as above, property (i) of Remark 10.17 gives us that
Fo(r,m) = Fvy (11, L) -+ - Fyvi (7es L)) (10.26)

On the other hand, for the same 7 and (7, ..., 7.) the multiplicativity
of f, immediately gives us that

fa(T) = fwa(m) - fva (7). (10.27)

But then we can compute:

gn(T) = Z fa(T) (T, )

TE[Op,m]

= > <f|v1\(71)"'f|vr\(7r)> ' (F\vu(ﬁalwu)"'F|Vr\(7r=1|w)>-
In the latter sum we have that 71, ..., 7. runin NC(|V4|),..., NC(|V;]),
respectively. This sum is obtained by performing the “change of
variable” 7 < (71,...,7.), and then by using Equations (10.26) and
(10.27). Finally, it is clear that the last expression obtained for g, ()
can be factored as

ﬁ( Yo i) Fvi (e, 1\vk|)),

k=1 7, eNC(|Vy|)
which is [[,_; B, as desired. O

REMARK 10.22. With a bit more effort, one can prove the analo-
gous proposition involving two multiplicative families on NC®. More
precisely, it turns out that if (F},),>1 and (G,),>; are multiplicative
families of functions on NC®) then we always have that

1) Fb, G, =G, * F,,Vn>1, and

2) (F, * Gp)n>1 is a multiplicative family as well.

We will discuss this in more detail in Lecture 18.
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Functional equation for convolution with u,

We conclude the lecture by returning to its main theme, and by making
the F,, of Proposition 10.21 become the M&bius multiplicative family
(fn)n>1. So in this case we are dealing with two multiplicative families
(fu)n>1 and (gn)n>1 on NC, related by

Gn = fn * pn (or equivalently: f, = g, % (,), n > 1. (10.28)
For the theory of free cumulants which will be developed in the next

lectures it will be important to have an alternative description of Equa-
tion (10.28), expressed in terms of power series. This goes as follows.

THEOREM 10.23. Let (f)n>1 and (gn)n>1 be two multiplicative fam-
ilies on NC, which are related as in Equation (10.28). Let (ay,)n>1 and
(Bn)n>1 be the sequences of numbers which determine these two multi-
plicative families; that is, we denote f,(1,) =: a, and g,(1,) =: Bn,
n > 1. Consider moreover the power series:

u(z) =1+ Z anz" and v(z) =1+ Zﬁnz" (10.29)
n=1 n=1

Then w and v satisfy the functional equations
z

= d () =2, 10.30
v(zu(z)) = u(z) an u o(2) v(z) ( )
PROOF. From f, = g, * (, we have that o, = f,(1,) =
> reNc(m 9n(m). We rewrite the latter sum in the way that we fix
the first block V; of 7 (i.e. that block which contains the element 1)

and sum over all possibilities for the other blocks. We get:

S SR SEED SEAC)

s=1 Vi with |V1| =s TENC(n)
where 7 = {Vq,...}

If we write explicitly Vi = {vy,v9,..., 05} with 1 = v < vy < -+ <
v, then from the non-crossing condition it is immediate that the =7
appearing in the above formula have to be of the form

T=ViUmU--- U,

where 7; is a non-crossing partition of {v;+1,v;+2,...,v,41 —1} (and
where we make the convention that vs, 1 := n). Putting

15 1= Vjy1 — U — 1

we identify 7; with an element in NC(i;) (where the appropriate con-
vention is made in the case when ¢; = 0). The multiplicativity of g
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gives us that

gn(m) = Bsgir (71) - - 61, (7s)
(where g;,(7;) is simply taken to be 1 in the cases when i; = 0). We
thus obtain:

Z Z Z 5591'1 (7}1) © i (ﬁ-s)

s=1 iy,..., is€{0,1,..., n—s} w= V1U7T1U ‘Ufts

i1+ Fig+s=n ENC(z )
n
=35 > (X @) (X wm)
s=1 15015 €{0,1,.n—s} T ENC(i1) 7s€NC(is)

i1+--+ig+s=n

=> > Beai, -+ .

s=1 iy,..., is€{0,1,..., n—s}
i1+ +ists=n

This can now be used to rewrite the corresponding formal power series
in the following way:

z)zl—i—ianzn
S Y)Y Y B (o)

n=1 s=1 iq,...,is€{0,1,..., —s}
7,1+ +7,S—n s

= 1—}-255 (iZozl >s
:v(zu(z)).

To get the second version of the functional equation (10.30) we put
x = zu(z), which yields

But then we have

O

ExXAMPLE 10.24. Recall the statement made in Proposition 9.35 of
the preceding lecture, that the multi-chains of length k—1 in the lattice
NC(n) are counted by the Fuss-Catalan number C¥. We outline here
a possible way of deriving this fact, relying on the functional equation
obtained in the preceding theorem.
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The Fuss-Catalan numbers C (n,k > 1) were introduced via
Equation (9.22) of Notation 9.34, which generalizes the formula defin-
ing Catalan numbers. We will accept here that, for every fixed k > 1,
the sequence (C,(Lk));‘f:l could alternatively be defined via the recurrence
relation

B _ (1) () ()
ch= 3 cPal.cl, n>1, (10.31)

015y te+1 20

11 +---+ik+1:n71

where we make the convention that Cék) := 1. (Note that in the partic-
ular case when k = 1, this is precisely the Catalan recurrence relation
(2.8) from Remark 2.10, which has repeatedly appeared throughout
these lectures.) It is immediately seen that the recurrence (10.31) can
be concisely rewritten as an equation for the corresponding power se-
ries; this equation is

up(2) = 1+ zup (), k> 1, (10.32)
where for every k > 1 we put
ug(z) == Z Ok, (10.33)
n=0

Let us now pretend we do not know the number of multi-chains of
length k—1in NC(n), and let us denote this number by z{F (n,k>1).
For every k > 1 let ( ,S’“))nzl be the multiplicative family of functions

on NC which is determined by the sequence (Z,(lk))nzl (in the sense of
Definition 10.19). It is easily verified by induction on k that
O =G Gk x Gy, V> 1

-~

k+1

But then, for every k& > 1, the power series
wi1(z) =1+ Z Zr(lk+1)zn and wr(z) =1+ Zzék)zn
n=1 n—1

can play the roles of u and respectively v in Theorem 10.23, and must
therefore satisfy the functional equation of that theorem,

Wi (zwis1(2)) = w1 (2). (10.34)

The functional equation (10.34) can in turn be used to show (via an
easy induction on k) that wy, satisfies Equation (10.32). It follows that
wy, must coincide with the series uy defined in (10.33), and the equality

Zflk) = Cq(zk) follows for all n, k > 1.
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Exercises

EXERCISE 10.25. Let P be a poset with n elements. Prove that
one can find a way of listing P = {my,...,m,} which has the following
property: for every 1 < i < j < n, either the elements 7; and 7; are
incomparable or they are such that m; < ;.

[Hint: there has to exist an w € P with no majorants — i.e. such
that there exists no 7 € P with w < m. Set 7, := w and proceed by
induction.

EXERCISE 10.26. Let 7 be a set of n X n upper triangular matrices
which has the following properties:

e 7 is closed under addition, multiplication, and scalar multiplica-
tion;

e every diagonal matrix is in 7.
Suppose that 7' € 7 is an invertible matrix. Prove that 7! € 7.
[Hint: write T = D — N where D is diagonal and N is strictly upper
triangular. Observe that D is invertible and that D™!, N € 7. Then
write 71 = (I, = D™'N)™1. D! = (372 (DIN)¥) D]

EXERCISE 10.27. Prove the statements made in Proposition 10.14
of this lecture.
[Hint: for statement (2), verify that the function on P defined by the
right-hand side of Equation (10.16) satisfies the relations which were
discussed in Remark 10.7, and which determine pp uniquely.]

The next exercise will use the following definition.

DEFINITION 10.28. Let P be a finite poset which has a minimum
element Op.

(1) A family mg < m < -+ < 7y of elements of P is called a chain
in P; the non-negative integer k is called the length of the chain.

(2) A saturated chain in P is a chain mp < m < --- < 7, in P
which has the property that m; covers m;_; for every 1 <i < k.

(3) Consider the following condition on P: whenever my < m <
<o < m and 0g < 01 < --- < 07 are saturated chains in P such that
T = 09 and 7w, = oy, it follows that k£ = [. If this condition is fulfilled,
then we say that P is a graded poset.

(4) Suppose that P is a graded poset. Then for every 7 € P we
define the rank of 7 to be the length of an arbitrary saturated chain
o < mp < -+ < 7, such that mg = 0p and m, = 7.

EXERCISE 10.29. Let n be a positive integer.
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(1) Let m,0 € NC(n) be such that 7 < ¢. Describe what it means
for o to cover m, and observe that this is equivalent to the equality
7| = |o| + 1.

(2) Show that NC(n) is a ranked poset, where the rank of 7© €
NC(n) is equal to n — |r|.

EXERCISE 10.30. Give an alternative derivation for the Mobius
functions on the lattices of non-crossing partitions by using the concept

of multiplicative family on NC, and the functional equations provided
by Theorem 10.23.

Exercises 10.31-10.33 are about the Mdbius function for the lattice
P(n) of all partitions of {1,...,n}. We will denote this Mdbius function
by ppn). The explicit formula for pip(,) is derived on the same line as
shown above for the M&bius function on NC(n), and thus starts with
a factorization result (which is even more straightforward than the one
from the non-crossing framework).

EXERCISE 10.31. Let 7 and o be partitions in P(n) such that 7 < o.
Let us write explicitly o = {V3,...,V,.} and
™= {Wl,la ceey Wl,ku ey Wr,la s 7Wr,k7-}7
where Wy U---UW,, =V;, 1 <i <r. Prove that the interval [, 0]
of P(n) is isomorphic to the direct product P(k;) x - -+ x P(k,).
EXERCISE 10.32. For every n > 1, let us denote

MP(n)( [0n7 ]-n] ) = Qn,
where 0,, and 1,, are the minimum and respectively the maximum ele-
ments of P(n). By using an argument which parallels that in the proof
of Proposition 10.15, show that
a, = (=1)"*(n—1), Vn>1

[Hint: one obtains a recurrence for the a,, in exactly the same way as
Equation (10.20) was obtained in the proof of Proposition 10.15. The
recurrence reads as follows:

an + Z a1414] - Gn-1-14] =0, n >2.]
Ac{1,...,n—2}
EXERCISE 10.33. Consider again the partitions 7 < o in P(n)
which appeared in Exercise 10.31 (and where the blocks of 7 and of o
are listed explicitly in the same way as in Exercise 10.31). Prove that

r

pre([mo]) = [T(=D% " (k- 1)!

i=1



LECTURE 11

Free cumulants: definition and basic properties

We will now introduce our main combinatorial tool for dealing with
free independence, the “free cumulants.” Motivated by our treatment
of the free central limit theorem we expect these free cumulants x, to
be determined by the “moment-cumulant formula”

olay -+ ay,) = Z Krlay, ..., Gy

TeNC(n)

and by the fact that k, factorizes according to the block structure of
. This fits in the frame of multiplicative functions on NC' and the
Mobius inversion of the last two lectures, with the small difference that
our multiplicative functions are now not determined by a sequence of
numbers but by a sequence of multilinear functionals on an algebra A.
We will thus first extend our notion of multiplicative functions to this
setting.

Given all these preparations the definition of free cumulants will
then be quite straightforward. That this is indeed a useful definition
in the context of free probability theory will become clear from the
main result of this lecture: free independence can be characterized by
the vanishing of mized cumulants. An important technical tool for
deriving this characterization is a formula for free cumulants where the
arguments are products of random variables. This formula is actually
at the basis of many of our forthcoming results in later lectures and
allows elegant proofs of many statements.

Multiplicative functionals on NC
DEFINITION 11.1. Let A be a unital algebra. Given a sequence
(Pn)n>1 of multilinear functionals on A,
o A" — C
(a1,...,a,) — pplay, ..., ay),

173
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we extend this to a family of multilinear functionals p, (n > 1, 7 €
NC(n)),
P A" — C
(ala s 7an) = pﬂ[ah s 7an]7

by the following formula. If 7 = {V3,...,V,} € NC(n), then:
prlat, ... an) == p(V1)ar, ... a4, p(V})|a, ..., a,), (11.1)
where we used the notation
p(V)lay, ... a,) = ps(ai,, ..., a;) for V.= (iy <--- <ig). (11.2)

Then (pr)n>1,7enc(n) is called the multiplicative family of function-
als on NC determined by the sequence (p,,)n>1. Note the distinction
between our use of round brackets for the p, and square brackets for
the p,. The p, are indeed an extension of the p,, because we have

Pn = p1,, 1.€.
pn(ar, ... a,) = p1, a1, ..., a,)
for all n > 1 and all ay, ..., a,.
In general, a family of multilinear functionals

(px : A" = C)p>1rencm)

will be said to be multiplicative if it arises from some sequence of
multilinear functionals p,, : A" — C in the way described above. (The
pn will be in this case uniquely determined, p,, = p;, for n > 1.)

So the multiplicativity of a family (pr)n>1renc(n) means that one
has a factorization of the p, according to the block structure of the
non-crossing partitions 7. In addition to the case of multiplicative
families of functions from the last lecture we must now also distribute
our arguments aq,...,a, according to the blocks of m. For example,
for

7 =1{(1,10),(2,5,9), (3,4), (6), (7,8)} € NC(10),

a1 Az az G4 A5 Qg Q7 Ag QA9 Q10

L] L

we have

pw[al, . 76110] = pz(ab alo) : 03(&2, as, ag) 'Pz(aa, G4) 'Pl(%) : pQ(a% Gs)-
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Definition of free cumulants

First, we have to make out of our functional ¢ a sequence of multilin-
ear functions ¢, and then extend this to the corresponding moment
functionals .

NoTATION 11.2. Let A be a unital algebra and ¢ : A — C a
unital linear functional. This gives rise to a sequence of multilinear
functionals (@, )neny on A via

onlar, ... a,) = @(ay---ay,). (11.3)
We extend these to the corresponding multiplicative functionals on
non-crossing partitions by (ay,...,a, € A)
Orlay, ... ay] == H@(V)[al,...,an], (11.4)
Ver

where p(V)[ay,...,a,] is defined as in (11.2).
Now we can define the free cumulants by Mobius inversion.

DEFINITION 11.3. Let (A, ¢) be a non-commutative probability
space. The corresponding free cumulants (k,).enc are, for each
n € N, 7 € NC(n), multilinear functionals

Ko A" — C,
(a1, .. an) — Erlag, ..., a,)
which are defined as follows:

Kelay, ..., a,] = Z Oolar, ..., an|p(o, ), (11.5)

oceNC(n)
o<mw

where p is the Mébius function on NC(n).
For each n > 1, we put k, := Kk1,,.

Note that all our arguments from the last lecture about multiplica-
tive functions and Mobius inversion remain valid in the more general
context of multiplicative families of functionals (provided we take care
to distribute the arguments ay, . .., a, at the right positions). Thus our
results from the last lecture yield the following basic statements about
free cumulants.

PROPOSITION 11.4. (1) The free cumulant function m — K. is a
multiplicative family of functionals, i.e. we have

Rrlai, ... a,) = HK(V)[CH,---,%]- (11.6)

Ver
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(2) In particular, all information about the free cumulants is con-
tained in the sequence of cumulants (Kn)neny where, for n € N, k, =
K1, . Definition 11.3 of free cumulants is equivalent to the statement
that m — k. 1s a multiplicative family of functionals and that for all
n €N and all ay,...,a, € A we have

En(Q, ... an) = Z Oolar, ... anp(o, 1,). (11.7)
oceNC(n)

(3) Definition 11.3 of free cumulants is equivalent to the statements
that ™ — Kk, is a multiplicative family of functionals and that for all
n €N and all ay,...,a, € A we have

plag--ay) = > kalar,... an). (11.8)
ceNC(n)

ProoOF. The fact that multiplicativity of ¢ and multiplicativity
of k are equivalent follows from Proposition 10.21. The equivalence
between the relations (11.7) and (11.8) is just an instance of general
Mobius inversion, Proposition 10.6. 0

NotAaTION 11.5. We will call Equations (11.7) and (11.8) the
moment-cumulant formulas.

ExAMPLES 11.6. We want to determine the concrete form of
Kn(ay, ..., a,) for small values of n.
(1) n = 1: Clearly, here we have

rk1(a1) = p(ar).

(2) n = 2: There are only two partitions in NC(2) and the values
of the Mobius function are

p(u,u) =1, p(i,u) =—1.
Thus we have
/€2(G1,a2) =¥u [CLLCLQ] — Pl [a17a2]
= p(ara2) — p(ar)p(az).

(3) n = 3: We have five partitions and the relevant values of the
Mobius function are

pWWy=1, pU,W)=—-1
pULWY = -1,  p,W)=-1, W) =2
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With this we obtain

Kk3(a1, az, az) = w [ay, az,as] — pw a1, az, as] — pur [a1, az, as]
— o [a1, az, as] + 2¢n [ay, az, as]
= p(ar1azaz) — p(ar)p(azaz) — p(araz)p(as)
— p(araz)p(as) + 2¢(ar)p(az)p(as).

(4) n = 4: In this case we consider only the special situation where
all ¢(a;) = 0. Then we have

ka(ar, az, as, ay) = p(arasazay) — e(araz)p(azay) — e(aras)p(asas).

Another way to look at the cumulants k, for n > 2 is that they
organize in a special way the information about how much ¢ ceases to
be a homomorphism.

PROPOSITION 11.7. Let (Ky)n>1 be the cumulants corresponding to
@. Then ¢ is a homomorphism if and only if k,, vanishes for alln > 2.

PROOF. Let ¢ be a homomorphism. Note that, for any o € NC(n),
this means

Polar, ... an] = plar)p(asz) - p(an) = wo,[a1, .-, ax]

for all ay,...,a, € A, thus we have ¢, = ¢y, for all 0 € NC(n). Thus
we get

Kn = Z QOU,U(O', 1n) = ¥o, Z ,U(O', 1n)7

o<lp O0n<o<ln

which is, by the recurrence relation (10.11) for the M&bius function,
equal to zero if 0,, # 1,,, i.e. for n > 2.

To see the other direction, one only has to observe the following: if
k9 vanishes, then we have for all ay,a, € A

0 = ra(ar,az) = p(aiaz) — p(ar)p(asz),

ie. p(ajay) = p(ar)p(as) for all aj,as € A, and thus ¢ is a homomor-
phism. U

REMARK 11.8. In particular, this means that on constants only the
first order cumulants are different from zero:

bin(1, .., 1) = 6,1 (11.9)
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Products as arguments

In this section, we want to focus on properties of our free cumulants
with respect to the algebraic structure of our underlying algebra .A.
Of course, the behavior of free cumulants with respect to the linear
structure of A is clear, because our cumulants are multilinear function-
als. Thus it remains to see whether there is anything to say about the
relation of the free cumulants with the multiplicative structure of the
algebra.

The crucial property in a multiplicative context is associativity.
On the level of moments this just means that we can put brackets
arbitrarily and for our moment functionals ,, we do not have to bother
where to place commas; for example, we have

pa(aras, az) = p((ar1az)az) = p(ai(azaz)) = pa(ai, azas).

The corresponding statement on the level of cumulants is, of course,
not true, i.e. Ko(ajas,as) # Ko(ai,asasz) in general. However, there is a
treatable and nice replacement for associativity, which allows us to deal
with free cumulants whose entries are products of random variables.
This formula will be fundamental for our forthcoming investigations
on free cumulants.

Consider random variables aq,...,a, € A, multiply some of the
“neighboring” ones together, and look on a free cumulant with these
products as entries, i.e. we are interested in

Kr [Gl C Q1) A1) 41 @i(2)y - -5 Ag(m—1)41 " ai(m)]

for some fixed increasing sequence of integers 1 < i(1) < i(2) < .-+ <
i(m) := n. Thus our cumulant has m arguments and 7 is some partition
in NC(m). Our aim is to express this cumulant in terms of cumulants
of the original random variables, i.e. in terms of k|a1, as, . . ., a,], where
7 are now some cumulants in NC(n). Since in such a formula 7 and 7
must be somehow related, we need a way to put them both in the same
lattice of non-crossing partitions. It will turn out that the following
embedding of NC(m) into NC(n) will do this.

NOTATION 11.9. For fixed natural numbers m,n € N with m < n
and a fixed sequence of integers

i(0) =0 <i(l) <i(2) < <i(m):=n

we define an embedding from NC(m) into NC'(n), 7 +— 7, as follows: 7
is that partition which we get from 7 by replacing each j € {1,...,m}

by (i(j—1)+1,...,i(5)) C (1,...,n), ie.
i(J—1) +1~pi(f — 1)+ 2~ 0~ i())
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and i(k) ~; i(l) if and only if k& ~, [. It is easily checked that 7 is
really non-crossing.

Another way of stating the definition of 7 is to say that it is given
as the pullback 7 = f~' o7 of the function f: {1,...,n} — {1,...,m}
defined by f(1) =k fori(k — 1) <l <i(k).

ExXAMPLE 11.10. As an example, consider n = 6, m = 3, and
i(l) =1 <i(2) =4 <i(3) = 6. It is most illustrative to index the
partitions with the random variables instead of integers. So let dummy
random variables aq, . .., ag be given and we are interested in cumulants
in the new variables A; := a1, Ay := asazay, Az := asag.

Consider the partition 7 = {(1,2),(3)} € NC(3), which we draw
as

Ay Ay Ay

L]

Then 7 is obtained by replacing A; with ay, Ay with asazas, and As
with asag which leads to

a1 g a3 a4 A5 Qg

.

thus 7 = {(1,2,3,4),(5,6)} € NC(6).
As another example, consider o = {(1,3),(2)} € NC(3), i.e.

A1 Ay A
]

The corresponding partition in terms of the a; looks like

a1 Az a3z a4 a5 Ag

il
thus & = {(1,5,6), (2,3,4)} € NC(6).

REMARKS 11.11. We want here to collect some basic properties of
the mapping 7 — 7, which follow directly from the definition.
(1) The mapping 7 +— 7 is injective, we have that 1,, = 1,, and

O = {(L,...,i(1), (i(1) + 1,...,i(2)), ..., (i(m — 1)+ 1,...,i(m)) }.
Furthermore, the mapping 7 +— 7 preserves the partial order, i.e. 0 < 7

for o,m € NC(m) implies 6 < 7, and the image of NC(m) is

—

NC(m) = [0, 1n] = [0, 1) € NC(n).
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We can summarize all these facts by saying that the mapping 7 +— 7 is
a lattice isomorphism between NC(m) and [0,,,1,] € NC(n).

(2) Since the value (o, 7) of the Mébius function depends only on
the interval [0, 7], the lattice isomorphism between [0, 7] C NC(m)
and [6,7] C NC(n) implies, in particular, that for all o,7 € NC(m)
we have u(o,m) = p(a, 7).

THEOREM 11.12. Consider a non-commutative probability space
(A, ) and let (kz)renc be the corresponding free cumulants. Let
m,n € N and 1 < i(1) < i(2) < --- < i(m) = n be given and con-
sider the corresponding embedding T — T, defined in Notation 11.9.
Recall that

O = {(1,...,i(1)),..., (i(m — 1)+ 1,...,i(m))} € NC(m).

Consider now random variables aq, . .., a, € A.
(1) For a non-crossing partition T € NC(m) the following equation
holds:

/437—[(11 cee Cll'(l), Ce ,ai(m,1)+1 tee al(m)] = Z /@r[al, ey CLn] . (1110)

TENC(n)
wvf)m:f'

(2) In particular, for T = 1,, we have

"im(al"'ai(1)7"-7ai(m—1)+1"'ai(m)) = Z K“‘ﬂ[(ll"")an]'
WE}VC(n)
TVOm=1n
(11.11)

PROOF. Let us denote A; := a;;j_1)41- - aijy (1 < j < m). Then,
by using the basic properties of the embedding 7 — 7 from Remarks
11.11, we can calculate as follows:

eAr, Al = Y ealAr L A7)

TeNC(m)
<t

= Z pilar, ..., ap)pu(m, 7)

TeENC(m)
T<T

— Z Oolat, ... an|pu(o, 7).

q’ENC(n)

Om<o<#
But the last formula is now exactly a partial Mobius inversion as we
considered in the last lecture, and Proposition 10.11 yields directly our
assertion. 0O
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ExAMPLE 11.13. As an illustrative example for the statement of
the theorem let us consider the following example. We take m = 2,
n=3,i(1) =2 <i(2) =3, and 7 = 15. This means we are looking at
the cumulant ky(aqaz,az). Our theorem tells us that we have to sum
over all 7 € NC(3) which have the property that 7V {(1,2), (3)} = 1s.
This means that 7 has to connect the block (1,2) to the block (3). The
m € NC(3) which do so are given in the following picture:

................

.....

Thus our theorem claims that

Ka(arag, as) = kwla, az, as] + Kwla, as, as] + K wlar, as, as)

= Iig(al, asg, ag) + lil(CLl)liQ(CLQ, CL3) + I{Q(ah ag)ﬂl(ag) .
Of course, one can easily check directly that this true.

REMARK 11.14. If ¢ € NC(n) is an interval partition as above,
i.e. if all blocks V' of o consist of consecutive numbers, then according
to Exercise 9.43, the join o V 7 for any 7 € NC(n) is the same in
NC(n) as in P(n). In particular, the condition o V 7 = 1,, amounts to
the fact that for any two blocks V' and W of o we can find a chain of
points py, ..., p, such that p; € V, p, € W, and such that alternatingly
the points are in the same block of 7 or o,

VBpl ~r P2 Yo P3Nttt Yo PDr—1 Nﬂ'pTEW'

Thus we will also address, in the case that ¢ is an interval partition,
the condition ¢ V © = 1,, by saying that = couples the blocks of o.
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Free independence and free cumulants

Now we want to present the main reason why free cumulants are an
important tool in free probability theory: free independence can be
described very easily and effectively in terms of cumulants. Roughly
speaking, random variables are freely independent if and only if their
mixed cumulants vanish. Let us start with a special case of this. Since
1 is, by Lemma 5.17, free from everything we should have that free
cumulants of lengths greater than one vanish whenever at least one
of their arguments is 1. Note that for n = 1 we have, of course,

ma(1) = (1) = 1.

PROPOSITION 11.15. Let (A, p) be a non-commutative probability
space and let (Kn)nen be the corresponding free cumulants. Consider
n>2and ay,...,a, € A. Then we have ky(ay,...,a,) = 0 if there
exists at least one i, 1 <i <mn, such that a; = 1.

Proor. To simplify notation we consider the case a,, = 1, i.e. we
want to show that x,(aq,...,a,-1,1) = 0. We will prove this by in-
duction on n.

For n = 2, the assertion is true, since

ra(a,1) = p(al) — p(a)p(l) = 0.

Now assume we have proved the assertion for all £ < n and let us
show it for n. We have

go(al...an,ll) = Z Hﬂ[al,...,an,l,l]

7meNC(n)
= Kp(ay,...,ap_1,1) + E Krlay, ..., an_1,1].
TeNC(n)
T#lp

According to our induction hypothesis, a partition 7 # 1,, contributes
to the above sum only if (n) is a one-element block of 7, i.e. if 7 = cU(n)
with 0 € NC(n — 1). For such a partition 7 we have

Rrlat, ... an_1,1] = Kolar, ..., an_1]k1(1) = Kslaq, . .., an_1],
hence
olay -+ apn_11) = Rplay, ... an_1,1) + Z kola, ..., an_1]
ceNC(n—1)

= ’in(ah sy Ap1, ]-) + QO(CLl e an—l)-

Since ¢(ay -+ an_11) = @(ay---a,_1), we obtain finally our assertion
Kn(ag,...,an_1,1) = 0. O
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Now we can prove our main theorem, which states that free inde-
pendence is equivalent to the “vanishing of mixed cumulants.”

THEOREM 11.16. (Vanishing of mixed cumulants)
Let (A, @) be a non-commutative probability space and let (Kp)nen be
the corresponding free cumulants. Consider unital subalgebras (A;)ier
of A. Then the following two statements are equivalent.

(i) (Ai)ier are freely independent.

(ii) We have for all n > 2 and for all a; € Ay (5 = 1,...,n)
with i(1),...,i(n) € I that Kk,(ay,...,a,) = 0 whenever there exist
1<,k <n withi(l) #i(k).

REMARK 11.17. This characterization of freeness in terms of cu-
mulants is the translation to cumulants of the definition of freeness
(which was in terms of moments), by using the moment-cumulant for-
mula (11.7). One should note that, in contrast to the characterization
in terms of moments, we do not require that i(1) # i(2) # --- # i(n)
nor that ¢(a;) = 0. Hence the characterization of freeness in terms of
cumulants is much easier to use than the characterization in terms of
moments.

PRrROOF. (i) = (ii): If all a; are centered, i.e. p(a;) = 0 for all
j = 1,...,n, and alternating, i.e. i(1) # i(2) # --- # i(n), then the
assertion follows directly by the moment-cumulant formula

Iin(ala-'-yan) = Z QOTr[alw--aan],u(ﬂ-v 171)’
TeNC(n)

because at least one factor of ¢, is of the form ¢(a;a;41 - - - a14,), which
vanishes by the definition of free independence.

The essential part of the proof consists in showing that on the level
of cumulants the assumption “centered” is not needed and “alternat-
ing” can be weakened to “mixed.”

Let us start by getting rid of the assumption “centered.” Since
n > 2, the above Proposition 11.15 implies that we have for arbitrary
ai,...,a, € A the relation

Bnlar, ... an) = ky(ar — p(a1)l, ..., a, — p(an)l), (11.12)
i.e. we can center the arguments of our cumulants x,, (n > 2) without
changing the value of the cumulants.

Thus we have proved the following statement. Consider n > 2 and
aj € Aiijy (j =1,...,n) with i(1) #i(2) # --- # i(n). Then we have
Kn(ay,...,a,) =0.

To prove (ii) in full generality we will use induction on the length of
our cumulants. For n = 2 and ay, ay free we have p(ajaz) = ¢(aq)p(as)
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and thus
Ka(ai, az) = p(aras) — p(ar)p(az) = 0.

Fix now n > 3 and assume we have proved (ii) for all x; with [ < n.
Consider a; € A;jy (j = 1,...,n). Assume that there exist k,! with
i(k) # i(l). We have to show that k,(ai,...,a,) = 0. If i(1) #
i(2) # -+ #i(n), then the assertion is already proved. If the elements
are not alternating then we multiply neighboring elements from the
same algebra together, i.e. we write a;---a, = Aj---A,, such that
neighboring A come from different subalgebras. Note that m > 2
because of our assumption i(k) # i(l). Then, by Theorem 11.12, we
have

Em(A1, ..., Ap) = Z Krlay, ..., ap)

TeENC(n),
Vo=1lp

= Kkp(ay,...,a,) + Z Krlay, ..., ap)

TENC(n),m#1ln
TVo=1n

where 0 € NC(n) is that partition whose blocks encode the information
about which elements a; we have to multiply in order to get the Aj;
that is ¢ = 0,, in Notation 11.9. Since the A are alternating we have
km(A1, ..., Ay) = 0. Furthermore, for © # 1,,, the term k,[aq, ..., a,)
is a product of cumulants of lengths smaller than n. Thus our induction
hypothesis applies to them and we see that k.[aj,...,a,] can only
be different from zero if each block of 7w contains only elements from
the same subalgebra. So all blocks of o that are coupled by 7 must
correspond to the same subalgebra. (Note that by the definition of o,
each of its blocks contains only elements from the same subalgebra.)
However, we are only looking at 7 with the additional property that
mV o = 1,, which means that 7 has to couple all blocks of o, compare
Remark 11.14. Hence all appearing elements must be from the same
subalgebra, which is in contradiction with m > 2. Thus there is no non-
vanishing contribution in the above sum and we get x, (a1, ..., a,) = 0.

(i) = (i): Consider a; € A, (j = 1,...,n) with i(1) #
i(2) # -+ # i(n) and ¢(a;) = 0 for all j = 1,...,n. Then
we have to show that ¢(ay---a,) = 0. But this is clear because
we have p(ai---an) = X cnom Kxlar, ... a,] and each product
Kelat,...,an] = [y 6(V)[a1, ..., a,] contains at least one factor of
the form k41 (ay, @41, - .., ai4p) which vanishes in any case (for p = 0
because our variables are centered and for p > 1 because of our as-
sumption on the vanishing of mixed cumulants). O
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Cumulants of random variables

When we are dealing with random variables (a; )y living in some non-
commutative probability space (A, ), then we are mainly interested
in the collection of all their joint moments or their joint distribution,
i.e. in ¢ restricted to the algebra Aj := alg(a; | i € I}. In the same
spirit, we will mainly consider free cumulants restricted to Ay, more
specifically to cumulants whose arguments are the random variables
themselves.

NoTATION 11.18. Let (a;);e; be random variables in some non-
commutative probability space (A, ) and let (k,)nen be the corre-
sponding free cumulant functionals.

(1) We will call free cumulants of (a;)icr all expressions of the
form k,(aiq), @i), - - -, @imy) for n € Nand i(1),...,i(n) € I.

(2) If (A, ¢) is a x-probability space, then by the free x-cumulants
of (a;)icr we will mean the free cumulants of (a;, a});e;.

(3) If we have only one random variable a, then we will also use the
notation k¢ := r,(a,...,a).

REMARKS 11.19. (1) It is clear that the knowledge of all cumulants
of (a;)ies contains the same information as the family of joint moments
of (ai)z‘e[.

(2) In order to recognize cumulants of given random variables (a;);ecs
it is worth giving the following explicit reformulation of Proposition
11.4. Assume we are given some complex numbers fr|a;q1y, - .., Gim)]
foralln e Ny m € NC(n), 1 <i(1),...,i(n) < m such that:

(i) the &, are multiplicative in the sense

Rw[ai(l), e ,ai(n)] = H /%(V)[al, e ,an],
Ver
where, for V = (r; < --- <r;) € 7, we use the notation (11.2),
/%(V)[ai(l), e ,ai(n)] = /%18 (ai(rl), e ,ai(rs));
(ii) we can write the moments of (a;);cr as
(@i -+~ aigm)) = Z Rrl@iry, - - -, Qi)
TeNC(n)
for all n € N and all i(1),...,i(n) € I.

Then these & are the cumulants of (a;);ey, i.e.

Krl@i(r), - - Q)] = Rrl@i(1ys - - - Gin)

for all n € N and 7 € NC(n).
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Let us now consider the question of how to recognize free indepen-
dence between random variables (a;);c; by looking at their cumulants.
Theorem 11.16 tells us that we can decide on this by checking the
vanishing of mixed cumulants, however, there we have to examine all
mixed cumulants with entries from the subalgebras generated by our
random variables. In the spirit of the present section we might hope
that it is enough to consider the free cumulants of the random variables
themselves (without having to invoke the generated subalgebras). The
next theorem shows that this is indeed the case.

THEOREM 11.20. Consider a non-commutative probability space
(A, @) and let (Kyn)nen be the corresponding free cumulant function-
als. Consider random variables (a;)ier in A. Then the following two
statements are equivalent.

(i) (a;)ser are freely independent.

(ii)) We have for all n > 2 and for all i(
Fn(@i(1), - - - Qi) = 0 whenever there exist 1 <

Proor. That (i) implies (ii) follows of course directly from Theo-
rem 11.16. But the other way around is not immediately clear, since we
have to show that our present assumption (ii) also implies the appar-
ently stronger assumption (ii) for the case of algebras. Thus let 4; be
the unital algebra generated by the element a; and consider elements
bj € Ay (j=1,...,n) with r(1),...,7(n) € I such that r(l) # r(k)
for some [, k. Then we have to show that r,(bi,...,b,) vanishes. As
each b; is a polynomial in a,(;) and since cumulants with a 1 as entry
vanish always for n > 2, it suffices, by the multilinearity of the cumu-
lants, to consider the case where each b; is some power of a,¢;. If we
write by - -+ b, as a1 - - - ai(m) then we have

K/n(bla"'abn> - Z K’W[ai(l)7"'7ai(m)]7

TENC(m)
TVo=1m

1),...,i(n) € I that
Lk < n withi(l) #

where the blocks of ¢ denote the neighboring elements which have to
be multiplied to give the b;. In order that rx|a;1y, - . ., Qi) is different
from zero, we must have, by our assumption (ii), that i(p) = i(q)
whenever p ~, ¢. So all blocks of ¢ which are coupled by 7 must
correspond to the same a;. However, we only consider « for which
we have 7 V o = 1,,, which means that all blocks of ¢ have to be
coupled by 7. Thus all a; should be the same, in contradiction with
the fact that we consider a mixed cumulant. Hence there is no non-
vanishing contribution in the above sum and we finally get our assertion

fn(br, .. by) = 0. 0
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Example: semicircular and circular elements

ExXAMPLES 11.21. Let us record here the cumulants of semicircular
elements and families.

(1) The second part of Remarks 11.19 allows us to extract directly
the cumulants of semicircular variables from knowledge of their mo-
ments. Recall from Lectures 2 and 8 (in particular, Corollary 2.14 and
Lemma 8.9) that the moments of a semicircular element s of variance

o? are given by the number of non-crossing pairings, i.e.

() = o - #NCy(2k) = o** Z 1= Z H k(V),

TeNC2(2k) TeNC(2k) Ver
where
2 i HYV =2
w(vy=47 HFVS
0  otherwise.

This tells us that the second order cumulant of s is equal to o2 and all
other cumulants are zero,

KS = G902 (11.13)

n

(2) More generally, Definition 8.15 of a semicircular family (s;)icr
of covariance (¢;j);er can be stated in the equivalent form that

Iin(si(l), c.. 7Si(n)> = n20i(1)i(2). (].]_]_4)

Another important random variable in free probability is the non-
normal version of a semicircular element — the circular element. This is
the replacement of a complex normal distribution in the world of free
probability.

DEFINITION 11.22. An element ¢ of the form ¢ = \/Aﬁ(sl + i9),
where s; and s, are two freely independent semicircular elements of
variance 1, is called a circular element.

ExAMPLE 11.23. The vanishing of mixed cumulants in free vari-
ables gives directly the cumulants of a circular element. Since only sec-
ond order cumulants of semicircular elements are different from zero,
the only non-vanishing cumulants of a circular element are also of sec-
ond order and for these we have

Ko(c,c) = ka(c", ") =

Ko(c, ") = Ka(c*, c) =
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Even elements

NOTATIONS 11.24. Let (A, ¢) be a non-commutative probability
space.

(1) We call an element x € A even if all its odd moments vanish,
i.e. if p(x?1) =0 for all k > 0.

(2) Let « be an even element. We will call (a;,),>1 with «,, 1= K3,
the determining sequence of the variable x.

It is immediately seen that the vanishing of all odd moments is
equivalent to the vanishing of all odd cumulants and thus the deter-
mining sequence contains all information about the distribution of an
even element. Another way of encoding the information about an even
element x is by looking at the distribution of z?. Actually, there is a
very precise way of relating these two descriptions.

PROPOSITION 11.25. Let x be an even element with determining
sequence (o )n>1. Then the cumulants of % are given as follows:

kn(2?,. 2% = ) o (11.15)

where o, is the multiplicative extension to NC' of the determining se-
quence, i.e. for any m € NC(n)

p = H Oz‘v|.

Ver

The proof of this statement relies mainly on our formula for cu-
mulants with products as arguments and a detailed study of what the
condition on 7 V ¢ means in this case. This proof is very typical for
many of our investigations in free probability theory and various vari-
ants of these arguments will show up at different places in the rest of
Part 2.

Proor. Applying Theorem 11.12 yields

TENC(2n)
wVo=1g,

with o = {(1,2),(3,4),...,(2n — 1,2n)} € NC(2n).
We claim now the following:
{me NC(2n) | nVo=1y}=
{me NC(2n) |1~y 2n, 2k ~; 2k+1 VEk=1,...,n—1}. (11.16)
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Since the right-hand side of (11.16) is in canonical bijection with
NC'(n) and since k. [z, x, ..., z, x| goes under this bijection to the prod-
uct o, this gives the assertion directly.

So it remains to prove the claim. It is clear that a partition which
has the claimed property does also fulfill 7V o = 15,. So we only have
to prove the other direction.

Let V' be the block of m which contains the element 1. Since z is
even, the last element of this block has to be an even number. (Oth-
erwise there would be an odd number of z which must be coupled
among themselves by 7.) If this even number were not 2n, but 2k for
1 < k < n, then we would have a situation as follows ...

2k 2k+1

lemmeeem o2 T

...and V would not be connected in 7V o to the block containing
2k 4+ 1. Hence m V 0 = 1y, implies that the block containing the first
element 1 contains also the last element 2n.

Now fix a k =1,...,n — 1 and let V' be the block of 7 containing
the element 2k. Assume that V' does not contain the element 2k + 1.
Then there are two possibilities.

Either 2k is not the last element in V', i.e. there exists a next element
in V', which is necessarily of the form 2/ 4+ 1 with [ > k:

2k 12k +1 g21r1
oz oi lz whle =iz @
1%

Or 2k is the last element in V, in which case the first element of V' is
of the form 2m +1 with 0 <m <k — 1:
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But in both cases the block V' is not connected with the element 2k + 1
in 7V o, so that this cannot give 15,. Hence the condition 7 Vo = 15,
forces 2k and 2k + 1 to lie in the same block. This proves our claim

and hence the assertion.
O

EXAMPLE 11.26. As an example for the application of the previous
proposition, let us calculate the cumulants for the square of a semicir-
cular variable s of variance o2. Then we have «,, = d,; and thus

{02" if r=0,
ay =

0 otherwise.

Hence (11.15) says in this case

2

Kn(s?,...,8%) = o™

We will come back to the relevance of this result in the next lecture in
the context of free Poisson distributions, see Proposition 12.13.

Appendix: classical cumulants

The theory of free cumulants is of course inspired by an analogous the-
ory of classical cumulants. As we have pointed out repeatedly, from the
combinatorial point of view the difference between classical probability
theory and free probability theory consists in replacing the lattice of
all partitions by the lattice of non-crossing partitions. In this section,
we want to be a bit more explicit on this and provide, for comparison,
the definition and some main properties of classical cumulants.

NoTATIONS 11.27. (1) Recall from Lecture 9, Definition 9.1 and
Remark 9.19, that P(n) denotes the lattice of all partitions of the set
{1,...,n}, equipped with the usual reversed refinement order as partial
order. Furthermore, we use the notation

P = JPMm).

(2) We extend a linear functional on an algebra A to a correspond-
ing multiplicative function on all partitions in the same way as we did
in Notation 11.2 for non-crossing partitions, namely by (7 € P(n),
a,...,a, € A)

prlar, . an) = [ e(V)las, .., an, (11.17)
Ver
where we use our usual notation ¢(V)[ay, ..., a,] := ¢s(a;,...,a;) for

V=_>U < <is) €.
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DEFINITION 11.28. Let (A, ) be a non-commutative probability
space. Then, for 7 € P(n), we define the classical cumulants ¢, as
a multilinear functional by

crlag, ... a,) = Z olar, ..., an] - ppm)(o,m), (11.18)

occeP(n)
o<mw

where fip(,) denotes the Mébius function on P(n). Sometimes, these
classical cumulants are also called semi-invariants.

The above definition is, by Mébius inversion on P(n), equivalent to

olay -+ a,) = Z Crlag, ... ay,).
TEP(n)
As in the non-crossing case, one shows that (cz)nenrepm) is a mul-
tiplicative family of functions on P and it is thus determined by the
values of
cnlay, ... a,) = cy,ar, ..., a,).

EXAMPLE 11.29. Let us compare free and classical cumulants for
small values of n. Since NC(n) and P(n) agree up to n = 3, we have
that ¢; = K1, co = Ko, and c3 = k3. For n = 4, let us consider the
special case of centered variables, p(a;) =0 for i = 1,...,4. Then we
have

ca(ay, az, as, as) = p(arazasas)
- go(alag)go(ach) - go(ala4)g0(a2a3) - W(alas)@(%%)y
whereas

ka(a1, az, as, as) = p(aragasay) — p(araz)p(azas) — p(a1as)p(azas).

One has now the analogs of Theorems 11.12 and 11.16 for classical
cumulants. For the first one, observe that our map 7 — 7 can be
extended in a canonical way to an embedding P(m) — P(n).

THEOREM 11.30. Consider a non-commutative probability space
(A, ) and let (¢;)rep be the corresponding free cumulants. Let m,n €
Nand1 <i(1) <i(2) <--- <i(m)=mn be given and denote by T+ T
the corresponding embedding P(m) — P(n). Recall that

O = {(1,...,3(1)),..., (i(m — 1)+ 1,...,i(m))}.
Consider now random variables a4, ..., a, € A. Then we have

Cm (@1 - Qi(1)s - - Qi(me1)41 " " Qi(m)) = Z crlay, ... a,]. (11.19)

TEP(n)
wvf)m:1n
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ExAMPLE 11.31. Let us compare the statement of this theorem for
ca(ayaq, agay) with the corresponding statement for rs(ajaq, agay). In
order to reduce the number of involved terms we consider the special
case where ¢(a;) = 0 for all i = 1,2,3,4. In the classical case there are
three partitions m € P(4) without singletons which satisfy

mV{(1,2),(3,4)} = 14,

namely

......................

and thus Theorem 11.30 gives in this case

C2(a1a2, a3a4) = c4(a1, ag, agz, CL4)

+ co(ay, ag)ca(az, ag) + c2(ay, ag)ca(az, ay).

In the free case, only the first two, non-crossing partitions contribute
and the corresponding formula from Theorem 11.12 yields

ko(aras, azas) = Ka(ar, az, as, as) + Ko(ar, as)re(as, as).

Classical cumulants have been considered in classical probability
theory — usually in terms of Fourier transforms, see Exercise 11.37 —
for a long time. Their relevance comes of course from the following
characterization, which is the perfect analog of Theorem 11.16.

THEOREM 11.32. Consider a non-commutative probability space
(A, ) and let (c,)nen be the corresponding classical cumulants. Con-
sider unital subalgebras (A;)icr of A which commute. Then the follow-
ing two statements are equivalent.

(i) (Ai)ier are tensor independent

(ii) We have for all n > 2 and for all a; € Ay (5 = 1,...,n)
with i(1),...,i(n) € I that c,(ai,...,a,) = 0 whenever there exist
1<,k <n withi(l) #i(k).
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Exercises

EXERCISE 11.33. Let (A, ) be a probability space and &, Xy C A
two subsets of A. Show that the following two statements are equiva-
lent.

(i) We have for all n € N, 1 < k < n and all ay,...,a; € X}
and agyq,...,a, € Xy that p(a; - aparrr---a,) = pla;---ag) -
(a1 - an).

(ii) We have for all n € N, 1 < k < n and all ay,...,a; € X} and
ki1, .- -, 0n € Xy that ky(ag, ..., ak, agit,. .., a,) = 0.

EXERCISE 11.34. We will use the following notations. A partition
7 € P(n) is called decomposable if there exists an interval I = {k, k +
1,...0k+r}#{1,...,n} (forsome k > 1,0 <r <n-—r), such that =
can be written in the form 7 = m Umy, where m; € P({k,k+1,..., k+
r}) is a partition of I and my € P(1,....,k— 1L,k+r+1,...,n})is a
partition of {1,...,n}\I. If there does not exist such a decomposition
of 7, then we call 7 indecomposable. A function ¢ : | J,, .y P(n) — Cis
called NC-multiplicative, if we have for each decomposition m = m; Uy
as above that t(m Umg) = ¢(m)-t(ms) (m and my are here identified with
partitions in P(r 4+ 1)) and P(n — r — 1), respectively, in the obvious
way. )
Consider now a random variable a whose moments are given by the
formula

pla™) = Y t(m), (11.20)
TEP(n)

where t is a NC-multiplicative function on the set of all partitions.
Show that the free cumulants of a are then given by

fnla, .. a) = > Hm). (11.21)

TEP(n)
7 indecomposable

EXERCISE 11.35. Let b be a symmetric Bernoulli variable, i.e. a self-
adjoint random variable whose distribution is the probability measure
%((5,1 + d1). In terms of moments this means:

1 if n even
b)) = 11.22
(b") {o if 7 odd. (11.22)

Show that the cumulants of b are given by the following formula:

b) = {(—1)k_1Ck_1 if n = 2k even

11.2
0 if n odd. ( 3)
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EXERCISE 11.36. This exercise refers to classical cumulants

(1) Prove Theorem 11.30.

(2) Prove Theorem 11.32.

(3) Calculate the classical cumulants of a Gaussian distribution and
of a classical Poisson distribution.

EXERCISE 11.37. In this exercise we want to establish the connec-
tion between the combinatorial Definition 11.28 of classical cumulants
and the more common formulation in terms of Fourier transforms. We
restrict the problem here to the case of one random variable.

(1) Let (my)n>1 be the moments of a random variable and (¢;,),>1
the corresponding classical cumulants. Consider the exponential gen-
erating power series

Alz) =14y e
n=1 ’
and .
Cp,
B(z) = —z"
(2) Z; w

Show that the combinatorial relation
m, = Z Cr
mEP(n)
between the coefficients of these power series is equivalent to the rela-
tion
B(z) = log(A(2))

between the power series themselves.

(2) Use the previous part of this exercise to prove the following.
Let v be a compactly supported probability measure on R and F its
Fourier transform, defined by

F(t) = /R e ().

Then, with (m,),>1 and (¢,)n>1 denoting the moments and classical
cumulants, respectively, of v, we have the power series expansions

f(t)zl—l—i(_;—.f)nmn

and
n

log F(t) = Z (_ﬁ) Cr.-



LECTURE 12

Sums of free random variables

Our main concern in this lecture will be the understanding and effective
description of the sum of freely independent random variables. How
can we calculate the distribution of a + b if @ and b are free and if
we know the distribution of a and the distribution of b. Of particular
interest is the case of selfadjoint random variables = and y in a C*-
probability space. In this case their distributions can be identified
with probability measures on R and thus taking the sum of free random
variables gives rise to a binary operation on probability measures on
R. We will call this operation “free convolution,” in analogy with the
usual concept of convolution of probability measures which corresponds
to taking the sum of classically independent random variables. Our
combinatorial approach to free probability theory, resting on the notion
of free cumulants, will give us very easy access to the main results of
Voiculescu on this free convolution via the so-called “R-transform.”

Free convolution

DEFINITION 12.1. Let p and v be probability measures on R with
compact support. Let x and y be selfadjoint random variables in some
C*-probability space such that x has distribution pu, y has distribution
v, and such that x and y are freely independent. Then the distribution
of the sum z + y is called the free convolution of x and v and is
denoted by p H v.

REMARKS 12.2. (1) Note that, for given u and v as above, one
can always find = and y as required. For example, we can realize
x and y as multiplication operators with the identity function on the
Hilbert spaces L?(u) and L?(v), respectively, and then take the reduced
free product of these C*-probability spaces to make x and y freely
independent. Furthermore, by Lemma 5.13, the distribution of the
sum only depends on the distribution p of z and on the distribution
v of y and not on the concrete realizations of x and y. Thus pH v is
well-defined.

195
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(2) Since x + y is selfadjoint and bounded, its distribution is also
a compactly supported probability measure on R. Thus H is a bi-
nary operation on all compactly supported probability measures on R.
Without pursuing this line, we would like to mention that by adequate
truncations one can extend the definition of (and the main results on)
H also to arbitrary probability measures on R.

(3) We have to warn the reader that there will be another notion
of free convolution, which will refer to the product of free random
variables and which will appear in Lecture 14. In order to distinguish
these two notions of free convolutions, H is also called the “additive
free convolution.”

Our aim is to find an effective way of calculating the free convolution
of two probability measures. According to our general philosophy that
free independence is better described in terms of cumulants than in
terms of moments, we should check what adding free variables means
for its cumulants.

Recall from Notation 11.18 that, for a random variable a we put

Ky = Kp(a,...,a)

and call (k%),>1 the “free cumulants of a.” Clearly, the free cumu-
lants of a contain the same information as the moments of a. However,
free cumulants behave much better with respect to taking sums of free
variables. This is a direct consequence of the vanishing of mixed cumu-
lants in free random variables and the multilinearity of our cumulant
functionals.

PROPOSITION 12.3. Let a and b be free random variables in some
non-commutative probability space. Then we have

ROV =K%+ kb V> 1. (12.1)

n

PRrROOF. We have
KT =Kk (a+D,...,a+Db)
= Kkp(a,...,a) + Kkp(b,...,b)
= Ky + Ky,

because cumulants which have both a and b as arguments vanish by
Theorem 11.16. U

Thus, the sum of freely independent random variables is easy to
describe on the level of cumulants: the cumulants are additive in such
a case.
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Of course, the main problem has now been shifted to the connec-
tion between moments and cumulants. Let us recall what our Defini-
tion 11.3 for the free cumulants means in the case of one variable: If
(mn)n>1 and (K, )n>1 are the moments and the free cumulants, respec-
tively, of some random variable, then the connection between these two
sequences of numbers is given by our moment-cumulant formula

My = Y (12.2)

where m +— kK, is the multiplicative extension of cumulants to non-
crossing partitions, i.e.

Kr 1= K|vy| = K|y for 7={W,...,V,} € NC(n).

EXAMPLES 12.4. Let us write down the moment-cumulant formula
and its Mobius inversion in this special case of one random variable for
small n. Of course, this is just a specialization of the corresponding
formulas from Examples 11.6.

(1) For n = 1, we have

my =R = K1
and thus
K1 = M.

(2) For n = 2, we have
My = Ky + K| = K2 + K,
and thus
Ky = My — m3.
(3) For n = 3, we have
M3 = KLy + KU+ KU RL R = R SRk + RS,

and thus
K3 = MmM3 — 3m1m2 + 2m§’

For concrete calculations, however, one would prefer to have a more
analytical description of the relation between moments and cumulants.
This can be achieved by translating the moment-cumulant formula to
a formula which involves the corresponding formal power series. Note
that we treated this problem in Lecture 10, in the context of multi-
plicative families of functions on non-crossing partitions. Namely, if
we use the moments m,, to build a multiplicative family of functions
fn on NC| by putting f,(1,) := m, for all n > 1, and the cumulants
Kk, to built a multiplicative family of functions g, on NC, by putting
gn(1,) := K, for all n > 1, then the relation (12.2) between moments
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and cumulants amounts to f = g *x (. What this means for the re-
lation between the (my),>1 and (k,)n>1 in terms of generating power
series was the content of Theorem 10.23. Let us reformulate this in our
present language.

THEOREM 12.5. Let (my,)n>1 and (Kp)n>1 be the moments and free
cumulants, respectively, of some random variable and consider the cor-
responding formal power series

M(z) =1+ imnz” (12.3)

and 7;
Cz) =1+ Z Kn2". (12.4)

Then we have "
ClzM(2)] = M(z). (12.5)

If our random variable is a selfadjoint element in a C*-probability
space, hence its distribution is a probability measure on R, it is ad-
vantageous to consider instead of the moment-generating series M (z)
the closely related Cauchy transform, because the latter has nice ana-
lytic properties and allows in particular recovery of the corresponding
probability measure concretely with the help of Stieltjes inversion for-
mula (compare Remark 2.20). Recall that the Cauchy transform for a
probability measure p is defined by

dp(t)
Gulz) = / -
rRZ—1
and has in the case of a compactly supported p the following power
series expansion about z = co

00 m,
Gu(z) = _ o (12.6)
n=0

where m,, are the moments of p. This means of course that we have
1
Gu(z) =-M(1/z). (12.7)
z

(This equation can be either considered as equality between formal
power series, or as an analytic equation for sufficiently large z.) Thus we
can reformulate the previous theorem in terms of G,. When Voiculescu
first discovered these relations, he formulated the results not in terms
of the cumulant-generating series C'(z), but in terms of a closely related
series, which he called “R-transform.”
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NoOTATION 12.6. Let p be a compactly supported probability mea-
sure on R. Denote by (k,),>1 the free cumulants of p. The R-
transform of y is the formal power series

Ru(2) =Y k2", (12.8)
n=0

Now we can combine the reformulation of our above Theorem 12.5
in terms of Cauchy transform and R-transform together with the R-
transform formulation of Proposition 12.3 to obtain the main theorem
about the description of additive free convolution.

THEOREM 12.7. (1) The relation between the Cauchy transform
G,(z) and the R-transform R,(z) of a probability measure 1 is given
by

Gu[Ru(z) +1/z] = = (12.9)

(2) The R-transform linearizes the free convolution, i.e. if i and v

are compactly supported probability measures on R, then we have

Rum(2) = Ru(2) + Ru(2). (12.10)

PROOF. (1) We just have to note that the formal power series M (z)
and C(z) from Theorem 12,5 and G(z), R(z), and K(z) = R(z) + %
are related by (12.7) and

C(z) =14 2R(z) = 2K (2), thus  K(z) := C’(z)

z

This gives (where we leave verification of the validity of these formal
power series manipulations as a straightforward exercise to the reader)

Ly L oM/ 1
B G(z)C[G( ) G(z) z } G(z)
thus K[G(z)] = z and hence also

G[R(z) + 1/z] = G[K(2)] = =.

(2) Since, by Proposition 12.3, the coefficients of the R-transform
are additive under free convolution, the same is of course also true for
the R-transform itself. 0

c[ M(1/z) = z,

The R-transform was introduced by Voiculescu as the main tool for
dealing with free convolution and the above Theorem 12.7 presents his
two main results about this. However, his treatment was much more
analytical, and showed the existence of the free cumulants of a random
variable, without giving a concrete combinatorial description of them.
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Analytic calculation of free convolution

The above Theorem 12.7 provides us with a quite effective machinery
for calculating the free convolution. Let u, v be probability measures
on R, then we can calculate B v as follows. Out of u and v we calcu-
late G, and G, respectively, then we use the relation between Cauchy
transform and R-transform, Theorem 12.7, to calculate the correspond-
ing R-transforms R, and R,. The free convolution on the level of R-
transforms is now quite easily described by R, m,(2) = R.(2) + R.(2).
It remains to go over to G m, by invoking once again Theorem 12.7
and finally to use the Stieltjes inversion formula to recover pH v itself.
All these calculations should be done on the level of analytic functions,
not just as formal power series manipulations.

Of course, explicit formulas for the transition between the Cauchy
transform and the R-transform might not always be obtainable, but
the following examples show that non-trivial examples can be treated.

ExAaMPLES 12.8. (1) Let

1
p=v= 5(5—1 +041)-

Then we have

Put

Then z = G,[K,(2)] gives

which has as solutions

141 +422
Ku(z) = ——5

Thus the R-transform of p is given by

1 V14+4z22 -1
Ru(z) = Kulz) - = 2

(Note: R,(0) = ki(pn) = mqi(p) = 0, so that we have to choose the
plus-sign for the square root.) Hence we get
V14422 -1

Ruu(2) = 2R,() = T
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and

1 V1+ 422
K(Z) = K#EH(Z> - Ruﬁﬂy(z) + ; =

z
which allows us to determine G := G g, via
V1+4G(2)?
= K|[G =
2= KIG()) = Y5
as
1
G(z) = —.
() = 75—
From this we can calculate the density
d 1 1 1 1
AeBAO _ 1 g1
dt Te0 St +ig)2 -4 T V24
so that we finally get
d(p B p)(t — <2
dt 0 otherwise.

Thus pH p is the arcsine distribution. Note that in the corresponding
classical case, one gets a binomial distribution

1 1 1
= -0 9+ =0+ —I,2.
pEp=7 2+20+4+2

Thus we are justified in calling u B p a “free binomial distribution.”
(2) In the same way as above, we can also calculate u®* instead of
1®2. Note that this corresponds to the free convolution of the arcsine
distribution with itself and thus should recover the result of Kesten for
the moment-generating series for the Laplacian in the free group Fo;
see Example 4.5. The calculation proceeds as above; the R-transform

for u®* is given by
R(z) =¥V 42 =1
which results in a Cauchy transform )
—z 4222 —12
22 —16 '

If we rewrite this in the moment-generating series M(z) = 1G(1/z) we
get exactly the result mentioned in (4.9),

2V —1222 -1
o 1-1622
More general p* for all n € N will be addressed in Exercise 12.21.

G(z) =

M(z)
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EXERCISE 12.9. For a probability measure p and a real number
r € R we denote by S,(u) the probability measure which is the shift of
i by the amount r, i.e. for measurable A C R

Se(p)(A) == pu(A—r), where A—r:={t—r|te A}. (12.12)
Show that the free convolution has the property
w6, =S, (). (12.13)

REMARKS 12.10. The above examples reveal some properties of
the free convolution, which are quite surprising compared to the corre-
sponding classical situation.

(1) The free convolution has the property that the convolution
of discrete distributions can be an absolutely continuous distribution
(i.e. a distribution which has a density with respect to Lebesgue mea-
sure).

(2) In particular, we see that H is not distributive with respect to
convex combinations of probability measures. If we put, as before, p :=
%(5_1 + 041), then we have seen that p B p is the arcsine distribution.
However, by invoking also the above Exercise 12.9, we have

1 1 1 1 1 1 1
SO 8p) + 50 Bu) = 55-1(k) + 554 (k) = 102+ 500 + 702,

so that we see:

1 1 1
501 +0) Bp# S (01 Bu)+ 50 Bp)

Proof of the free central limit theorem via R-transform

With the help of the R-transform machinery we can now give a more
analytic and condensed proof of the free central limit theorem. Since
free cumulants are polynomials in moments and vice versa, the con-
vergence of moments is equivalent to the convergence of cumulants.
Consider random variables aq, as, ..., which are free, identically dis-
tributed, centered, and with variance o2. In order to prove that the
sum (a; + --- + ay)/v/'N converges in distribution to a semicircular
variable s of variance o2, it suffices thus to show that

R(a1+---+a1\r)/\/ﬁ(z) - Ré‘('z) =0’z

in the sense of convergence of the coefficients of the formal power series.
It is easy to see that

Roa(z) = ARa(A2).
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Thus we get

z
R(a1+--~+aN)/\/1V(Z) = \/_N : Ra1+...+aN <\/_N>

since k1 = 0 and Ky = 02.

Free Poisson distribution

One of the most prominent distributions in classical probability theory
beyond the normal distribution is the Poisson distribution. One can get
a classical Poisson distribution as the limit in distribution for N — oo

of o~
((1 _ %)50 + %@) .

See Exercise 12.22 for a precise formulation. Usually, the parameters A
and « are called the “rate” and the “jump size” of the limiting Poisson
distribution (the latter referring to the fact that in the corresponding
Poisson process « is the size of the possible jumps; for the distribution
it just means that it is concentrated on natural multiples of a.)

Let us look at the free counterpart of that limit theorem. Clearly,
we will call a distribution appearing there in the limit a “free Poisson
distribution.” We will also use the names “rate” and “jump size” for
the parameters, although the latter clearly has no real meaning in the
non-commutative context.

PrOPOSITION 12.11. (Free Poisson limit theorem)
Let A >0 and a € R. Then the limit in distribution for N — oo of

(SN

has free cumulants (k,)n>1 which are given by

Kn = Aa” (n>1).
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This corresponds to a probability measure v on R which is given by

V:{(~1—)\)(50+)\17 Fo<A<1 (12.14)
1% if A>1,
where U is the measure supported on the interval
[a(1 = VN2, a1+ VM)
with density
dﬁ@)::-QL— ara? — (t— a1 + \)’dt. (12.15)

2mat

Note that our choice of the parameters A and « corresponds exactly
to the requirement that, for sufficiently large N, (1 —A/N)dg + A/Nd,,
and thus also its NV-fold free convolution power, is a probability measure
on R.

DEFINITION 12.12. For given A > 0 and a € R, the probability
measure given by (12.14) and (12.15) is called free Poisson distri-
bution with rate A and jump size a.

PRrROOF. Let us put

VN = <1 — %)50 + %(5&.

This is a probability measure on R for N > A. In the following we will
always assume that N is large enough. We denote by m,,(v) and &, (v)
the nth moment and nth cumulant, respectively, of a measure v. Then
we have

A
my(vy) = —a”

N
and thus by the moment-cumulant formula (note that u(-,-) denotes
here the Mdbius function on NC)

kn(Vn) = Z M (vn)p(m, 1)

TeNC(n)

= 2at Y malvudr 1)

TeNC(n)
T#ln

:%M+WUW%

where O(1/N?) denotes a term which is bounded by a constant times
1/N?. Thus we have

n(VEN) = N - K, (vy) = Aa™ 4+ O(1/N).
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Letting N go to infinity shows that the nth cumulant of vy converges
towards k, = Aa". Since the convergence of all cumulants is equivalent
to the convergence of all moments (for a formal proof of this in a more
general situation, see Lemma 13.2) it only remains to calculate the
explicit form of the limit from knowledge of its free cumulants. For
this we will use the R-transform machinery.

The R-transform of the limit is given by

o o 1
R(z) = Z Kni12" = Z A"t =
n=0 n=0

1—az

Thus the corresponding Cauchy transform G(z) has to fulfill the equa-
tion
1 . 1
a =2z
1—-aG(z) G(z) ’

which has the solutions
z+a—)\ai\/(z—a(1+/\))2—4>\0z2

200z

A

G(z) =

Since G(z) must behave like 1/z for large z we have to choose the
minus-sign; application of Stieltjes inversion formula leads finally to
the asserted form of the probability measure. O

If we now look back at Example 11.26 then we see that we have
found there a quite surprising realization of a free Poisson element.
Let us state the result of that example in our present language.

PRrROPOSITION 12.13. The square of a semicircular element of vari-

ance 0 is a free Poisson element of rate A = 1 and jump size o = o>.

REMARKS 12.14. (1) We want to emphasize that the analogous
relation in classical probability theory does not hold: the square of
a normal variable is, of course, not a classical Poisson variable. In
contrast to the free case, there is no direct relation between normal
and Poisson variables in the classical world. This is a manifestation
of the general observation that the lattice of non-crossing partitions
has “more structure” than the lattice of all partitions, which results in
relations in free probability theory without classical precedent.

(2) The combinatorial explanation behind the fact that the square
of a semicircular element is a free Poisson element is that the number of
non-crossing pairings of a set of 2n elements is the same as the number
of non-crossing pairings of a set of n elements, namely both are equal
to the Catalan number C,. In the classical world, both corresponding
numbers have no clear relation. The number of pairings of a set of 2n
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elements (i.e. the even moments of a Gaussian variable of variance 1)
is (2n—1)-(2n—3)---5-3- 1, whereas the number of partitions of a
set of n elements (i.e. the moments of a Poisson variable) is counted by
the so-called “Bell numbers” B,,. For more information on those, see
Exercise 12.23.

Compound free Poisson distribution

There exists a natural generalization of the class of classical Poisson
distributions — the so-called “compound Poisson distributions.” One
possibility for defining them is via a generalization of the limit theorem
for the Poisson distribution. Again, we have canonical counterparts of
this notion and results in the free world. We present the free version
of the limit theorem in the following proposition. The proof of this is
left to the reader.

PrOPOSITION 12.15. Let A > 0 and v a probability measure on R
with compact support. Then the limit in distribution for N — oo of

A\ \ O\ BNV
1 —)5 2
(( N NV)
has free cumulants (K, )n>1 which are given by
Kn = A -my, (V) (n>1), (12.16)

and thus an R-transform of the form

R(z) = A /R T dv(a).

1—2z

DEFINITION 12.16. A probability measure p on R with free cumu-
lants k, = k,(u) of the form (12.16) for some A > 0 and some com-
pactly supported probability measure v on R, is called a compound
free Poisson distribution (with rate A and jump distribution v).

REMARK 12.17. We can recover, of course, a free Poisson element
as a special compound free Poisson element for the choice v = 4,.
A general compound free Poisson distribution can be thought of as a
superposition of freely independent Poisson distributions; see Exercise
12.25 for more details on this.

Again, there is a relation between semicircular elements and com-
pound Poisson elements.



COMPOUND FREE POISSON DISTRIBUTION 207

PROPOSITION 12.18. Let (A, ) be a non-commutative probability
space. Let s,a € A such that s is a semicircular element of variance 1
and such that s and a are free. Then the cumulants of sas are given by

Kn(sas,...,sas) = p(a") Vn > 1. (12.17)

In particular, if a is living in a C*-probability space and is selfadjoint
with distribution v, then sas is a compound free Poisson element of
rate A =1 and jump distribution v.

Proor. By Theorem 11.12; we get

Kn(sas, ..., sas) = E KxlS,a,8,8,a,8,...,8,a,s],

TENC(3n)
TVo=13,

where o € NC(3n) is the partition
oc=1(1,2,3),(4,5,6),...,(3n —2,3n — 1,3n)}. (12.18)

Since s and a are freely independent, their mixed cumulants vanish and
Kk, can only give a non-vanishing contribution if no block of 7 connects
an s with an a. Furthermore, since s is semicircular, each block which
connects among the s has to consist of exactly two elements. But then
the requirement 7 V o = 13,, implies, by our usual arguments (see, for
instance, the proof of Proposition 11.25) that the blocks of 7 which
connect among the s must look like this:

This means that m must be of the form 7, U 7, where 7, is the special
partition
s = {(1,3n),(3,4),(6,7),(9,10),...,(3n — 3,3n — 2)}
€ NC(1,3,4,6,7,9,...,3n— 3,3n — 2,3n),

and where 7, is a partition restricted to the position of the a. Since
7, glues the blocks of o together, 7, does not have to fulfill any con-

straint and can be an arbitrary element in NC'(2,5,8,...,3n—1). Since
kx[s,a,s,s,a,s,...,s,a,s| factorizes for m = 7w, U, into
RroUmg |S, @, S, 8,0, 8, ..., 8,4, 8] = Kr,[8,8,...,8] kp,[a,a,..., a

= Kn,la,a,...,al,
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we get finally

EXAMPLE 12.19. As a generalization of the last proposition, con-
sider now the following situation. Let (A, ¢) be a non-commutative
probability space. Consider s,aq,...,a, € A such that s is a semicir-
cular element of variance 1 and such that s and {a4, ..., a,} are freely
independent. Put P, := sa;s. As above we can calculate the joint
distribution of these elements as

En( Py, - - Piny) = Kn(5a;1)8, . . ., Si(n)S)
= Z kﬂ[saai(l)as7sva’i(2)asa"'asva’i(n)ws]

TENC(3n)
wVo=13y,

= Z Ko [@i(1) @i(2)5 - - - » Qi(n))
T, €NC(n)

= p(aimyai) - - aim)),

where 0 € NC(3n) is as before the partition given in (12.18). Thus
we have again the result that the cumulants of Pi,..., P, are given
by the moments of ay,...,a,,. This contains of course the statement
that each of the P; is a compound Poisson element, but we also get
that orthogonality between the a; is translated into free independence
between the P;. Namely, assume that all a; are orthogonal in the sense
a;a; = 0 for all ¢ # j. Consider now a mixed cumulant in the B, i.e.
kn( Py, - - - Pyny), with (1) # i(k) for some [, k. Of course, then there
are also two neighboring indices which are different, i.e. we can assume
that £ = [+ 1. But then we have

/’in(pi(l)a c. >Pi(l)7 Pi(l+1)a c. ,Pi(n)) = gp(ai(l) .. .ai(l)ai(lﬂ) .. .ai(n)) = 0.

Thus mixed cumulants in the P; vanish and, by our Theorem 11.20,
Py, ..., P, have to be freely independent.

Exercises

EXERCISE 12.20. Let (A, ) be a non-commutative probability
space and consider a family of random variables (“stochastic process”)
(at)¢>o with a; € A for all t > 0. Consider, for 0 < s < ¢, the following
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formal power series

G =3 // olae, - ap ) dtr . db, (12.19)

T 21> >t >s
which can be considered as a kind of replacement for the Cauchy
transform. We will now consider a generalization to this case of

Voiculescu’s formula for the connection between Cauchy transform and
R-transform.

(a) Denote by k,(t1,...,t,) := kn(as, ..., a,) the free cumulants
of (at)i>0. Show that G(t,s) fulfills the following differential equation
d
—Gl(t 12.20
Cas) (12.20)
=> // Foni1(ty b1, .. 1) - G(t, 1)
"0 b > >t s

: G(tl, tg) s G(tnfl, tn> . G(tn, 8) dtl Ce dtn
t
= Iil(t)G(t, 8) +/ lig(t,tl) . G(t,tl) . G(tl, S) dtl

+ // Kg(t,tl,tg) 'G(t,tl) 'G(tl,tg) 'G(tQ,S) dtldt2+"' .
t>t1>ta>s
(b) Show that in the special case of a constant process, i.e. a; = a
for all ¢ > 0, the above differential equation goes over, after Laplace

transformation, into Voiculescu’s formula for the connection between
Cauchy transform and R-transform.

EXERCISE 12.21. For p = $(6_1 + 641) calculate the density of
the “free binomial distributions” u® for all natural n. (The resulting
measures were found by Kesten in the context of random walks on free
groups.) Does the result also make sense for non-integer n? (We will
come back to this question in Example 14.15.)

EXERCISE 12.22. Show (for example, by using Fourier transforms)

that the limit of v
A A *
((1_N>50+N6a) 9

is given by the classical Poisson distribution of rate A\ and jump size «,
i.e. by the probability distribution
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(O is here the discrete probability measure with mass 1 at ka). This
is sometimes called the “law of rare events.”

EXERCISE 12.23. Let B,, denote the number of partitions of the set
(1,...,n). Show that the exponential generating series of these Bell
numbers is given by

o)

B,
D =t =exp(e® — 1) (12.21)
n:

n=1

Determine the value of B,, for small n.

EXERCISE 12.24. Prove the limit theorem for compound free Pois-
son distribution, Proposition 12.15.

EXERCISE 12.25. (1) Let a; and as be free Poisson elements with
rate A\; and X\, and jump size a; and as, respectively. Assume that a,
and ay are freely independent. Show that a; + as is a compound free
Poisson element. Show that it is a free Poisson element if and only if
a1 = Q.

(2) Show that any compound free Poisson a can be approximated in
distribution by elements a,, where each a,, is the sum of finitely many
freely independent free Poisson elements.



LECTURE 13

More about limit theorems and infinitely divisible
distributions

The theory of infinitely divisible distributions is an important develop-
ment in classical probability theory which generalizes the central limit
theorem and the Poisson limit theorem. In this lecture we want to
develop the basics of the free counterpart of that theory.

Limit theorem for triangular arrays

We will now consider a more general limit theorem, corresponding to
triangular arrays of free random variables. In the corresponding classi-
cal situation we get in the limit the so-called infinitely divisible distri-
butions. We will see later that we have an analogous characterization
in our free situation. In order to keep our considerations simple we
restrict to the case where we have identical distributions within the
rows of our triangle.

We will formulate our general limit theorem for the case of families
of random variables, indexed by some set I. Readers who do not feel
comfortable with such a generality should rewrite the theorem for the

special case where I consists of one element; for this, see also our
Remark 13.4.

THEOREM 13.1. (Free limit theorem for triangular arrays)
Let, for each N € N, (An, pn) be a non-commutative probability space.
Let I be an index set. Consider a triangular field of random wvari-
ables, i.e. for each i € I, N € N and 1 < r < N we have a random

variable a%);r € Ay. Assume that, for each fited N € N, the sets
{a%{l}ie[, . {a%{N}M are free and identically distributed. Then the
following statements are equivalent.

(1) The sums over the rows of our triangle converge in distribu-
tion, i.e. there is a family of random variables (b;)ier in some non-
commutative probability space such that

i 7 distr
(agv)ﬂ +ot aEV);N)iGI — (bi)ier- (13.1)
211
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(2) For allm > 1 and all i(1),...,i(n) € I the limits
lim N on(agy,” - all?) (13.2)

(which are independent of r by the assumption of identical distribution)
extst.

Furthermore, if these conditions are satisfied, then the joint distri-
bution of the limit family (b;)ic; is determined in terms of free cumu-
lants by (n > 1, i(1),...,i(n) € I)

Fn (i), -+ bigy) = lim N~ pn(as - aly. (13.3)

Since our main tools are cumulants and not moments, it is good
to convince oneself that the statement on convergence of moments is
equivalent to convergence of cumulants.

LEMMA 13.2. Let (Ayn, pn) be a sequence of probability spaces and

let, for each i € I, a random wvariable ag\l,) € Ay be given. Denote by
kN the free cumulants corresponding to pn. Then the following two
statements are equivalent.

(1) For each n > 1 and each i(1),...,i(n) € I the limit

dim N on(ai) .. gl
ex1sts.
(2) For cachn > 1 and each i(1),...,i(n) € I the limit
]\}l_rgo N - ﬁg(a%(l)), . ,a%(”)))
ex1sts.

Furthermore the corresponding limits are the same.
PROOF. (2) = (1): We have

e T reNC(n)

By assumption (2), all terms for 7 with more than one block tend to
zero and the term for 7 = 1,, tends to the finite limit given by (2).

The other direction (1) = (2) is analogous. O
PrROOF OF THEOREM 13.1. We write
N
i(1 i(N)\n i(1 i(n
on((ayy” +-+ayd)") = Y enlangy e aim)
r(1),...,r(n)=1

and observe that for fixed N a lot of terms in the sum give the same
contribution. Namely, the tuples (r(1),...,r(n)) and (r'(1),...,7'(n))
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give the same contribution if the indices agree at the same places.
As in the case of the central limit theorem (see, in particular, (8.1)),
we encode this relevant information by a partition 7 (which might a

priori be a crossing partition). Let (r(1),...,r(n)) be an index-tuple
corresponding to a fixed m, i.e. p ~, ¢ if and only if r(p) = r(q)
(p,g=1,...,n). Then we can write
(i(1)) (i(n)) \ _ (i(1)) (i(n))
PN () Ay = Z Ko Oty - Ao
c€ENC(n)
i(1 i(n
C S R )
JEN<C(n)

(where the latter expression is independent of 7). The last equality
comes from the fact that elements belonging to different blocks of 7
are free. The number of tuples (r(1),...,r(n)) corresponding to = is
of order NIl thus we get

lim S0]\[((CL§\1[(1))_{_ . %(n))) )

N—oo
Z Z lim NI N[ag\z,(r)), . ,agf,(;:))]. (13.4)

N—oo
TEP(n U€NC(")

o<m

By taking suitable polynomials in the left-hand expressions (namely,
classical cumulants of them), we see that the convergence in distribu-
tion of the sum of our rows is equivalent to the existence of all limits

T 1 i(n
> dim NRYaRD el
O'EN<C(TL)

for all # € P(n). By induction, the latter is equivalent to the existence
of all limits

lim NI N[agv( N ,ag\i,(;:b))]

N—o0 r
for any 7 € P(n) and 0 € NC(n) with o < 7. By invoking also Lemma
13.2, this is equivalent to the existence of all limits (13.2).

If the existence of these limits is assumed then we get non-vanishing
contributions in (13.4) exactly in those cases where the power of N
agrees with the number of factors from the cumulants x,. This means
that || = |o|, which can only be the case if 7 itself is a non-crossing
partition and ¢ = w. But this gives, again by using Lemma 13.2,
exactly the assertion on the cumulants of the limiting distribution. [J

EXERCISE 13.3. Apply the limit theorem 13.1 to the special situa-
tions treated in our limit theorems for free Poisson and compound free
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Poisson distributions from the last lecture and check that one recovers
the statements from Propositions 12.11 and 12.15.

REMARK 13.4. In the case of C*-probability spaces and I consist-
ing of just one element, this theorem reduces to the statement that, for
given probability measures py on R with compact support, the conver-
gence in distribution of &V to some compactly supported probability
measure 4 is equivalent to the fact that

kb= lim N -m,(uy).

N—oo

Our main goal in the following will be to characterize the possible limits
in this case.

Cumulants of operators on Fock space

Before we study further the possible limit distributions of triangular
arrays, we would like to give a nice application of that limit theorem:;
it can be used to determine very easily the cumulants of creation, an-
nihilation and gauge operators on a full Fock space. We use here the
notations as introduced in Lecture 7 in Definitions 7.13 and 7.24.

PROPOSITION 13.5. Let 'H be a Hilbert space and consider the C*-
probability space (B(F(H)), ™). Then the cumulants of the random
variables I(f), I*(g), AM(T) (f,g € H, T € B(H)) are of the following
form. We have (n>2, f,g € H, T1,..., T2 € B(H))

kn(U(f), M(Th), ..., ATy 2),1(g)) =Ty ... Tp_29, f) (13.5)
and all other cumulants with arguments from the set {I(f) | f € H} U
{I*(9) | g€ H} U{A(T) | T € B(H)} vanish.
PrOOF. For N € N, put
Hy =HD --®H
—_——

N times

and (f,g € H, T € B(H))

Then it is easy to see that the random variables {I(f),!*(g), A(T) |
frg € H, T € B(H)} in (B(F(H)), 7) have the same joint distribution
as the random variables

{z(f@\'/'ﬁ@f),z*(g@\'/'ﬁ@g),A(T@---@T) | f,gEH,TeB(H)}

in (B(F(HnN)), Twy). The latter variables, however, are the sum of N
free random variables, the summands having the same joint distribu-
tion as {In(f),Ix(9), An(T) | f,g € H,T € B(H)} in (B(F(H)), ),
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where
In(f) = Tlﬁ ), Iilg) = %ng), An(T) = A(T).

Hence we know from‘our limit theorem 13.1 that the cumulants
kn(a®, ... a™) for a® € {I(f),1*(g9), A(T) | f,g € H,T € B(H)}
can also be calculated as

kn(a, .. a™) = ]\}im N - QOHN(aE\lf) e ag\?)).
This yields directly the assertion. U

Infinitely divisible distributions

Finally, we wish to characterize the compactly supported probability
measures on R which can arise as limits of triangular arrays. It will
turn out that these are exactly the infinitely divisible ones.

DEFINITION 13.6. Let p be a probability measure on R with com-
pact support. We say that u is infinitely divisible (in the free sense)
if, for each positive integer n, there exists a probability measure p,,
such that

= (). (13.6)

REMARK 13.7. (1) Of course, we will denote the probability mea-
sure ji, appearing in the above definition by pu®/™. One should note
that the existence of u®/" as a linear (not necessarily positive) func-
tional on polynomials is not a problem, the non-trivial requirement for
1 being infinitely divisible is the existence of this £®/" in the class of
probability measures.

(2) Since p®/4 = (B9 for positive integers p, g, it follows that
the rational convolution powers are probability measures. By continu-
ity, we then also have that all convolution powers u® for real t > 0 are
probability measures. Thus the property “infinitely divisible” is equiv-
alent to the existence of the convolution semigroup x® in the class of
probability measures for all ¢ > 0.

In order to get a better understanding of the class of infinitely
divisible distributions it would be good to have a sufficiently large
supply of operators whose distributions are infinitely divisible. As we
will see in the next proposition, sums of creation, annihilation and
gauge operators on full Fock spaces are such a class. Even better, in
the proof of Theorem 13.16 we will see that every infinitely divisible
distribution can be realized in such a way.



216 13. LIMIT THEOREMS AND INFINITELY DIVISIBLE DISTRIBUTIONS

PROPOSITION 13.8. Let ‘H be a Hilbert space and consider the C*-
probability space (B(F((H)), 7). For f € H, T = T* € B(H) and
A € R, let a be the selfadjoint operator

a:=I1f)+1"(f)+AT)+ X1 (13.7)
Then the distribution of a is infinitely divisible.

Proor. Clearly, it suffices to consider the case where A = 0. Let
us use the frame which we have set up in the proof of Proposition 13.5.
There we have remarked that a = I(f) + I*(f) + A(T) has the same
distribution as the sum

{l<f®0%-~@o)+l*(f@o%--@o
--+{l(0@"'¢%0@f)+z*(0@”\'/%0@f

The N summands are selfadjoint, all have the same distribution (which
is a probability measure), and they are freely independent. Since we
have this for each N € N this yields the infinite divisibility of the
distribution of a. O

)+A(T@0@---@0)}+---

)+A(O@---@O@T)].

EXERCISE 13.9. Realize a free Poisson distribution of rate A and
jump size « in the form I(f) + *(f) + A(T) + 5 - 1 for suitably chosen
f, T, and 3.

Conditionally positive definite sequences

Before looking at the relation between infinitely divisible distributions
and limit theorems, we want to determine what infinite divisibility
means for the cumulants of the distribution. It will turn out that the
following is the right concept for this problem.

NOTATION 13.10. Let (t,)n,>1 be a sequence of complex numbers.
We say that (t,),>1 is conditionally positive definite if we have for
allr=1,2,... and all aq,...,a, € C that

T
> anlmtngm > 0.

n,m=1

REMARKS 13.11. (1) Recall that a sequence (s,),>o of complex
numbers is called “positive definite” if we have for all » = 0,1,... and
all ag,...,qa, € C that

.
E OO Sptm = 0.

n,m=0
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This is equivalent to the fact that (X", X™) := s,4,, defines a non-
negative sesquilinear form on C(X), the vector space of polynomials
in one variable. The “conditional” in the notation above refers to
the fact that conditionally positive definite sequences provide in the
same way a non-negative sesquilinear form restricted to the subspace
of polynomials without constant term.

(2) If (t,)n>1 is a conditionally positive definite sequence, then we
can define the shifted sequence (s,)n>0 by sp := tn4o for n > 0. (Note
that we loose the information about ¢; by doing so; on the other hand,
the value of ¢; is irrelevant for the question whether (¢,),>; is condi-
tionally positive definite.) Clearly, the statement that (,),>1 is condi-
tionally positive definite is equivalent to the statement that (s, ),>¢ is
positive definite, because

r r r
E Qi Sptm = E Oty imi2 = E ﬁn+1ﬁm+1t(n+1)+(m+1)7

n,m=0 n,m=0 n,m=0

with 8,41 =a, forn=0,...,r.
(3) Let (¢,)n>1 be a conditionally positive definite sequence. What
does this mean for the generating power series

R(z) := Z tni12™?
n=0

(Let us use R as notation for this power series, because we will only be
interested in the case where the t¢,, are cumulants of a probability mea-
sure u, and then indeed the considered power series is the R-transform
of p.) It is easier to handle this question in terms of the shifted se-
quence (Sp)n>0 With s, := t,42 (n > 0). This sequence (s,),>0 is
positive definite, which means that we are dealing with moments of a
finite measure p,

Sp = /x" dp(z) (n>0).
Thus our R(z) is

(e 9]

R(z) =t + Z 2"t

n=0
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In order to stay within our frame of measures with compact support
and thus also justify the last equation on an analytic level, we only con-
sider the situation that p has compact support (in which case it is also
uniquely determined by the s,). In terms of the (s,),>0 this amounts
to the requirement that they do not grow faster than exponentially in
n. Let us work this out in the following.

DEFINITION 13.12. We say that a sequence (s,,),>0 of complex num-
bers does not grow faster than exponentially if there exists a
constant ¢ > 0 such that

lsn] < " Vn eN.

LEMMA 13.13. Let p be a finite measure on R and let

5 = /R dp(z)  (neN)

be its moments. Then the following statements are equivalent.

(1) p has compact support.

(2) The moments s, ezist for all n € N and the sequence (Sy,)nen
does not grow faster than exponentially.

PROOF. (1) = (2): Assume p has compact support included in
the interval [—R, R]. Put

¢ :=max(1, p(R)) < co.

Then we have
R
5a] < / 2" dp(z) < R*(R) < (Re)".
-R

(2) = (1): This follows from the fact that the support of p is
bounded by lim,, .o X/52, (for this, compare the proof of Proposition
3.17). Thus, if we assume an exponential bound [s,| < ¢, this yields
as bound for the support of p

. . 2
lim %/sy, < lim Ve =c.
n—oo

n—oo

O

Clearly, the condition of exponential growth for a sequence (s,)s,
is the same as for the shifted sequence (¢,), = (Sn—2)n. Thus we can
summarize our considerations from the above Remark 13.11 as follows.

PROPOSITION 13.14. Let (t,)n>1 be a sequence of complex num-
bers which does not grow faster than exponentially. Then the following
statements are equivalent.

(1) The sequence (t,)n>0 is conditionally positive definite.
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(2) There exists a finite measure p on R with compact support such

that
o0 N P
Z top12" =1t + / ] dp(x).
s R — Iz

If we want to apply this to the characterization of infinitely divisible
distributions we need one more observation. Our sequence (t,) will be
given by the cumulants of a compactly supported probability measure
i. By the above Lemma 13.13, the moments of p do not grow faster
than exponentially. However, what we really need is that the cumulants
have this property. That this is indeed equivalent follows from the fact
that the size of NC'(n) and also its Mobius function do not grow faster
than exponentially.

PROPOSITION 13.15. Let (A, ) be a non-commutative probability
space and consider a random variable a € A. Let my, = ¢(a") (n € N)
and Kk, := K% be the moments and free cumulants, respectively, of a.
Then the fact that the sequence (my,), of moments does not grow faster
than exponentially is equivalent to the fact that the sequence (Kp)n of
cumulants does not grow faster than exponentially.

PROOF. Let us assume that the cumulants do not grow faster
than exponentially. By the moment-cumulant formula, we have m,, =
D reNC(n) fin- Note that the assumption |k, < ¢" implies that we also
have |k,| < ¢ for all 7 € NC(n). Thus, we get

mal <) kel SH#NC(n) - .

TeENC(n)

If we note now that for all n € N

ANC(n) = Cp = — (2”) <qm

n+1\n

then we get the desired growth bound for the moments.

For the other direction, we also need the fact that the Mobius func-
tion u(+,+) on NC does not grow faster than exponentially. We know
that

|14(0n, 1n)| = [(=1)" 7' Cra| < 47

This implies, for any 7 € NC(n),
’M(ﬂ-7 1n)| = |:u(0m K<7T))| <47,
so that from the assumption m,, < " we get finally

’Hn| = ‘ Z mﬂu(ﬂ, 1n)‘ S Z cn_4n§4n_cn.4n7
TeNC(n) TENC(n)
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thus the wanted exponential bound for the growth of the cumulants.
O

Characterization of infinitely divisible distributions

Now we are ready to state our final theorem on characterizing infinitely
divisible distributions with compact support. The formula (13.8) is the
free analog of the classical Levy—Khintchine formula, in the version for
compactly supported measures.

THEOREM 13.16. Let i be a probability measure on R with compact
support and let k,, 1= k" be the free cumulants of p. Then the following
statements are equivalent.

(1) w is infinitely divisible.

(2) The sequence (Kp)n>1 of free cumulants of p is conditionally
positive definite.

(3) The R-transform of u is of the form

R(2) = s + / dp(z), (13.8)

for some finite measure p on R with compact support.

(4) p is a possible limit in our triangular array limit theorem: for
each N € N, there exists a compactly supported probability measure py
such that

l1—2zz

BN dlstr
HN

PROOF. The equivalence between (2) and (3) follows from Proposi-
tion 13.14 together with Proposition 13.15. The remaining equivalences
will be proved via the chain of implications (4)=(2)=(1)==-(4).

(4) => (2): Assume that we have uBV &% |, Let ay be a self-
adjoint random variable in some C*-probability space (Ay, @) which
has distribution py. Then our limit theorem (in the special form con-
sidered in Remark 13.4) tells us that we get the cumulants of u as

Kp = lim N - ppy(al).

N—oo
Consider now ay, ..., qa, € C. Then we have
k k
= . n+m
E OO Kp g = lim N - E on(anamain™)
N—oo
n,m=1 n,m=1

:J&IE;ON g0N< Zana]\, ZamaN )

>0,
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because all ¢y are positive.
(2) = (1): Denote by Cy(X) the polynomials in one variable X
without constant term, i.e.

Co(X) =CX®CX*®---.

We equip this vector space with an inner product by sesquilinear ex-
tension of

(X", X™) = Knam (n,m >1). (13.9)
The assumption (2) on the sequence of cumulants yields that this is
indeed a non-negative sesquilinear form. Thus we get a Hilbert space
‘H after dividing out the kernel and completion. In the following we

will identify elements from Cy(X) with their images in H. We consider
now in the C*-probability space (B(F((H)), ) the operator

a:=U1X)+1"(X)+AX)+ K- 1, (13.10)

where X in A(X) is considered as the multiplication operator with X.
(Note that, by our assumption of compact support of y, this operator X
is indeed bounded.) By Proposition 13.8, we know that the distribution
of a is infinitely divisible. We claim that this distribution is the given
p. Indeed, this follows directly from Proposition 13.5. For n = 1, we
have

K] = K1;
for n = 2, we get
kg = ka(I"(X), (X)) = (X, X) = ko,

and for n > 2, we have
ke =k, (I"(X), AM(X), ..., A(X), (X))

= (X, A(X)"X)

= (X, X")

= Kn.
Thus all cumulants of a agree with the corresponding cumulants of p
and hence the two distributions coincide.

(1) = (4): Just put, for each N € N, puy := p®/N which exists
as a probability measure by the definition of “infinitely divisible.” []

Exercises

EXERCISE 13.17. Show that $0_; + 3041 is not infinitely divisible.
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EXERCISE 13.18. In this exercise we will investigate the relation
between compound free Poisson distributions (see Definition 12.16) and
infinitely divisible distributions.

(1) Show that every compound free Poisson distribution is infinitely
divisible.

(2) Show that there exist infinitely divisible distributions with com-
pact support which are not compound free Poisson distributions.

(3) Show that any infinitely divisible distribution with compact
support can be approximated in distribution by compound free Poisson
distributions.

EXERCISE 13.19. This exercise addresses the relation between in-
finitely divisible distributions and stationary processes with free incre-
ments. A stationary process with free increments or a free Levy
process is a collection of selfadjoint random variables z; for all real
t > 0 (think of ¢ as time), living in a C*-probability space such that
we have:

(1) o — 0;
(2) for any set of times 0 < t; < --- < ¢, the increments

It17xt2 — ZL'tl, . 7ZL'tn — Itn,1

are freely independent;
(3) for all 0 < s < t the distribution of z; — x5 depends only on
t—s.

(1) Let (x4)1>0 be a stationary process with free increments. Show
that the distribution p of z; is infinitely divisible and that the distri-
bution of z; is given by pu® for any t > 0.

(2) Let p be an infinitely divisible distribution. Show that there
exists a stationary process (z;);>o with free increments such that the
distribution of z; is equal to u.

[Hint: one might adapt the construction in the proof of Theorem 13.16
from the level of one operator to the level of processes by considering
a family of operators on F(H ® L?*(R,)) instead of one operator on

F(H)]



LECTURE 14

Products of free random variables

In the previous lectures we treated the sum of freely independent vari-
ables. In particular, we showed how one can understand and solve from
a combinatorial point of view the problem of describing the distribu-
tion of a+ b in terms of the distributions of a and of b if these variables
are freely independent. Now we want to turn to the corresponding
problem for the product. Thus we want to understand how we get the
distribution of ab out of the distribution of a and of b if a and b are
freely independent.

Note that for the corresponding classical problem no new consider-
ations are required, since this can be reduced to the additive problem.
Namely, if a and b commute, we have ab = exp(loga + logb) and
thus we only need to apply the additive theory to loga and logb. In
the non-commutative situation, however, the functional equation for
the exponential function no longer holds, so there is no clear way to
reduce the multiplicative problem to the additive one and some new
considerations are needed. In our combinatorial treatment it will turn
out that the description of the multiplication of freely independent
variables is intimately connected with the complementation map K in
the lattice of non-crossing partitions. Since there is no counterpart of
the complementation map for all partitions, statements concerning the
multiplication of freely independent variables might be quite different
from what one expects classically. With respect to additive problems,
classical and free probability theory are quite parallel (combinatorially
this essentially means that one replaces arguments for all partitions by
the corresponding arguments for non-crossing partitions); with respect
to multiplicative problems the world of free probability is, however,
much richer.

Multiplicative free convolution

As in the additive case we want to define a binary operation on proba-
bility measures on R which corresponds to the product of free random
variables. However, one has to note the following problem: if x and y
are selfadjoint random variables in a C*-probability space (A, ¢), then

223
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the product zy (unlike the sum x + y) is not selfadjoint in general; as
a consequence, the moments of zy will in general not be the moments
of a probability measure, even if the moments of  and of y are so. In
order to fix this problem, we will assume that at least one of the ele-
ments x and y is positive. Indeed, if (say) x is a positive element of A,
y is selfadjoint and x and y are free, then xy has the same moments as
the selfadjoint random variable \/xy+/z, because we have for all n > 1
that

P(Vayve)") = o(Vay(ey)" ™ - V)
= o(Vr - ay(zy)" )
= o((zy)").
(At the second equality sign we took into account that ¢ has to be tra-
cial on the unital subalgebra of A generated by x and y; cf. Proposition
19.
’ 9F3)r most of our considerations, we will in fact only use the more

symmetric framework where both x and y are positive elements. We
thus arrive to the following definition.

DEFINITION 14.1. Let  and v be compactly supported probability
measures on R,. Then their multiplicative free convolution uX v
is defined as the distribution in analytical sense of \/zy+/x where 2 and
y are positive elements in some C*-probability space, such that x and y
are free, and x and y have p and v, respectively, as their distributions
in analytical sense.

REMARKS 14.2. (1) As for the additive case, one has to note that
one can always find x and y as required and that the result does not
depend on the specific choice of x and y, but only on their distributions
u and v.

(2) Since the moments of \/zy+/x are the same as those of \/yz,/y

the operation X is commutative,
uXv=vKypu.

(3) Note that we need the operator \/zy+/z just to be sure that we
are dealing with moments of a probability distribution. Thus we can
also define p X v, for pu and v compactly supported probability mea-
sures on R, as the probability distribution whose moments are given
by ¢((ab)™) for any choice of a, b in some non-commutative probability
space (A, ¢) such that a and b are free and such that the moments
of p and v are given by ¢(a™) and p(b™), respectively. This probabil-
ity distribution is then uniquely determined and necessarily compactly
supported on R, .
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(4) The previous remark makes the associativity of the multiplica-
tive free convolution obvious. Given r compactly supported probability
measures fiq, . . ., f on Ry, g XXy, is the (necessarily uniquely de-
termined and compactly supported) probability measure on R, whose
moments are given by the moments of a; - - - a,, whenever a4, ..., a, are
free elements in some non-commutative probability space such that the
moments of a; are the same as the moments of y;, for all i =1,...,r.

(5) Since it is enough to have one of the involved operators = and
y positive in order to recognize the moments of xy as giving rise to a
probability measure, we can extend the definition of X to a mapping

K : P(R) x P(R;) — Pu(R), (14.1)

where P.(A) denotes the set of all compactly supported probability
measures on A C R. We will indicate it explicitly if we consider X in
this more general context. Usually, we consider it as a binary operation
on P.(R,).

(6) There is also a variant of X for probability measures on the
circle. Note that probability measures on the circle arise naturally as
x-distributions in analytical sense of unitary operators. Furthermore,
the product of any two unitary operators is again unitary, so that, for
probability measures p and v on the circle, we can define X v as the
distribution in analytical sense of uv, if u and v are unitary operators in
a C*-probability space such that u has distribution u, v has distribution
v, and u and v are freely independent. Much of the theory of X for
unitary elements is parallel to the theory of X for positive elements.
We will restrict ourselves in this book to the latter situation.

As in the additive case, we would now like to understand, in general,
how to find the distribution of ab, for a and b free, from the distribution
of a and the distribution of b and, in particular, how we can calculate
the multiplicative free convolution uXv from g and v. In this lecture we
will mainly talk about the general problem on the combinatorial level.
The translation of this into formal power series (called S-transforms)
which will yield an analytical description for u X v will be postponed
to Part 3, where we will talk more systematically about transforms.

Combinatorial description of free multiplication

Our combinatorial description of the product of free variables relies
crucially on the complementation map K : NC(n) — NC(n), which
was introduced in Definition 9.21. Let us first note in the following
exercise another possibility for characterizing K (7). We will use this
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characterization in the proof of the second formula in our main theorem
on the description of products of free random variables.

EXERCISE 14.3. Let 7 be a partition in NC(n). Prove that the
Kreweras complement K (7) can also be characterized in the following
way. It is the only element o € NC(1,...,7n) with the properties that
tUo e NC(1,1,...,n,7) = NC(2n) is non-crossing and that

(mUo)V{(1,1),(2,2),....(n,n)} = Lo (14.2)
THEOREM 14.4. Let (A, ) be a non-commutative probability space
and consider random variables aq,...,a,,b1,...,b, € A such that

{ai,...,a,} and {by,...,b,} are freely independent. Then we have

gp(alblagbg...anbn) = Z mﬁ[al,ag,...,an] . @K(W)[bl,bg,.. ,bn]
TeENC(n)
(14.3)

and

Kn(a1by, asha, ... a,b,) = Z Krla1, a2, ..., Gn] - Kr(x)[b1, b2, ..., by
TeENC(n)
(14.4)

ProOF. By using the vanishing of mixed cumulants in free variables
we obtain

@(alblaﬂbQ o anbn) = Z ’K”'Tr[ala bla ag, b27 ceey Ap, bn]

TeNC(2n)

= Z "iﬂ'a[a/l)a27"'7an]'ﬁﬂb[b17b27"‘7bn]

Tq€NC(1,3,..., 2n—1),mp, €NC(2,4,..., 2n)
TaUT,ENC(2n)

= Z Ko, lQ1, G2, . 5 Q] - ( Z Hwb[bhbm--wbn])-

Ta€NC(1,3,....2n—1) Wiegf(ezﬁé@i?)
aumy,

Now note that, for fixed 7, € NC(1,3,...,2n—1) =2 NC(n), the con-
dition 7, Um, € NC(2n) for m, € NC(2,4,...,2n) = NC(n) means
nothing but m, < K(m,) (since K(m,) is by definition the biggest ele-
ment with this property). Thus we can continue

go(albchng . CLnbn)

= Z nﬂa[al,aQ,...,an]-< Z /frrb[bhb%'-'abn])

T €NC(n) Ty <K(7a)

= Z f@ra[al, ag, . .. 7an] : SOK(ﬂ-a)[bla b, ... 7bn]-
T €NC(n)
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One can get (14.4) from (14.3) by convolution with the Mobius
function; however, by invoking the simple observation made in Exercise
14.3, one can also give a nice direct proof as follows. By using Theorem
11.12 for cumulants with products as entries we get

Hn<a1b1,...,anbn) — Z Kw[alablw"aarmbn]?

TENC(2n)
TVo=1g,

where 0 = {(1,2),(3,4),...,(2n — 1,2n)}. By the vanishing of mixed
cumulants only such 7 contribute in the sum which do not couple a with
b, thus they are of the form = = 7, Um, with 7, € NC(ay,aq, ..., a,)
and m, € NC(by,by,...,b,). Fix now an arbitrary m,. Then, by Ex-
ercise 14.3, there is exactly one 7, which fulfills the requirements that
7o U T is non-crossing and that (7w, Um,) V 0 = 1g,, namely m, has to
be the complement K (m,) of m,. But then the above sum reduces to

the right-hand side of (14.4). O
REMARK 14.5. One should note that in the case a; = --- =a, =: a
and by = --- = b, =: b the structure of the formula (14.4) is
W Y e
TeNC(n)

which, in the language of Lecture 10, says that the multiplicative func-
tion determined by the cumulants of ab is the convolution of the mul-
tiplicative functions determined by the cumulants of a with the multi-
plicative function determined by the cumulants of b. We will examine
this more systematically in Part 3.

ExXAMPLES 14.6. (1) Let us write down explicitly the formulas
(14.3) and (14.4) for small n.
For n =1 we get

o(ab) = Kk1(a)p(b) and k1(ab) = k1(a)k1 (D),

which are just versions of the factorization rule p(ab) = p(a)p(b).
For n = 2 we get

plarbiazba) = K1(a1)r1(az)p(biba) + Ka(ai, az)e(br)p(be)
and
Iﬂ)g(albl, a2b2) = K1 (&1)%1(&2)%2([)1, bg) + /432(&1, ag)/ﬁl(bl)ﬁl(bz)

which are both rephrasings of the formula

p(arbiaghy) = p(ar)p(az)e(bibs)
+ p(araz)p(b)p(ba) — w(a1)p(az)p(br)e(bs).
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(2) Let us specialize the first formula (14.3) to the case where

ai,...,a, are elements chosen from free semicircular elements s;. The
only non-trivial cumulants are then rq(s;, s;) = d;;, and we have
gO(Sp(l)bl tee Sp(n)bn) = Z <,0K(7r) [bl, Ce ,bn], (14.5)
wENCép) (n)

where N Cép ) (n) denotes those non-crossing pairings of n elements
whose blocks connect only the same p-indices, i.e. only the same semi-
circular elements. An example is

90(81b1815282b38254szb582b653b783b8) =

©(b1)p(b2bsbs ) (b3bs ) p(ba)p(br) + p(b1)p(bababsbs ) p(bs)p(bs)(b7),

where we have two contributing 7 € NC'(6) according to the pictures

510151 b2 5203 52b4 59b5 52 5307 53b3

AR ENEESE

and
S1 bl S1 b2 S9 bg S9 b4 S9 b5 S9 b@ S3 b7 S3 bg

Formula (14.5) will become relevant in Lecture 22, in the context of
asymptotic freeness of random matrices.

Theorem 14.4 is the basic combinatorial result about the product
of free variables. By translating this into generating power series one
can get Voiculescu’s description of multiplicative free convolution via
the so-called S-transform. However, this translation is not as obvious
as in the case of the R-transform and thus we will postpone this to
Part 3, where we talk more systematically about transforms.

For the moment we want to show that even without running through
analytic calculations the above description can be used quite effectively
to handle some special important situations. In the rest of this lecture,
we will apply Theorem 14.4 to calculate the distribution of free com-
pressions of random variables.

Compression by a free projection

There is a general way of producing new non-commutative probability
spaces out of given ones, namely by compressing with projections. Let
us first introduce this general concept.
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NOTATION 14.7. If (A, ¢) is a non-commutative probability space
and p € A a projection (i.e. p?> = p) such that ¢(p) # 0, then we can
consider the compression (pAp, ©P*?), where

pAp :={pap | a € A} (14.6)

and 1
PAP(Y = (. restricted to pAp. 14.7
™ (") SD(p)w( ) pAp (14.7)

We will denote the cumulants corresponding to ¢P4? by kPP, whereas
k refers as usual to the cumulants corresponding to ¢.

REMARKS 14.8. (1) Note that the compression (pAp, pPP) is in-
deed a non-commutative probability space: pAp is an algebra, whose
unit element is p = p -1 - p; and we have rescaled ¢ just to get
PP (p) = 1.

(2) Additional properties of (A, ) will usually pass over to the
compression. In particular, if (A, p) is a C*-probability space and p
is selfadjoint, then it is immediately checked that (pAp, ©P?) is also a
C*-probability space.

ExaMPLE 14.9. If A = M,(C) are the 4 x 4 matrices equipped with
the normalized trace ¢ = try and p is the projection

1 0 00
o100
P=1o0 00 of"
00 00O
then
Q11 Qg2 Qg3 Q4 app ap 00
Qg1 Qigg Qg3 (Qigy | Q21 Qg 00
p (31 (Qi3g (33 (34 p= O 0 0 0 ’
Qg1 Qg2 Q3 Qiyy 0 0 00

and going over to the compressed space just means that we throw
away the zeros and identify pM,(C)p with the 2 x 2 matrices My(C).
Of course, the renormalized state trZAp coincides with the state try on

If we have some random variables a,...,a,, in the original space,
not much can be said about the compressed variables paip, ..., pa,,p
in the compressed space in general. However, in the case that p is free
from the considered variables, we can apply our machinery and relate
the distribution of the compressed variables with the distribution of
the original ones.
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THEOREM 14.10. Consider a non-commutative probability space
(A, ) and random variables p,ay,...,a, € A such that p is a pro-
jection with ¢(p) # 0 and such that p is freely independent from
{ai,...,an}. Put A := ¢(p). Then we have the following relation
between the cumulants of ay,...,a,, € A and the cumulants of the
compressed variables paip, ..., pa,p € pAp:

1
KZAP(Paz‘(l)p, e 7]9az‘(n)p) = X’%O\ai(l)’ cee )\ai(n)) (14-8)
foralln > 1 and all 1 < i(1),...,i(n) < m.
REMARK 14.11. The fact that p is a projection implies

©(pai1)yppai2)p - - - Paim)P) = ©(Pai1)Pai2)P - - - Ain)P),

so that apart from the first p we are in the situation where we have a free
product of a’s with p. If we assumed a tracial situation, then of course
the first p could be absorbed by the last one. However, we want to treat
the theorem in full generality. But even without traciality we can arrive
at the situation treated in Theorem 14.4, just by enlarging {a1, ..., a,,}
to{1,aq,...,an} (which does not interfere with the assumption on free
independence because 1 is freely independent from everything) and

reading @ (pa;1)pai2)p - - - @im)p) as (1pa;1)pai)p - - - Gim)p).-

PRrooOF. By using Theorem 14.4 in the form indicated in the above
remark, we get

1
SDpAp(pai(l)P' : 'Pai(n)P) = X@(pai(l)P' : 'pai(n)p)
1
- X@n-‘—l(lpa a; ()P, - - - 7ai(n)p>
1
:X Z ’%O'[laai(l)v"wai(n)]'@K(U)[pmpa"'?p]'
ceNC(n+1)
Now we observe that k:(,[l,ai(l), . ,ai(n)] can only be different from

zero if o does not couple the random variable 1 with anything else, i.e.
o€ NC(n+1) = NC(0,1,...,n) must be of the foom ¢ = (0) Un
with 7 € NC(1,...,n). So in fact the sum runs over 7 € NC(n) and,
since k1(1) = 1, Ko[l, a1, - - -, Qimy] is nothing but kxla;y, . .., Giwm)l-
Furthermore, p*> = p implies that all moments of p are equal to p(p) =
A, which gives

K@) DD, - 0] = AEE@L

Using the easily checked fact (see Exercise 9.23) that |o|4+|K (0)| = n+2
for all 0 € NC'(n + 1) we can rewrite |K ()| in terms of |7| = |o] — 1
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and continue our above calculation as follows.

]' n — |7
SﬁﬁAp(paz‘(l)Py-~,paz‘(n)p) = X Z ’fﬂ[ai(l)a--wai(n)]/\ il

TeNC(n)
1
= Z W!{/ﬂ [)\ai(l), ey Aal(n)]
TeNC(n)
Since the function 7 +— ﬁmﬂ()\ai(l), ..., () is multiplicative, we

see that according to Remarks 11.19 the cumulants of the compressed
random variables are given by

1
’ffLAp [pai(l)p; e apai(n)p] = m'ﬁn [/\ai(l)a cee )\ai(n)]

1
= X/‘inO\ai(l), ce ,)\ai(n)).

U

This theorem has two interesting corollaries. The first states that
free independence is preserved under taking free compressions, whereas
the second is a very surprising statement about free harmonic analysis.

COROLLARY 14.12. Let (A, ) be a non-commutative probability
space and p € A a projection such that o(p) # 0. Consider unital
subalgebras Ay, ..., Apn C A such that p is freely independent from
A1 U---UA,,. Then the following two statements are equivalent.

(1) The subalgebras Ai, ..., An C A are freely independent in the
original non-commutative probability space (A, ).

(2) The compressed subalgebras pAip,...,pAnp C pAp are freely
independent in the compressed probability space (pAp, oPP).

PROOF. Since the cumulants of the A; coincide with the cumulants
of the compressions p.A;p up to some power of A, the vanishing of mixed
cumulants in the A4; is equivalent to the vanishing of mixed cumulants
in the pA;p. O

Convolution semigroups (™),

For the second consequence of our Theorem 14.10 let us see what it
tells us in the case of one variable. Consider a random variable x in
a C*-probability space whose distribution is a probability measure u
on R. Then the above theorem tells us that, for p a projection with
©(p) = A and such that = and p are free, the distribution of pxp in the
compressed space is given by a distribution whose cumulants are 1/
times the corresponding cumulants of Ax. Going over from x to Az is
of course just a rescaling of our distribution u by a factor A — let us
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denote this by Dy(u). Multiplying cumulants by a factor 1/, on the
other hand, corresponds to taking the 1/A-fold free convolution of the
given distribution — which, a priori, only makes sense for integer 1/\.
Thus, for A = 1/n, we get that the distribution of pap is (Dy(u))®",
and hence compressing by free projections has, up to trivial rescalings,
the same effect as taking convolution powers. Since in the compression
picture we are not restricted to A of the form 1/n, this gives us the
possibility of also obtaining non-integer free convolution powers.

COROLLARY 14.13. Let 1 be a compactly supported probability mea-
sure on R. Then there exists a semigroup () (t € R, t > 1) of
compactly supported probability measures on R such that

H1 = [y

fsrt = s Hpe (s, 2>1)
and the mapping t — i 1s continuous with respect to the weak* topology
on probability measures (i.e. all moments of p, are continuous in t).

PRrROOF. Let x be a selfadjoint random variable and p a selfadjoint
projection in some C*-probability space (A, ¢) such that ¢(p) = %, the
distribution of x is equal to p, and = and p are freely independent. (It
is no problem to realize such a situation with the usual free product
constructions as described in Lecture 7.) Put now z; := p(tz)p and
consider this as an element in the compressed space (pAp, oP4?). As we
noted in Remarks 14.8, this compressed space is again a C*-probability
space, thus the distribution p; of x; € pAp is a compactly supported
probability measure. Furthermore, by Theorem 14.10, we know that
the cumulants of x; are given by

1 1
Kbt = /@ﬁAp(xt, e Ty) = tﬁn(gtm, - gtx) = thp(z,...,x) =tKh.

This implies that for all n > 1
Khett = (s +t)KkF = skl 4+ tkl = kP + kA

which just means that psis = ps B . Since k' = k¥, we also have
1 = p. Furthermore, the mapping ¢ — tx# is clearly continuous,
thus all cumulants, and hence also all moments, of u; are continuous

in t. ]

REMARKS 14.14. (1) For t = n € N, we have of course the convo-
lution powers p, = u®". The corollary states that we can interpolate
between these for non-natural powers. Of course, the crucial fact is that
we claim the y; to be always probability measures. As linear functionals
these objects exist trivially, the non-trivial fact is positivity.
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(2) Note that the corollary claims the existence of u; only for ¢ > 1.
For 0 <t < 1, y; does not exist as a probability measure in general.
In particular, the existence of the semigroup u; for all t > 0 is, as we
have seen in the last lecture, equivalent to p being infinitely divisible
in the free sense.

(3) As we have seen in the proof of Theorem 14.10, the corollary
relies very much on the complementation map and its properties. Thus
it is no surprise that there is no classical analog of this result. In
the classical case one usually cannot interpolate between the natural
convolution powers. For example, if p = %(5_1 + d1) is a symmetric
Bernoulli distribution, we have p* p* u = %673 + %6,1 + %(51 + %(53 and
it is trivial to check that it is not possible to write p * u * p as v * v for
some other probability measure v = *3/2,

ExaMPLE 14.15. Consider the symmetric Bernoulli distribution
p = 3(6_1 + 641). Then, the compression with a projection having
©(p) = 1/n gives a distribution which is, up to rescaling, the n-fold
free convolution of p with itself. For example, for ¢(p) = 1/2, we get
that the compression of Bernoulli has the arcsine distribution. More
generally, we get rescalings of the Kesten measures ;®", which were cal-
culated in Exercise 12.21. Furthermore, our above corollary explains
the fact that the calculations of £ in that exercise also make sense
for non-integer n > 1.

Compression by a free family of matrix units

DEFINITION 14.16. Let (A, ¢) be a non-commutative probability
space. A family of matrix units is a set {e;;}; j=1...4 C A (for some
d € N) with the properties

€ijCrl = 5jkeﬂ Vi,j, k,l = 1, Ce ,d, (149)

d

» ei=1 (14.10)

=1

REMARKS 14.17. (1) Consider the non-commutative probability
space (My(C), try) of dxd matrices equipped with the normalized trace.
Then the canonical family of matrix units is { Ej;}; j=1,.. 4, where Ej; is
the matrix

-----

Eij = (0udin)it iz
(2) For a non-commutative probability space (A, ¢) we considered

in Exercise 1.23 the non-commutative probability space (My(A), tr®p)
of d x d matrices over A. The {E;;}; j—1._4 from above are sitting inside

-----
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such an My(A) via
Md<C) éMd(C) ®14C Md((C) QA= Md(.A),

and form there a family of matrix units. In such a situation we will be
interested in the question when the family of matrix units is free from
a matrix A € My(A). (Note that the algebra generated by the matrix
units is just My(C) ®14.) We will present the solution to this problem
in Theorem 14.20.

THEOREM 14.18. Consider a non-commutative probability space

(A, ) and random variables aV,... a™ € A. Furthermore, let
{eij}ij=1,..a C A be a family of matriz units which satisfies
1
(,0(61]) :5”3 Vl,]: 17,d, (1411)

Put now ag) = elia(”)eﬂ and p == ey1, A := p(p) = 1/d. Then we have
the following relation between the cumulants of a, ... a™ € A and
the cumulants of the compressed variables ag) epAp (1,7 =1,...,d;
r=1,...,m). Foralln > 1 and all 1 < r(l),...,7(n) < m, 1 <
i(1),4(1),...,i(n),j(n) <d we have
'<1)j21>v o ﬂEZé?}?m)
) Ak (Aat M) XY if (k) = di(k+ 1) for allk =1,...,n
0 otherwise

(14.12)

(where we put i(n + 1) :=i(1)).

NOTATION 14.19. Let a partition 7 € NC(n) and an n-tuple
of double-indices (i(1)7(1),4(2)j(2),...,i(n)j(n)) be given. Then we
say that = couples in a cyclic way (c.c.w., for short) the indices
(i(1)5(1),...,i(n)j(n)) if we have for each block (1 <ry < --- <ry) €
7 that j(ry) = i(rgsq) for all k =1,... s (where we put rg g :=ry).

PROOF. Let us denote in the following the fixed tuple of indices by

(0,) = (i(1)5(1),i(2)§(2), ..., i(n)j(n)).

As in the case of one free projection we calculate

pAp/ (r(1) (r(n))
“n (ai(l)j(l)’ T ’ai(n)j(n)>
1 r r(n
= X ffa[la a'( (1))a ce ,CL( ( ))]QOK(U) [elvi(l)’ €j(1)i(2)s - - - 7€j(n)1]'

ceNC(n+1)
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Again o has to be of the form ¢ = (0) Um with # € NC(n). The factor
YK (o) gives

Pr@lerin: eiwi@) - Cmnl = Prmeinie) €i@i@); - Cimin)]
B ANE@L i K(m) c.cow. (jj ;)
o otherwise,
where

(7,4) = (F(1)i(2),§(2)i(3), .. -, j(n)i(1)).
Now one has to observe that cyclicity of K () in (7,4) is equivalent to
cyclicity of 7 in (¢,7). (The proof of this is left to the reader.) Then
one can continue the above calculation as follows.

Ap (. (r(1)) (r(n)) y _ r(1 r(n K(m
©n p(@iu)j(l)a e 7ai(n)j(n)) DY Z /@T[a( W) ))] A
TeNC(n)

7w cew. (7,7)

— Z ﬁﬁﬁ[)\a(r(l)), e /\a(r(”))],
TeNC(n)
T ci.w. (%, 5)

where we sum only over those 7w which couple in a cyclic way (;, j)
Noticing that the function

{ﬁﬁw[wu», T 7 cew. (7))
T =

otherwise
is multiplicative, gives the statement. 0

We can now come back to the question, raised in Remark 14.17,
when My(C)=M4(C)®14 C My(A) is free from a matrix A € My(A).

THEOREM 14.20. Consider random variables a;; (i,j = 1,...,d)
in some non-commutative probability space (A, ). Then the following
two statements are equivalent.

(1) The matriz A := (a;)¢,_, is freely independent from My(C) in
the non-commutative probability space (My(A),trg ® ¢).

(2) Cumulants of {a;; | 1,7 =1,...,d} in (A, ) have the property
that only cyclic cumulants ki, (aia)i(2), @i(2)i(3), - - - ,ai(n)i(l)) are different
from zero and the value of such a cumulant depends only on n, but not
on the tuple (i(1),...,i(n)).

ProOOF. That (1) implies (2) follows directly from Theorem 14.18
(for the case m = 1), because we can identify the entries of the matrix
A with the compressions by the matrix units.
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For the other direction, note that joint moments (with respect
to trg ® @) of the matrix A := (a;)¢,_; and elements from My(C)
can be expressed in terms of moments of the entries of A. Thus
the free independence between A and M,(C) depends only on the
joint distribution (i.e. on the cumulants) of the a;;. This implies
that if we can present a realization of the joint distribution of the
ai; (1,7 =1,...,d) in which the corresponding matrix A = (a;){,_; is
free from My(C), then we are done. But this representation is given
by Theorem 14.18. Namely, let a be a random variable whose cumu-
lants are given, up to a factor, by the cyclic cumulants of the a;;, i.e.
kz = d"‘lkn(ai(l)i(g), ai(g)z‘(g), Ce ,az(n)z(l)) Let furthermore {eij}i7j:17...7d
be a family of matrix units which are freely independent from a in some
probability space (A, ¢). Then we compress a with the free matrix units
as in Theorem 14.18 and denote the compressions by a;; := ej;ae;1. By
Theorem 14.18 and the choice of the cumulants for a, we have that
the joint distribution of the a;; in (611,41611, cﬁeHAe“) coincides with the
joint distribution of the a;;. Furthermore, the matrix A := (Gij)f -y is
freely independent from M;(C) in (Md(eufien), gerAen @try), because
the mapping

A— Md(elljl@n), Yy = (euyeﬂ)%:l

is an isomorphism which sends a into A and ey into the canonical
matrix units Ey; in My(C) ® 1. O

Exercises

EXERCISE 14.21. Show that we have for all compactly supported
probability measures 1 on R and for all ¢t with ¢ > 1 that
1 1 1 1
B (1= )0+ 28) = (1= 1) + 2™, (14.13)

(In this formulation we use the extended definition (14.1) of X, where

only one of the involved probability measures has to be supported on
R,.)

EXERCISE 14.22. Let (A, ) be a non-commutative probability
space. Consider a family of matrix units {e;;};j=1,.4 C A, which
satisfies (14.11), and a subset X C A such that {e;;}; =1, 4 and X
are freely independent. Consider now, for ¢ = 1,...,d, the compressed
subsets X; := e;Xe;; C e Aeqp. Show that Xy, ..., X, are freely inde-
pendent in the compressed space (e Aeqy, periAei).



LECTURE 15

R-diagonal elements

There is a substantial difference in our understanding of normal oper-
ators on the one hand and non-normal operators on the other hand.
Whereas the first case takes place in the classical commutative world,
where we have available the sophisticated tools of analytic function the-
ory, the second case is really non-commutative in nature and is much
harder to analyze. It is therefore quite important to have sufficiently
large classes of non-normal operators which can be treated.

In this lecture we present one of the most prominent class of non-
normal operators arising from free probability — the class of R-diagonal
operators. It will turn out that these operators are simple enough to
allow concrete calculations, but also this class is big enough to appear
quite canonically in a lot of situations.

Motivation: cumulants of Haar unitary elements

The motivation for the introduction of R-diagonal elements was the ob-
servation that the two most prominent non-selfadjoint elements in free
probability theory — the circular element and the Haar unitary element
— show similar structures of their *-cumulants. The *-cumulants for a
circular element c are very easy to determine: the only non-vanishing
x-cumulants are
Ko(c, ) =1 = ko(c", ¢).

For a Haar unitary element u, however, calculation of the x-cumulants
is quite non-trivial. Determination of these *-cumulants will be our
goal in this section.

So let u be a Haar unitary. Recall that this means that u is unitary
and that all »-moments of the form o(u*) (k € Z) vanish unless k = 0;
for k = 0 we have of course ¢(u’) = (1) = 1. This clearly gives com-
plete information about the x-distribution of u because any *-moment
of u can, by the unitarity condition, be reduced to a moment of the
form ¢(u*) for k € Z.

We want to calculate k,(uq,...,u,), where uy,...,u, € {u,u*}.
First we note that such a cumulant can only be different from zero
if the number of v among w4, ..., u, is the same as the number of u*

237
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among uy, . . . , . This follows directly by the formula k,,(u1, . .., u,) =
ZﬂeNc(n) Orlur, .., up)p(m, 1,).  Indeed, if the number of w is not
equal to the number of u*, then for all # € NC(n) there exists a
block V' € 7 which contains an unequal number of u and u*; but then
o(V)[ug, ..., u,], and thus also @, [u1, ..., u,], vanishes. This means, in
particular, that only cumulants of even length are different from zero.

Consider now a cumulant where the number of u and the number
of u* are the same. We claim that only such cumulants are different
from zero where the entries are alternating in v and u*. We will prove
this by induction on the length of the cumulant. For length 2 this
is clear, because ra(u,u) = p(uu) — ¢(u)p(u) = 0 and in the same
way ko(u*,u*) = 0. Assume now that we have proved the vanishing
of all non-alternating cumulants of length smaller than n and con-
sider a non-alternating cumulant of length n. Non-alternating means
that we find in the sequence of arguments at least one of the pat-
terns Ky, (- .., uS u )y K (c uyus ) K (L uut, ut, L), or
Kn(...,u*,u* u,...). Note that actually it suffices to consider the first
two cases because we can get the other two from those by replacing u
by u*, and if u is a Haar unitary then so is u*. Let us only treat the first
case, the second is similar. So let us consider k,(...,u* u,u,...) and
say that the positions of ..., u*, u,u,... are ....mym—+1m+2,....
By Proposition 11.15, we have that k,(...,1,u,...) = 0. On the other
hand, the latter cumulant is the same as K, (..., u*-u,u,...), and then
we can use Theorem 11.12 to write this as

0=kr(...,u" u,u,...)= Z Rl u uu, ...

TeENC(n)
TVo=1n

Here
o={(1),(2),....,(mym+1),(m+2),...,(n)}

is the partition which glues together the elements m and m+ 1. Which
partitions 7 € NC(n) have the property 7 Vo = 1,7 Of course,
we have the possibility 7 = 1,,. The only other possibilities are 7
which consist of exactly two blocks, one of them containing m and the
other containing m + 1. For these 7, the summand k,[...,u*, u,u,...]
factorizes into a product of two cumulants of smaller length, so, by
the induction hypothesis, each of the two blocks of m must connect
alternatingly v and w*. This implies that such a 7 cannot connect
m + 1 with m + 2, and hence it must connect m with m + 2. But this
forces m+ 1 to give rise to a singleton of 7, i.e. such a 7 looks like this:
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Hence one factor of &, for such a 7 is just k1(u) = 0. This implies that
only m = 1,, makes a contribution to the above sum, i.e. we get

0= Z Brlo oy u u,u, . ) = Koo u™ uyu, ),

TeENC(n)
TVo=1p
which proves our claim on the vanishing of non-alternating cumulants.
Finally, it remains to determine the value of the alternating cumu-
lants. Let us denote by a,, the value of such a cumulant of length 2n,
ie.

Ron(u, u™, .. u,u™) = apy = Ko (U™ u, ..o u*, u).

The last equality comes from the fact that with u also u* is a Haar
unitary. We now use again Proposition 11.15 and Theorem 11.12:

* * * * *
O:"{anl(l?u;u yeee Uy U ) :H2n71('u"u YU, Uy e, UL U )
* * *
= g Kelu, u*, u,u™, .. u,u'],
TENC(2n)
TVo=1g,

where 0 = {(1,2),(3),(4),...,(2n)} € NC(2n) is the partition which
couples the first two elements. Again, 7 fulfilling the condition 7V o =
19, are either m = 15, or consist of exactly two blocks, one containing
the element 1 and the other containing the element 2. Note that in the
latter case the next element in the block containing 1 must correspond
to an u*, hence be of the form 2(p + 1) for some 1 < p < n — 1, and
such a m must look like this:

1 2 2(p+1) on
RIS '




240 15. R-DIAGONAL ELEMENTS

Then we can continue the above calculation as follows:

* * *
0= E Relu, u*, u,u™, .o u, u”]

TENC(2n)
TVo=1lg,
* * *
= kop(u,u*, u,u, ... u,u")
n—1
* * * *
+ E kon—op(u, u”, ..., u,u”) - Kop(u,u, ..., u", u)
p=1

n—1
=, + E Qpy—p Q.
p=1

Thus we have the recursion
n—1
ap = — Z Oy p O, (15.1)
p=1

which is up to the minus-sign and a shift in the indices by 1 the recur-
sion relation (2.8) for the Catalan numbers. Since also oy = ko (u, u*) =
1 = Cy, we have finally proved the following statement.

PROPOSITION 15.1. The alternating *-cumulants of a Haar unitary
u are given by

Ko (U, u*, .. u,u) = Kop(u* u, .. u* u) = (=1)"1C,1. (15.2)

All other x-cumulants of u vanish.

Definition of R-diagonal elements

We see that for both the circular and the Haar unitary elements a lot
of x-cumulants vanish, namely those for which the arguments are not
alternating between the element and its adjoint. We will take this as
the defining property of R-diagonal elements, thus providing a class
of (in general, non-normal) elements which contain circular and Haar
unitary elements as special cases.

NOTATION 15.2. Let a be a random variable in a x-probability
space. A cumulant Ko, (ay, ..., as,) with arguments from {a, a*} is said
to have alternating arguments or is alternating, if there does not
exist any a; (1 <1i < 2n — 1) with ;11 = a;. Cumulants with an odd
number of arguments will always be considered as not alternating.

For example, kg(a,a*,a*, a,a,a*, a,a*) or ks(a,a*,a,a*,a) are not
alternating, whereas rg(a, a*, a,a*, a,a*) is alternating.
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DEFINITION 15.3. Let (A, ¢) be a x-probability space.

(1) A random variable a € A is called R-diagonal if for all n € N
we have that k,(ai,...,a,) = 0 whenever the arguments ay,...,a, €
{a,a*} are not alternating in a and a*.

(2) If a € A is R-diagonal we denote the non-vanishing cumulants
by a, = ka,(a,a*,a,a*, ... a,a*) and (3, := ka,(a*, a,a*,a,...,a*, a)
(n > 1). The sequences (o, ),>1 and (3,),>1 are called the determin-
ing sequences of a.

(3) If the state ¢ restricted to the x-algebra generated by an R-
diagonal a € A is tracial — which means that the two determining
sequences coincide, a,, = 3, for all n — then we call a a tracial R-
diagonal element.

ExAaMPLES 15.4. (1) The only non-vanishing cumulants for a cir-
cular element are ks(c,c*) = ko(c*,¢) = 1. Thus a circular element is
a tracial R-diagonal element with determining sequence

1 n=1

a, = B, = 15.3

b {O n > 1. ( )

(2) Let u be a Haar unitary. We calculated its cumulants in Propo-

sition 15.1. In our present language, we showed there that u is a tracial
R-diagonal element with determining sequence

ap = B = (=1)""1C, ;. (15.4)

NOTATION 15.5. Note that many R-diagonal elements a (e.g. cir-
cular or Haar unitary elements) are tracial. In this case all information
about the -distribution of a is contained in one sequence (ay,),>1 and
many formulas can then be formulated quite compactly in terms of the
corresponding multiplicative function on non-crossing partitions. We
will denote this function also by «, thus in analogy to our moment and
cumulant functions we will then use the notation

ar:=[[av  (reNC(n)). (15.5)
Ven
It is clear that all information on the *-distribution of an R-diagonal
element a is contained in its determining sequences. In the next propo-
sition we will connect the determining sequences with the distribution
of aa* and the distribution of a*a.
PROPOSITION 15.6. Let a be an R-diagonal random variable and
ap 1= Kanla,a*,a,a”, ... a,a"),

B i = Kop(a®,a,a*a,... a% a),
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the determining sequences of a.
(1) Then we have

Falad”,..ad”) = Y Bl B (15.6)

TeENC(n)
m={V1,..., Vr}

and

/{n(a*a’a SR ,CL*CL) = Z 6|V1|a|V2| T B\Vr| (157)

TENC(n)
T={V1,..., Vir}

where Vi denotes that block of m € NC(n) which contains the first
element 1.
(2) In the tracial case (i.e. if o, = By, for all n) we have

kp(aa™, ... aa") = ky(a*a, ... ,a%a) = Z Q. (15.8)
)

TeNC(n

PRrOOF. (1) Applying Theorem 11.12 yields

TeNC(2n)
wVo=1g,

with 0 = {(1,2),(3,4),...,(2n — 1,2n)} € NC(2n).

Note that this is exactly the same o which appeared in the proof
of Proposition 11.25. In that proof it was shown that a partition
m € NC(2n) fulfills the condition 7 V ¢ = 1y, if and only if it has
the following properties: the block of m which contains the element 1
also contains the element 2n and, for each 1 < k£ < n — 1, the block
of m which contains the element 2k also contains the element 2k + 1.
Moreover, in the proof of Proposition 11.25 it was observed that the
set of partitions 7 € NC(2n) which have these properties is in canon-
ical bijection with NC(n). It is immediate that, under this bijection,
Krla,a*, ... a,a*] is transformed into the product appearing on the
right-hand side of Equation (15.6). This proves (15.6), and the proof
of (15.7) is similar.

(2) This is a direct consequence from the first part, if the o and 3
are the same. O

COROLLARY 15.7. (1) The x-distribution of an R-diagonal element
a 1s uniquely determined by the distribution of aa™ and the distribution
of a*a.

(2) The x-distribution of a tracial R-diagonal element a is uniquely
determined by the distribution of a*a.



DEFINITION OF R-DIAGONAL ELEMENTS 243

Proor. This follows immediately from the observation that the
formulas (15.6) and (15.7) can inductively be resolved for (o,),>1 and
(Bn)n>1 in terms of the cumulants of aa* and the cumulants of a*a. O

PROPOSITION 15.8. Let a and b be elements in a *-probability space
(A, @) such that a is R-diagonal and such that {a,a*} and {b,b*} are
freely independent. Then ab is R-diagonal.

ProOF. We have to show that non-alternating cumulants in ab and
b*a* vanish. Thus we have to look at situations like k(... ,ab,ab,...)
or Kp(...,b%a* b*a*,...). We will only consider the first case, the latter
is similar. In order to be able to distinguish the various a appearing
in the cumulant, we will put some indices on them. So we consider

Kn(...,a1b,asb, .. .), where a; = as = a.
By Theorem 11.12, we have
Fn(...,a1b,agb,...) = Z Rl .. a1,b,a9,b,...], (15.9)
TeENC(2n)
TVo=1l9y,

where 0 = {(1,2), (3,4),...,(2n — 1,2n)}.

The fact that a and b are x-freely independent implies, by Theorem
11.20 on the vanishing of mixed cumulants, that only such partitions
m € NC(2n) contribute to the sum for which each of their blocks
contains elements only from {a,a*} or only from {b,b*}. Let V be the
block containing a,. We have to examine two situations.

On the one hand, it might happen that ay is the first element in
the block V. Then the last element in V' must be an a*. This situation
can be sketched in the following way:

1
:\

1
LaL,Q\ELCLQ,,Q\
1
1

o
*
\
IS
"%

In this case ™ does not couple the block of ¢ which contains a; with

the block of o which contains as; thus 7 V ¢ cannot be equal to 1,,.
On the other hand, it can happen that as is not the first element

of V. Since a is R-diagonal, the element preceding as in V' is an a*.

1 1
1 1
: :\ |
>k * P
Lb,,a,\i @by : 42 b,
1 1
1 1
1 1




244 15. R-DIAGONAL ELEMENTS

But then again the block of ¢ containing a; and the block of o con-
taining as will not be coupled by 7, and thus 7V ¢ cannot be equal to
lop.

As in both cases we do not find any partition contributing to the
sum (15.9), this has to vanish and thus we get the assertion. O

If we take a to be a Haar unitary then we get the following corollary.

COROLLARY 15.9. Let u and b be elements in some x-probability
space such that u is a Haar unitary and such that uw and b are *-free.
Then ub s a R-diagonal.

The previous results yield now the following characterization of R-
diagonal elements by an “invariance of the x-distribution under multi-
plication with a free Haar unitary.”

THEOREM 15.10. Let a be an element in a *-probability space
(A, p). Furthermore, let u be a Haar unitary in (A, p) such that u
and a are x-free. Then a is R-diagonal if and only if a has the same
x-distribution as ua.

PROOF. =: We assume that a is R-diagonal and, by Corollary
15.9, we know that ua is R-diagonal, too. In order to see that a and
ua have the same x-distribution we invoke Corollary 15.7, which tells
us that the distribution of an R-diagonal element a is determined by
the distribution of aa* and the distribution of a*a. So we have to show
that the distribution of aa* agrees with the distribution of ua(ua)* and
that the distribution of a*a agrees with the distribution of (ua)*ua.
For the latter this is directly clear, whereas for the former one only has
to observe that, for a selfadjoint random variable y and an unitary u,
uyu* has the same distribution as y if u is *-free from y. Note that in
the non-tracial case one really needs the freeness assumption in order
to get the first u to cancel the last u* via

p((uyu®)") = p(uy™u*) = p(uu”)p(y") = e(y").
<=: We assume that the x-distribution of a is the same as the

x-distribution of ua. As, by Corollary 15.9, ua is R-diagonal it follows
that a is R-diagonal, too. U

COROLLARY 15.11. Let a be R-diagonal. Then aa* and a*a are
freely independent.

PROOF. By enlarging (A, ), if necessary, we may assume that
there exists a Haar unitary u in our s-probability space, such that «
and a are x-free (see Exercise 6.17). Since a has the same *-distribution
as ua it suffices to prove the statement for ua. But there it just says
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that waa*u* and a*u*ua = a*a are freely independent, which follows
easily from the definition of free independence (see Exercise 5.24). [

Special realizations of tracial R-diagonal elements

Let us recall from Notations 11.24 that we say an element z in a non-
commutative probability space is even if all its odd moments vanish
(which is equivalent to the fact that all odd cumulants vanish) and
that we find it convenient to record all non-trivial information about
such an element z in its determining sequence (o), >1 with of := k3 .
In this section all considered even elements will live in a *-probability
space and be selfadjoint, so that their x-distribution is determined by
their determining sequence. It is no accident that we denote the non-
trivial information (cumulants of even length) for even elements in the
same way as the non-trivial information (alternating cumulants) for
tracial R-diagonal elements . Selfadjoint even elements and tracial
R-diagonal elements show quite a lot of similarities, in a sense the
latter can be seen as the non-normal relatives of the former. Let us
in particular point out that in both cases the information about the
distribution of the square of the variable is calculated in the same way
from the determining sequence; namely, by Proposition 15.6 we have
for a tracial R-diagonal element a with determining sequence (a%),>1

that
kn(aa,... a%a) = Z al (15.10)
TeNC(n)
whereas, by Proposition 11.25, we have for an even element x with
determining sequence (af),>; that

kn(2?,.. 2% = ) ol (15.11)

TeNC(n)

This suggests that for each tracial R-diagonal distribution there
should be a corresponding even distribution with the same determining
sequence. This is indeed the case, and will be made precise in the next
proposition.

PROPOSITION 15.12. (1) Let a be a tracial R-diagonal element
in a x-probability space (A, ). Consider in the x-probability space
(Ms(A), ¢ @ tra) of 2 x 2 matrices over A the random variable

0 a
x(a* O).

Then X s selfadjoint and even, and its determining sequence is the
same as the determining sequence of a.
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(2) If x is a selfadjoint even element in some x-probability space
and u 1s a Haar unitary which is x-free from x, then ux is a tracial
R-diagonal element with the same determining sequence as x.

(3) Any tracial R-diagonal distribution arising in a x-probability
space can be realized in the form ux where u is a Haar unitary, x is
selfadjoint and even, and v and x are x-free. The determining sequence
of the R-diagonal distribution and the determining sequence of the self-
adjoint even element are necessarily the same.

PROOF. (1) X is clearly selfadjoint and it is even because odd pow-
ers of X have zero entries on the diagonal. Since the determining se-
quences (a%),>; of a and (a;\),>; of X can be calculated out of the
moments of a*a and X2, respectively, in the same way (namely by
Mébius inversion of formulas (15.10) and (15.11)), it is enough to see
that the moments of a*a are the same as the moments of X? in or-
der to infer that both a and X have the same determining sequences.

However,
(X% = (@“O*)” (af;)n)

and thus the moments of X2 are clearly the same as the corresponding
moments of a*a.

(2) Put a := ux. Then, by Corollary 15.9, a is R-diagonal. Since
both u and x are normal, our state restricted to the x-algebra generated
by u and restricted to the x-algebra generated by x is a trace. Thus, by
Proposition 5.19, it is also a trace restricted to the x-algebra generated
by v and z, and thus «a is a tracial R-diagonal element. Now note that
a*a = 22 and thus the moments of a*a coincide with the moments of
2%, As before, this implies that their determining sequences are also
the same.

(3) This is just a combination of the first and second parts; take for
x the matrix X from part (1). O

The above correspondence between tracial R-diagonal elements and
selfadjoint even elements goes of course over to a C*-probability frame-
work, i.e. if the R-diagonal element lives in a C*-probability space, then
the corresponding even element does so, and the other way around.
However, in the C*-context, we can also get other canonical realiza-
tions of R-diagonal elements which involve positive elements instead of
even ones.

PROPOSITION 15.13. Let a be a tracial R-diagonal element in a
C*-probability space. Then the x-distribution of a can be realized in the
form uq, where u and q are elements in some C*-probability space such
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that u is a Haar unitary, q is a positive element, and u and q are x-free.
The distribution of q is then necessarily the same as the distribution of

va*a.

ProOF. Note first that if we have a realization of the x-distribution
of a in the form b := ugq as in the proposition, then b*b = qu*ug = ¢°.
Since both b*b and ¢? are positive we can take the square root (which
is possible in a C*-framework), yielding v/b*b = \/? = ¢ (because ¢
is positive). Since V/b*b has the same distribution as v/a*a, we get the
assertion on the distribution of q.

Let us now construct the asserted realization. By invoking the
free product construction for C*-probability space we can construct
elements u and ¢ in some C*-probability space such that

e v is a Haar unitary,

e ¢ is positive and has the same distribution as |a|] = Va*a
(which is, by traciality, the same as the distribution of v/aa*),

e 1 and g are *-free.

Then, by Corollary 15.9, uq is R-diagonal; since u and ¢ are nor-
mal we have again that uq is a tracial R-diagonal element. However,
(uq)*(uq) = ¢* has the same distribution as a*a, and thus the tracial
R-diagonal element ug and the tracial R-diagonal element a have the
same *-distribution, by Corollary 15.7. O

The previous result can actually be refined to a statement about
the polar decomposition of a tracial R-diagonal element — which has
the nice feature that we find the elements u and ¢ not just in some
other non-commutative probability space, but in the von Neumann
algebra generated by a. Since we are not using von Neumann algebras
in this book, we give that result just as an additional statement for the
interested reader without elaborating on the relevant facts about von
Neumann algebras. Let us just recall that any bounded operator a on a
Hilbert space admits a unique polar decomposition in the form a = ulal,
where |a| := v/a*a and where u is a partial isometry (as defined in
Definition 7.21) such that ker(u) = ker(a). Whereas the absolute value
la| lies, by continuous functional calculus, always in the C*-algebra
generated by a, this is not true in general for u. However, what is true
in general is that u lies in the von Neumann algebra generated by a.
Thus, for a meaningful formulation of a polar decomposition result for
R-diagonal operators one needs a non-commutative probability space
which is a von Neumann algebra (usually this is called a W*-probability
space).
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COROLLARY 15.14. Let (A, ) be a W*-probability space (i.e. A is
a von Neumann algebra) with ¢ a faithful trace and let a € A be such
that ker(a) = {0}. Then the following two statements are equivalent.

(1) a is R-diagonal.

(2) a has a polar decomposition of the form a = uq, where u is a
Haar unitary and u, q are x-free.

PRrROOF. The implication (2) = (1) is just an application of Corol-
lary 15.9.

(1) = (2): Let a = uq be the R-diagonal element, which we con-
structed in Proposition 15.13 (where we write now @ and ¢ for the u and
q appearing in that proposition) and which has the same *-distribution
as a. But this means that the von Neumann algebra generated by a is
isomorphic to the von Neumann algebra generated by a via the map-
ping a +— a (for this we need the faithfulness of the trace, see the
corresponding statement on the level of C*-algebras in Theorem 4.11).
Since the polar decomposition takes places inside the von Neumann
algebras, the polar decomposition of a is mapped to the polar decom-
position of a under this isomorphism. But the polar decomposition
of @ is by construction just @ = 4§ (note that we need the condition
on the kernel of a for this) and thus has the stated properties. Hence
these properties (which rely only on the #-distributions of the elements
involved in the polar decomposition) are also true for the elements in
the polar decomposition of a. 0

EXAMPLE 15.15. A circular element can be realized in (or has polar
decomposition of) the form ¢ = ug where u is Haar unitary and *-free
from ¢ and where ¢ has the distribution of v/c*c. The latter is the same
as the distribution of v/s2 where s is a semicircular element of radius 1.
This distribution of ¢ is the so-called quarter-circular distribution
and is given by a density

%\/4—t2dt on [0, 2].

REMARKS 15.16. (1) The above polar decomposition was only for
the case when a has trivial kernel. What happens in the case of non-
trivial kernel? We restrict the problem for the moment to a tracial
situation. Then it is still true that we can realize the given distribution
in the form b = ug, where u is a Haar unitary, ¢ is positive, and v and
g are x-free. This was the content of Proposition 15.13. However, it
is not true any more that uq is the polar decomposition of b, because
a Haar unitary u always has trivial kernel. Thus there is (in a W*-
setting) a polar decomposition of b of the form b = vq, where v is a
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partial isometry. In this representation it will not be true that v and ¢
are *x-free because they share a common kernel.

(2) One might wonder whether one also has analogs of the repre-
sentations from this section for non-tracial R-diagonal elements. Note
that in such a case it is not possible to realize such elements in the form
uq with u a Haar unitary, ¢ positive, and v and ¢ *-free. Because u and
q are normal elements, our state restricted to the x-algebra generated
by wugq is necessarily tracial; the same is true with ux for x selfadjoint
and even. What one can expect is to realize non-tracial R-diagonal el-
ements in the form vq or vz, where v is an R-diagonal partial isometry.
There are some results in this direction, the general situation however
is not so clear. We will address this kind of question in Exercises 15.27
and 15.28.

Product of two free even elements

THEOREM 15.17. Let x,y be two selfadjoint even random variables
in some x-probability space. If v and y are freely independent then
xy 1s a tracial R-diagonal element. Furthermore, the determining se-
quence of xy is given in terms of the determining sequence of x and
the determining sequence of y as follows.

af= > al-al (15.12)
eriag

PrROOF. Put a := zy. We have to see that non-alternating cumu-
lants in @ = xy and a* = yx vanish. Since it is clear that cumulants
of odd length in zy and yz vanish always, it remains to check the van-
ishing of cumulants of the form k,(...,zy,zy,...). (Because of the
symmetry of our assumptions in x and y this will also yield the case
Kn(...,yz,yx,...).) By Theorem 11.12, we can write this cumulant as

Kn(o. o xy, 2y, ...) = Z Reloo o x,y,2,y,. ..,

TeNC(2n)
wVo=1g,

where 0 = {(1,2),(3,4),...,(2n — 1,2n)}. In order to be able to
distinguish y appearing at different positions we will label them by
indices (i.e. y; = y for all appearing 7). Thus we have to look at
Keloo oy @, 01,2,Ys,...] for m € NC(2n). Because of the free indepen-
dence of x and y, m only gives a contribution if it does not couple x
with y. Furthermore all blocks of m have to be of even length, by our
assumption that = and y are even. Let V' be that block of m which
contains y;. Then there are two possibilities.
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(i) y1 is not the last element in V. Let y3 be the next element in
V', then we must have a situation like this

1 1

1 1

1 1

: | |
I N Y

1 1

1 1

1 1

1 1

Note that y3 has to belong to a product yx as indicated, because both
the number of x and the number of y lying between y; and y3 have to
be even. But then everything lying between y; and y3 is not connected
to the rest (neither by m nor by ), and thus the condition 7V o = 1g,
cannot be fulfilled.

(ii) v is the last element in the block V. Let yy be the first element
in V. Then we have a situation as follows

1
1
:
1
. i Lyo x PR L‘/Ei 7y1‘
1
1
1

\
-

Again we have that y, must come from a product yx, because the
number of x and the number of y lying between vy, and y; both have
to be even (although now some of the y from that interval might be
connected to V', too, but that also has to be an even number). But
then everything lying between yy and ¥, is separated from the rest and
we cannot fulfill the condition 7V o = 14,.

Thus in any case there is no 7 which fulfills 7 V ¢ = 15, and has

also k..., x,y1,x,ys, .. .| different from zero. Hence k(... ,zy, xy,...)
vanishes.
So it remains to calculate ko, (zy, yx, . .., zy,yx). This is quite sim-

ilar to the proof of Proposition 11.25. We will be quite brief and leave
the details to the reader.
By Theorem 11.12, we get

Iizn(l‘y’yl‘7"'7xy7yaj) = Z I{W[l‘7y7y’x7""x7y’y7a’:]7

TENC(4n)
TNVo=1y,

where 0 = {(1,2),(3,4),...,(4n — 1,4n)} € NC(4n). As in the proof
of Proposition 11.25 one can show that the requirement ©V o = 1y, is
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equivalent to the following properties of . The block containing 1 must
also contain 4n and, for each k£ = 1,...,2n — 1, the block containing
2k must also contain 2k + 1. The set of partitions in NC(4n) fulfilling
these properties are in canonical bijection with NC'(2n). Furthermore
we have to take into account that each block of m € NC(4n) couples
either only x or only y. For the image of 7 in NC(2n) this means that
it splits into blocks living on the odd numbers — corresponding to a
m € NC(1,3,...,2n — 1) — and blocks living on the even numbers —
corresponding to a mo € NC'(2,4,...,2n). Under this identification the
quantity k[T, y,y,,...,2,y,y,x] goes over to oy -a¥ . The fact that
the union of 7m; and w5, must be non-crossing amounts to the requirement
that mo < K(m). Renaming m; as m and 79 as o gives (15.12). O

As we have seen in the last section we can make a transition from
a selfadjoint even element to an R-diagonal element with the same
determining sequence by multiplying the given even element with a
free Haar unitary. Our present considerations show that instead of a
Haar unitary we could also take a symmetric Bernoulli element. Recall
that a symmetric Bernoulli variable is a selfadjoint even element b with
b =1.

COROLLARY 15.18. Let x be a selfadjoint even element and b be a
symmetric Bernoulli variable, such that x and b are free. Then xb is
R-diagonal and has the same determining sequence as the even element
x.

PROOF. By Theorem 15.17, a := xb is a tracial R-diagonal element.
Since aa* = zb*r = 22, all moments of aa* are the same as the corre-
sponding moments of 22 which implies that the R-diagonal element a
and the even element = have the same determining sequence. U

EXERCISE 15.19. Let s be a semicircular element of variance 1 and
b be a symmetric Bernoulli variable which is free from s. Prove that
sb is a circular element.

The free anti-commutator of even elements

If we understand the x-distribution of zy, then we can of course also
make some statements about the distribution of the corresponding com-
mutator ry — yr or anti-commutator xy + yz.

THEOREM 15.20. Let = and y be two selfadjoint even elements
which are freely independent. Then their anti-commutator xy + yx
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1s also selfadjoint and even, and its determining sequence is given by

=2 3" a (15.13)

7,0€NC(n)
o<K(m)

PROOF. Since, by Theorem 15.17, zy is R-diagonal it is clear that
cumulants in xy + yz of odd length vanish and that for even length we
get

ry+yr _  zY+yz
oy, = KRop

= Ron(2y + Yz, ..., 2y + Yx)
= Kon(xy,yx, ..., 2y, yT) + Kop(yz, Y, . . ., YT, TY).

Since xy is tracial we have actually that the last two summands coincide

and thus
TY+yr __ Ty
o, = 2a,7.

The assertion follows then from formula (15.12). O

REMARKS 15.21. (1) Instead of the anti-commutator one can also
consider the selfadjoint version i(xy —yz) of the commutator. One sees
easily that in our case where x and y are even the distribution of this
commutator is the same as the distribution of the anti-commutator.

(2) If one wants to consider the case of the free commutator or anti-
commutator for general selfadjoint x and y then the situation becomes
much more involved. In such a situation xy is of course not R-diagonal,
so we have no good tools for calculating the joint moments in xy and
yz. (Note that if we only consider moments in zy, then we are back to
the problem of the product of free variables, which we treated in the
last lecture. The point of the commutator or anti-commutator is that
one needs to understand the *-moments of zy, not just the moments.)

(3) Even though we have no useful general formulas for the *-
moments of xy in the general case, the commutator can nevertheless be
treated in full generality, due to some remarkable cancelations which
allow the general situation to be reduced to the case of even z and y.
We will come back to this in Lecture 19.

(4) As is clear from our above result about the free anti-
commutator, the combinatorial formulas are becoming more and more
involved and one might start to wonder how much insight such formu-
las provide. What is really needed for presenting these solutions in a
useful way is a machinery which allows us to formalize the proofs and
manipulate the results in an algebraic way without having to give too
much consideration on the actual kind of summation. Such a machin-
ery will be presented in Part 3, and it will be only with the help of that
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apparatus that one can really formulate the results in a form which is
also suitable for concrete analytic calculations.

Powers of R-diagonal elements

We have seen that R-diagonality is preserved under several operations
(like taking the sum or product of free elements). We will see now that
powers of R-diagonal elements are R-diagonal, too.

PROPOSITION 15.22. Let a be an R-diagonal element and let r be
a positive integer. Then a” is R-diagonal, too.

PRrROOF. For notational convenience we deal with the case r = 3.
General r can be treated analogously.

We have to show that cumulants k(.. .,a*a*a*, a*a*a*,...) vanish.
(Cumulants x,/(...,aaa,aaa,...) are then covered by the observation
that a being R-diagonal is the same as a* being R-diagonal.) In order
to be able to distinguish the relevant a* we will index them from aj to
ag, i.e. we are looking at k,(...,ajasa3, ajaiaf, ... ).

Theorem 11.12 yields in this case

kok ok ko ko k * * * * k *
Fn(...,ajaas, ajazag, ...) = g Krl... a7, a5, a3, ay, a3, a5, . ..],
TeNC(3n)
wVo=13,

(15.14)

where o := {(1,2,3),(4,5,6),...,(3n —2,3n — 1,3n)} € NC(3n). In
order to find out which partitions 7 € NC'(3n) contribute to the sum
we look at the structure of the block of 7 containing the element aj; in
the following we will call this block V.

There are two situations which can occur. The first possibility is
that aj is the first component of V; in this case the last component of
V must be an a and, since each block has to contain the same number
of a and a*, this a has to be the third a of an argument a3.

But then the block V' is in 7V not connected with the block containing
a3 and hence the requirement 7V o = 13, cannot be fulfilled in such a
situation.
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The second situation that might happen is that aj is not the first
component of V. Then the preceding element in this block must be an
a and again it must be the third a of an argument a3.

But then the block containing aj is again not connected with V' in mVo.
Thus, there exists no m which gives a non-vanishing contribution in

k ko k

(15.14) and we get that k,(...,a*a*a*, a*a*a*,...) is zero. O

Exercises

EXERCISE 15.23. Let a and b be two R-diagonal elements which
are *-free. Show that the sum a + b is also R-diagonal and express its
determining sequence in terms of the determining sequence of a and
the determining sequence of b.

EXERCISE 15.24. Let a and b be R-diagonal random variables such
that {a,a*} is free from {b,b*}. By Proposition 15.8 we know that ab
is R-diagonal. In this exercise we want to see how we can express the
determining sequence of ab in terms of the determining sequence of a
and of b. We put

al = Kkou(a,a*,a,a*, ... a,a"), B = Kop(a®,a,a*,a,...,a" a),

ab := kg (b, 0%, b,b%, ..., b,b%), a® = kg, (ab,b*a*, ... ab,b*a").

(1) Show that we have

ab a a a b b
. = > v Bval - B vy - -y > (15.15)
r=mqUm, ENC(2n)
ma={V1,....,Vx }ENC(1,3,...,.2n—1)
mp={V{,....,V/}ENC(2,4,...,.2n)

where Vj is that block of © which contains the first element 1.
(2) Show that in the tracial case the statement reduces to

al = Y ai-al (15.16)

m,0€NC(n)
o<K(m)

EXERCISE 15.25. (1) Prove the following statement. Let a be an
R-diagonal element and r a positive integer. Then the x-distribution
of a” is the same as the -distribution of a; - - - a,, where each a; (i =
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1,...,r) has the same *-distribution as a and where a4, ..., a, are -
freely independent.
(2) Let ay,...,a, be n R-diagonal elements which are x-free. Con-

sider a matrix (v;;)7;—; of complex numbers. Define a := 1", vija;a;.
Show that a is R-diagonal.

EXERCISE 15.26. Let ¢ be a circular element and r a positive inte-
ger.

(1) Calculate the determining sequence of ¢" and the moments of
e

(2) Calculate the norms of powers of circular elements (assuming

they live in a C*-probability space with faithful state ¢) via the formula
le"ll = lim %/ o((erer)m).

EXERCISE 15.27. (1) Show that a Haar unitary element is the only
unitary element that is R-diagonal.

(2) Let v be a partial isometry (as defined in Definition 7.21) which
is also R-diagonal. Show that all x-moments of v are determined by
the knowledge of o := p(v*v) and § := p(vv*). Let us call such a v
an (o, f)-Haar partial isometry in the following. Show that such an
(o, B)-Haar partial isometry is tracial if and only if o = (.

(3) Show that for a («, #)-Haar partial isometry in a C*-probability
space we have necessarily 0 < o, § < 1.

EXERCISE 15.28. Let [ :=I(f) and l5 := [(g) be two creation oper-
ators on a full Fock space F(H), such that f and g are two orthogonal
unit vectors, i.e. [ and [y are x-free with respect to the vacuum expec-
tation state. For a fixed 0 < X\ <1 we put c:= 1 + \/Xl;

(1) Show that ¢ is R-diagonal and that it is tracial if and only if
A = 1, in which case it is circular. We will call the ¢ for general A
generalized circular elements.

(2) Show that the vacuum expectation state restricted to the -
algebra generated by c is faithful for 0 < A < 1.

(3) Consider the polar decomposition ¢ = vq of a generalized circu-
lar element (in a W*-probability space). Show that v and ¢ are *-free
and that the polar part is a (1, #)-Haar partial isometry for suitable 3.

(4) Let v; be a (1, §)-Haar isometry and v, a (1, «)-Haar partial
isometry, and assume that v; and vy are x-free. Show that then v :=
v1v3 is an («, §)-Haar partial isometry.
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LECTURE 16

The R-transform

In this lecture (and in general in the lectures on transforms in Part
3) we will take a point of view on free cumulants which emphasizes
formal power series. This leads us to the concept of R-transform for a
tuple of non-commutative random variables. The R-transform contains
essentially the same information as the free cumulants of the random
variables in question, the difference is in the point of view:

free cumulants — the R-transform
(“coefficients”) (“power series”).

The R-transform of one variable has already appeared in Lecture 12,
where it was used to study the operation of addition of freely inde-
pendent random variables. In this lecture we will introduce the multi-
variable version of the R-transform, and point out the analogy with
its counterpart in classical probability, the logarithm of the Fourier
transform.

The multi-variable R-transform

We start by introducing the space of series that we want to use, and
the operation of extracting a coefficient from such a series.

NOTATIONS 16.1. Let s be a positive integer.
(1) We denote by O; the set of all formal power series of the form

f(Zl, R ,Zs) = i zs: iy, i Bin * " " Ry (161)

n=1i1,..sin=1
with a;; ;, € C(Vn>1,V1<i,...,i <), and where 2, ..., 2
are non-commuting indeterminates.

(2) Let f € ©4 be as in Equation (16.1). For every n > 1 and
1<14y,...,1, <s we denote

Qiy,ooin =+ Cf(il,...,in)(f) (16.2)

(“the coefficient of order (iy,...,i,)” of f).

We will need, moreover, the following notation for “generalized co-

efficients” of a power series in ©,.

259
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NOTATION 16.2. Let s be a positive integer. For n > 1, 1 <
iy eyin < sand 0 £V C {1,...,n} we will use “(iy,...,i,)|V” to
denote the tuple in {1,..., s}Vl obtained from (iy,...,4,) by retaining
only those ¢; with j € V. (For instance if n = 6 and V' = {2, 3,5} then
(i1, ,16)|V = (ia,13,15).)

Now, let f be a power series in ©,. For every n > 1, every 1 <
i1,...,0, < s, and every non-crossing partition = = {V4,...,V,} €
NC(n) we denote

Cly, i) () 1= Qi)+ Qi) Vi (16.3)

Note that in general Cf;, i ).-(f) is not a true coefficient of f, but
rather a product of such coefficients. (Of course, if 7 happens to be
the partition with only one block, 1,, then Cfy, i ..(f) reduces to
the regular coefficient Cf(;, . ;.)(f).)

Sin

DEFINITION 16.3. Let (A, ¢) be a non-commutative probability
space, and let aq,...,as be an s-tuple of elements of A.
(1) Consider the family of joint moments of ay, ..., as,

{cp(ail~~-ain)|n21, lgil,...,z’ngs}.

We can use all these numbers to make up a power series in ©, which will
be denoted by M,, . .., and is called the moment series of a4, ..., a,:

May,.a (21,5 25) = Z Z plai, -~ ai,)z, -z, (16.4)

n=1141,...,in=1

(2) Consider on the other hand the family of all free cumulants of
aiy,...,0g,

{/{n(ail,...,ain) ln>1,1 Sil,...,ings}.

With these numbers we make up a series in O, denoted by Ry, . .
and called the R-transform of a4, ..., as:

s

Royooai(21, . 0y25) = Z Z K (Qiyy o ooya)ziy - - 2z, (16.5)

n=1i1,...,in=1

REMARKS 16.4. Let us make some comments on how the notations
introduced above relate to some other notations used in the preceding
lectures.

(1) When applied to the R-transform f = R,, .. € O, the nota-
tion Cf(;, . i) (f) from Equation (16.3) matches the notations of the
type “krlai,...,a,]” used in the lectures from Part 2. Indeed, it is
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clear that given a non-commutative probability space (A, ) and the
elements aq,...,as € A, we have

Cf(ih...,in)(Ral,...,as) = Iin(az‘l, e 7(1%), (166)
and more generally
Cf(zj,...,in)ﬁr(Ra1,...,as) = K;ﬂ'[al'17 s 7ain] (167)

for every n > 1, every 1 <iy,...,1, < s, and every 1 € NC(n).
(2) The particular case s = 1 of Equation (16.5) gives us a series

R.(2) = Z En(a,...,a)z",
n=1

where a is an element in a non-commutative probability space (A, ¢).
This is, of course, very closely related to the series R, introduced in
Notation 12.6. More precisely, the definitions of R, and of R, are made
in such a way that the two series only differ by a shift in the powers of
z:

R.(2) = zRau(z). (16.8)
In the free probability literature (and in particular in this book) both
the series R, and R, are referred to as “the R-transform of a.” We
hope the reader will have no difficulty in taking this minor detail into
account in the various R-transform calculations which are being shown
throughout the book.

REMARK 16.5. As explained in Lecture 11 (see in particular the
Appendix to that lecture), the free cumulants represent the free proba-
bilistic analog for the concept of cumulants from classical probability —
in the respect that they are obtained from joint moments by the same
kind of formulas, but where one only looks at non-crossing partitions
(instead of arbitrary partitions) of finite sets. Let us now revisit this
fact, from the point of view of power series.

Let X4, ..., X, be an s-tuple of real random variables in the classical
(commutative) sense. It is well known (cf. Exercise 11.37) that the
classical joint cumulants of X,..., X can be retrieved as coefficients
of the power series (in s commuting indeterminates) log F(v), where v
is the joint distribution of Xi,..., X, (v is a probability measure on
R* — cf. Example 4.4.1 of Lecture 4). Here F(v) denotes the Fourier
transform (also known as the characteristic function) of v, and the log
can be viewed in the formal power series sense.

On the other hand, free cumulants are coefficients of R-transforms
for s-tuples of non-commutative random variables; hence the analogy
from the level of cumulants leads to the following important statement:
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The R-transform is the analog in free probability
for the logarithm of the Fourier transform.

This statement is illustrated by the following theorem (“a free inde-
pendence criterion in terms of R-transforms”), which is a fundamental
result in the theory of the R-transform.

THEOREM 16.6. Let (A, ¢) be a non-commutative probability space,

and let ay,. .., as be elements of A. Then the following two statements
are equivalent:
(1) ay,...,as are freely independent;
(2) we have that
Roy..a (21, 25) = Ray(21) + -+ - + R, (2s)- (16.9)

PRrOOF. This is a restatement of Theorem 11.20 (which said that
“free independence is equivalent to the vanishing of all the mixed cu-
mulants”), in the context where the free cumulants of aq,...,as are
viewed as coefficients of R, . .. ]

REMARKS 16.7. (1) Equation (16.9) in the preceding theorem is the
free analog for the following basic property of the Fourier transform.
Suppose that X7,..., X, are random variables on a probability space
(in classical, commutative sense); let F be the Fourier transform of the
joint distribution of X,..., X,, and let F,...,Fs denote the Fourier

transforms of the individual distributions of Xy, ..., X, respectively
(so that F is a series in s commuting complex variables, while each of
Fi, ..., Fs is a series of one variable). Then Xj, ..., X, are classically
independent precisely when

Fz1, ..y 25) = Fi(z1) -+ - Fslzs). (16.10)

The analogy between the Equations (16.9) and (16.10) becomes obvious
when one applies the log to both sides of (16.10).

(2) The result of the preceding theorem also holds in a version
where instead of s elements we deal with s families of elements. For
example for s = 2 this would be stated as follows. Let (A, p) be

a non-commutative probability space, and let aq,...,a,,01,...,0, be
elements of A. Then the family {ai, ..., a,} is freely independent from
{b1,...,b,} if and only if we have

Ry apbiybg (215 -0y 2py Wi, o W) (16.11)

= Ra1,...,ap<zla e ,Zp) + Rbl,...,bq (U}l, P ,U}q).
This too follows from the fact that free independence is equivalent to
the vanishing of the mixed free cumulants (one has to prove and then
apply the suitable version of Theorem 11.16).
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(3) The phenomenon of vanishing of mixed free cumulants has an
important consequence about the addition of free s-tuples, which has
already been observed in the case s = 1 in Lecture 12 (Proposition
12.3).

PROPOSITION 16.8. Let (A, ) be a non-commutative probabil-
ity space, and let aq,...,as b1,...,bs be elements of A such that
{ay, ..., as} is freely independent from {by,...,bs}. Then

Ry tbr,astbs = Ray,as + By (16.12)

s

ProoOF. Forn > 1and 1 <1iq,...,7, < s we have that

Cf(z‘l,...,in)(Ra1+b1,...,as+bs) = Hn(az‘l + bz’“ N bin)-

By using the multilinearity of k, we expand the latter cumulant as a
sum of 2" terms; and after that we notice that 2" —2 of the 2" terms are
mixed free cumulants of {a,...,as} and {b,...,bs}, therefore must
vanish. We are thus left with a sum of two terms:

Cf(il,...,in)(Ra1+b1,...,as+bs) = fin(ail, ce ,@in) + /‘in(bil, s bin)
= Cfy,i) (Ra,a) + Cf(il,...Jn)(Rbl,...,bs)7

and the assertion follows. O

EXAMPLE 16.9. The use of R-transforms can sometimes help our
terminology become more concise. As an example let us look at the
R-diagonal elements studied in Lecture 15. In the language of the R-
transform, an element a in a x-probability space (A, ) is R-diagonal
precisely when the R-transform R, .- is of the form:

Raa- (21, 22) = f(2122) + g(2221) (16.13)

where f and g are series of one variable,
f(z) = Zanz” and g(z) = Zﬁnz”.
n=1 n=1

The sequences of coefficients (o, ),>1 and (3,),>1 were called in Lecture
15 the determining sequences of the R-diagonal element a; in the same
vein, the two power series f and g appearing above will be termed in
what follows as the determining series of a.

The interpretation in terms of R-transforms is actually the one
which explains the name “R-diagonal element”: the requirement for a
to be R-diagonal is that the joint R-transform R, .- is in a certain sense
supported on the diagonal of the set which indexes its coefficients.
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Another property of the multivariable R-transform which is worth
recording is that it behaves very nicely under linear transformations.
In order to state this, let us first introduce a notation, concerning linear
changes of variables in formal power series.

NOTATION 16.10. Let r and s be positive integers, let f be a series
in ©,, and let L = ()\;;);; be a complex s x r matrix. We denote as
“f o L” the series in O, with coefficients defined as follows:

S

Cf]l ----- Jn(f © L) = Z Cfila---yin (f)Alljl U AZ‘n].n? (]‘6]‘4)

i1yein=1

forn>1land 1<jy,...,5, <.

REMARK 16.11. The explanation for the notation “f o L” is that,
with a small notational abuse, the relation between f and fo L can be
written as

(foL)(wr,. .. w) = f(z R Asjwj). (16.15)
j=1 j=1

The meaning of Equation (16.15) is the following. Take the expanded
form of f,

f(z1,.00,25) = Z Z Cliy,in) (f)2i - 24,

n=1 i1,..in=1

In this expanded form perform the substitutions

r
ZZ':Z)\Z‘J‘UJJ‘, 1< < S,
j=1

then multiply out the monomials z;, - - - 2;, and re-group terms to get
a series in the indeterminates wy, ..., w,. The resulting series will be
precisely fo L € ©,.

The justification for the notation “fo L” is even clearer if Equation
(16.15) is written in the more concise form

(foL)(wy,...,w,) = f(L(wy,...,w,.)).

PROPOSITION 16.12. Let (A, p) be a non-commutative probability
space, let aq, ..., as be elements of A, and let L = (X\;;);; be a complex
s x r matriz. Consider the elements by, ..., b. € A defined by

ijZ/\ijaz‘7 I<j<r

=1
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Then we have
Rbl,...,bT = Ral,..

PrRoOOF. Forn >1and 1 < jq,...,7, < r we have that
Ctir ) (B, b)) = B (i -1 b5,)

s s
= /ﬂ}n< E )\i,jlai, Cey E )\i,jnai)
i=1 i=1

s
= E )\iljl ---)\injn/ﬁn(ail,...,ain)

w.oL. (16.16)

3]

2] 4eesbn=1

= Z Aivj Ningn Cirin) (R .as )
B1 eyt =1

= Cf(j,....50) (Ray,..a, © L).

U

REMARKS 16.13. (1) If one uses the more suggestive (though some-
what unrigorous) notations from Remark 16.11, then the statement of
the preceding proposition can be summarized by the formula

RLt(al,...,aS)(wh .. 7w7') = Ral,A..,aS(L(wlu o 7wr> )7

where L! is the transpose of L.

(2) A well-known fact from classical probability theory is that inde-
pendent Gaussian random variables are characterized by the property
of remaining independent under rotations. The formula for the be-
havior of the R-transform under linear transformations can be used to
obtain the free analog of this fact, where instead of independent Gauss-
ian variables we are now dealing with freely independent semicircular
variables (in a non-commutative context). See Exercise 16.23 at the
end of the lecture for the precise formulation of how this goes.

The functional equation for the R-transform

In this section we derive an important functional equation which is
always satisfied by the series M,, ., and R, .., when aq,...,a, are
random variables in a non-commutative probability space. This will
extend the functional equation observed for s = 1 in Theorem 12.5.
We fix for the section a positive integer s, and we consider the
space of power series O, as in Notations 16.1. It is obvious that O is
an algebra (non-unital, though) under the usual operations of addition,
multiplication and scalar multiplication for power series. Besides this it
also makes sense to consider compositions of series from Oy, as follows.
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NOTATION 16.14. Let f,hy, ..., hs be in O, and suppose that f is
written explicitly,

flonz) = 30 Y iz F

We denote by f(h,...,hs) the series defined as:
Fha,o b)) o= > > ik b, (16.17)

The infinite sum on the right-hand side of Equation (16.17) does not
raise convergence problems — indeed, (16.17) can also be written by
saying that:

Cf(jl ..... Jm) (f(hb ) hs)) = (1618)

for every m > 1 and every 1 < ji,...,75m < s.

The functional equation announced in the title of the section goes
as follows.

THEOREM 16.15. For f,g € Oy the following two conditions are
equivalent:

(1) Chipiny (@) = D Chliyirin(f) V=1, 1<y, iy <os.

(2) 9= f(z1(1+9), ..., 2(L +9))-
Proor. We fix a series f € O,

f(zla-~'728) = Z Z Ay yyin®iy " R

For this f we consider the functional equation

£ = f(n(149),...,2(1+9), (16.19)

in the unknown ¢ € O,. The equivalence of the conditions (1) and (2)
in the theorem will clearly follow if we show that

(a) Equation (16.19) has a unique solution in O, and

(b) the series g € O, with coefficients defined as in condition (1) is
a solution of Equation (16.19).
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We show (a) by pointing out that (16.19) is equivalent to a recur-
rence relation for the coefficients of the series £. Indeed, by taking
(16.18) into account, we get that (16.19) is equivalent to:

Cljiei) (§) = (16.20)

Z Z Qg yoipy Cf(j17--'7jm) (le(l + f) T Zln(l + g))?

n=1 i1,..,in=1

form>1and 1<j,...5m <s. For m =1, Equation (16.20) simply
says that the coefficient of z; in § is equal to «;, for 1 < j < s. Now
let us consider an m > 2 and some 1 < ji,...,5m < s. Then the
coefficients appearing on the right-hand side of (16.20) keep track of
all the possibilities of producing the word

Zi Zj (16.21)

as part of the expansion of an expression
i (L4 &) -2, (1 + &), (16.22)
with 1 <n <mand 1 < 4y,...,7, < s. However, this can only be

done when iy, ..., 1, of (16.22) are sitting among ji, ..., j, of (16.21),
i.e. we have

11 = Jb(1)s - > bn = Jb(n)
for some 1 = b(1) < b(2) < --- < b(n) < m. If we enumerate i, ...,1i,

in terms of b(1),...,b(n), we get that the right-hand side of (16.20) is
equal to:

Z Z Oéjb(l)Jb(z),...,jb(n)-Cf(jb(l)Jrl ..... jb(2)71)(§)”'
n=1 1=b(1)<-<b(n)<m
= Cliyy i) (€) - (16.23)

(with the appropriate convention that Cf(;, . ;,(§) = 1 when p > q).
Hence in (16.23) we obtained an expression for the coefficient of order
(J1, -+, Jm) of &, in terms of some shorter coefficients of the same series
(the lengths of the coefficients listed in (16.23) add up to m —n < m,
so each of them is indeed “shorter”). This is a recurrence relation for
the coefficients of &, which determines £ uniquely.

We now go to statement (b), that the series g defined by condition
(1) in the theorem is a solution of Equation (16.19). Clearly, this will
follow if we show that the coefficients of ¢ satisfy the recurrence from
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(16.23). To obtain this recurrence, we write Cf;, ;. )(g) in terms of
the coefficients of f:

Cf(jlv---vj’ﬂL)(Q) = Z Cf(jlv---vj'rn)m(f)

TeENC(m)

= Z > S Clyge(f)

n=1 1=b(1)<-<b(n)<m e NC(m) s.t.
{b(1),....,b(n)}
is block of 7

(16.24)

(by enumerating the partitions from NC(m) in terms of their block
which contains the number 1). But if a partition 7 € NC(m)
is subjected to the condition of having a prescribed block B =
{b(1),...,b6(n)}, with 1 = b(1) < --- < b(n) < m, then knowing 7
is equivalent to knowing its restrictions m € NC(b(2) — b(1) — 1),
me € NC(b(3)—b(2)—1),...,m, € NC(m—b(n)) to the spaces left be-

tween the consecutive elements of B; moreover, if 7y, ..., m, correspond
to 7 in this way, then it is immediate that:
Clijrngmn () = (16.25)

Xy (1)) Cf(jb(1)+1:-~~7jb(2)—1)§7r1 (f) T Cf(jb(n)+17~-~7jm)§7rn (f>
By substituting (16.25) in (16.24) we obtain that

Cf(h, Jm); E § : O‘jbu),m,jb(n)

n=1 1=b(1)<--<b(n)<

Z Cf(jb(1)+1a~~~1jb(2)—1)§7r1 (f)) co

T ENC(b(2)—b(1)—1)

Z Cf(jb(n)+1,~~~,jm);7rn(f))

T €ENC(m—b(n))

Z Z ajb(1),jb(2),...,jb(n> (1626)

n=1 1=b(1)<---<b(n)<m

’ Cf(jb(1)+1r~~:jb(2)—l)(g) e Cf(jb(n)+17m’jm)(g)’

where at the last equality sign we used again the connection between f
and g, given by condition (1) in the theorem. But Equation (16.26) is
just a repetition of (16.23) with “¢g” appearing in the place of “¢”. O

COROLLARY 16.16. Let (A, ) be a non-commutative probability
space, and let aq,...,as be in A. Consider the moment series M :=
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Ma17~'~7a5
equation

and the R-transform R := Ry, ... Then M and R satisfy the

M = R(z(1+M),...,z(1+ M)). (16.27)

PROOF. From the lectures about free cumulants we know that M
and R satisfy condition (1) of Theorem 16.15. Therefore they must
also satisfy condition (2) of the same theorem, which is (16.27). O

EXAMPLE 16.17. Let (A, ¢) be a s-probability space, and let ¢ € A
be a circular element. It was observed in Example 11.23 that the only
non-vanishing joint cumulants of ¢ and ¢* are ky(c, ¢*) = kao(c*,¢c) = 1.
In the language of the R-transform, this says:

Rec(21,20) = 2120+ 2021.

What about the moment series of ¢ and ¢*? There does not appear
to be any nice formula for the joint moments of ¢, c*, but at least the
above corollary gives a “non-commutative quadratic equation” for the
series M := M, .-, namely:

M = z1(1+ M)z(14+ M) + 2(14+ M)z (1+ M). (16.28)

More about the one-dimensional case

REMARK 16.18. Let us consider a non-commutative probability
space (A, ¢), and let a be an element of A. The particular case s = 1
of Corollary 16.16 gives us the functional equation

M,(2) = Ra(z(1+ M,(2))), (16.29)
where .
My(2) = ) pla™)z"
and -

R,(z) = Z kn(a,a,...,a)z".
n=1

We will look at some other ways in which Equation (16.29) can be
reformulated. Clearly, we can start by writing (16.29) in the form

M, = Ryo (2(1+ M,)), (16.30)

where o denotes composition of power series. Suppose now that the
element a € A we are working with is such that ¢(a) # 0. Since the
linear term of both the series M, and R, is equal to ¢(a), it follows
that these series are invertible under composition; we will denote their
inverses under composition by M="'> and R:™!'>, respectively. In
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(16.30) let us compose with R=~1> on the left, and with M=~"'> on the
right. We obtain that:

Ry = (2(14 M,)) o M1
= (zo M) (1 4+ Myo M=71)
= M. (1+2).

So it is interesting that while the series M, and R, are in general quite
different from each other, their inverses under composition differ only
by a multiplication with 1+ z:

R (2) = (1+2)M7(2). (16.31)

This in particular gives a “practical” method for passing between M,
and R,. For instance from M, to R,, what one has to do is take
inverse under composition, then multiply by 1 + z, then take inverse
under composition again.

Modulo a shift in the coefficients, the series which appears in Equa-
tion (16.31) is another important “transform” of free probability, the
S-transform, and will be studied in more detail in Lecture 18.

REMARK 16.19. We will conclude the lecture with a discussion of
the connection between the functional equation of the R-transform (in
the case s = 1) and the Lagrange inversion formula. The latter formula
concerns the implicit equation:

£(z) = z- u(é’(z)), (16.32)
where ¢ € ©; is the unknown, and where u is a given power series,
u(t) = up+urt+- - -+u,t"+- - -. Equation (16.32) has a unique solution,
and Lagrange inversion says that the coefficients of the solution can be
determined as follows, for all n > 1:

1
[ coef. of order n of ] = - [ coef. of order n — 1 of u™]. (16.33)

There is a striking resemblance between (16.32) and the particular
case s = 1 of the functional equation of Theorem 16.15, which was:

9(z) = f(2(1+4(2))). (16.34)
Indeed, if in (16.34) we add 1 and then multiply by z on both sides,
we will get exactly (16.32) for the situation when u = 1+ f and {(z) =
2(14 g(2)). But since (16.34) is equivalent to the relation between the
moment series and the R-transform of a random variable, this means
that the Lagrange inversion formula can also be used to describe this
relation. More precisely, the recipe from (16.33) is converted into the
following.
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PROPOSITION 16.20. Let (A, ) be a non-commutative probability
space, let a be an element of A, and let R, be the R-transform of a.
Then for every n > 1 we have:

p(a™) = - —1|— a [ coef. of order n of (1 + R,)" ™ ]. (16.35)
It is instructive to see directly how Equation (16.35) can be obtained
from the relation between moments and free cumulants via summations
over non-crossing partitions, as introduced in Lecture 11. This must of
course come pretty close to re-proving the Lagrange inversion formula.
In fact one of the standard combinatorial proofs of the Lagrange inver-
sion formula is in terms of Lukasiewicz paths, so we only have to look
at that one, and use the bijection between non-crossing partitions and
Lukasiewicz paths observed in Lecture 9.

PROOF. Let us write explicitly
(14 R,)(2) = Z a,z",
n=0

where ag = 1 and «,, = Kk, (a, . ..,a) for n > 1. The coefficient of order
n of (14 R,)""! is then spelled out as

E Qg+ 0 Qg = E Qitjy " Al

i150eein 120 J1redng12—1

i1t tip1=n J1tting1=-1
(via the obvious change of variable j; =iy — 1,..., jpt1 = iny1 — 1).

Consider now the concept of almost-rising path on Z? which ap-

peared in Lecture 9 (cf. Definition 9.6.1). We use the coefficients
(i )n>o of the series 1 + R, in order to define a weight for an almost-
rising path ~, as follows: if the steps of v are (1,7j1),..., (1, Jm) (with
m > 1and ji,...,Jjm € NU{=1,0}), then the weight of v is

WH(7) 1=y gy o g,

Let I',, denote the set of all almost-rising paths going from (0, 0) to
(n 4+ 1,—1). Then, clearly, the last expression found for the coefficient
of order n of (1+R,)"*" is just 3. wt(7). On the other hand let us
recall that Proposition 9.11 of Lecture 9 gives us an explicit bijection
between I',, and Luk(n) x {1,...,n + 1}, where Luk(n) is the set of
Lukasiewicz paths with n steps. If v € I',, corresponds via this bijection
to (v, m) € Luk(n)x{1,...,n+1}, then we have that wt(y) = wt(7o).
(Indeed, 7y is obtained from ~ by suppressing one falling step and then
by cyclically permuting the remaining steps, and this does not affect
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the weight.) By putting all these observations together we get that:
coef. of order n of (1+ R,)"" =(n+1)- Z wt(70). (16.36)

Yo€Luk(n)

Finally, let us look at the explicit bijection between Luk(n) and
NC'(n) which is put into evidence in Proposition 9.8. If vy € Luk(n)
corresponds via this bijection to 7 = {Vi,...,V.} € NC(n), then we
have that wt(y9) = oqv;| - - - ;). (Indeed, from the description of the
bijection we see that vy has precisely r non-falling steps, and the rises
of these steps are |[Vi| — 1,...,|V,| — 1.) As a consequence, we can
rewrite (16.36) in the form

coef. of order n of (1+ R,)"" =(n+1)- Z Q|- gy,

TENC(n)
a={V1,..., Vr}

But in view of the relation between the moments and the free cumulants
of a, the sum on the right-hand side is precisely equal to ¢(a™). The
desired formula (16.35) follows. O

Exercises

EXERCISE 16.21. Let s be a positive integer.

(1) Prove that for every series f € O, one can find a non-
commutative probability space (A, ) and some elements ay, ..., a5 €
A such that M,, .. =f.

(2) Prove that for every series g € O, one can find a non-
commutative probability space (A, ¢) and some elements aq,...,as €
A such that R, ., = g.

EXERCISE 16.22. Let ¢, r, s be positive integers. Let L and M be
complex matrices of sizes s x r and respectively r x ¢, and let f be a
series in O;. Verify that

(foL)oM = fo(LM).

EXERCISE 16.23. Let (A, ) be a x-probability space and let a, ay
be two selfadjoint elements of A, such that a; is free from as.

(1) Suppose that a; and ay are semicircular elements, and that
they have the same radius. Prove that (cos)a; + (sin#)as is free from
(—sin#)a; + (cos@)ay for every 6 € R.

(2) Conversely, suppose there exists an angle 6§ which is not an
integer multiple of 7/2, such that (cos@)a; + (sinf)as is free from
(—sinf)a; + (cosf)ay. Prove that a; and ay are semicircular elements
and that they have the same radius.



LECTURE 17

The operation of boxed convolution

The operation of boxed convolution, [4, is a binary operation on the
space O of formal power series considered in the preceding lecture. Its
free probabilistic interpretation is that it encodes the multiplication of
free tuples of non-commutative random variables, when one keeps track
of these tuples by using R-transforms.

On the other hand, the same operation |4 can be viewed as a dis-
tillation (taking place in the power series framework) for the operation
of convolution of multiplicative functions on NC|, as encountered in
Lecture 10.

Thus [« is a natural object to consider, both from the free probability
angle and from a strictly combinatorial point of view. Because of this,
is a very useful tool in the combinatorics of free probability. In this
lecture we develop its basic theory, and show how it can be used in
computations with R-transforms.

The definition of boxed convolution, and its motivation

DEFINITION 17.1. Let s be a positive integer, and let ©, be the
space of power series in s non-commuting indeterminates which was
considered in Lecture 16. On O we define a binary operation [x, by
the following rule: for every f,g € O, and for every n > 1, 1 <
i1y, 0y < 8, the coefficient of order (iy,...,i,) of f [ g is:

Cf(ll,,ln)( f g ) = Z Cf(il,...,in);ﬂ(f) : Cf(il,...,in);K(ﬂ’)(g) (171)

TeNC(n)

(where “K(m)” stands for the Kreweras complement of a partition 7 €
NC(n), as in Definition 9.21). In the cases when it can be ambiguous
what is the number s of indeterminates we work with, we will write
“W,”instead of just ‘4.

In this section we explain the motivation for introducing [, from the
point of view of free probability. The operation ¥ has in some sense
already appeared in this monograph in Lecture 14, in connection to
the multiplication of two free tuples of elements in a non-commutative

273



274 17. THE OPERATION OF BOXED CONVOLUTION

probability space. More precisely, if (A, ¢) is a non-commutative prob-
ability space and if ay, ..., as,b1,...,bs € A are such that {ay,...,as}
is free from {by,...,bs}, then Equation (14.4) in Theorem 14.4 gives
us that

/{n(ailbil,...,ainbin) = Z I{ﬂ[ail,..‘,ain] 'I{K(ﬂ-)[bil,...,bin],
TeNC(n)
for every n > 1 and every 1 < i4y,...,7, < s. When the above free
cumulants are interpreted as coefficients of the R-transforms of the
various s-tuples involved, we obtain the following neat statement.

PROPOSITION 17.2. Let (A, p) be a non-commutative probability
space and let aq,. .., a5, b1, ..., bs € A be such that {ai,...,as} is free
from {by,...,bs}. Then the R-transform of the s-tuple (aqby, ..., asbs)
18

Ra1b1 ----- asbs — Ral,---ﬂs Rbl,---,bs' (17'2)

The implicit presence of | in the preceding lectures can in fact be
already spotted in the fundamental relation which connects the mo-
ments and the free cumulants of a tuple of non-commutative random
variables. Let us introduce the following notation.

NOTATION 17.3. Let s be a positive integer. We denote by Zeta (or
by Zeta,, if the specification of s is necessary) the series in ©4 which
has all the coefficients equal to 1:

Zeta(zy, ..., z5) = Z Z Ziy o 2 (17.3)
n=1 i1,.in=1
Then we have the following.

PROPOSITION 17.4. Let (A, p) be a non-commutative probability
space, and let ay,...,as be elements of A. Then the moment series

M = M,, . ., and the R-transform R := R,, .. are related by the
equation

M = R [ Zeta. (17.4)

PROOF. The relation expressing the joint moments of aq,...,a, in

terms of free cumulants is
ola, ---a;) = E Rel@iy, ... a;],
TeENC(n)

forn>1and 1 <iy,... 7, <s (cf. Proposition 11.4.3). This can be
rewritten as

Cfliyoiy(M) = > Clsy iyin(R) - Chay i) (Zeta),

TeNC(n)
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which leads to (17.4). O

Basic properties of boxed convolution

PROPOSITION 17.5. Let s be a positive integer.

(1) The operation [{ on Oy is associative.

(2) Let us denote by A (or Ag, if the specification of s is necessary)
the series in O defined by

Az, ... 25) = 214+ 2. (17.5)
Then A is the unit for 4.

These two properties of ¥ can be proved either by basic combina-
torics (directly from Definition 17.1) or by using the connection to the
multiplication of free s-tuples which was recorded in Proposition 17.2.
In the proof written below we illustrate both methods (see also Exer-
cise 17.23 at the end of the lecture for the alternative choices of method
in the parts (1) and (2) of the proof).

PROOF. (1) Consider three series f, g, h € O, about which we will
prove that (f [ g) § h = f [ (¢ § k). By Exercise 16.21 in the
preceding lecture, one can find non-commutative probability spaces
(Ai,0i), 1 < i < 3, and elements ay,...,as € Ay, by,...,bs € Ay,
c1,...,¢s € Ag, such that Ry, .. = f, Ry,..p. =g, and R, ., = h.
By considering the free product (A, ) of the (A;,p;), 1 < i < 3, one
can in fact assume that all the 3s elements a4, . . ., ¢; belong to the same
non-commutative probability space (A, ¢), and moreover that the three
sets {a,...,as}, {b1,...,bs} and {cq,...,cs} are freely independent in
(A, p). We then repeatedly apply Proposition 17.2, by also taking into
account the associativity of free independence (cf. Lecture 5, Remark
5.20). What we obtain is that both (f [ ¢g) { h and f [} (g { h) are
equal to the R-transform Ry p,c,.. asbocs-

(2) Let f be a series in O5. Forn > 1 and 1 < iy,...,i, < s we
have

Cliyin (fHA) = D Chiyinyin(f) - Chty i (m (D). (17.6)
TENC(n)

But obviously, Cf, _.).,(A) = 0 for every p # 0, in NC(n); or equiv-
alently, we have that Cf;, i ).k (A) = 0 for every © # 1, in NC'(n).
This shows that the right-hand side of (17.6) is in fact equal to

Clliroin)itn (F) - Clar, iy (),
which is nothing but Cfy, ;. (f).



276 17. THE OPERATION OF BOXED CONVOLUTION

In this way we obtained that f ] A = f, for every f € O,. The
equality A K f = f is verified in exactly the same way. O

REMARK 17.6. A property which ¥ does not have is distributivity
with respect to the addition and/or scalar multiplication of power se-
ries. This is because the functionals Cf;, ;. .).x : ©5 — C (defined for
n>1,1<id,...,i, <s, and 7 € NC(n)) are not linear, except for
the case when ™ = 1,,.

Also, it is easy to see by example that the boxed convolution {4, on
O; is non-commutative for s > 2 (cf. Exercise 17.24 at the end of the
lecture). For s = 1 we do have that [, is commutative, as shown in
Corollary 17.10 below.

We next describe the series in ©4 which are invertible with respect

to [.

PROPOSITION 17.7. Let s be a positive integer, and consider the
operation ¥ on Og. Let f be a series in ©,. We have that f is invertible
with respect to [ if and only if Cfu)(f) #0 for all 1 <i < s.

PROOF. Let us write f explicitly,

e} S
[z, 2) = Z Z Qiy,inZin " Zin -

n=1 iy,...,in=1

“=" The hypothesis is that there exists g € O,

o

S
9(217"'725) = Z Z ﬁi17--~7inzi1"'zin>

n=1 iy,..,in=1

such that f [ g = A. For every 1 <i < s we then have:

1=Cfu(A) = Cfp( fHg)
= Z Ciyr(f) - Clayr(n)(9) = auif;.

TENC(1)

Hence o;3; = 1, which implies a; # 0.

“«<=" Now the hypothesis is that o; # 0, V1 <17 < s. We show
how one can construct a series g € Oy, such that f § ¢ = A. The
coefficients of g are constructed by induction on their length, n. For
n = 1 we set Cf;(g9) = a;', 1 < i < s. Suppose next that the
coefficients of g have been constructed up to length n — 1, for some
n > 2. For every iy,...,i, € {1,...,s} we define Cf;;, ;. (g) as being
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equal to
_(ail e a/in)_l ' Z Cf(h,...,in)nr(f) ' Cf(il,...,in);K(ﬂ) (g> (177)
wE];fég’(n)

It is immediate that the expression in (17.7) only uses coefficients of
g which have length < n — 1, hence it makes sense to use (17.7) as
definition for Cf;, . ;.)(g). By comparing Equations (17.1) and (17.7)
one readily sees that the series g obtained as the result of the inductive
construction will satisfy

Cfy,in( fHg) = 0,

for every n > 2 and 1 < y,...,1, < s. Together with the assignment
for the coefficients of length 1 of g, this leads to the fact that f x| g = A.

In a similar way one can construct a series h € O, such that h[{ f =
A. Then g = h because of the associativity of [, and we conclude that
f is invertible. 0

Radial series

DEFINITION 17.8. Let s be a positive integer, and let f be a series
in ©,. If Cf(;,_;.)(f) only depends on n (but not on the specific choices
of 1 <iy,...,i, < s), then we will say that f is radial. In other words,
f is radial when it is of the form:

flz1,.0,2) = i i: OnZiy * 2, (17.8)

n=1 41,...,in=1
o0

= E a/n<zl+"'+zs)n
n=1

e}

for some complex coefficients ()22 ;.

For example, both the “special” series Zeta and A encountered
above (in Equations (17.3) and (17.5), respectively) are radial.

PROPOSITION 17.9. Let s be a positive integer, and consider the
operation (4 on O. Let f be a series in O. If f is radial, then f is in

the center of | , i.e. it satisfies f { g =g f for all g € O;.

PROOF. We denote the coefficients of f by ai,s,...,qy,... (as
in Equation (17.8)). Let g € ©; be arbitrary. For any n > 1 and
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1 <iq,...,1, < s we write:
Cf(zl,,zn)( f g ) = Z Cf(il,...,in);ﬂ(f) : Cf(h,...,in);K(fr)(g)
meNC(n)
- Z Cf(h,...,in);P(Q) ' Cf(il,..‘,in);Kfl(p) (f)7
peNC(n)
(17.9)

where the latter equality is obtained by doing the substitution “p =
K(m)”, and by reversing the order in the product of coefficients of f
and g.

The point is now to remark that for every p € NC(n) we have:

Cf(il,...,in);K—l(p) (f) = Cliy i) K () (f). (17.10)

Indeed, the partitions K(p) and K~*(p) are obtained from each other
by a cyclic permutation of {1,...,n} (since K(p) = K*(K~'(p)) and
by Exercise 9.23.1). As a consequence we can write these two partitions
as

K(p)={Vi,....V:}, K (p)={V,....V},

where |Vi| = |V/| = my,...,|V,| = |V)/| = m,. But then the radiality
of f implies that both sides of (17.10) are equal to Qy, - - - Q..

By substituting (17.10) in (17.9) we obtain exactly the expression
defining the coefficient of order (i1, ...,4,) of g (] f, and the assertion
follows. O]

An immediate consequence of the above proposition is the following.
COROLLARY 17.10. The semigroup (©1,[,) is commutative.
PROOF. Every f € ©, is radial, hence in the center of [x],. U

Let us note, moreover, that the series from ©; are in some sense
showing up in the center of every Oy.

PROPOSITION 17.11. Let s be a positive integer. Consider the map
from ©1 to ©, defined by

Zanz? — Zan(zl + 2" (17.11)
n=1 n=1

Then this map is a homomorphism between the operations [, on ©
and (W, on ©,, and is thus an embedding of (©1,[, ) into the center of

(O, )-



RADIAL SERIES 279

PROOF. Let f,g be in ©y, and set f [§, g =: h. Let us denote

the images of f, g, h via the map (17.11) by f, g, h, respectively. This
means that we have the relation

Cli () = Clan(f), n>1,1<iy,...,i, <s,  (17.12)

and similar relations involving g and h. Note that (17.12) immediately
extends to:

Cf(u ..... in);ﬂ'(f) = Cf(l ..... 1);7r(f)7 (1713)
where 7 is an arbitrary partition in NC(n).

We have to show that f [, g = h. And indeed, for arbitrary n > 1
and 1 <iq,...,1, < s we have

Cf(zl ..... Zn)(fgs g) = Z Cf(zl ..... zﬂﬂr(f) : Cf(u ..... Zn),K(ﬂ')(g)

— Cf(“ 77777 'Ln)(%>

In this chain of equalities we used successively the definition of [,
Equation (17.13) and its analog written for g, the definition of [+, and
the analog of (17.12) written for h. O

The next corollary is an obvious consequence of Proposition 17.11.

COROLLARY 17.12. Let s be a positive integer, and consider the
operation (K, on O.

(1) If f, 9 € O, are radial, then so is f [+, g.

(2) Consider a radial series in O,

flz1,.0,25) = Z an(z1 4+ -+ 25)".
n=1

Then [ is invertible with respect to W, if and only if oy # 0. In the
case when oy # 0, the inverse g of f under W, is also radial, and is
described as follows:

g(zlu"'7ZS) = Z Bn(zl+"'+zs>n7
n=1

where (,)5%, are such that Y 7| B,z7 is the inverse of Y " a2}
with respect to the operation [, on ©;.
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REMARK 17.13. In the setting of moment series and R-transforms
for s-tuples in a non-commutative probability space, the embedding of
O, into O, from the preceding proposition amounts to repeating the
random variables of our s-tuples. More precisely, it is immediate from
the definitions that if (A, ) is a non-commutative probability space
and if a € A, then the s-tuple (a,...,a) € A°* will have

Mo, a(21, -5 25) = Mo(21+ - + )

and
Ra,_,,@(Zl, . ,ZS> = Ra(zl 4+ Zs)-

The Mobius series and its use

DEFINITION 17.14. Let s be a positive integer. Consider the opera-
tion ] on Oy, and the series Zeta € O, introduced in Notation 17.3. The
inverse of Zeta under [x] is called the Mobius series, and is denoted
by Mob (or by Méby if the specification of s is necessary).

Note that the above definition of the Mob series indeed makes sense
(the series Zeta really is invertible with respect to [{, by Proposition
17.7). Alternatively, one can also describe M&b by explicitly indicating
its coefficients.

PROPOSITION 17.15. The explicit formula for the Mdbius series in
O, is:

Méby(z1,. . 2) = Y (1) 'Cor - (mi+--+2)",  (1T.14)

n=1

where (C,)2, is the sequence of Catalan numbers.

PRrOOF. Due to Corollary 17.12, it will suffice to verify Equation
(17.14) in the particular case when s = 1.

The particular case s = 1 can in turn be easily inferred by us-
ing the functional equation of the R-transform. Indeed, we have
Mob, [+, Zeta; = Ay, hence the series f := Mo6b; and g := A, sat-
isfy condition (1) of Theorem 16.15. Thus Mo6b; and A; must also
satisfy condition (2) of the same theorem, which amounts in this case
to:

Mob(2(1+2)) = z. (17.15)
This equation is equivalent to
Mob (z) + Mob?(z) = =z (17.16)

(indeed, both (17.15) and (17.16) state that Mdb, is the inverse under
composition for the series z + 22).
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When Mob, is written explicitly,

Méb, (2 Z% ,

Equation (17.16) becomes a recurrence for the coefficients 7, namely

n—1

n=1 and Y + ka%_k =0, n>2. (17.17)
k=1

But this is the well-known recurrence of the signed Catalan numbers (as
also encountered in the Lecture 10, while proving Proposition 10.15);
so we get that the explicit writing of Mob; is indeed

M0b1 Z n 1C(n—lzna

n=1

and the result follows. O

In the remaining part of this section we will give a couple of illus-
trations for how the series Mob and Zeta can be used in computations
related to R-transforms.

For the first illustration let us look again at the discussion about the
square of an even element in a non-commutative probability space (cf.
Lecture 11, Proposition 11.25). In order to rephrase that discussion in
terms of power series it will be convenient to use the following notation
(analogous to the notation “f o L” which was used in Lecture 16).

NOTATION 17.16. Let f be a series in ©;. We will denote by f oSq
the new series in ©; which has all the coefficients of odd order equal
to 0 and has

coef. of order 2n of fo Sq = coef. of order n of f, Vn > 1.
In other words, if f(z) = > 7, a,,2™ then we have

(f o Sq)(z Zan

Written more succinctly (though somewhat less rigorously), the equa-
tion defining f o Sq is thus saying that

(f o Sa)(z) = f(z*). (17.18)

REMARK 17.17. Let (A,¢) be a non-commutative probability
space, and let a € A be even (in the sense that ¢(a™) = 0 for odd
n). The moment series of a and of a? will then contain precisely the
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same information. It is clear from the definitions that the formula
which relates these two moment series is just

M, = M,2 o Sq. (17.19)

When we look at the two corresponding R-transforms, we expect them
to be related by an analogous equation. This is indeed the case, only
that there is an extra ingredient which appears — a boxed convolution
with the Mobius series.

In order to explain how the Mobius series appears when we write
the relation between R, and Rz, let us first recall from Lecture 11
that the sequence of free cumulants of even order of the even element a
is called “the determining sequence of a” (cf. Notations 11.24). In the
same vein, we will then refer to the power series

g(z) = Z Kon(a,a,... a)z"
n=1

by calling it the determining series of the even element a. It is clear
that this determining series ¢ is connected to the R-transform R, by
the equation
R, = goSq. (17.20)
Now, Proposition 11.25 which relates the cumulants of a with those
of a® can be interpreted in our current notations to say that

R.> = g [{ Zeta. (17.21)

This implies that g = R,2 [ M6b, and thus gives the following formula
for R,:

R, = (Rq2 [} Mob ) o Sq. (17.22)

As announced above, Equation (17.22) is the counterpart with R-

transforms for Equation (17.19) about moment series, with the extra

twist brought in by the convolution with Mob. This formula can also be

stated without making explicit reference to a and to (A, ¢), as follows.

PROPOSITION 17.18. For every series f € ©1 one has that
(f oSq) | Mob = ( f [ Mob [{ Mob ) o Sq. (17.23)

ProoF. By using Exercise 16.21, one can find a non-commutative
probability space (A, ¢) and an even element a € A such that M, = f.
Then the left-hand side of (17.23) is R,, while the right-hand side of
(17.23) is (Rq2 [ M&b) o Sq. Thus (17.23) follows from (17.22). O

REMARKS 17.19. (1) The operations f — foSqand f +— f[§ Mob
on ©; do not commute, but the preceding proposition says that they
still satisfy a certain commutation relation (given by Equation (17.23)).
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(2) As an application of the discussion about Sq, let us see for
instance how it entails a quick solution of Exercise 11.35. Let (A, ¢)
be a non-commutative probability space, and let b € A be a symmetric
Bernoulli random variable (which means, by definition, that b is even
and has b® = 14). The above Equation (17.22) amounts here to

Ry, = (Ry, [} Mdb) o Sq.
By taking into account that
Ry, = A = the unit for [,

we obtain that R, = Mob o Sq (which was exactly the statement of
Exercise 11.35).

For a second illustration of computations with Mob and Zeta we
will point out a power series approach to the construction shown in Lec-
ture 12 for free families of free Poisson elements. The construction is
described as follows (cf. Example 12.19). Let (A, ) be a *-probability

space and let x, ey, ..., e, € A be such that x is semicircular, ey, ..., e,
are mutually orthogonal projections, and {z} is free from {ey, ..., es}.
Then xejx, ..., xesx is a free family, consisting of free Poisson elements.

We show here how this fact comes out effortlessly from some simple
manipulations involving boxed convolutions (the resulting proof is dif-
ferent from the one shown in Example 12.19, though of course both
proofs rely on non-crossing partitions and on free cumulants). The
starting point is to identify the Zeta series as the R-transform of z2.

PROPOSITION 17.20. Let (A, p) be a *-probability space and let x =
z* € A be a standard semicircular element. Then

R, .2 = Zetag, for every s > 1. (17.24)
ProoFr. We first observe that
M,2 = Zeta [ Zeta (17.25)

(where here Zeta stands for Zeta; € ©7). Indeed, the coefficient of
order n of Zeta [} Zeta is

> Cfa,.aym(Zeta) - Clanykm (Zeta) = Y 1 = G,
TeNC(n) TENC(n)

the nth Catalan number. But the coefficient of order n of the moment
series of 22 is exactly the same Catalan number,

p((2°)") = ¢(z™") = Cy

(by how a standard semicircular element is defined, cf. Definition 2.16).
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By convolving both sides of Equation (17.25) with M&b, we get that
M2 | Mob = Zeta, i.e. that R, = Zeta. This is the case s = 1 of
Equation (17.24). The general case follows, since we have that

Rip2 p2(21,...,25) = Rp2 (21 + -+ - + 25)
= Zetay (21 + -+ + z5)

= Zetag(z1, ..., 2s).
O

In view of the role of the Zeta series of connecting moments with
free cumulants, it then immediately follows that the left-and-right mul-
tiplication with a free semicircular element has the effect of “converting
moments into free cumulants.” Thus we obtain the following alterna-
tive derivation of Example 12.19.

PROPOSITION 17.21. Let (A, ) be a tracial x-probability space and

let x,aq,...,as be selfadjoint elements of A such that x is standard
semicircular and such that {x} is freely independent from {ay, ..., as}.
Then
Rzmx,...,xasz = Mal,..,,as- (1726)
PRroOF. The traciality of ¢ implies that
plray - za;,x) = playa®- - a;,2°),
for every n > 1 and every 1 < iy,...,7, < s. At the level of series in

O, this amounts to saying that
Macalac ..... Tasr — Male,...,asxz-

By convolving both sides of the latter equation with Mob, we obtain
the equality of the corresponding R-transforms,

Rugia,.. gase = Raja2,. ag2- (17.27)
But the right-hand side of (17.27) is successively equal to:
Riv2. a2 = Ray..as W Raz 22 (by Proposition 17.2)
= Ra,.. a. [ Zetas (by Proposition 17.20)
= Mg, . (by Proposition 17.4).
U

Finally, if we want to focus strictly on free Poisson elements, we
have the following.
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COROLLARY 17.22. Let (A,p) be a x-probability space and let
x,e1,...,es be selfadjoint elements of A such that

(1) x is semicircular of radius r > 0,

(ii) €2 = e;, for 1 <i <mn, and e;e; = 0 whenever i # j,

(iii) {x} is freely independent from {eq, ..., es}.
Then the elements wejx, ..., xesx form a free family in (A, p), and

every xe;x is a free Poisson element of parameters A = ¢(e;) and o =
r?/4 (in the sense of Definition 12.12).

PROOF. By rescaling x we may assume without loss of generality
that » = 2 (i.e. that z is a standard semicircular element). Also, we
can assume without loss of generality that the unital x-algebra gener-
ated by = and eq,...,es is all of A (otherwise we just replace A by
alg(14,x,€e1,...,6e5)). Since the restrictions of ¢ to alg(l4,z) and to
alg(14,€1,...,€es) are traces (which happens because the two algebras
in question are commutative), Proposition 5.19 in Lecture 5 gives us
that ¢ is a trace.

We are hence in a situation where we can apply Proposition 17.21;
when doing this we obtain:

R:celz,...,xesac(zla cee 725) = Mel,...,es(Zh cee 7Zs)
S o0
=3 (le - Do),
=1 n=1
where the last equality follows from the hypothesis that e, ..., ez are
mutually orthogonal projections.
We thus obtained that the joint R-transform of xejx,..., xe,x is
a series in separate variables, and Theorem 16.6 now implies that
zreix,...,re,x form a free family. At the same time we obtain that
for every 1 <i < s, the R-transform of ze;x is
o
Rye,n(2) = p(€5) - Z 2",
n=1

and this corresponds to the fact that xe;x is free Poisson of parameters
A =p(e;) and o = 1. O

Exercises

EXERCISE 17.23. (1) Give an alternative proof of Proposition
17.5.1, by proceeding directly from the definition of [, and by only
using the basic combinatorics of non-crossing partitions.

[Note: it may be useful to look ahead at the concept of relative Krew-
eras complement for non-crossing partitions, which is discussed in the
next lecture.|
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(2) Give an alternative proof of Proposition 17.5.2, by using the
connection of x| with the multiplication of free s-tuples, and the fact
that in a non-commutative probability space (A, ¢) one always has
Riy.a4 = A

EXERCISE 17.24. Let s > 2 be an integer. Determine explicitly the
elements of the set:

{ f € 6, | f invertible and central with respect to [, }

The next exercise discusses the behavior of [x| in connection to the
operations of scalar multiplication and of dilation for power series. We
will use the following notation.

NoOTATION 17.25. Let s be a positive integer, let f be a series in
O, and let & be a number in C\ {0}. We denote by f o D, the series
in ©4 which is defined by the equation

(foDu)(z1,...,25) = flaz, ..., az),
or more rigorously by the fact that

Cliy,in) (f © Do) = ™ - Oy i) (),
foralln>1and 1 <iy,...,7, <s.

EXERCISE 17.26. Let s be a positive integer, let f, g be series in
O,, and let a be a number in C\ {0}.

(1) Prove that

(foDa)g - f@(goDa) = (fg)oDa'

(2) Prove that

~(afBag) = (fBg)oDa



LECTURE 18

More on the one-dimensional boxed convolution

The preceding lecture introduced the operation ¥ and showed its mean-
ing in connection to free probability, but did not detail the relation be-
tween [ and the Mobius inversion theory of the lattices of non-crossing
partitions. This relation is best observed when looking at the one-
dimensional boxed convolution [«;. Indeed, the monoid (©1,[,) turns
out to capture exactly the convolution of families of multiplicative func-
tions on NC®. This will be proved in the first section of the present
lecture (thus completing the discussion about these multiplicative fam-
ilies, which was started in Lecture 10).

In the second section of this lecture we will look further at the
monoid (O1, ), and we will give a precise description of the group of
invertible elements in this monoid. Here one can find a transformation
F which converts one-dimensional boxed convolution into plain multi-
plication of power series (cf. Theorem 18.14 below). At the level of free
probabilistic interpretations, this gives us the concept of S-transform,
a very useful tool for computing the distribution of the product of two
freely independent random variables.

Relation to multiplicative functions on NC

Since in this lecture we are dealing exclusively with series of 1 vari-
able, we will use a shortened version of the notations for coefficients
introduced in Lecture 16.

NOTATION 18.1. Let f(z) = > 0", o, 2" be a series in ©;. For every
n>1and 7 ={By,...,B.} € NC(n), we denote

Clr(f) == qpy--- B, (18.1)

REMARK 18.2. Let f(z) = > 7, a,2" and g(z) = Y 2, 5,2" be
two series in ©, and consider their boxed convolution,

(f L 9)(z) =D "

287
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The explicit formula for the coefficients of f [, g (obtained from Equa-
tion (17.1) in the preceding lecture) is then

T = > v QB By (18.2)
TeENC(n)
m={V1,....Vp}
K(m)={W1,..,Wg}

Our starting point in this section is to observe that the very same
formula appears in the framework of multiplicative functions on NC'®
which were considered in Lecture 10. Indeed, in the framework of
Definition 10.16, let (F,)n>1 and (Gp),>1 be the two multiplicative
families of functions in NC® which are determined by the sequences
(n)n>1 and respectively (5,)n,>1 Then for every n > 1 we have:

(FoxGo)(0n, 1) = > Fo(0,,m)G(m, 1,)

TeNC(n)
= Y Fu(0,,m)Gn(0,, K(7))
TeENC(n)
= > il Qv B B
TeNC(n)
7={V1,....Vp}

K(m)={W1,....,Wq}

(The second equality follows by property (ii) in Remark 10.17, applied
to (Gp)n>1, the third equality by property (iii) in Remark 10.17.) In
other words we have obtained that

(Fo % Gp) (0, 1n) =Y, V214 (18.3)

so if we knew that the family (F,, * G,),>1 is multiplicative, then it
would follow that it is precisely the family of multiplicative functions
determined by the sequence (7,,)n>1-

But of course, it is not obvious that (F), * G},),>1 is multiplica-
tive. The goal of the present section is to prove this fact. We will
take an approach which relies on a “relative” version of the Kreweras
complementation map on NC(n).

DEFINITION 18.3. Let 7, o be partitions in NC'(n), such that 7 < o.
Write explicitly ¢ = {V4,...,V,.} and for 1 < ¢ < r let J, denote
the unique order-preserving bijection from V, onto {1,...,|V,|}. The
relative Kreweras complement of 7 in o is the partition p € NC(n)
determined by the following two conditions:

(i) p<o;
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(ii) for every 1 < ¢ <r, we have that p, = K(m,), where
g 1= Jg(m|Vg), P = Jq(p|Vy),

and where “K” denotes the Kreweras complementation map on
NC(|Vql).
The relative Kreweras complement of 7 in o will be denoted as K, ().

ExAMPLE 18.4. Consider the partitions m,0 € NC(12) defined by
m={{1,9},{2,5}, {3}, {4}, {6}, {7, 8}, {10}, {11}, {12} } and
o={{1,6,9,12},{2,4,5},{3},{7,8},{10,11} }

(these are the same as in Example 9.31). If we look at the block
Vi ={1,6,9,12} of o (which is split into the blocks {1,9}, {6}, {12}
of m) we see that

™ = Jl(ﬂl‘/l) = { {L 3}a {2}7 {4} } € NC(4)
Therefore we must have

pr=K(m)={{1,2},{3,4} } e NC(4),
which implies that V; is split into blocks of p as {1,6}, {9,12}. By
doing the same kind of calculation for the other blocks of o, we find
that

p=Ko(m) = {{1,6},{2,4}, {3}, {5}, {7}, {8}, {9, 12}, {10, 11} }.

REMARK 18.5. For a fixed ¢ € NC(n), the map 7 — K,(7) is a
bijection from {m € NC(n) | # < o} to itself, which is order reversing
and maps 0, — o, 0 — 0,. These properties follow immediately from
the corresponding properties of the Kreweras complementation map
which were discussed in Lecture 9 (cf. Exercise 9.23).

Note that in fact the Kreweras complementation map K on NC(n)
can itself be viewed as a relative complementation, with respect to the
partition with one block 1, € NC(n). Indeed, it is obvious that we
have K, (m) = K(7),V m € NC(n).

The relevance of the relative Kreweras complementation map in
connection to multiplicative functions comes from the following lemma.

LEMMA 18.6. Let m, o be partitions in NC(n) such that 7 < o.
Consider the relative Kreweras complement K, (m), and write explicitly

K, (m) ={Wh,...,Wi}.

Then the canonical factorization of the interval [w,0] C NC(n) (as
introduced in Definition 9.30) is

[m, 0] ~ NC([Wi]) x - x NC(|Wal).
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PROOF. Let us denote K,(m) =: p, and let us write explicitly the
list of blocks of o,
o={W1,...,V;}.

Since p < o, the explicit writing of p can then be put in the form
p= {Wl,h B Wl,kla SRR Wr,la s 7W’r‘,kr}7
with Wy, U -~ U Wy, =V, for 1 < ¢ <r. With these notations, the
statement to be proved is that the canonical factorization of [r, o] is
k kg
0] = [T T]NC(IWas). (18.4)
qg=1 j=1
Let us re-examine the proof of Theorem 9.29, while at the same

time using the notations “my,..., 7., p1,...,p, as in Definition 18.3.
The proof of Theorem 9.29 starts by identifying [, 0| with

[71'1, 1\V1|] X X [7'(,,, 1|Vr\]'
This direct product is then found to be anti-isomorphic to
Oy, K ()] x - -+ x [0y, K ()],
ie. to
[Opvaps 1] X -+ X O, o]

Finally every interval [Oyy,|, pq)] € NC(|V,]) is factored into a direct
product by using the block structure of p,,

Opyls pa) = NCO([Woa]) x - X NO([Wop,|)

(where the latter product is then noticed to be anti-isomorphic to it-
self). It is clear that the combination of these steps leads precisely to
(18.4). O

ExAMPLE 18.7. The relative Kreweras complement K,(m) com-
puted in Example 18.4 has 4 blocks with 1 element and 4 blocks with
2 elements, corresponding to the factorization

[7,0] ~ NC(1)* x NC(2)*
found in Example 9.31.

REMARK 18.8. In Lecture 10 we considered separately the concepts
of “multiplicative family of functions on NC” and “multiplicative fam-
ily of functions on NC®).” There exists a canonical correspondence
between these two kinds of families — this is clear, just from the fact
that the data determining either a multiplicative family on NC' or a
multiplicative family on NC'® is always a sequence of complex num-
bers (a,)n>1. The preceding lemma gives us an even better formula for
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moving back and forth between a multiplicative family (f,),>1 on NC
and a multiplicative family (F},),>; on NC®) which are determined by
the same sequence (a,)n>1. This formula does not involve the a, in an
explicit way, but rather goes as follows.

o If we know (f,,)%°; then the F), are determined by

F.(m,0) = fu(K,(m)), Vn>1, Vr<oin NC(n). (18.5)
o If we know (F},)%°, then the f, are determined by
fo(m) = Fp(0p,m), Vn>1 VreNC(n). (18.6)

Based on this observation, the statement that we want to prove
about the convolution of multiplicative families on NC® can be pulled
out from the weaker result proved in Lecture 10 (Proposition 10.21),
combined with a few additional facts about the relative Kreweras com-
plementation map. These additional facts are listed in the following
lemma.

LEMMA 18.9. Let 7,0 be partitions in NC(n), such that 1 < o.

(1) For every T € [m, 0] we have that K, () < K,(m). Moreover, the
map T — K, () is a lattice isomorphism between the intervals [m, o]
and [0, K,(m)] in NC(n).

(2) Let 7 be in [m,o|, and consider the partition K.(m) €
0,,, Ky (m)]. Then we have

K, try (K; (1)) = K, (7). (18.7)

REMARK 18.10. Note that the first statement of the preceding
lemma is in some sense a reinforcement of Lemma 18.6. Indeed, Lemma
18.6 says essentially that [, o] and [0,,, K, (7)] have the same canonical
factorization — so in particular these two intervals have to be isomorphic
as lattices. Lemma 18.9.1 indicates explicitly an isomorphism between
them.

For the second statement of the preceding lemma, it is useful to
think informally of the relative Kreweras complement as a kind of “di-
vision.” Indeed, if for 7 < ¢ in NC(n) we were to write o/7 instead
of K,(m), then Equation (18.7) would become

T/ =o/T
(and would thus look less mysterious). In fact the proof of (18.7) is
most conveniently done by making the idea of “division of ¢ by #”
become rigorous; this is achieved by viewing 7 and o as elements of
the symmetric group S,,.
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In order not to divert too much from the main line of this section,
we will break the proof of Lemma 18.9 into a set of exercises left to the
reader (see Exercises 18.25 and 18.26 below). What we will do here
is to show how Lemma 18.9 is used to complete the discussion about
multiplicative families of functions on NC®, and their connection to
the operation of boxed convolution .

THEOREM 18.11. (1) If (F,.)n>1 and (Gy)n>1 are multiplicative fam-
ilies of functions on NC®) | then so is (F, * Gp)n>1. Thus the set of
multiplicative families of functions on NC® has a semigroup structure,
under the operation of convolution.

(2) Consider the map which associates to a series f(z) =
Yoo a2 in ©1 the multiplicative family on NC® determined by
the sequence (u,)n>1. Then this map is an isomorphism between the
semigroup (©1, [4,) and the semigroup structure observed in the first
part of the theorem.

PRrROOF. If part (1) of the theorem is assumed to be true then part
(2) follows in the way observed in Remark 18.2. Thus we only need to
do part (1).

Let (F,)n>1 and (G,,)n>1 be multiplicative families of functions on
NC®. Denote by (f)n>1 and (g,)n>1 the multiplicative families of
functions on NC' which correspond to (F,),>1 and (G,)n>1, respec-
tively (as discussed in Remark 18.8). Let us moreover denote

hyp = foxG,, VYn>1.

Then (hy,)n>1 is also a multiplicative family of functions on NC|, by
Proposition 10.21. We will prove that

(B x Gp)(m,0) = hp( Ky(m) ), (18.8)

for every n > 1 and every m,0 € NC(n) such that 7 < ¢. This will
imply that (F), * G,,),>1 is a multiplicative family, by Remark 18.8.

In order to establish the equality stated in (18.8), we evaluate sep-
arately its two sides. On the left-hand side:

(FoxGo)(m0)= Y Fy(r,7)Gu(r,0)

TE[m,0]

= > fulB(@))ga(Ko (7). (189)

TE[m,0]
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On the right-hand side:
ha( Ko () ) = (fn % Gn)(Ko(7) )
= Y OG0, Ky ()

<Ko ()

= Y O Kkm®). (18.10)

0€(0, Ko ()]

Finally, we observe that the sums appearing in (18.9) and in (18.10)
are identified with each other term by term, via the bijection

[7‘(‘,0’] ST 0¢ [0n7K0(7T)]

put into evidence in Lemma 18.9. 0

The S-transform

In this section we continue our study of the monoid (01,[,), and we
prove a theorem describing the group of invertible elements of this
monoid.

We start by introducing a few notations which will ease the presen-
tation of the theorem.

NOTATIONS 18.12. (1) We will denote by O™ the set of series f €
©; which are invertible with respect to [x,. As implied by Proposition
17.7, a series f(z) =Y 7, a,z" belongs to @ﬁmv’ if and only if oy # 0.

(2) We denote by I' the set of all power series u(z) = >~ u,2"
with the property that the constant term wg of u is not equal to 0. On
I we consider the group structure given by the usual multiplication of
power series.

(3) For f € O™ we denote:

L,
FNIE) = —f~70), (18.11)
where f<7!> is the inverse of f under composition.

REMARK 18.13. Observe that O™ can at the same time be de-
scribed as the set of series in ©; which are invertible under composition;
thus the inverse “f<71>” on the right-hand side of (18.11) does make
sense. Let us also observe that the formula (18.11) is defining a map
F: 0™ T (in order to check that F(f) € T for every f € /™),
we just have to see that the constant coefficient of F(f) is a;' # 0,
where « is the linear coefficient of f).

Then the theorem of this section is stated as follows.
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THEOREM 18.14. The function F defined in Equation (18.11) is a
group isomorphism between (@S“’,l) and (T, -).

Before starting to discuss the proof of the theorem, let us record
the consequence it has concerning products of free random variables —
the multiplicativity property of the S-transform of Voiculescu.

DEFINITION 18.15. Let (A, ¢) be a non-commutative probability
space, and let a € A be such that ¢(a) # 0. The S-transform of a is
the series in I' defined by:

S.(2) = %R;‘b(z). (18.12)

REMARK 18.16. The series S, always belongs to the space I' (in-
deed, it is immediate that the constant coefficient of S, is equal to
1/¢(a) # 0). An alternative definition for S, could be given in terms
of the moment series, namely:

S,(z) = M7 (2). (18.13)

z
The equality of the series appearing on the right-hand sides of Equa-
tions (18.12) and (18.13) was established in Remark 16.18.

COROLLARY 18.17. Let (A, ) be a non-commutative probability
space, and let a,b be in A. If a is free from b, then:

Sap(2) = S4(2) - Sp(2). (18.14)
PROOF. It is clear from the definitions that we have
F(R,) = S, (18.15)
for every x € A such that ¢(x) # 0. Hence we can write:
Sap = F(Rap)
= F(R,H Ry) (by Proposition 17.2)
= F(R,) - F(Ryp) (by Theorem 18.14)
= Su - S
[

REMARK 18.18. One could also introduce the S-transform and state
its multiplicativity property in reference to the operation of multiplica-
tive free convolution X which was discussed in Lecture 14.

Indeed, if 4 is a compactly supported probability measure on R
such that [, ¢ du(t) # 0, then one can define the S-transform of x by
the formula

S(p) =S, €T, (18.16)
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where a is a random variable (in some non-commutative probability
space (A, ¢)) which has the same moments as p. It is immediate that
this definition makes sense: first of all the S-transform S, exists because

ola) = [ tautt) £0

then secondly, the series S, is defined in terms of the moments of a,
hence it only depends on p (and not on the particular choice of an a
which has the same moments as ).

Now recall (cf. Remark 14.2.3) that if u, v are compactly supported
probability measures on R, then the multiplicative free convolution
u X v is also a compactly supported probability measure on R, which
can be described by the following condition: the moments of u X v
coincide with the moments of ab, where a and b are positive random
variables in some C*-probability space (A, ¢) such that a has distribu-
tion u, b has distribution v, and a is free from b. It is immediate that
Equation (18.14) in the above corollary amounts in this case to

S(u®v) =5(u)-Sw), (18.17)
as an equality of power series in I'.

REMARK 18.19. On our way towards the proof of Theorem 18.14
a key point will be to obtain a formula which is similar in nature to
the functional equation of the R-transform (in the case of 1 variable),
but where we consider boxed convolution with a series different from
Zeta. To be more precise, the case s = 1 of Theorem 16.15 says that
for two series f,g € O, the relation g = f [ Zeta is equivalent to
g= fo(z(14g)). If fisinvertible under composition, we thus obtain
that f<~'> o g = 2(1+ g), or writing only in terms of f:

S o(f W Zeta) = 2( 1+ f [ Zeta). (18.18)

In the following Proposition 18.21 we will discuss a generalization of
(18.18) to the case when Zeta is replaced by an arbitrary series h € O;.
The generalization uses a concept of incomplete one-dimensional boxed
convolution.

DEFINITION 18.20. Let f and h be series in ©;. The incomplete
V
boxed convolution of f and h, denoted by f h, is the series

(fEh Z)\Z G(“)l,
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where for every n > 1 we set:

Ao = > Ct(f) - Cl(my (). (18.19)

m€NC(n) such
that {1} is
a block of 7

PROPOSITION 18.21. Let f and h be series in ©,. We denote by oy

the coefficient of z in f. Suppose that [ is invertible under composition,
i.e. that oy # 0. Then we have that:

FE (B =

1

1<

h). (18.20)

Proor. We will show, equivalently, that

FRh = fo (S W 0): (18.21)

We fix a positive integer m, and we will verify the equality of the coef-
ficients of order m in the series appearing on the two sides of Equation
(18.21). The verification is similar to part (b) in the proof of Theorem
16.15; for this reason we will not give all the details.

Let us write explicitly:

f=Y o (T EME = YA

The coefficient of order m in the series on the right-hand side of (18.21)
is expressed in terms of the «,, and the A, as:

i 2. Q" - Aip e Ay (18.22)
n=1

U1y, inzl

Let us now look at the coefficient of order m on the left-hand side
of (18.21). By the definition of [, this is equal to:

D Cte(f) - Clieim(R).

TeNC(m)

The summation over NC(m) can be detailed by enumerating the par-
titions in NC'(m) according to their first block. When this is done,
we obtain the following expression (analogous to Equation (16.24) in
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Lecture 16):

> > > Ctr(f) - Ctgmy(h). (18.23)

n=1 1=by < <bn<m T€NC(m) such
that {b1,...,bn}

is a block of

But if a partition 7 € NC'(m) is subjected to the condition of having
a prescribed block B = {by,...,b,}, with 1 =b; < --- < b, < m, then
knowing 7 is equivalent to knowing its restrictions to the spaces left
between the consecutive elements of B. This time we proceed slightly
differently from what we did in the proof of Theorem 16.15, and we

denote: 7 = the restriction of 7 to {by,...,bs—1}, m = the restriction
of m to {bs,... b3 — 1},...,m, = the restriction of 7 to {b,,...,m}.
The difference consists in the fact that each of 7q,..., 7, also has (in

addition to containing a union of blocks of m) a block of one element
at the left end. The advantage of setting the notations this way is that
we get a nice relation when we look at Kreweras complements: as is
immediately checked, we have that K(7) is just the juxtaposition of

the Kreweras complements K(m1),..., K(m,). The relations between
mand 7,...,T, lead us to the equations:

Ct.(f) = anay™-Ct (f)---Ctr, (f), (18.24)
and

Clkm(h) = Cg(m)(h) - Clg(m,)(h) (18.25)

((18.24) is the analog of Equation (16.25) in Lecture 16, while (18.25) is
an additional formula obtained by looking at Kreweras complements).

We substitute (18.24) and (18.25) into (18.23); we get that the
quantity in (18.23) is thus equal to:

Z Z oo - Z Ctr, (f) -+

n=1 1=b1<:--<b,<m T1yeesTn

+ Cfr, (f) - Clgmyy(h) -+ - Clg () (R), (18.26)

where m; € NC'(by—by1),m € NC(b3—by),...,m, € NC(m—0b,+1) are
only subjected to the condition that they start with a one-element block
on the left. In (18.26) we can clearly factor out separate summations

V
over 7i,...,m,. Due to the way how ¥ was defined, we find on the
other hand that

Z Cfﬂ (f)CfK(Trl)(h) = >‘b2—b17 sy Z Cfﬂn (f)CfK(Wn)(h) = )‘m—bn+1‘
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Hence (18.26) becomes:

Z Z O{nOél_n . )\1,2_1,1 )\53_172 s /\m—bn-i-lv (1827)

n=1 1=b;<-<b,<m

and it is obvious that we have got the same quantity as in (18.22). O

EXERCISE 18.22. Verify that if in the framework of Proposition
18.21 we set h = Zeta, then Equation (18.20) reduces to the reformu-
lation (18.18) of the functional equation for the R-transform.

We can now present the proof of Theorem 18.14.

PRrOOF. The fact that F is bijective is immediate, the problem is
to prove that the relation

F(fHg) = F(f) Flg) (18.28)

holds for every f,g € ©™). By substituting in (18.28) the explicit
definition of F (as given in Notation 18.12.3) we see that we have to
show:

z - (f g><*1>(2) — f<*1><z) . g<71><z)’ \V f7g c @ginv). (1829)
For the rest of the proof we fix two series in O™

F(2) =) an2" and g(z) =) B.2",
n=1 n=1

for which we will show that (18.29) holds.

In order to eliminate the inverses under composition which appear
in (18.29), we will compose both sides of this equation, on the right,
with f ¥ ¢g. The new equation obtained in this way will be equivalent
to (18.29), since we can always go back by composing with (f [{ g)<~1>.

When composed with f [{] g on the right, the left-hand side of (18.29)
becomes:

(- (fHY=)o(fHa) = (2o (fH9) (fHYTo(fKH9)
= (fH9) =

A similar calculation done on the right-hand side of (18.29) leads us to

the series
(f7o(fHe ) (g5 o(fHg))
\ \
which, by Proposition 18.21, is equal to a7 '8, - (f KW 9)(g ).
The equation equivalent to (18.29) which we obtain is thus:

V \

(f W 9)z)-(g W ) = abrz- (f H9)(2). (18.30)
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In order to conclude the proof, we fix a positive integer m, for which
we show that the coefficients of 2! on the two sides of (18.30) are
equal. As is immediately seen, the coefficient of 2™*! on the left-hand
side of (18.30) is equal to:

> ) > Cte(f) - Cem (9)

TeNC(n), pENC (m+1—n),
{1} block of = {1} block of p

- Cf,(g) - Cfk(p)(f), (18.31)
while the corresponding coefficient on the right-hand side of (18.30) is

D B Cho(f) - Clg(9). (18.32)
oceNC(m)
Now, the point is that there exists a natural bijection between the
index sets of the sums in (18.31) and (18.32),

| {= e NC(n)| {1} is block of 7} (18.33)

1<n<m
x{p € NC(m —n+1)| {1} is block of p} «—— NC(m)
such that whenever (7, p) <> o by this bijection, the term indexed by

(m,p) in the sum (18.31) equals the term indexed by ¢ in the sum
(18.32) — and even more precisely:

Clz(f) - Cle)(f) = aa-Clo (),

Cfg(g) - Clo(g) = B~ Clko)(9)-

Described from left to right, the bijection (18.33) goes as follows:
start with 1 < n < m, 7 € NC(n) such that {1} is a block of =, and
with p € NC(m+1—n) such that {1} is a block of p. Denote by 7, €
NC(n — 1) the partition obtained by deleting the one-element block
{1} of m, and consider on the other hand the Kreweras complement
K(p) € NC(m+1—mn). Then ¢ € NC(m) which corresponds by
(18.33) to (m, p) is obtained by simply juxtaposing 7, and K (p), in this
order.

[Numerical example: if m = 6, n = 3, 7 = {{1},{2,3}}, p =
{{1},{2,4},{3} }, then o = {{1,2},{3,6},{4,5} }]

If on the other hand one wants to describe the bijection (18.33)

from right to left, this is done as follows: start with o € NC(m),

and denote by n the smallest element of the block of o containing m.
Then each of {1,...,n — 1} and {n,...,m} is a union of blocks of o,

(18.34)



300 18. MORE ON THE ONE-DIMENSIONAL BOXED CONVOLUTION

thus o is obtained as the juxtaposition of two non-crossing partitions
o, € NC(n—1)and oy € NC(m+1—mn). Welet 7 € NC(n) be the
partition obtained by adding a one-element block to the left of o1, and
we put p = K~ (03) € NC(m+1—n) (K !(02) has {1} as a block —
this is implied by the fact that 1 and m + 1 — n are in the same block
of 03). The pair (, p) obtained in this way is what corresponds to o
by the map (18.33).

We leave it as an exercise to the reader to check that the bijection
described in the preceding paragraph also has the following property:
if (m,p) < o by this bijection, then K~!(¢) is the juxtaposition of
K(m) and p,, where p, denotes the partition obtained by deleting the
left-most block (of one element) of the partition p.

Finally, let us observe that if (7, p) <> o by the bijection (18.33),
then Equations (18.34) are indeed satisfied. The first of these equations
follows directly from how o is obtained as a juxtaposition of 7, and
K (p), while the other follows from the analogous property of K !(c):

CfK(o)(g) = CfK—1(0)<g)
= Cfx(m(9) - Chy,(9)

1
= —Cfg((9) - CL,(9)

1

(The first equality is valid because K (o) and K ~'(¢) are obtained from
each other by a cyclic permutation — same argument as in Equation
(17.10) in Lecture 17; the second equality follows because K ~'(o) is the
juxtaposition of K () and p,; the third equality is due to the relation
between p and p,.) O

Exercises

EXERCISE 18.23. Prove the following generalization of the formula
(9.18) which appeared in Exercise 9.23. If 7,0 € NC(n) are such that
m < o, then

7| + | Ky ()] = n+|o]. (18.35)

NOTATIONS 18.24. Let n be a positive integer, and let .S,, denote
the group of all permutations of {1,...,n}.

(1) For « € S,, and a,b € {1,...,n} we will say that a and b are in
the same orbit of « if there exists an integer m such that a™(a) = b.
The set {1,...,n} is then partitioned into orbits of «; the partition
obtained in this way will be denoted by Orb(«).

(2) Let m be a partition in NC(n). We will denote by P, the

permutation o € S,, which is determined by the following properties:
(i) Orb(a) = m;
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(i) if V- ={as, as,...,a;} isablock of 7, with 1 < a; <ags < --- <
ar < n, then we have a(ay) = ag, ..., a(ar_1) = ag, a(ay) = ay.

The first part of the following exercise is a rigorous formulation of
the fact that the relative Kreweras complement K, (7) is in some sense
“the quotient of o by 7.”

EXERCISE 18.25. (1) Let m, 0 be partitions in NC(n), such that
7 < . Prove that
P, = P 'P, (18.36)
(equality holding in the symmetric group S,).
(2) Let m, p,o be partitions in NC(n) such that p < ¢ and such
that P, P, = P,. Prove that m < ¢ and that K,(m) = p.

EXERCISE 18.26. Let 7, 0 be partitions in NC(n), such that 7 < o.
(1) Prove that for 7 € [7, o] we have that K, (7) < K,(7), and that

K, () (K- (7)) = K, (7).
(2) Prove that the map 7 — K, () is a lattice isomorphism between
the intervals [r, o] and [0, K,(7)] in NC(n).
[Hint for (1): The partitions K, (), K, (1), K,(7) (in this order) satisfy
the hypothesis of Exercise 18.25.2. Hint for (2): [r, o] and [0, K,(7)]
have the same canonical factorization, hence the same cardinality.|

EXERCISE 18.27. Let (A, ¢) be a x-probability space. Let e, f € A
be two selfadjoint projections such that e is free from f, and consider
the element x := efe. By using S-transforms, determine the distribu-
tion in analytic sense of z in (A, ¢) (you should get an explicit answer
depending on the parameters « and 3, where o := ¢(e) and 3 := ¢(f)).






LECTURE 19

The free commutator

The original use of the R-transform was in connection to the problem
of describing the distribution of a sum of free random variables (via
the formula R,., = R, + Ry, which always holds when « is free from
b in some non-commutative probability space — cf. Lectures 12 and
16). Similarly, the S-transform was introduced to solve the problem of
multiplication of free random variables (cf. Lecture 18). By following
these lines, it is natural to ask what happens when one considers the
commutator ab—ba, or the anti-commutator ab+ba of two free elements.
Some remarks about this have already been made in Lecture 15. In the
present lecture we will continue the discussion started there, by using
the convenient language of the operation of boxed convolution [.

The problem of the free commutator can be treated on two levels,
which will be discussed separately.

First there is a level where one considers even random variables. At
this level the problem can be solved as an application of the results on
R-diagonal elements. One comes to a formula which is at the same time
valid for the anti-commutator (of two free, even random variables), and
which was already presented in Theorem 15.20.

Then there is the general level, where the assumption that the ran-
dom variables are even is dropped. Quite surprisingly, it turns out that
the free commutator (unlike the free anti-commutator) is still described
in this case by the same formula as we had in the even case. This is
caused by a non-trivial cancelation phenomenon: if a is free from b,
then the free cumulants of odd order of a and of b simply disappear
(all the terms involving them cancel out) in the process of computing
the moments of ab — ba.

Free commutators of even elements

Recall from Lecture 11 that an element a in a non-commutative proba-
bility space (A, ¢) is said to be even if it has the property that ¢(a™) = 0
for every odd positive integer n. For such an element we have in-
troduced its determining sequence (cf. Notations 11.24) and then its

303
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determining series (cf. Remark 17.17). The latter series will play an
important role in this lecture, so we will introduce a notation for it.

NotTATION 19.1. Let (A,¢) be a non-commutative probability
space, and let a be an even element of A. The determining series

of @ will be denoted by RS That is, we have:

Reven)(z) .= Zagnz”, (19.1)
n=1

where am,, is the free cumulant of order 2n of a, for n > 1.

REMARK 19.2. If a is an even element in (A, ¢), then knowing the

" s equivalent to knowing the full R-transform

R, of a (since the coefficients of R, that are not used in R((leven) are all

equal to 0). In fact it is clear that R, is obtained back from R via
the formula

o« . eve
determining series R\

Ra.(z) = REv(2?), (19.2)

which is a restatement of the formula (17.20) in Remark 17.17. Let us
also record here the equation

Ry = R [ Zeta, (19.3)

which is a copy of Equation (17.21) of the same remark, and will be
used in the main result of this section.

We will next review (from Lecture 15) a few facts about R-diagonal
elements, and we will rewrite the corresponding formulas in terms of
power series and their boxed convolution.

It will be more convenient to consider here the general framework
of a non-commutative probability space (A, ¢) (where A does not nec-
essarily have a s-operation). In this framework instead of R-diagonal
elements we talk about R-diagonal pairs. More precisely, we have the
following.

DEFINITION 19.3. Let (A, ¢) be a non-commutative probability
space, and let xq,x9 be elements of A. We say that (z1,z2) is an
R-diagonal pair if the joint R-transform R, ., is of the form

Ry on(21,22) = f(2122) + g(2221), (19.4)

where f(z) and g(z) are series of one variable. The series f and g are
called the determining series of (z1, z3).



FREE COMMUTATORS OF EVEN ELEMENTS 305

REMARKS 19.4. (1) If in the notations of the preceding definition
we write explicitly:

F2) = ez and g(z) =3 6,2

then the fact that the pair (z1,z5) is R-diagonal amounts thus to the
following.
(i) For every n > 1 we have that:

Kon(T1,To, ..., X1, XT2) = y, and Kop (T2, 21, ..., 22, T1) = Fp.

(ii) The free cumulants of z; and x5 which are not listed in (i) are
all equal to zero.

(2) The connection with the R-diagonal elements of Lecture 15
is quite clear: an element x in a s-probability space is R-diagonal
precisely when the pair (z,z*) is R-diagonal. Most of the results about
R-diagonal elements shown in Lecture 15 can in fact be extended, with
the same proofs, to the framework of R-diagonal pairs. Among these
results, one which is most relevant for our purposes is Theorem 15.17,
about the product of two free even elements; when using the framework
of R-diagonal pairs, this is stated as follows.

PROPOSITION 19.5. Let (A, p) be a non-commutative probability
space. Let a,b € A be even, and suppose that a is free from b. Then
(ab,ba) is an R-diagonal pair.

REMARK 19.6. One of the important points in Lecture 15 was to
observe a basic relation which connects the determining series of an R-
diagonal element x with the distributions of the elements zx* and x*x.
Let us also review this relation, stated in the framework of R-diagonal
pairs. We will look at the case of a tracial non-commutative probability
space; thus what we will write is the counterpart of Proposition 15.6.2
(specifically of Equation (15.8) obtained there).

So let (A, ¢) be a tracial non-commutative probability space, and
let (x1,x2) be an R-diagonal pair in (A, ¢). In this case we have that

Kon (1,9, ..., &1, T2) = Kop(T2, 21, .., 20, 21), YN >1,

so that the two determining series f and g of Equation (19.4) are equal
to each other, and Equation (19.4) is now just

Ray2s(21,20) = f(2122) + f(2021). (19.5)

The traciality of ¢ also implies that the elements x;29 and xox; have
the same moment series, and hence the same R-transform. Proposition
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15.6.2 (adjusted to our current framework) then simply says that the
common R-transform of x5 and x,x; is given by the equation:

Ry 2, = [ K Zeta. (19.6)
Equivalent to (19.6), one can of course also write:
[ = Rayz, [ Mob. (19.7)

Equations (19.5) and (19.7) imply together the important fact that the
joint distribution of x; and x5 (i.e. the values of ¢ on all the words in x4
and z5) is completely determined by the distribution of z; x4 (i.e. by the
values of ¢ on just the alternating words of even length xixs - - - z125).

After these preliminaries, we can now state the main result of this
section.

THEOREM 19.7. Let (A, ¢) be a non-commutative probability space,
and let a,b be even elements of A, such that a is free from b. Then

Rap—sa(z) = 2( R B R [ Zeta )(—22). (19.8)

PROOF. Due to the fact that a and b are free and generate commu-
tative algebras, it follows that the restriction of ¢ to the unital algebra
A, generated by a and b is a trace. Thus by replacing A with A,, we
can assume without loss of generality that ¢ is a trace.

Denote ab =: z1 and ba =: x5. As reviewed in Proposition 19.5, the
pair (zq,x2) is R-diagonal. Let f denote its determining series. Then
we have:

[ = Ry H Mob (by Equation (19.7))
= Rupa 4 MOb (by replacing x; = ab, x5 = ba)
= Ry2p2 [ M6b (since Rappa = Razp2, by traciality)
= Ra2 [ Rp2 [ Mob (by Proposition 17.2)
— (R [ Zeta) W (R [ Zeta) ) Mob  (by Eqn.(19.3)).

If in the last expression obtained above we use the commutativity of
the operation (¥ of one variable, and the fact that Mob is the inverse of
Zeta, we arrive to the formula:

f = R | R K] Zeta. (19.9)

On the other hand, let us note that the formula for the behavior of
the R-transform under linear transformations (cf. Lecture 16, Proposi-
tion 16.12) gives us that:

Rop—ba(2) = Ry—uy(2) = Ry wn(2,—2). (19.10)
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By combining this with Equation (19.5), we thus get:

Rap-a(z) = f(z-(=2)) + f((=2)-2) = 2f(=2%). (19.11)
Finally, Equations (19.9) and (19.11) together yield (19.8). O

REMARKS 19.8. Let (A, ¢) be a non-commutative probability
space, and let a,b € A be even, such that a is free from b.

(1) The commutator ab— ba is again an even element. It would not
be hard to prove this directly from the definitions, but at this point it
is more convenient to observe that it is an immediate consequence of
the formula (19.8) — indeed, the R-transform Ry, is a series in z2.

(2) In the discussions about the free commutator it is usually more
convenient to deal with i(ab — ba) instead of ab — ba. (For instance,
if (A, ) was to be a x-probability space, and if a and b were to be
selfadjoint, then i(ab — ba) would again be a selfadjoint element.) The
R-transforms of ab — ba and i(ab — ba) are related by

Ri(abfba)(z) = Rab—ba(iz)a
thus instead of Equation (19.8) of Theorem 19.7 we would now have

Ritapay(2) = 2( R R K] Zeta )(2?) (19.12)

a

(the minus sign disappears, since —(i2)?> = +22). Note that the latter
equation can be written without making explicit use of the indetermi-
nate z, in the form

R = 2( RS K R [ Zeta ). (19.13)

a

(3) The anti-commutator ab+ba has the same distribution as i(ab—
ba), and consequently the expression on the right-hand side of (19.12)
also describes the R-transform Rgppq.

Indeed, the proof of Theorem 19.7 only involved the element ab—ba
at the very end, in Equation (19.10). But (in the framework of that
proof) we can also write the analog of (19.10) for ab + ba:

Rab+ba<z> = R$1+£L“2(Z)
= Ry 2,(%,2) (by Proposition 16.12)

= 2f(2%) (by Eqn.(19.5)),

hence the same expression as for R;(,,—pq) is obtained.

A short calculation (left as an exercise) shows that the formula for
the free anti-commutator which is obtained in this way is precisely the
translation in terms of R-transforms and boxed convolution of Equation
(15.13) in Theorem 15.20 of Lecture 15.
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EXAMPLE 19.9. In the framework of Theorem 19.7, let us suppose
that the even element b is such that > = 14. Then the even free
cumulants of b are the signed Catalan numbers (cf. Exercise 11.35, or
Remark 17.19.2); in other words, R,()even) is equal to Mob, the Mobius
series of one variable. The formula (19.12) becomes:

Ritab—bay(2) = 2( REY™ [ Mob [ Zeta )(2?)

a

= 2R(even) (2
= 2R,(2) (by Eqn.(19.2)).
So we see that in this case we have
Riab—ba) = 2Rq; (19.14)

or in other words, i(ab — ba) has the same distribution as the sum of
two free elements a; and as, such that each of a; and a, has the same
distribution as a.

REMARK 19.10. Theorem 19.7 has a nice reformulation in terms
of S-transforms. More precisely, let a,b be as in Theorem 19.7, and
consider the element ¢ = i(ab — ba). Since a, b, ¢ are even, their distri-
butions are determined by the S-transforms Sz, Sy, S.2, respectively.
The version with S-transforms of Theorem 19.7 is a formula which ex-
presses S.2 in terms of S,2 and Sy2; this will be presented in Proposition
19.12 below. The conversion from Theorem 19.7 to Proposition 19.12
is obtained by using the isomorphism “F” from Theorem 18.14 of the
preceding lecture. We will first prove a lemma.

LEMMA 19.11. Let (A, ) be a non-commutative probability space,
and let a € A be an even element. Suppose that ¢(a®) # 0, so that
the S-transform S,: eists. Then RS™™ belongs to the set O™ of
series which are invertible with respect to W (so that F can be applied

to RE"™), and we have:

(F(R™)) (w)
“ = . 19.1
Sa2(w) T (19.15)
ProOOF. RS belongs to O™ because its linear coefficient is

¢(a?) # 0. In order to obtain (19.15), we apply F to both sides of
Equation (19.3). On the left-hand side we will get F(R,2) which is S,2
(cf. Equation (18.15) in Lecture 18). On the right-hand side we will
get F(RY™ I Zeta), which is F(RE™). F(Zeta), by Theorem 18.14.
Hence we obtain:

Sp2 = F(RW) . F(Zeta).
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But a direct calculation using the definition of F, and the fact that
Zeta(z) = z/(1 — z), leads to the formula:

(F(Zeta))(w) = ——, (19.16)

and (19.15) follows. O

PROPOSITION 19.12. Let (A, p) be a non-commutative probability
space, and let a,b be even elements of A, such that a is free from

b. Assume that p(a*) # 0 # p(b*). Denote ¢ := i(ab — ba). Then
p(c?) = 2p(a%) - p(b%) # 0, and:

% S () -5 (2), (19.17)

PROOF. The fact that ¢(c?) = 2p(a?) - p(b?) is obtained by direct
computation: we have

Se(w) =

¢ = —abab — baba + ab*a + ba*b
and ¢(abab) = ¢(baba) = 0 (directly from the definition of free inde-
pendence) and p(ab’a) = ¢(ba*b) = p(a?)p(b?).
Consider now the equation:

R(even) — 2( R((zeven) Rl()even) Zeta)’ (1918)

C

which is a reformulation of Equation (19.12) in Remark 19.8.2. We
apply F to both sides of (19.18). On the left-hand side we get:
Sez(w) - (14 w), (19.19)

by Lemma 19.11 applied to the even element c. For the right-hand side
we use the identity

(F@H)w) =27 (F())(w/2)  (Vf € 6"™),
which follows immediately from the definition of F, and thus we get:

1
~(F(RE™ R/ RS | Zeta)) (w/2)

2
= o (FEE™) w/2) - (FOR™))(w/2) - (F(Zeta) (1/2)
= % - Sa2(w/2) - (1+ %) - Spe(w/2) - (14 %) ' i 7

1

3

1+ %) - Sz (w/2) - Sy (w/2)

(by using Theorem 18.14, Lemma 19.11 and also Equation (19.16)).
The result follows by equating the last line with (19.19). O
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Free commutators in the general case

We start by extending Notation 19.1 to the framework of elements that
are not necessarily even.

NoTATION 19.13. Let (A, ) be a non-commutative probability
space, let a be an element of A (not necessarily even!), and consider
the R-transform R,(z) := Y ", a,2". We denote:

Rleven)(z) = Zagnz".
n=1

REMARK 19.14. The formula for R((Leven) is the same as in the dis-
cussion about even elements; but it is clear that for an arbitrary a € A,
the series R no longer contains the full information about the dis-
tribution of a.

On the other hand it is also clear that in order to determine the
commutator of two free elements a and b, one does not need to know
the full information about the distributions of a and b. For instance
a trivial remark, which does not in fact depend on the freeness of a
and b, is that the expectations ¢(a) and ¢(b) do not have any influence
on ab — ba. The main point here will be that the series R and
Rl()even) provide exactly the partial information about a and b which
is needed in order to determine the distribution of their commutator.
More precisely, the main result of this section goes as follows.

THEOREM 19.15. Let (A, ) and (A, ¢') be non-commutative prob-
ability spaces, and suppose that we have elements a,b € A, a’, b € A,
such that a is free from b in (A, ), a is free from b in (A',¢'), and
such that:

R,(fven) _ R((le,)ven)’ Rl()even) _ R[(;/even). (1920)
Then the commutators ab — ba € A and o't/ —b'a’ € A" are identically
distributed.

The proof of Theorem 19.15 will be discussed in the next section.
Here we will only examine the formulas which this theorem entails, and
we will present a concrete example of calculation for a distribution of
a free commutator.

COROLLARY 19.16. Let (A, p) be a non-commutative probability
space, and let a,b be elements of A, such that a is free from b. Then
the relation:

Riab—ba)(2) = 2( R K REY™ [ Zeta)(22)
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holds (even if a and b are not even!)

PRroor. By using Exercise 16.21, one can easily construct a non-
commutative probability space (A, ¢’) and even elements o/, 0 € A’
such that o’ is free from ', and such that Equation (19.20) holds. But
then:

Ri(ab_ba)(z) = Ri(a’b’—b’a/) (Z) (by Theorem 1915)
= 2(RS"™ [ RY™™ B Zeta)(2?)  (by Theorem 19.7)
= (R { R B Zeta )(2?)  (by Eqn.(19.20)).

O

Let us also state the S-transform version of the above corollary.

COROLLARY 19.17. Let (A, ) be a non-commutative probability
space, let a,b be elements of A such that a is free from b, and suppose
that the variances v, = p(a®) — ¢(a)? and 3, = p(b*) — p(b)* are
different from 0. Denote ¢ = i(ab — ba). Then c is even, with p(c*) =
277 # 0, and we have:

2

Salw) = iy (RTTT W)

(R )< (w)2). (19.21)

Proor. This is very similar to the proof of Proposition 19.12 in the
preceding section, involving the use of the isomorphism F from Lecture
18. The difference is that now Lemma 19.11 can only be applied in
connection to the element ¢ (for a and b it does not apply, since these
elements are not assumed to be even). So all we do now about the

series F(RY™) and F(R"™) (which appear during the calculation)
is to replace them by using the definition of F — then Equation (19.21)
is obtained. U

We will conclude this section by presenting a concrete example of
computation: we will determine the distribution for the free commu-
tator of a projection and a semicircular element. For this example it
feels more natural to use the framework of a *-probability space (even
though the x-operation does not really play a role in the computation).
We start by examining the R("*" series of the projection.

ExXAMPLE 19.18. Let (A, ) be a s-probability space, and let b € A
be a selfadjoint projection such that ¢(b) = X € (0,1). We will show



312 19. THE FREE COMMUTATOR

that:

w(l +w)(1+ 2w)?

(w4 AN (w+1-=X)
In order to obtain (19.22), we start from the moment series of b,

which is

(R )7 () = (19.22)

> Az
My(z) = Z)\z" =1
n=1

It is then immediate that

M<71> — w
b (w) A\ + U)’
hence Remark 16.18 gives us:
_ _ w(l +w)
Ry P (w) = (1+w)M7 > (w) = rw

This formula for R; ' amounts to an algebraic equation satisfied by
Ry, namely
Ry(2)(1 + R(2))
The conclusion up to this point is hence that the R-transform R,
satisfies the quadratic equation:

Ry(2)* + (1 — 2)Ry(2) — Az = 0. (19.23)

What we need, however, is some information concerning only the even
part of the series R,. This can be obtained as follows: write

Ry(z) = g(*) + zh(2%),

where ¢ coincides with Rl(;even), while A is a series made up by using the

coefficients of odd degree of R,. Equation (19.23) is then turned into
a system of two equations in g and h:

g+g>—z(h—0h* =0

20h+h—g—X=0

By solving for h in the second equation of the system, and by plugging
the result into the first equation, we obtain a polynomial equation of
degree 4 satisfied by ¢:

(g+)(14+29)% = 2(g+N(g+1—N). (19.24)

(even)

Having to find ¢ ( = R, ) from this equation would not be a very

pleasant thing to do. Fortunately, we do not need the series Rl(fven)
itself, but its inverse under composition. This means that in (19.24)
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we actually need to solve for z in terms of g, which is much easier and
leads to the formula stated in (19.22).

EXAMPLE 19.19. Let (A, ) be a x-probability space, and let a,b
be selfadjoint elements of A such that a is a standard semicircular
element, b is a projection with ¢(b) = A € (0,1), and a is free from b.
Denote ¢ = i(ab — ba); we want to calculate the distribution of c.

By using Corollary 19.17, we see that:

2 w
Ser(w) = w1 +w)(1+2) 2

201+ 2)(1+w)?
(F+N(E+1-A)

(where we used the fact that R\“(z) = z, and we substituted
( Rgeven) )<71> from the preceding example). After simplification this
becomes:

1+w

Sex(w) = 2T+ N(E+ 1))

Then we compute the inverse of the moment series of ¢?:

_ w
M P (w) = H—w502(w)

2w
w2 4 2w+ 4N(1 = N)’

This yields a quadratic equation for M. By using the obvious relation
M.(2) = M.2(z?) (which holds because we know that c is even) we
obtain a quadratic equation for the moment series M., which reads as
follows:

M, (2)? + (2 . %)Mc(z) FAN1-N) = 0. (19.25)

From this point on we assume that (A, ¢) is a C*-probability space,
with ¢ faithful. Then the selfadjoint element ¢ € A has a spectral
distribution p. which is a probability measure with compact support on
R, and which can be calculated by the techniques described in Lectures
2 and 3. More precisely, if we denote by G the Cauchy transform of
He, then from (19.25) we get a quadratic equation for G:

CGQ)? 203G+ (22 —1+4M1 - X)) = 0, (19.26)

holding for all ¢ € C with positive imaginary part. By solving for G in
(19.26) and then by using the Stieltjes inversion formula, one can find
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an explicit description of p.. This is:

He = \/1—4)\(1—>\) (50

1
* m\/‘u(l —A) = (= 1)% X_p—ajulag dt, (19.27)

where &g denotes the Dirac measure at 0, and the numbers «, 5 are
defined by

o=y1-2A1=N), Fi=y1+2/A0-N).

The cancelation phenomenon

In this section we outline the argument proving Theorem 19.15. We
first observe that there is no loss of generality if we strengthen the
hypothesis of the theorem in the way indicated in the next proposition.

PROPOSITION 19.20. Let (A, @) and (A',¢") be non-commutative
probability spaces, and suppose that we have elements a,b € A, o',V €
A’ such that a is free from b in (A, p), a' is free from V' in (A’ ¢'),
and such that:

R((leven) _ R(even)

(ven) Ry = Ry. (19.28)
Then the commutators ab — ba € A and o't/ —b'a’ € A" are identically

distributed.
What is different in the statement of Proposition 19.20 is the

hypothesis “R, = Ry,” replacing the weaker hypothesis “Rl()even) —
Rl(fven)” of Theorem 19.15. If we assume Proposition 19.20, then The-

orem 19.15 is proved as follows.

PROOF OF THEOREM 19.15. Let (A, ), (A, ¢'), a,b € A and
a',b € A be as in the statement of Theorem 19.15. One can construct
(by appealing again to Exercise 16.21) a non-commutative probability
space (A”,¢") and elements a”, 0" € A” such that a” is free from o’
and such that

Ru =Ry, Ry =R (19.29)
The first equality in (19.29) implies in particular that
RS =R

so Proposition 19.20 applies to a,b € A and a”, 0" € A”, and gives us
that ab — ba and a”b” — b"a” are identically distributed. Analogously,
we have that

Rl()/even) _ Rl()even) _ R[()[e/ven) and Ry = R,

(even) _ R(even)_

a’ a )
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so that Proposition 19.20 applies to t/,a’ € A" and V', a” € A", and
gives us that b'a’ — a’'b’ and b"a” — a”b” are identically distributed. It
follows that both ab — ba and a’b’ — b'a’ have the same distribution as
a’bt" —b"a”, and the conclusion follows. d

We next look at the formula for the moment of order n of a free
commutator ab — ba, in terms of the free cumulants of a and of b. We
will use the following notations.

NoOTATIONS 19.21. For ¢ = (¢(1),...,e(n)) € {1,2}" we denote:

e Ae) :={2i—-1|1<i<n, e(i) =1}U{2j | L < j <n, e(j) =2}

e B(e):={2i|1<i<n,e(i)=1}U{2j—1]1<j<n, e(j) =2}

et(e):=card{j | 1 <j<m, e(j) =2}
Thus () just stands for “number of twos” in e, while {A(e), B(e)}
is a partition of {1,...,2n} into two blocks of n elements each. The
significance of A(e) and B(e) is the following: if one denotes ab =: z,
ba =: x5 and then writes explicitly x.1)Z-(2) " - Te(n) as a monomial of
length 2n in a and b, then this monomial will have a on the positions
indicated by A(e) and will have b on the positions indicated by B(e).

PROPOSITION 19.22. Let (A, ) be a non-commutative probability
space, and let a,b € A be such that a is free from b. Denote

Ro(2) =Y anz", Ry(z) = 2"
n=1 n=1

Then for every n > 1 we have:

o((ab—ba)") = (19.30)
S 00X ey I oan)( T o)
ee{L,2}n TeNC(2n), Vemr, Wem,
w<{A(e),B(e)} VCA(e) WCB(e)

(Note: the inequality = < {A(e), B(e)} under the second summation
sign in (19.30) is in the lattice of all partitions of {1,...,2n} — it thus
simply means that every block of 7 either is contained in A(g) or is
contained in B(e).)

PROOF. Denote ab =: z; and ba =: 5. Then we can write:
p((ab—0ba)") = p( (1 —22)")
— Z (1) D2y - - Te(my)-

ee{1,2}n
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Now for every € € {1,2}" let us write z.(1) - - - Zz() as a monomial in a
and b (with @ and b on the positions indexed by A(e) and respectively
B(e)), and let us express ¢(e(1) - - - Te(n)) in terms of the free cumulants
of a and b. The mixed free cumulants of @ and b will vanish (since a is
free from b); so in the resulting summation over NC(2n), the partitions
which are not smaller than {A(e), B(e)} will have zero contribution.
We arrive to

P(Ter) -+ Te(m) = > ( 11 a|v|)~< 11 ﬁ|W|>7

TeNC(2n), Ve,
w<{A(e),B(e)} VCA(e) WCB(e)

and substituting this in the formula obtained above for ¢( (ab — ba)™ )
leads to Equation (19.30). O

We now arrive to the main point of the argument, which is that
in the double summation on the right-hand side of (19.30), the terms
which involve the cumulants of odd order of a (that is, they contain
factors oy for odd k) are canceling each other in pairs. In order to
formalize this, it is convenient to use the following notation.

NOTATION 19.23. Let S be a totally ordered finite set, and consider
the lattice NC(S) of non-crossing partitions of S. We denote

NCE(S) :={m € NC(S) | every block of 7 has even cardinality }
NCO(S) := NC(S)\ NCE(S).
PROPOSITION 19.24. Let n be a positive integer, and denote

7 <{A(e),B(e)} and }
m|A(e) € NCO(A(¢))
One can find a map ®, : X, — X, such that ®, o &, is the identity
map on X, and such that for every (w,e) € X, the element ®,(m, ) =:
(’,€") has the following properties:

(1) t(g") is not of the same parity as t(e).

(ii) ©'|A(e’) has the same block structure as m|A(e), and ©'|B(g)
has the same block structure as w|B(e) (where two partitions are said

to have the same block structure when they have the same number of
blocks of size k for every k > 1).

X, = {(m) € NC(2n) x {1,2}"

A possible way of putting into evidence a map ®,, with the proper-
ties listed in Proposition 19.24 is indicated in the section of exercises,
at the end of the lecture. If one assumes this combinatorial statement,
then the proof of Proposition 19.20 (to which Theorem 19.15 had been
reduced) follows easily. Indeed, when putting together Propositions
19.22 and 19.24 we get the following corollary.
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COROLLARY 19.25. Let (A, p) be a non-commutative probability
space, and let a,b € A be such that a is free from b. Denote

z) = Zanz”, Ry(z2) = Zﬁnz”
n=1 n=1

Then for every n > 1 we have:

el(ab b)) = 3 0O T aw)( II Aw).

(W,a)eyn Ver,
VCA(e) WCB(e)
(19.31)

where

Vo = {(71',6) € NC(2n) x {1,2}" m < {4(e), B(e)} and }

m|A(e) € NCE(A(e))

PROOF. Proposition 19.22 gives us a formula like the one which is
required, with the difference that the sum on the right-hand side is over
X, U Y, instead of just ), (with A, as defined in Proposition 19.24).

But Proposition 19.24 implies that > x, - =0, as the terms indexed
by X, can be grouped (by using the bijection ®,,) in pairs which cancel
each other. The formula (19.31) follows. O

The proof of Proposition 19.20 is now immediate.

PROOF OF PROPOSITION 19.20. Let (A, ¢), (A, ¢'), a,b € A and
a', b € A be as in the statement of Proposition 19.20. Denote

R (2) = R (2 Zagnz Ry(2) = Ry (z Zﬁn

For every n > 1, both ¢( (ab —ba)") and ¢'( (a't/ —'a’)™) are equal to
the quantity on the right-hand side of Equation (19.31). Thus ab — ba
and a'b’ — b'a’ are identically distributed. O

Exercises

EXERCISE 19.26. Let (A, ¢) be a x-probability space, and let a,b
be even selfadjoint elements of A such that a is free from b and such
that a®> = 14 = b%. Prove that ¢ := i(ab — ba) is a semicircular element

of radius /2.

EXERCISE 19.27. Let (A, ) be a x-probability space, and let
{an | n > 0} be a free family of elements of A, such that every a,
is a standard semicircular element. Denote ¢; = \/ii(aoal — ayag) and
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Cp = \/Li(cn_lan — ApCp-1), ¥ n > 2. Prove that the sequence (c,)32,
converges in distribution, and describe the limit distribution.

Exercises 19.28-19.33 suggest a possible way of constructing a bi-
jection with the properties stated in Proposition 19.24.

EXERCISE 19.28. Let S be a totally ordered set and let m be a
partition in NCO(S). Prove that there exists a block V' = {vy,..., v}
of m, with v; < vy < -+ < vy, such that & is odd and such that each of
the intervals [vy, vg], [v2, 3], ..., [Uk_1,vk] in S has even cardinality.

A block V' with the properties described in Exercise 19.28 is some-
times said to be parity-alternating (because of how it looks in the
particular case when S = {1,...,n} — in that case the numbers
vy < vy < --- < v will have alternating parities). The next exercise
records an immediate consequence of the fact that NC'O partitions
must always have such blocks.

EXERCISE 19.29. Let S be a totally ordered set and let m be a
partition in NCO(S). Prove that one can find elements p < g of S
such that the following hold.

(i) The interval [p, ¢] of S has odd cardinality.

(ii) p and ¢ belong to the same block V' of 7, and moreover we have
that p = min(V'), ¢ = max (V).

(iii) The block V' appearing in (ii) has odd cardinality.

In order to shorten the statements of the following exercises, it is
convenient to make up some names for the terminology which will be
used in them.

NoOTATIONS 19.30. (1) Let S be a totally ordered set and let 7 be
a partition in NCO(S). Among all the intervals [p, q] of S which have
the properties described in Exercise 19.29, pick the one for which the
element p is as small as possible (in the order of S). That interval [p, ¢]
will be called the odd-marked interval of 7.

(2) On the set U ({1,2}" of finite sequences of 1 and 2 we will
consider the (obvious) operation of multiplication by concatenation.
Moreover on this set we will also consider the x-operation defined as
follows: for e = (e(1),...,e(n)) € {1,2}" we set

" = (3—¢en),...,3—¢(1))
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(for example (1,1,1,2,2,1)* = (2,1,1,2,2,2)).
(3) Form > 1land 1 < a < b < n we will denote by afﬁ} the
permutation of {1,... ,n} defined by:

(n)( ) = a+b—m fa<m<hb
Tap M) = m otherwise.

In other words, a((:) turns around the interval [a,b] of {1,...,n}, and

does not change what is outside it.

EXERCISE 19.31. Let m be a partition in NC(n), let W be a block
of 7, and denote min(W) =: p, max(W) =: q.

(1) Prove that o .re NC (n) (where the action of a permutation
7 on 7 is as discussed in Notation 9.40, 7-7 := {7(V) | V block of 7}).

(2) Suppose that p > 1. Prove that affi)m -m € NC(n).

(3) Suppose that ¢ < n. Prove that aglq)ﬂ -m e NC(n).

EXERCISE 19.32. Let (m,¢) be an element of the set X, defined in
Proposition 19.24. Consider the partition 7|A(e) € NCO(A(g)), and
let [p, ¢] be its odd-marked interval (as defined in Notation 19.30.1).

(1) Let i € {1,...,n} be the ceiling of p/2 (that is, i = p/2 if p is
even and ¢ = (p+ 1)/2 if p is odd); similarly, let j be the ceiling of
q/2. Consider the (unique) factorization, in sense of multiplication by
concatenation:

€ = €_€0Ey,
where the lengths of €_,¢p,e, are equal toi — 1,7 —i+ 1 and n — 7,
respectively. Then consider the n-tuple

e = e_gler €{1,2}".

Prove that t(¢) is not of the same parity as t(¢).
(2) Consider the permutation 7 of {1,...,2n} defined by:

(2n)

opq if p,q have different parities
T = O';le)’q if p,q are both even

01()72;21 if p,q are both odd.

Prove that 7(A(e)) = A(¢') and that 7(B(g)) = B(g'), where €’ is the
n-tuple defined in the part (1) of the exercise.

(3) Let «' := 7 -, where 7 is as in part (2) of the exercise. Prove
that (7', ¢’) belongs to the set X, defined in Proposition 19.24.

EXERCISE 19.33. Consider the set X, defined in Proposition 19.24,
and for every element (7,¢) € A&, define ®,(m,¢) := (7', '), with 7" and
¢’ constructed as in Exercise 19.32. Prove that the map &, : A, — X,
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which is defined in this way has the properties stated in Proposition
19.24.



LECTURE 20

R-cyclic matrices

In this lecture we look at the natural operation of taking d x d matrices
over a non-commutative probability space (A, ). If A = (aij)1<ij<d
is a matrix in My(A), then it is immediate (from the definitions) that
the distribution of A in My(.A) is completely determined by the joint
distribution of the family {a;; | 1 < 4,5 < d} in (A, ); but, as a
rule, there is no explicit formula for computing the distribution of A
from the joint distribution of the a;;. A notable exception to this rule
was observed early on by Voiculescu, and occurs when a free family
of circular/semicircular elements is used in order to build up a selfad-
joint matrix A — in this case the matrix A itself turns out to have a
semicircular distribution in My(.A).

In this lecture we introduce the concept of R-cyclic matriz, which
is a generalization of the situation of the matrix with free circu-
lar /semicircular entries. The definition of R-cyclicity is in terms of
the joint R-transform of the entries of the matrix: one requires that
only the cyclic non-crossing cumulants of the entries are allowed to be
different from 0. We show that for an R-cyclic matrix A = (a;;)1<; j<d
one has an explicit {convolution formula for computing the distribu-
tion of A (considered in My(A)) in terms of the joint distribution of
the a;; (considered in the original space (A, ¢)).

The discussion extends without difficulty to the situation when one
considers several matrices Aj,...,As € My(A). Thus one has the
concept of R-cyclic family of matrices, and a convolution formula for
computing the joint distribution of such a family of matrices, in terms
of the joint distribution of their entries. Several important situations of
families of matrices with tractable joint distributions arise by applying
this formula.

Definition and examples of R-cyclic matrices

Let us first recall what we mean when we talk about “d x d matrices
over a non-commutative probability space” (cf. also Exercise 1.23).

NoTATION 20.1. Let (A,¢) be a non-commutative probability
space, and let d be a positive integer. Consider the algebra My(.A)

321
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of d x d matrices over A. We denote by ¢, the linear functional on
My(A) defined by the formula:

d
1
Spd(<aij>?,j:1) = EZSO(CM)- (20.1)
i=1
Then (M4(A), ¢q) is itself a non-commutative probability space.

DEFINITION 20.2. Let (A, ) and d be as above, and let A =
(ai;)f,—; be a matrix in My(A).

(1) A is said to be R-cyclic if the following condition holds:
/{n(ailjl,...,ain]—n) =0 (202)

for every n > 1 and every 1 < 41,71, ...,10,, Jn < d for which it is not
true that jl = ’iQ, R ;jn—l = Z'm]n = il.
(2) If the matrix A is R-cyclic, then the series:

00 d
f(zla s >Zd) = Z Z /{n(ainiu Qigigy - - >ain—1in)zilzi2 T Ry,

n=1 iy,..in=1

is called the determining series of the entries of A. (Note that
f € ©4, where O, is as in Notations 16.1.)

ExAaMPLE 20.3. Consider a diagonal matrix,

aq 0
A = € Md(.A),
0 Qq

where (A, ¢) and d are as above. Then A is R-cyclic if and only if
ai,...,aq form a freely independent family. Indeed, the R-cyclicity
condition (20.2) is spelled out here as follows: kp(a;,...,a;,) = 0
whenever it is not true that iy, = i, = --- = 4,,. But in view of Theorem
11.20, the latter condition is in turn equivalent to the free independence
of ai,...,aqy.

For more elaborate examples we will use the framework of a -
probability space, and we will focus on selfadjoint matrices over such
a space.

ExAMPLE 20.4. Let (A,¢) be a s-probability space, and let
{e;; | 1 <i,j < d} be a family of matrix units, i.e. a family of el-
ements of A which satisfy the following relations: ej; = ej; for all
1<i,j <d, egen = 0jpeq for all 1 <i,5,k,1 < d, and S0 e = 14.
We will assume in addition that ¢(e;;) = 0 whenever i # j, and that
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p(en) = -+ = @(eqq) = 1/d. We denote by (C, 1) the compression of
(./4, 90) by €11, ie.

C:=endeyn, v :=d-¢|C.

Let now a be a selfadjoint element of A, which is free from {e;; | 1 <
i,7 < d}. We compress a by the matrix unit formed by the e;;, and we
move the compressions under the projection eqq; that is, we consider
the family of elements

Cij = €140€j € C, 1 S Z,] § d.

Theorem 14.18 gives us an explicit formula for the free cumulants of
the family {c;; | 1 < 4,5 < d}. Namely, for every n > 1 and 1 <

ilajl; e 7in7jn S d7 we have that /in(ciljl7 e ’Ci”jn> equalS:
d_(n_l)ﬁln(aa c. ,CL) if jl - i27 s 7jn—1 - Zn7j” - il
0 otherwise.

In other words, the matrix C' = (¢;;){,_; € My(C) is R-cyclic, and the
determining series of its entries is:

[e9) d

flz1,.oy20) = Z Z d=" V. (a,...,a)z, -z,

n=1 i1, in=1

= d.nio;kn(a,...,a)«%ﬁ)n

Z1+ -+ 24 )
d )
where R, is the R-transform of a, in the original space (A, ¢).

= d- Ry(

ExaMPLE 20.5. Let (A, ¢) be a s-probability space, and let a €
A be an R-diagonal element (as in Lecture 15). Consider the non-
commutative probability space (M3(.A), p2) defined as in Notation 20.1,
and the selfadjoint matrix:

A:(gg)eﬂmm.

One immediately checks that A is R-cyclic (and in fact also that con-
versely, the R-cyclicity of A implies the R-diagonality of a). Moreover,
the determining series of the entries of A coincides here with the joint
R-transform R, .- (as appearing for instance in Equation (16.13) of
Example 16.9). A number of results about R-diagonal elements can be
incorporated in the theory of R-cyclic matrices by using this trick.
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ExXAMPLE 20.6. On the lines of Example 20.5, one can consider
the situation of a more general selfadjoint matrix with free R-diagonal
entries. More precisely, let (A, ) be a x-probability space, let d be a
positive integer, and suppose that the elements {a;; | 1 < ,j < d} of
A have the following properties:

(i) aj; = a5, V1 <4, < d;

(ii) a;; is R-diagonal whenever i # j;

(iii) the d(d + 1)/2 families: {a;} for 1 < i < d, together with
{a;j,a;} for 1 <i < j <d, are free in (A, p).

Then the matrix A := (a;){,_; € My(A) is R-cyclic. Indeed, the
freeness condition (iii) combined with the R-diagonality of a;; for i # j
implies that the only free cumulants made with the entries of A which

could possibly be non-zero are:

K @iy - .y Qi) withn >1, 1 <i<d,and
Ko (Qij, Qjis . .., Qij,a5) withn >1even, 1 <1i,5<d, i # j;

all these cumulants fall within the pattern allowed by the definition of
R-cyclicity.

An important particular case of the situation described above is the
one when the a;; are circular and semicircular. In order to describe this
particular case, it is convenient to allow “rescaled” circular elements;
that is, we will say that an element ¢ in a *-probability space (A, ¢) is
circular of radius r if %c is a circular element in the sense of Definition
11.22. (In other words, circular elements of arbitrary positive radius are
defined such that the radius is scaling linearly with the element, and
such that the “standard” circular element from Definition 11.22 has
radius 2.) With this convention, one obtains an example of R-cyclic
matrix A = (a;;)¢;_, by taking every a; to be semicircular (of some
radius r;;), by taking every a;; with ¢ # j to be circular (of some radius
rij), and by asking that the above conditions (i), (iii) are satisfied.

The convolution formula for an R-cyclic matrix

In this section we show how the distribution of an R-cyclic matrix can
be obtained from the determining series of the entries of the matrix.
We start by introducing a few notations.

NoOTATIONS 20.7. Let d be a positive integer. We will denote:

1 n 1 21 Zd
Gd(21,.'-7zd> - EZ Zzi :C_l<1—21++]_—2d )7

and we will also denote

Hd = Gd MObd
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(where Mob, € O4 is the Mobius series in d indeterminates, as discussed
in Lecture 17).

REMARKS 20.8. (1) A way of looking at the series G4 and Hy is
to observe how they appear in the framework of the non-commutative
probability space (My(C), try), where tr, is the normalized trace. Con-
sider the matrices Ei,...,E; € My(C) where E; has its (i,7)-entry
equal to 1 and all the other entries equal to 0. It is obvious that the
moment series Mp, g, is equal to Gg; as a consequence, Hy has to be
equal to the corresponding R-transform:

Hy= Mg, g, HMoby = Rg, . &, (20.3)

The series H; plays a key role in the next theorem. In order to give
an idea of how it looks, here is its truncation to order three:

Hd(Zl,..., Zdzz + Z (zl,lz_ )anlz

11,02=1

S| 1 2
+ ) p (51-1,1-2,2-3 = = (Giniy + Girig + 0iniy) + 5 )Zilzizzig + -

i1i2,i3=1
(where 0;, 4, is the usual Kronecker symbol, while §;
when i; = i3 = i3 and is equal to 0 otherwise).

(2) An application of Equation (20.3) which will be used later in
the lecture is that for every n > 2, k € {1,...,n}, and for fixed indices
Wy ooy U1y Tty - -0 € {1,. d} we have

Lissis 15 equal to 1

Z Cf(il,...,ik,l,i,ikﬂ,...,z’n)(Hd) = 0. (20-4)

Indeed, the sum on the left-hand side of (20.4) can be interpreted as
Zle bn(Eiys - By By By, ..., ), and is hence equal to the cu-
mulant &, (E;,, ..., E;,_,,1a, B, .., E;,) (by the multilinearity of s,
and where [, is the unit d X d matrix). But the latter quantity vanishes

by Proposition 11.15 in Lecture 11.
We can now state the main result of this section.

THEOREM 20.9. Let (A, ¢) be a non-commutative probability space,
let A= (aij)1<ij<d € Ma(A) be an R-cyclic matriz, and let f € ©4 be
the determining series of the entries of A. Then the moment series and
R-transform of A in (My(A), pq) can be computed by the formulas:

Ma(z) = %l(fde)( 2 2), (20.5)

d times
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and
Ra(z) = é(f dHy)( z,...,2 ), (20.6)

d times

with Gg and Hy as defined in Notations 20.7.
In the proof of the theorem, we will use the following lemma.

LEMMA 20.10. Consider the framework of Theorem 20.9. Let n
be a positive integer, let w be in NC(n), and consider some indices
1<y,...,1, <d. Then we have the equality:

'iyr( Qipiys Qigigy o ooy Qi _qiyp, ) = Cf(il ..... in);ﬂ'(f) : Cf(il ..... in);K(w)(de)~
(20.7)

Proor. We will use cyclic notations modulo n for indices —
ie. “lgpy1” will mean “i,” if Kk =n and “ip_1” will mean “z,,” if k£ = 1.
Also, we will work with the permutations P, and Pk (,) which are asso-
ciated to 7 and respectively to K (7). These permutations are defined
as in the exercise section of Lecture 18 (cf. Notations 18.24), and they

satisfy the relation
Pry = P71 (1,2,...,n) (20.8)

(which is a particular case of Exercise 18.25).

Since every coefficient of dG, is equal either to 0 or to 1, the gen-
eralized coefficient of dG, appearing on the right-hand side of (20.7) is
also equal to 0 or 1. So we have two cases.

Case 1. Cf, . i)k (dGa) = 1.

By writing explicitly what the generalized coefficient of dGy is, we
find that:

1<k 1<n, i
k,l in the same block of K () U = U

Under this assumption, we have to show that:

B (@igiys Qiyigs - - -5 Qi _yin) = Cliiy, )i (F)- (20.10)

Each of the two sides of (20.10) is a product of factors indexed by the
blocks of 7; we will prove (20.10) by showing that actually for any
given block V' of 7, the factor corresponding to V' on the left-hand side
is equal to the factor corresponding to V' on the right-hand side.

So let us fix a block V = {k(1) < k(2) < --- < k(p)} of m. The
factor corresponding to V' on the left-hand side of (20.10) is:

7777

(20.9)

(20.11)

K’p(aik(l)—lik(lﬁ Qi) 12y - - 7aik(p)—1ik(p))
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(where recall that if k; = 1, then we use 4, for “igq)—1”). On the other
hand, the factor correspondmg to V on the right- hand side of (20.10)

18 Cf(ik(l) .... ik(p))(f)’ 1.e.

B (@ipyingry Tingryingays -+ Dinpotyings )

(20.12)

But now let us notice that k(1) and k(2) — 1 belong to the same

block of K (), and the same for k(2) and k(3) — 1,... , the same for

k(p) and k(1) — 1. This is easily seen by looking at the permutations
P and Pg(r): we have

Pr(k(1)) = k(2), ..., Pe(k(p—1)) =k(p), Px(k(p)) = k(1),
so from Equation (20.8) we get that:
P (K@) = 1) = K(1), .., Pae(h(1) = 1) = h(p).

As a consequence of this remark and of the implication stated in (20.9)
we see that the expressions appearing in (20.11) and (20.12) are in fact
identical.

Case 2. Cf(i K(ﬂ)(de) 0.

In this case we know that (20.9) does not hold, and we have to show
that the left-hand side of (20.7) is equal to 0.

It is immediate that, under the current assumption, we can find
1 < k,l < n such that:

Pr(l) =k, and i # 4. (20.13)

Indeed, if it were true that i, = i; whenever Py () = k, then by
moving along the cycles of P, we would find that (20.9) holds.

By taking into account the fact that P - Pg(r) is the long cycle
(1,...,n), we then immediately see that for k,[ as in (20.13) we must
also have P.(k) =1+ 1. Hence k and [ + 1 belong to the same block
V' of 7; and moreover, if the block V' is written as V' = {k(1) < k(2) <

k(p)}, then there exists an index j, 1 < j < p such that k = k(j)
and [ +1 = k(j + 1) (with the convention that if & = k(p), then
I+ 1 = k(1)). But then the fact that i, # i; reads ir;)y # ik(j+1)—1,
which in turn implies that

Lyeees 171)7

/ﬁ;p<a7f'k(1)71ik(1) 3 Qi oy _qip(a)s -« - ’a/ik(p)flik(p)) =0

(by the definition of R-cyclicity). Since the latter expression is the
factor corresponding to V' in the product defining r(a;, i, @iy, - - -
a;, i, ), we conclude that the left-hand side of (20.7) is indeed equal
to 0. U

We can now give the proof of Theorem 20.9.
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PRrROOF OoF THEOREM 20.9. Let n be a positive integer, and con-
sider some indices 1 < 4y,...,4, < d. By summing over m € NC(n)
in Equation (20.7) of Lemma 20.10 (and by taking into account the
relation between moments and cumulants, and the definition of [{ ), we
get:

O( @iy iy~ i) = Cf(i1 ..... z’n)(f de)- (20-14)

For every 1 < i < d, let us denote by E; € My(A) the matrix which
has 14 on the (7,7)-entry, and has all the other entries equal to 0. It is
immediately verified that

1
Pa(AB; - AE;,) = (@i Gy Qi i)
for every n > 1 and 1 < y,...,i, < d. By combining this with (20.14),
we get that

1
Mag,,. .AE, = E(f dGyg) (20.15)
(equality of power series from O,4). Equation (20.5) is an immediate
consequence of (20.15), since for every n > 1:
d

Pa(A") = > ¢alAE, - AE;,)

1
= E Z Cf(u ..... zn)(f de)7

and the latter quantity is easily identified as the coefficient of 2" in the
series on the right-hand side of (20.5).

On the other hand let us [§-convolve with Mob, on the right, on
both sides of (20.15). On the left-hand side we get Rag, . ag,, while
on the right-hand side we get ( %(f iJ dGq) ) [ Mby. But in view of
Exercise 17.26.2 we can replace 5(f [ dGq) with ( 3 f [ G4 ) o Dg, and
thus we find that:

1 . 1 )
(S(f BdGa)) B Msba = ((5f B Ga) 0 Da ) B Mib,
1
= <Ef Gq Mébd> oD, (by Ex. 17.26.1)
1
= (Ef Hd) oDy  (since G4 | Moby = Hy)

1
= E(f dHg) (by Exercise 17.26.2).
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So we come to the equation:

1
Raps,..ap, = 5/ dHg), (20.16)

out of which (20.6) is obtained in the same way as (20.5) was obtained
from (20.15). O

REMARK 20.11. During the proof of Theorem 20.9 we obtain Equa-
tions (20.15) and (20.16), stronger than what was originally stated, and
which show better the significance of the series f [ dG4 and f [ dH,.

R-cyclic families of matrices

DEFINITION 20.12. Let (A, ¢) be a non-commutative probability

space, and let d be a positive integer. Let A; = (agj.));{j:l, LA =

(al(;))zjzl be matrices in My(.A). We say that the family Ay, ..., Ay is
R-cyclic if the following condition holds:

/ﬁn(ag;-f, o ,al(-:;-i) = 0,
for every n > 1, every 1 < ry,...,r, < s, and every 1 <
11, J1, - -5 0n, Jn < d for which it is not true that j; = i9,...,j1 =
Iny Jn = 11

If the family A,,..., A, is R-cyclic, then the power series in ds
indeterminates:

f(ZLl? e 7Zs,d) = (2017)
[oe)
(r1)  (r2) (rn)
§ E Kin ( Qi Bigigs o0 G, ) * Zrin Zraia *** Zrnsin
=l i in<d
1<r1,...;7n<s

is called the determining series of the entries of the family.

The convolution formula presented in the preceding section extends,
with minor adjustments, to the situation when we have a family of
matrices. In order to state precisely how this goes, we will need to use
an adjusted version of the operation [#, which is discussed in the next
remark.

REMARK 20.13. Let s and d be positive integers. Consider
the set ©, of power series in sd non-commuting indeterminates
211y -y Zriy- -y 254 The formula defining [ in Lecture 17 (cf. Defi-
nition 17.1) can be used to define a “convolution operation,” denoted

in what follows by [, which gives a right action of ©4 on ©,4. More
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precisely, if f € ©4 and g € O4 then we define f § g € ©4 by the
following formula:

Ch((rrin)os(rmrin)) (F [ 9) = (20.18)
> Chlrinmtrminyin(F) - Cliar,ooiyiic(m)(9),
TeENC(n)
holding for every n > 1 and for every 1 < rq,...,1r, < 5, 1 <
i1,--+,4n < d. Some straightforward adjustments of the arguments

presented for x| in Lecture 17 show that [+ is indeed a right action of
©4 on O, in the sense that the equation

(HIEr = [HREA (20.19)

holds for every f € O,4 and g,h € O4.
Let us also record the fact that:

f @ Zetag = f[[HZetayy, V f €Oy (20.20)

(where on the right-hand side of (20.20), [{ denotes the boxed convo-

lution operation on Ogy). This relation is obvious if one takes into

account the fact that Zeta series have all the coefficients equal to 1.
From (20.19) and (20.20) it is immediate that one also has:

FRM8by = fRH Mbdby, Vfe O, (20.21)
Note that, as a consequence, we can write the relation
Mal,l7---7a7',i,---7as7d MObd - Ralqlv'“va’r',ia---aas,d’ (20.22)

holding for any family {a,; | 1 <r < s, 1 < i < d} of elements in
some non-commutative probability space (A, ).

The multi-matrix version of Theorem 20.9 is then stated as follows.

THEOREM 20.14. Let (A,¢) be a non-commutative probability
space. Let Aq,...,As be an R-cyclic family of matrices in My(A),
and let f be the determining series of the entries of this family. Then
the joint moment series and R-transform of (Ay, ..., As) in the non-
commutative probability space (My(A), @q) can be computed by:

1 ~
Ma, ... As(zl,...,zs):a(fde)(zl,...,zl,...,zs,...,zs), (20.23)

——
d times d times
and
1 ~
Ray. a2ty .. ,2s) = E(f@de)( Py ooy Zlyeny 2y 2s ), (20.24)

d times d times
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where the opemtz'on@ 15 as described in the preceding remark, and where
G4 and Hy are as in Notations 20.7.

The proof of Theorem 20.14 is obtained by adjusting in a straight-
forward way the proof which was shown for Theorem 20.9 in the pre-
ceding section — see Exercises 20.20-20.22 at the end of the lecture.

Applications of the convolution formula

In this section we look at R-cyclic families Ay, ..., As of selfadjoint
d x d matrices over a x-probability space (A, ¢); we would like to put
into evidence some non-trivial situations when Ay, ..., A, form a free
family in (My(A), v4q), and where the individual R-transform of each of
Ay, ..., A, can be explicitly determined. The main point of the section
is to observe that situations of this kind appear whenever we have a
“partial summation condition,” as described in the next proposition.

PROPOSITION 20.15. Let (A, p) be a x-probability space, and let
d,s be positive integers. Let Aq,...,As be an R-cyclic family of self-
adjoint matrices in My(A), and let f denote the determining series
of the entries of this family. Suppose that for every n > 1 and every
1<r,cor <s, 1 <4y,...,4, <d, the sum

d
Z CE(r1,10) s (1 sim )y (rmsin) () =0 A (20.25)
i1yerin_1=1
does not depend on i, (even though the sum is only over iy, ... i, 1).
Then:

Ruy oa(z1,...,25) = Z Z Arpvn 2y B (20.26)

n=1 ry,...,rpn=1

PRrROOF. Equation (20.26) is equivalent to the fact that for every
n>1and every 1 <ry,...,r, < s we have:

Kn(Aps o AR) = Ay (20.27)

n

We fix n and ry, ..., 7, for which we will show that (20.27) is true. The
case when n = 1 is immediate (and left as an exercise to the reader);
we will assume that n > 2.

By taking the coefficient of z,. ---z. on both sides of Equation
(20.24) we find that the free cumulant s, (A, ..., A4,,) is equal to

d

1
E Z Z Cf((mm) ..... (Tn,in));ﬂ'(f> : Cf(u ..... zn),K(w)(de>

i1y0in=1 TENC(n)
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We will write this in the form:
Fn(Ary o Ar) = Y T, (20.28)

where for every m € NC(n) we set:

1
Tr = Z C((r1i1),s(rmsin))in (F) - Cay i)k () (A H ).

We first consider the quantity 7T in the special case when m = 1,,,
the partition of {1,...,n} which has only one block. In this case K ()
is the partition into n blocks of one element; since all the coefficients
of degree 1 of dH, are equal to 1, it follows that

Cf(il 77777 in);K(ln)(de) =1, Vi,...,ip € {1, ce ,d}
We hence get:
d
T, = - Z C((r1.i1),vs(rmsin)) ()
i1yepin=1

The partial summation property of the series f (given in Equation
(20.25)) implies that the latter sum is equal to A, . . Thus, in view
of (20.28), the proof will be over if we can show that T, = 0 for every
m# 1, in NC(n).

So for the rest of the proof we fix a partition = # 1,, in NC(n).
Moreover, we will also fix a block B, of m which is an interval, B, =
{p,...,q} with 1 < p < ¢ < n (every non-crossing partition has such
a block). The considerations below, leading to the conclusion that
T, = 0, will be made by looking at the case when B, has more than
one element; the case when |B,| = 1 (which is similar, and easier) is
left as an exercise to the reader. We denote by “Rest” the set of blocks
of m which are different from B,.

Let us now look at the Kreweras complement K (7). It is immediate
that {p}, {p+1},...,{g—1} are one-element blocks of K (7). We denote
by B! the block of K(m) which contains ¢; observe that B/ has more
than one element — indeed, it is clear that p — 1 also belongs to B,
(where if p = 1, then “p — 1”7 means “n”; even in this case we have
that p — 1 # ¢, since it was assumed that 7 # 1,). Let us denote
by Rest’ the set of blocks of K(m) (if any) which remain after {p},
{p+1},...,{g — 1} and B/ are deleted.

For any i,...,i, € {1,...,d} we have:

CE((r1,00) s (rmsin))in () = Chiyin)i () (AHa) =
Cl((rpsip)seons(rasia)) () = Clia, iy 3, (A H g)- (20.29)
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T Cheritmins() - T Clinims (dHa)
BeRest B’€cRest’

(we took into account that the factors Cf(; )(dHy),...,Cf;, ) (dHq),
which should also appear on the right-hand side of (20.29), are
all equal to 1). The indices i,,...,i;,—1 appear only in the factor
“Cli(ryin)rs(raian ()7 of (20.29). Thus, if in (20.29) we sum over i, ,

., 141, and make use of the partial summation property from (20.25),
then we get:

Mg = Clin i) B (A H ) (20.30)
H Cf( 71177'1 5 7(7'”77’71 )|B H Cf n)lB/(de)
BeRest B’€Rest’
(expression depending on some arbitrary indices i1, ..., %—1,%g, .- -, in,

chosen from {1,...,d}).

Next, in (20.30) we sum over the index i,. The only factor in
(20.30) which involves i, is “Cfg, . ;.) 5. (dHg),” so as a result of this
new summation we get:

Mpora | ZCf i (dHy) }

ig=1

H Cf((n,zj) ..... (Tnyin )|B H Cf )\B’(de)

BeRest B’eRest’

But, as an immediate consequence of Equation (20.4) in Remark 20.8.2
we have that 377 ) Cfg, )5, (dHa) = 0.

The conclusion that we draw from the preceding three paragraphs

is the following: for any choice of the indices %1, ...,%p—1,%g+1, ...,y €
{1,...,d}, we have that
d
Z Cf ((71,81),--+5(rnyin)); (f) Cf .,in);K(w)(de) = 0.
ipyenig=1

It only remains that we sum over iy,...,%_1,%41,-..,%, in the latter
equation, to obtain the desired fact that T, = 0. 0

COROLLARY 20.16. Let (A, ) be a x-probability space, let d,s be
positive integers, and let A; = (agjl-))gjzl,...,As = (ag’))‘l{j:l be an

R-cyclic family of selfadjoint matrices in My(A). Suppose that the s
families of entries {al(-;) | 1 <i4,j <d}, withl <r <s, are free in
(A, ). Moreover, for every 1 < r < s let f,. € O4 be the determining
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series of the entries of A,.. We assume that for every n > 1 and for
every 1 <r <s,1<1i<d, the sum

d

N () =t A (20.31)

115esin—1=1

does not depend on the choice of i (but only on n and r). Then
Ay, ..., Ag are free in (My(A), paq), and have R-transforms

Ra(z) = > APzt 1<r<s. (20.32)
n=1

PRrROOF. Let f denote the determining series of the entries of the
whole R-cyclic family A;,..., A;. The condition of free independence
between the families of entries of Ay, ..., As implies the formula:

s
f(zl,la cee s Rpgy e '7zs,d) = Zfr(zr,la vy Ry 7zr,d)7
r=1

where f, is (as in the statement of the corollary) the determining series
for just the entries of A,. It is immediate that f satisfies the par-
tial summation condition described in Equation (20.25) of Proposition
20.15, where we set:

N A ===
T1,eeTn 0 otherwise.

Thus Proposition 20.15 can be applied, and gives us:

S o
Ray  a(z1,..00,25) = Z Zkg)zf.

r=1 n=1
In view of the description of free independence in terms of R-transforms
(cf. Theorem 16.6), this is equivalent to saying that A;,..., A are
freely independent and have individual R-transforms as described in
(20.32). O

Corollary 20.16 can be in turn particularized to the situation of a
family of matrices with free R-diagonal entries (on the lines of Example
20.6). The precise wording of this particular case goes as follows.

COROLLARY 20.17. Let (A, ) be a tracial *-probability space, let
d, s be positive integers, and suppose that the elements {ag) |1 <4, <
d, 1 <r <s} of A have the following properties.

: (r) y« _ (1) ;o

(1) ( a;j )= a; 'fo‘r every 1 <1, ‘g d‘and 1<r<s.

(ii) For every 1 <1i,j < d such thati # j, and for every 1 < r <'s,
the element ag) is R-diagonal.
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(iii) The sd(d + 1)/2 families: {a }for 1<i<d, 1<r<s,
together with {&w)’ 57, FPforl <i<j<d 1<r<sarefree in
(A, ).

For1<14,5<d,1<r<sandn >1 let us denote:

ozz(;)n = Rp(a g),agz),ag), o)
: . (r)
(free cumulant of order n, with alternating occurrences of a;;" and o'’

(r)

ijin
of aij ) Suppose that for everyn > 1 and every 1 <r <s,1<i<d,
the sum

JZ’

note that a;;. = 0 when i # 7 and n is odd, due to the R-diagonality

S al = Ap (20.33)

J=1

does not actually depend on i. Then the matrices A; = (a S)) Cichr

Ay = (al(j))” L are free in (My(A), pq), and have R-transforms
= Z/\g")z”, 1<r<s.
n=1

REMARK 20.18. The summation conditions (20.33) become ex-

(r)

tremely simple when the elements a,;” are semicircular, and the ele-

(r)

ments a;;” with ¢ # j are circular. Indeed, in this case we have that
Oéz(;)n = 0 whenever n # 2, and that afj )2 is one quarter of the squared

()

radius of the circular/semicircular element a;;’. So if we denote the

radius of ag) by fyi(;), then (20.33) amounts here to asking that, for ev-
ery 1 <r <s, the corresponding matrix of squared radii has constant
sums along its columns:

d d
S = = SO =

i=1 i=1

The conclusion of Corollary 20.17 becomes that the matrices A; =
(@)d._, . Ay = (a8 are free, and that A, is semicircular of

ij Ji,7=1 1j /1,j
radius ,, for 1 <r <s.

Exercises

EXERCISE 20.19. Let (A, ) be a s-probability space, let d,s be

positive integers, and let A; = (agjl-));{j:l, L As = (agj))” , form an

R-cyclic family of selfadjoint matrices in My(A). Suppose that the
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cyclic cumulants of the entries of these matrices depend only on the
superscript indices:

k(@) al™) ™y = e (20.34)

Tn,i1? 11,820 » Vi —1,in

forevery n > land every 1 <ry,...,7, <s,1<4q,...,1, <d. Prove
that:

Rapon (21, 20) = Y > d" gy g2y o2, (20.35)

n=1 ri,..,rp=1

EXERCISE 20.20. Let (A, ) be a non-commutative probability
space. Let Aj,...,As be an R-cyclic family of matrices in My(.A),
and let f denote the determining series of the entries of this family.
Moreover, for every 1 < ¢,7 < d and 1 < r < s, let us denote the
(i, j)-entry of A, by ag).

Let n be a positive integer, let 7 be in NC(n), and consider some
indices 1 <y,...,9, <dand 1 <ry,...,r, <s. Prove the equality:

)l el (20.36)

Ko ( ini1) Qigigr -+ z‘n,lz‘n)

= Cl((i1,r1) 0 (imirn))in (F) * Clei i) () (dGa).
[Hint: This is just a multi-matrix version of Lemma 20.10, the only
difference is that now one must also carry along a family of superscript
indices r1,...,7y.]

EXERCISE 20.21. Consider the framework of the preceding exercise.
For 1 < ¢ < d we denote by E; the matrix in My(.,A) which has the
(,7)-entry equal to 14, and all the other entries equal to 0. Prove
that the moment series and R-transform of the family of ds matrices
A FEy, .. AE;, ... AgEy are described as follows:

1 ~
Maspr,.aims = 5(f B dGa), (20.37)
1 ~
Rap,,..AE, = E<ded) (20.38)
(equalities of power series in sd non-commuting indeterminates
Z11y vy Rrgy - - 7Zs,d)-

[Hint: This exercise goes in parallel with the proofs of Equations (20.15)
and (20.16), obtained while working on Theorem 20.9, only that now
we use Exercise 20.20 instead of Lemma 20.10.]

EXERCISE 20.22. Show how Equations (20.23) and (20.24) stated
in Theorem 20.14 follow from Equations (20.37) and (20.38) obtained
in the preceding exercise.
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The next two exercises go toward showing that the property of R-
cyclicity for a family Ay, ..., As of d x d matrices is in fact a property of
the algebra generated by Aj,..., As together with the scalar diagonal
matrices.

EXERCISE 20.23. Let (A, ) be a non-commutative probability
space, let d be a positive integer, and let A,..., A; be an R-cyclic
family of matrices in My(A). Prove the following statements.

(1) Rearranging A, ..., A in a different order does not affect the
R-cyclicity of the family.

(2) If we enlarge Ay,..., As with a matrix A € span{A4;,..., A},
then the enlarged family Ay, ..., A, A is still R-cyclic.

(3) If we enlarge Ay, ..., As; with the matrix B := A; Ay, then the
enlarged family Ay, ..., A, B is still R-cyclic.

(4) If we enlarge Ay, ..., A with a scalar diagonal matrix D (which
has the diagonal entries of the form A\14, 1 < ¢ < d, and the off-
diagonal entries equal to 0), then the enlarged family Ay, ..., Ay, D is
still R-cyclic.

EXERCISE 20.24. Let (A, ) be a non-commutative probability
space, let d be a positive integer, and let Ay,..., As be an R-cyclic
family of matrices in My(.A). We denote by D the algebra of scalar
diagonal matrices in My(.A), and by C the subalgebra of M;(A) which
is generated by {A;,...,As} UD. Prove that every finite family of
matrices from C is R-cyclic.






LECTURE 21

The full Fock space model for the R-transform

A convenient fact which was observed and then repeatedly used in
the preceding lectures is that one can construct a family of non-
commutative random variables with a prescribed joint distribution
(where quite often the joint distribution is indicated in the guise of
a prescribed joint R-transform). Sometimes there may be more than
one way of doing such a construction; an example of such a situation
is the one of free semicircular families, which can be obtained by an
abstract free product construction, but can also be “concretely” put
into evidence by using operators of creation and annihilation on the
full Fock space (cf. Lecture 7).

Of course, all the different methods for constructing a family of
elements with a prescribed joint distribution are ultimately equivalent,
in the respect that the calculations with moments and with cumulants
performed on the family give the same results, no matter how the family
was constructed. Nevertheless, there can be a substantial difference in
the transparency of the calculations — it may happen that the solution
to the problem we are trying to solve shows up more easily if one
method of construction is used over another.

So this is, in a nut-shell, the idea of “modeling”: find a good way
of constructing a family of non-commutative random variables with a
given joint distribution, so that we are at an advantage when computing
moments and cumulants of that family. In this lecture we present such a
recipe of construction, which uses operators of creation and annihilation
on the full Fock space (and generalizes the situation encountered in
Lecture 7 for the special case of free semicircular elements). In order
to illustrate how this modeling recipe works, we will show how we can
use it to re-derive the formulas about free compressions which were
obtained by direct combinatorial analysis in Lecture 14.

Description of the Fock space model

REMARK 21.1. We refer to the concept of full Fock space F(H)
over a Hilbert space H, which was introduced in Lecture 7 (cf. Def-
initions 7.13). Recall that for £ € H one has a creation operator

339
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[(¢€) € B(F(H)) and that one has the relations
L) = 0,8 1pFpy), YENEH

(cf. Remark 7.14.4). In particular, if &, ..., &, is an orthonormal sys-
tem of vectors in H, then we get that:

WE)U(E) = dij - 1pFmy, 1<%, <s.

The latter equations are called the Cuntz relations. It will be more
convenient to use them in an abstract framework, which we introduce
next. This abstract framework will also capture, in part (2) of Defi-
nition 21.2, how the vacuum-state acts on monomials in creation and
annihilation operators. (Indeed, Equation (21.2) below can be viewed
as an abstract version of the formula

(L&) -+ L&)l ()" -+ 1(na) "2, Q) = 0,
which holds for all non-negative integers m,n such that m +n > 1,
and for every &1,...,&n, My, € H.)

DEFINITION 21.2. (1) Let A be a unital -algebra, and let [y, ..., [,
be elements of A. We say that [y,...,l; form a family of Cuntz
isometries if they satisfy:

l;klj = 57;,]'1.,4, 1 S ij S S. (211)

(2) Let (A, ) be a x-probability space. We say that ly,...,ls € A
form a free family of Cuntz isometries if (21.1) is satisfied, and if in
addition we have:

ol - LU ) =0 (21.2)
for all non-negative integers m,n such that m +mn > 1, and for every
il,...,im,jl,...,jn S {17...,8}.

REMARKS 21.3. We record here a few comments which help explain
some of the terminology used in the preceding definition.

(1) Recall that an element v of a unital x-algebra A is said to be
an isometry if it satisfies v*v = 14 (cf. Lecture 7, Definition 7.21). So
if l1,...,l; € A form a family of Cuntz isometries, then it is part of
(21.1) that each [; is indeed an isometry.

(2) Let A be a unital x-algebra, and let ly,...,l; € A be a family
of Cuntz isometries. By repeating the argument in Remark 7.14.4, it
is immediately seen that the unital x-subalgebra of A generated by
l,..., 1, is:

s-alg(ly, ..., 1) = (21.3)

* * m7n207m+n21’
span({1A}u{zi1---zimzﬁ---zjﬂ e })
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As a consequence, if ¢ is a linear functional on A, normalized by
©(14) =1, then a prescription like the one in Equation (21.2) gives us
how ¢ acts on x-alg(ly, ..., ;).

(3) Let (A, ) be a x-probability space, and let ly,...,l; € A be
a free family of Cuntz isometries. The use of the adjective “free” is
justified by the fact that in this case the sets {l1,17},..., {ls, [} are
indeed freely independent with respect to ¢ (cf. Exercise 21.19).

We are now ready to present the “model” announced in the intro-
duction of the lecture — that is, a canonical construction for an s-tuple
with a prescribed joint R-transform. The next theorem deals with the
case when the prescribed joint R-transform is a polynomial.

THEOREM 21.4. Let (A, ) be a x-probability space, and Iy ...,
€ A be a free family of Cuntz isometries. Let f € ©4 be a polynomial,
i.e. a series for which only finitely many coefficients are different from

0:
f(zl,...,zs) = Z Z Qlig,nyin) @i~ " Rig - (21-4)

n=1 i1,...in=1

Consider the element

k s
a =Y Y iy byl €A (21.5)

n=1 i1,..in=1
and set:

a; = I;(1a4+a), 1<i<s. (21.6)
Then R, ..o = [

PrOOF. In view of the relation between moment series and R-
transforms, the statement to be proved is equivalent to showing that
M., ..o, = f [ Zeta. The latter equality is in turn equivalent (upon
identification of coefficients on both sides) to the fact that:

p(ai, - -a;,) = Z Cfiyinyn (), (21.7)
)

TeENC(n

for every n > 1 and every 1 < 4q,...,%, < s. For the remainder of the
proof we fix n and iy, ..., 4, for which we will show that (21.7) holds.

We will consider the set of all “words” of finite length (including
an empty word ¢ of length 0) which can be made with letters from
{1,...,s}. This set of words is usually denoted as [s]*:

[s]* = {qﬁ}U(G{l,...,s}”). (21.8)
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The length (i.e. number of letters) of a word w € [s]* will be denoted
by |w|. For w = (j1,...,7m) € [s|* we will consider the element [,, € A
and the number a(w) € C defined by

Lo =1y -1y, a(w) = Cfg,,...in(f)

(with the convention that if w = ¢, then we take [,, := 14 and a(w) :=
1). With these notations, the element a € A from (21.5) satisfies:

lata = > aw)l. (21.9)

we(s]*, [w|<k

Since we have that a;, ---a;, = I; (14 +a)---1f (14 + a), we get (by
substituting 14 + a from (21.9) and by using the linearity of ¢):

olay ~ai,)= a(wy) -+ a(wy) @l Ly -+ 1 L, )-

(21.10)

Now, for every wy, ..., w, € [s]*, we have that either [} [, --- I} Ly,

is 0 or it simplifies to one of the elements listed on the right-hand side

of Equation (21.3). But with the exception of 14, all those elements
belong to the kernel of . It follows that:

0 if (wi,...,wn) € [s]*;,
el by 1 b)) = (21.11)
Lif (wy, ... wn) € [8]7,

where we denoted

* L wl,...,wnE[S]* }
[8] 7;1 ..... /L'n T {(w17 o e ,wn) l;:kllwl .. l;knlwn — 1A . (2112)

The conclusion drawn from (21.10) and (21.11) is hence that:
olay, - a;,) = Z afwy) -+ alwy,). (21.13)

(Note: in the definition of [s]; ; we dropped the length restrictions
lwi| < k,..., |w,| < k. It is immediate that this does not introduce
an error in the calculation of the moment p(a;, - - - a;,), due to the fact
that the products of the form a(wy) - - - @(w,) vanish whenever it is not
true that |wy|,..., |w,| <k.)

Now, the point to observe is that one has a natural bijection
o : NC(n) — [s] For # € NC(n), the n-tuple ®&(7w) =:

*

(wr, ..., wy,) € [s];
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o if m € {1,...,n} belongs to the block V = {b; < by < --- < b,}
of m, and if m is the maximal element of V' (i.e. m =b,), then w,, =
(Z.bpa s 7ib27ib1);

e if m € {1,...,n} belongs to the block V of 7, but m is not the
maximal element of V', then w,, = ¢.

[As a numerical example, let us take n = 5 and consider 7 =
{ {17 5}7 {27 3}7 {4} }’ then q)(ﬂ-> = (¢7 ¢’ (Z.37 i2)7 (i4)7 <i57 7'1) ) The lat-
ter 5-tuple of words really belongs to [s]*; since the Cuntz relations
imply that I} (1.4){7,(14) I, (Lisls,) 1, (13,)1, (I35 13, ) is indeed equal to 1,4.]

Verification of the bijectivity of ® will be left for the exercises at the
end of the lecture (cf. Exercises 21.20-21.22).

Finally, the only thing left to be noticed is that if 7 € NC(n)
has ®(7) = (w1, ..., wy,) € [s]*, then a(w;)---a(w,) = Cfs, iy (f)
(this follows directly from the explicit description of how ® works). So
if we use the bijection ® to convert the right-hand side of Equation
(21.13) into a summation over NC(n), then the desired formula (21.7)
is obtained. 0

The applicability of Theorem 21.4 can sometimes be enhanced by
using the following simple trick.

EXERCISE 21.5. Let (A, ¢) be a x-probability space, let Iy, ... [ €
A be a free family of Cuntz isometries, and let Ay, ..., As be in C\ {0}.
Then the family:

1 1
Mly, =1 Ay, —1F
141, Al 1 ) )\5 s

has the same joint distribution as l4,1],...,ls, . As a consequence, if
instead of a from Equation (21.5) we use in Theorem 21.4 the element

and if we set

then it will still be true that Ry . = f.

REMARK 21.6. Theorem 21.4 can be easily generalized to the case
when f is an arbitrary series in O, (instead of a polynomial), as long
as we can give a meaning to the infinite sum in the formula:

a = Z( Z Qi i) lin"'lil)
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which would have to replace Equation (21.5) (with g, 4.
Cfi,,.i(f) for every iy,...,4,). Thus we need to move to a set-
ting where we can talk about convergent sequences (and, consequently,
about convergent series). This could be the setting of a C*-probability
space — but quite a bit less structure than that is really needed. In
fact, all we need is the setting of a non-commutative probability space
(A, @) where on the algebra A we have a concept of convergence of
sequences, such that the algebra operations on A and the linear func-
tional ¢ : A — C do respect the convergence of sequences. In the next
theorem we will refer to this kind of setting by the ad hoc name of
topological non-commutative probability space.

So, the next theorem contains in particular the situation when (in
the notations of the theorem) we have

(A, ¢) = (A, @) = C*-probability space.

But the next theorem can also refer to a situation which is rigged in
such a way that the series appearing in (21.14) below is convergent for
any choice of the coefficients oy, ;). A precise description of how
this can happen is given in Remark 21.8; the interest in displaying
such a situation is that it completes our Fock space model for the R-
transform (in the sense that the R-transform R,, . .. which appears
from the construction can now be an arbitrary series f € ©y).

We conclude this remark with a note for the reader who may find the
framework of Theorem 21.7 a bit too intricate. The good news for this
reader is that, in applications, one can often arrange the arguments so
that Theorem 21.4 is applied directly, without having to be generalized.
(For an illustration of this, see e.g. Remark 21.14 in the next section.)

THEOREM 21.7. Suppose that we are given:

(i) a topological non-commutative probability space (.,Z(, D)5

(ii) a *-operation defined on a unital subalgebra A C A, such that
(A, ¢|A) is a x-probability space;

(iii) a free family of Cuntz isometries ly, ... ls € A;

(iv) a family of complex numbers {(ag, . .., | n > 1, 1 < iy,
ooyl < 8} such that the series

i ( i Vi yeonin) bin = liy > (21.14)

n=1  i1,..,in=1

is convergent in A.
Let a € A denote the sum of the convergent series in (21.14), and
let us denote

a; = '(la+a) e A (1<i<ys).
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Then the joint R-transform of ay,...,as in (A, @) is:

Ray,.as = Z Z Olliy,.in) it """ Zip - (21.15)

PROOF. Let us denote the series on the right-hand side of Equation
(21.15) by f, and for every k£ > 1 let us denote by f; the truncation of
f to terms of length up to k. On the other hand, for every k > 1 let
us denote by a®) the element of A which is obtained by truncating the
first summation in (21.14) to its first k& terms; and let us denote agk) =
F(lz+a®),1<i<s.

Theorem 21.4 gives us that Ra(k) S = fr, VE > 1. On the
1 s

other hand we have that limy_.., a® = a (by how a® is defined), and
(k)

i

consequently that lim; . a;’ = a;, V1 <1 < s, since the operations
in A respect the convergence of sequences. The same continuity of the
operations on A together with the continuity of ¢ will then imply that
the series Ragk)magk) converge coefficientwise, as k — oo, to the series

R, ...a.- The conclusion is that R,, . ., = f (since both series can be
expressed as the coefficientwise limit limy_.o fz)- O

REMARK 21.8. We conclude this section by outlining how a con-
struction with the properties (i), (ii), (iii) of Theorem 21.7 can be made,
so that a series as in (21.14) is convergent for an arbitrary choice of
the coefficients oy, . ;,)- The idea is to use a certain algebra of matri-
ces of infinite size (its definition is inspired by looking at matrices of
operators on the full Fock space F(C?)).

Let s be the positive integer which appears in (iii) of Theorem
21.7. We will use the set [s]* of words over the alphabet {1,...,s}
which was introduced during the proof of Theorem 21.4 (cf. Equation
(21.8)). Moreover, a family of complex numbers (ov,w)vwefs+ Will be
called a matriz over [s|*.

Let A be the set of matrices (qyuw)vw Over [s]* which have the
property that

sup{|w| — |v| | v,w € [s]", ay, # 0} < o0, (21.16)
and let ¢ : A — C be the linear functional defined by the formula
QZ( (av,w)v,we[s}* ) = Uy - (2117)

On A we consider the vector space operations defined entrywise, and
the multiplication defined by the formula:

{ (Oé%w)v,w : (ﬁv,w)v,w = (7v,w)v,w7 (21.18)

where 7, := Zue[s]* Ay uuw, YV U,w E [s]".
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(Note that the sum appearing in (21.18) has only finitely many non-
zero terms, and hence presents no convergence problems, due to the
finiteness of sup{|u| — |v| | ap # 0}.) If on A we also consider the
topology of entrywise convergence for matrices, it is immediately ver-
ified that (A, ) becomes a topological non-commutative probability
space, in the sense discussed in Remark 21.6.

Let now A C A be the subset consisting of the matrices (v )v.w
which (in addition to (21.16)) also have the property that:

inf{|w| — |v| | v,w € [s]", ayw #0} > —o0. (21.19)

It is immediate that A is a unital subalgebra of ./T, on which a natural
x-operation is defined by the formula:

( (av,w>v,w )* = (aw,v )v,w

Denoting ¢ = @¢|A, we have that (A, ¢) is a x-probability space. (This
statement also contains the assertion that ¢ is positive on A. The
reader should have no difficulty in checking that this follows immedi-
ately from the formula (21.17) — indeed, ¢ simply selects a diagonal
entry of the considered matrix, and such a functional is always positive,
when considered on a *-algebra of matrices.)

Finally, for 1 <1 < s, let [; € A be the matrix ()\ff,)w)vyw with entries
defined by the formula:

‘ 1 ifv=(i) w,ie. visobtained from w
A= by adding the letter 7 on its left
0 otherwise.

Direct calculations show that [q,...,l; form a free family of Cuntz
isometries in (A, ).

So now we have constructed objects as indicated in (i), (ii), (iii)
of Theorem 21.7. It is easy to verify that in the framework of this
construction, a series like the one in (21.14) is convergent in A, for any
choice of the coefficients oy, . ;,). The sum of the series is the matrix

(Bow)vw € A which has entries:
8. = { Aiyoiny 0= iy yin) - w

0 otherwise.

An application: revisiting free compressions

In order to illustrate how the full Fock space model can be put to
work, we present in this section how modeling can be used to derive the
free compression formulas which were obtained by direct combinatorial
analysis in Lecture 14.
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We start by reviewing the framework where our compressions are
considered (cf. also the sections about compressions in Lecture 14).

NoTATIONS 21.9. Consider a non-commutative probability space
(A, ¢), and suppose that in A we have a d x d matrix unit —i.e. a family
{e;; | 1 <i,j < d} such that e;je; = 0j,eq, for every 1 <i,7,k,1 <d.
We do not assume that Zle e;i = 14. On the other hand, we make
the following assumptions on the values ¢(e;;), 1 <i,5 < d:

ple;) =X >0, 1<i<d, where\j +---4+X\; <1 :

We will denote by (C,7) the non-commutative probability space ob-
tained by compressing (A, ¢) with the projection ejq; that is,

1
C :=ep ey, 7:=—l|C.
A

An s-tuple aq, ..., a, of elements from A can then be compressed to an
d?s-tuple {c;;., | 1 <4,5 <d, 1 <r <s} of elements in C, where:
Cijir = enarej1, 1<4,5<d, 1<r<s.

REMARKS 21.10. (1) If in Notations 21.9 the functional ¢ were
assumed to be a trace, then the fact that ¢(e;;) = 0 for i # j would be
automatic, since we could write

p(eij) = p(eie;) = @legei) = ¢(0) = 0.

In the tracial case we would also obtain that Ay = --- = A4, because:
Ai = plei) = pleges) = plejies) = plej) = A;, V1<ij<d
(2) In Notations 21.9, let us assume that {ai,...,as} is free from

{e;; | 1 <4,j <d}. It is then immediate from general freeness con-
siderations that the joint distribution of the compressed (d?s)-tuple
{cij | 1 <i,j < d, 1 <r < s} depends only on the joint distribu-
tion of aq,...as and on the numbers Ay, ..., \; appearing in Equation
(21.20). Our goal is to make this dependence precise, by indicating an
exact formula for the R-transform of {¢;;, | 1 <i,j <d, 1 <r < s},
in terms of Ry, ., and of A1,..., Ag. This formula is given in the next
theorem.

THEOREM 21.11. Let (A, ), {
{ar,... a5}, and {c;j, | 1 < 1,5 < d
21.9, and let us denote:

S

i?j S d}7 (C7 T)?

s} be as in Notations

eij | 1 <
1<r<

Y

o0 S

Roy.ai(Z1y. 00y 25) =t Z Z Orrrgn)ry " 2 (21.21)

n=1 ri,..,rp,=1
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We suppose in addition that {ay, ..., as} is free from {e;; | 1 <i,j < d}
in (A, ). Then the R-transform of the family {c;;, | 1 <i,j <d, 1 <
r < s}, calculated in the compressed space (C,T), has the formula:

Rcll;la-~->Cij;7‘7---qud;s (211;17 sy Bigiry e ded;S) -
x
E , E >‘i1 T )\’L’nfla(Tlr--;"'n)Zinil;Tl Rivigire * " Rin_1inirn -
n=1

1<ry,...,rn<s
1<i1,eyin <d

(21.22)

REMARK 21.12. One sees without difficulty that Equation (21.22)
of Theorem 21.11 contains in a concentrated form the results of Theo-
rems 14.10 and 14.18.

Indeed, if d = 1 then the matrix unit {e;; | 1 <4,j < d} reduces to
the projection e := eq1, having ¢(e) = A := A;. In this case Equation
(21.22) takes the form:

1
Rey  e(z1,.00,25) = XRQ11-~-,GS()\Z17 cey AZs), (21.23)
where ¢, := ea,e € ede, 1 < r < s, and where the R-transform on

the right-hand side of (21.23) is calculated in the compressed space
(eAe, A\ tpleAe). In terms of free cumulants, (21.23) means that:

"{n(cma ce >Crn) = An_l’{n(ana e 7a7"71,)’

foreveryn >1and 1 <ry,...,r, <s, as stated in Theorem 14.10.

On the other hand, if d > 1 is arbitrary, and we ask that \; =
-+ = Ag =: A > 0, then by extracting coefficients in Equation (21.22)
we obtain that:

K/n(ciljlﬂ‘u cee 7Cinjn§7'n>

1 e . e
N Rp(ary,an,) G g =day e a1 = G, i =
0 otherwise,

exactly as stated in Theorem 14.18.

REMARK 21.13. A concise version of Equation (21.22) in Theorem
21.11 can be obtained if we use “matrix notations” for the variables,
in the way described as follows.

Let the family of d?s indeterminates {z; ., | 1 <i,j <d, 1 <r < s}
and the numbers A\y,...,; Ay > 0 be given. We will use the notation
“Oqs" for the set of series of the type introduced in Lecture 16, and
which act in the indeterminates z;;,,. Note that we will use 64, in
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parallel with ©, (which is, as in the preceding lectures, a set of series
acting in indeterminates z1, ..., zs).

Now, for every 1 < r < s let us denote by Z, the matrix of indeter-
minates defined as follows:

Zr = ()\jzij;r>('1‘— . (2124)

i,7=1
Note that for every n > 1 and 1 < rq,...,7, < s it makes sense to
form the product Z,, --- Z,, which is a d X d matrix having as entries
some homogeneous polynomials of degree n in the indeterminates z;;,,.
And moreover, for a series

) s
f(Zl, e Zs) = Z Z Qry,.rp) e """ 2, € Os,

n=1 ri,..,rp=1

it makes sense to look at

F(Zi, 0 Z) =Y Y gl (21.25)
n=1 ri,..,rp=1
which is a d x d matrix with entries from ©42,. (The expression on the
right-hand side of (21.25) does not pose any convergence problems, pre-
cisely because its part “Zn =l Q1) Zry 0+ 4, 18 homogeneous
of degree n, for every n > 1. )
With these notations, the right-hand side of Equation (21.22) can
be given the form:

d 1

Iy (i,7)-entry of Ry, o.(Z1,...,Zs) ]. (21.26)

=1

Or even more concisely, one can just write:
Repincans (21015 - -+ 2ads) = Tr(A™" Ray 0 (24, ..., Zy)), (21.27)

where
M
A= . S Md((C)
Ad

REMARK 21.14. As announced at the beginning of this section, we
will show a proof of Theorem 21.11 which is obtained by modeling
on the full Fock space (in the sense discussed in the first part of the

lecture). In order to fall back on the simpler setting of Theorem 21.4,
we first observe the following reduction:

“It suffices to prove the Theorem 21.11 in the case
when the R-transform R, _,, is a polynomial.”
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Indeed, if this is proved, then the general case of the theorem
is obtained as follows. For every k > 1, one can construct a
non-commutative probability space (Ayg, ¢x) and families of elements
{egf) | 1<i,7 <d}, {agk), . ,agk)} in Ay, such that:

(i) {61('?) | 1<i,j<d} is freely independent from {a{”, ..., a{"};

(ii) {egf) | 1 <i,j <d}is a matrix unit with the same distribution
as {e; | 1 <i,j <d};

(iii) the R-transform R @)
not exceeding k of the R-transform R, ...an-
(The possibility of finding such elements is a particular case of the fact
that one can construct families of elements with any prescribed joint
R-transform, which was seen in Exercise 16.21 and then was repeatedly
used in subsequent lectures.)

But now, the particular case of Theorem 21.11 which is assumed

NO) is the truncation to terms of length

geenyQg

here to be true can be applied to the compressions {c(k) |1 <i,7<

15T
d, 1 <r<s}of agk), ..., a% by the matrix unit {egf) |1 <4,j <d},
and gives us that:

R k) \R11:15 - - - 5 2dd: =
051?17---70262‘@( 111y -+ Zdd;s)

k

E E i+ Ain_la(n,...,rn)zz’nil;nZm‘z;rz C R 1ingrn

"=l e <s

1<iy, ..., in<d

(21.28)

And finally, straightforward calculations show that the R-transforms

Rc(k) L& converge coefficientwise to R as k — oo. So
11510 °~dd;s

(21.22) is obtained from (21.28) by letting k — oc.

C11;15--+,Cdd;s )

REMARK 21.15. Before starting the proof of the reduced statement
of Theorem 21.11, we would like to comment on the modeling frame-
work which will be used. Our basic modeling pattern says that if
Ry, ..., is a polynomial, then ay, ..., as can be replaced in a canonical
way by *-polynomials in a free family of Cuntz isometries (as shown
in Theorem 21.4), such that the R-transform of the s-tuple does not
change. But note that in the case at hand this is not useful by itself,
because it is not clear how one could also arrange to replace — or in
other words “model” — the matrix unit {e;; | 1 <4,j < d} by a matrix
unit which lives in the same space as the Cuntz isometries. It was
observed by Shlyakhtenko that the simultaneous modeling of ag, . .., as
and of {e;; | 1 <i,j < d} can be carried over if the Cuntz isometries
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that we start with are themselves d x d matrices. We will follow this
idea, and thus we will use the modeling framework described as follows.

NOTATIONS 21.16. (B,1) will be a *-probability space which con-
tains a free family of (d 4+ 1)%s Cuntz isometries {l;;, | 1 < 4,5 <
d+1, 1 <r<s}t Weform the matrix algebra B = My.1(B). On B
we consider the state w B — C defined by:

d+1
U (yig)ior ) ZMD vir), (i) € B, (21.29)
where the numbers Ay, ..., Ay > 0 are taken from Equation (21.20) of

Notations 21.9, and where we take Agy1 = 1 — M4+ X)) > 0.

Note that the choice of A\gy; ensures that 1/(15) = 1, where 15 denotes

the unit of B (that is, the diagonal entries of 15 are all equal to the
unit 1 of B, while the off-diagonal entries are all equal to 0).

We will denote by My,1(Clg) C B the subalgebra consisting of
matrices which have all their entries in Clg.
Moreover, for every 1 < r < s we will denote:

= (VA )L, € B. (21.30)

The next lemma and proposition refer to the framework which has
just been introduced.

LEMMA 21.17. ForY € My1(Clg) we have that
LYL, = 6, 9(Y) 15 V1<pg<s. (21.31)

PROOF. This is done by direct calculation of the entries of L7Y L,

(which is straightforward, and left as an exercise to the reader).
O

PROPOSITION 21.18. (1) Ly,..., Ls is a free family of Cuntz isome-
tries in (B,1). N
(2) {L1, L3, ..., Ls, L} is free from My,.1(Clg) in (B,).

PRrROOF. (1) The Cuntz relations for Lq,..., Ly, i.e.
LyLg = bpq-1g 1<pg<s,

follow by setting Y = 15 in Lemma 21.17. The other condition which
we need to check is that:

O( Ly, -+ Ly, LE -~ LE ) = 0,

Pm~q1 qn
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for every m,n > 0 such that m +n > 1, and for every 1 <
Dlye- ey Pms iy -5 qn < s (cf. Definition 21.2.2). This is a direct conse-
quence of the corresponding property of the Cuntz family {/;;., | 1 <
i,7 <d+1, 1 <r <s}. Indeed, we have:

( Ly, -+ Ly, L -+ L% ) =

Pm~—q
d+1

Z /\zw( (Zu i)—entry of Lpl T meL:;l T L;*]n )7

=1

and every term of the latter sum is found to be equal to zero (by writing
explicitly the (7,7)-entry which appears, and by using the property
stated in Definition 21.2.2, applied to the family of Cuntz isometries
Lijir)-

(2) We will appeal directly to the definition of free independence.
We will verify that ¢ (W) = 0 whenever W is a word of the form

W o= XY, XY, k>1, (21.32)

where Xq,..., Xy € x-alg(Ly,...,Ls), Y1,..., Y, € My 1(Clp), and we
have that:

DX = =9(X) =0, YY) = =9¢(Y;)=0. (21.33)

(Note: in order to complete this freeness verification, one would also
need to consider words analogous to the above W, but which start with
a “Y” letter instead of an “X” letter, and/or end with an “X” letter
instead of a “Y” letter. We leave it as an immediate exercise to the
reader to check that the same argument as presented below applies to
these other types of words as well.)

By taking into account how *-alg(Ly, . .., Ls) is concretely described
(cf. Remark 21.3.2), we can assume without loss of generality that every
Xp, 1 < h <k, is of the form:

Xy = Ly Ly, Lo - L (21.34)

Pm(n Qn(h)

for some m(h),n(h) > 0 with m(h) + n(h) > 1, and for some 1 <
p1>'"7pm(h)7q1>"'7QH(h)SS- _

We now complete the verification that (W) = 0 by discussing two
possible cases.

Case 1. There exists h € {2,...,k} such that n(h—1) # 0 # m(h).
Then when we substitute the expressions of Xj,..., X} from (21.34)
into W of (21.32), we find a factorization of W which contains three
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consecutive factors Ly .~ Yp-1, Ly, with product:

L;;n(h_l)yh—le = 5%(,1_1)’,)1 cp(Yno1) - 15 (by Lemma 21.17)
=0 (by (21.33)).
So in this case we actually find that W = 0, which of course implies
that (W) = 0.

Case 2. There exists no h € {2,...,k} such that n(h — 1) # 0 #
m(h). Then it is immediately seen that there exists h € {1,...,k+ 1}

such that n(1) =---=n(h—1) =0and m(h) =--- =m(k) =0 (“h =
1”7 corresponds to the extreme case when m(1) = --- = m(k) = 0, while
“h = k + 1”7 corresponds to the case when n(l) = --- = n(k) = 0).

Let us substitute the expressions of X7, ..., X} from (21.34)) into W of
(21.32), and let us insert by force a 15 between every two consecutive
factors from the products of (21.34). We arrive to a factorization of W
in the form:

W = CoLy,Cy - Ly Car Ll Corgr - - L Caryv, (21.35)

where M,N > 0and M+ N > 1,1 <p1,...,pm,q1,---,qn < 8, and
Co,Ch,y...,Cyen € Mgi1(Clp). From (21.35) it follows that ¢(W) =
0 by exactly the same argument which concluded the proof of statement
(1) of this proposition. O

After all these preparations, we can now present the proof of The-
orem 21.11.

PrOOF OF THEOREM 21.11. Based on Remark 21.14, we will as-
sume that R,, ., is a polynomial of degree at most k (that is, we
will assume that in Equation (21.21) we have «(,, ,,) = 0 whenever
n > k). Consider our modeling framework, as in Notations 21.16, and
for 1 <r < slet us set:

k
A= L(15+Y > apuenbn Ly ) €B (21.36)

By Theorem 21.4, the R-transform of the s-tuple Ay, ..., As coincides

by E;; € B the matrix which has its (7, j)-entry equal to 1z, and all
its other entries equal to 0. It is immediate that {E;; | 1 <14,j < d}
is a matrix unit which has (with respect to 1) the same distribution
as the matrix unit {e;; | 1 < 1,7 < d} appearing in the hypothesis of
Theorem 21.11. Since Proposition 21.18.2 gives us that {Aj,..., A}
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is free from {E;; | 1 <, 5 < d}, it follows that the joint distribution of
(A1, A} U{B; | 1<ij<d} (in(B,4))

coincides with that of
{ar,...;as} U {e;j | 1 <id,5<d} (in (A4, p)).

But then let us consider the compression~E11gE11 of B and the
family {Ci;,, | 1 <4,5 <d, 1 <r < s} C Ej1BEy;, where:

Cij;r = EliATEjh V1 < Z,j < d, V1 <r<s. (2137)

From the conclusion of the preceding paragraph it is immediate that
the family in (21.37) has the same joint distribution as the family
{cijw | 1 <i,j < d, 1 < r < s} from the statement of Theorem
21.11. So in order to prove the theorem, it will suffice to calculate the
joint R-transform of {Cj;. | 1 < 4,5 < d, 1 <r < s} (in EngEn,
with respect to the functional )\flm EugEu), and verify that this R-
transform has the required form.

The compressed space EllgEH is n@turally identified to B; in this
identification the linear functional )\flw|E11gE11 becomes 1), and the
element Cj;,, € B becomes:

b = [(i,j)-entry of A, ] €B, 1<i,j<d, 1<r<s. (21.38)

Thus our task becomes to check that:

Rbll;l7---7bij;r7---abdd;s(211§1’ cees Ry e 7de;8) =

k
E E >‘i1 T )\in—la(le-ﬂ'n)Zinil;7'1 Rivigire * " Rin_1inirn -

n=1 1<ry,...,rn<s

1<y, yin<d

(21.39)

Let us write the elements b;;., explicitly. First, A, from (21.36) can
also be written as

A, = L: + Oz(r)lg + Z a(rl,r)Lr1

ri=1

k S
+ Z Z a(rl"“’T"*LT)LTn71 e Lrl;

n=3 7r1,..rn_1=1
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hence, by identifying the (i, j)-entry:

bijir = \/)‘—jl:j;r +a@digls + Z \/A_ilji;”

ri1=1

k
+ Z Z a(Tlvman—l,T)(\/xlin72i;7‘n,1)
n=3

1<r1,rn—1<s

1<iy,..sin—2<d

’ (\/ )‘in—zlin—sin—z;rn—Q) T ( V )‘izliliz;m)( V )\illjil§7'l)' (21'40)

At this point we use the trick described in the above Exercise 21.5,
which tells us that the joint distribution of the b;;,, will not change if in

1/2 * —1/254
(21.40) we replace every lpi,, by A\, “lpk, and every Ui DY A Ui
We obtain that Ry, ;.. b0, bags = Rb/ll;l"'“bfij;r7"'7b:id;s’ where:
S
/ . £
bijr = lijy +a@ijls + E Ailjisr,
r1=1
k
+ Z Z Oé(?“17...77‘n71,7")>\'iAi1 e )\in72 lin727:§7'n71
"= 1< <s
1<, yin—2<d
i gin s li1i2;7’2lji1;7"1' (2141)

In Equation (21.41) let us now factor [}; on the left. We get:

/ _ g%
bijir = lz’j;r<13 + ) Oigligr
N
E Ay ) Nz " iy by lz‘liz;mlinz‘l;r1>-
n=2

1<ry,..tn <8, Tp=r

1<i1,in<d, in—1=i, in=j
(21.42)
Dropping the restrictions “r,, = r” and “i,,_1 =1, %, = j” in the sum-
mations on the right-hand side of (21.42) will not change that expres-
sion, because the extra terms added to the summations are multiplied
to 0 by the factor [¥;. on the left of the parentheses. Hence we arrive

;T
to the formula:

b

;T

(Ig+x), 1<i,j<d, 1<r<s, (21.43)

_ *
- lij;?"
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where
s d
T = Z Z ®ry)livissr

ri=1li;=1

k
+ Z Z Oryr) iy iy lin_yingrn * liviogroliniyir -
n=2 1<ry,..7n<s
1<iy,.in<d

(21.44)
But Theorem 21.4 allows us to read explicitly, from Equations (21.43)

and (21.44), what is the R-transform of the family {b;,, | 1 < 4,5 <
d, 1 <r <s}; in this way (21.39) is obtained. O
Exercises

EXERCISE 21.19. Let (A, ) be a x-probability space, and let
ly,...,l; € Abe a free family of Cuntz isometries.

(1) Show that the elements listed on the right-hand side of Equation
(21.3) in Remark 21.3 are linearly independent, hence form a linear
basis for *-alg(ly, ..., ().

(2) By appealing directly to the definition of free independence,
show that {l1,[7},...,{ls, %} are freely independent in (A, ¢).

Exercises 21.20-21.22 fill in the details left about the bijection & :
NC(n) — [s]f, , which was used in the proof of Theorem 21.4. We

1 yeeeyin
refer to that proof for the definition of the set [s];, , , and for the
description of how ® works.

EXERCISE 21.20. Verify that & indeed takes values into the set
[S]Z,...,in'

EXERCISE 21.21. Consider the set Luk(n) of Lukasiewicz paths
with n steps, which was introduced in Lecture 9 (cf. Definition 9.6.2).
(1) Prove that if (wy,...,w,) € [s];, _, , then the n-tuple (|w,| —

2] 4eeyln
1,...,|wy| = 1) is the rise-vector of a path in Luk(n).
(2) Consider the map VU : [s]f . — Luk(n) which associates to

11 4eeeyln
(wy,...,wy) € [s];, _; the unique path v € Luk(n) with rise-vector

Tlyeent
equal to (Jw,| — 1,...,|wi| — 1). Prove that ¥ is injective.
[Hint for (2): Proceed by induction on n. More precisely, use the
fact that if (wi,...,w,) € [s];, _; , then the word w, must be of the
form (i,) - w', with |w'| = |w| — 1, and where (wy, ..., wy_2, w,_ 1w €

[S]:17...,in71 ]
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EXERCISE 21.22. Consider the functions ® : NC'(n) — [s]f , and
W [s]; ;. — Luk(n) which appeared in the preceding two exercises.
Consider also the bijection A : NC'(n) — Luk(n) which was put into
evidence in Proposition 9.8. Verify that ¥ o ® = A and then (by
using the facts that A is bijective and W is injective) prove that ® is a

bijection.

REMARK 21.23. Consider the particular case s = 1 of Theorem
21.4, where we thus deal with only one isometry in a x-probability
space (A, ). We will denote this isometry by [ (rather than by [,
as it is denoted in Theorem 21.4). So we have that [*] = 14 and
that @(I"™1*") = 0 for every non-negative integers m,n with m+n > 1.
Theorem 21.4 says that for a polynomial f(z) = a;z+ae2z?+- - -+ ap2*,
the element

a:=0"(1a+ f(l)) € A
has R-transform R, = f.

The next exercise presents an analogous construction, observed by

Haagerup, which involves an S-transform instead of an R-transform.

EXERCISE 21.24. Let (A, ¢) be a #-probability space, and let [ € A
be an isometry such that ¢(I"™0*") = 0 for every non-negative integers
m,n with m+mn > 1. Let g(z) = 8o+ f12+ - - - + B2* be a polynomial
in C[z] such that Gy # 0. Consider the element

b:=g(l)(14+1") € A
Prove that the S-transform of b is
1
=00
(where the reciprocal 1/g(z) is considered in the algebra of formal
power series in z).
[Hint: Let b := (14 + [")g(l) € A. Observe that the distributions of
b and b are related by the formula p(b") = SBop(b" 1), n > 1. Use
Theorem 21.4 to compute the R-transform of E, then use the connec-
tions between moment series, R-transforms and S-transforms which
were presented in the section on S-transforms of Lecture 18]






LECTURE 22

Gaussian random matrices

In the final two lectures we want to treat one of the most important
and inspiring realizations of free independence. Canonical examples
for free random variables appeared in the context of group algebras of
free products of groups and in the context of creation and annihilation
operators on full Fock spaces. These are two (closely related) exam-
ples where the occurrence of free independence is not very surprising,
because its definition was just modeled according to the situation on
the group (or von Neumann) algebra of the free group.

But there are objects from a quite different mathematical universe
which are also free (at least asymptotically), namely special random
matrices. A priori, random matrices have nothing to do with free inde-
pendence and this surprising connection is one of the key results in free
probability theory. It establishes links between quite different fields.

We will present in this and the next lecture the fundamental results
of Voiculescu on the asymptotic free independence of special random
matrices. Our approach will be quite combinatorial and fits well with
our combinatorial description of free independence. In a sense, we will
show that the combinatorics of free probability theory arises as the
limit N — oo of the combinatorics of the considered N x N random
matrices.

Moments of Gaussian random variables

Random matrices are matrices whose entries are classical random vari-
ables, and the most important class of random matrices are the so-
called Gaussian random matrices whose entries form a Gaussian fam-
ily of classical random variables. So, before we talk about random
matrices, we should recall the basic properties of Gaussian families.

A Gaussian family is a collection of classical random variables whose
joint density has a very special form, as given in the following definition.
In this and the next lecture we will denote the states corresponding to
classical probability spaces usually by E| i.e.

Ela] = /Q o(w) dP(w)

359
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for classical random variables a € L>*~ (2, P).

DEFINITION 22.1. (1) A family of selfadjoint random variables
x1,...,%, living in some *-probability space (L*~(Q, P), E) is called
a (centered) Gaussian family if its joint density is of a Gaussian
form, i.e. if there exists a non-singular positive n x n matrix C' such
that we have for all £k € N and all 1 <i(1),...,i(k) < n that

E[l’i(l) o '%‘(k)] =
(27)7"/?(det 0)1/2/ tiy - tie 2 CT 0 dty - dt,, (22.1)

n

where t = (t1,...,t,) € R" and (-, -) denotes the standard inner prod-
uct in R®. We call C the covariance matrix of the Gaussian fam-

ily. ((2) A family of classical complex-valued random variables
ai,...,a, is a complex Gaussian family if the collection of their
real and imaginary parts Rai, Saq, ..., Ra,, Sa, is a Gaussian family.

REMARK 22.2. The definition via Equation (22.1) is equivalent
to saying that the characteristic function of the random vector x =
(x1,...,xy,) is of the form

Elei)] — exp {—%(t, C’t}} |

Of course, we expect that a Gaussian family should be the limit
distribution appearing in a multivariate version of the classical central
limit theorem. In Remarks 8.18 we pointed out that such a limit distri-
bution has a very nice combinatorial description of its joint moments
in terms of summing over all pairings (as opposed to a semicircular
family, where we only sum over non-crossing pairings). That this com-
binatorial formula is indeed the result if one evaluates the integrals in
(22.1) goes usually under the name of “Wick formula.” This will be
the starting point for our use of Gaussian families. We will leave the
proof of this to the reader.

THEOREM 22.3. (Wick formula)

Let x1,...,x, be a Gaussian family. Then we have for all k € N and
all 1 <i(1),...,i(k) <n that
Elriay- -zl = Y, ] Eleimwis) (22.2)

w€P2 (k) (r,s)em
Here, Py(k) denotes the set of all pairings of the set {1,... k}.
If C = (cij)} =1 is the covariance matriz of the Gaussian family then
we have
E[ZL‘Z‘lL‘j]:CZ’j (Z,j:]_,,n)
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EXERCISE 22.4. Prove Theorem 22.3.
[Hint: by diagonalizing C' one can reduce the proof to the case of n
independent normal random variables and thus to Exercise 8.22.]

REMARKS 22.5. (1) Of course, if k is odd, there is no pairing in
P (k) and thus (22.2) states that each odd moment of a Gaussian family
has to vanish.

(2) Strictly speaking, the Wick formula (22.2) was for real-valued
Gaussian variables x1,...,z,. However, the nice feature is that it re-
mains valid for complex-valued Gaussian variables aq, ..., a, — not only
by replacing the x; by Ra; or Sa;, but also by replacing them by a; or
a;. (This follows directly from the multilinear structure of the formula.)
This is important for us because the entries of our Gaussian random
matrices will be complex valued.

Random matrices in general

In Lecture 1 we briefly addressed random matrices as an example of
a non-commutative probability space. Let us repeat here the relevant
information.

Random matrices are matrices whose entries are classical random
variables. As usual, in our algebraic frame, we encode a classical prob-
ability space (€2, P) by the algebra L~ (€2, P) of random variables for
which all moments exist and by the state E, which is given by tak-
ing the expectation with respect to P. For the matrix part, the most
canonical choice of a linear functional is given by taking the trace. Note
that one can identify N x N matrices over an algebra A, which we de-
note according to Exercise 1.23 by My(A), with the tensor product
My(C) ® A, and so we will denote the corresponding linear functional
on My (L>*~(Q,P)) by tr® E.

DEFINITION 22.6. A s-probability space of N X N random ma-
trices is given by (My(L* (€, P)),tr® E), where (€2, P) is a classical
probability space,

L¥7(Q,P):= () L(,P),

1<p<oo

Mpy(A) denotes N x N matrices with entries from A, E denotes the
expectation with respect to P and tr denotes the normalized trace on
My (C). More concretely, this means elements in our probability space
are of the form

A= (a;)Y with  a;; € L®(Q, P)

ij=1>
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and
(1 ® E)(4) = Blor(4)] = > Blal.

The *-operation is given by
% _ (A \N : Ao =
(T with a;j = aj;.

The choice of the trace as the state for matrices might look a bit
arbitrary, so let us recall in the following remark the relevance of this.

REMARKS 22.7. (1) If one is dealing with matrices, then the most
important information is contained in their eigenvalues and the most
prominent analytical object is the eigenvalue distribution. This is,
by definition, a probability measure which puts mass 1/N on each of
the NV eigenvalues (counted with multiplicity) of the N x N matrix. As-
sume we have a normal (e.g. a selfadjoint or a unitary) matrix A with
eigenvalues Ay, ..., Ay, then its eigenvalue distribution is the probabil-
ity measure

1
HA = N((SM + -+ (5>\N).

Note that the unitary invariance of the trace shows that the x-moments
of this measure are exactly the x-moments of our matrix with respect
to the trace,

tr(AF A" = ZAW / FZldpua(z) Yk leN.

This says that the eigenvalue distribution w4 is the x-distribution in
analytical sense of the matrix A with respect to the trace. So the
trace encodes exactly that kind of information in which one usually is
interested when dealing with matrices.

(2) Generalizing the above argument, one sees that the x-
distribution in analytical sense of a normal random matrix (with re-
spect to tr ® E) will usually be given by the averaged eigenvalue dis-
tribution. If A(w) = (a;(w))y;—, is a normal matrix for all w € €, and
if \j(w),...,An(w) are the eigenvalues of A(w), then the averaged
eigenvalue distribution of A is defined as

N
1
= — Ox,(w) AP
v > o ()



GAUSSIAN RANDOM MATRICES AND GENUS EXPANSION 363

This definition of 4 by a measure-valued integral just means that we
have for all k.l € N

tr @ E(A*A") = / ZA M) dP = / P2 dpg(2).
C

For the usual random matrix ensembles the averaged eigenvalue distri-
bution g4 has no compact support; however in most interesting cases
(as for Gaussian random matrices which we will consider in the next
section) it is determined by its moments, and thus we can identify
in such cases the averaged eigenvalue distribution of A with the x-
distribution in analytical sense of A with respect to tr @ F.

In the generality as considered up to now there is not much more
interesting to say about random matrices; for concrete statements we
have to specify the classical distribution P, i.e. the joint distribution
of the entries of our matrices.

Selfadjoint Gaussian random matrices and genus expansion

A selfadjoint Gaussian random matrix A = (a;;) ij:l is a special random
matrix where the distribution of the entries is specified as follows:

e the matrix is selfadjoint, A = A*, which means for its entries:
aj =G5 Vi,j=1,...,N;
e apart from this restriction on the entries, we assume that they

are independent Gaussian random variables (real on the diag-
onal, complex above the diagonal) with variance 1/N.

We can summarize this in the following form.

DEFINITION 22.8. A selfadjoint Gaussian random matrix is
an N x N random matrix A = (a;)};_, with A = A* and such that
the entries a;; (i,j = 1,..., N) form a complex Gaussian family which
is determined by the covariance

1 .
E[aijakl] = Néuéjk (Z,], k,l = 1, Ce ,N) (223)

REMARKS 22.9. (1) Note that (22.3) determines together with the
selfadjointness conditions a;; = @;; the whole covariance matrix of the
complex entries; namely we have, for example, that

1 .
N(Sikéjl (Z,],k,l = 1,...,N>.

(2) In general, if one prescribes a covariance matrix for a Gaussian
family one has to think about whether there exists a Gaussian family

E[aijdkl] = E[aijalk] =



364 22. GAUSSIAN RANDOM MATRICES

with these covariances (which amounts to the positivity of the covari-
ance matrix C' in the definition of a Gaussian family). However, in the
present case our concrete realization of the Gaussian family in the form
preceding our Definition 22.8 ensures this.

(3) Note that we only consider matrices with complex entries; usu-
ally such an ensemble is addressed as GUE (Gaussian unitary ensem-
ble). There exist also GOE (Gaussian orthogonal ensemble) and GSE
(Gaussian symplectic ensemble) where the entries of the matrices are
either real or quaternionic. Note that “unitary,” “orthogonal,” or “sym-
plectic” refers here to the group under which the respective ensemble
is invariant.

(4) The choice of the variance 1/N in our definition is just con-
vention and will only become important when we consider the limit
N — oo.

One can also consider non-selfadjoint Gaussian random matrices
where all entries are independent.

DEFINITION 22.10. A non-selfadjoint Gaussian random ma-
trix is an N X N random matrix B = (b;;))¥._; such that the entries b;;

ij=1
(1,7 =1,...,N) form a complex Gaussian family which is determined
by the covariance (i, j,k,l=1,...,N)

- 1

We will in the following consider only the selfadjoint case; by
“Gaussian random matrix” we will always mean a selfadjoint Gaussian
random matrix. However, the non-selfadjoint versions are also quite
interesting and we will address them in some of the exercises.

Our main goal is to calculate the distribution of a (selfadjoint!)
Gaussian random matrix A. Calculating directly the eigenvalues of
A is not very feasible, however moments are quite accessible. In the
following we put

pi=tr® k.
The mth moment of A is then given by

N

1
P(A™) = 5 ) Elaiyi@)@i@)i3) * ** imi()]-
i(1),..i(m)=1

Now we use the fact that the entries of our matrix form a Gaussian
family with the covariance as described in (22.3). So, by using the Wick
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formula (22.2), we can continue as follows (where we count modulo m,
i.e. we put i(m+ 1) :=i(1)):

N
@(Am) = % Z Z H E az (r)i(r+1) az(s)z(s+1)]

i(1),...,i(m)=1 w€Pa(m) (r,s)E™

R b
= N Z Z H 5z‘(r)i(s+1)5z‘(s)i(r+1)Nm/z
i(1),...i(m

)=1mePa(m) (7" s)em

N1+m/2 Z Z H 5 r)z(s+1 (s)i(r+1)-

w€P2(m) i(1),....i(m)=1 (r,s)em

It is convenient to identify a pairing m € P2(m) with a special per-
mutation in S,,, just by declaring the blocks of 7 to be cycles; thus
(r,s) € m means then 7(r) = s and n(s) = r. The advantage of this
interpretation becomes apparent from the fact that in this language we
can rewrite our last equation as

L I | (T

wEP2(m) i(1),.. ,'L(m) 1r=1

N1+m/2 Z Z H 5 ilym(r

7T€'P2 )(1)7 7( ) 1r=1

where v € S, is the cyclic permutation with one cycle,
v=(1,2,...,m—1,m).

If we also identify an m-index tuple i = (i(1),...,i(m)) with a function
i {l,...,m} — {1,..., N}, then the meaning of [, 0i)i(yr(r) 18
quite obvious, namely it says that the function ¢ must be constant on
the cycles of the permutation y7 in order to contribute a factor 1,
otherwise its contribution will be zero. But in this interpretation

N m
D | T

i(1),....i(m)=1r=1

is very easy to determine: for each cycle of ym we can choose one of
the numbers 1, ..., N for the constant value of ¢ on this orbit, and all
these choices are independent from each other, which means

m

number of cycles of v
[T iwiemen =N e
r=1
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NoTATION 22.11. For a permutation o € S, we put
#(0) := number of cycles of o.
So we have finally derived the following theorem.

THEOREM 22.12. For a selfadjoint Gaussian N x N random matrix
we have for all m € N that

QD(Am) _ Z N#(’yw)—l—m/2‘

71'6732(771)

This type of expansion for moments of random matrices is usu-
ally called a genus expansion, because pairings in S, can also be
identified with orientable surfaces (by gluing the edges of an m-gon
together according to m) and then the corresponding exponent of N
can be expressed (via Euler’s formula) in terms of the genus g of the
surface,

#H(ym) —1—m/2 = —2g.

ExAMPLES 22.13. Let us look at some examples. Clearly, since
there are no pairings of an odd number of elements, all odd moments
of A are zero. So it is enough to consider the even powers m = 2k.

For m = 2, the formula just gives a contribution for the pairing
(1,2) € Sy,

w(A?) = 1.
This reflects our normalization with the factor 1/N for the variances of
the entries to ensure that p(A?) is equal to 1 (in particular, does not
depend on N).
The first non-trivial case is m = 4. Then we have three pairings,

and the relevant information about them is contained in the following
table:

m v #(ym) =3
(1,2)(3,4) (1,3)(2)(4) 0
(1,3)(2,4) (1,4,3,2) —2
(1,4)(2,3) (1)(2,4)(3) 0

so that we have
0(AYY=2-N°+1-N2
For m = 6,8,10 an inspection of the 15, 105, 945 pairings of 6, 8,
10 elements yields in the end

0(A®Y =5-N"+10- N2
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0(A®*) =14-N°+70-N?+21-N"*
O(AY) =42 N° 4420 N2 4483 - N~*.

As one might suspect, the pairings contributing in leading order N°
are exactly the non-crossing pairings.

EXERCISE 22.14. Check that in the case m = 6 the pairings con-
tributing the leading order N are exactly the non-crossing pairings

(1,2)(3,4)(5,6), (1,2)(3,6)(4,5), (1,4)(2,3)(5,6)
(1,6)(2,3)(4,5), (1,6)(2,5)(3,4).

This fact that the leading orders correspond to non-crossing pairings
is true in general. (In the geometric language of genus expansion, the
non-crossing pairings correspond to genus zero or planar situations.)
We leave its proof for the moment as an exercise, but we will come
back to this in the next lecture in a more general context.

EXERCISE 22.15. Show that, for a pairing m € Sox, #(77) can at
most be 1 4+ k, and this upper bound is achieved if and only if 7 is
non-crossing.

But this tells us that, although the moments of a Gaussian N x N
random matrix for fixed N are quite involved, in the limit N — oo they
become much simpler and converge to something which we understand
quite well, namely to the number of non-crossing pairings, which is
given by the Catalan numbers,

1 [2k

lim p(A%*) =C), = —— .
i (A7) =G =3

On the other hand, the number of non-crossing pairings counts the

even moments of semicircular elements. Thus we can rephrase the

above, by using our notion of convergence in distribution, also in the
following form.

THEOREM 22.16. (Wigner’s semicircle law)
For each N € N, let Ay be a selfadjoint Gaussian N x N-random
matriz. Then Ay converges, for N — oo, in distribution towards a
semicircular element s,

distr
Ay — s

EXERCISE 22.17. For each N € N, let By be a non-selfadjoint
Gaussian N x N random matrix. Show that By converges in -
distribution towards a circular element.
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EXERCISE 22.18. (1) Let By be a non-selfadjoint Gaussian N x N
random matrix as in Definition 22.10 and put Xy := By By. Show
that Xy converges in distribution towards a free Poisson element of
rate A = 1.

(2) Generalize part (1) by considering rectangular Gaussian M x N
random matrices Bjsy, where we still assume the covariance as in
(22.4), but now for i,k =1,...,M and j,k = 1,..., N. Assume that
we send M, N — oo such that the ratio M/N has a finite limit A > 0.
Show that B}, y B,y converges in distribution towards a free Poisson
element of rate .

[Matrices of the form By, yBuy,n are in the random matrix liter-
ature usually called Wishart matrices. Their limiting eigenvalue dis-
tribution (which is the same as a free Poisson distribution) was calcu-
lated by Marchenko and Pastur in 1967 and is accordingly referred to
as Marchenko—Pastur distribution.]

(3) By using the fact that, for a matrix A, the non-zero eigenvalues
of A*A and of AA* agree, derive a relation between the density of a
free Poisson distribution of rate A and the density of a free Poisson
distribution of rate 1/A. Check your result by using the concrete form
of the densities as given in (12.14) and (12.15).

Asymptotic free independence for several independent
Gaussian random matrices

The fact that the eigenvalue distribution of Gaussian random matrices
converges in the limit N — oo to the semicircle distribution is one of
the basic results in random matrix theory; it was proved by Wigner
in 1955, and is accordingly usually termed “Wigner’s semicircle law.”
Thus the semicircle distribution appeared as an interesting object long
before semicircular elements were considered in free probability. This
raises the question whether it is just a coincidence that Gaussian ran-
dom matrices in the limit N — oo and the sum of creation and an-
nihilation operators on full Fock spaces have the same distribution or
whether there is some deeper connection. Of course, our main interest
is in the question whether there is also some free independence around
for random matrices. As we see from the case of one Gaussian random
matrix, it is only in the limit N — oo where we can expect nice behav-
ior for random matrices. Thus what we can hope for is “asymptotic
free independence” for random matrices. Let us first make this notion
precise.

DEFINITION 22.19. Let, for each N € N, (Ay,pn) be a non-
commutative probability space. Let I be an index set and consider
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for each ¢« € I and each N € N random variables aEN) € Ay. Let
I =1U---UlI, be adecomposition of I into m disjoint subsets. We
say that

(™M ien},. .  {d™Viel,}

are asymptotically free (for N — 00), if (a\™);e; converges in dis-
tribution towards (a;);e; for some random variables a; € A (i € 1)
in some non-commutative probability space (A, ) and if the limits
{a; |i€ L},... . {a;| i€ I,} are free in (A, ¢).

REMARKS 22.20. (1) Thus a®™), b®™) asymptotically free means
that in the limit N — oo their mixed moments can be expressed in
terms of the moments of a™¥) and the moments of b™) by the same for-
mula which describes the corresponding mixed moment of free random
variables. For example, we must have

i o @8%) = i pr(a) - Jim o (6

(2) Asymptotic free independence of sequences (aZ(N))Z-g can be
characterized as follows by the asymptotic form of the definition of
free independence: whenever we have, for some positive integer k,
i(1),...,i(k) € I with i(1) # i(2) # --- # i(k) and polynomials p;
(7 =1,...,k) such that

. (M) —
]\ll_lfloo YN (pj<ai(j))) =0

for all j = 1,...,k, then we must also have the asymptotic vanishing
of the corresponding alternating moment,

. (N) (N)
Am oy (pl(am)) -+ prlaigy)) = 0.

(3) Note that the existence of the limits of all moments is required
as part of the definition of asymptotic free independence.

That we have indeed asymptotic free independence for random ma-
trices is one of the fundamental discoveries of Voiculescu in free prob-
ability theory.

In order to have asymptotic free independence we should consider
at least two random matrices. Let us try the simplest case, by taking
two Gaussian random matrices

A — (a(l))N AR — (a(Q))N

tj Ji,j=01 tj Ji,j=1"
Of course, we must also specify the relation between them, i.e. we must
prescribe the joint distribution of the whole family

1 1 2 2
all), . aln,al?, . al.
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Again we stick to the simplest possible case and assume that all entries
of AM are independent from all entries of A®); i.e. we consider now
two independent Gaussian random matrices.

To put it more formally (and in order to use our Wick formula), the
collection of all entries of our two matrices forms a complex Gaussian
family with covariance

Elala})] = 51;1(5%5“, (i,5,k,l=1,...,N;r,p=1,2). (22.5)

N

We will see that we can extend the genus expansion to this situation.
Actually, it turns out that we can just repeat the above calculations
putting superindices p(1),...,p(m) € {1,2} at our matrices. The main
arguments are not affected by this:

N
E[a(p(l)) ((2) . (p(m))]

(1) ... Alp(m))y — .
p(A A ) = i(1)i(2)%i(2)i3) "~ Ligm)i(1)

1
N &
i(1),...,i(m)=1

R s
= > > H By 1) 0i{eyes)

i(1),...,i(m)=1 w€Pa(m) (r,s)E™

1 N 1
=¥ Z Z H Oi(r)i(s+1)0i(s)i(r+1) Op(r)p(s) "rm72 Nm/2

i(1),...,i(m)=1 w€P2(m) (r,s)€™

N m
N1+m/2 Z Z H(S’ iy (r) Op(ryp(r(r)

mE€P2(m) i(1),...,i(m)=1 =1

The only difference from the situation of one matrix is now the extra
factor T, dp(r)p(r(r)), Which just says that we have an extra condition
on our pairings m: they must pair the same matrices, i.e. no block
of 7 is allowed to pair A®) with A®. If 7 has this property then
its contribution will be as before, otherwise it will be zero. Let us
introduce for this the following notation.

NotAaTION 22.21. For p = (p(1),...,p(m)), we put
PP (m) = {7 € Pa(m) | p(n(r)) = p(r) for all r = 1,...,m}.

Thinking of p as a coloring of the points 1,...,m with colors
p(1),...,p(m), we will also address elements from 732(p ) (m) as pairings
which respect the coloring p.

Then we can write the final conclusion of our calculation as follows.

PROPOSITION 22.22. Let AWM and A® be two independent self-
adjoint Gaussian random matrices. Then we have for all choices of
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m € N and p(1),...,p(m) € {1,2} that
go(A(p(l)) . ..A(p(m))) — Z NH#Om)—1=m/2 (22.6)
nePy? (m)

ExAMPLES 22.23. Here are a few examples for m = 4:
go(A(l)A(l)A(l)A(l)) =92.NOp1.N2
gp(A(l)A(l)A(Q)A(z)) =1-N4+0.-N?2
(AW AP AW A@Y = . NO 4 1. N2,

As before, the leading term for N — oo, is given by contributions
from non-crossing pairings, but now these non-crossing pairings must
connect an A® with an A® and an A® with an A®. But this is
exactly the rule for calculating mixed moments in a semicircular system
consisting of two free semicircular elements (compare Example 8.21).
Thus we see that we indeed have asymptotic free independence between
two independent Gaussian random matrices. Of course, the same is
true if we consider n independent Gaussian random matrices instead
of two — they are becoming asymptotically free.

THEOREM 22.24. Let AE\}), e ,Ag\?) be, for each N € N, an in-
dependent family of selfadjoint Gaussian N x N random matrices.

Then (Ag\l,), o ,A%)) converges in distribution to a semicircular sys-
tem (s1,...,s,) consisting of n free standard semicircular elements. In
particular, AS&), o ,AE\?) are asymptotically free.

EXERCISE 22.25. Let B](\}), .. .,B](\T,L) be, for each N € N, an inde-
pendent family of non-selfadjoint Gaussian N x N random matrices.

Show that (BJ(&), ce BJ(\T,L) ) converges in *-distribution towards a family
(¢1y...,¢n), where each ¢; is circular, and ¢4, ..., ¢, are *-free.

Asymptotic free independence between Gaussian random
matrices and constant matrices

Theorem 22.24, Voiculescu’s generalization of Wigner’s semicircle law is
a great step; not only do we find the semicircular distribution in random
matrices, but the concept of free independence itself also shows up very
canonically for random matrices. However, it might appear that in the
situation considered above we find free independence only for a very
restricted class of distributions, namely for semicircular elements. In
classical probability theory, this would be comparable to saying that
we understand the concept of independence for Gaussian families. Of
course, this is only a very restricted version and we should aim at
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finding more general appearances of asymptotic free independence in
the random matrix world.

Here is the next step in this direction. Instead of looking on the
relation between two Gaussian random matrices we now replace one
of them by a “constant” or “non-random” matrix. This just means
ordinary matrices My (C) without any randomness, where the state is
given by taking the trace tr (the expectation acts trivially).

DEFINITION 22.26. For a given non-commutative probability space
(My (L= (9, P)), tr® E) of random matrices, we address matrices from

Mpy(C) = My(C - 10— (q,p)) C My(L>*(Q, P))

as constant matrices.

Of course, we expect free independence only asymptotically, so what
we are really looking at is a sequence of constant matrices Dy, which
converges in distribution for N — oco. Thus we assume the existence
of all limits

]\}im tr(DY) (m € N).

Let us denote this limit by an element d in some non-commutative
distr

probability space (A, ), i.e. we assume Dy — d.

Note that we have great freedom in prescribing the wanted moments
in the limit. For example, we can take diagonal matrices for the Dy and
then we can approximate any fixed, let us say compactly supported,
probability measure on R by suitably chosen matrices.

EXERCISE 22.27. Let i be a probability measure on R for which all
moments exist. Construct an explicit sequence of selfadjoint matrices
Dy € My, such that the distribution of Dy with respect to the trace
converges to p, i.e. such that we have

lim tr[DY] :/tm du(t)

N—oo

for all m € N.

As for the Gaussian random matrices we will usually suppress the
index N at our constant matrices to lighten the notation. But one
should keep in mind that we are talking about sequences of N x N
matrices and that we want to take the limit N — oo in the end.

Let us now see how far we can go with our above calculations in
such a situation where we have a Gaussian N x N random matrix A
and a constant N x N matrix D. What we would like to understand
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are mixed moments in A and D. We can put this in the form
P(ADIV ADID) ... Apatm))

where each DI is some power of the matrix D.
Let us now do the calculation of such alternating moments in D
and A. We will denote the entries of the matrix D? by dg;).

@(ADID ... ADa(m)

N
1 (1) (2) (m)
=N Z E[ai(l)j(l)dj(l)i(?)ai@)j(?)dj(2)i(3) T ai(m)j(m)dj(m)i(l)]
A,
1 N
— 1) (2) (m)
=N Z Elain)j)ai@;) - Giemyjom) - dj(l)z‘(Q)dj(2)i(3) “ 'dj(m)i(l)

i(1),...,i(m),
Jj(1),...,5(m)=1

N
1 (1) (m
=5 > 2 Blawimsese! dauea)  Somicm

i(1),...,i(m),
j(ll) """ jzw?;:l wE€P2(m) (r,s)em

N
1 1 (1) (m)
=5 2 2 1 Seedimingms  Gayeay  Gmiom):

i(1),..., i(m),
P wE€P2(m) (r,s)ET

Again, we identify a m € Py(m) with a permutation in S,, and then it
remains to understand, for such a fixed m, the expression

1) (m)
Z 1T dimiediier - ey =~ Gomicaom

iDeilm), (r,s)em

J(1),..g(m)=
N m
_ (2) (m
= > oo - ditinmndoine - Siminmm

i(1),e5i(m), =1
3(1),...,5(m)=1

N
B ) @) m)
= D i@ G-
j(l)u'“’j(m)zl

ExXAMPLE 22.28. In order to recognize this as a quite familiar quan-
tity, let us first look at an example. Let us denote 7y by « and take
= (1,3,6)(4)(2,5) € Sg. Then one has

1) @) (3) (4) (5) (©))
Y e B@iee % @i bwien) Gdiee) Lo

j(l)v“'vj((s):l
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N
N O @ 8 @ B 6
= D iuedeied®iebnndeioden
j(l)v“'uj(6):1
N
B T T O O
= D dyebeiebem  SGeiebere  Gew
(1) (6)=1
— TI‘[D(l)D(S)D(G)] . Tr[D(2)D(5)] . Tr[D(4)]
— N3. tr[D(l)D(S)D(6)] . tr[D(Q)D@] -tr[D(4)].

Note that we denoted by Tr the unnormalized trace and we have also
used the abbreviation D® := D% We see that the final expression is
a product of traces along the cycles of a.. It is quite suggestive to use
the notation tr, to denote this product.

Up to now we have introduced the notation ¢, only for non-crossing
partitions w. The above suggests that it might be useful to define ¢,
also in the case where « is a permutation.

NOTATION 22.29. Let n be a fixed positive integer and let, for all
1 < k < n, multilinear functionals ¢ : A*¥ — C on an algebra A be
given. Assume that each y is tracial in its & arguments in the sense
that
(,Dk(Al, SN ,Ak) = ng(Ak, Al, N 7Ak;—1)
for all Ay,..., A, € A. Then we define for a € S,, the expression
YalAl, ..., Ay] for Ay, ... A, € A as a product according to the cycle

decomposition of a. Denote by ¢y, ..., ¢, the cycles of «, then we put

CalAty .o AL =00 [Aly o AL 0 (AL - Ay, (22.7)
where, for a cycle ¢ = (i1, 12, . ..,1,) we define

elAr, .. A = p(Ay, A, (22.8)

REMARK 22.30. Note that one can consider partitions as permu-

tations in the following way: if 7 is a partition of 1,2,...,n, then we

get a corresponding permutation P, € S, by declaring the blocks of 7
to cycles of Py; this means that we have to choose a cyclic order on
the blocks; the canonical choice for this is of course the restriction of
the cyclic order on (1,2,...,n) to the block. (The special case of this
map P for pairings was used in all our calculations in this lecture; the
restriction of this map to non-crossing partitions was also introduced in
Notations 18.24). Via this mapping our present notation ¢, is a gen-
eralization of the corresponding notation for the case of non-crossing
partitions from Definition 11.1. Since in general, there is no natural
choice for a first or last element in the cycles of a permutation, we
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have defined ¢, only for the case where the ¢, are tracial in their k
arguments.

In our context, the multilinear functionals ;. are given by
or(D1, ..., Dy) = tr[Dy - Dy].

Thus they are tracial in their £ arguments and our above definition
yields the notion tr, for a product of traces along the cycles of a. That
this is exactly what shows up in our above calculations can be seen
from the next lemma, whose easy proof we leave to the reader.

LEMMA 22.31. Let DU = (d)N._, ..., D™ = (d")N._, be m
N x N matrices and let o € Sy, be a permutation of m elements. Then
we have

N
1) ) _ vt 1) (m)
Y ey Gmsamy = N tra[ DY, D],
j(l),...,j(m):l

Thus we can write the conclusion of our calculation as follows:
go(ADq(l) . .ADq(m)) - Z trm[Dq(l), . Da(m)] . N#Om)—1=m/2
TEP2(m)

Of course, we can do the same for several independent Gaussian
random matrices, the only effect of this is to restrict the sum over 7 to
pairings which respect the “color” of the matrices.

PROPOSITION 22.32. Let AY, ..., AM™ be n independent selfad-
joint Gaussian N X N random matrices, and D a constant N x N
matriz. Then we have for all m € N, all ¢(1),...,q(m) € N, and all
1<pQ),...,p(m) <n that

gO(A(p(l))Dq(l) . A(P(m))Dq(m)>
= Z trm[Dq(l), e D‘J(m)] . N#Om—1-m/2
meP (m)

Now let us look at the asymptotic structure of this formula. By our
assumption that Dy B 7 for some d € (A, 1)), the quantity

tre, [DID . DA™
has a limit, namely
Uy [V @1,

Since the factor N#(0™=1=m/2 guppresses all crossing pairings in the
limit N — oo (see Exercise 22.15) we get finally the following result.
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PROPOSITION 22.33. Let, for each N € N, Agé), ce AX?) be n

independent selfadjoint Gaussian N X N random matrices, and Dy be
distr

a constant N x N matriz such that Dy — d for some d € (A, ).
Then we have for all m € N, for all q(1),...,q(m) € N, and for all
1<p(1),...,p(m) <n that

ﬂENCép)(m)
(22.9)
where NC’Q(p)(m) denotes those pairings from 732(”) (m) which are non-
CTOSSINg.

This resembles our formula for alternating moments in two free
families of random variables, if one of them is a semicircular system.
Recall from Lecture 14: if dy,...,d,,, s1,...,S, are elements in some
non-commutative probability space (B, ¢) such that sq,. .., s, is a semi-
circular system, i.e. each s; is a standard semicircular element and
S1,..., 8y, are free, and such that {ds,...,d,,} and {sy,...,s,} are free,
then we have for the alternating moments (see Equation (14.5))

S(spy 1+ Spamym) = D Kalspys - Spm)] - b lda, -+, d]

TeNC(m)

= ) dxwldi . du). (22.10)

WENCép) (m)

This matches the structure of our formula (22.9), the only difference
is that we have K (m) instead of my. However, it turns out that for a
non-crossing pairing 7 this is the same; under the canonical embedding
of partitions into permutations from Remark 22.30, the complement
of a non-crossing pairing 7 corresponds to the permutation 7. The
reader was asked to prove this in Exercise 18.25. (Actually, in general
the complement of 7 corresponds to 7w~ 17; for pairings, however, 7
and 7! coincide.) Here we will be satisfied with checking this for an
example.

ExAMPLE 22.34. Consider the non-crossing pairing

7 =1{(1,2),(3,6),(4,5),(7,8)}.
Then we have
™ =(1),(2,6,8),(3,5), (7).
That this agrees with the complement K (m) can be seen from the
graphical representation
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Sl

To conclude, let us collect what we have observed in the next the-
orem. Clearly, we can be a bit more general by considering not only
one sequence of constant matrices, but several of them. In all our cal-
culations, this just amounts to replacing powers of D by products of
the considered constant matrices.

THEOREM 22.35. Let, for each N € N, AS\}), - ,AS\Z;) be p inde-

pendent Gaussian random matrices and let DS), e ,Dg\?) be q constant

matrices which converge in distribution for N — o0, i.e.
DY, .. .p@ % g 4,
for some dy, ...,d, € (A, ). Then
AD AW PO p@dss gy

) Yg»

where each s; is a standard semicircular element and where sy, ..., sy,
{dy,...,d,} are free. In particular, the Gaussian random matrices and
the constant matrices are asymptotically free.

These considerations show that random matrices allow asymptotic
realizations of two free variables, if one of them has a semicircular dis-
tribution. This raises, of course, the question whether we can realize
with random matrices free independence between any two distributions
without one of them being semicircular. That this is indeed the case
relies on having similar asymptotic free independence statements for
unitary random matrices instead of Gaussian ones. This will be ad-
dressed in our final lecture.






LECTURE 23

Unitary random matrices

Another important random matrix ensemble is given by Haar unitary
random matrices — these are unitary matrices equipped with the Haar
measure as corresponding probability measure. We will see that one
can get asymptotic freeness results for Haar unitary random matrices
similar to those we derived for Gaussian random matrices in the last
lecture. We will also see that we have asymptotic freeness between con-
stant matrices which are randomly rotated by a Haar unitary random
matrix. (This will follow from the fact that conjugation by a free Haar
unitary can be used to make general random variables free.)

Our calculations for the unitary random matrices will be of a similar
kind to those from the last lecture. The main ingredient is a Wick
type formula for correlations of the entries of the Haar unitary random
matrices.

Haar unitary random matrices

REMARK 23.1. A fundamental fact in abstract harmonic analysis
is that any compact group has an analog of the Lebesgue measure, the
so-called Haar measure, which is characterized by the fact that it is
invariant under translations by group elements. This Haar measure is
finite and unique up to multiplication with a constant, thus we can
normalize it to a probability measure — the unique Haar probability
measure on the compact group. We will use this Haar probability
measure for the case of U(N) — the compact group of unitary N x
N matrices. It is characterized by the fact that it is a probability
measure on U(N), and invariant under multiplication from the right
and multiplication from the left with any arbitrary unitary N x N
matrix.

DEFINITION 23.2. We equip the compact group U(N) of unitary
N x N matrices with its Haar probability measure. Random matrices
distributed according to this measure will be called Haar unitary
random matrices. Thus the expectation E over this ensemble is
given by integrating with respect to the Haar probability measure.

379
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REMARKS 23.3. (1) It is not directly clear from this definition how
to generate Haar unitary random matrices. An important method is
to get them by polar decomposition from Gaussian random matrices.
If X is a non-selfadjoint Gaussian N x N random matrix, and X =
U|X]| is its polar decomposition, then U is almost surely a unitary
matrix and the induced measure on U(N) by this decomposition is
the Haar measure. Another possibility is to take the eigenvectors of a
selfadjoint Gaussian random matrix. Again, they form a Haar unitary
random matrix. These remarks show that it should be possible to
transfer asymptotic freeness results from Gaussian random matrices
via polar decomposition to Haar unitary random matrices. These ideas
can indeed be worked out rigorously and this was actually the approach
of Voiculescu to unitary random matrices.

(2) We prefer here another approach that is more combinatorial in
nature and fits very well with our general combinatorial methods. In
principle, we are going to imitate in the unitary case the calculations
we did for Gaussian random matrices. Clearly, we need for this the
expectations of products of entries of a Haar unitary random matrix U.
In contrast to the Gaussian case, these are now not explicitly given. In
particular, entries of U are in general not independent from each other.
However, one expects that the unitary condition U*U = 1 = UU* and
the invariance of the Haar measure under multiplication from right or
from left with an arbitrary unitary matrix should allow determination
of all mixed moments of the entries of U. This is indeed the case;
the calculation, however, is not trivial and we only describe in the
following the final result, which has the flavor of the Wick formula for
the Gaussian case.

The expectation of products of entries of Haar distributed unitary
random matrices can be described in terms of a special function Wg
on the permutation group.

NOTATION 23.4. For a € S,, and N > n we put
Wg(N7 Oé) =LK [ull o unnﬂla(l) to ﬂna(n)] )

where U = (uy);;—; is a Haar unitary N x N random matrix. We call
Wg the Weingarten function.

This Wg(N, ) depends on the permutation « only through its con-
jugacy class. The relevance of the Weingarten function for our purposes
lies in the fact that general matrix integrals over the unitary groups
can be reduced to the knowledge of Wg. This well-known “Wick type”
formula is the starting point for our calculations.
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LEMMA 23.5. Let U = (u;;)}—, be a Haar unitary N x N random
matriz. Then we have for all N > n and all 1 < i(1),...,i(n) < N,
1<d(1),...,7(n) < N,1<j(),....5n) <N, 1<j(1),...,5(n) <

N that
E [ti(1)j(1) - - WiCn)i(m)Tar (1)37(1) - Wit (m)*(m)

-1
= ) Sy i @m) i a) -+ O am) W, Ba)
a,BES,

= D Sieyr) Sy mOia@)s @« Sitat) ) W, Ba™).
a,BES
REMARKS 23.6. (1) Note that corresponding integrals for which
the number of v and u is different vanish, by the invariance of such an
expression under the replacement U +— AU, where A € C with |A\| = 1.
(2) The preceding remark also shows that we have for any Haar
unitary random matrix

tr@ E(UM =0 if ke Z\{0},

and thus a Haar unitary random matrix is a Haar unitary element in
the sense of our Definition 1.12.

(3) The Weingarten function is a quite complicated object. For our
purposes, however, only the asymptotics for N — oo is important. One
knows that the leading order of Wg(N, «) in 1/N is given by 2n —#(«)
(aw € S,,) and increases in steps of 2

Wg(N,a) = ¢(a)N# D=2 L O(N#@)—2n=2) (23.1)

One also knows the function ¢, however, for our purposes this knowl-
edge is not needed. Actually, we will be able to determine this ¢ from
our results and the fact that ¢ is multiplicative (i.e. ¢(«) factorizes
according to the cycles of 7) and we will see that it is connected with
the Mobius function on non-crossing partitions.

(4) Note that we only consider unitary matrices. Similar statements
are true for orthogonal and symplectic matrices; however, the behavior
of subleading terms in the Weingarten function then becomes more
complicated (and the decrease is not in steps of 2 any more, but in
steps of 1).

The length function on permutations

In our calculations around asymptotic freeness for Haar unitary random
matrices it will be important to control the appearing orders, which are
given in terms of number of cycles of permutations. Let us collect here
some of the basic notations and properties for later use.
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NOTATIONS 23.7. Let S,, denote the symmetric group of permuta-
tions of {1,...,n}.

(1) The product of two permutations a, 3 € S, is taken in the
“natural” order, af(k) := a(B(k)) (k=1,...,n).

(2) The identity element of S,, will be denoted by e.

(3) Usually, we write a permutation in its cycle decomposition,

o =cy--Cp
where « restricted to a cycle ¢; = (i1, 19, .. .,14,) acts like
aliy) =ds, afiz) =1i3, ..., a(iy) = 1.

Cycles of length 1, i.e. fixed points, will usually be omitted when writing
a permutation as the product of its cycles.

(4) A transposition is a permutation of the form o = (ij) for
1 # j, i.e. all points with the exception of ¢ and j are fixed points and
1 and j get exchanged under a.

(5) By #(«a) we denote the number of cycles of the permutation «
(also counting fixed points).

(6) We consider on S, also the length function | - |, where |af

(v € S,) is the minimal non-negative integer k such that « can be
written as product of £ transpositions,

|a| == min{k € N | a =7y - - - 7, for some transpositions 7y, ...,7%}.

By convention, |e| = 0.
(7) In the following, 7, will always denote the cyclic permutation

Y =1(1,2,3,...,n) €S,

of order n.
REMARKS 23.8. (1) We have #v,, = 1 and |vy,| =n — 1.
(2) | -] is clearly invariant under conjugation, i.e.

1837 1afB| = |af for all o, 8 € S,,.

This means that
laB] = |6(af)s™] = |Bal,

i.e. |-]is tracial on S,.

Note that | -| is actually a length function, in particular, it satisfies
a triangle inequality.

PROPOSITION 23.9. (1) We have that |o| = 0 for a € S,, if and
only if a = e.

(2) We have for all o, 3 € S,, that
] < |af + 18] (23.2)
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Proor. This is clear by the definition of | - |. O

Actually, our two quantities # and | - | are just two sides of the
same coin; this follows easily from the fact that we can control very
precisely what happens to the number of cycles when we multiply with
a transposition 7. Namely, the number of cycles will either increase by
1 or decrease by 1, corresponding to whether 7 cuts a cycle into two or
glues two cycles together.

LEMMA 23.10. Let a € S,, be an arbitrary permutation and T € S,
a transposition, i.e. T = (ij) with 1 <i,j <n, i # j. Then we have

(23.3)

#ar) #a+1 ifi and j belong to the same cycle of «
T) =
#a —1 ifi and j belong to different cycles of c.

Proor. We only have to look at the cycles of o containing ¢ and
j; the other cycles are not affected by the multiplication with 7.

Let us first assume that ¢ and j are both contained in the same
cycle ¢ of a, say

C=(Uy01, sk, Jy J1y - J1)-
Then we have
c- (Z,j) = (Z.ajlv SR 7jl>(j7i17' .- ’Z'k)v
and thus the multiplication by 7 increases the number of cycles by 1.

If on the other hand ¢ and j are contained in different cycles, say
c1 and co, of a,

crcy = (4,0, -+ 5 x)(Jy J1s -5 1)
then we have
C1C2 * (Z]> = (i7j17 s 7jl7j7ila cee 7ik)7
and thus the multiplication by 7 reduces the number of cycles by 1. [

PROPOSITION 23.11. For any o € S,, we have

o] = n — #(a).
PROOF. If |a| = k, then we can write & = 7 --- 75, for transposi-
tions 7, ..., Tx. By the above lemma, the multiplication of k£ transpo-

sitions can reduce the number of cycles, starting from the identity e
with n cycles, at most by k, thus we have

#a)>n—k=n—|a

On the other hand, we can write each cycle of length k as a product of
k — 1 transpositions,

(1,12, ...y ig) = (11,12) - (i2,73) - - - (k—1, k),
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and thus we can write any permutation a € S,, with r cycles as a
product of n — r transpositions, thus

laf <n—r=n—#(a).
0

REMARK 23.12. By Proposition 23.11, the leading order (23.1) of
the Weingarten function can be written in terms of | - | as

Wg(N,a) = ¢p(a) N~I9=" 4 O(N~lel=n=2),

Asymptotic freeness for Haar unitary random matrices

By using Lemma 23.5 instead of the Wick formula (22.2), one can
show that one has the same kind of asymptotic freeness results for
Haar unitary random matrices as for Gaussian random matrices.

The main result is the analog of Theorem 22.35

THEOREM 23.13. Let, for each N € N, U](\}),...,U]%)) be p inde-
pendent Haar unitary random matrices and let Dg\}), e ,D](\?) be q con-
stant matrices which converge in x-distribution (with respect to tr) for
N — o0, i.e.

DY, .. DY =g d,
for some dy,...,d, € (A, ). Then

v, uP DY DOy,
where uy, ..., uy, {dy,...,d,} are x-free and where each u; is a Haar

unitary element. In particular, the Haar unitary random matrices are
asymptotically *-free from the constant matrices.

We will not prove the theorem in this generality, but will restrict
it to a special case. In order to motivate this, let us return to our
question whether we can model by random matrices free independence
between any two distributions. The above theorem does not seem
to provide an answer to this question, since it tells us that we get
asymptotic freeness between a constant matrix (which can have an
arbitrary distribution) and a Haar unitary random matrix (which has
a very special distribution). However, one has to notice that one can use
conjugation by a free Haar unitary to make general random variables
free. (The reader was asked to prove this in Exercise 5.24.) Thus,
the above Theorem 23.13 contains in particular the statement that if
we have constant matrices Ay and By such that Ay, By have a limit
distribution for N — oo, then UyAnxUjy and By are asymptotically
free. In this formulation we can prescribe the limiting distributions
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of Ay (which is the same as the distribution of UyAyUy;) and of By
quite arbitrarily and we thus get a random matrix realization for free
independence between general distributions. In what follows we will
focus on this latter consequence about randomly rotated matrices. The
proof of the more general Theorem 23.13 is along the same lines and
will be left to the reader.

Note also, that we have to ask for the existence of all mixed mo-
ments in Ay and By in the limit N — oo in order to be able to apply
Theorem 23.13 to the situation of randomly rotated matrices. One
could satisfy this by a more careful asymptotic realization of two given
distributions by a pair of diagonal constant matrices; however, as we
will see in the following section, this assumption is actually not needed.

Asymptotic freeness between randomly rotated constant
matrices

What we want to prove is the asymptotic freeness between two se-
quences of constant matrices which are randomly rotated against each
other with the help of a Haar unitary random matrix. Here is the
precise statement.

THEOREM 23.14. Let (An)nen and (By)nen be sequences of N x N
matrices such that Ay converges in distribution (with respect to tr) for
N — 00, and such that By converges in distribution (with respect to tr)
for N — oo. Furthermore, let (Un)nen be a sequence of Haar unitary
N x N random matrices. Then, UyANUR and By are asymptotically
free for N — oc.

As in the case of Gaussian random matrices the proof of this con-
sists mainly in calculating mixed moments in our random matrices and
realizing that in the limit N — oo this converges to an expression
which we recognize as corresponding to a free situation.

As usual, we suppress in the following calculations the subindex N.
Thus we have to look at expressions like

involving some powers (which might also be zero) of our matrices A
and B. We will denote these powers by

AR — pgak) — (a(k))N Bk — pgrk) _ (bg’c))N

ij )ij=1 i,j=1
and also use the abbreviation

Y= =(1,2,...,n) €S,



386 23. UNITARY RANDOM MATRICES

in the following. Then we have (by using Lemma 23.5 for the expecta-
tion of products of entries of our Haar unitary matrix) that

tr ® E(UA(l)U*B(l) ... UA(")U*B("))
1 N
_ - (1)
=N >, B [i1)5(1) @518 (07 irayiga)

i(1),...,i(n),i’ (1),...,i' (n),
§(1),.,5(n),5"(1),...,5" (n)=1

() (n)
Wi ) 05 ()57 () 8 ()57 () Bt (i) )
1 N
1 © w0 (n)
= > gy Gyl T Do)

i(1),...,i(n),i (1),...,4/ (n),
F(1);d (1n),5 (1),005" () =1

< B {10y Wir(1)57(1) * * - Wi n) T (m) ()]
N
_ L (1) ) W
= > @j0)501) " Vimyz ) V(i) Dir(micr)

i(1),...,i(n),i/ (1),...,i' (n),
G(1)seesd(n),5" (1),05" (n)=1

-1
> s+ G Oitam)r@ - St m WeN, a ' B)
a,BESH

1 _
:N Z Wg(N,Oé 15)
B,a€Sn
N

(1) (n) (1) (n)
| Z G1)ia() " Limstatn) Y 3-12) " i1y
SO

1
=~ > Wg(N,a'B) - Trg[AD, ..., AW] - Trg [BD, . B™]
7/8€S’VL

— Y Wg(N,a ' g)NHE OB g 14D A®)]
7ﬂ€Sn
~trg-, [BY, ..., B™).

According to our assumption on the existence of a limit distribution
for the A and for the B, the expressions

tro[AD, ... A™)] and  trg1,[BY, ..., BM]

have a limit for N — oo. Furthermore, we know that the Weingarten
function has the asymptotics

Wg(N,a™'p) = qﬁ(a—lﬁ)N#(a’lﬂ)—?n + O(N#(aﬁfl)—2n—2).
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Thus the leading order in our above calculation is of the form

N#ET B (B ) =201 _ ym—i-la=tBl-lal =571 (234)

Now note that by the triangle inequality (23.2) we have
n—1=y=lal@™8)s™ | <ol + a8 + 67"/,

hence the highest possible order in (23.4) is N? and in the limit N —
oo we will remain exactly with those pairs (o, 3) for which we have
equality a1 3|+ |a|+|587'y| = n—1. So we have proved the following
proposition.

ProposiTiON 23.15. Let, for each N € N, N x N matrices
AE\}),...,AS\?) and N x N matrices B](\}),...,B](\T,l) in (My(C),tr) be
given such that

A%),...,A%) mal,...,an

foray, ..., a, in some probability space (A, p) and such that

BY,...,BW Ly b,

for by, ... b, in some probability space (B,v). Let, for each N € N,
Uy be a Haar unitary N x N random matriz. Then we have

lim tr @ EUNARUBY - Un AR U BY|

= > Calat, ., an] - W1, brs .., b] - S0 1B).

a,BESn
la=18l+lal+8~1y|=n—1

(23.5)

In order to come back to the proof of our Theorem 23.14, we extend,
by multilinearity, the formula (23.5) from powers to general polynomi-
als in our matrices Ay and By.

COROLLARY 23.16. Let (An)nen be a sequence of N x N matrices
Ay, which converges in distribution (with respect to tr) for N — oo,

Ay &%, for a in some probability space (A, p),

and let (By)nen be a sequence of N X N matrices By which converges
(with respect to tr) in distribution for N — oo,

distr

By — b for b in some probability space (B,1).

Furthermore, let (Uy)nen be a sequence of Haar unitary N X N ran-
dom matrices Uy. Then we have for all n € N and all polynomaials
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fla---,fn,gl,..-,gn that
lim tr @ E[Uxf1(Ax)Uxg1(B) - Un fu(An)Uxgn(Bn)] =

> Calfi(@)s s ful@)]¥p-151g1(0), - . gu(D)]- Gl ).

o,B€Sn
la=18]+|al+|8~1y|=n—1

(23.6)

This explicit formula for the limit of the mixed moments in our
randomly rotated matrices gives us directly the required asymptotic
freeness, if we also make the following small observation.

LEMMA 23.17. Consider o, 8 € S,,. If |a™'8|+|a|+ |67y =n—1,
then at least one of the permutations o and 7'y must have a fived
point.

PRrROOF. The assumption implies that we have |a| < (n —1)/2 or
|671y] < (n—1)/2. But the product of at most (n—1)/2 transpositions
can move at most n — 1 elements, hence we get the existence of at least
one fixed point as asserted. O

PROOF OF THEOREM 23.14. We will show the asymptotic free-
ness directly by verifying the asymptotic form of free independence, as

in Remarks 22.20. So assume that we have polynomials f1,..., f, and
Ji,---,0n such that for k=1,... n

]\}im tr® E[f](UNANU;;)] =0 (237)
and

We have to show that the corresponding alternating products tend to
zero, too. Since we are working with respect to a trace, we can always
assume that our alternating product starts with an f. We have to
distinguish the cases that it ends with an f or with an g, i.e. we have
to show that

tr @ E[fi(UNvANUN)91(BN) - - fa(UnANUR)gn(By)] (23.9)
and
tr @ E[fi(UnANUR)91(Bx) - - - gn1(Bn) fu(UvANUR)]  (23.10)

tend to zero. We will only prove (23.9). The other case is similar and
will be left to the reader, see Exercise 23.25.
In order to prove (23.9) note that

Jim e[ f;(Ay)] = lim tr® E[f;(UvAnvUy)] = 0
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and
lim tr[g;(By)] = lim tr® Elg;(By)] = 0.

N—o0
Thus our assumptions (23.7) and (23.8) on the f; and g; mean that
©(fij(a)) = 0 and 9(g;(b)) = 0 for all j = 1,...,n. Furthermore, we
have

tr @ E[fi(UvANU)g1(By) -+ fo(UNANUR) gn(Bw)]
= tr ® E[Un fi(AN)Uxg1(Bx) -+ U fu(An) Ui gu(By)] .

But according to Corollary 23.16 we know how to calculate the limit of
the latter quantity. We have to sum in (23.6) over all pairs («, 3) in S,
which fulfill [a™'3| + |a| + |87'y] = n — 1. Thus, by Lemma 23.17, at
least one of the partitions o and 3717 has a fixed point, implying that at
least one of the factors . [fi(a),. .., fu(a)] and ¥g-1,[g1(D), ..., gn(D)]
is equal to zero. Hence the whole sum (23.6) vanishes and we get the
assertion. U

REMARK 23.18. By our combinatorial description of freeness we
know that we can describe the mixed moments of two free sets
{a1,...,a,}, {b1,...,b,} as follows:

plarby - anby) = Y kalar,. .. an] - Qxmlb, bl
TeNC(n)

= Z Oolar, ... an] - Pr@lbrs .. by] - (o, ).

m,0€NC(n)
o<mw

(23.11)

According to formula (23.5) in Proposition 23.15 (and the knowl-
edge that these randomly rotated matrices are asymptotically free) we
now also have the formula

Sp(albl e anbn)
= > Palar, s an] - ©g-14b1, ., ba] - H(B7Y).

a,BESn
la=18l+]al+|8~ 1y|=n—1

(23.12)

Of course, these two formulas should coincide. That this is indeed
the case, relies on the embedding P of non-crossing partitions NC(n)
into the symmetric group S,,, which we introduced in Notations 18.24.
In order to see that this mapping P indeed transforms (23.11) into
(23.12), we still have to recognize the image of NC(n) in S,, under P.
This will be done in the next section.
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Embedding of non-crossing partitions into permutations
In order to understand better the condition
@™ 6] +[a] + 87 =n —1,
which appears in (23.12), we will discuss it in connection with a natural

distance function on the symmetric group.

DEFINITION 23.19. With the help of the length function |- | we can
define a distance d on S, in the canonical way

d(a,8) = a7 B = |Ba™!|  (a.B € Sh).

ProproOSITION 23.20. The function d on S, is a distance function,
i.e. we have
(1) d(e, B) = 0 if and only if o = 3,
(2) d(a, B) = d(B, @) for all o, B € Sy,
(3) d satisfies the triangle inequality, i.e. for all oy, as, a3 € S, we
have

d(ay, as) < d(ag, as) + d(ag, as).

PRrROOF. The first and third parts follow directly from the corre-

sponding properties of | - |, see Proposition 23.9. The second part
follows from the fact that the number of cycles of a agrees with the
number of cycles of o=t 0

One sees now that the condition |a™'8] + || + |37y, =n—1 on
a and [ in (23.12) is actually the geodesic condition

d(e, @) + d(ev, 5) + d(3, ) = d(e; 7).

Thus the permutations « and ( appearing in (23.12) are those lying
on the same geodesic from the identity element e to the cycle 7, such
that « lies before 3 on this geodesic. Let us introduce some notation
to describe these properties.

NOTATION 23.21. (1) We denote the permutations from S, which
lie on a geodesic from e to 7, by

Sne(n) i ={a € S, | dle,a) + d(a,v,) = d(e, )} (23.13)
={a €S, ||al+|a ] =n—1}
(2) For o, B € Sne () we say that o < 3 if a and (5 lie on the same
geodesic and if o comes before 3; this means d(e, o) +d(«, 5) = d(a, (),
i.e.

o + |a="8] = |8].
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PROPOSITION 23.22. (1) If a € Syc(vm), then a ty,, vt €

Snc(Yn), too.
(2) The set Syc(yn) consists exactly of those o € S,, for which there
exist n — 1 transpositions 11, ...,Tn,—1 € S, such that

Yo = Tn_1-**T1 and Q=T Ty

for some 1 <k <n—1 (and then necessarily, k = |a|).
(3) The condition o < 3 is equivalent to: there exist n — 1 transpo-
sitions Ti, ..., To—1 Such that v, = T,_1--- 71 and

=T T and ﬁ:Tl"'Tk—i-lTk"'Tl

«

for some 1 <k <Il<n-—1.

PROOF. (1) Put & := a~'y,. Then we have o = ~,,&™', so that the
condition |a| + |a71y,| = n — 1 reads as |y,a7!| + |&| = n — 1 in terms
of &. The assertion follows now from Remarks 23.8 that | - | is a trace,
i.e. that |v,a ! = |a 1y,

(2) Let v, = T—1---1 and a = 7 - - - 71. Then |a| < k and

|04_17n| = |7n04_1| = [Tt Thpa| < — k.

Since |y,| = n — 1, this implies, by the triangle inequality, that we
actually have equality in both these estimates and thus |a|+|a™1y,| =
n — 1.

The other way around, consider an a € S,, with |a|+|a™ y,| = n—1.
Let us put k := |«, then we have

‘Vnail‘ = ’0471711’ =n—k.
1

Thus we can write a as a product of k£ transpositions and v,a~" as a
product of n — k transpositions, let us say,

O=T " T1 and %a_l = Tp_1°" " Thil-
But then we also get
Yo = (e Na =71+ -1
(3) The third part is proved in the same way as the second one. [J

With the relation “<”, Syc(7,) becomes a poset, and in the light
of the correspondence between (23.11) and (23.12) we expect that this
poset should be isomorphic to NC(n). This is indeed the case, and the
isomorphism is given by our embedding

P:NC(n)— S,

T — P,
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which we introduced in Notations 18.24. Recall that P was defined by
declaring the blocks of 7 € NC(n) to become cycles of P, € S,,. The
only non-trivial point is to choose an order on the block to change it
to a cycle, and for this we just take the induced order coming from the
cycle v, = (1,2,...,n) € S,.

PRrROPOSITION 23.23. We have P(NC(n)) = Syc(v,) and
P:NC(n) — Sve(va)
is an isomorphism of posets.

PROOF. Note that, by Proposition 23.22, any o € Syc(v,) is, for
some k and some transpositions 7, ..., 7, of the form 75 - - - 7,, such
that each multiplication with a transposition reduces the length by 1,

1Tt )| = T )| = L
However, by Lemma 23.10 together with Proposition 23.11, this means
that in each multiplication step, starting at v, = (1,...,n), we split
exactly one of the present cycles into two. But this is exactly the way
one can produce non-crossing partitions by successively dividing blocks

into two, starting from 1,, = {(1,2,...,n)}. Clearly, every non-crossing
partition can arise in this way. The fact that P preserves the order is
also clear from this picture. O

REMARK 23.24. The bijection P between the posets NC(n) and
Sne () now transforms Equation (23.11) term by term into Equation
(23.12), according to the following observations.

(i) A pair 0,7 in NC(n) with ¢ < 7 is mapped to a pair

a:= P, 6= P,
in Syc(n) with a < 8 (ie. o718 + |a] + |37y, =n —1).
(ii) Under this mapping, ¢, goes over to ¢,.
(iii) By Exercise 18.25 we have that
Py = Py,

and thus @) goes over to Yg-1,.
(iv) By Lemma 18.9, the interval [0, 7| is isomorphic to the interval
0, K (0)] and thus

(o, 7) = (0, Kn(0)].
Furthermore, by Exercise 18.25 we have
P Pr = Py (o).
(v) Define on NC(n) the function i by
ju(m) := &(Pr).
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Since ¢ is multiplicative, this £ is a multiplicative function on NC.
Then (23.12) is mapped under P into the equation

olarby -+ - apby) = Z Oolar, ... an] - Pr@m b1, ..., bn] - (KR (0)).

Tr,o'elzc'(n)
) (23.14)
Note that by running over all natural n» and puttinga; =---=a, =a
and by = ...b, = b this can also, by using our boxed convolution and

denoting by Wg the formal power series corresponding to i , be written
as
Mab = ManMb - MaE]MbE]Wg'
But (23.11), on the other hand, tells us that this also has to be equal
to
M.y, = M, [{ M,[HMob.
The equality
M, W My M6b = M, [ My[HWg
for all moment series M, and M, however implies that Wg = Mob and
thus we see that leading order in the Weingarten function is given by
the Mobius function on non-crossing partitions,

¢(Pr) = p(0, 7).
(vi) Having identified ¢ with p under P, we see that everything fits

together and also the third factors in our sums (23.11) and (23.12) are
mapped to each other,

$(af™) = ¢(Py ' Pr) = &(Prr(0)) = 100, Kr(0)) = pi(o, 7).

Exercises

EXERCISE 23.25. Prove Equation (23.10) in the proof of Theorem
23.14.
[Tt might be helpful to strengthen Lemma 23.17 to the statement that
a and 37!y have together at least two fixed points.]

EXERCISE 23.26. Prove Theorem 23.13.






Notes and comments

Our emphasis in these lectures is on the combinatorial side of free
probability theory. We only touch lightly the operator algebraic side
and say nothing about operator-valued free probability or free entropy.
For more information about these topics we refer to the survey articles
(84, 85, 86] and the monographs [38, 73, 87|. For applications of free
probability in wireless communications we refer to [77].

Lecture 1. The idea of “non-commutative analogs” is a recurring
theme in operator algebras, and goes back all the way to the beginnings
of quantum physics. The particular direction of developing a systematic
free non-commutative analog for results in classical probability was
initiated by Voiculescu’s seminal paper [78].

In this lecture (and throughout the book) the framework used most
of the time is an algebraic one. The basic measure-theoretic background
invoked in the section on *-distributions for normal elements is covered
for instance by the first two chapters of [64].

The name “Haar unitary” (cf. Definition 1.12) was coined by
Voiculescu in [81]. Haar unitaries play an important role in free prob-
ability (which is why they keep reappearing time and again in this
book).

Lecture 2. The Toeplitz algebra is a fundamental example in op-
erator algebras, and has a very well-developed theory — see for example
Chapter 7 of [24].

For the bicyclic semigroup, see for example the monograph [60].

Dyck paths are a fundamental example in the theory of lattice
paths, see for example Chapter 5 in [32] or Chapter 6 in [76]. The
sequence of Catalan numbers is also of fundamental importance in enu-
merative combinatorics — see Exercise 6.19 in [76], which gives more
than 50 ways of how Catalan numbers can occur in enumeration prob-
lems.

The fact that the real part of the one-sided shift S has semicircular
distribution with respect to the vacuum-state was observed in Section

395
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4.5 of [78]. The method used there does not rely on computations of
moments, but rather on an analytic formula of Helton and Howe.

For more details on Cauchy transforms and on the Stieltjes inversion
formula see for example [1].

Lecture 3. The general facts about C*-algebras presented in this
lecture can be found in any introductory textbook on C*-algebras, and
are covered for instance by the first three chapters of [49]. For more
details about the reduced C*-algebra of a discrete group see Chapter
VII of [22]. The purpose of the lecture is to collect a few of these basic
facts, and streamline them so that the emphasis is on C*-probability
spaces and on random variables in such spaces.

Lecture 4. The main point of this lecture is that one can define
a C*-algebra by giving a family of generators which have a prescribed
«-distribution (with respect to a faithful state). This fact and its coun-
terpart taking place in the von Neumann algebra framework are well
known and lie at the basis of many of the applications of free probability
to operator algebras. When one looks at freely independent generators,
these facts are contained in the reduced free product constructions from
(78].

The formula (4.9) for the number of closed walks on the free group
with two generators goes back to Kesten [41].

For more details on the rotation C*-algebra appearing in Example
4.13, see for example the survey by Rieffel [62].

Lecture 5. The study of free independence was initiated in [78].
A standard reference for the derivation of the basic properties of free
independence is Section 2.5 of the monograph [87].

The last section of this lecture follows the paper [72]; for a more
axiomatic treatment see [7|. The additional example of universal prod-
uct referred to in Exercise 5.26 is called “Boolean product,” and can
be traced back to the work of Bozejko [16].

Lecture 6. Free product constructions are studied systematically
in Chapter 1 of [87]. In that approach, the construction of the free
product functional *;crp; is preceded by studying free products of rep-
resentations. In this lecture we use a direct approach to the construc-
tion of #;crp;, which follows [73].

Lecture 7. GNS is a fundamental construction in the C*-algebra
theory. For more details see for instance Section 3.4 of [49].

In the section about free products of C*-probability spaces we only
discuss the technically simpler case of a free product of C*-probability
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spaces (A;, i), © € I, where every y; is a faithful trace. The C*-
reduced free product *,c7(A;, ;) can be constructed without these ex-
tra assumptions on the ¢;, see [87], Section 1.5. In [25] it is proved
that if one assumes every ; to be faithful (without assuming that it is
a trace), then the free product state x;cj¢; is faithful on the reduced
free product C*-algebra *;c1.A;.

The important example of how free independence appears in the
framework of the full Fock space was observed in [78], where it is
shown that we a have a free analog of the so-called “second quantiza-
tion functor” from mathematical physics. For the description of this
functor see Section 3 of [78], or the presentation made in Section 2.6
of the monograph [87]. The name “semicircular system” comes from
the paper [81]. For an “incomplete” version of a semicircular system,
see [61].

Lecture 8. The free central limit theorem, Theorem 8.10, was
proved by Voiculescu [78] (under the more general assumptions as ad-
dressed in Remark 8.11.2) with the help of the R-transform (which was
introduced in that paper for that purpose). The combinatorial proof as
presented here is due to Speicher [70] (where “non-crossing partitions”
were called “admissible partitions”) — there also the multi-dimensional
case, Theorem 8.17, was treated for the first time.

For other examples of non-commutative central limit theorems and
a general frame to treat them, see [75].

For more information about the method of moments in classical
probability theory we refer to the book of Billingsley [15], Section 30.
In particular, the two statements in our Remark 8.4.2 can be found
there in Example 30.1 and Theorem 30.2.

Lecture 9. The systematic study of the lattices of non-crossing
partitions was initiated by the paper of Kreweras [43]. For a survey
of the range of problems about these lattices which are of interest to
combinatorialists, see Simion [68].

For Lukasiewicz paths see Chapter 6 of [76], or Chapter 11 of [48].

The enumeration formula (9.19) given without proof in Remark 9.24
appears (with proof) as Theorem 2.2 in the paper [33] by Goulden and
Jackson, in an equivalent formulation given in terms of factorizations
of a long cycle in a symmetric group. (The relevant relation between
NC'(n) and the symmetric group S, is exactly the one presented in the
last section of Lecture 23 of this book.)

The canonical factorization of intervals in NC'(n) was done in [71],
where its applications to free probability were also started (cf. also the
notes to Lecture 11).
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The uniqueness of the factorization presented in Proposition 9.38
was observed by Bormashenko, Li (undergraduate students at the Uni-
versity of Waterloo) and Nica, while reviewing a preliminary version of
this book.

Lecture 10. The theory of Mobius inversion in lattices was started
by Rota in the 1960s, see Part 1 in the collection of papers [63]. The
computation of the Mobius function for the lattice NC(n) goes back
to the original paper of Kreweras [43]. A very good introduction to
Moébius inversion on posets can be found in the monograph by Stanley,
[76], Chapter 3.

Multiplicative functions on non-crossing partitions were introduced
in [71]. The functional equation in Theorem 10.23 and its application
to counting multi-chains in NC(n) are also from [71]. For a direct
bijective method of counting multi-chains in NC(n), see the paper of
Edelman [28].

Lecture 11. Multiplicative functionals on NC and the free cu-
mulants were introduced by Speicher in [71]. There the relation be-
tween free independence and the vanishing of mixed cumulants, The-
orem 11.16, was also established. For this, only a special case of the
formula for free cumulants with products as entries was needed. The
general form of that formula, Theorem 11.12, was found by Krawczyk
and Speicher [42]. Simpler proofs of that result were given in [18, 74].

Circular elements (and, more generally, circular families) were in-
troduced by Voiculescu in [81].

Proposition 11.25 on the form of cumulants of squares of even ele-
ments was proved by Nica and Speicher [55] in a more general context,
for so-called “diagonally balanced pairs.” (It is puzzling how much more
complicated such calculations get if one tries to treat non-even distri-
butions; even for the simple case (constant + even)2 there is no general
nice formula; for the case (constant+ semicircle)? see [39].)

For more details on classical cumulants, in particular their defini-
tion, and relations with Fourier transform, classical independence and
partitions we refer to Chapter II, Section 12 of the book of Shiryaev
[65]. (Note that cumulants are there addressed as semi-invariants.)
Theorem 11.30 on classical cumulants with products as entries is due
to Leonov and Shiryaev [47]. In [46], Lehner develops a general theory
of non-commutative cumulants which allows many aspects of classical
and free (and some other variants of non-commutative) cumulants to
be treated in a uniform way. In this paper one can also find more
references for classical cumulants.
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Exercise 11.34 for the case of pairings was essentially treated in
[17]. The general case for all partitions can be found in [45], in the
form of a relation between free and classical cumulants of a random
variable.

Lecture 12. The free convolution and the R-transform were intro-
duced by Voiculescu in [78]; in [79] he proved Theorem 12.7 by analytic
methods, relying on Toeplitz operator constructions. Our combinato-
rial approach to the R-transform via Theorem 12.5 is due to Speicher
[71].

The free Poisson distribution appeared in [70, 82].

The compound free Poisson distribution was introduced in a more
general, operator-valued, context in [73]; Proposition 12.18 and Exam-
ple 12.19 are from [53].

The “master equation” (12.20) was derived in [50].

The Kesten measures from Exercise 12.21 appeared in [41], in the
context of random walks on free groups.

Lecture 13. The general multi-dimensional limit theorem in 13.1
was proved in [70]

There exists by now a well-developed theory on limit theorems and
infinitely divisible distributions for free convolution. Our presentation
only covers compactly supported probability measures, but by using
analytic tools around the Cauchy transform (which exists for any prob-
ability measure on R) one can extend the definition of and most results
on free convolution to all probability measures on R; for more details
and references see [8, 10, 19].

The Levy-Khintchine type characterization of the R-transform of
infinitely divisible distributions for compactly supported distributions
was proved by Voiculescu in [79] with analytical methods; our ap-
proach using conditionally positive definite sequences and realizations
of infinitely divisible distributions on a full Fock space follows [31].

The relations between compound free Poisson distributions and in-
finitely divisible distributions, as addressed in Exercise 13.18, were
treated in [73].

For more information on free Levy processes (Exercise 13.19), we
refer to [2, 14].

Lecture 14. The multiplicative free convolution was introduced
by Voiculescu in [78]. Again, by analytical methods this can be ex-
tended to a binary operation on all probability measure supported on
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the positive real line. Similar to the additive free convolution, there ex-
ists an extensive literature around X, see [9, 19] for details and further
references.

Our combinatorial approach to the free multiplication, as well as
the applications to free compressions are due to Nica and Speicher [53].
The existence of the general convolution semigroup (u®),>; was shown
in [53]. Earlier, Bercovici and Voiculescu [11] had shown by analytic
methods that for each p there is a real T such that pu® exists for
t > T. In [17], the semigroup for p = 1/2(0_1 + d,1) was constructed
explicitly by Fock space like constructions. For analytic properties
of the semigroup (u™);>; see [5]; for a version for multiplicative free
convolution see [6].

The result stated in Exercise 14.22 was observed by Shlyakhtenko
in [67].

Lecture 15. The cumulants of a Haar unitary were calculated in
[73].

R-diagonal elements in the tracial case were introduced and inves-
tigated by Nica and Speicher in [55], the general case was treated in
[42, 57]. Our presentation here mostly follows [42].

The polar decomposition of a circular element, Example 15.15, was
proved by Voiculescu in [81] using random matrix approximations. An
elementary combinatorial proof was given by Banica in [3].

Polar decomposition results for R-diagonal elements with non-
trivial kernel, as addressed in Remarks 15.16, were obtained in [4].

The result on the product of two free even elements and the anti-
commutator is from [56].

The result on powers of R-diagonal elements, Proposition 15.22, is
due to Haagerup and Larsen [36].

For analytic properties of R-diagonal operators, see also [27, 69].

Exercise 15.26 covers results of Oravecz [59] (on moments) and
Larsen [44] (on norm estimates) for powers of circular elements.

Haar partial isometries from Exercise 15.27 were introduced in [57].
The generalized circular element and its polar decomposition from Fx-
ercise 15.28 is due to Shlyakhtenko [66)].

Lecture 16. The approach of considering multi-variable R-trans-
forms in the space O of power series in several non-commuting inde-
terminates was started in the paper [51] by Nica. The behavior of the
R-transform under linear transformations and its consequence stated
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in Exercise 16.23 were also discussed in that paper. For the classi-
cal probability statement which is paralleled by Exercise 16.23, see for
example the treatise of Feller [30], Section III.4.

The functional equation presented in Theorem 16.15 is a general-
ization of Theorem 10.23 from Lecture 10, using the same kind of idea
for proof. The first occurrence of this multi-variable generalization was
in a preliminary version of this book.

For the proof of the Lagrange inversion formula via Lukasiewicz
paths see for example [48], Chapter 11. As mentioned in the lecture,
this is very close to the proof shown here for Proposition 16.20.

Lecture 17. The operation of boxed convolution ¥ was introduced
by Nica and Speicher in [53]. That paper also studies the basic prop-
erties of [+, and gives a number of applications to free probability, in-
cluding Proposition 17.21, and a derivation based on [x| for Theorem
14.10 of Lecture 14.

Lecture 18. The considerations on relative Kreweras complements
used in the first section of this lecture are taken from Section 2 of the
paper [53].

The S-transform was introduced by Voiculescu in [80]. The multi-
plicativity of the S-transform is proved there by studying a Lie group
structure on R"™, which formalizes how the first n moments of ab are
expressed in terms of the first n moments of a and of b, where a is free
from b (in some non-commutative probability space).

The “combinatorial Fourier transform” F for the operation of boxed
convolution [, was introduced in [54]. The proof for the multiplicativ-
ity of the S-transform which is shown in this lecture also follows the
arguments from [54].

Another proof for the multiplicativity of the S-transform is due
to Haagerup [35]; this relies on an approach to the S-transform as
outlined in Exercise 21.24.

Combinatorial interpretations of the coefficients of 1/S were pro-
vided in recent work of Dykema [26].

Lecture 19. The results presented in this lecture are from the
paper [56]. The argument shown in the section about the cancelation
phenomenon is simpler than the one originally given in [56], and avoids
the concept of “generalized complementation map on NC(n)” which is
used in that paper.

Lecture 20. R-cyclic matrices were introduced in [58], in an at-
tempt to understand better the fundamental example of matrices with
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free circular/semicircular entries from [81]. The results about R-cyclic
matrices presented in the lecture are all from [58].

The paper [58] also has a part concerning freeness with amalgama-
tion, which is not covered by this book. Roughly, this goes as follows.
Exercise 20.24 shows that the R-cyclicity of a family Ay, ..., Ay is re-
ally a property of the unital algebra C generated by {A;,..., As} UD,
where D is the algebra of scalar diagonal matrices. In [58] this prop-
erty of C is identified precisely: it is the property of being free from the
algebra My(C) of all scalar d x d matrices, with amalgamation over D.

Lecture 21. The full Fock space model for the multivariable R-
transform was introduced by Nica in [51]. This is a direct extension of
how the one-dimensional R-transform was introduced by Voiculescu in
[79].

The idea of how to use modeling on the full Fock space for com-
puting R-transforms of free compressions appeared in the paper of
Shlyakhtenko [67]. The applications shown in that paper are Theo-
rem 14.10, and the particular case of Theorem 21.11 which is stated as
Exercise 14.22. Another particular case of Theorem 21.11 is derived via
the same method in [52]. The full statement of this theorem does not
seem to have appeared in a research paper (but all the ideas required
for the proof are present in [67]).

The approach to the S-transform outlined in Exercise 21.24 is from
the paper of Haagerup [35].

Lecture 22. Random matrices have been studied in statistics and
in physics since the influential papers of Wishart [89] and Wigner [90],
respectively. Random matrices appear nowadays in different fields of
mathematics and physics (such as combinatorics, probability theory,
statistics, operator theory, number theory, quantum field theory) or
applied fields (such as electrical engineering). For more information
and references we refer to the recent surveys [29, 34, 37, 77].

For more information about Gaussian families and a proof of the
Wick formula, see [40].

The genus expansion for Gaussian random matrices is a folklore
result in physics; for a mathematical exposition see, for example, [92].

The notion of “asymptotic free independence” was introduced by
Voiculescu in [82]. Our presentation of the asymptotic freeness re-
sults for Gaussian random matrices follows essentially the ideas of
Voiculescu’s original proofs in [82, 83]; however, our presentation is
more streamlined by using the Wick formula and the genus expansion
to make contact with our combinatorial description of free indepen-
dence.
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Lecture 23. For more information and references about Haar uni-
tary random matrices, we refer to [23, 29, 34].

The asymptotic freeness results on Haar unitary random matrices
from this lecture are due to Voiculescu [81]. His proof used polar de-
composition of non-selfadjoint Gaussian random matrices to transfer
asymptotic freeness results from Gaussian to unitary matrices. The
idea of a more direct proof, by using the Wick type formula for cor-
relations of the entries, goes back to Xu [91]. Our presentation here
follows quite closely the work of Biane [13], who also considered in [12]
the embedding of non-crossing partitions into the symmetric group.

Asymptotic evaluation of integrals for classical groups were ob-
tained by Weingarten [88]. The full proof in the unitary group case,
our Wick type Lemma 23.5, can be found in [91]. The term “Wein-
garten function” was coined by Collins in [20]. We refer to [20, 21]
for more information about the Weingarten function.
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GNS, 96
respect the coloring, 370
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right regular representation, 42
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rotation algebra, 54, 58
R-transform, 260
R-transform, 199
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Schur product, 87
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functional, 4

Gaussian random matrix, 363
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S-transform, 294

tensor independence, 63
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tracial R-diagonal element, 241
transform

Cauchy, 198

Fourier, 194

F-, 293

R-, 260

R-, 199

S-, 294
transposition, 382
triangle inequality for permutations
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vector-state, 7
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